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1 Introduction

The process pp→W (→ lν)+γ occupies a special place amongst the high-energy processes
sensitive to triple coupling of three vector bosons. Of all the vector-boson pair-production
processes which are sensitive to the triple gauge boson coupling, it has the largest cross
section. The discovery, some forty years ago, of the radiation zero [1, 2] in the leading-order
prediction for this process indicates a high amount of destructive interference between the

– 1 –



J
H
E
P
0
7
(
2
0
2
1
)
0
7
9

contributing sub-amplitudes.1 This characteristic interference pattern, even though atten-
uated by higher-order corrections, still implies that this process is a particularly sensitive
test of the gauge structure, allowing incisive probes of the three-boson coupling.

On the theoretical side, early calculations of the QCD radiative corrections [6–8]
showed that the radiation zero, which manifests itself in pp collisions as a dip in the
centre-of-mass rapidity of the photon at y∗γ = 0, persists in the NLO theory, but with di-
minished importance. With the advent of spinor techniques, compact analytic expressions
became available for the one-loop ud̄ → Wγ amplitudes [9]. For a review of the status at
the dawn of the LHC era, see [10] where results for NLO processes implemented in MCFM
are reported. More recently NLO Wγ production in hadronic collisions has been inter-
faced to a shower generator according to the POWHEG prescription in such a way that
the contribution arising from hadron fragmentation into photons is fully modelled [11].

The large correction in passing from leading order to next-to-leading order, caused by
the radiation zero, hints at the potential importance of a NNLO calculation. A NNLO
calculation has been achieved in refs. [12, 13] using a qT slicing method. Subsequently this
process has been treated in a unified framework by the MATRIX program [14], where the
matrix elements are calculated using the OpenLoops procedure [15]. A further development
is the calculation of electroweak effects [16] and their combination with both NLO QCD
calculations [17] and NNLO QCD calculations [18]. The results presented in this paper are
similar in spirit, but different in detail from the results of refs. [14, 18]:

1. Instead of the qT slicing method, we use the N -jettiness slicing method, which has
been successfully implemented in MCFM for the following processes, pp → H + X,
pp → W±, pp → Z, pp → WH, pp → ZH, pp → γγ [19], pp → Zγ [20], pp →
Z+ jet [21], pp→ H+ jet [22].

2. All amplitudes and hence matrix elements entering our NNLO QCD calculation are
implemented using analytic formulae. We believe this will have benefits for both the
stability and speed of the code. Thus for example our NNLO calculation needs the
one-loop contribution to the six-parton process. The first complete one-loop analytic
result for this process is presented in an appendix to this paper. Part of this result
is derivable from ref. [23]. As usual these one-loop processes are calculated using
analytic unitarity methods [24–26]. They are further manipulated and simplified by
means of high-precision floating-point reconstruction [27].

3. Our code can accommodate a non-diagonal CKM matrix. While this is known to give
quite small modifications, its inclusion eliminates an entirely avoidable theoretical
error.

4. We have studied the impact of electroweak corrections, including for the first time
the O(αs) gluon-quark initiated process, which is numerically as important as the
quark-antiquark initiated process.

1The simplest explanation for the radiation zero in the Wγ process has been given in ref. [3], exploiting
an early precursor of BCJ relations [4]. For a recent discussion of the role of radiation zeroes and connections
to the BCJ relations se ref. [5].
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Experiment
∫
Ldt

√
s EγTmin Experimental Theoretical

fb−1 [TeV] [GeV] cross section [pb] cross section [pb]
CDF [28] 0.020 1.8 7 13.2± 4.2± 1.3 18.6± 2.8 [34]
D0 [29] 0.0138 1.8 10 138+51

−38 ± 21 112± 10 [35]
CDF [30] 0.200 1.96 7 18.1± 3.1 19.3± 1.4 [34, 36]
D0 [31] 0.162 1.96 8 14.8± 1.6± 1.0± 1.0 16.0± 0.4 [34]
D0 [32] 4.2 1.96 15 7.6± 0.4± 0.6 7.6± 0.2 [34]
CMS [37] 0.036 7 10 56.3± 5.0± 5.0± 2.3 49.4± 3.8 [8]
ATLAS [38] 0.035 7 15 36.0± 3.6± 6.2± 1.2 36.0± 2.3 [8]
ATLAS [39] 1.02 7 15 4.60± 0.11± 0.64 3.70± 0.28 [40]
CMS [41] 5 7 15 37.0± 0.8± 4.0± 0.8 31.8± 1.8 [10, 42]
CMS [33] 137.1 13 25 15.58± 0.05± 0.73± 0.15 15.4± 1.2± 0.1 [43, 44]

22.4± 3.2± 0.1 [11]

Table 1. Experiments at various energies with pp̄ and pp on the l±νγ process.

On the experimental side, the Wγ process was first observed at the Tevatron [28, 29]
with a handful of events and larger-statistics studies were later performed both by CDF [30]
and D0 [31, 32]. However, even with the largest statistics available at the Tevatron, the ex-
perimental errors were larger than the theoretical errors presented in these papers. Table 1
presents a compilation of results from both the Tevatron and the LHC at various energies
and with various accumulated integrated luminosities. Also indicated are the predictions
for the theoretical cross sections, presented in the papers cited by the experimental collabo-
rations. For the most part the experimental results are fiducial cross sections for the process
pp̄→ `±νγ or pp→ `±νγ with differing cuts, and as such they are not directly comparable,
even at the same energy. The exception is ref. [29] which gives the Wγ cross section. The
experimental result [33] in the penultimate row of table 1 reports the sum of the four cross
sections, (e−νγ, e+ν̄γ, µ−νγ, µ+ν̄γ) where these event categories include feed-down from
τ -decays. In some cases the value of the cross section is reported in an extended fiducial
region beyond the actual region of measurement by performing an acceptance correction.
The experiments impose a separation between the lepton and the photon, Rlγ > 0.7, except
for ref. [33] which has Rlγ > 0.5. For the experimental measurements the errors are sta-
tistical, followed by systematic error and in some cases the luminosity error. The column
labelled theoretical cross section also indicates the provenance of the theory prediction.

In all but the most recent measurement [33] the experimental errors are bigger than
the theoretical errors. However in ref. [33] where the errors in experiment and in theory
are commensurate, two results are presented for the theoretical prediction which are only
marginally consistent with one another, as shown in table 1. It therefore seems opportune
to us to re-examine the theoretical status of theWγ process. This is particularly important
now that the statistical precision of the Run 2 data at

√
s = 13TeV approaches the precision

of theoretical calculations. We encourage the LHC collaborations to perform the necessary
analyses with the full run 2 data set.
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In section 2 we outline the structure of our calculation of the W (→ lν) +γ-process. In
section 3 we provide a brief review of the N -jettiness method for calculating NNLO cross
sections. In section 4 we describe the setup which we will use for numerical results and take
a first look at results at

√
s = 13TeV. Section 5 describes how we have incorporated the

electroweak corrections. Section 6 presents our detailed numerical results for
√
s = 7 and

13TeV. Definitions of spinor products and analytic results for the 6- and 7-parton QCD
processes are provided in the appendices.

2 Ingredients of the calculation

In order to perform a calculation of the pp→W (→ lν) + γ process at NNLO in QCD the
following amplitudes are necessary (g =

√
4παs is the QCD coupling constant),

• 5-parton, 0→ ū(p1) + d(p2) + νe(p3) + e+(p4) + γ(p5) calculated at orders 1, g2, g4

• 6-parton, 0→ ū(p1)+d(p2)+νe(p3)+e+(p4)+γ(p5)+g(p6) calculated at orders g, g3

• 7-parton, 0 → ū(p1) + d(p2) + νe(p3) + e+(p4) + γ(p5) + g(p6) +
g(p7) calculated at order g2

• 7-parton, 0 → ū(p1) + d(p2) + νe(p3) + e+(p4) + γ(p5) + q(p6) +
q̄(p7) calculated at order g2

In the last 7-parton process in the above list, q and q̄ represent any of the five quarks
(d, u, s, c, b). In addition, in all processes ū can be replaced by c̄, and d by s or b.

In this section we report on tree graph amplitudes. These are simple to calculate using
spinor techniques and are included here to establish our notation.

2.1 5-parton amplitude

2.1.1 Structure of the 5-parton amplitude

Our calculation includes contributions where the photon is radiated off the positron, so
it is really a misnomer to call it W + γ production. However, it is a convenient way to
refer to the Born-level 5-parton process which we shall employ throughout this paper. The
amplitude for the five-parton process is,

A(0)(1+
ū , 2−d , 3

−
ν , 4+

e , 5h5
γ ) = i

√
2eg2

W ·A(0)(5h5
γ ) . (2.1)

In the naming of the amplitudes, the arguments 1+
ū , 2−d , 3−ν , 4+

e will be omitted, except
where they are needed (mainly for crossing relations). The lowest-order graphs are shown in
figure 1. We separate the sub-amplitudes into contributions that are sensitive to individual
electric charges,

A(0)(5h5
γ ) =

(
QuA

u
tree(5h5

γ ) +QdA
d
tree(5h5

γ )
)
P (s34) (2.2)

+(Qu −Qd)
(
Aetree(5h5

γ ) +AWtree(5h5
γ )P (s34)

)
P (s345) ,
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Figure 1. Topologies of diagrams included at lowest order, shown for the specific case of ud̄ →
γνee

+. Note that diagrams (u) and (d) are proportional to Qu and Qd respectively, whereas
diagrams, (W) and (e) are proportional to Qu −Qd.

where we have also pulled out factors of the W -boson propagator defined by,

P (s) = 1
s−m2

W

= 1
s−M2

W + iMWΓW
, (2.3)

and m2
W = M2

W − iMWΓW indicates that we are working in the complex-mass scheme.
These sub-amplitudes are clearly not individually gauge invariant in the electroweak sector.

2.1.2 Tree-level amplitudes

The components of the tree-level Born amplitude are,

Autree(5−γ ) = 0, Adtree(5−γ ) = [14]2 〈43〉
[15] [25] , AWtree(5−γ ) = [14]2 〈43〉 〈25〉

[15] ,

Aetree(5−γ ) = [14]2 〈32〉
[15] [45] , (2.4)

Autree(5+
γ ) = 〈23〉2 [34]

〈15〉 〈25〉 , Adtree(5+
γ ) = 0, AWtree(5+

γ ) = 〈23〉2 [43] [15]
〈25〉 ,

Aetree(5+
γ ) = 〈23〉2 [31]

〈25〉 〈45〉 . (2.5)

For all of the sub-amplitudes except for the one in which the photon is radiated from
the positron in the W -boson decay, Ae, there is a simple rule for flipping the helicities of
the photon,

Autree(1+
ū , 2−d , 3

−
ν , 4+

e , 5−h5
γ ) = Adtree(2+

ū , 1−d , 4
−
ν , 3+

e , 5h5
γ )
{
〈〉 ↔ []

}
, (2.6)

AWtree(1+
ū , 2−d , 3

−
ν , 4+

e , 5−h5
γ ) = −AWtree(2+

ū , 1−d , 4
−
ν , 3+

e , 5h5
γ )
{
〈〉 ↔ []

}
. (2.7)

Complete amplitudes for the charge-conjugate process,

0→ u(p1) + d̄(p2) + e−(p3) + ν̄e(p4) + γ(p5) (2.8)

are given by a transformation on the entire amplitude similar to the one given above for
flipping helicities,

A(0)(1+
u , 2−d̄ , 3

−
e , 4+

ν , 5−h5
γ ) = A(0)(2+

ū , 1−d , 4
−
ν , 3+

e , 5h5
γ )
{
〈〉 ↔ []

}
. (2.9)
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2.1.3 One-loop amplitude

Five-parton results at one loop are taken from ref. [9] and supplemented with the contri-
butions from radiation in decay. They could equivalently be taken from ref. [45] and we
have checked explicitly that the two forms are identical numerically.

2.1.4 Two-loop amplitude

Genuine two-loop contributions for Drell-Yan type processes were pioneered in ref. [46].
The Wγ results that we use in our calculation are taken from ref. [45], where the two-loop
amplitude after UV renormalization at µ2 = s34, is presented as the finite term remaining
after extraction of the predicted IR singularity structure at two loops [47]:

Ω = Ω(0) +
(
αs(µ2)

2π

)
Ω(1) +

(
αs(µ2)

2π

)2

Ω(2) +O(α3
s)

= Ω(0) +
(
αs(µ2)

2π

)
(Ω(1),f + Ω(0)I1(ε))

+
(
αs(µ2)

2π

)2

(Ω(2),f + Ω(1),fI1(ε) + Ω(0)(I1(ε)2 + I2(ε))) . (2.10)

The finite parts Ω(1),f ,Ω(2),f differ by finite terms from the hard function, H. The con-
struction of the hard function from the results for the one- and two-loop amplitude is
spelled out in refs. [48, 49],

H = H(0) + αs(µ2)
2π H(1) +

(
αs(µ2)

2π

)2

H(2) , (2.11)

H(0) = Ω(0) ,

H(1) = Ω(1),f + J (1)Ω(0) ,

H(2) = Ω(2),f + J (1)Ω(1),f + J (2)Ω(0) , (2.12)

where the J are finite functions formed by combining the perturbative expansion of the
Catani singularity structure and the perturbative expansion of the inverse of the Z matrix,

Z−1 = 1 +Z(1)(ε)αs(µ
2)

2π +Z(2)(ε)
(
αs(µ2)

2π

)2

+ . . . (2.13)

Explicitly,

J (1) = I(1)(ε) +Z(1)(ε), J (2) = I(2)(ε) +
(
I(1)(ε) +Z(1)(ε)

)
I(1)(ε) +Z(2)(ε) , (2.14)

resulting in,

J (1) = −CF2 (L2 + 3L− ζ2) , (2.15)

J (2) = C2
F

32 [4L4 + 24L3 + 36L2 − 8ζ2L
2 − 24ζ2L+ 10ζ4]

+CFTRnf
18 [2L3 + 19L2 + 30L+ 3ζ2L+ 2ζ2 + 3ζ3] (2.16)

−CFCA144 [44L3 + 466L2 − 72ζ2L
2 + 804L− 150ζ2L+ 32ζ2 + 66ζ3 + 45ζ4],

– 6 –



J
H
E
P
0
7
(
2
0
2
1
)
0
7
9

where nf is the number of active flavours and

CF = 4
3 , N = 3, TR = 1

2 , ζ2 = π2

6 , ζ3 ≈ 1.20206, ζ4 = π4

90 , L = ln µ2

−s12 − i0
. (2.17)

2.2 6-parton amplitude

2.2.1 Structure of the 6-parton amplitude

We calculate the one-loop helicity amplitudes for,

0→ ū(p1) + d(p2) + νe(p3) + e+(p4) + γ(p5) + g(p6) . (2.18)

Our calculation includes contributions where the photon is radiated of the positron. The
reduced amplitude, A(0), is defined as,

A(0)(1+
ū , 2−d , 3

−
ν , 4+

e , 5h5
γ , 6h6

g ) = i
√

2 eg2
W gs t

a6
i2i1
·A(0)(5h5

γ , 6h6
g ) , (2.19)

with tr(tatb) = δab. Furthermore, it is useful to further separate the sub-amplitudes into
contributions that are sensitive to individual electric charges,

A(0)(5h5
γ , 6h6

g ) =
(
QuA

u
tree(5h5

γ , 6h6
g ) +QdA

d
tree(5h5

γ , 6h6
g )
)
P (s34) (2.20)

+(Qu −Qd)
(
Aetree(5h5

γ , 6h6
g ) +AWtree(5h5

γ , 6h6
g )P (s34)

)
P (s345) .

2.2.2 Tree-level amplitudes

The components of the tree-level amplitude for a photon and a gluon both of positive
helicity are,

Autree(5+
γ , 6+

g ) = 〈12〉 〈23〉2 [43]
〈15〉 〈16〉 〈25〉 〈26〉 , (2.21)

Adtree(5+
γ , 6+

g ) = 0 , (2.22)

Aetree(5+
γ , 6+

g ) = 〈23〉2 〈2|(4 + 5)|3]
〈16〉 〈25〉 〈26〉 〈45〉 , (2.23)

AWtree(5+
γ , 6+

g ) = 〈23〉2 [43] 〈2|(1 + 6)|5]
〈16〉 〈25〉 〈26〉 . (2.24)

For the case where the photon has negative helicity and the gluon positive helicity we
have,

Autree(5−γ , 6+
g ) = −〈23〉 [16] 〈5|(2 + 3)|4])

[15] 〈16〉 s234
, (2.25)

Adtree(5−γ , 6+
g ) = −

[〈2|(1 + 6)|4]〈3|(2 + 5)|1]
[15] 〈16〉 [25] 〈26〉 + [14] 〈25〉 〈3|(1 + 4)|6]

[25] 〈26〉 s134

]
, (2.26)

Aetree(5−γ , 6+
g ) = − [14] 〈2|(1 + 6)|4] 〈23〉

〈16〉 〈26〉 [15] [45] , (2.27)

AWtree(5−γ , 6+
g ) = −〈2|(1 + 6)|4](〈25〉 〈34〉 [14] + 〈26〉 〈35〉 [16])

〈16〉 〈26〉 [15] . (2.28)
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For all of the sub-amplitudes except for the one in which the photon is radiated from
the positron in the W -boson decay, Ae, there is a simple rule for flipping the helicities of
the photon and gluon,

Autree(1+
ū , 2−d , 3

−
ν , 4+

e , 5−h5
γ , 6−h6

g ) = Adtree(2+
ū , 1−d , 4

−
ν , 3+

e , 5h5
γ , 6h6

g )
{
〈〉 ↔ []

}
, (2.29)

AWtree(1+
ū , 2−d , 3

−
ν , 4+

e , 5−h5
γ , 6−h6

g ) = −AWtree(2+
ū , 1−d , 4

−
ν , 3+

e , 5h5
γ , 6h6

g )
{
〈〉 ↔ []

}
. (2.30)

For the remaining amplitudes we have,

Aetree(5−γ , 6−g ) = [14]2 〈3|4 + 5|1]
[26] [15] [16] [45] , (2.31)

and,
Aetree(5+

γ , 6−g ) = −〈2|(4 + 5)|1]〈3|(2 + 6)|1]
[26] [16] 〈25〉 〈45〉 . (2.32)

Complete amplitudes for the charge-conjugate process,

0→ u(p1) + d̄(p2) + e−(p3) + ν̄e(p4) + γ(p5) + g(p6) (2.33)

are given by a transformation on the entire amplitude similar to the one given above for
flipping helicities,

A(0)(1+
u , 2−d̄ , 3

−
e , 4+

ν , 5−h5
γ , 6−h6

g ) = A(0)(2+
ū , 1−d , 4

−
ν , 3+

e , 5h5
γ , 6h6

g )
{
〈〉 ↔ []

}
. (2.34)

The W -boson component of this amplitude can be isolated by partial fractioning

P (s34)P (s345) = 1
s345 − s34

[
P (s34)− P (s345)

]
(2.35)

and dropping all terms not containing P (s34). The result in this limit is given in ref. [9].

2.2.3 One-loop amplitude

We extract a similar factor at the one-loop level,

A(1)(5h5
γ , 6h6

g ) = i
√

2 eg2
W g

3
s cΓ t

a6
i2i1

{
NcA

(1)
lc (5h5

γ , 6h6
g ) + 1

Nc
A

(1)
sl (5h5

γ , 6h6
g )
}
, (2.36)

where this time, in addition, we have performed a decomposition into leading- (‘lc’) and
subleading-colour (‘sl’) components. We work in dimensional regularization with d = 4−2ε,
resulting in the overall factor cΓ given by,

cΓ = 1
(4π)2−ε

Γ(1 + ε)Γ2(1− ε)
Γ(1− 2ε) = 1

(4π)2−ε
1

Γ(1− ε) +O(ε3) . (2.37)

Furthermore, it is useful to further separate the sub-amplitudes into contributions that
are sensitive to individual electric charges,

A
(1)
lc (5h5

γ , 6h6
g ) =

(
QuA

u
lc(5h5

γ , 6h6
g ) +QdA

d
lc(5h5

γ , 6h6
g )
)
P (s34) (2.38)

+(Qu −Qd)
(
Aelc(5h5

γ , 6h6
g ) +AWlc (5h5

γ , 6h6
g )P (s34)

)
P (s345) ,

(and similarly for A(1)
sl ). Note that the individual terms in this separation are not invariant

under electroweak or QCD gauge transformations. Full analytic results for Alc and Asl are
given in appendix C. We have checked numerically that our results agree perfectly with
those provided by OpenLoops [15], but are faster by at least a factor of four.
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2.3 7-parton amplitude

2.3.1 Two-quark two-gluon processes

We can decompose the amplitude for the two-gluon process 0 → ū(p1) + d(p2) + νe(p3) +
e+(p4) + γ(p5) + g(p6) + g(p7) into two colour-ordered sub-amplitudes,

A(0)(1+
ū , 2−d , 3

−
ν , 4+

e , 5h5
γ , 6h6

g , 7h7
g ) = i

√
2 eg2

W g
2
s (2.39)

×
[
(ta6ta7)i2i1 ·A

67(5h5
γ , 6h6

g , 7h7
g ) + (ta7ta6)i2i1 ·A

76(5h5
γ , 6h6

g , 7h7
g )
]
.

Full analytic results for the colour-ordered trees are presented in subsection (D.1). Squaring
the amplitude and summing over the colours of the gluons, we obtain,∑

a6,a7

∑
h5,h6,h7

∣∣A(0)(1+
ū , 2−d , 3

−
ν , 4+

e , 5h5
γ , 6h6

g , 7h7
g )
∣∣2 = 2e2g4

W g
4
s(N2 − 1)

×
∑

h5,h6,h7

[
N
(∣∣A67(5h5

γ , 6h6
g , 7h7

g )
∣∣2 +

∣∣A76(5h5
γ , 6h6

g , 7h7
g )
∣∣2)

− 1
N

∣∣A67(5h5
γ , 6h6

g , 7h7
g ) +A76(5h5

γ , 6h6
g , 7h7

g )
∣∣2] . (2.40)

2.3.2 Four-quark processes

In a similar fashion the amplitude for the process, 0 → ū(p1) + d(p2) + νe(p3) + e+(p4) +
γ(p5) + q(p6) + q̄(p7) for the simple case of q and q̄ consisting of non-identical flavours can
be written as,

A(0)(1+
ū , 2−d , 3

−
ν , 4+

e , 5h5
γ , 6h6

q , 7h7
q̄ ) = i

√
2 eg2

W g
2
s

∑
a

tai7i1 t
a
i8,i2 A

(0)(5h5
γ , 6h6

q , 7h7
q̄ ) . (2.41)

Many other needed amplitudes are related to the amplitude in eq. (2.41) by crossing. Full
analytic results are presented in subsection (D.2). Performing the colour sums, the squared
amplitude is written as,
∑
h5

∣∣∣A(0)(1+
ū , 2−d , 3

−
ν , 4+

e , 5h5
γ , 6+

q , 7−q̄ )
∣∣∣2 = 2e2g4

W g
4
s(N2 − 1)

∑
h5

∣∣∣A(0)(5h5
γ , 6+

q , 7−q̄ )
∣∣∣2 . (2.42)

The case for identical quarks is slightly more complicated, but can be easily derived from
the results presented.

3 N -jettiness method for NNLO cross sections

3.1 Jettiness

A collision of partons a and b with momentum fractions xa,b, originating from the incoming-
beam protons with momenta pa,b, can potentially produce a final state including N jets
with momenta {pi}. The jettiness of parton j with momentum qj is defined as

TN (qj) = min
i=a,b,1,...,N

{2 pi · qj
Pi

}
. (3.1)
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We denote by Ei the jet or beam energy. Pi is a measure of the jet/beam hardness. In
our numerical results we set this equal to twice the jet/beam energy, Pi = 2Ei [50]. We
can now define the event jettiness, or N -jettiness, as the sum over all the M final-state
parton-jettiness values

TN =
M∑
j=1
TN (qj) =

M∑
j=1

min
i=a,b,1,...,N

{2 pi · qj
Pi

}
. (3.2)

For Leading Order (LO) events we have {qi} = {pi} and the event jettiness is zero. Beyond
LO extra particles are emitted (M > N), the event jettiness goes to zero only in the
soft/collinear limit. The event N -jettiness can be used in a non-local subtraction approach
where we can isolate the doubly unresolved region of the phase space by demanding TN <

T cutN [51, 52].

3.2 Colour singlet final states

For the case at hand we have no coloured final-state partons at leading order. We can there-
fore use the event shape variable T0 to regulate the initial-state radiation. By demanding
T0 < T cut0 one isolates the doubly unresolved regions of phase space. In this region the
jettiness has simple factorization properties derivable using soft-collinear effective theory.
We exploit the fact that the matrix elements in the soft/collinear approximation can be
analytically integrated over this region and added to the virtual contributions. The regions
of phase space where T0 > T cut0 are integrated over numerically.

In the context of MCFM, the application of the N -jettiness method to the particular
case of processes involving the production of a colour-singlet final state at the Born level
has been described in a series of papers [19, 20, 49]. In particular refs. [19, 20] contain
details of the construction of the soft function and of the modifications to the two-loop
matrix elements needed to construct the hard function.

For the process studied in this paper the cut that defines the below-cut and above-cut
contributions is expressed in terms of a dimensionless variable ε that is defined by,

T cut0 = ε×m`νγ , (3.3)

where m2
`νγ = (p` + pν + pγ)2. Compared to a fixed (dimensionful) value of the cut this

yields better numerical stability and aids an automatic fitting of the T cut0 dependence that
can be used to extrapolate the T cut0 → 0 result.

4 Setup of numerical results for W (→ eν) + γ cross section

4.1 Parameter setup

We investigate the processes pp → e−ν̄eγ and pp → e+νeγ, using the parameters shown
in table 2. The parton distributions sets used are the sets, ‘NNPDF30_xx_as_0118’ with
xx=lo,nlo,nnlo according to the order calculated [53]. In all three cases the value of the
strong coupling is taken to be αs(Mz) = 0.118. The electromagnetic coupling α is a derived
parameter, calculated with the definition shown in table 2. The complex-mass scheme is
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MW 80.385GeV ΓW 2.0854GeV
MZ 91.1876GeV ΓZ 2.4952GeV
Gµ 1.166390× 10−5 GeV−2

m2
W = M2

W − iMWΓW (6461.748225− 167.634879 i)GeV2

m2
Z = M2

Z − iMZΓZ (8315.17839376− 227.53129952 i)GeV2

cos2 θW = m2
W /m

2
Z (0.7770725897054007 + 0.001103218322282256 i)

α =
√

2Gµ
π M2

W (1− M2
W

M2
Z

) 7.56246890198475× 10−3 giving 1/α ≈ 132.23 . . .

Table 2. Input and derived parameters used for our numerical estimates.

used, so that the Weinberg angle is also complex. In this section our parameter choices are
made so as to agree with the choices made in ref. [14].

We construct an explicitly unitary, CP-conserving CKM matrix in the standard
form [54] with (cij = cos θij , sij = sin θij)

VCKM =


c12c13 c13s12 s13

−c23s12 − c12s13s23 c12c23 − s12s13s23 c13s23

s12s23 − c12c23s13 −c12s23 − c23s12s13 c13c23

 . (4.1)

Starting with the following values for four of the measurements Vud = 0.97417, Vus =
0.22480, Vub = 0.00409, Vcb = 0.04050, and the following definitions for the angles

s12 = Vus√
V 2
ud + V 2

us

, s23 = Vcb
Vus

s12, s13 = Vub , (4.2)

we obtain a unitary CKM matrix of the following form,

VCKM =


0.97438 0.22485 0.00409
−0.22483 0.97356 0.04051
0.00513 −0.04039 0.99917

 . (4.3)

The third row in eq. (4.3) involving couplings to the top is irrelevant for the current
calculation.

We estimate the scale variation by varying the renormalization (µR = κRµ0) and
factorization (µF = κFµ0) scales independently by a factor κR,F about the central scale µ0,

µ0 =
√
M2
W + (pγT )2. (4.4)

We choose κR,F = 1
2 or 2. This gives us eight possible scale variations about the central

scale (1, 1), or six variations if we drop the choices where κF and κR differ by a factor of 4,

7-point : (κR, κF ) = (1, 1),
(1

2 , 1
)
,

(
1, 1

2

)
, (2, 1), (1, 2),

(1
2 ,

1
2

)
, (2, 2) ; (4.5)

9-point : (κR, κF ) = (1, 1),
(1

2 , 1
)
,

(
1, 1

2

)
, (2, 1), (1, 2),

(1
2 ,

1
2

)
, (2, 2),

(1
2 , 2

)
,

(
2, 1

2

)
.
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Electron cuts pT,e > 25GeV, |ηe| < 2.47
Neutrino cuts pmissing

T > 35GeV
Photon cuts pT,γ > 15GeV, |ηγ | < 2.47
Separation cuts ∆ej > 0.3,∆γj > 0.3,∆eγ > 0.7
Photon Isolation Isolation with n = 1, εs = 0.5, Rs = 0.4, cf. eq. (4.6)
Jet definition Anti-kT algorithm with R=0.4, pT,j > 30GeV, |ηj | < 4.4

Table 3. Cuts used for the cross-section results in section 4.3.

The assigned error is the maximum of the deviation from the value at the central scale
(1, 1) in both the up and down directions. We note that although the 7-point variation
has become a somewhat standard procedure, the extension to the 9-point variation for
our process is motivated by an accidental cancellation between renormalization and
factorization scale dependence observed at NLO [10].

4.2 Photon isolation

Rather than performing a calculation that implements the effects of photon fragmentation,
necessitating the use of data-derived fragmentation functions, we pursue a simpler approach
that is readily applied in the NNLO case. We use a “smooth cone” isolation procedure [55]
to avoid infrared singularities arising from the emission of photons from partons. In this
method one defines a cone of radius R =

√
(∆η)2 + (∆φ)2 around the photon, where ∆η

and ∆φ are the pseudorapidity and azimuthal angle difference between the photon and
any parton. The total partonic transverse energy inside a cone with radius R is then
constrained according to,

EhadT (R) < εsE
γ
T

( 1− cosR
1− cosRs

)n
, (4.6)

for all cones R < Rs, where EγT is the transverse photon energy, and εs, Rs and n are
parameters.

In addition, one can also choose to further impose an additional fixed-cone isolation
that more closely mimics the experimental sensitivity to photon isolation effects, resulting
in a so-called “hybrid isolation” scheme [56, 57]. The form of this additional cut is,

EhadT (R) < εf E
γ
T + EfT for R < Rf . (4.7)

We shall make use of an additional cut of this form in section 6.

4.3 A first look at results at
√
s = 13TeV

We first perform a comparison with the MATRIX results given in ref. [14], that are com-
puted at

√
s = 13TeV and using the cuts shown in table 3.

The results of the MCFM calculation in this setup are shown in table 4, indicating the
cross sections obtained at each order of perturbation theory up to NNLO, both with and
without the effects of the CKM matrix. We have run the NNLO calculation to ensure that
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Process σLO [fb] σNLO [fb] σε=10−4
NNLO [fb] σfit

NNLO [fb]
pp→ e+νeγ (no CKM) 861.6 2187+6.6%

−5.3% 2689(5) 2668(8)+3.9%
−3.7%

pp→ e+νeγ (with CKM) 854.6 2181+6.6%
−5.3% 2681(5) 2661(8)+3.9%

−3.7%

pp→ e−ν̄eγ (no CKM) 726.2 1849+6.6%
−5.3% 2260(4) 2240(7)+3.7%

−3.5%

pp→ e−ν̄eγ (with CKM) 720.1 1843+6.6%
−5.3% 2252(4) 2228(7)+3.7%

−3.5%

Table 4. Cross-section results with the cuts of table 3. The theoretical error is estimated by a
7-point scale variation. Parentheses indicate the residual error resulting from numerical integration
of the NNLO result (this error is beyond the indicated number of digits at NLO).

the Monte Carlo uncertainty on the result at ε = 10−4, as defined in eq. (3.3), is at the 2
per-mille level. An automated fit to the τ dependence is performed using the known form
of the residual power-corrections to the SCET factorization formula [58],

σ = σ0 + aε log3 ε+ bε log2 ε . (4.8)

The result (with the CKM matrix included) is illustrated in figure 2, yielding a correction
to the ε = 10−4 result of around 1%, with a corresponding uncertainty of about 3 per-mille.
The difference between the result using a diagonal CKM matrix, and the result with the
CKM matrix of eq. (4.3) included, is about 0.8% at LO but decreases to about 0.3% at
NLO and NNLO. Note that because of the unitarity of the CKM matrix, parton processes
involving gq or gq̄ are approximately unchanged by including a non-diagonal CKM matrix.
At NLO gq and gq̄ initial states contribute 39% of the cross section, which explains the
reduced effect of a non-diagonal CKM matrix.

Our results with a diagonal CKM matrix are in perfect agreement within mutual
uncertainties with those from MATRIX (reported in table 6 of ref. [14]) which are,

σextrap
MATRIX(pp→ e+νeγ) = 2671(35)+3.8%

−3.6% fb, (4.9)
σextrap

MATRIX(pp→ e−ν̄eγ) = 2256(15)+3.7%
−3.5% fb. (4.10)

We note that the uncertainty in the result, stemming from the fit (or, equivalently, the
extrapolation performed in MATRIX) is smaller in our case.

Finally, we comment on the size of the higher-order corrections reported in table 4,
where the NLO cross-sections are larger than the LO ones by a factor of about 2.5. This is
due in part to the filling of the radiation zero that is present at LO, but is also the result
of significant contributions from corrections in which a gluon is present in the initial state,
as discussed above. Further corrections at NNLO are more modest, reflecting the fact that
all important partonic channels have already been opened at the preceding order. Nev-
ertheless, the importance of the gluon-quark initiated contributions will be an important
consideration in the discussion of electroweak corrections to this process.

5 Electroweak corrections

As we have seen, the radiation zero, present in the lowest-order process for Wγ production,
suppresses the lowest-order cross section so that the O(1) and O(αs) contributions to the
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Figure 2. τ -cut dependence of the NNLO cross sections for W+γ (upper) and W−γ (lower)
production using our setup. The solid lines indicate the results of a fit to the points using the
expected form of power corrections given in eq. (4.8). The asymptotic value of the NNLO cross
section as ε→ 0 (i.e. σ0) is indicated by the dashed line.

cross section are of similar size. Consequently the O(α2
s) QCD corrections are of great

importance, effectively playing the role of NLO corrections for the gq-induced part of the
O(αs) result. For the same reason, when considering electroweak corrections, it will be
important to consider corrections to both the O(1) and O(αs) processes,

u+ d̄ → ν + e+ + γ , (5.1)
u+ g → ν + e+ + γ + d . (5.2)

The processes in eqs. (5.1), (5.2) should be understood to include all related qq̄ and qg-
initiated processes.

Because of the disruption of the normal hierarchy of O(1) and O(αs) contributions,
the Wγ process would be a prime candidate for a complete mixed electroweak-QCD cal-
culation, such as was recently completed for the single W process [59, 60]. The two-loop
component of such a calculation will present a considerable challenge, so for the moment
we limit our discussion to the electroweak corrections to the lowest-order processes shown
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in eqs. (5.1), (5.2). For both of these processes we can identify two distinct types of con-
tributions,

• Processes involving initial-state photons, and associated terms needed to remove
initial state collinear singularities;

• Virtual electroweak corrections to the basic processes and real corrections associated
with the emission of extra photons, together with the counterterms needed to remove
singularities from soft and collinear photon emission.

The electroweak corrections to the Wγ process have previously been considered in
refs. [17, 61], but without the process in eq. (5.2). In the absence of the two-loop cor-
rections mentioned above, we shall treat the process in eq. (5.2) by demanding an observed
jet in the final state and will investigate the sensitivity of the corrections to the value of the
jet transverse momentum cut. For simplicity, in our calculations of electroweak corrections
we assume a diagonal CKM matrix.

Note that in the case of real-radiation contributions to the electroweak corrections we
combine a photon and a charged lepton if they become collinear, ∆R`γ < 0.1. We subse-
quently demand that at least one photon satisfying ∆R`γ > ∆R`γmin is observed according to
our smooth-cone isolation procedure (cf. section 4.2), with both ∆R`γmin and the isolation pa-
rameters depending on the analysis at hand, as described in section 6. Strictly speaking the
recombination procedure is only appropriate for observed electrons (not muons), although
the difference between this approach and retaining mass effects that lead to contributions
proportional to α log(mµ) is small for all the observables we will consider in this paper [17].

5.1 Effects of incoming photons

It is opportune to re-examine the electroweak effects due to incoming photons, in the
light of updated distributions for the photon structure of the proton [62, 63]. We can
assess the impact of photon-induced corrections in a straightforward manner by evaluating
contributions from the diagrams representing the processes,

γ + u → ν + e+ + γ + d , (5.3)
γ + g → ν + e+ + γ + d+ ū , (5.4)

that are shown in figure 3. The singularity associated with the initial-state splitting
γ → qq̄ is absorbed into the quark parton distribution function (pdf) in the MS scheme, in
accordance with the treatment of the photon pdf in the LUX determination [62, 63]. For
the process shown in eq. (5.4) initial-state singularities for the splitting g → qq̄ are also
absorbed in the same way. Our numerical results for processes with incoming photons are
given in section 6.

5.2 Electroweak virtual corrections

The principal ingredient needed for the next step in evaluating the radiative corrections
are the one-loop corrections to the Born-level process due to the exchange of W,Z and γ.
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Figure 3. Representative photon-induced diagrams (a) for the process in eq. (5.3) and (b) for the
process in eq. (5.4).

The numerical results for the electroweak corrections to the processes in eqs. (5.1), (5.2)
have been obtained using the Recola library [64, 65]. The Recola library supplies results
in three different renormalization schemes,

• the α(Gµ) scheme, where α =
√

2Gµ/πM2
W (1 −M2

W /M
2
Z), which includes universal

terms associated with the renormalization of the weak mixing angle;

• the α(0) scheme, where α is fixed by the measured value at p2 = 0;

• the α(MZ) scheme, where α is fixed by the value at p2 = M2
Z , taking into account

the running from p2 = 0 to p2 = M2
Z , which at low p2 is inadequately treated in

perturbation theory.

Since the Wγ process involves both a real photon and W bosons we use a hybrid scheme
in which the photon is treated in the α(0) scheme but all remaining powers of α (including
factors associated with the radiation of additional real or virtual photons) are considered
in the α(Gµ)-scheme. Since we work in dimensional regularization, we note that the trans-
lation between α(0) and α(Gµ) schemes involves the addition of singular terms — single
poles in ε — as well as a finite difference. Clearly, we must also modify our earlier specifi-
cation of the parameter setup by replacing one power of α ≡ α(Gµ) by α(0) = 1/137.036,
resulting in all cross-sections being reduced by a factor α(0)/α(Gµ) = 0.965. All the cross
sections quoted in section 6 have this rescaling already applied.

6 Numerical results for 7 and 13 TeV

6.1 Comparison with CMS at 7TeV

In this section we compare the CMS results [41] based on 5.0 fb−1 of
√
s = 7TeV data with

our predictions. The CMS results are not cross sections in the fiducial region, but rather
have been corrected for the geometric and kinematic acceptance of the detector.
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Process pγT (min) σNLO [pb] σNNLO [pb] σNNLO/σNLO

pp→ e+νγ 15 [GeV] 17.98+0.77
−1.00 19.23+0.14

−0.41 1.070
pp→ e−ν̄γ 15 [GeV] 12.43+0.54

−0.71 13.35+0.10
−0.28 1.074

pp→ e+νγ 60 [GeV] 0.369+0.032
−0.026 0.451+0.021

−0.019 1.22
pp→ e−ν̄γ 60 [GeV] 0.247+0.023

−0.019 0.314+0.017
−0.014 1.27

pp→ e+νγ 90 [GeV] 0.117+0.013
−0.010 0.144+0.008

−0.007 1.23
pp→ e−ν̄γ 90 [GeV] 0.072+0.009

−0.007 0.095+0.006
−0.006 1.32

Table 5. Our theoretical predictions for e+νγ and e−ν̄γ at
√
s = 7TeV. The ratio σNNLO/σNLO is

given without uncertainty, to illustrate the trend with pγT (min) .

σ(pp→ e+νγ) + σ(pp→ e−ν̄γ) NLO [pb] NNLO [pb] CMS Experiment [pb]
σ(pγT > 15 GeV) 30.41+1.31

−1.72 32.58+0.24
−0.69 37.0± 0.8± 4.0± 0.8

σ(pγT > 60 GeV) 0.616+0.055
−0.045 0.765+0.039

−0.035 0.76± 0.05± 0.08± 0.02
σ(pγT > 90 GeV) 0.189+0.021

−0.016 0.238+0.014
−0.013 0.20± 0.03± 0.04± 0.01

Table 6. NLO and NNLO predictions for cross sections at
√
s = 7TeV, for comparison with the

values measured by the CMS experiment [41]. The experimental result is the average of the cross
section to electrons and the cross section to muons. The errors on the experimental results are
statistical, systematic and luminosity respectively. All results have a cut ∆Rlγ > 0.7.

Note that, compared to the earlier NLO predictions from MCFM reported in ref. [41],
the ones here differ in multiple respects. As detailed earlier, here we have used the complex-
mass scheme and slightly different electroweak parameters (including a non-diagonal CKM
matrix), updated the PDF set (to NNPDF3.0, instead of CTEQ6.6), and used a different
central scale choice (

√
M2
W + (pγT )2, cf. eq. (4.4), instead of MW ), and scale variation (a

9-point variation about the central choice instead of previously a common variation in op-
posite directions only). Furthermore, anticipating the inclusion of electroweak corrections
we replace a single power of α(Gµ) in all predictions by α(0), as discussed in the previous
section. In addition, our photon isolation is rendered theoretically viable by the hybrid iso-
lation scheme, rather than having recourse to a non-perturbative fragmentation function.
The parameters for the hybrid scheme defined in eqs. (4.6), (4.7) are,

εs = 0.5, n = 1, Rs = 0.1, εf = 0.0025, Ef
T = 2.2 GeV, Rf = 0.4 , (6.1)

in order to mimic the HCAL photon isolation cut in ref. [41]. Our theoretical results with
the input parameters as described in this paragraph are given in table 5.

A comparison between the theoretical predictions and CMS measurements, for these
three different values of the minimum photon pT , is shown in table 6. Since the CMS
measurement is not in a fiducial region and suffers from rather large systematic errors we
do not present the effect of electroweak corrections here, but postpone such a discussion
until the following section.

– 17 –



J
H
E
P
0
7
(
2
0
2
1
)
0
7
9

|ηγ | < 2.5 pγT > 25GeV
|η`| < 2.5, excluding 1.44 < |η`| < 1.57 p` > 35GeV
∆R`γ > 0.7 MT (`γEmiss

T ) > 110GeV

Table 7. Fiducial cuts for theoretical predictions of the signed rapidity difference at 7TeV.

|ηγ | < 2.5 pγT > 25GeV
|η`| < 2.5 p` > 25GeV
∆R`γ > 0.5

Table 8. Fiducial cuts imposed for calculations of the total rate at 13TeV.

In order to probe the radiation zero that occurs at y?γ = 0 (centre-of-mass frame) it
is easiest to construct a boost-invariant difference of rapidities between the lepton and the
photon. Weighting this by the charge of the lepton results in the “signed rapidity differ-
ence”, the quantity used in the original Tevatron probes of this phenomenon. This quantity
has also been measured in ref. [41] in the fiducial region defined by additional acceptance
cuts on the leptons and photon. For the sake of comparison, we show corresponding pre-
dictions for this quantity based on the electron-channel cuts shown in table 7, and after
the application of a veto on any jets observed in the region pT > 30GeV, |η| < 4.4 using
the anti-kT clustering algorithm with R = 0.4. The transverse cluster mass of the photon,
lepton and missing ET (neutrino) system (MT (`γEmiss

T )) is defined by,

MT (`γEmiss
T ) =

[(
M2
`γ + |~pT (γ) + ~pT (`)|2

) 1
2 + Emiss

T

]2
−
∣∣∣~pT (γ) + ~pT (`) + ~Emiss

T

∣∣∣2 . (6.2)

Our results are shown in figure 4, where the NLO and NNLO predictions also indicate
the uncertainties obtained by scale variation. After the large correction from LO to NLO,
for this set of cuts there do not appear to be significant further corrections at NNLO and the
scale uncertainties somewhat overlap. However, as is clear from the lower panel of figure 4,
the shape of the NNLO prediction does differ slightly from the NLO one. These predictions
appear to be in reasonable agreement with the experimental results of figure 7 in ref. [41].

6.2 MCFM projections for
√
s = 13TeV

In this section we make projections for 13TeV. We first consider the overall cross section
in a fiducial region using the cuts shown in table 8 taken from ref. [33]. The fiducial region
is further reduced by demanding that the leptons and photons are isolated. In ref. [33] a
lepton or photon is considered isolated if the sum of the pT of all stable particles within
∆R = 0.4, divided by the pT of the lepton or photon, is less than 0.5. In our numerical work
we follow a procedure that is close to the procedure used in experiments. We compute the
inclusive cross section with the anti-kT jet algorithm and identify jets by clustering with
R = 0.4 and demanding pT (jet) > 12.5GeV. We subsequently check to see whether any jet
axes lie within a cone of ∆R=0.4 of the lepton and then reject the event if the scalar sum

– 18 –



J
H
E
P
0
7
(
2
0
2
1
)
0
7
9

Figure 4. Signed rapidity difference between the lepton and the photon, after the application of
the cuts detailed in table 7 and the jet veto described in the text. The scale variation uncertainties
are shown at NLO and NNLO. The lower panel shows the ratio of the NLO and NNLO results,
including the uncertainty bands, to the central NLO result.

of any such jet pT ’s is greater than 0.5 × plT . For isolation of the photon we again use a
hybrid procedure, with smooth cone parameters (cf. eq. (4.6)),

εs = 0.5, n = 1, Rs = 0.1 , (6.3)

and fixed-cone isolation parameters (cf. eq. (4.7)) taken from ref. [33],

εf = 0.5, EfT = 0, Rf = 0.4 . (6.4)

Under these cuts our results are shown in table 9. We note that the NNLO results lie
outside the band of values predicted on the basis of scale variation in the NLO result.
Summing both charges in table 9 we obtain predictions for the cross section in the fiducial
region for both electrons and muons (ignoring any feed-down from τ decays),

σNLO(e±νγ + µ±νγ) = 10.21+1.08
−1.08 pb, (6.5)

σNNLO(e±νγ + µ±νγ) = 12.69+0.59
−0.69 pb. (6.6)
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Process σNLO [pb] σNNLO [pb] σNNLO/σNLO

pp→ νe+γ + pp→ νµ+γ 5.40+0.56
−0.56 6.73+0.31

−0.36 1.25
pp→ e−ν̄γ + pp→ µ−ν̄γ 4.81+0.52

−0.52 5.96+0.28
−0.33 1.24

Table 9. Theoretical predictions for
√
s = 13TeV using cuts of table 8 and the isolation cuts

described in the text. The ratio σNNLO/σNLO, given without an uncertainty, indicates that the
corrections are still substantial at NNLO.

The only experimental result at
√
s = 13TeV reported so far is the sum of the cross sections

for electrons and muons of both charges,

σ = 15.58± 0.05± 0.73± 0.15 pb (6.7)

from ref. [33], where the uncertainties are, respectively, statistical, systematic and related
to theoretical inputs.

The NNLO prediction given above is smaller than the experimental measurement by
about 20%. However a comparison with this data requires a correction for the feed down
from the W → τν channel, which is present in the result in eq. (6.7) but not included in
our theoretical rates. We think that this correction is best performed by the experimental
collaborations, based on the well-modelled properties of τ decay.

However in order to get an idea of the order of magnitude of this correction we have
studied the number of additional events that may be produced from τ -lepton decays using
the Herwig Monte Carlo [66]. The 17% branching ratio of the τ -lepton to electrons and
muons sets an upper limit on the size of this correction. However, the leptons of the first two
generations coming from τ decay are much softer than primary leptons, and less frequently
isolated. Our studies with Herwig, combining a NLO calculation with the effects of the
parton shower, indicate that less than 2% of the produced τ -leptons end up in the CMS
event sample. This source of additional events therefore seems unlikely to account for the
difference between the theoretical prediction in eq. (6.6) and the measured cross-section in
eq. (6.7).

Finally we turn to the inclusion of electroweak corrections. For the EW corrections to
the LO process in eq. (5.1) we summarize their effect by using a relative factor δEW that
is defined by,

δqq̄EW = σEW
σLO

, (6.8)

where both numerator and denominator are computed using the same (LUX) pdf set. This
form allows electroweak effects to be incorporated in a QCD-corrected calculation of any
order in a straightforward manner. We find the relative correction factors,

δqq̄EW (ν`+γ) = −0.013 , δqq̄EW (`−ν̄γ) = −0.012 . (6.9)

Since the photon-initiated process shown in eq. (5.3) represents a new partonic channel we
do not expect its effects to factorize in the same way. We therefore present the corrections
from this channel normalized to the NNLO cross section,

δqγEW = σEW
σNNLO

. (6.10)
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|ηγ | < 2.5 pγT > 30GeV
|η`| < 2.5 p`T > 30GeV
∆Rlγ > 0.7 Emiss

T > 40GeV

Table 10. Fiducial cuts imposed for the calculation of differential distributions at 13TeV.

In this way we find,

δqγEW (ν`+γ) = +0.011 , δqγEW (`−ν̄γ) = +0.010 . (6.11)

Considered in this way, these two contributions essentially cancel and, taken together,
do not represent a substantial further correction to the rate. Indeed, the biggest impact
of the inclusion of the electroweak corrections results from the coupling factor change,
α(Gµ) → α(0). Electroweak corrections to the O(αs) channels represented by eqs. (5.2)
and (5.4) can only be defined in the presence of a jet and their effect on the inclusive rate
cannot be directly inferred from the calculations we have performed in this work. Results
for these channels will be presented in the following section.

6.3 Differential distributions

We now provide a set of predictions suitable for a possible future measurement of this
process at 13TeV. For this we adopt a slightly different set of cuts, as detailed in table 10.

We use the same lepton and photon isolation requirements as in the previous section,
but for this case we identify jets with,

pT (jet) > 30 GeV , |η(jet)| < 2.5 . (6.12)

All plots in this section sum the contributions of e+νγ and e−ν̄γ. The theoretical result
for muons will be identical.

We first show predictions for some basic quantities: the photon rapidity (figure 5)
and the angular separation between the photon and the lepton, ∆R`γ (figure 6). The
enormous corrections to the total cross section are reflected as a practically-uniform shift
in the photon rapidity distribution, while the shape of the ∆R`γ distribution is modified
at NNLO. The scale uncertainties, also shown in the figures, do not overlap between NLO
and NNLO. This is to be expected because of the effectively leading order nature of a large
part of the O(αs) contribution.

As already discussed in our presentation of results at 7TeV, the signature of the radi-
ation zero for the Wγ process is the signed rapidity difference between the lepton and the
photon. As shown in figure 7, the effect of the radiation zero — a depletion in the central
region at LO — is almost completely eliminated at NLO. As already indicated, it can be
partially restored by applying a jet veto (i.e. so that any event containing a jet as defined in
eq. (6.12) is removed) and applying a cut on the transverse cluster mass (cf. eq. 6.2). Our
prediction at 13TeV, after applying a jet veto and demanding thatMT (`γEmiss

T ) > 150GeV,
is shown in figure 8. In this case, in contrast to 7TeV, the extent of the dip that reflects
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Figure 5. Distribution of the photon rapidity at 13TeV. The NNLO and NLO histograms display
the error estimates, obtained via a 9-point scale variation, and the lower panel displays the ratio of
the NLO and NNLO predictions to the central NLO result.

the radiation zero is changed from NLO to NNLO. This reflects the difficulty in capturing
the effects of a jet veto in fixed-order perturbation theory, particularly in the presence of
higher-order corrections that are significantly larger at 13TeV than 7TeV.

Lastly, we turn to two distributions that directly probe a wide range of energy scales:
the photon pT (figure 9) and the transverse cluster mass distribution (figure 10). Although
we have seen that the net effect of electroweak corrections to the rate in the fiducial volume
is small, these distributions are particularly sensitive to their effects.

6.4 Numerical results for electroweak corrections

We illustrate the size of electroweak corrections that can be expected under this set of cuts
by considering their effect on the pγT distribution. We plot this distribution out to values of
1TeV since this corresponds, under these cuts, to about 200 `±νγ events in the full 3 ab−1

HL-LHC data set.
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Figure 6. ∆R(`, γ) distribution at 13TeV. The NNLO and NLO histograms display the error
estimates, obtained via a 9-point scale variation, and the lower panel displays the ratio of the NLO
and NNLO predictions to the central NLO result.

Corrections from the process in eq. (5.1) are shown in figure 11, as a factor relative to
the LO process (cf. eq. (6.8)). Overall the effect on the total rate is,

δqq̄EW = −0.013 , (6.13)

but the corrections to the pγT distribution are much more significant in the tail. The size
of the corrections is very similar to that already observed, albeit under slightly different
cuts, in ref. [17]. Relative corrections from the process in eq. (5.2) are shown in figure 12,
for three different choices of the jet pT threshold — 15, 40 and 100GeV — normalized
to the O(αs) (leading order) result for the Wγ-jet process. Although the size of the
corrections differs in the first few bins of this distribution, for pγT > 200GeV all three
curves are similar. This indicates that, although the effect on the inclusive Wγ rate is hard
to estimate, corrections from this channel are important at large pγT and should be taken
into account. The similarity of the electroweak corrections between the O(1) (figure 11)
and O(αs) (figure 12) channels suggests that a multiplicative approach to incorporating the
effects of electroweak corrections into QCD-corrected predictions correctly captures these
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Figure 7. Signed rapidity difference between the lepton and the photon at 13TeV. The NNLO and
NLO histograms display the error estimates, obtained via a 9-point scale variation, and the lower
panel displays the ratio of the NLO and NNLO predictions to the central NLO result.

effects, particularly at high energies. An estimate of the mixed QCD-EW corrections,
that are not correctly captured in such a scheme, can be inferred from the difference
between figures 11 and 12. A definitive statement cannot be made, of course, until a
proper calculation of the mixed QCD-EW corrections is performed.

Results for δqγEW , resulting from the qγ → Wγq-channel in eq. (5.3), are shown in
figure 13. Under these cuts the effect on the full rate is,

δqγEW = +0.013 , (6.14)

although in the distribution this manifests as a 4% enhancement for pγT = 1TeV. As
expected the application of a jet veto, with jets defined according to eq. (6.12), somewhat
reduces the size of the corrections, especially at large pγT , and the size of the electroweak
corrections to the overall rate becomes,

δqγEW (jet veto) = +0.009 . (6.15)
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Figure 8. Signed rapidity difference between the lepton and the photon at 13TeV, after additional
cuts to veto jets and require MT (`γEmiss

T ) > 150GeV. The NNLO and NLO histograms display the
error estimates, obtained via a 9-point scale variation, and the lower panel displays the ratio of the
NLO and NNLO predictions to the central NLO result.

Although this channel results in an enhancement of the cross-section we note that, com-
pared to previous calculations of these effects [17], the size of the corrections is much re-
duced. This is partially due to the fact that here we have normalized to NNLO predictions;
replacing the denominator in eq. (6.10) with the LO result would increase δqγEW by about
a factor of 4. The remaining large difference with respect to the results of ref. [17] simply
reflects the improved determination of the photon distribution in the LUX pdf set [62, 63]
compared to NNPDF2.3QED [67], the pdf set used in ref. [17]. The photon pdf in the LUX
determination is significantly smaller at large x than the central result in NNPDF2.3QED,
although the two are compatible within the (large) uncertainties of the latter. We find that,
after factorization of singularities into the pdfs, corrections from the process in eq. (5.4) are
negligible, below the per-mille level, across all of the kinematic range. This is due to the fact
that this channel does not open a new and significant kinematic configuration, unlike the
processes in eqs. (5.2) and (5.3). This lends further credence to the suggestion that correc-
tions from photon-induced channels should be applied additively, i.e. according to eq. (6.10).
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Figure 9. pγT distribution at 13TeV. The lower panel displays the ratio of the NLO and NNLO pre-
dictions, including error estimates obtained via a 9-point scale variation, to the central NLO result.

Finally, we note that application of a jet veto will reduce the effect of all these correc-
tions, as demonstrated explicitly in figure 13 for the qγ-initiated contributions. This merely
indicates that, especially for the case of electroweak corrections, the effect of higher orders
depends delicately on the experimental measurement for which the theoretical prediction
is being made.
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lower panel displays the ratio of the NLO and NNLO predictions, including error estimates obtained
via a 9-point scale variation, to the central NLO result.

Figure 11. Relative electroweak corrections to the qq̄-initiated process in eq. (5.1).
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Figure 12. Relative electroweak corrections to the O(αs) process in eq. (5.2), for three values of
the minimum jet pT .

Figure 13. Relative electroweak corrections resulting from the qγ-initiated process in eq. (5.3).

7 Conclusions

We have presented NNLO results for the processes pp→ e+νeγ and pp→ e−ν̄eγ calculated
using a jettiness slicing scheme. This allows us to construct the cross section for an electron
of either charge, accompanied by a photon,

σ = σ(pp→ e+νeγ) + σ(pp→ e−ν̄eγ) (7.1)

which is the quantity usually quoted by experiment. Our analytic formulae are valid for
the process pp→ e+νeγ. The extension to the opposite charge process pp→ e−ν̄eγ can be
performed by exchange, and, since the leptons are considered to be massless, the extension
to µ+ and µ− is immediate.

Our numerical results show full agreement with the results of the MATRIX collabo-
ration, performed using a different slicing method. We have included the effects of CKM
rotation, which are found to be numerically small. Generically we can see that the NNLO
effects are large and (in the main) positive, (e.g. at

√
s = 13TeV they are about 20%), and

that the scale dependence at NLO gives little hint that such a correction is to be expected.
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However the destructive interference in the lowest order contribution does lead one to sus-
pect that the NNLO calculation for Wγ might behave more like an NLO correction than
an NNLO correction, a suspicion that is borne out by our detailed calculations.

Our results indicate that the NNLO effects can play a substantial role in the descrip-
tion of the radiation zero at

√
s = 13TeV. The clearest signature of the radiation zero

requires a veto on jet activity. It is well-known that such vetoes can generate large loga-
rithms, suggesting that a more accurate description of the distributions might benefit from
a resummation of large logarithms, as was performed for the Zγ process in ref. [68].

We have also considered electroweak effects of various sources. As far as the total cross
section is concerned we find that the decrease in the cross section due to the replacement
of one power of α changes the cross section by a factor α(0)/α(M2

Z) ≈ 0.965. The incoming
photon γq process corrects the lowest order process by 0.9–1.3%, depending on the photon
pT cut and the presence (or not) of a jet veto, cf. eqs. (6.11), (6.14) and (6.15). In contrast
the γg process gives a negligible effect. Virtual and real photon emission corrections to the
total cross section can only be evaluated for the qq̄ process and are negative and give about
−1.3%, cf. eqs. (6.9) and (6.13). As is well known the virtual and real photon emission
corrections become large at high pT , as much as −30% and +4% respectively, at photon
pT = 1TeV.

We are of the opinion that, compared to the Zγ process, the Wγ process has not
as yet received the attention from experimenters it deserves. When decays to final state
leptons are taken into account the Zγ and Wγ processes have about the same cross sec-
tion. Of course the Zγ process has a final state without missing energy, and it is also of
interest because of its role in the search for the rare Higgs boson decay, H → Zγ. How-
ever the importance of the triple weak boson coupling in the Wγ process should not be
underestimated.
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A Spinor algebra

All results are presented using the standard notation for the kinematic invariants of the
process,

sij = (pi + pj)2 , sijk = (pi + pj + pk)2 , sijkl = (pi + pj + pk + pl)2 . (A.1)

and the Gram determinant,

∆ij,kl = (sijkl − sij − skl)2 − 4sijskl . (A.2)

We express the amplitudes in terms of spinor products defined as,

〈ij〉 = ū−(pi)u+(pj), [ij] = ū+(pi)u−(pj), 〈ij〉 [ji] = 2pi · pj , (A.3)

and we further define the spinor sandwiches for light-like momenta j and k,

〈i|(j + k)|l] = 〈ij〉 [jl] + 〈ik〉 [kl] ,
[i|(j + k)|l〉 = [ij] 〈jl〉+ [ik] 〈kl〉 . (A.4)

In the Weyl representation the spinor solutions of the massless Dirac equation are,

u+(p) = |p〉 =



√
p+√

p−eiϕp

0
0

 , u−(p) = |p] =


0
0√

p−e−iϕp

−
√
p+

 , (A.5)

where
e±iϕp ≡ p1 ± ip2√

(p1)2 + (p2)2 = p1 ± ip2√
p+p−

, p± = p0 ± p3. (A.6)

In this representation the Dirac conjugate spinors are,

ū+(p) = [p| ≡ u†+(p)γ0 =
[
0, 0,

√
p+,

√
p−e−iϕp

]
, (A.7)

ū−(p) = 〈p| ≡ u†−(p)γ0 =
[√

p−eiϕp ,−
√
p+, 0, 0

]
. (A.8)

B Integral functions in the amplitudes

Due to the linear vanishing of ln(r) as r → 1 it is convenient to introduce the L0 and L1
functions [69] in order to make explicit the absence of certain singularities

L0(r) = ln(r)
1− r , L1(r) = L0(r) + 1

1− r = ln(r)
(1− r)2 + 1

1− r . (B.1)

In particular, r → {0, 1,∞} are the three physically relevant limits, which can be respec-
tively written as the following Maclaurin series for L0

lim
r→0

L0(r) ≈ ln(r) + r ln(r) + . . . , (B.2)

lim
x→0

L0(1 + x) ≈ −1 + x

2 −
x2

3 + . . . , (B.3)

lim
y→0

L0(1/y) ≈ − y ln(1/y)− y2 ln(1/y) + . . . , (B.4)
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and for L1

lim
r→0

L1(r) ≈ (1 + ln(r)) + r (1 + 2 ln(r)) + . . . , (B.5)

lim
x→0

L1(1 + x) ≈ −1
2 + x

3 −
x2

4 + . . . , (B.6)

lim
y→0

L1(1/y) ≈ − y + y2(−1 + ln(1/y)) + . . . . (B.7)

Both L0 and L1 display a logarithmic divergence for r → 0, are regular for r → 1 and
vanish linearly for r → ∞. Let us consider the commonly seen case where r = sijk/sij .
Then, the three limits r → {0, 1,∞} correspond respectively to {sijk, 〈k|i+ j|k], sij} → 0,
due to the following relation

sijk = sij + sik + sjk = sij + 〈k|i+ j|k] . (B.8)

Sums of Mandelstam variables of the form 〈k|i + j|k] appear as poles in scalar bubble
integral coefficients. However, these poles are spurious when considering complete one-loop
amplitudes. We can use the L0 and L1 functions to explicitly remove them. If 〈k|i + j|k]
appears as a simple pole we can write

L0(−sijk−sij )
sij

= − ln
(
−sijk
−sij

)
1

〈k|i+ j|k] , (B.9)

which is regular in 〈k|i + j|k] → 0 and logarithmically divergent for {sijk, sij} → 0. If
〈k|i+j|k] appears as a double pole, then there will be a corresponding rational piece where
it appears as a simple pole. This allows to write the following expression

L1(−sijk−sij )
sij

= ln
(
−sijk
−sij

)
sij

〈k|i+ j|k]2 −
1

〈k|i+ j|k] , (B.10)

which is regular in {〈k|i+ j|k], sij} → 0 and logarithmically divergent for sijk → 0. Alter-
natively the following combination may also appear

L1( −sij−sijk )
sijk

= ln
(
−sij
−sijk

)
sijk

〈k|i+ j|k]2 + 1
〈k|i+ j|k] , (B.11)

which is regular for {〈k|i+ j|k], sijk} → 0 and logarithmically divergent for sij → 0.
The following transcendental functions are also needed

Ls−1(r1, r2) = Li2(1− r1) + Li2(1− r2) + ln r1 ln r2 −
π2

6 ,

Ls0(r1, r2) = 1
(1− r1 − r2) Ls−1(r1, r2) ,
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Ls1(r1, r2) = 1
(1− r1 − r2) [Ls0(r1, r2) + L0(r1) + L0(r2)] , (B.12)

Ls2mh
−1 (s, t;m2

1,m
2
2) = −Li2

(
1− m2

1
t

)
− Li2

(
1− m2

2
t

)
− 1

2 ln2
(−s
−t

)
+1

2 ln
( −s
−m2

1

)
ln
( −s
−m2

2

)
+
[1

2(s−m2
1 −m2

2) + m2
1m

2
2

t

]
I3m

3 (s,m2
1,m

2
2) , (B.13)

L̃s2mh
−1 (s, t;m2

1,m
2
2) = −Li2

(
1− m2

1
t

)
− Li2

(
1− m2

2
t

)
− 1

2 ln2
(−s
−t

)
+1

2 ln
( −s
−m2

1

)
ln
( −s
−m2

2

)
, (B.14)

Ls2me
−1 (s, t;m2

1,m
2
3) = −Li2

(
1− m2

1
s

)
− Li2

(
1− m2

1
t

)
− Li2

(
1− m2

3
s

)
− Li2

(
1− m2

3
t

)

+Li2
(

1− m2
1m

2
3

st

)
− 1

2 ln2
(−s
−t

)
. (B.15)

where the dilogarithm is

Li2(x) = −
∫ x

0
dy

ln(1− y)
y

. (B.16)

and I3m
3 is a three-mass scalar triangle integral, defined according to appendix II of ref. [23],

I3m
3 (s12, s34, s56) =

∫ 1

0
da1

∫ 1

0
da2

∫ 1

0
da3

δ(1− a1 − a2 − a3)
[−s12a1a2 − s34a2a3 − s56a3a1 + iε] . (B.17)

Note that this has the opposite sign to commonly-used definitions of scalar integrals, such
as in QCDLoop [70].

C Six-parton process at one-loop order

C.1 Radiation for u and d quarks

The one-loop corrections to the process

0→ ū(p1) + d(p2) + νe(p3) + e+(p4) + g(p5) + g(p6) (C.1)

have been presented in ref. [23]. Although certain terms that we need can be derived from
these results, that is not true for all terms, so we present the full analytic terms here. A
computer readable representation of the results in this appendix accompanies the arXiv
version of this article.
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C.1.1 Leading colour, 5+
γ , 6+

g

Aulc(5+
γ , 6+

g ) = 〈23〉2 [43]
〈15〉 〈26〉 〈56〉 Ls−1

(−s15
−s16

,
−s156
−s16

)
+ 〈12〉 〈23〉2 [34]
〈15〉 〈16〉 〈25〉 〈26〉

(
Ls2me
−1 (s126, s156; s16, s34) + Ls−1

(−s16
−s26

,
−s126
−s26

))

+ 〈12〉 [45]
2 〈15〉 〈16〉 〈26〉

3 〈23〉 L0

(−s126
−s34

)
+ 〈35〉 〈2|1 + 6|5]

L1
(
−s126
−s34

)
s34


+1

2
〈12〉 [16]

〈15〉 〈16〉 〈25〉
(
〈23〉 (3 〈13〉 [34]− 2 〈15〉 [45])− 〈13〉 〈2|1 + 5|4]

) L0
(
−s126
−s26

)
s26

−〈12〉2 〈13〉 [16] [14]
2 〈15〉 〈16〉 〈25〉

L1
(
−s126
−s26

)
s26

+ 〈12〉2 〈23〉 [14]
2 〈15〉 〈16〉 〈25〉 〈26〉

+ 〈12〉 〈23〉 [45]
〈15〉 〈16〉 〈26〉 + 〈23〉 [56] 〈1|2 + 3|4]

2 〈15〉 〈16〉 s234

+Vlc(s126)Autree(1+
ū , 2−d , 3

−
ν , 4+

` , 5
+
γ , 6+

g ) (C.2)

In this formula the term containing the poles in ε is given by,

Vlc(sx) = − 1
ε2

[(
µ2

−s16

)ε
+
(

µ2

−s26

)ε]
− 3

2ε

(
µ2

−sx

)ε
− 3 , (C.3)

and the corresponding leading-order subamplitude has been given in eq. (2.21).

Adlc(5+
γ ,6+

g )

=− 〈12〉3 〈35〉2 [43]
〈15〉3 〈16〉〈25〉〈26〉

Ls2me
−1 (s126,s256;s26,s34)

+
(
〈23〉〈56〉(〈25〉〈36〉+〈26〉〈35〉)−(〈25〉〈36〉)2) [43]

〈16〉〈25〉〈56〉3
Ls−1

(−s26
−s25

,
−s256
−s25

)

−〈12〉3 [14]〈3|2+6|1]
2〈16〉〈15〉〈26〉〈25〉

L1
(
−s126
−s26

)
s26

+ 〈12〉〈25〉 [45]2 〈43〉
2〈16〉〈15〉〈26〉

L1
(
−s126
−s34

)
s34

+ 〈12〉3 [14]2 〈43〉
2〈16〉〈15〉〈26〉〈25〉

L1
(
−s134
−s34

)
s34

− 〈26〉〈35〉2 [56]2 [43]
2〈15〉〈56〉

L1
(
−s26
−s256

)
s2

256

−〈25〉〈36〉2 [56]2 [43]
2〈16〉〈56〉

L1
(
−s25
−s256

)
s2

256
− 〈12〉2 [16] [43]
〈15〉〈16〉〈25〉

(〈13〉〈35〉
〈15〉 + 〈3|1+5|4]

2 [34]

) L0
(
−s126
−s26

)
s26

+〈12〉 [45](〈12〉〈35〉−〈23〉〈15〉)
〈15〉2 〈16〉〈26〉

L0

(−s126
−s34

)
− 〈12〉3 〈35〉 [14]
〈16〉〈15〉2 〈26〉〈25〉

L0

(−s134
−s34

)

+〈35〉2 [56] [43](〈12〉〈56〉+〈15〉〈26〉)
〈15〉2 〈56〉2

L0
(
−s256
−s26

)
s26

+〈36〉 [56] [43](〈26〉〈35〉−〈23〉〈56〉)
〈16〉〈56〉2

L0
(
−s256
−s25

)
s25
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− 〈12〉〈23〉 [46]
2〈16〉〈15〉〈25〉 ln

(−s126
−s26

)
+ 〈12〉〈23〉 [43]
〈15〉〈16〉〈26〉

(3〈23〉
2〈25〉 −

〈13〉
〈15〉

)
ln
(−s256
−s126

)
+〈13〉 [56]〈2|1+3|4]

2〈16〉〈15〉s256
− 〈12〉〈23〉 [45]

2〈16〉〈15〉〈26〉 (C.4)

C.1.2 Subeading colour, 5+
γ , 6+

g

Ausl(5+
γ ,6+

g ) = 〈25〉2 〈36〉2 [34]
〈15〉〈26〉〈56〉3

Ls2me
−1 (s125,s126;s12,s34)

− 〈23〉2 [34]
〈16〉〈25〉〈56〉

(
Ls2me
−1 (s126,s156;s16,s34)+Ls−1

(−s16
−s12

,
−s126
−s12

))
+ 〈23〉2 [34]
〈15〉〈26〉〈56〉

(
Ls2me
−1 (s125,s156;s15,s34)+Ls−1

(−s15
−s12

,
−s125
−s12

))
+〈12〉2 〈36〉(〈12〉 [43]〈36〉−〈26〉〈15〉 [54])

〈15〉〈16〉3 〈25〉〈26〉
Ls−1

(−s12
−s26

,
−s126
−s26

)

+〈26〉 [46]2 〈43〉
〈15〉〈56〉

L1
(
−s125
−s34

)
s34

− 〈12〉〈26〉〈36〉 [16] [46]
〈16〉〈25〉〈56〉

L1
(
−s126
−s12

)
s12

+〈12〉2 〈13〉 [16] [14]
2〈15〉〈16〉〈25〉

L1
(
−s126
−s26

)
s26

− 〈12〉〈25〉 [45]2 〈43〉
2〈15〉〈16〉〈26〉

L1
(
−s126
−s34

)
s34

−〈12〉〈35〉2 [15] [43]
〈15〉〈56〉2

L0
(
−s125
−s12

)
s12

− 〈25〉〈36〉 [46]
〈15〉〈56〉2

L0

(−s125
−s34

)

− 〈12〉 [16]
〈16〉〈56〉

(
〈13〉〈26〉2 [24]
〈16〉〈25〉 + 〈13〉〈26〉 [14]

〈25〉 − 〈36〉〈2|1+3|4]
〈25〉 + 〈36〉2 [34]

〈56〉

) L0
(
−s126
−s12

)
s12

− 〈12〉 [16]
〈16〉〈25〉

(〈12〉〈13〉〈26〉 [24]
〈15〉〈16〉 + 〈13〉〈23〉 [34]

2〈15〉 − 3〈13〉〈2|1+5|4]
2〈15〉 −〈23〉 [45]

) L0
(
−s126
−s26

)
s26

+ [45]
〈15〉〈16〉

(
〈16〉〈25〉〈35〉
〈56〉2

− 〈12〉〈23〉
〈26〉

)
L0

(−s126
−s34

)
+ 〈23〉〈35〉 [43]
〈15〉〈56〉2

ln
(−s126
−s125

)
−〈23〉〈1|2+3|4]

2〈56〉s234

( [15]
〈16〉 −

[16]
〈15〉

)
− 〈23〉〈2|1+3|4]

2〈16〉〈25〉〈56〉

+
(
Vsl +

1
2

)
Autree(1+

ū ,2−d ,3
−
ν ,4+

` ,5
+
γ ,6+

g ) (C.5)

The contribution that includes the poles in ε is,

Vsl = 1
ε2

(
µ2

−s12

)ε
+ 3

2ε

(
µ2

−s126

)ε
+ 3 . (C.6)
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Adsl(5+
γ ,6+

g )= 〈26〉2〈35〉2[43]
〈16〉〈25〉〈56〉3

Ls2me
−1 (s126,s125;s12,s34)

−〈12〉2〈35〉2[43]
〈15〉2〈56〉

[ 1
〈15〉〈26〉Ls2me

−1 (s126,s256;s26,s34)− 1
〈16〉〈25〉Ls−1

(−s12
−s25

,
−s125
−s25

)]

+ 〈12〉2〈36〉
〈16〉3〈25〉〈56〉

[
〈36〉[43]Ls2me

−1 (s125,s256;s25,s34)+〈6|1+2|4]Ls−1

(−s12
−s26

,
−s126
−s26

)]

−〈25〉〈36〉2[56]2[43]
2〈56〉〈16〉

L1
(
−s25
−s134

)
s2

134
+〈26〉〈35〉2[56]2[43]

2〈56〉〈15〉
L1
(
−s26
−s134

)
s2

134
−〈26〉2[46]2〈43〉
〈25〉〈56〉〈16〉

L1
(
−s125
−s34

)
s34

−〈12〉2〈13〉[16][14]
2〈25〉〈15〉〈16〉

L1
(
−s126
−s26

)
s26

−〈25〉〈12〉[45]2〈43〉
2〈26〉〈15〉〈16〉

L1
(
−s126
−s34

)
s34

−〈26〉2[46]〈3|1+2|6]
〈25〉〈56〉〈16〉

L1
(
−s126
−s12

)
s12

− 〈12〉3[14]2〈43〉
2〈25〉〈26〉〈15〉〈16〉

L1
(
−s134
−s34

)
s34

+〈12〉〈13〉2[15][43]
〈15〉〈16〉2

L0
(
−s125
−s25

)
s25

+〈26〉〈36〉[46](〈25〉〈16〉−〈12〉〈56〉)
〈16〉2〈25〉〈56〉2

L0

(−s125
−s34

)

+〈35〉2〈12〉[15][43]
〈56〉2〈15〉

L0
(
−s125
−s12

)
s12

+[45]
(
〈25〉〈35〉〈12〉
〈26〉〈56〉〈15〉2

− 〈26〉〈35〉
〈56〉2〈16〉

+ 〈23〉〈12〉
〈26〉〈15〉〈16〉

)
L0

(−s126
−s34

)

+ 〈12〉[16][43]
〈15〉〈16〉〈25〉

(〈26〉〈13〉[46]
2[34] +〈35〉〈12〉〈13〉

〈15〉 −〈36〉〈12〉〈1|2+6|4]
〈16〉[34]

)L0
(
−s126
−s26

)
s26

+〈26〉〈36〉〈12〉[46]
〈16〉〈56〉

( [12]
〈56〉+

〈1|2+6|1]
〈25〉〈16〉

)L0
(
−s126
−s12

)
s12

−〈36〉2〈12〉[56][43]
〈56〉〈16〉2

L0
(
−s134
−s25

)
s25

−〈35〉2〈12〉[56][43]
〈56〉〈15〉2

L0
(
−s134
−s26

)
s26

+ 〈12〉2[14]
〈15〉〈16〉〈26〉

(〈36〉〈12〉
〈25〉〈16〉+

〈13〉
〈15〉

)
L0

(−s134
−s34

)
+(〈36〉〈12〉〈56〉−〈26〉〈16〉〈35〉)

〈25〉〈16〉2〈56〉2
(
〈12〉[14]ln

(−s126
−s12

)
+〈23〉[43]ln

(−s126
−s125

))
+〈12〉〈23〉[43]
〈15〉〈16〉

( 3〈23〉
2〈25〉〈26〉−

〈13〉
〈25〉〈16〉−

〈13〉
〈26〉〈15〉

)
ln
(−s126
−s134

)
+ [56][43]
〈16〉s134

(〈26〉〈13〉[14]
〈56〉[34] −

〈23〉〈36〉
〈56〉 +〈13〉〈2|1+3|4]

2〈15〉[34]

)
−〈23〉〈12〉〈2|1+5|4]

2〈25〉〈26〉〈15〉〈16〉 (C.7)

C.1.3 Leading colour, 5−γ , 6+
g

Adlc(5−γ ,6+
g )

=s34

[( [14]2〈25〉2

s256〈26〉[34]〈6|2+5|1]+
〈3|2+5|6]2

[25]s256〈34〉〈1|2+6|5]

)
Ls2mh
−1 (s16,s256;s25,s34)

− 〈12〉〈2|1+6|4]2
〈16〉[34]〈26〉〈1|2+6|5]〈2|1+6|5]Ls2mh

−1 (s25,s126;s16,s34)

+ 〈3|2+5|6]2
[25]s256〈34〉〈1|2+6|5]Ls−1

(−s25
−s26

,
−s256
−s26

)
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−〈2|1+6|4](〈26〉[61]〈13〉−〈12〉[14]〈34〉)
〈1|2+6|5][15]〈16〉〈26〉s34

Ls−1

(−s16
−s26

,
−s126
−s26

)
+
(2〈25〉2〈3|2+5|6][14]

〈62〉s2
256

+ 〈12〉
〈62〉s126s256

(〈5|2+6|1]〈3|2+5|6]〈2|1+6|4]
〈1|2+6|5] −[16]〈25〉〈53〉[14]

))
×I3m

3 (s16,s25,s34)+3
2

〈3|1+4|6]2
[25]〈34〉〈1|2+6|5]s134

(
ln
(−s256
−s26

)
−ln

( −s34
−s126

))
+3〈13〉[16]〈2|1+6|4]+〈12〉[14](〈35〉[56]−〈34〉[46])

2〈16〉[15]〈34〉[34]〈1|2+6|5] ln
( −s26
−s126

)
− 2〈13〉[16]〈3|1+4|6]
〈34〉[25]〈1|2+6|5]s134

L0

( −s34
−s134

)
− 3〈35〉〈12〉〈2|3+5|4]

2〈34〉[34]〈16〉〈26〉〈1|2+6|5]L0

(−s126
−s34

)
+ 〈12〉2[14]

2〈16〉〈26〉[34]〈1|2+6|5]

( [14]
[15]−

〈35〉
〈34〉

)
L0

(−s126
−s26

)
− 〈35〉[56]〈3|2+5|6]
〈26〉〈34〉[25][26]〈1|2+6|5]L0

(−s256
−s26

)
−1

2
〈13〉2[16]2

[25]〈34〉〈1|2+6|5]s134
L1

( −s34
−s134

)
+1

2
〈35〉〈12〉〈25〉[45]

〈16〉〈26〉〈1|2+6|5]s126
L1

( −s34
−s126

)
+1

2
〈35〉2[56]2

[25]〈34〉〈1|2+6|5]s256
L1

( −s26
−s256

)

+ 1
2〈1|2+6|5]

( 〈3|1+4|6]2
[25]〈34〉s134

+ 〈12〉2[14]2

[34][15]〈16〉〈26〉+
[46]2

[34][25]−
〈35〉〈12〉〈23〉
〈34〉〈16〉〈26〉

)]
+Vlc(s126)Adtree(1+

ū ,2−d ,3
−
ν ,4+

` ,5
−
γ ,6+

g ) (C.8)

where the corresponding tree-level amplitude has been given in eq. (2.26). An alternative
form may also be useful for simplification:

Adtree(5−γ ,6+
g )

= 1
〈1|2+6|5]

(
〈12〉 [14]〈2|1+6|4]〈43〉

[15]〈16〉〈26〉 − 〈13〉 [16]〈2|1+6|4]
[15]〈16〉 − 〈3|1+4|6]2 [43]

[25]s134

)
(C.9)

Aulc(5−γ ,6+
g )

= 1
s156

(〈34〉〈6|1+5|4]2〈5|1+6|2]2
〈16〉〈6|1+5|2]3 + 〈23〉2 [16]2 [34]

〈2|1+6|5] [15]

)
Ls2mh
−1 (s26,s156;s15,s34)

− 〈12〉3 〈34〉 [45]2 s2
126

〈16〉〈62〉〈1|2+6|5]3〈2|1+6|5] Ls2mh
−1 (s15,s126;s26,s34)

+ [16]2 〈23〉2 [34]
[15]s156〈2|1+6|5] Ls−1

(−s15
−s16

,
−s156
−s16

)
− [16]〈2|1+6|4]〈23〉

[15]〈16〉〈2|1+6|5] Ls−1

(−s16
−s26

,
−s126
−s26

)
−(Tsum−TSL) I3m

3 (s15,s26,s34)+L(5−γ ,6+
g )

+Vlc(s126)Autree(1+
ū ,2−d ,3

−
ν ,4+

` ,5
−
γ ,6+

g ) (C.10)
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where the triangle coefficient is expressed in terms of,

Tsum

= s34

[
2〈15〉 [16] 〈23〉 〈5|1 + 6|4]

〈16〉 s2
234

− 〈12〉 [15] 〈23〉 〈2|1 + 6|4]〈5|1 + 6|2]
〈16〉 〈2|1 + 6|5]〈6|1 + 2|5]s234

−2〈15〉 [16] 〈23〉 [24] 〈56〉
〈16〉 〈6|1 + 5|2]s234

+ 〈12〉 〈3|2 + 5|1]〈5|1 + 6|4]
〈16〉 〈6|1 + 2|5]s234

− 〈12〉 [26] 〈36〉 [45] 〈5|2 + 6|1]
〈1|2 + 6|5]〈6|1 + 5|2]〈6|1 + 2|5] + 2 〈26〉 [26] 〈1|5|6]〈3|1 + 5|4]〈5|2 + 6|1]

〈1|2 + 6|5]〈6|1 + 5|2] ∆15,26

+〈12〉 [26] 〈3|1 + 5|4]〈5|2 + 6|1](s12 + s25 + s16 + s56)
〈1|2 + 6|5]〈6|1 + 5|2] ∆15,26

− 〈12〉 [16] [24] 〈36〉 〈56〉
〈16〉 〈6|1 + 5|2]〈6|1 + 2|5] + 〈12〉 [14] 〈35〉

〈16〉 〈6|1 + 2|5]

]
(C.11)

and,

TSL = s34

×
[

+ 〈13〉 [56] 〈5|2 + 6|1]〈1|3 + 5|4](s134 − s345)(s12 − s56)
〈1|2 + 6|5]2〈6|1 + 5|2] ∆15,26

+ 〈36〉 [45] 〈5|1 + 2|6](s34 − s56)
2〈1|2 + 6|5]〈6|1 + 5|2]〈6|1 + 2|5] + 〈13〉 [15] [34] 〈36〉 〈5|1 + 2|6]

〈1|2 + 6|5]〈6|1 + 5|2]〈6|1 + 2|5]

−3 〈15〉 [15] 〈16〉 [26] 〈2|1 + 5|6]〈3|1 + 5|4]〈5|2 + 6|1](s12 + s16 + s25 + s56)
〈1|2 + 6|5]〈6|1 + 5|2] ∆2

15,26

−6 〈15〉2 [15] [25] 〈26〉 [26] 〈2|1 + 5|6]〈3|1 + 5|4]〈5|2 + 6|1]
〈1|2 + 6|5]〈6|1 + 5|2] ∆2

15,26

+〈13〉 [46] 〈56〉 [56] 〈5|2 + 6|1](s134 − s345 − s24)
〈1|2 + 6|5]〈6|1 + 5|2] ∆15,26

+ 2 [12] 〈13〉 [56] 〈5|2 + 6|1]
〈1|2 + 6|5]〈6|1 + 5|2] ∆15,26

(−〈12〉 [14] 〈15〉 − 2 〈12〉 [24] 〈25〉 − 〈12〉 [34] 〈35〉 − 2 〈13〉 〈25〉 [34] + 2 〈15〉 〈25〉 [45])

+ 〈13〉 〈56〉 [56] 〈5|2 + 6|1]
2〈1|2 + 6|5]〈6|1 + 5|2] ∆15,26

(−4 〈12〉 [14] [26]− 〈23〉 [24] [36]− 3 〈24〉 [24] [46])

+4 〈12〉 [12] 〈13〉 〈16〉 [16] [46] 〈5|2 + 6|1]
〈1|2 + 6|5]〈6|1 + 5|2] ∆15,26

−〈12〉 〈35〉 ([12] [46] + [14] [26])(s134 − s345)(s125 − s156)
2〈1|2 + 6|5]〈6|1 + 5|2] ∆15,26

+〈12〉 〈35〉 (−3 [12] [46] + [14] [26])
2〈1|2 + 6|5]〈6|1 + 5|2] + 〈23〉 [45] 〈5|1 + 2|6]

〈1|2 + 6|5]〈6|1 + 2|5]

+[46] 〈5|2 + 6|1](4 〈12〉 (〈35〉 [56] + 〈13〉 [16])− 〈13〉 〈25〉 [56])
〈1|2 + 6|5] ∆15,26

−3 〈12〉 [16] 〈35〉 [46] (s134 − s345)
〈1|2 + 6|5] ∆15,26

− [16] 〈25〉 〈35〉 [46]
2 ∆15,26

]
+
{

1↔ 2, 3↔ 4, 5↔ 6, 〈 〉 ↔ [ ]
}

(C.12)
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The term containing logarithmic functions is,

L(5−γ ,6+
g )=s34

×
[
+ 1

∆15,26

〈2|1+5|6]〈5|2+6|1]〈3|1+5|4]
2〈34〉[34]〈1|2+6|5]〈6|1+5|2]

(〈16〉δ15
〈26〉 −

[25]δ26
[15]

)

− [14][26]〈12〉2〈13〉
2[34]〈16〉〈34〉〈1|2+6|5]2 L0

(−s126
−s26

)
−1

2
[24]2〈25〉2s234

〈16〉s2
34[34]〈6|1+5|2]L1

(−s234
−s34

)
+ 〈56〉[46]
〈16〉[15][34]〈6|1+5|2]

(〈56〉[15][42]
〈6|1+5|2] −2〈5|1+6|4]

〈15〉

)
L0

(−s156
−s15

)
+ [24]
〈16〉[34]〈6|1+5|2]s34

(
(〈5|2+3|4]+[14]〈15〉)〈25〉+〈56〉〈2|1+5|4]〈5|1+6|2]

〈6|1+5|2]

)
ln
(−s234
−s34

)
+ 〈12〉〈35〉
〈16〉〈26〉〈34〉〈1|2+6|5]

( [45]〈12〉〈34〉
〈1|2+6|5] −

〈2|1+6|4]
[34]

)
L0

(−s345
−s34

)
−1

2
[46]2〈56〉2s156

[34]〈16〉s2
15〈6|1+5|2]L1

(−s156
−s15

)
+1

2
[34]〈12〉〈35〉2〈2|3+4|5]
〈16〉〈26〉s2

34〈1|2+6|5] L1

(−s345
−s34

)
+ln

(−s15
−s26

) 1
2∆15,26

1
〈1|2+6|5]〈6|1+5|2]

(
−12[12]〈12〉[16]〈15〉〈3|1+5|4]

−10[12]〈12〉[26]〈25〉〈3|1+5|4]−3〈13〉[12]〈35〉〈2|1+5|6](s15−s26−s34)
〈34〉

+3〈13〉[26]〈23〉〈5|2+6|1](s15−s26)
〈34〉 − [24]〈15〉〈2|1+5|6][14](s15−s26)

[34]

+[24]〈15〉〈2|1+5|6][45]〈5|2+6|1]
[34] −3[24][46]〈12〉〈5|2+6|1](s15−s26)

[34]

−2[45][46]〈15〉〈5|2+6|1](s15−s26)
[34] +8〈3|1|4]〈5|1|2]〈2|1+5|6]+6〈3|1|4]〈5|6|2]〈2|1+5|6]

+6〈3|5|4]〈5|1|2]〈2|1+5|6]+2〈3|5|4]〈5|6|2]〈2|1+5|6]+[14][25]〈15〉〈35〉〈2|1+5|6]
−2[12][46]〈35〉〈25〉〈1|2+6|5]−8[16][46]〈35〉〈56〉〈1|2+6|5]+2[46]〈13〉〈16〉[16]〈5|2+6|1]
+〈5|2+6|1]

(
2[46]〈13〉〈1|2+5|1]+2[46]〈1|3+4|2]〈23〉+6[46]〈16〉〈3|2+5|6]

−4[24]〈1|3+4|6]〈23〉+〈12〉[26]〈3|1+5|4]
)
+[26]〈13〉〈36〉〈2|1+5|6]〈5|2+6|1]

〈34〉

−2[26]〈56〉〈3|1+5|4](s12−s56)(s125−s156)
〈6|1+5|2] −2[56]〈15〉〈3|1+5|4](s12−s56)(s134−s345)

〈1|2+6|5]

)
+ 1
〈6|1+5|2]

(〈15〉[14]〈1|2+6|4]
[34]〈16〉〈1|2+6|5]−

3
2

[16]〈13〉〈35〉
〈34〉〈1|2+6|5]+

3
2
〈5|1+6|4]2

[34]〈16〉s234

)
ln
(−s15
−s26

)
+ln

(−s15
−s34

) 1
2∆15,26

1
〈1|2+6|5]〈6|1+5|2]

×
(
−3〈12〉〈35〉[12][24]〈2|1+5|6]−〈15〉[14]〈3|4+5|2]〈2|1+5|6]

−〈15〉〈25〉[15][26]〈3|1+5|4]+〈15〉〈16〉[16]2〈3|1+5|4]+3〈12〉〈35〉[16][46]〈6|1+5|2]
+〈5|2+6|1]

(
5〈12〉〈23〉[24][26]+5〈15〉〈36〉[46][56]+4〈15〉〈23〉[24][56]+〈16〉〈34〉[46]2

)
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+〈12〉〈36〉[46]〈5|2+6|1](s15−s34)
〈26〉 −2〈12〉〈23〉[24]〈5|2+6|1](s15−s34)

〈26〉

+〈12〉〈3|1+5|4]〈5|2+6|1]〈6|1+5|6]
〈26〉 +3〈12〉〈25〉[12]〈3|1+5|4](s15−s34)

〈26〉

+2〈56〉〈2|1+5|6]〈3|1+5|4](s15−s34)
〈26〉 +2〈3|1+5|4]〈5|3+4|2](s12−s56)(s125−s156)

〈6|1+5|2]

)
+ 1

2∆15,26

1
〈1|2+6|5]〈6|1+5|2]

( [12]
[15]

×
(
3[14]〈32〉〈15〉[56](s26−s34)−〈2|1+5|6]〈3|1+5|4](s256−s34)

)
+2〈35〉〈2|1+5|6]

(
[12][24]〈12〉−3[12][34]〈13〉

)
−3[12][46]〈12〉〈35〉(s16+s26−s34)

−4[12][14]〈13〉〈15〉〈2|1+5|6]−[24][25]〈25〉〈35〉〈2|1+5|6]−8[12]〈12〉〈25〉[26]〈3|1+5|4]
+3[24]〈12〉〈3|4+5|6]〈5|2+6|1]−3[24]〈13〉〈25〉[56]〈5|2+6|1]+3〈25〉[26]〈3|1+5|4]s156

+〈15〉[16]〈3|1+5|4](3s234−3s34+3s12+s12+s26)+[26][25]〈25〉2〈3|1+5|4]
+[26][34]〈13〉〈23〉〈5|2+6|1]−[46]〈2|1+5|6]〈35〉〈6|1+5|2]

−3[25][46]〈12〉〈35〉〈56〉[16]−2〈1|3+4|6]〈3|1+5|4]
〈1|2+6|5] (s12−s56)(s134−s345)

)
ln
(−s34
−s26

)
+3〈15〉〈2|1+5|6]〈3|1+5|4]〈5|2+6|1]

∆2
15,26〈1|2+6|5]〈6|1+5|2]

(
2〈16〉[12][56]+[25](s12+s25+s56−s16)

)
ln
(−s15
−s34

)
+3[26]〈2|1+5|6]〈3|1+5|4]〈5|2+6|1]

∆2
15,26〈1|2+6|5]〈6|1+5|2]

(
2〈12〉〈56〉[25]+〈16〉(s12+s16+s56−s25)

)
ln
(−s34
−s26

)

+ [46]
〈6|1+5|2]

( [24]〈56〉2

[34]〈16〉〈6|1+5|2]+
1
2
〈35〉

〈1|2+6|5]

)
ln
(−s34
−s26

)
+ 〈12〉
〈26〉[34]〈1|2+6|5]〈6|1+5|2]

([45]〈5|1+3|4](s12−s56)
〈1|2+6|5] −[14]

(
〈5|6|4]+[24]〈25〉

2

))
ln
(−s126
−s15

)
+ 〈12〉[14]

2〈16〉[34]〈1|2+6|5]

(
3[12]〈1|2+3|4]

[15]〈6|1+5|2]+
[24]〈15〉
〈6|1+5|2]+

[26]〈12〉[45]
[15]〈1|2+6|5]+

[26]〈12〉〈13〉
〈34〉〈1|2+6|5]

+[46]
[15]−

〈3|1+2|6]
[15]〈34〉 −3〈23〉[16]〈5|2+3|4]〈1|2+6|5]

〈12〉〈34〉[14][15]s234

)
ln
(−s126
−s26

)
+ 〈12〉
〈26〉〈1|2+6|5]〈6|1+5|2]

(
−3

2
[12][14]〈23〉

[15] +[14]〈13〉(s12−s56)
〈1|2+6|5] − [45]〈35〉〈56〉

〈16〉

)
ln
(−s126
−s34

)
−3

2
〈5|1+6|4]2

[34]〈16〉〈6|1+5|2]s234
ln
(−s156
−s34

)
+ 1

2〈16〉[34]

(
−〈5|1+6|4][46]〈56〉
〈15〉[15]〈6|1+5|2]−

[14]〈13〉〈25〉〈2|1+6|5]
[15]〈26〉〈34〉〈1|2+6|5]+

[16]〈23〉〈36〉〈56〉[34]
[15]〈26〉〈34〉〈6|1+5|2]

+[16]〈23〉〈5|1+6|4]
[15]〈34〉s234

− [24]〈25〉2〈6|1+5|4]
〈26〉s34〈6|1+5|2] −

〈16〉[45]〈36〉〈2|1+5|6]〈5|2+6|1]
[15]〈26〉〈34〉〈1|2+6|5]〈6|1+5|2]

+ [34]〈12〉〈23〉〈35〉
〈26〉〈34〉〈1|2+6|5]

)]
(C.13)

The tree-level amplitude has been given in eq. (2.25).
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C.1.4 Subleading colour, 5−γ , 6+
g

Adsl(5−γ ,6+
g )= 〈2|1+6|4]〈3|2+5|1]

〈16〉[15]〈6|1+2|5] Ls−1

(−s12
−s16

,
−s126
−s16

)
+ 〈3|2+5|1]2[43]

[25]〈6|1+2|5]〈6|2+5|1]

(
Ls−1

(−s12
−s25

,
−s125
−s25

)
+L̃s2mh

−1 (s16,s125;s25,s34)
)

+〈12〉2〈6|1+2|4](〈13〉〈26〉[12]−〈16〉〈34〉[14])
〈16〉3〈26〉[15]〈1|2+6|5]

Ls−1

(−s12
−s26

,
−s126
−s26

)

− 〈25〉2〈43〉[14]2

〈26〉〈6|2+5|1]s256
Ls−1

(−s25
−s56

,
−s256
−s56

)
− [56]2〈3|5+6|2]2[43]

[25]3〈1|2+6|5]s256
Ls−1

(−s26
−s56

,
−s256
−s56

)

− 1
s256

(〈25〉2〈56〉〈43〉[14]2

〈26〉〈56〉〈6|2+5|1] +[56]〈1|2+5|6]2〈3|5+6|2]2[43]
[25][56]〈1|2+6|5]〈1|5+6|2]2

)
L̃s2mh
−1 (s12,s256;s56,s34)

− 〈2|1+6|4]2〈43〉
〈16〉〈2|1+6|5]〈6|1+2|5] L̃s2mh

−1 (s25,s126;s16,s34)

+ 〈36〉2[15]2[43]s2
125

[25]〈6|1+2|5]3〈6|2+5|1] L̃s2mh
−1 (s56,s125;s12,s34)

+〈43〉〈2|1+6|5]2〈6|1+2|4]2
〈26〉〈1|2+6|5]〈6|1+2|5]3 L̃s2mh

−1 (s56,s126;s12,s34)

+
( [16][43](〈23〉2s16s25−〈2|1+6|2+5|3〉2)

〈2|1+6|5] −〈25〉〈43〉([14]2s16s25−[1|2+5|1+6|4]2)
〈6|2+5|1]

)
× I3m

3 (s16,s25,s34)
2〈16〉[25]〈2|6+5|1]+

(
Tantisym−Tsym

)
I3m

3 (s12,s34,s56)

− 〈5|1+2|6]
〈1|3+4|2]〈6|1+2|5]

((s15−s26)〈36〉[45]
〈6|1+2|5] +〈36〉[46]

+(s12−s34−s56)s234〈3|1+2|4]
∆12,34

+2s34s56〈3|1+2|4]
∆12,34

)
ln
(−s12
−s56

)
+〈43〉[45]〈2|1+6|4]s345
〈1|2+6|5]〈6|1+2|5]2 ln

( −s12
−s126

)
+ 〈13〉[26]〈3|1+4|6][43]
〈1|2+6|5]〈1|3+4|2][25] ln

(−s26
−s12

)
+[26]〈3|1+4|2]〈3|1+4|6][43]

〈1|3+4|2][25]2s134
ln
(−s26
−s56

)
+ 〈3|1+2|4]s34
〈1|3+4|2]〈6|1+2|5]

( [26]
[25]+

〈5|1+2|6](s234−s134)
∆12,34

)
ln
(−s34
−s12

)
+ 〈13〉[26][46]s34
〈1|2+6|5]〈1|3+4|2][25] ln

( −s34
−s256

)
+ 〈36〉
〈6|1+2|5]2

(〈12〉[4|1+2|2+6|1]
〈16〉 − [15]〈3|1+2|6][43]

[25]

)
ln
(−s126
−s12

)
+ 1
〈16〉

(〈13〉〈26〉[16][46]−〈12〉〈23〉[14][26]
2〈1|2+6|5][15] −〈12〉〈13〉[16]〈6|1+2|4]

〈1|2+6|5][15]〈16〉

+〈12〉〈34〉[14][46]
〈1|2+6|5][15] −

3〈3|1+4|6]2〈16〉[43]
2〈1|2+6|5][25]s134

)
ln
(−s126
−s26

)
+ [43]
〈6|1+2|5]2

(〈13〉[15]〈3|2+6|1]
[25] −〈36〉[16][45]〈34〉

[25] +〈23〉〈3|2+6|1]
)

ln
(−s126
−s125

)
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− 3〈3|1+4|6]2[43]
2〈1|2+6|5][25]s134

ln
(−s256
−s34

)
−〈12〉2[14](〈3|4|1]−〈3|5|1])

2〈1|2+6|5]〈16〉〈26〉[15] L0

(−s126
−s26

)
−〈26〉

(
−〈12〉〈36〉[12][46]
〈6|1+2|5]2〈16〉 −

〈13〉〈26〉[16][24]
〈6|1+2|5][15]〈16〉2

+(〈36〉[46]−〈13〉[14])[16]
〈6|1+2|5][15]〈16〉

)
L0

(−s126
−s12

)
+
( 3〈12〉〈23〉〈35〉[43]

2〈1|2+6|5]〈16〉〈26〉−
〈12〉〈35〉[45]〈2|5+6|2]
〈1|2+6|5][25]〈16〉〈26〉

−〈43〉[45]2〈5|2+6|1]
〈6|1+2|5]2[25] −

〈35〉[45]〈6|1+2|6]
〈6|1+2|5][25]〈16〉

)
L0

(−s126
−s34

)
−〈35〉[15]〈3|1+2|5][43]

〈6|1+2|5]2[25] L0

(−s125
−s12

)
−〈36〉[16][45]s34
〈6|1+2|5]2[25] L0

(−s125
−s34

)
+ 〈13〉[16]
〈1|2+6|5]

( 〈13〉[26][43]
〈1|3+4|2][25]−

3〈13〉[16]
2[25]〈34〉+2[46]

[25]

)
L0

(−s134
−s34

)
+ 〈35〉[56]2[34]

2[25]2〈1|2+6|5]s26

(
2〈3|1+4|2]−〈3|5|2]

)
L0

(−s256
−s26

)

−〈23〉[26]2〈3|1+4|2][43]
〈1|3+4|2][25]2[56]〈56〉

L0

(−s256
−s56

)
+ 〈26〉〈36〉[16][46]
〈6|1+2|5][15]〈16〉L1

(−s126
−s12

)
+ 〈12〉〈25〉〈35〉[45]

2〈1|2+6|5]〈16〉〈26〉L1

(−s126
−s34

)
− 〈36〉[16][46]
〈6|1+2|5][25]L1

(−s125
−s34

)
− 〈13〉2[16]2

2〈1|2+6|5][25]〈34〉L1

(−s134
−s34

)
− 〈35〉2[56]2[43]

2〈1|2+6|5][26][25]〈26〉L1

(−s256
−s26

)
− 〈26〉〈43〉[16][46][45]
〈1|2+6|5]〈6|1+2|5][15]−

〈12〉〈23〉〈43〉[14][34]
〈1|2+6|5][15]〈16〉〈26〉+

〈12〉〈25〉[14][45]〈43〉
2〈1|2+6|5][15]〈16〉〈26〉

+ 3〈13〉〈26〉[16][46]
2〈1|2+6|5][15]〈16〉+

〈13〉〈23〉[16][34]
2〈1|2+6|5][15]〈16〉+

〈13〉〈26〉[16][46]
2〈1|2+6|5][25]〈26〉

− 〈23〉2[26][34]
2〈1|2+6|5][25]〈26〉−

〈3|1+4|6]2[43]
2〈1|2+6|5][25]s134

− 〈36〉[16][46]
2[15][25]〈16〉−

〈43〉[14][46]
2[15][25]〈16〉+

〈23〉2[12][43]
2[15][25]〈16〉〈26〉

+VslA
d
tree(1+

ū ,2−d ,3
−
ν ,4+

` ,5
−
γ ,6+

g ) (C.14)

where the quantities that define one of the triangle coefficients are,

Tsym = 1
2〈6|1 + 2|5]

×
[
− 〈13〉 [24] ∆12,34(s15 − s26)2

4〈1|3 + 4|2]2〈6|1 + 2|5] − 〈1|2 + 5|1] ∆12,34 (〈3|2|4]− 2〈3|6|4]− 3〈3|1|4])
2〈1|3 + 4|2]〈6|1 + 2|5]

+2 〈13〉 [16] [34] 〈35〉 (s345 − s346)− 〈3|1 + 2|4]〈5|1 + 2|6]s125 + 〈35〉 [46] ∆12,34
2〈1|3 + 4|2]

−2〈5|1 + 2|6] 〈13〉 [34] 〈3|2 + 5|1]
〈1|3 + 4|2] + 3 [14] 〈23〉 ∆12,34

4〈6|1 + 2|5]

]
+
{

1↔ 2, 3↔ 4, 5↔ 6, 〈 〉 ↔ [ ]
}

(C.15)
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and,

Tantisym = 1
2〈1|3 + 4|2]〈6|1 + 2|5]

[−〈13〉 [15] [34] 〈36〉 ∆12,34 (〈1|3 + 4|1] + 〈2|3 + 4|2])
〈6|1 + 2|5]2

+[24] 〈34〉 〈1|2 + 3|4] ∆12,34 (〈1|2 + 5|1]− 〈2|1 + 6|2])
2〈1|3 + 4|2]〈6|1 + 2|5]

+〈12〉 s34 [24] (s345 − s346) (〈36〉 [61]− 〈35〉 [51])
〈6|1 + 2|5] − 〈34〉 [24] ∆12,34 (〈12〉 [14] + 2 〈23〉 [34])

2〈6|1 + 2|5]

+[24] 〈26〉 〈34〉 [45] 〈5|1 + 2|6](〈1|3 + 4|1] + 〈2|3 + 4|2]− 2s125)
〈6|1 + 2|5]

− [24] 〈34〉 〈1|2 + 3|4]〈5|1 + 2|6] (s156 − s256)
2〈1|3 + 4|2] − 〈3|1 + 2|4] 〈5|1 + 2|6]s123 (s156 − s256)s34

∆12,34

− [24] 〈25〉 〈34〉 [46] (s345 − s346) + [14] 〈34〉 〈5|1 + 2|6](〈12〉 [24]− 3 〈13〉 [34])
]

−
{

1↔ 2, 3↔ 4, 5↔ 6, 〈 〉 ↔ [ ]
}

(C.16)

The remaining amplitude is expressed in terms of quantities that have already been
defined for other amplitudes,

Ausl(5−γ ,6+
g )=+ [12]2〈3|1+2|5]2[34]

[15][25]2〈6|1+2|5]〈6|1+5|2]
Ls−1

(−s15
−s12

,
−s125
−s12

)
−〈12〉〈36〉s12〈6|1+2|4]
〈16〉3[15]〈6|1+2|5]

Ls−1

(−s12
−s26

,
−s126
−s26

)
+〈23〉[16]〈2|1+6|4]
〈16〉[15]〈2|1+6|5]Ls−1

(−s12
−s16

,
−s126
−s16

)

−〈56〉2〈1|5+6|4]2〈34〉
〈16〉3〈6|1+5|2]s156

Ls−1

(−s15
−s56

,
−s156
−s56

)
− 〈23〉2[16]2[34]

[15]〈2|1+6|5]s156
Ls−1

(−s16
−s56

,
−s156
−s56

)

+ 1
s156

(〈15〉〈1|5+6|4]2〈5|1+6|2]2〈34〉
〈16〉〈56〉〈1|5+6|2]3 − 〈23〉2[16]3[34]

[15][56]〈2|5+6|1]

+〈23〉2[16]2〈2|1+5|6][34]
[56]〈2|1+6|5]〈2|5+6|1]−

〈1|5+6|4]2〈5|1+6|2]3〈34〉
〈56〉〈1|5+6|2]3〈6|1+5|2]

)
L̃s2mh
−1 (s12,s156;s56,s34)

+〈3|1+2|5]2〈6|2+5|1]2[34]
[15]〈6|1+2|5]3〈6|1+5|2] L̃s2mh

−1 (s56,s125;s12,s34)

+ 〈26〉2〈34〉[45]2s2
126

〈16〉〈2|1+6|5]〈6|1+2|5]3 L̃s2mh
−1 (s56,s126;s12,s34)

− 〈12〉2〈34〉[45]2s2
126

〈26〉〈1|2+6|5]3〈6|1+2|5]Ls2mh
−1 (s15,s126;s26,s34)

+ 〈36〉2[12]2s2
125[34]

[15]〈6|1+2|5]〈6|1+5|2]3 Ls2mh
−1 (s26,s125;s15,s34)

−
(
Tantisym+Tsym

)
I3m

3 (s12,s34,s56)

−TSLI
3m
3 (s15,s26,s34)

+ 〈13〉[26][43]〈3|1+4|6]
[25]〈1|2+6|5]〈1|3+4|2] ln

(−s12
−s15

)
+ 〈13〉〈23〉[43]s345
〈16〉〈1|2+6|5]〈6|1+2|5] ln

(−s15
−s34

)
−
( 〈12〉〈36〉[46]s345
〈16〉〈1|2+6|5]〈6|1+2|5]+

〈12〉〈35〉[46]
〈16〉〈1|2+6|5]−

〈13〉〈26〉[16][46]
[15]〈16〉〈1|2+6|5]
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+ 〈34〉[26][34]〈3|1+2|4]
[25]〈1|3+4|2]〈6|1+2|5]+

〈26〉〈35〉[46]
〈16〉〈6|1+2|5]+

〈34〉[46]〈2|1+6|5]〈6|1+2|4]
〈1|2+6|5]〈6|1+2|5]2

)
ln
(−s12
−s34

)
− 〈13〉〈26〉[46]s345
〈16〉〈1|2+6|5]〈6|1+2|5] ln

( −s34
−s126

)
− 〈13〉[14]s345〈2|1+6|5]

[15]〈16〉〈1|2+6|5]〈6|1+2|5] ln
( −s12
−s126

)
−2ln

(−s34
−s15

)〈12〉[26]〈3|1+5|4]〈5|2+6|1]s34
∆15,26〈1|2+6|5]〈6|1+5|2]

−ln
(−s15
−s26

)〈1|2+5|6]〈3|1+5|4]〈5|2+6|1]s34
∆15,26〈1|2+6|5]〈6|1+5|2]

+ln
(−s15
−s26

)(s15−s26)〈1|2+5|6]〈3|1+5|4]〈5|2+6|1]
∆15,26〈1|2+6|5]〈6|1+5|2]

−ln
(−s34
−s26

)
s34(s34−s15−s26)[56]〈3|1+5|4]〈5|2+6|1]

[15]∆15,26〈1|2+6|5]〈6|1+5|2]

−ln
(−s56
−s12

)〈3|1+2|4]〈5|1+2|6](2s34s56−(s34+s56−s12)s234)
〈1|3+4|2]〈6|1+2|5]∆12,34

+ln
(−s12
−s34

)
s34(s234−s134)〈3|1+2|4]〈5|1+2|6]
〈1|3+4|2]〈6|1+2|5]∆12,34

−
( 〈13〉〈56〉[24]〈2|1+5|6]
〈16〉〈1|2+6|5]〈6|1+5|2]−

〈13〉〈25〉[46]
〈16〉〈1|2+6|5]

+ 〈13〉〈23〉[12][34]
[25]〈16〉〈6|1+2|5]+

〈35〉〈56〉[46]
〈16〉〈6|1+5|2]

)
ln
(−s15
−s34

)
−
( 〈13〉〈26〉[12][24]〈2|1+5|6]

[15]〈16〉〈1|2+6|5]〈6|1+5|2]+
〈36〉〈56〉[16][46]

[15]〈16〉〈6|1+5|2]−
〈36〉〈56〉[12][24]〈2|1+5|6]

[15]〈16〉〈6|1+5|2]2
)

ln
(−s26
−s34

)
+〈36〉〈5|1+2|6](〈1|5+6|1][45]+〈6|1+2|4][56])

〈1|3+4|2]〈6|1+2|5]2 ln
(−s12
−s56

)
−〈12〉〈26〉〈13〉[16][24]

[15]〈16〉2〈1|2+6|5]
ln
(−s12
−s26

)
−〈15〉〈34〉〈1|2+3|4]〈5|1+6|4]

〈16〉2〈1|3+4|2]s234
ln
(−s15
−s56

)
− 〈15〉〈34〉〈56〉[24][46]
〈16〉〈1|3+4|2]〈6|1+5|2] ln

(−s156
−s34

)
−〈36〉[15][34]〈3|1+2|6]

〈6|1+2|5]2[25] ln
(−s125
−s12

)
+[34]

[25]

(
−〈36〉[12]2〈3|1+5|6]

[15]〈6|1+5|2]2 − [12][24]〈3|2+4|1]〈34〉
[15]〈6|1+5|2]2 +[45]〈3|2+6|1]〈34〉

〈6|1+2|5]2
)

ln
( −s34
−s125

)
−
( [45]s345〈2|1+6|5]〈5|1+2|4]

[34]〈1|2+6|5]〈6|1+2|5]2 + 〈25〉[46][45]s345
[34]〈1|2+6|5]〈6|1+2|5]

)
L0

(−s126
−s34

)
−
( [24]〈2|1+5|4]〈5|1+6|2]2

[34]〈1|3+4|2]〈6|1+5|2]2−
〈25〉[24][46]〈5|1+6|2]

[34]〈1|3+4|2]〈6|1+5|2]

)
L0

(−s156
−s34

)
−〈15〉2〈34〉[14]〈1|2+3|4]

[56]〈16〉2〈56〉〈1|3+4|2]
L0

(−s156
−s56

)

+s34

( 〈36〉2[16][34]
〈6|1+2|5]2〈6|1+5|2]−

〈36〉[16][24]〈6|2+5|1]
[15]〈6|1+2|5]〈6|1+5|2]2

)
L0

(−s125
−s34

)
−
( 〈13〉〈26〉[16]s345〈6|1+2|4]

[12][15]〈12〉〈16〉2〈6|1+2|5]
−〈26〉〈36〉[46]s345
〈6|1+2|5]2〈16〉

)
L0

(−s126
−s12

)

−〈35〉[15][34]〈3|1+2|5]
〈6|1+2|5]2[25] L0

(−s125
−s12

)
−〈23〉[12]2[34]〈3|1+5|2]

[15][25]〈6|1+5|2]2 L0

(−s125
−s15

)
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−
(〈34〉〈56〉[12][46]〈6|1+5|4]

[15]〈16〉〈6|1+5|2]2 −〈34〉〈56〉[46]〈6|1+5|4]
[15]〈16〉2〈6|1+5|2]

)
L0

(−s156
−s15

)

+ 〈36〉[16][46]〈6|2+5|1]
[15]〈6|1+2|5]〈6|1+5|2]L1

(−s125
−s34

)
− 〈34〉〈56〉2[46]2

[15]〈16〉〈15〉〈6|1+5|2]L1

(−s156
−s15

)
+ 〈26〉〈36〉[16][46]s345

[12][15]〈12〉〈16〉〈6|1+2|5]L1

(−s126
−s12

)
− 〈34〉〈56〉[14][46]

[15]〈16〉〈6|1+5|2]
−L(5−γ ,6+

g )+VslA
u
tree(1+

ū ,2−d ,3
−
ν ,4+

` ,5
−
γ ,6+

g ) (C.17)

C.2 Amplitudes for radiation from the W -boson and positron

These pieces are characterized as being proportional to the difference of the quark charges.

C.2.1 Decomposition of leading colour amplitude

It is convenient to decompose the leading colour amplitude into two contributions,

Adklc (1+
ū , 2−d , 3

−
ν , 4+

` , 5
h5
γ , 6h6

g ) = Aelc(1+
ū , 2−d , 3

−
ν , 4+

` , 5
h5
γ , 6h6

g )
+AWlc (1+

ū , 2−d , 3
−
ν , 4+

` , 5
h5
γ , 6h6

g ) (C.18)

because the contribution AWlc exhibits a simple rule for flipping the helicities of the photon
and gluon,

AWlc (1+
ū , 2−d , 3

−
ν , 4+

` , 5
−h5
γ , 6−h6

g ) = −AWlc (2+
ū , 1−d , 4

−
ν , 3+

` , 5
h5
γ , 6h6

g )
{
〈〉 ↔ []

}
(C.19)
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C.2.2 Leading colour, radiation from positron

There are four independent contributions for Aelc:

Aelc(5+
γ , 6+

g ) = 1
〈25〉 〈16〉 〈26〉

×
[
〈12〉 〈23〉
〈45〉

(〈26〉 [16] s45
2s345

− 〈2|4 + 5|1]
)

L0

( −s26
−s345

)

+〈12〉2 〈2|4 + 5|1]〈3|2 + 6|1]
2 〈45〉 s345

L1

( −s26
−s345

)
+ 〈23〉2 〈2|1 + 6|3]

〈45〉 Ls−1

(−s16
−s26

,
−s345
−s26

)]
+Vlc(s26)Aetree(1+

ū , 2−d , 3
−
ν , 4+

` , 5
+
γ , 6+

g ) (C.20)

Aelc(5+
γ , 6−g ) = 1

〈25〉 [16] [26]

×
[
〈23〉 [12]
2 〈45〉 (2〈2|4 + 5|1]s345 − 〈26〉 [16] s45)

L0
(
−s16
−s345

)
s345

−(〈23〉 [12])2〈2|4 + 5|3]
2 〈45〉

L1
(
−s16
−s345

)
s345

+ 〈3|2 + 6|1]〈2|4 + 5|1]
〈45〉 Ls−1

(−s26
−s16

,
−s345
−s16

)]
+Vlc(s16)Aetree(1+

ū , 2−d , 3
−
ν , 4+

` , 5
+
γ , 6−g ) (C.21)

Aelc(5−γ , 6+
g ) = − 1

[15] 〈26〉 〈16〉

×
[
〈12〉 [14]

(〈23〉 [14] s345
[45] − 1

2 〈26〉 〈35〉 [16]
) L0

(
−s26
−s345

)
s345

−(〈12〉 [14])2〈3|2 + 6|1]
2 [45]

L1
(
−s26
−s345

)
s345

− 〈23〉 [14] 〈2|1 + 6|4]
[45] Ls−1

(−s16
−s26

,
−s345
−s26

)]
+Vlc(s26)Aetree(1+

ū , 2−d , 3
−
ν , 4+

` , 5
−
γ , 6+

g ) (C.22)

Aelc(1+
ū , 2−d , 3

−
ν , 4+

` , 5
−
γ , 6−g ) = 1

[15] [16] [26]

×
[
〈23〉 [12] [14]2

[45] L0

( −s16
−s345

)
− 1

2 〈26〉 〈35〉 [12] [14] [16]
L0
(
−s16
−s345

)
s345

+〈2|1 + 6|4] 〈23〉 [12]2 [14]
2 [45]

L1
(
−s16
−s345

)
s345

+ 〈3|2 + 6|1] [14]2

[45] Ls−1

(−s26
−s16

,
−s345
−s16

)]
+Vlc(s16)Aetree(1+

ū , 2−d , 3
−
ν , 4+

` , 5
−
γ , 6−g ) (C.23)
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C.2.3 Leading colour, radiation from W -boson

Only two extra pieces for AWlc , the other two obtained by symmetry, eq. (C.19):

AWlc (5+
γ , 6+

g ) = − 1
〈25〉 〈16〉 〈26〉

×
[
〈21〉 〈23〉 L0

( −s26
−s345

)(
[15] [43] 〈23〉+ [16] [45] 〈26〉

2 (1 + s34/s345)
)

− [43] 〈2|3 + 4|5] 〈23〉2 Ls−1

(−s16
−s26

,
−s345
−s26

)

+1
2 〈21〉2 〈3|2 + 6|1]([15] [43] 〈23〉+ [45] [16] 〈26〉)

L1
(
−s26
−s345

)
s345

]
+Vlc(s26)AWtree(1+

ū , 2−d , 3
−
ν , 4+

` , 5
+
γ , 6+

g ) (C.24)

AWlc (5+
γ , 6−g ) = 1

〈25〉 [16] [26]

×
[

1
2 [12] 〈23〉

(
2 〈23〉 [34] [15] s345 − 〈26〉 [16] [45] (s345 + s34)

) L0
(
−s16
−s345

)
s345

+〈3|2 + 6|1]([14] 〈2|3 + 4|5] + 〈25〉 [15] [45]) Ls−1

(−s26
−s16

,
−s345
−s16

)

+1
2(〈23〉 [12])2 [34] 〈2|1 + 6|5]

L1
(
−s16
−s345

)
s345

]
+Vlc(s16)AWtree(1+

ū , 2−d , 3
−
ν , 4+

` , 5
+
γ , 6−g ) (C.25)

C.2.4 Decomposition of subleading colour amplitude

It is convenient to decompose into two contributions,

Adksl (1+
ū , 2−d , 3

−
ν , 4+

` , 5
h5
γ , 6h6

g ) = Aesl(1+
ū , 2−d , 3

−
ν , 4+

` , 5
h5
γ , 6h6

g )
+AWsl (1+

ū , 2−d , 3
−
ν , 4+

` , 5
h5
γ , 6h6

g ) (C.26)

because the contribution AWsl exhibits a simple rule for flipping the helicities of the photon
and gluon,

AWsl (1+
ū , 2−d , 3

−
ν , 4+

` , 5
−h5
γ , 6−h6

g ) = −AWsl (2+
ū , 1−d , 4

−
ν , 3+

` , 5
h5
γ , 6h6

g )
{
〈〉 ↔ []

}
(C.27)

C.2.5 Subeading colour, radiation from positron

The results for all four helicities for the contribution Aesl are:

Aesl(5+
γ ,6+

g )= 1
〈16〉〈25〉〈45〉

×
[
−〈13〉[16]2〈1|2+6|4+5|2〉

2[26]
L1
(
−s345
−s26

)
s26

+[16]
(
〈23〉〈13〉〈2|4+5|3]+ 〈12〉〈36〉〈1|2+6|4+5|2〉

〈16〉

)L0
(
−s345
−s26

)
s26
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+[16]〈26〉〈2|4+5|6]〈36〉s126
〈26〉[12]

L1
(
−s345
−s12

)
s12

+[16](〈16〉〈23〉s45−〈36〉〈1|2+6|4+5|2〉)
〈16〉[12] L0

(−s345
−s12

)
+〈23〉2〈2|4+5|3]

〈26〉 Ls−1

(−s12
−s16

,
−s345
−s16

)
−〈12〉2〈36〉〈2|4+5|1+2|6〉

〈16〉2〈26〉
Ls−1

(−s12
−s26

,
−s345
−s26

)

+ 1
2[26][12]

(
2〈23〉[16][26]s45−〈3|1+2|6]

(
[16]〈2|4+5|2]+[26]〈2|4+5|1]

))]

+
(
Vsl+

1
2

)
Aetree(1+

ū ,2−d ,3
−
ν ,4+

` ,5
+
γ ,6+

g ) (C.28)

Aesl(5+
γ ,6−g )= 1

〈25〉〈45〉[26]

×
[
− (s25+s24)〈26〉2〈3|1+6|2]

2〈16〉
L1
(
−s345
−s16

)
s16

+
〈26〉

(
[12][26][45]〈23〉〈45〉−

(
〈3|2+6|1][26]−〈3|1+2|6][12])(s24+s25

))
[26]

L0
(
−s345
−s16

)
s16

−〈26〉s126〈2|4+5|6]〈36〉
〈12〉

L1
(
−s345
−s12

)
s12

+ 〈26〉〈3|4+5|6]〈2|4+5|2]
〈12〉[26] L0

(−s345
−s12

)
−〈2|4+5|1]〈3|2+6|1]

[16] Ls−1

(−s12
−s26

,
−s345
−s26

)

−
[12]

(
〈3|2+6|1]〈2|1+3|6][26]+〈13〉[16]2s45+〈3|1+2|6][16]s245

)
[26]2 [16]

Ls−1

(−s12
−s16

,
−s345
−s16

)

− 1
2〈12〉〈16〉

(
(〈16〉〈23〉+〈13〉〈26〉)(〈16〉〈2|4+5|1]+〈26〉〈2|4+5|2])+2〈23〉〈26〉〈16〉s45

)]

+
(
Vsl+

1
2

)
Aetree(1+

ū ,2−d ,3
−
ν ,4+

` ,5
+
γ ,6−g ) (C.29)

Aesl(5−γ ,6+
g )= 1

〈16〉[15][45]

×
[
〈12〉〈36〉[16][14][46]

L1
(
−s345
−s12

)
s12

−〈1|2+6|4]〈13〉[14][16]2

2[26]
L1
(
−s345
−s26

)
s26

+
[14][16]

(
〈16〉〈3|1+2|4]−〈36〉〈1|2+6|4]

)
〈16〉[12] L0

(−s345
−s12

)

+[14][16]
(〈12〉〈36〉〈1|2+6|4]

〈16〉 −〈13〉〈2|1+6|4]
)L0

(
−s345
−s26

)
s26

+〈12〉2〈36〉[14]〈6|1+2|4]
〈16〉2〈26〉

Ls−1

(−s12
−s26

,
−s345
−s26

)
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−〈23〉[14]〈2|1+6|4]
〈26〉 Ls−1

(−s12
−s16

,
−s345
−s16

)
− [12][14][46]

2[12][26]
(
〈13〉[16]−〈23〉[26]

)]

+
(
Vsl+

1
2

)
Aetree(1+

ū ,2−d ,3
−
ν ,4+

` ,5
−
γ ,6+

g ) (C.30)

Aesl(5−γ ,6−g )= 1
[15][26][45]

×
[
−〈26〉2 [14][24]〈3|1+6|2]

2〈16〉
L1
(
−s345
−s16

)
s16

−〈26〉〈36〉[12][14][46]
L1
(
−s345
−s12

)
s12

−〈26〉[14]
[26]

(
〈3|1+6|2][12][46]+〈3|2+6|1][24][26]

)L0
(
−s345
−s16

)
s16

−〈26〉[14]
〈12〉[26]

(
〈3|1+2|6][24]+〈36〉[26][46]

)
L0

(−s345
−s12

)
− [14]2〈3|2+6|1]

[16] Ls−1

(−s12
−s26

,
−s345
−s26

)

+[12]2 [14][46]〈3|1+2|6]
[26]2 [16]

Ls−1

(−s12
−s16

,
−s345
−s16

)
−
〈36〉[14]

(
〈26〉[24]−〈16〉[14]

)
2〈16〉

]

+
(
Vsl+

1
2

)
Aetree(1+

ū ,2−d ,3
−
ν ,4+

` ,5
−
γ ,6−g ) (C.31)

C.2.6 Subeading colour, radiation from W -boson

The symmetry noted above means that we only have to give results for two of the helicities
for AWsl :

AWsl (5+
γ ,6+

g )

= 1
2〈16〉〈25〉[26][12]

(
〈12〉〈35〉[16]([15][26]+[16][25])[45]

−([14][26]+[16][24])〈2|3+4|5]〈3|1+2|6]
−〈23〉[45][56][26]〈5|3+4|1]+〈23〉[45][16][25]〈5|3+4|6]

)
+ [16]
〈16〉2〈25〉

(
〈12〉2〈36〉[45]〈5|3+4|5]+(〈16〉〈23〉−〈12〉〈36〉)〈13〉[34]〈2|3+4|5]

)L0
(
−s26
−s345

)
s345

− 〈12〉[16]
〈16〉2〈25〉

(
〈13〉〈36〉[34]〈2|3+4|5]−1

2(〈12〉〈36〉+〈13〉〈26〉)[45]〈5|3+4|5]
)L0

(
−s345
−s12

)
s12

− 〈12〉2〈36〉
〈16〉3〈26〉〈25〉

(
〈25〉〈6|3+4|5][45]+〈2|3+4|5]〈6|3+5|4]

)
Ls−1

(−s12
−s26

,
−s345
−s26

)

+〈23〉2[34]〈2|3+4|5]
〈16〉〈26〉〈25〉 Ls−1

(−s12
−s16

,
−s345
−s16

)
+〈12〉[45]〈5|3+4|5]−〈13〉[34]〈2|3+4|5]

2〈16〉〈26〉〈25〉[26]2
〈13〉[16]2L1

(−s345
−s26

)
+ [16]
〈16〉〈25〉〈12〉[12]2

L1

(−s345
−s12

)(
(〈2|3+4|5]〈36〉[46]+〈26〉〈35〉[45][56]
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+1
2〈23〉[45](s346−s56))s345−

1
2〈23〉[45]s12s34

)
+
(
Vsl+

1
2

)
AWtree(1+

ū ,2−d ,3
−
ν ,4+

` ,5
+
γ ,6+

g ) (C.32)

AWsl (5+
γ ,6−g )

=L0

(−s345
−s16

) 〈26〉〈3|4+5|2]
〈16〉〈25〉[26][26]

(
〈2|1+6|2][45]+〈23〉[34][25]

)
−L0

(−s345
−s16

) 〈26〉
〈16〉〈25〉[26][16]

(
−[12]〈23〉[45](s35+s45)

−2〈26〉[16][45]〈3|4+5|2]+2〈23〉[34][15]〈3|4+5|2]
)

−L1

(−s345
−s16

) 〈26〉2〈3|4+5|2]
2〈16〉2[16]〈25〉[26]

(〈23〉[34][25]−[45]〈2|3+4+5|2])

+
L1
(
−s345
−s12

)
s12

〈26〉〈36〉(〈25〉[45][56]+〈2|3+4|5][46])s345
〈12〉〈25〉[26]

+L0

(−s345
−s12

) 〈26〉
〈12〉〈25〉[26]2

(
〈3|1+6|2](〈12〉[16][45]+〈23〉[34][56])

+〈23〉[26][45](s345−s34)
)

−〈3|2+6|1](〈23〉[15][34]−〈26〉[16][45])
〈25〉[26][16] Ls−1

(−s12
−s26

,
−s345
−s26

)

− [12]2

〈25〉[26]2

(
〈12〉[45]〈3|4+5|6]

[26] +〈23〉2[34][56]
[16] +〈23〉〈13〉[34][56]

[26]

)
Ls−1

(−s12
−s16

,
−s345
−s16

)

+
(〈16〉〈23〉+〈13〉〈26〉)〈6|1+2|5][34]〈23〉−〈26〉[45]

(
2〈16〉〈23〉s34+〈12〉〈36〉s126

)
2[26]〈25〉〈16〉〈12〉

+
(
Vsl+

1
2

)
AWtree(1+

ū ,2−d ,3
−
ν ,4+

` ,5
+
γ ,6−g ) (C.33)

D Seven-parton process at tree level

A computer readable representation of the results in this appendix accompanies the arXiv
version of this article.

D.1 Gluon radiation

We can employ the partial fraction relation for the W-boson propagators (eq. 2.35) to
express the entire helicity tree amplitude in terms of just three components

A(0)(5h5
γ , 6h6

g , 7h7
g ) = Qu P (s34)AuWtree(5h5

γ , 6h6
g , 7h7

g )
+Qd P (s34)AdWtree(5h5

γ , 6h6
g , 7h7

g )
+(Qu −Qd)P (s345)AeWtree(5h5

γ , 6h6
g , 7h7

g ), (D.1)
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where AuWtree, AdWtree and AeWtree are given by

AuWtree = Autree + AWtree
〈5|(3 + 4)|5] , AdWtree = Adtree −

AWtree
〈5|(3 + 4)|5]

AeWtree = Aetree −
AWtree

〈5|(3 + 4)|5] . (D.2)

The following relation now holds

AuWtree(1+
ū , 2−d , 3

−
ν , 4+

e , 5−h5
γ , 6−h6

g , 7−h7
g )

= AdWtree(2+
ū , 1−d , 4

−
ν , 3+

e , 5h5
γ , 7h7

g , 6h6
g )
{
〈〉 ↔ []

}
, (D.3)

which suggests the following generalisation for (n− 5)-gluon emission

AuWtree(1+
ū , 2−d , 3

−
ν , 4+

e , 5−h5
γ , 6−h6

g , . . . , n−hng )
= AdWtree(2+

ū , 1−d , 4
−
ν , 3+

e , 5h5
γ , n

hn
g , . . . , 6h6

g )
{
〈〉 ↔ []

}
. (D.4)

Therefore, AeWtree is required for all helicity configurations while it suffices to provide AuWtree
and AdWtree for half of them.

D.1.1 Tree 5−γ , 6−g , 7−g

AuWtree(5−γ , 6−g , 7−g ) = −2[14]2〈34〉〈5|3 + 4|2]
[17][25][26][67]〈5|3 + 4|5] (D.5)

AdWtree(5−γ , 6−g , 7−g ) = 2[14]2〈34〉〈5|3 + 4|1]
[15][17][26][67]〈5|3 + 4|5] (D.6)

AeWtree(5−γ , 6−g , 7−g ) = −2[14]2〈45〉s345
[17][26][35][67]〈5|3 + 4|5] (D.7)

D.1.2 Tree 5+
γ , 6+

g , 7+
g

AeWtree(5+
γ , 6+

g , 7+
g ) = 2〈23〉2[45]s345

〈17〉〈26〉〈35〉〈67〉〈5|3 + 4|5] (D.8)
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D.1.3 Tree 5−γ , 6−g , 7+
g

AuWtree(5−γ , 6−g , 7+
g ) = 2〈16〉〈34〉〈5|3 + 4|2]〈6|1 + 7|4]2

〈17〉[25]〈67〉〈1|6 + 7|2]〈5|3 + 4|5]s167

+ −2[27][34]〈3|1 + 4|7]2
[25][26][67]〈1|3 + 4|5]s134

+ −2〈15〉[27]〈34〉[4|3 + 5|2 + 6|7]2
[26][67]〈1|6 + 7|2]〈1|3 + 4|5]〈5|3 + 4|5]s267

(D.9)

AdWtree(5−γ , 6−g , 7+
g ) = 2〈16〉〈34〉〈6|1 + 7|4]2〈5|3 + 4|1 + 7|6〉

〈17〉〈67〉〈1|6 + 7|2]〈5|3 + 4|5]〈6|1 + 7|5]s167

+ −2[17]2〈34〉〈6|2 + 3|4]2〈6|1 + 5|7]
[15]〈6|1 + 7|5][2|3 + 4|1 + 5|7]s157s234

+−2[14][27]〈34〉〈5|2 + 6|7][4|3 + 5|2 + 6|7]
[15][26][67]〈1|6 + 7|2]〈5|3 + 4|5]s267

+[17][27]〈34〉[45]〈5|2 + 6|7](2〈5|2 + 6|7][24]− 2[27][34]〈35〉)
[15][26][67]〈1|6 + 7|2]〈5|3 + 4|5][2|3 + 4|1 + 5|7]

+ −2[17]2[27][34]〈35〉〈3|2 + 6|7]
[15][26][67]〈5|3 + 4|5][2|3 + 4|1 + 5|7] (D.10)

AeWtree(5−γ , 6−g , 7+
g ) = 2〈16〉〈45〉〈6|1 + 7|4]2s345

〈17〉[35]〈67〉〈1|6 + 7|2]〈5|3 + 4|5]s167

+ −2[27]〈45〉[4|3 + 5|2 + 6|7]2
[26][35][67]〈1|6 + 7|2]〈5|3 + 4|5]s267

(D.11)

D.1.4 Tree 5+
γ , 6−g , 7+

g

AeWtree(5+
γ , 6−g , 7+

g ) = 2〈16〉[45]〈6|1 + 7|4 + 5|3〉2
〈17〉〈35〉〈67〉〈1|6 + 7|2]〈5|3 + 4|5]s167

+ −2[27][45]〈3|2 + 6|7]2s345
[26]〈35〉[67]〈1|6 + 7|2]〈5|3 + 4|5]s267

(D.12)
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D.1.5 Tree 5−γ , 6+
g , 7−g

AuWtree(5−γ , 6+
g , 7−g ) = −2[14]2〈34〉〈7|2 + 5|6]3

[25]〈7|2 + 6|5][1|3 + 4|2 + 5|6]s134s256

+ 2[14]2〈27〉3〈34〉〈7|2 + 6|3 + 4|5〉
〈26〉〈67〉〈2|6 + 7|1]〈5|3 + 4|5]〈7|2 + 6|5]s267

+2[16]3〈2|3 + 5|4](〈34〉〈5|2 + 3|4]− 〈35〉s167)
[17][25][67]〈2|6 + 7|1]〈5|3 + 4|5]s167

+ 2[14][16]3〈25〉〈3|2 + 5|6]
[17][25][67]〈2|6 + 7|1][1|3 + 4|2 + 5|6] (D.13)

AdWtree(5−γ , 6+
g , 7−g ) = [16]3〈2|3 + 5|4](2[14]〈25〉〈34〉 − 2〈35〉〈2|6 + 7|1])

[15][17][67]〈2|6 + 7|1]〈5|3 + 4|5]s167

+ −2[14]2〈27〉3〈34〉〈5|3 + 4|1]
[15]〈26〉〈67〉〈2|6 + 7|1]〈5|3 + 4|5]s267

+2[16]3〈23〉〈5|2 + 3|4]
[15][17][67]s167s234

(D.14)

AeWtree(5−γ , 6+
g , 7−g ) = −2[16]3〈45〉〈2|3 + 5|4]2

[17][35][67]〈2|6 + 7|1]〈5|3 + 4|5]s167

+ 2[14]2〈27〉3〈45〉s345
〈26〉[35]〈67〉〈2|6 + 7|1]〈5|3 + 4|5]s267

(D.15)

D.1.6 Tree 5+
γ , 6+

g , 7−g

AeWtree(5+
γ , 6+

g , 7−g ) = −2[16]3〈23〉2[45]s345
[17]〈35〉[67]〈2|6 + 7|1]〈5|3 + 4|5]s167

+ 2〈27〉3[45]〈3|4 + 5|1]2
〈26〉〈35〉〈67〉〈2|6 + 7|1]〈5|3 + 4|5]s267

(D.16)
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D.1.7 Tree 5−γ , 6+
g , 7+

g

AuWtree(5−γ , 6+
g , 7+

g ) = 2〈23〉2[34]〈5|3 + 4|2 + 6|7〉
〈17〉〈26〉〈67〉〈5|3 + 4|5]〈7|2 + 6|5]

+〈25〉〈35〉(−4〈23〉[34] + 2〈25〉[45])
〈17〉〈26〉〈67〉〈5|3 + 4|5]

+ 2[14]〈25〉2〈3|1 + 4|5]
〈26〉〈67〉〈7|2 + 6|5]s134

+ 2[34]〈3|2 + 5|6]2
〈17〉[25]〈7|2 + 6|5]s256

+−2〈25〉〈37〉〈2|3 + 5|4]− 2〈23〉〈27〉[34]〈35〉
〈17〉〈26〉〈67〉〈7|2 + 6|5] (D.17)

AdWtree(5−γ , 6+
g , 7+

g ) = −2〈23〉2[34]〈5|3 + 4|1 + 7|6〉
〈17〉〈26〉〈67〉〈5|3 + 4|5]〈6|1 + 7|5]

+〈25〉〈35〉(4〈23〉[34]− 2〈25〉[45])
〈17〉〈26〉〈67〉〈5|3 + 4|5]

+ 2[17]2〈23〉2[34]
[15]〈26〉〈6|1 + 7|5]s157

+−2〈23〉〈5|2 + 3|4]〈5|1 + 6 + 7|5]
〈17〉〈67〉〈6|1 + 7|5]s234

+ 2〈23〉〈56〉〈2|3 + 5|4]
〈17〉〈26〉〈67〉〈6|1 + 7|5] (D.18)

AeWtree(5−γ , 6+
g , 7+

g ) = 2〈45〉〈2|3 + 5|4]2
〈17〉〈26〉[35]〈67〉〈5|3 + 4|5] (D.19)

D.1.8 Tree 5+
γ , 6−g , 7−g

AeWtree(5+
γ , 6−g , 7−g ) = −2[45]〈3|4 + 5|1]2

[17][26]〈35〉[67]〈5|3 + 4|5] (D.20)

D.2 Quark radiation

The amplitudes presented in this section are for the real radiation of a quark-anti-quark
pair (legs 2-7). They are labelled by h5, the helicity of the photon, and h7, the helicity of
the radiated anti-quark, with the remaining helicities being fixed by the choice of electric
charge of the W boson and helicity conservation along quark lines

A(0)(5h5
γ , 7h7

q̄ ) = A(0)(1+
ū , 2−h7

q , 3−ν , 4+
e , 5h5

γ , 6−d , 7
h7
q̄ ) . (D.21)

The relation to eq. 2.41 is a simple swap of legs 2 and 6.
Let us decompose the amplitude as

A(0)(5h5
γ , 7h7

q̄ ) = A(5h5
γ , 7h7

q̄ ) +B(5h5
γ , 7h7

q̄ ) (D.22)

where the A represents Wγ radiation from the same quark line (1-6), and B from different
quark lines (W from 1-6 and γ from 2-7).
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The latter case is easier and is simply given by

B(5−γ ,7−q̄ ) = 2P (s34)
[25][57]s257

[
〈36〉[12][2|5+7|3+6|4]

s346
− [14]〈3|1+4|2]〈6|5+7|2]

s134

]
, (D.23)

B(5+
γ ,7−q̄ ) = −2P (s34)

〈25〉〈57〉s257

[
〈67〉[14]〈3|1+4|2+5|7〉

s134
+ 〈36〉〈7|2+5|1]〈7|3+6|4]

s346

]
, (D.24)

with the two remaining helicity configurations given by the following relation

B(1+
ū , 2h7

q , 3−ν , 4+
e , 5−h5

γ , 6−d , 7
−h7
q̄ ) = B(6+

ū , 2−h7
q , 4−ν , 3+

e , 5h5
γ , 1−d , 7

h7
q̄ )
{
〈〉 ↔ []

}
, (D.25)

where for the sake of clarity we have reintroduced the suppressed indices.
Radiation from the same quark line is slightly more complicated, and resembles the

gluon radiation case. As before, we eliminate double propagators P (s34)P (s345) with the
partial fraction relation of eq. 2.35, to obtain

A(5h5
γ , 7h7

q̄ ) = Qu P (s34)AuWtree(5h5
γ , 7h7

q̄ )
+Qd P (s34)AdWtree(5h5

γ , 7h7
q̄ )

+(Qu −Qd)P (s345)AeWtree(5h5
γ , 7h7

q̄ ). (D.26)

An analogous relation to the one for the gluon case holds

AuWtree(1+
ū , 2h7

q , 3−ν , 4+
e , 5−h5

γ , 6−d , 7
−h7
q̄ )

= −AdWtree(6+
ū , 2−h7

q , 4−ν , 3+
e , 5h5

γ , 1−d , 7
h7
q̄ )
{
〈〉 ↔ []

}
. (D.27)

A minimal complete set of expressions follows.

D.2.1 Tree 5−γ , 7
−
q̄

AuWtree(5−γ , 7−q̄ ) = −2〈34〉〈5|3 + 4|6]〈7|1 + 2|4]2
〈27〉[56]〈1|2 + 7|6]〈5|3 + 4|5]s127

+−2[2|6 + 7|3 + 5|4](〈3|1 + 4|2]〈5|3 + 4|6] + [12]〈15〉〈35〉[56])
[27][56]〈1|2 + 7|6]〈5|3 + 4|5]s267

+−2[14]〈3|1 + 4|2]〈5|6 + 7|2]
[27][56]s134s267

(D.28)

AdWtree(5−γ , 7−q̄ ) = [12]2〈6|3 + 5|4](−2〈36〉〈5|3 + 4|1]− 2[15]〈35〉〈56〉)
[15][27]〈5|3 + 4|5]〈6|2 + 7|1]s127

+ −2[14]2〈34〉〈67〉2〈5|3 + 4|1]
[15]〈27〉〈5|3 + 4|5]〈6|2 + 7|1]s267

+2[12]2〈36〉〈5|3 + 6|4]
[15][27]s127s346

(D.29)

AeWtree(5−γ , 7−q̄ ) = 2[12]2〈45〉〈6|3 + 5|4]2
[27][35]〈5|3 + 4|5]〈6|2 + 7|1]s127

+ 2[14]2〈45〉〈67〉2s345
〈27〉[35]〈5|3 + 4|5]〈6|2 + 7|1]s267

(D.30)

– 54 –
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D.2.2 Tree 5+
γ , 7

+
q̄

AeWtree(5+
γ , 7+

q̄ ) = −2[17]2〈36〉2[45]s345
[27]〈35〉〈5|3 + 4|5]〈6|2 + 7|1]s127

+ −2〈26〉2[45]〈3|4 + 5|1]2
〈27〉〈35〉〈5|3 + 4|5]〈6|2 + 7|1]s267

(D.31)

D.2.3 Tree 5+
γ , 7

−
q̄

AuWtree(5+
γ , 7−q̄ ) = −2[12]2[34]〈36〉2〈6|3 + 4|5]

[27]〈56〉〈5|3 + 4|5]〈6|2 + 7|1]s127

+〈67〉2〈3|4 + 5|1](−2[14]〈6|3 + 4|5] + 2[15][45]〈56〉)
〈27〉〈56〉〈5|3 + 4|5]〈6|2 + 7|1]s267

+2[14]〈67〉2〈3|1 + 4|5]
〈27〉〈56〉s134s267

(D.32)

AdWtree(5+
γ , 7−q̄ ) = 2[34][56]〈3|4 + 5|1 + 2|7〉2

〈27〉〈1|2 + 7|6]〈5|3 + 4|5]〈5|3 + 4|6]s127

+ −2[34]〈1|3 + 4|5]〈3|6 + 7|2]2
〈15〉[27]〈1|2 + 7|6]〈5|3 + 4|5]s267

+ −2〈34〉〈7|3 + 6|4]2
〈15〉〈27〉〈5|3 + 4|6]s346

(D.33)

AeWtree(5+
γ , 7−q̄ ) = 2[12]2〈36〉2[45]s345

[27]〈35〉〈5|3 + 4|5]〈6|2 + 7|1]s127

+ 2[45]〈67〉2〈3|4 + 5|1]2
〈27〉〈35〉〈5|3 + 4|5]〈6|2 + 7|1]s267

(D.34)

D.2.4 Tree 5−γ , 7
+
q̄

AeWtree(5−γ , 7+
q̄ ) = −2[17]2〈45〉〈6|3 + 5|4]2

[27][35]〈5|3 + 4|5]〈6|2 + 7|1]s127

+ −2[14]2〈26〉2〈45〉s345
〈27〉[35]〈5|3 + 4|5]〈6|2 + 7|1]s267

(D.35)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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