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Consistent Treatment of Axions in the Weak Chiral Lagrangian
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We present a consistent implementation of weak decays involving an axion or axionlike particle in the
context of an effective chiral Lagrangian. We argue that previous treatments of such processes have used an
incorrect representation of the flavor-changing quark currents in the chiral theory. As an application, we
derive model-independent results for the decays K~ — 77 a and 7~ — e~ 7, a at leading order in the chiral
expansion and for arbitrary axion couplings and mass. In particular, we find that the K~ — 7~ a branching
ratio is almost 40 times larger than previously estimated.
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Axions and axionlike particles (collectively referred to as
ALPs in this work) are new types of elementary particles,
which arise in a large class of extensions of the standard
model (SM) and are well motivated theoretically. They can
provide an elegant solution to the strong CP problem based
on the Peccei-Quinn mechanism [1-8]. More generally,
ALPs can arise as pseudo Nambu-Goldstone bosons in
models with explicit global symmetry breaking. Low-
energy weak-interaction processes imply some of the most
stringent bounds on the couplings of ALPs to gluons and
other SM particles [9-12].

In a seminal paper [13], Georgi, Kaplan, and Randall
have derived the effective chiral Lagrangian accounting for
the interactions of a light ALP (with mass below the scale
of chiral symmetry breaking, u, = 4xf,) with the light
pseudoscalar mesons, opening the door to a model-inde-
pendent description which does not rely on the details of
Peccei-Quinn symmetry breaking. In this Letter, we reana-
lyze this problem and point out an important omission in
the representation of the weak-interaction quark currents in
the effective theory, which has far-reaching consequences.
Despite the 35-year history of the subject, we find that
even recent papers on weak decays such as K~ — z~a and
n~ — e"U,a omit the contributions of relevant Feynman
diagrams and thus employ incomplete expressions of
the decay amplitudes (see, e.g., [14-16]). In many
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phenomenological studies, the amplitudes are derived by
starting from an amplitude for a decay process involving a
7° or y meson and accounting for the (kinetic) mixing of the
ALP with these neutral mesons by means of mixing angles
0, and 0,,. Below we recall the well-known fact that in the
approach of [13] the mixing angles are unphysical, because
they depend on the parameters of the chiral rotation used
to eliminate the ALP-gluon coupling in the effective
Lagrangian. It is customary to adopt a “default choice”
for these parameters, which eliminates the mass mixing in
the effective Lagrangian. However, there always exist
other contributions to the decay amplitude, in which the
ALP participates in the relevant interaction vertices.
Neglecting these “direct” contributions leads to incorrect
predictions. In fact, they are essential to ensure that the
auxiliary parameters of the chiral rotation cancel out in
predictions for physical quantities. (Only a very special
class of models, in which the ALP couples to SM fields
only through phases in the quark mass matrices, with
no derivative interactions and no couplings to gluons
at the low scale u,, are an exception to this rule, see,
e.g., [11,17].)

The starting point of our study is the effective ALP
Lagrangian at a scale of order u, ~ 1.6 GeV, which we
write in the form [13]
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Here ¢ is a 3-component vector in generation space
containing the three light quark flavors u, d, s. The ALP
decay constant f is related to the scale of global (Peccei-
Quinn) symmetry breaking by A = 4z f and is assumed to
lie above the scale of electroweak symmetry breaking. It
governs the overall magnitude of the ALP interactions with
SM particles, the leading of which are mediated by
dimension-5 operators. (In the literature on QCD axions,
one often defines the axion decay constant f, in terms
of the strength of the axion-gluon coupling, such that
1/fa = —2cgg/ f.) The parameters ¢ and c,, determine
the strengths of the ALP interactions with gluons and
photons, while the Hermitian matrices k, and k, contain
the ALP couplings to left-handed and right-handed quarks.
The off-diagonal entries of these matrices account for the
possibility of flavor-changing s — d transitions. The dots
represent analogous couplings to leptons. The ALP cou-
plings are scale-dependent quantities. Their evolution from
the new-physics scale A down to the scale u, has recently
been studied in detail [18,19]. The mass parameter mﬁ’o
provides an explicit soft breaking of the shift symmetry
a — a + c, which is a (classical) symmetry of the effective
Lagrangian (1). In QCD axion models mﬁ’o vanishes and
the axion mass is generated by nonperturbative QCD
dynamics [6,20]. In more general ALP models a nonzero
bare mass can be generated by means of non-Abelian
extensions of the SM.

To study the low-energy interactions of a light ALP with
the pseudoscalar mesons (7, K,7), the Lagrangian (1) is
matched onto a chiral effective Lagrangian, in which
2(x) = exp|[(iv2/f,)A.n%(x)] contains the pseudoscalar
meson fields (4, are the Gell-Mann matrices). In order to
find the bosonized form of the ALP-gluon interaction, one
eliminates the aGG term in favor of ALP couplings to
quark bilinears, whose chiral representation is well known.
This is accomplished with a chiral rotation [12,13,21]

4(x) - exp —i<6z,+w5>cGG@ . (@)

where 6q and k,, are Hermitian matrices, which we choose
to be diagonal in the quark mass basis. Under this field
redefinition the measure of the path integral is not invariant
[22], and this generates extra contributions to the ALP
couplings to gluons and photons. Imposing the condition

Trx, =k, + kg +k; =1 (3)

ensures that the ALP-gluon interaction is eliminated from
the Lagrangian at the expense of modifying the ALP-
photon and ALP-fermion couplings as well as the quark
mass matrix. Denoting the modified couplings with a hat,
one finds (with N. = 3 the number of colors)

6‘7}’ = C},}, - ZNCCGGTrQZKq,
ko(a) = ei9/1 (ko + ) e a7,

k(@) = 1900k, + g )e 1401 @)

where ¢qi = CGG(aq :l:Kq)’ and Q= diag(Qu’ Qu. Qs)
contains the electric charges of the quarks in units of e.
The phase factors in the last two relations cancel for all
diagonal elements of the matrices IAcQ and kq. As long as the
condition (3) is satisfied, any choice of the matrices §, and
K, describes the same physics. The derivative couplings of
the ALP to the left- and right-handed quark currents are
implemented by including the ALP field in the definition of
the covariant derivative [23], such that

9.a . A
iD,X = i0,% + eA,[Q.Z] + %a (koX - Tk,). (5)

where A, is the photon field. This definition implies
(D,X)X"+X(D,X)" = 9,(Xx") = 0. (6)

The leading-order chiral Lagrangian can then be expressed
in the form
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where the parameter B, ~ m2/(m, + m,) is proportional to
the chiral condensate. Throughout this Letter we work
consistently at lowest order in the chiral expansion and
neglect the effects of 7° —  — 5’ mixing. With our choice of
diagonal matrices 6q and k,, the modified quark mass
matrix takes the form

m,(a) = exp <—2i1<chG %)mq, (8)

where m,, = diag(m,, m,, my).

The effective chiral Lagrangian (7) has been the basis
for numerous studies of low-energy phenomena involving
axions or light ALPs. Expanding the Lagrangian to
quadratic order in fields, one finds that the ALP acquires

the mass term
2mumd 2 f/zr
1+0(=% )], 9
i a0 ®)

2.2
L) fﬂmﬂ'
my = Cgg

up to higher-order corrections in the chiral expansion
[6,20]. Higher-order terms generate a periodic potential
for the ALP field a, which breaks the continuous shift
symmetry of the classical Lagrangian to the discrete shift
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symmetry a — a + nxnf/cgg with integer n. One also finds
that there are mass-mixing and kinetic-mixing contribu-
tions involving the ALP and the neutral mesons z° and 7,
whose explicit form depends on the parameters «,. For
instance, at first order in 1/f one obtains 7° = ﬂghys +
0zqGphys With the mixing angle

_ fﬂ mé(&uu - é\’a’d) _ mzzzAK
oav2f L mp-mg o mp—mg

. (10)

where ¢, = ¢, + 2k,c6c With

m,K, —mguKy

c,, = (k,—kp), A = 4c
qq (q Q) K GG md""’”u

(11)

A

Via the quantities ¢,, and A, the mixing angle depends
on the auxiliary parameters k, in (2). The special choice
Kk, =m;'/Tr(m") eliminates the mass-mixing contribu-
tion A,, leaving a contribution from kinetic mixing that is
proportional to m2 and hence is negligible for a QCD axion
with m2 ~ f2/f?. This default choice defines a scheme,
which is frequently adopted in the literature. It is important
to realize, however, that 6., is not a physical quantity. For
instance, one can find values of «,, x;, and k, such that
0., = 0and 6,, = 0 [19]. In general, the dependence of the
ALP couplings in (4), the quark mass matrix in (8) and the
mixing angles 6,, and 0,, on the auxiliary parameters k,
must cancel in the predictions for all physical observables.
For flavor-conserving processes such as a — yy and
a — zrn this was shown explicitly in [19]. In our dis-
cussion below we treat the quantities §, and k, in the
field redefinition (2) as free parameters, subject only to
condition (3). We study in detail how the dependence on
these parameters cancels in predictions for flavor-changing
observables.

In (7) the ALP enters in the quark mass matrix sz, (a) and
through the covariant derivative defined in (5). For the very
special situation in which

Tr[kQ(/")) _kq(/";(ﬂ = 2¢qg, (12)

itis possible to choose the matrices k, and 6, in such a way

that I:tq and l:tQ both vanish. In this case, the ALP only enters
the Lagrangian through the quark mass matrix (8), see, e.g.,
[17]. However, condition (12) is not invariant under
renormalization-group evolution, and it would need fine
tuning to realize this condition at the low scale y,.

The effective chiral Lagrangian (7) can also be used to
study flavor-changing processes such as K~ — zn~a and
n~ — e U,a, which in the SM are mediated by the weak
interactions and at low energies are described by 4-fermion
operators built out of products of left-handed currents.
Under a left-handed, flavor-off-diagonal rotation ¢; —
U;q; of the quark fields, the meson fields transform

nonlinearly as X — U X. The effective Lagrangian is
invariant under this transformation if we treat the quark
mass matrix and the left-handed ALP couplings as spurions
transforming as s, (a) — Ui, (a) and ko — U kyUj.
Applying the Noether procedure to the Lagrangians in the
quark and meson pictures, and accounting for an additional
phase factor arising from the chiral rotation of the fields, we
find that the left-handed quark currents Z]Zyﬂqi must be
represented in the chiral theory by

ji _ _fx it )alr i
L” = —TE t J [E(D”Z) ]

lfzzr . a Tji
> —T l + 1(5% - 51]]' - in +qu>CGG? [ZaﬂE ]
f20,a S~
+Z%[kg - Xk, X (13)

This generates both nonderivative and derivative couplings
of the ALP to the weak-interaction vertices. With the
special choice §, = k, one can eliminate the nonderivative
couplings; however, the derivative couplings remain.
Astoundingly, it appears that the contribution involving
the derivative of the ALP field has been omitted in the
literature. It has neither been taken into account in the
original paper [13] nor in later work based on it. Note
that the combination ZIIAch‘.T transforms like a left-handed
operator, and therefore both left-handed and right-handed
ALP-fermion couplings enter in (13).

The chiral representation of the effective weak Lagrangian
mediating the decays K~ — 77 7°, K¢ — n*7n~, and K5 —
7°7° at leading order in the chiral expansion involves an
operator transforming as an SU(3) octet and two trans-
forming as 27 plets [24—26]. (A second octet operator can be
transformed into the first one using the equations of motion.)
The octet operator receives a huge dynamical enhancement
known as the Al = J selection rule [27]. The corresponding
Lagrangian reads

4G
Loesk = —— Vi, Viusgs L LY, (14)

\/5 u

where [gg| ~ 5.0 [28], and the index pair “32” signals a
s; — d; transition. We have calculated the K~ — 77 a
decay amplitude from the Lagrangians (7) and (14), evalu-
ating the Feynman graphs shown in Fig. 1. The first two
diagrams account for the ALP-meson mixing contributions
mentioned above, while the third graph contains the ALP
interactions at the weak vertex derived from (13). The
following two graphs describe ALP emission of an initial-
or final-state meson. They give nonzero contributions if the
ALP has nonuniversal vector-current interactions with differ-
ent quark flavors. The last diagram contains possible flavor-
changing ALP-fermion couplings, as parametrized by the
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FIG. 1. Feynman graphs contributing to the K~ — 7~ a decay

amplitude at leading order in the chiral expansion. Weak-
interaction vertices are indicated by a crossed circle, while dots
refer to vertices from the Lagrangian (7).

off-diagonal elements of the matrices k, and k, in (1). To
simplify the analysis we set m, = my; =m in order to
eliminate the 7° — 5 mass mixing. (More general expres-
sions, including also the contribution from the 27-plet
operators, will be presented elsewhere.) The meson masses
are then given by m2 = 2By, m% = By(m, + ), and
3m; = 4mj —m3. Before considering the resulting
decay amplitude, it is instructive to see how the scheme-
dependent contributions involving the 6, and k, parameters
cancel between the various diagrams. In units of Ng =
—~(Gp/N2)V%,V usgsf2, with | Ng| & 1.53 x 1077, we find
for these contributions

Ny
Dl E] _CGG(Ku - Kd)<m721 - m%l)’

2f
Ny 2 2 2
D2 =] —JCGG<2W1K + my — 3ma)(Ku + Kg — 2K'S),
Ny 2 2 2
D; > ﬁCGG[_(‘sd = 85 = Kq + k) (my + mz —mg)

+ (8, = 8q + K + &) (M — my + mg)
+ (5u - 5& + Ky + Kd)(m%( - m72r - m%l)]’

N
Dy > _TSCGGm%((éu = 84),

N
Ds > TSCGGmJZr(éu - dy), (15)

while the last diagram is scheme independent. Via the
mixing angles 6., and 0, the results for D; and D, depend
on the k, parameters, see (10). The expressions for D4 and
Ds, on the other hand, depend only on the §, parameters.
Only the third diagram, in which the ALP is emitted from the
weak-interaction vertex, depends on both sets of parameters.
In the sum of all contributions the dependence on the
auxiliary parameters cancels (apart from an unambiguous
contribution proportional to x, + x; + k; = 1). But this
cancellation only works if the derivative ALP interactions
in (13) are included.

Adding up all contributions, and neglecting corrections
of order (m, —my)/my, we obtain the decay amplitude

N 2 2 2 2
4f 4my —mz —3m;,
2 2

My —m
2 K a
+ 6(Cuu +Caqa— 2CSS)ma 2 2 2
dmz —my —3my

+ (2Cuu + Cdd =+ css) (m%( - mzzr - m?l) + 4cssm§

+ (kg + kp — ks — kg) (mg +mz —m3)

2 2
My — Mz
= kg (16)

Note that the transition K~ — z~a proceeds via the
dynamically enhanced octet operator, whereas the corre-
sponding decay K~ — n~z° receives contributions from
the 27-plet operator with isospin change Al = 3 only. This
effect is well known and is referred to as “octet enhance-
ment” [9,10]. Attempts to estimate the K~ — 7~ a decay
rate as 02, times the K~ — 7~ z° rate miss this important
effect. Another interesting feature of the result (16) is its
dependence on the flavor-conserving ALP vector couplings
(ky + kp) and (k; + kg) to down and strange quarks. In the
presence of the weak interactions the currents c_iy”d and
Sy,s are not individually conserved, and hence these
couplings can have observable effects here. This is different
from QCD processes, in which only the flavor-conserving
axial-vector couplings c,, in (11) arise.

In order to compare our result (16) with some previous
calculations, we work to leading order in the ratio m/my,
consider the limit where m? < m?% and assume the case of a
minimal flavor-violating ALP, for which ¢, = ¢, and
kg + kp =k, + kg [19]. We then obtain the simple result
(still with m, = m,, neglecting the small 27-plet contri-
butions, and setting 1/f, = —2cgc/f)

. 2
imy Cuu + Cau
A 55 | Ng( 1 -
K 2fa|: 8( - 2¢66 )

[kq + kQ]23
2CGG )

(17)

Barring cancellations, the contribution proportional to Ng
dominates as long as |[k, + ko]*/cc6| < 3 x 1077, which
we assume from now on. Eliminating the parameter Ng via
the K¢ — xt7~ decay amplitude, we obtain

Cuu + Caa?
1+ =" . 1
[ - 2¢66 } ( 8)

Br(K™ »7n7a) 1k 12
Br(Ks — n77)  tx, 8f2

For a long-lived ALP with mass m, < m,, the upper limit
Br(K~ — 77X) <2.0x 10719 (90% C.L.) reported by
NA62 [29] from a search for a feebly interacting new
particle X implies
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1
fa
Estimating the weak-interaction contribution to the
decay amplitude from kinetic ALP-meson mixing (see,
e.g., [14-16]) corresponds to retaining only the first two
diagrams in Fig. 1, evaluated with the default choice of ,

parameters. Under the approximations described above
this leads to

iN 2 _
AK‘—m‘a ~ LN gy <1 _ Cuu Cdd) . (20)

1
319 TeV'

Cuu =+ Cdd
ZCGG

14 (19)

8fa 2¢66

which underestimates the amplitude by a factor m?/(4m?%)
and predicts the wrong sign for the contribution propor-
tional to c¢,,. If mass mixing with the #’ is included, one
finds an additional small contribution proportional to
sin 0,,ym2/m% [15,16] relative to the leading term in our
result. The authors of [13] performed a more careful
evaluation of the K~ — #~a decay rate for the case of a
QCD axion (m2 =~ 0) without couplings to matter (cqq = 0.
In this case diagram D; and D, vanish when one adopts the
default choice of k, parameters, and the graphs D, and Ds
vanish if one chooses 6, = 0. In the evaluation of the third
diagram the authors omitted the derivative couplings of the
axion shown by the last term in (13). Working in the limit
mg — oo, they obtained (this formula was not explicitly
shown in the paper, but we have derived it from their
arguments and the presented numerical result)

(21)

This contribution to the amplitude is smaller than the
corresponding term in (17) by a factor {m,,/[2(m, + m,)] }~
0.16, corresponding to an underestimation of the branching
ratio by about a factor 37. (In [13] the authors state that they
have derived the same result in a different scheme with
0, = kg, in which the ALP is removed from the weak-
interaction vertex. With their omission, we cannot reproduce
that the two treatments lead to the same expression.)

We have also applied our matching prescription (13) to
derive the 7~ — e~ 7,a decay amplitude, finding again a
result that is independent of the choice of the §, and «,
parameters. It reads

Gr., f

Aﬂ*—w*z‘/ga:_ﬁvudﬁﬁe(?n"‘rﬂa)(l_YS)”De
2
m,g—m m
X 2CGGM+ku—kd+27a2ACud N
mg = ny my —my

(22)

where k, are the ALP couplings to right-handed quark
currents in (1). We omit a contribution with (7, — #,)

inside the spinor product, which is proportional to the
electron mass. For the default choice of the k, parameters,
the term involving Ac,; = ¢, — cqq + 2¢cggl(myg —my,)/
(mg + m,)] in the second line is due to ALP-pion mixing.
For the QCD axion or a light ALP with m2 < m2 this
contribution is negligible. In “pionphobic axion models”
[11] one tunes the couplings csg, k, and k; in such a way
that the amplitude (22) vanishes. This tuning is unnatural,
because the couplings k, change under scale evolution
whereas cg is scale invariant [19].

Our model-independent predictions in (16) and (22) can
be compared with results obtained in the context of specific
axion models. In the “variant-axion models™ the coupling
parameters in the effective Lagrangian (1) are obtained as
cge = —(N/2)[x+ (1/x)], ky =z, kg = k; = (1/x), and
ky = kp = kg =0, where z and x are the Peccei-Quinn
charges of the right-handed up and down quarks, and N is
the number of up-type quarks with the same charge
as up. With these identifications, our result (22) agrees
with eq. (4.1) in [12], and our result (16) agrees with
Eq. (4.66) upon setting m2 = 0, apart from some sublead-
ing corrections of O(m?2/m%). For the “short-lived axion
model” the relevant couplings are k, = —2c¢g5; = 1 and
k,; = 0, and with these values our result (22) agrees with a
corresponding relation obtained in [11].

In summary, we have presented a consistent implementa-
tion of weak decay processes involving an axion or axionlike
particle in the context of the chiral Lagrangian. We have
pointed out that previous calculations have neglected to
include important weak-interaction vertices involving deriva-
tive couplings of the ALP, which as shown in (13) arise when
the relevant chiral quark currents are derived from the
Noether procedure. Other phenomenological treatments
based on the notion of ALP-meson mixing have omitted
several relevant contributions. In particular, we find that
K~ — 7~ a branching ratio is about a factor 37 larger than
the prediction obtained in [13], which has important
phenomenological consequences. We have derived the
model-independent expressions for the K~ — z7a and
n~ — e U,a decay amplitudes, including all relevant ALP
couplings and the effects of the ALP mass. The methods we
have developed can be applied to a variety of other low-
energy observables of phenomenological interest.
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