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A critical subject in fully differential QED calculations originates from numerical instabilities due to
small fermion masses that act as regulators of collinear singularities. At next-to-next-to-leading order
(NNLO) a major challenge is therefore to find a stable implementation of numerically delicate real-
virtual matrix elements. In the case of Bhabha scattering this has so far prevented the development
of a fixed-order Monte Carlo at NNLO accuracy. In this paper we present a new method for stabilising
the real-virtual matrix element. It is based on the expansion for soft photon energies including the non-

universal subleading term calculated with the method of regions. We have applied this method to Bhabha
scattering to obtain a stable and efficient implementation within the McMuULE framework. We therefore
present for the first time fully differential results for the photonic NNLO corrections to Bhabha scattering.

© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
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1. Introduction

Electron-positron or Bhabha scattering is one of the best stud-
ied processes in the Standard Model [1]. It is well suited for lumi-
nosity measurements at ete~ colliders because of its large cross
section and clean signature. Furthermore, for energies well below
the electroweak scale the radiative corrections are dominated by
quantum electrodynamics (QED) which allows for a very precise
theory prediction. As a consequence, much work has been put into
the calculation of higher-order matrix elements as well as the de-
velopment of Monte-Carlo event generators.

The next-to-leading order (NLO) matrix elements have been
known in the full Standard Model for quite some time [2-5]. At
next-to-next-to-leading order (NNLO) the situation is different. In
the case of the electroweak corrections only logarithmically en-
hanced terms have been calculated [6-9]. On the QED side much
more is known. The full two-loop matrix element with vanishing
electron mass was calculated some time ago [10]. Subsequently,
this result was extended to also include leading-order mass ef-
fects [11-14]. The subset of the two-loop matrix element con-
taining closed electron loops has been computed without any ap-
proximations [15]. Although the exact mass dependence of the full
two-loop contribution is still not known, leading power-suppressed
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mass effects were recently taken into account in [16]. The one-loop
corrections to the radiative matrix element were calculated in [17].

In addition to the work that has been put into the calculation
of the matrix elements various Monte-Carlo event generators were
developed, combining the matrix elements to physical observables
such that non-trivial detector geometries and acceptances can be
taken into account [4,18-27]. In particular, the BABAYAGA event
generator that is based on the matching of the exact NLO re-
sults to a parton shower algorithm has achieved a precision of
below 0.1% [28]. A detailed analysis of the impact of fixed-order
fermionic NNLO contributions was presented in [29].

Even though all necessary ingredients are available, a Monte
Carlo that includes also NNLO photonic corrections was missing.
The main bottleneck in this regard has been the real-virtual con-
tribution that suffers from numerical instabilities when integrated
over the phase space of the emitted photon. The source of these
instabilities can be traced back to the disparate scales in the pro-
cess introduced by the small electron mass that acts as a regulator
of collinear divergences. This problem is exacerbated in the pres-
ence of soft radiation.

In this paper we present a method to reliably integrate the
real-virtual matrix element over the full phase space. It is based
on the expansion for small photon energies E, =& x /s/2 in-
cluding the non-universal next-to-soft contribution at @(¢~1). To
verify our method we have compared with approximate results
from BABAYAGA at the cross section as well as at the differen-
tial level and found agreement within the expected 0.1% precision.
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With this method it is therefore possible to make reliable predic-
tions for Bhabha scattering at the differential level including the
full set of NNLO QED corrections.

This paper is organised as follows: We begin by briefly intro-
ducing our calculational framework in Section 2. The main result is
presented in Section 3 where we describe how the stabilisation of
the real-virtual matrix element was achieved via the next-to-soft
approximation. We verify our method in Section 4 and conclude in
Section 5.

2. Overview of the calculation

We consider the scattering process

e (p1et(p2) — e~ (p3)et (Pa){y (ps)y (pe)} (1)

up to NNLO in QED. As we are mainly interested in establishing
the stabilisation method we restrict ourselves to purely photonic
corrections, i.e. we do not take into account contributions from
closed fermion loops. Ultraviolet (UV) and infrared (IR) divergences
are regularised in d =4 — 2¢ dimensions and the renormalisation
is performed in the on-shell scheme.

All tree-level and one-loop matrix elements were calculated
with the full electron mass dependence. The corresponding dia-
grams were generated using QGraf [30] and evaluated with the
Mathematica code Package-X [31]. In the case of the numerically
delicate real-virtual matrix element this Mathematica calculation
serves mostly as a reference calculation. In the bulk of the phase
space we instead rely on OpenLoops [32,33]. As we will discuss in
Section 3, for small photon energies we switch to a next-to-soft
approximation.

As mentioned in the introduction the full mass dependence
of the photonic two-loop matrix element is not known. However,
for most practical applications we can assume the scale hierarchy
m? « Q2 e {s,t,u} with the electron mass m and the Mandel-
stam invariants s = (pq + p2)?, t = (p1 — p3)?, and u = (p1 — p4)>.
For our purposes it is therefore justified to neglect the power-
suppressed terms of O(m?/Q?). Due to the universal structure
of collinear divergences the leading mass effects can be straight-
forwardly included based on the massless result. This massifica-
tion procedure was developed in the context of Bhabha scatter-
ing [11-13] and was recently extended to processes with a heavy
mass [34].

The matrix elements are implemented in the integrator Mc-
MULE, a Monte Carlo for MUons and other LEptons [35]. This
framework is based on the FKS’ subtraction scheme [36] which
is an extension of the original FKS scheme [37,38] beyond NLO for
QED. This subtraction scheme allows to consistently remove the
singularities arising from soft photon emission in order to calcu-
late observables in a fully differential way. The simplicity of the
FKS® subtraction scheme is due to the absence of collinear and
the simple structure of soft singularities. All collinear divergences
are regulated by finite fermion masses. Following the notation
from [36] the soft singularities exponentiate according to the YFS
formula [39]

o0 . o0

— 13
S MP =Y M 2)
=0 =0

All soft poles of the ¢-loop matrix element (squared amplitude)
with n final-state particles M,(f) are absorbed in the universal in-
tegrated eikonal factor g, rendering Mff)f finite. This formula can
be seen as a consequence of the universal behaviour of radiative
matrix elements in the soft limit

Jim £2 0,0, = £M). 3)
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with the scaled photon energy & = 2E,, /+/s and the eikonal fac-
tor £.

The most challenging part of the calculation presented here is
to ensure a reliable integration of the real emission contributions
in the phase-space region where the photon becomes collinear to
the emitting fermion or where it becomes soft. In the former case
the smallness of the electron mass acting as an infrared regulator
results in large pseudo-collinear singularities. To address this issue
we use a dedicated tuning of the phase-space parametrisation to
help the vegas integration [40] find and deal with these problem-
atic regions. In the latter case the integrand develops an unregu-
larised soft singularity that is subtracted with the IR counterterm,
resulting in a large cancellation. For this cancellation to work the
matrix element has to be evaluated with very high precision. Due
to the analytical and algebraic complexity of the real-virtual ma-
trix element this is a highly non-trivial task and has presented the
main obstacle to a complete, fully differential NNLO calculation of
Bhabha scattering in the past. Our solution to this problem is the
main result of this paper and is discussed in detail in the next sec-
tion.

3. Real-virtual stabilisation via next-to-soft approximation

This section discusses how an implementation of the real-
virtual matrix element can be obtained that ensures a stable and
efficient integration in the soft phase-space region. As alluded to
above, any general-purpose calculation of a one-loop matrix ele-
ment will run into numerical instabilities at some point. In partic-
ular, for processes with an external photon with ever smaller ener-
gies, the IR-subtracted matrix element is a typical numerical pitfall
whereby two expressions diverging as 1/& are combined to obtain
an integrable integrand diverging as 1/4/&. The crucial question is
whether these instabilities appear only for small enough & such
that the integration can be done reliably. In this context, QED cal-
culations are particularly delicate since the final states tend to be
much less inclusive than jet cross sections computed for hadronic
collisions.

We use OpenLoops [33] for the bulk of the phase space since it
shows a remarkable numerical stability. In order to test for which
values of & the instabilities start to appear, we compare Open-
Loops to a dedicated computation of the real-virtual matrix ele-
ment in Mathematica using arbitrary precision arithmetic. In Fig. 1
we show the deviation of OpenLoops from the ‘exact’ Mathemat-
ica result. For illustration we use an arbitrary phase-space point as
well as one where the photon is emitted nearly collinear to the
initial-state electron. For the former, at £ = 107> the relative er-
ror is 108, In the collinear case the numerical instabilities are
strongly enhanced with a relative difference of 10~ for £ = 1072,
All numbers that enter Fig. 1 including the particle momenta p; of
the two phase-space points are publicly available under [41].

An obvious idea is to expand the real-virtual matrix element
for small photon energies and to switch to this approximation for
sufficiently small £. The leading O(£72) term in this expansion is
given by (3) and can be easily calculated based on the one-loop
matrix element ./\/l,(f). Using this approximation amounts to us-
ing the same algebraic expression for both terms in the subtracted
integrand, albeit with different kinematics. As can be seen from
Fig. 1 this approach is insufficient in the collinear region. If an ac-
curacy below 1073 is to be aimed at, in this case one has to switch
to the expansion at £ ~ 1073, However, the exact matrix element
is not sufficiently well approximated by the leading soft contri-
bution in this region. To ensure a decent approximation we have
therefore to include the non-universal O(¢~1) term in the soft ex-
pansion.

The next-to-soft terms of tree-level matrix elements have been
considered a long time ago (Low-Burnett-Kroll theorem) [42,43].
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Fig. 1. Behaviour of the soft approximations and of OpenLoops compared to the
‘exact’ real-virtual matrix element in the soft limit E,, =& x /s/2 — 0.

Going beyond tree level, it is tempting to try to apply effective-
field-theory methods. However, for QED with massive fermions
the appropriate effective theory is the QED version of heavy quark
effective theory and the genuine one-loop contribution to the next-
to-soft effects is expected to be given by the process dependent
soft function. From a practicable point of view we have thus de-
cided to directly calculate the non-universal @(¢~!) term in the
soft expansion.

To be precise, we have computed the real-virtual matrix el-
ement in terms of scalar Passarino-Veltman functions using the
Mathematica calculation of the real-virtual matrix element de-
scribed in the previous section. Next, we have employed the power
counting

Di — Di for ie {1, 27354}7
ps — Aps, @

m—m,

and expanded in the book-keeping parameter A. The expansion
of the rational coefficients and simple Passarino-Veltman functions
was performed with Mathematica. More complicated triangle- and
box-functions were expanded at the (loop-)integrand level using
the method of regions [44]. For the purpose of calculational effi-
ciency we have used its formulation in the parametric represen-
tation [45]. In this case, the contributing regions can be easily
found using the public code asy.m [46]. Most resulting integrals
could be straightforwardly computed. The remaining ones were
calculated using Mellin-Barnes techniques [47,48]. For the most in-
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volved integrals a two-fold Mellin-Barnes representation was nec-
essary. However, the reduction to single contour integrals was pos-
sible in this case by resolving the singularity structure with the
Mathematica package MBresolve.m [49]. In summary, the main
technical difficulties in performing the next-to-soft expansion are
the calculation of the integrals and the treatment of large interme-
diate expressions.

We have checked that the first term of the expansion indeed
reproduces the result from (3). The non-universal subleading con-
tribution was verified numerically. This is also shown in Fig. 1
where the inclusion of the next-to-soft @(¢~1) term significantly
improves the approximation. This allows us to switch to a reli-
able expansion as early as £ ~ 1073, We can therefore conclude
that the next-to-soft approach ensures the numerical stability of
the real-virtual matrix element for small photon energies which
is a prerequisite for the IR subtraction to work. This is further
emphasised by comparing integrated results with and without sta-
bilisation. While the next-to-soft stabilisation ensures that results
after successive Monte Carlo iterations are in agreement with each
other, a drifting mean value is observed otherwise resulting in a
significant discrepancy between the two results. Furthermore, the
evaluation of the obtained expansion is a few 100 to over a 1000
times faster than OpenLoops, depending on the details of the kine-
matics. Since vegas tends to sample predominantly in the soft
and collinear region this speed-up is noticeable even in the inte-
gration over the full phase space. While OpenLoops provides set-
tings to work at higher accuracy this comes at a cost of speed.

4. Results and verification

To test the next-to-soft approach of stabilising the real-virtual
contribution we have compared to BABAYAGA. For all results pre-
sented in this section we have switched from OpenLoops to the
next-to-soft approximation at & = 10~3. As mentioned in the in-
troduction, the event generator BABAYAGA is based on a parton
shower algorithm matched to the exact NLO result. Contrary to our
complete fixed-order calculation it therefore only gives the loga-
rithmically enhanced contributions at NNLO. For the comparison
we use set-up (a) of [28] that is tailored to ¢ factories with a
centre-of-mass energy of /s = 1020 MeV. The detector configura-
tion is approximated with the kinematical cuts

Emin = 408 MeV,
20° <6, < 160°, (5)
fmax = 1007

where Epnj, is the minimum energy of the final-state elec-
tron/positron, 6_(04) is the scattering angle in the centre-of-mass
frame between the incoming and outgoing electron (positron), and
Zmax is the maximally allowed acollinearity ¢ =|180° — 6, —6_]|.

The order-by-order contributions, o¥, to the integrated cross
section, 03 =0 @ + 0D 4+ 0@ are presented in Table 1. Addition-
ally, we show the corresponding K factors defined as

KO =145k = 7L (6)
i1
To avoid comparing to contributions from the parton shower be-
yond NNLO we have not directly compared to [28] but instead
were provided truncated results [50]. We find complete agreement
for the LO as well as the NLO result. Our fixed-order NNLO cor-
rection 0@ agrees at the level of 17% with the NNLO contribution
from the matched parton shower. This translates to an agreement
for the total cross section oy of 0.07%, consistent with the 0.1%
precision aimed at in [28]. We note that the sizable K factors are
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Table 1

Comparison of our exact fixed-order calculation for
the total cross section with the full LO and NLO
as well as the approximate NNLO results from
BABAYAGA [50]. All digits given are significant
compared to the error of the numerical integration.

o/ub SKD /%
McMule BABAYAGA McMule
c© 6.8557 6.8557
o®  -0.7957 -0.7957 -11.606
o® 0.0312 0.0267 0.515
oy 6.0912 6.0868
—
102 4 — o

do/d6_ / ub

SK®

20 40 60 80 100 120 140 160
0_ /deg

Fig. 2. The differential cross section w.r.t. _ at LO (green) and NNLO (red). The NLO
and NNLO K factors are shown in blue and red, respectively.

a consequence of the cut on the acollinearity that suppresses hard
radiation.

Fig. 2 shows differential results with respect to the electron
scattering angle 6_. The differential cross section at LO as well as
at NNLO is displayed in the upper panel. In addition, the lower
panel shows the differential K factors

) _ GQ) _ dO‘i/dQ,
K" =146K" = 7{101__1/(19_. (7)
The comparison with the truncated parton shower at the differen-
tial level yields a similar result as for the total cross section, i.e.
complete agreement up to NLO and deviations of below 0.1% at
NNLO.

5. Conclusion and outlook

One of the main complications in the calculation of fully dif-
ferential higher-order corrections in QED is the occurrence of nu-
merical instabilities in real-emission contributions due to finite but
small fermion masses acting as collinear regulators. In the case
of Bhabha scattering instabilities arising in the real-virtual matrix
element have represented the main bottleneck for a fixed-order
Monte Carlo at NNLO accuracy.

In this paper we have presented a new method that ensures
a stable and efficient integration of these problematic contribu-
tions. Since the main instabilities occur for soft photon emission
we have expanded the real-virtual matrix element for small pho-
ton energies including the non-universal subleading contribution
using the method of regions. This then allows for the reliable use
of OpenLoops in the bulk of the phase space and to switch to
the next-to-soft approximation otherwise. While an analogous ap-
proach could also be used for the real and the double-real matrix
element, a stable and fast implementation can be obtained without
the next-to-soft stabilisation.
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We were therefore able to calculate for the first time the pho-
tonic NNLO corrections for Bhabha scattering in a fully differential
way. This was implemented in the McMULE framework. We have
cross-checked our exact NNLO results at the level of the total cross
section as well as for differential distributions with the logarith-
mic approximation implemented in the parton shower generator
BABAYAGA.

Numerical instabilities of the kind described above are a crit-
ical point of higher-order QED calculations. We therefore expect
that the next-to-soft method will prove useful in other processes
as well. This is obvious in the case of Mpgller scattering which
is related to the Bhabha process via crossing. Corresponding re-
sults relevant for the experiment PRad II [51] will be presented in
a forthcoming paper [52]. Furthermore, in the context of muon-
electron scattering our approach could turn out to be invaluable
where a fully differential NNLO calculation is highly desirable [53]
and therefore aimed at [54].

Because of the wide range of applicability of the next-to-soft
expansion, an investigation of a potential universal structure would
be desirable to allow for a more efficient calculation of the expan-
sion. This could be done in the framework of heavy quark effective
theory. Furthermore, a similar approach could be pursued in the
collinear region. Switching to a leading collinear expansion could
result in a significant speed-up of the phase-space integration. This
would entail the calculation of the currently unknown one-loop
splitting functions for massive fermions.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Acknowledgement

It is a great pleasure to thank C. Carloni Calame for engaging
in a detailed comparison with BABAYAGA. We are also grateful
to M. Zoller for providing the real-virtual matrix element in Open-
Loops as well as for assisting us with its proper usage. Without the
impressive numerical stability of OpenLoops this project would not
have been possible. Our thanks are further extended to L. Dixon
for sharing the massless two-loop matrix element in electronic
form. Finally, we would also like to thank T. Becher for helpful
discussions. PB and TE acknowledge support by the Swiss National
Science Foundation (SNF) under contract 200021_178967. YU ac-
knowledges partial support by a Forschungskredit of the University
of Zurich under contract number FK-19-087 as well as by the
UK Science and Technology Facilities Council (STFC) under grant
ST/T001011/1. PB acknowledges support by the European Union’s
Horizon 2020 research and innovation program under the Marie
Sktodowska-Curie grant agreement No. 701647.

References

[1] Working Group on Radiative Corrections, Monte Carlo Generators for Low Ener-
gies Collaboration, S. Actis, et al., Quest for precision in hadronic cross sections
at low energy: Monte Carlo tools vs. experimental data, Eur. Phys. ]. C 66
(2010) 585, arXiv:0912.0749.

[2] M. Consoli, One loop corrections to ete~ — eTe™ in the Weinberg model,
Nucl. Phys. B 160 (1979) 208.

[3] M. Bohm, A. Denner, W. Hollik, Radiative corrections to Bhabha scattering at
high-energies. 1. Virtual and soft photon corrections, Nucl. Phys. B 304 (1988)
687.

[4] EA. Berends, R. Kleiss, Distributions in the process ete™ — eTe™(y), Nucl.
Phys. B 228 (1983) 537.

[5] M. Caffo, R. Gatto, E. Remiddi, Hard collinear photons, high-energy radiative
corrections to Bhabha scattering, Nucl. Phys. B 252 (1985) 378.

[6] JH. Kuhn, S. Moch, A.A. Penin, V.A. Smirnov, Next-to-next-to-leading loga-
rithms in four fermion electroweak processes at high-energy, Nucl. Phys. B 616
(2001) 286, arXiv:hep-ph/0106298.


http://refhub.elsevier.com/S0370-2693(21)00487-1/bibDD4A765C9630381E30DFF18265CAAC69s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibDD4A765C9630381E30DFF18265CAAC69s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibDD4A765C9630381E30DFF18265CAAC69s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibDD4A765C9630381E30DFF18265CAAC69s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib71F51202EAB09041D65879FEE654C6F2s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib71F51202EAB09041D65879FEE654C6F2s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib2650067439395D9D78331F13F0E73A4Cs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib2650067439395D9D78331F13F0E73A4Cs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib2650067439395D9D78331F13F0E73A4Cs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibABCDD71C7ECCAFCD1BF74423F19DD088s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibABCDD71C7ECCAFCD1BF74423F19DD088s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib01EDE8CCF99FB04231BFA321AE2D48EDs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib01EDE8CCF99FB04231BFA321AE2D48EDs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib61AFECA92211D04467C0EC719AB70684s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib61AFECA92211D04467C0EC719AB70684s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib61AFECA92211D04467C0EC719AB70684s1

P. Banerjee, T. Engel, N. Schalch et al.

[7] B. Feucht, J.H. Kuhn, A.A. Penin, V.A. Smirnov, Two loop Sudakov form-factor
in a theory with mass gap, Phys. Rev. Lett. 93 (2004) 101802, arXiv:hep-ph/
0404082.

[8] B. Jantzen, J.H. Kuhn, A.A. Penin, V.A. Smirnov, Two-loop electroweak loga-
rithms in four-fermion processes at high energy, Nucl. Phys. B 731 (2005) 188,
arXiv:hep-ph/0509157.

[9] A.A. Penin, G. Ryan, Two-loop electroweak corrections to high energy large-
angle Bhabha scattering, J. High Energy Phys. 11 (2011) 081, arXiv:1112.2171.

[10] Z. Bern, LJ. Dixon, A. Ghinculov, Two loop correction to Bhabha scattering,
Phys. Rev. D 63 (2001) 053007, arXiv:hep-ph/0010075.

[11] A.A. Penin, Two-loop photonic corrections to massive Bhabha scattering, Nucl.
Phys. B 734 (2006) 185, arXiv:hep-ph/0508127.

[12] A. Mitov, S. Moch, The singular behavior of massive QCD amplitudes, J. High
Energy Phys. 05 (2007) 001, arXiv:hep-ph/0612149.

[13] T. Becher, K. Melnikov, Two-loop QED corrections to Bhabha scattering, J. High
Energy Phys. 06 (2007) 084, arXiv:0704.3582.

[14] S. Actis, M. Czakon, J. Gluza, T. Riemann, Two-loop fermionic corrections to
massive Bhabha scattering, Nucl. Phys. B 786 (2007) 26, arXiv:0704.2400.

[15] R. Bonciani, A. Ferroglia, P. Mastrolia, E. Remiddi, ]J. van der Bij, Two-loop Nf =
1 QED Bhabha scattering differential cross section, Nucl. Phys. B 701 (2004)
121, arXiv:hep-ph/0405275.

[16] A.A. Penin, N. Zerf, Two-loop Bhabha scattering at high energy beyond leading
power approximation, Phys. Lett. B 760 (2016) 816, arXiv:1606.06344.

[17] S. Actis, P. Mastrolia, G. Ossola, NLO QED corrections to hard-bremsstrahlung
emission in Bhabha scattering, Phys. Lett. B 682 (2010) 419, arXiv:0909.1750.

[18] FA. Berends, R. Kleiss, W. Hollik, Radiative corrections to Bhabha scattering
at high-energies. 2. Hard photon corrections and Monte Carlo treatment, Nucl.
Phys. B 304 (1988) 712.

[19] S. Jadach, W. Placzek, B.FL. Ward, BHWIDE 1.00: O(«) YFS exponentiated
Monte Carlo for Bhabha scattering at wide angles for LEP-1/SLC and LEP-2,
Phys. Lett. B 390 (1997) 298, arXiv:hep-ph/9608412.

[20] W. Placzek, S. Jadach, M. Melles, B.F.L. Ward, S.A. Yost, Precision calculation of
Bhabha scattering at LEP, in: 4th International Symposium on Radiative Correc-
tions: Applications of Quantum Field Theory to Phenomenology, vol. 1, 1999,
arXiv:hep-ph/9903381.

[21] AB. Arbuzov, G.V. Fedotovich, EA. Kuraev, N.P. Merenkov, V.D. Rushai, L.
Trentadue, Large angle QED processes at eTe™ colliders at energies below 3-
GeV, J. High Energy Phys. 10 (1997) 001, arXiv:hep-ph/9702262.

[22] C.M. Carloni Calame, C. Lunardini, G. Montagna, O. Nicrosini, F. Piccinini, Large
angle Bhabha scattering and luminosity at flavor factories, Nucl. Phys. B 584
(2000) 459, arXiv:hep-ph/0003268.

[23] C.M. Carloni Calame, An improved parton shower algorithm in QED, Phys. Lett.
B 520 (2001) 16, arXiv:hep-ph/0103117.

[24] C.M. Carloni Calame, G. Montagna, O. Nicrosini, F. Piccinini, The BABAYAGA
event generator, Nucl. Phys. B, Proc. Suppl. 131 (2004) 48, arXiv:hep-ph/
0312014.

[25] A.B. Arbuzov, LABSMC: Monte Carlo event generator for large angle Bhabha
scattering, arXiv:hep-ph/9907298.

[26] M. Caffo, H. Czyz, BHAGEN-1PH: a Monte Carlo event generator for radia-
tive Bhabha scattering, Comput. Phys. Commun. 100 (1997) 99, arXiv:hep-ph/
9607357.

[27] S. Jadach, E. Richter-Was, B.F.L. Ward, Z. Was, QED multi - photon corrections to
Bhabha scattering at low angles: Monte Carlo solution, Phys. Lett. B 268 (1991)
253.

[28] G. Balossini, C.M. Carloni Calame, G. Montagna, O. Nicrosini, F. Piccinini, Match-
ing perturbative and parton shower corrections to Bhabha process at flavour
factories, Nucl. Phys. B 758 (2006) 227, arXiv:hep-ph/0607181.

Physics Letters B 820 (2021) 136547

[29] C. Carloni Calame, H. Czyz, ]. Gluza, M. Gunia, G. Montagna, O. Nicrosini, et al.,
NNLO leptonic and hadronic corrections to Bhabha scattering and luminosity
monitoring at meson factories, J. High Energy Phys. 07 (2011) 126, arXiv:1106.
3178.

[30] P. Nogueira, Automatic Feynman graph generation, . Comput. Phys. 105 (1993)
279.

[31] H.H. Patel, Package-X: a Mathematica package for the analytic calculation of
one-loop integrals, Comput. Phys. Commun. 197 (2015) 276, arXiv:1503.01469.

[32] E. Buccioni, S. Pozzorini, M. Zoller, On-the-fly reduction of open loops, Eur.
Phys. J. C 78 (2018) 70, arXiv:1710.11452.

[33] F. Buccioni, J.-N. Lang, J.M. Lindert, P. Maierhofer, S. Pozzorini, H. Zhang, et al.,
OpenLoops 2, Eur. Phys. J. C 79 (2019) 866, arXiv:1907.13071.

[34] T. Engel, C. Gnendiger, A. Signer, Y. Ulrich, Small-mass effects in heavy-to-light
form factors, ]. High Energy Phys. 02 (2019) 118, arXiv:1811.06461.

[35] P. Banerjee, T. Engel, A. Signer, Y. Ulrich, QED at NNLO with McMule, SciPost
Phys. 9 (2020) 027, arXiv:2007.01654.

[36] T. Engel, A. Signer, Y. Ulrich, A subtraction scheme for massive QED, ]. High
Energy Phys. 01 (2020) 085, arXiv:1909.10244.

[37] S. Frixione, Z. Kunszt, A. Signer, Three-jet cross sections to next-to-leading or-
der, Nucl. Phys. B 467 (1996) 399, arXiv:hep-ph/9512328.

[38] R. Frederix, S. Frixione, F. Maltoni, T. Stelzer, Automation of next-to-leading or-
der computations in QCD: the FKS subtraction, J. High Energy Phys. 10 (2009)
003, arXiv:0908.4272.

[39] D. Yennie, S. Frautschi, H. Suura, The infrared divergence phenomena and high-
energy processes, Ann. Phys. 13 (1961) 379.

[40] G.P. Lepage, VEGAS: An adaptive multidimensional integration program.

[41] McMule Collaboration, The McMULE user library, https://mule-tools.gitlab.io/
user-library/bhabha-scattering/validation/soft_limit.html.

[42] EE. Low, Bremsstrahlung of very low-energy quanta in elementary particle col-
lisions, Phys. Rev. 110 (1958) 974.

[43] T.H. Burnett, N.M. Kroll, Extension of the low soft photon theorem, Phys. Rev.
Lett. 20 (1968) 86.

[44] M. Beneke, V.A. Smirnov, Asymptotic expansion of Feynman integrals near
threshold, Nucl. Phys. B 522 (1998) 321, arXiv:hep-ph/9711391.

[45] V.A. Smirnov, Problems of the strategy of regions, Phys. Lett. B 465 (1999) 226,
arXiv:hep-ph/9907471.

[46] B. Jantzen, A.V. Smirnov, V.A. Smirnov, Expansion by regions: revealing po-
tential and Glauber regions automatically, Eur. Phys. J. C 72 (2012) 2139,
arXiv:1206.0546.

[47] V.A. Smirnov, Analytical result for dimensionally regularized massless on shell
double box, Phys. Lett. B 460 (1999) 397, arXiv:hep-ph/9905323.

[48] ].B. Tausk, Nonplanar massless two loop Feynman diagrams with four on-shell
legs, Phys. Lett. B 469 (1999) 225, arXiv:hep-ph/9909506.

[49] A.V. Smirnov, V.A. Smirnov, On the resolution of singularities of multiple
Mellin-Barnes integrals, Eur. Phys. ]J. C 62 (2009) 445, arXiv:0901.0386.

[50] C.M. Carloni Calame, private communication.

[51] PRad Collaboration, A. Gasparian, et al., PRad-II: a new upgraded high precision
measurement of the proton charge radius, arXiv:2009.10510.

[52] P. Banerjee, T. Engel, N. Schalch, A. Signer, Y. Ulrich, Mgller scattering at NNLO,
arXiv:2107.12311.

[53] G. Abbiendi, et al., Measuring the leading hadronic contribution to the muon
g-2 via e scattering, Eur. Phys. ]J. C 77 (2017) 139, arXiv:1609.08987.

[54] P. Banerjee, et al., Theory for muon-electron scattering @ 10 ppm: a report of
the MUonE theory initiative, Eur. Phys. J. C 80 (2020) 591, arXiv:2004.13663.


http://refhub.elsevier.com/S0370-2693(21)00487-1/bib4C9A578531F18E095CBCE2F1221B5F3Bs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib4C9A578531F18E095CBCE2F1221B5F3Bs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib4C9A578531F18E095CBCE2F1221B5F3Bs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibA9DE0197D5F811C28883D7C265D2A383s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibA9DE0197D5F811C28883D7C265D2A383s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibA9DE0197D5F811C28883D7C265D2A383s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib43A2B22CA86FD85D8905C0F17F7B870Cs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib43A2B22CA86FD85D8905C0F17F7B870Cs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibA6ECEF60AA798D25DAD8649A1619045Cs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibA6ECEF60AA798D25DAD8649A1619045Cs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibD55F0FA55BA0019620A498EFB861B0D9s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibD55F0FA55BA0019620A498EFB861B0D9s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibFDD04A927FD71F4B1CECB1EBD3B0A7E3s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibFDD04A927FD71F4B1CECB1EBD3B0A7E3s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibA42697EF607E894861BB2C6E38B8728Fs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibA42697EF607E894861BB2C6E38B8728Fs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibAFED20949CDA3C7A2CAEA65DA09097F2s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibAFED20949CDA3C7A2CAEA65DA09097F2s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib46FC663DC7299228EB8F9292A96F3A97s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib46FC663DC7299228EB8F9292A96F3A97s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib46FC663DC7299228EB8F9292A96F3A97s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibB64B9BAFDB976FD9F4E3BC8900AFAD2Cs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibB64B9BAFDB976FD9F4E3BC8900AFAD2Cs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib24441B4A9391E16F6606737B580C844Es1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib24441B4A9391E16F6606737B580C844Es1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib1978A4A7EEBC7354DBFF11FF90210AC4s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib1978A4A7EEBC7354DBFF11FF90210AC4s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib1978A4A7EEBC7354DBFF11FF90210AC4s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibAD7D73EC1572DD4AB0A0EB0437A68FE4s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibAD7D73EC1572DD4AB0A0EB0437A68FE4s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibAD7D73EC1572DD4AB0A0EB0437A68FE4s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibA2376F20F4956D74D1B9B0AE82062733s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibA2376F20F4956D74D1B9B0AE82062733s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibA2376F20F4956D74D1B9B0AE82062733s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibA2376F20F4956D74D1B9B0AE82062733s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib0F09409339547554140F55B37BC388F4s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib0F09409339547554140F55B37BC388F4s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib0F09409339547554140F55B37BC388F4s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib84FFA742DAEE2C493DD9351432ED495Bs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib84FFA742DAEE2C493DD9351432ED495Bs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib84FFA742DAEE2C493DD9351432ED495Bs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib8DA49483F5301C981EB137430CCFF6E6s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib8DA49483F5301C981EB137430CCFF6E6s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib2B74DD1411D42451BAE0810E2272572Cs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib2B74DD1411D42451BAE0810E2272572Cs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib2B74DD1411D42451BAE0810E2272572Cs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib47C3FA517BF7FE826BA7CCD1BABA72E1s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib47C3FA517BF7FE826BA7CCD1BABA72E1s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibE1BFE5E6DEC0E43C607BA8EE09816858s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibE1BFE5E6DEC0E43C607BA8EE09816858s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibE1BFE5E6DEC0E43C607BA8EE09816858s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib733F57618B2418928F4C345F97F72869s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib733F57618B2418928F4C345F97F72869s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib733F57618B2418928F4C345F97F72869s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib787CDBA6D08FDE163CFA7CDC06720DAAs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib787CDBA6D08FDE163CFA7CDC06720DAAs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib787CDBA6D08FDE163CFA7CDC06720DAAs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib09BF92259C369AB22CD22DEA5E50F63As1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib09BF92259C369AB22CD22DEA5E50F63As1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib09BF92259C369AB22CD22DEA5E50F63As1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib09BF92259C369AB22CD22DEA5E50F63As1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib20BE3FDED81C59B48800F5ADB1F38754s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib20BE3FDED81C59B48800F5ADB1F38754s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib0DDCFBBBFB2660F1AB92A252F99D8F5Bs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib0DDCFBBBFB2660F1AB92A252F99D8F5Bs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib62D0B684074FD94C5E8B3E5228F414FCs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib62D0B684074FD94C5E8B3E5228F414FCs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibC688A2D7209865FE58AF3E01832F61EAs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibC688A2D7209865FE58AF3E01832F61EAs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibB7B29B2230909183CABD5A267737F1DCs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibB7B29B2230909183CABD5A267737F1DCs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib0D8AF88DDB7D2FD55FB6B209427E9F0Fs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib0D8AF88DDB7D2FD55FB6B209427E9F0Fs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib0569CF81C77DCF3BFE7B28EDF2125EC6s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib0569CF81C77DCF3BFE7B28EDF2125EC6s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib084F6B5A40B7ADAEDAA6A63DB82A96D9s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib084F6B5A40B7ADAEDAA6A63DB82A96D9s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib3D677EB6A47DEC263843F54BE16D8085s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib3D677EB6A47DEC263843F54BE16D8085s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib3D677EB6A47DEC263843F54BE16D8085s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib270BFDE24F1A5F60F4CCD6DCF9A2DA81s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib270BFDE24F1A5F60F4CCD6DCF9A2DA81s1
https://mule-tools.gitlab.io/user-library/bhabha-scattering/validation/soft_limit.html
https://mule-tools.gitlab.io/user-library/bhabha-scattering/validation/soft_limit.html
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib1145DAD33249C9E19AA4A1FDC72CFF50s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib1145DAD33249C9E19AA4A1FDC72CFF50s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibBF2A3E44CE5654053B5E6EBE0D047F05s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibBF2A3E44CE5654053B5E6EBE0D047F05s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibEBBCBB3F28B24F304E2D674519B76E57s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibEBBCBB3F28B24F304E2D674519B76E57s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibC4644EFD6A8BCE88729DEF5E18E49254s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibC4644EFD6A8BCE88729DEF5E18E49254s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibACF075B75FA89B831D19DBF4E6BFC5DDs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibACF075B75FA89B831D19DBF4E6BFC5DDs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibACF075B75FA89B831D19DBF4E6BFC5DDs1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib01EF0D901358A2636F54C531EDCA5796s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib01EF0D901358A2636F54C531EDCA5796s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib085AB63C99C51DA5957E6890E8582665s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib085AB63C99C51DA5957E6890E8582665s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib849BCB56D5DA151877B5AB5DDE1B6616s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib849BCB56D5DA151877B5AB5DDE1B6616s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib8F51560CF8ADEB9885C813B163ED65A9s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib8F51560CF8ADEB9885C813B163ED65A9s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibC978139709B70B198363BA20C66B8646s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibC978139709B70B198363BA20C66B8646s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibAFBB0D0C141B8FCC494A5580259902B6s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bibAFBB0D0C141B8FCC494A5580259902B6s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib0FCA7BDA3FFCCCB1B6AEAED859C08FE7s1
http://refhub.elsevier.com/S0370-2693(21)00487-1/bib0FCA7BDA3FFCCCB1B6AEAED859C08FE7s1

	Bhabha scattering at NNLO with next-to-soft stabilisation
	1 Introduction
	2 Overview of the calculation
	3 Real-virtual stabilisation via next-to-soft approximation
	4 Results and verification
	5 Conclusion and outlook
	Declaration of competing interest
	Acknowledgement
	References


