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We use holography in order to study the entropy of thermal conformal field theory (CFT) on (1 + 1)-
dimensional curved backgrounds that contain horizons. Starting from the metric of the Bafiados-
Teitelboim-Zanelli (BTZ) black hole, we perform explicit coordinate transformations that set the boundary
metric in de Sitter or black hole form. The dual picture describes a CFT at a temperature different from that
of the horizon. We determine minimal surfaces that allow us to compute the entanglement entropy of a
boundary region, as well as the temperature affecting the energy associated with a probe quark on the
boundary. For an entangling surface that coincides with the horizon, we study the relation between
entanglement and gravitational entropy through an appropriate definition of the effective Newton constant.
We find that the leading contribution to the entropy is proportional to the horizon area, with a coefficient
that exceeds the standard value for the Bekenstein-Hawking entropy. The difference is attributed to the
divergence of the stress-energy tensor of the thermal CFT on the horizon. We demonstrate the universality
of these findings by considering the most general metric in a (2 + 1)-dimensional anti—de Sitter bulk

containing a nonrotating black hole and a static boundary with horizons.
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I. INTRODUCTION

The relation between entanglement and gravitational
entropy in spaces that contain horizons can shed light on
the fundamental nature of gravity. The entanglement
entropy, a nonlocal quantity measuring the correlation
between two subsystems, is UV divergent in continuum
field theories. A crucial observation is that the divergent
part scales with the area of the entangling surface [1]. The
divergence is regulated through the presence of a physical
cutoff in the theory. When the entangling surface is
identified with a horizon, the connection of the entangle-
ment entropy with the gravitational one must account for a
relation between the cutoff and Newton constant. Such a
connection may be possible if gravity is induced by
quantum fluctuations of matter fields [2].

The AdS/CFT correspondence [3,4] has provided new
insight on these issues. The most transparent picture
emerges through the Ryu-Takayanagi conjecture [5,6],
which states that the entanglement entropy of a part of
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the boundary enclosed by an entangling surface A is
proportional to the area of a minimal surface y, extending
from A into the bulk. The main difficulty one faces when
trying to define the gravitational entropy is that the
boundary metric is not dynamical, a feature that is
equivalent to the vanishing of the effective Newton con-
stant. A way out is suggested by the Randall-Sundrum
construction [7], in which dynamical gravity is generated
by cutting off the anti—de Sitter (AdS) space at a value
z = ¢ of the bulk coordinates, before the boundary at z = 0
is reached. A brane is introduced at 7 = €, with a symmetric
copy of the truncated AdS space on its other side. In this
context, the Newton constant can be seen as induced by
quantum fluctuations of matter fields, represented by the
bulk degrees of freedom that are integrated out [7,8]. The
framework can be extended to any number of dimensions
by considering the regulated form of the on-shell action in
the context of holographic renormalization [9—12].

When the entanglement entropy is computed through the
Ryu-Takayanagi conjecture [5,6], the area of the minimal
surface y, diverges near the boundary, reflecting the short-
distance entanglement of the local degrees of freedom on
either side of the entangling surface .A. This makes the
introduction of a cutoff necessary. The proportionality
factor between the entanglement entropy and the area of
the minimal surface involves the bulk Newton constant. A
connection to the gravitational entropy of the boundary
theory can be established only through an appropriate
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definition of the effective Newton constant for this theory.
In the Randall-Sundrum construction [7] the brane is
usually placed at a position of the order of the AdS length
[ > €. The effective Newton constant becomes a function
of the bulk Newton constant and /. However, if the brane is
located very close to the AdS boundary, the role of the
cutoff becomes clearer. The cutoff now appears explicitly
and becomes part of the definition of the effective cou-
plings, such as the effective Newton constant. This
approach is advocated in Refs. [2,13], and will form the
basis of our analysis. Instead of using the Randall-Sundrum
construction, we shall consider the regulated on-shell
action in holographic renormalization [9,11], after
extracting the leading cutoff dependence e~ from the
induced metric. The cutoff is then absorbed in the effective
couplings [14]. The procedure is described in Sec. II. C.

In recent work [14,15], following Refs. [2,13], we made
use of the definition of the effective Newton constant that
incorporates the cutoff. The leading contribution to the
entropy has a universal form that depends only on the
horizon area because the same degrees of freedom con-
tribute to the entropy and Newton constant. The particular
features of the underlying theory, such as the number of
degrees of freedom, become apparent at the level of the
subleading corrections to the entropy [14].

In this work we apply this approach to a new class of
boundary theories. We focus on (1 + 1)-dimensional boun-
daries because of the formidable technical difficulties that
arise when dealing with higher-dimensional spaces.
However, several results can be obtained with interesting
physical interpretation, which should be relevant for
arbitrary dimensions. The new element that we consider
is the presence of a bulk horizon with a characteristic
temperature that may differ from the temperature of the
boundary horizon. The simplest way to achieve this is by
considering a bulk black hole metric with an arbitrary mass
parameter. For a de Sitter boundary, such constructions
have been studied in Refs. [16,17].

In our setup the dual thermal field theories live in curved
spacetimes. The bulk metric of the dual description is
constructed through appropriate slicings of a bulk space
that includes a black hole. This gravity dual has two types
of horizons. For a de Sitter boundary, one is the cosmo-
logical horizon,' associated with the fact that a timelike
geodesic observer sees a thermal bath of particles
T,s = H/(2x). The other is the bulk black hole horizon
that specifies the temperature of the dual-field theory.
While both of them indicate a thermal behavior, their
crucial difference lies in the fact that the cosmological
horizon is observer dependent and the effects of curvature
cannot be easily disentangled from thermal effects. Our
setup allows a special situation, where the bulk horizon has

'When referring to the cosmological horizon, we include its
extension into the bulk.

a different temperature than the horizon on the boundary.
When the two temperatures coincide, the dual-field theory
1s in the canonical Bunch-Davies vacuum, which reduces to
the standard Minkowski one as we take the limit H — 0. It
seems counterintuitive that an equilibrium configuration
exists with the dual conformal field theory (CFT) at a
different temperature than the one characterizing the
horizon. However, this is made possible by the stress-
energy tensor developing a singularity on the horizon [16].

For a de Sitter boundary, we compute the entanglement
entropy and explore its relation to the gravitational entropy.
In order to obtain a better understanding of the properties of
the thermalized CFT, we also analyze a different minimal
surface that corresponds to the world sheet of a string
extending into the bulk from a single boundary point. Its
area allows us to extract the thermal contribution to the
energy of a heavy quark located at the boundary point [18]
and read off the corresponding temperature, which can be
identified with that of the thermalized CFT.

We generalize our findings by repeating the calculation
of the entropy for a black hole boundary metric with a mass
parameter different from that of the bulk black hole, starting
from the black funnel solution of Ref. [19]. An extensive
analysis of a similar geometry is presented in Ref. [20],
where the emphasis is put on the possible thermal flows
between the black hole and the surrounding environment.
The bulk metric corresponds to a BTZ black hole with
nonzero angular momentum and an unwrapped angular
coordinate. The dual picture includes two characteristic
temperatures. When these coincide, the angular momentum
of the BTZ black hole vanishes and the configuration on the
boundary corresponds to the Hartle-Hawking state of a
black hole in thermal equilibrium with its surroundings.
When one of the temperatures vanishes, one obtains the
Unruh state on the boundary, characterized by energy flow
away from the black hole. The parametrization of the bulk
metric that we consider in Sec. IV corresponds to a
generalization of the funnel solution in which the mass
parameters of the bulk and boundary black holes are
different, while the angular momentum of the bulk black
hole vanishes. The dual theory is in a generalization of the
Hartle-Hawking state with the environment at a higher
temperature than the boundary black hole. Such a con-
figuration is possible because the CFT stress-energy tensor
diverges on the black hole horizon.

In the final section of the paper, we use the intuition
developed in the particular cases of a de Sitter or black hole
boundary in order to derive an expression for the entropy
that applies to any boundary metric with a horizon. The
resulting expression (5.9) is the main result of this work.
Sections Il and V contain the analysis of the general setting.
The intervening Secs. III and IV, in which the particular
cases of a de Sitter or black hole boundary are discussed,
make the arguments used in Sec. V for the discussion of the
general case clearer.
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The plan of the paper is the following: In Sec. II we
review the case of a bulk black hole for a flat AdS
boundary. We determine the relevant minimal surfaces
for the calculation of the entropy and the CFT temperature,
and discuss the issue of the definition of Newton’s constant.
In Sec. III, through an appropriate choice of coordinates,
we derive a metric with a dS boundary and a bulk black
hole, dual to a thermal field theory in curved spacetime. We
discuss analytically the entangling surface, the divergent
terms, and the dependence of the entropy on the ratio of the
thermal CFT temperature 7" and the de Sitter temperature
T ;5. We also determine analytically the minimal surface
that determines the energy associated with a heavy quark
on the boundary, in order to deduce the temperature from
the thermal contribution. The qualitative behavior of all
minimal surfaces turns out to be related to the ratio 7/T 4
that determines the relative strength of the gravitational
potentials generated by the black hole and cosmological
horizons. In Sec. IV we repeat the analysis for a boundary
with a black hole horizon. Finally, in Sec. V we generalize
our results for an arbitrary static boundary metric with
horizons.

II. BULK BLACK HOLE

A. Interpretation

We consider solutions of the Einstein field equations in
2 + 1 dimensions with a negative cosmological constant.
All such solutions are locally isometric to AdS space. We
normalize all dimensionful parameters with respect to the
AdS length [, which is equivalent to setting / = 1.

We start by considering a metric of the form

2
ds®> = —(r* — p)dr* + rzd_r'u +r2dg?,  (2.1)
with r € [\/i, co]. If 4 vanishes, Eq. (2.1) describes part of
the covering space of AdS. This becomes obvious if we
observe that the definition of a new coordinate u = 1/r
turns Eq. (2.1) into the standard AdS metric in Poincaré
coordinates. If 4 is nonzero and the coordinate ¢ is taken to
be periodic, with period equal to 2z, the metric describes a
nonrotating BTZ black hole [21] with mass parameter
and Hawking temperature 7' = ,/u/(2x). In the following
we allow ¢ to take values over the whole real axis. For the
metrics we study, a u-dependent bulk horizon always
exists, which allows us to make the standard assumption
that \/u is related to the temperature of the dual CFT.

An asymptotically AdS geometry can be related to a dual
CFT on the boundary through the AdS/CFT correspon-
dence [3,4]. An efficient way to establish the connection is
through the use of Fefferman-Graham coordinates [22].
The most general (2 + 1)-dimensional metric that satisfies
Einstein’s equations with a negative cosmological constant
is of the form [23]

1
ds®> = 2 [d2* + g, dx"dx"], (2.2)
where
G = O + 22050 + 2l (2.3)
The stress-energy tensor of the dual CFT is [11]
1
T V=—""[g@ —tr(q2)gO)]. 24
(Tw) 872G, (g — tr(g1?)g )] (2.4)

The metric of Eq. (2.1) can be put in the form of Eq. (2.2)

by defining a new coordinate z = (2/u)(r — \/r* — p). It
becomes

1 2 2
ds? = 2 [dz2 - (1 —§z2> dr* + (1 —l—%lzz) d¢2],
(2.5)

where z € [0, z;, := 2/,/u] and the metric is of the desired
form with a flat boundary,
ds? = g\ dxtdx’ = —di® + dg>. (2.6)

From Eq. (2.4), we obtain the CFT energy density and
pressure:

E )2
=Tty —
p=y =T 162G, (2.7)
—(rfy = _H*__ 2.
p =(Ty) 162G, (2.8)

B. Entanglement

We are interested in computing the entanglement entropy
of a part of the boundary enclosed by an entangling surface
A. According to the Ryu-Takayanagi conjecture [5,6], the
entanglement entropy is proportional to the area of a
minimal surface y, extending from A into the bulk. For
the metric (2.5) the area to be minimized is actually a
length, given by

¢ 1 dz)\? U oo\
A = dp— — 1+>72) .
rea(yy,) /¢] ¢Z\/<d¢> +(+4Z)
The minimization results in the differential equation
z{ 1 +1/,tz2 7+ (1= éﬂzz (Z)?
4 4
+ (1 Lz 1+l 22—0 (2.10)
1He 1He =0. .

(2.9)
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Its solution with boundary conditions z(¢;) = z(¢,) = 0,
with ¢, > ¢y, is

(2.11)

e\/_¢ —_ e\/_¢l (e\/ﬁ¢2 —_ e\/ﬁ(ﬁ)
\/_ e\/.¢ 1 eVH® (e\/ﬁ¢ + g\/ﬁ(lﬁz)'

The solution (2.11) can also be expressed in coordinates
(r, ). It reads

@)= (VR — i) (2 — )

(2.12)

Substituting Eq. (2.11) in Eq. (2.9) leads to a divergent
integral. There are two identical divergences, arising from
the points ¢p = ¢b; and ¢p = ¢, at which the minimal curve
approaches the boundary. The integral can be made finite
by imposing a cutoff at z = e. The leading contribution is
Area(y,) = 2log(1/€). The entanglement entropy is given
by [5.6]

_ Area(ys) _ log(1/e)
4Gy 2G5

(2.13)

displaying the characteristic dependence on the UV cutoff.

C. Effective Newton constant

Expressions such as Eq. (2.13) for the entanglement
entropy arise also in cases in which the boundary metric is
nontrivial. We are especially interested in situations in
which this metric has a horizon. If the entangling surface
coincides with the horizon, one would expect the entropy to
be related to the gravitational entropy. In order to assign a
physical meaning to a divergent expression, such as
Eq. (2.13), one must define an effective Newton constant
for the boundary theory. Such a definition was used in
Refs. [14,15], in the spirit of Ref. [13]. The effective
Newton constant for a (d + 1)-dimensional boundary
theory is

Gay1 = (d=1)e"'Gyyo, (2.14)
with (d — 1)e?! replaced by 1/ log(1/¢) for d = 1. In four
dimensions this definition can be justified in the context of
the Randall-Sundrum (RS) model [7]. Notice that in the
limit ¢ — 0 the constant vanishes and gravity becomes
nondynamical. This makes it difficult to compute the
gravitational entropy in the context of the AdS/CFT
correspondence.

An alternative, more rigorous way to obtain the same
result is through holographic renormalization [11,24],
which produces the stress-energy tensor of the dual CFT
discussed above. The bulk metric of an asymptotically AdS
space is written in a Fefferman-Graham expansion [22] in
terms of the bulk coordinate z. A solution is then obtained

order by order. The on-shell gravitational action is regu-
lated by restricting the bulk integral to the region z > €. The
divergent terms are subtracted through the introduction of
appropriate counterterms. In this way a renormalized
effective action is obtained, expressed in terms of the
induced metric y;; on the surface at z = e. In our approach
the entropy is not renormalized. We assume that the cutoff ¢
is physical and we incorporate it in the effective couplings.
This amounts to employing the regulated form of the
effective action, without the subtraction of divergences.
The leading terms, which would diverge for ¢ — 0, can be
found in the counterterm action of holographic renormal-
ization. They are expressed in terms of the induced metric
vij» Which includes a factor €~2. Using the results of [11,24]
and extracting the €2 factor from y; j» we can express the
leading terms of the regulated action as

1 ) 2
= 167rG3/d xX/=y [e—z—log(e)R].

The first term corresponds to a cosmological constant, which
must be (partially) canceled by vacuum energy localized on
the surface at z = €, such as the brane tension in the RS
model [7]. The second term is the standard Einstein term if
the effective Newton constant G, is defined as

(2.15)

G

D. Thermal effects

In this section we examine the thermal effects of the
strongly coupled fields sourced by a heavy probe quark
located on the boundary.” The total energy of the quark can
be obtained from the world-sheet area of a string attached to
the quark and extending into the bulk [18]. One expects an
infinite contribution from the region near the boundary,
which needs to be regularized, and a contribution from the
other endpoint that is attached to the bulk horizon, which
carries the information on the temperature. The string
solution with world-sheet parameters (z, o) corresponding
to a quark in the coordinate system (2.1) is given by a radial-
gauge parametrization of the form (¢, r) = (z, 6), where the
string hangs from a fixed point with ¢ = ¢, on the boundary
at r — oo. For a flat boundary, the string remains straight as
itextends into the bulk. The surface can be parametrized in a
similar fashion in the coordinate system (2.5). In this case we
have (7, z) = (z, 0), where the string now hangs from a point
¢ = ¢, on the boundary at z — 0.

The minimal surface is a solution of the Nambu-Goto
equations of motion. Its area includes a multiplicative time
factor 7 and is given by

*For a study of the backreaction of a uniform distribution of
heavy quarks on the entanglement entropy, see Ref. [25].
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Zn dZ
S = da/%@z 2a/‘ (4 — puz?),
Zp

(2.17)

2na

where we impose a cutoff z, = €, while z;, = 2/,/u is the
deepest point that the string can reach in the bulk because of
the presence of the black hole horizon. The (rescaled)
energy E of the string, arising from the strongly coupled
fields sourced by the quark, is given by

2na

1
E-— T S:E_\/ﬁ+0(€>

The thermal effects amount to a contribution proportional
0 \//7 and, therefore, to the temperature.

(2.18)

III. STATIC DE SITTER BOUNDARY

In this section we study a thermal field theory of
temperature 7 in a de Sitter spacetime with a different
temperature 7', associated with the cosmological horizon.
The dual picture involves a metric with a de Sitter boundary
in static coordinates in the presence of black hole configu-
ration in the bulk. The metric (2.1) can be put in the form

dszzl{df—(l—Hzpz)(l—l{i—i—Hz} >2dt2
72 411-H?*p?

+<1+%{{§5§?—Hﬂf>2Tf%%;} (3.1)
with a de Sitter boundary metric
d2:(%wuw=—u—H2%mﬁ%—ﬂi—. (3.2)
50 = Guv dx 14 =12
We concentrate on the causally connected region

—1/H < p < 1/H. The space contains two cosmological

horizons (and their extensions into the bulk) atp, = +1/H,
and a bulk horizon at
2y/1 — H?*p?
w(p) = — (3.3)
uw—Hp

It is apparent that the bulk horizon extends smoothly to the
location of the cosmological horizon on the boundary only
for y > H?. For this reason, we consider only this parameter
range in the following. The deepest point of the bulk
horizon is at z, ., = 2//j for p = 0. For u > H?, the
cosmological horizons are located behind the bulk horizon.

|

The metric of Eq. (3.1) can be derived from that of
Eq. (2.1) with a coordinate transformation that does not
affect the time coordinate. The transformation is

1 1+ Hp
¢(z.p) = 5510 [ MJ

1 o 1_H2p2+(\/‘ HZ )22/4
2\/— |: H2p2+(\/_+H2 )22/4
(3.5)

The region near negative infinity for ¢ is mapped to the
vicinity of —1/H for p < 0, and the region near positive
infinity for ¢ to the vicinity of 1/H for p > 0. It is apparent
that ¢ cannot be considered to be periodic.

The stress-energy tensor corresponding to the metric
(3.1) is equal to

1 u—H?
=—(T") = - H? .
P (1) 167G5 <1 —H? >v (3.6)
1 u—H?
=(17,) = H? :
P = ’)> 167G5 (1 — H?p? * )’ (3.7)

where the presence of the conformal anomaly is evident, as

1
87TG3

(T#,)) = —— HP. (3.8)

For y > H? the stress-energy tensor displays singularities
at the locations of the horizons p = £1/H of static de
Sitter space. As also discussed in Ref. [16], we interpret
this configuration as a boundary CFT at a temperature
T = /u/(2rx) larger than the de Sitter temperature
T,s = H/(2x). The divergence of the energy density on
the de Sitter horizon can be viewed as a heat bath localized
at this point that keeps the system at a temperature different
from the de Sitter temperature.

A. Entropy

We turn next to the discussion of the entropy associated
with such a configuration. In the holographic approach the
entanglement entropy is given by a spacelike minimal
curve anchored at the two points on the boundary that act as
the entangling surface. The calculation can be performed
by minimizing the functional

/H ] dz)\2 1[ u—H? 2 1
A S P Lo | P |2
rea(rs) /—I/H & \/(dp> " < "4 [1 - H*p? ©) 1-H
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Finding an analytical solution of the resulting nonlinear
second-order equation is a difficult problem.3 However, it
becomes tractable if one uses the fact that the minimal
curve is a geometrical object which does not depend on the
system of coordinates. This means that one can simply use

|

2(p) = 2[[(H?p* = 1)(H?p + /i) *F(p1)F(p2)

the solution of Eq. (2.12) and transform the coordinates
through Eqs. (3.4) and (3.5). The resulting implicit relation
between the coordinates z and p can be solved explicitly in
this case. By imposing the appropriate boundary conditions
we obtain

+2y/u(1 = Hp?)F(p)A(F (p1): + F<P2)%> ((H?p + VR)F (p1 F (p2)2 + (Vi = H*p) F(p))

+ (H?p* = 1)(\/u — H?p)*F(p)?

— (H2p? = DF(p)((H*p* = p)F (p1) + (H*p? = w)F (py) = 4uF (p1 )2 F (p2)?)]/
(Vi = H*p)*F(p) = (H?p + i)’ F(p1)) (Vi = Hp)*F(p) = (H?p + \/i)*F (p2))]]2-

with

Flp) = <1 _Hp>%ﬁ. (3.10)

1+ Hp

The minimal curve approaches the boundary z =0 at p =
p1 and p = p,. In Fig. 1 we present minimal curves for a
range of entangling boundary segments, with lengths that
increase until the whole region between the boundary
horizons is covered. In this limit the minimal curve
coincides with the bulk horizon.

The length of the minimal curve receives an infinite
contribution from the region near the boundary and must be
regulated through the introduction of an appropriate cutoff
at z = e. It must be pointed out that the only element that
differentiates the final result for the various metrics that we
are considering is the way the divergence near the boundary
is regulated. Our basic assumption is that the cutoff must be
imposed on the bulk coordinate in the Fefferman-Graham
parametrization. Even though this coordinate is always
denoted by z, setting z = ¢ implements a different cutoff
procedure for every choice of boundary metric. This is
reflected in quantities that depend on the cutoff, such as the
length of the minimal curve that determines the entangle-
ment entropy.

We are interested in the limit that the entangling surface
covers the whole region between the horizons of the
boundary (1 4 1)-dimensional de Sitter metric. These are
located at p; =-1/H and p, =1/H. The resulting
entropy results from the entanglement between the
“North” and “South” static patches of the global geometry
[14,15]. In this limit, the minimal curve (3.10) coincides
with the bulk horizon of the metric of Eq. (3.1), which is
given by Eq. (3.3) The length of the minimal curve can be

JAn alternative approach in order to determine the minimal
surface would make use of generalized calibrations [26].

computed by substituting this expression in Eq. (3.9). We
focus on the two divergent contributions, arising from the
vicinity of the boundary. Imposing a cutoff at z = ¢, we
find

1
Area(y,) = Zglog (—) + finite terms. (3.11)
€

The entanglement entropy is

Arealy,) _ vilog(1/e)

S pr—
as 4G, H 2G,

(3.12)
Making use of Eq. (2.16) allows us to write Eq. (3.12) as

(3.13)

-1.0 -0.5 0.5 1.0 PH
FIG. 1. The minimal curves for g = 2H? and for different
entangling boundary points. The bulk horizon of Eq. (3.3) is
denoted by the curved dashed line, and the cosmological horizons
at p = +1/H by the vertical dashed lines. When the endpoints
approach the cosmological horizons, the entangling surface
coincides with the bulk horizon.
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For \/u = H this is the expected gravitational entropy of
the (1 + 1)-dimensional de Sitter space, whose horizons are
two points [13]. The bulk black hole corresponds to a dual
CFT at the same temperature as the horizons. For /u > H,
the above expression seems to indicate a modification of
Bekenstein’s relation between the entropy and the area
of the horizon [27]. This is clearly related to the divergence
of the stress-energy tensor at the horizon, with a singular
(positive) energy density given by Eq. (3.6). For this
reason, the situation can also be viewed differently. In
Ref. [14] it was shown, using holography, that the de Sitter
entropy in 3 + 1 dimensions receives subleading logarith-
mic corrections, regulated by the UV cutoff, which are
proportional to the central charge of the dual CFT. These
corrections arise through the higher curvature terms in the
effective action responsible for the conformal anomaly. In
1 + 1 dimensions we expect similar logarithmic correc-
tions. However, these are now of the same order as the
leading contribution to the gravitational entropy. In this
spirit, Eq. (3.12) could be rewritten as

2 1 (Vi 1
S g (Y ) 10g(=). (.14
S =46, 26, (H >0g<€> (3.14)

where the coefficient of the logarithm accounts for the
additional degrees of freedom of a CFT thermalized above
the horizon temperature. The divergence of the energy
density on the horizon indicates that these degrees of
freedom are localized there. For \/u < H the energy
density is negative and its divergence indicates a pathology.
The construction must be extended in order to account for
the energy flow out of the horizon towards the environment.
Such solutions are studied in Ref. [20] for the case of a
boundary black hole.

As a side remark, we note that the first law of
thermodynamics is satisfied for the thermalized CFT.
The thermal energy density is given by the first term of
the boundary stress-energy tensor (3.6), which includes the
singularities at the horizons. The second term results from
quantum effects that induce the conformal anomaly. The
energy can be expressed as (see the corresponding dis-
cussion in [28])

- [ AT = - / VT, (19

where £#0, = 0, is the time-translation Killing vector, %,
the surface (interval in this case) of constant 7 on the
boundary, and n#0,, = \/|g"|0, the unit normal to X,. From
this expression we can derive the variation of E with respect
to u. The leading divergent contribution comes from the
region near the two boundary horizons and is given by

1 du, (1
E= Hiog(—). 3.16
162G, H ¢ <e,,> (3.16)

The cutoff €, is imposed on the coordinate p in order to
regulate the divergences near the horizons by stopping the
integration at p = +£1/H F ¢,. This cutoff is related to the
cutoff € imposed on the bulk coordinate z through Eq. (3.3),
which gives

— H?
=2 e (3.17)

= 8H

Substitution in Eq. (3.16) results in

1 du 1
dE = —log( - .
8rG; H o8 (e)

where we have kept the leading term. As we noted above,
the second term in Eq. (3.14) can be interpreted as the
entropy of the thermalized CFT. Variation with respect to y
and use of the relation T = /u/(27) reproduces correctly
the first law of thermodynamics: dS = dE/T.

(3.18)

B. Thermal effects

In order to analyze the temperature of the CFT from a
different perspective, we consider the thermal corrections to
the energy associated with a heavy probe quark at some
point on the boundary of a bulk space described by the
metric (3.1). As we reviewed in Sec. II D, the energy can be
obtained through the minimization of the Nambu-Goto
action of a string with a single boundary endpoint at the
location of the probe quark [18]. When the quark is placed
at p, = 0, the string extends along a straight line from the
boundary to the bulk horizon. The energy is given by
Eq. (2.18). The thermal effects are accounted for by a
temperature T = /u/(2x). As we assume that /i > H,
this temperature satisfies 7' > T';5, with the two coinciding
only for \/u = H.

If the string endpoint is placed at p;, # 0, a straight-line
configuration does not minimize the Nambu-Goto action
any more. The gravitational influence of the horizons is
now uneven and the string bends toward the closest
cosmological horizon. The equations for the minimization
problem in this case are obtained from the action

u—H*

G.(p.2) ==1:Fi<h(p)iH2)z2,

h(p):=1-H?p?,
(3.19)

and are lengthy nonlinear differential equations of second
order. We take advantage of the fact that we know the
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straight string solution for the metric (2.1), which is given
by the parametrization (¢, r,¢) = (z, 0, ¢,), with constant
¢, From this we can obtain the corresponding solution for
the metric (3.1) by using Egs. (3.4) and (3.5). The surface
that satisfies the equations of motion arising from mini-
mizing the functional (3.19) reads

2\/h(p)\/F(p) - ,
V-FO) Wi+ Hp) + (Vi = HpPF(py)
(3.20)

z(p) =

where the function F(p) has been defined in Eq. (3.10). In
our coordinate system, p,, is the boundary position of the
string, p;, € [0, 1/H], which implies that F(p,) € [0, 1]. The
coordinates p;, and ¢, are related through F(p,,) = e=2Vi»,
The point p, at which the minimal surface hits the bulk
horizon can be found by solving the equation
2(pn) = zu(py), with the horizon z,(p) given by Eq. (3.3).

We consider first the special case 4 = H?, for which the
CFT temperature is equal to the de Sitter temperature [29].
The minimal surface simplifies to

2(p) =£\/p—_p”
H\ p+py

starting from the boundary point p;, and hitting the
cosmological horizon at

(3.21)

2

Z(H) = i (3.22)

F(py).

The form of the surface is depicted in the left plot of Fig. 2.
Surfaces that start from p;, ~ 0 tend to approach quickly the
bulk horizon before turning towards the cosmological one.
On the other hand, surfaces with p, ~ H~! bend towards

2.0 prmmmmmmmmmmmoomoees

0.5

the cosmological horizon without going deep into the bulk.
The energy can now be computed by performing the
integration in Eq. (3.19) and cutting off the divergent
contribution from the lower limit at z = ¢. We find

1— H2p2 1
o (1 v —sz<p)2)

z(p) 4

\/1-H}
e ENC)

H!

Pb

(3.23)

The divergent part receives a correction corresponding to
the redshift factor of the boundary metric. The finite term is
proportional to the temperature 7'z, as expected.

We turn now to the general case u > H?. The string
described by Eq. (3.20) hits the bulk horizon at a point p,,
satisfying the algebraic equation z(pj,) = z;,(p,), where
z,(p) is given by Eq. (3.3). An implicit solution is given by
the relation

+
Fipy) Lt
VH—Hp
which can be solved explicitly for p;,. The leading terms of

the above expression near the origin (p, ~ 0), and near the
cosmological horizon (p, ~ H~!), respectively, read

— Flpy). (3.24)

Ph(0) :/4 _ngba
—H 4 VA +H\"7 -1
Pty = H™ <\/— H) (pp —H™).

(3.25)

The integration of Eq. (3.19) can be performed analytically
and, after some algebraic on-shell manipulations, gives

! . ' ’ 4 - ’ N 1 n!
7 B : .’ ,' /s K I
! s !
; / .
- s !
s !
)
i
!
!
..
\

0.2 0.4 0.6 0.8

FIG. 2. The minimal surfaces for several boundary points between p, = 0 and the cosmological horizon at p;, =
u = H?. The bulk horizon at 7 = 2/ \/# is depicted as a horizontal dashed line and the cosmological horizon at p = H!

0 PH

0.2 1.0 PH

H . Left plot:
as a vertical

dashed line. Right plot: 4 # H?. The bulk horizon, given by Eq. (3.3), is depicted as a curved dashed line. The dotted-dashed extensions
of the minimal surfaces beyond the bulk horizon are not relevant for our purposes.
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A2
B2 "\/ (FG) — Fon) (—F(7)

The use of Eq. (3.24) demonstrates that the upper
limit gives a finite contribution equal to —,/u. The
lower limit gives a divergent contribution, which is
regulated by imposing a cutoff at z = ¢, using an expansion
of the solution (3.20) around p,. In this way we find

\J1-H}

The divergent term contains the same redshift factor
found earlier, while the finite contribution arises through
\/#. This result confirms that the relevant scale for the
CFT temperature is set by the mass of the bulk black
hole.

(3.27)

IV. BOUNDARY BLACK HOLE

Itis possible to define appropriate coordinates such that the
metric on the boundary becomes that of a (1+ 1)-
dimensional black hole. The form of the metric for an
asymptotically AdS (2 + 1)-dimensional spacetime with an
arbitrary static boundary metric has been derived in Ref. [23].
Exploiting this result, we consider a metric of the form

—4x 2

H—e 2 )

- dt
A1 —e)° >

4 2 g2
| — o2,2 H—e 2 ’
+< ez +4(]_e_2x)z [ — o2

1
ds* = 2 {dz2 —(1—e™) (1

(4.1)
with a black hole boundary metric
2
dsj = g,g(,),)dx"dx” =—(1-e™)dr* + (4.2)

1-— e—2x

that has a horizon at x = 0 and a mass parameter equal to 1.
Through the coordinate change

7 = arccosh(e"), (4.3)
the metric can be written as
1
ds* = = (dz* — f(F,2)d* + g(F, z)dP]),  (4.4)

IS\

f(7.2) = tanh*(7) <1 - 4tan:12(7”) (ﬂ - 008;4(7’)> ) 2’
(4.5)

HE(p)F (pp) P
(Vi + B + (Ji— PP F o), (320
B 1 4 3 2
9(7.2) = (1 +Z24tanh2(7) (ﬂ_coshz(?) +cosh4(7’))> ‘
(4.6)

For 4 = 1 this metric reduces to the funnel configuration of
Ref. [19]. It is apparent that covering the full range of
positive and negative values of 7 requires two copies of the
metric (4.1) with x taking positive values.

The holographic stress-energy tensor for this metric is

1 4-3e2— ,uez"
— Tt = s
P (') 167G, 1 —e*

(4.7)

1 e—2x _ ﬂeZJC
pr— Tx p— N
P =) = 162G T

(4.8)

displaying singularities at the location of the black hole
horizon* at x = 0. An expansion around this point gives

1 u—1
) °— +O(x 4,
327G; < X 5> O), (49)

1 u—1
= . 4.1
P 324G, < p +/4+3) +O(x). (4.10)

The conformal anomaly is

—2x

(Th,) =~

= . 4.11
477,'G3 ( )

The transformations that connect the coordinates (z, x)
with the coordinates (r, ¢) of Eq. (2.1) are

r(z,x) _ \/ﬂ + [1 - e—2x - (/’t - 6_4X)Z2/4]2’

Z2(1 _ e—2x)

(4.12)

1
#(z.p) Zilog [—1+4e*]
~ 1 o |:22—2e2x(2+\/ﬁ22)+€4x(4+/422)
20 g 222 (=2+ Juz?) + e (4 +puz?)]’
(4.13)

with the time coordinate remaining unaffected.

*Even though the stress-energy tensor is singular on the
horizon of the boundary black hole, it is covariantly conserved,
as opposed to the case of a bulk theory that includes a Chern-
Simons term [30].
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We are interested in an entangling surface, which covers
the whole region x > 0 on the constant-time slice r = 0.
The interior of this region is entangled with a symmetric
region in the global geometry, again parametrized with
x > 0 (but negative 7). Both regions are located outside the
future and past horizons. Similarly to the case of a de Sitter
boundary metric, the minimal surface, which is a curve for
a (1 + 1)-dimensional boundary, starts on the boundary
(z = 0) at the location of the horizon x = 0. However, as
there is no other horizon on the boundary, the minimal
surface must extend into the bulk indefinitely. As a result, it
coincides with the bulk horizon

1= e—2x

z(p) =2 -
u—e

(4.14)

4x*

In the context of the Ryu-Takayanagi proposal, the entan-
glement entropy is properly defined if the minimal curve
returns to the boundary at a value x, — o0. However, the
contribution to the length from the return point is not
relevant for our purposes, because it accounts for the
entanglement with the region x > x, for any finite value
of x,. This has been already discussed in the context of a
Rindler boundary in Ref. [15]. The upshot of these
considerations is that the entanglement between the two
regions of the ¢+ = 0 slice of the global geometry around the
black hole horizon is accounted for by the length of the
bulk horizon in the vicinity of x = 0. By substituting
Eq. (4.14) in the expression

1 dz)\? U—e ™ 21
A = dx— - 1 = e 2x,2 2 7
rea(y,) A xz\/(dx> +( ez +4(1_e_2x)z =

and keeping only the contribution from the lower limit,
with a cutoff at z = ¢, we find

1
Area(y,) = \/plog (—> (4.16)
€
The entanglement entropy is
Area(y,) log(1/¢)
Sph =———=V/HI—F. 4.17
bh 4G, VH 4G, ( )

Similarly to the de Sitter entropy, the black hole entropy
can be written, through use of Eq. (2.16), in two equivalent
ways:

1 11 1
e i = — 4+ (Ji-Dlog(=). (41
S = V¥ 36, =16, T 16, (Vi =1)log <€> (4.18)

For p =1, this expression reproduces correctly the
black hole gravitational entropy, in agreement with
Refs. [13,31,32]. For u > 1, Eq. (4.18) for the entropy
can be given the same physical interpretation as the one
discussed at the end of Sec. Il A. The analysis of the
thermal contributions to the energy of a probe quark leads
to the conclusion that the relevant temperature scale is set
by the mass term /u of the bulk black hole, in agreement
with the findings of Sec. III B. Moreover, the first law of
thermodynamics can be verified to hold following the same
procedure as in Sec. I A.

(4.15)

[
V. GENERAL ANALYSIS AND CONCLUSIONS

In the two previous sections we discussed specific
examples of boundary metrics with horizons, which made
it possible to derive explicit expressions for the minimal
surfaces and the associated holographic entropy. The
intuition that we developed can help us obtain a generali-
zation of these expressions for an arbitrary boundary
metric. The most general metric for a (2 + 1)-dimensional
AdS bulk containing a nonrotating black hole and having a
static boundary can be written in the form [23]

7 _ 2
ds? = lz [dz2 — h(x) <1 _'_ih(x)—él,uzz> dr?
Z

16 h(x)
1 1 h?(x) —4u ,\? dx*
1 iy 2 _ 2
(10 - 562 )
(5.1)
with a boundary metric
ds? = g(o)dx”dx’“ = —h(x)df* + _dxz (5.2)
5= 9w Ak .
The holographic stress-energy tensor is
1 du—n"(x) 1
=—(T") = —n' , 53
p=) =g (M5 653
1 (4u—h?(x)
=(T*,) = , 5.4
P =" =56, < 8h(x) (54)

and the conformal anomaly
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1

TH,) = — "(x).
< ”> ]671'G3h (X)

(5.5)

The indices for the above tensor are lowered and raised
with the boundary metric (5.2). Notice that the stress-
energy tensor diverges at a zero x, of Ah(x), unless
0= 12 (x0) /4

In the parametrization of Eq. (5.1), horizons of the
boundary metric correspond to zeros of the function A(x).
As we have seen in the previous sections, minimal curves,
starting from the boundary horizon and extending into the
bulk, coincide with the bulk horizon. They are given by the
relation

h(x)

z(x) =4 = W)

(5.6)

Calculating the length of the minimal curve through use of
this expression gives

h//( )
4# R (x )) 57)

In the vicinity of a zero of A(x) at x = x, the first term
gives the leading contribution. Expanding /(x) around this
point and using Eq. (5.6), the integration in Eq. (5.7) can be
rewritten in terms of z near zero. Each horizon gives a

contribution
dz  2\/u 1
— . 5.8
|h’ Xg) |/ |h’ Xo)| og<€> (5-8)

For a de Sitter boundary, the minimal curve approaches two
horizons, while |A'(xq)| = 2H, resulting in Eq. (3.11).
For a black hole boundary, there is only one horizon,
while |1/ (xg)| = 2, resulting in Eq. (4.16). Making use of
Eq. (2.16) we arrive at the general result for the contribution
to the entropy from every horizon:

Area(yA) VH
4Gy 2G,|H (xo)|

et = i [ a1

Area(y,)

S =

(5.9)

The parameter u determines the Hawking temperature of
the bulk black hole through /i = 27T. The temperature is
identified with that of the thermalized dual CFT.
The quantity |A'(xo)| characterizes the temperature

associated with the boundary horizon through the relation
| (x0)| = 4xT), as can be checked by imposing the
periodicity of the time coordinate in the Euclidean
metric. With these identifications, Eq. (5.9) can be written
as S=(T/T,)/(4G,). The inspection of Eq. (5.3)
shows that the sign of the part of the energy density that
diverges on the horizon is proportional to the quantity
4u/h"(xo) — 1 = T?/T2 — 1. Consequently, the dual pic-
ture is well defined for 7 > T),. The entropy increase
beyond the Hawking-Bekenstein value can be attributed
to the localization of additional degrees of freedom on the
horizon, which is implied by the divergence of the energy
density on this surface. We discussed explicit examples of
this situation in the previous two sections. For T < T}, a
stationary solution is possible only if it accounts for the
energy flow from the horizon to the environment. The dual
picture must take into account a nonzero angluar momen-
tum for the bulk black hole. This situation is analyzed
in Ref. [20].

As we have already pointed out, the element that
differentiates the final result for the various metrics that
we have considered is the way the divergence near the
boundary is regulated. We assume that the physical
cutoff must be imposed on the bulk coordinate in the
Fefferman-Graham parametrization for every choice of
boundary metric, consistently with the framework of holo-
graphic renormalization. Even though this coordinate is
always denoted by z, setting z = ¢ implements a different
cutoff procedure each time. This induces the dependence
of the expression (5.9) on the boundary metric. We expect
that our findings generalize for higher-dimensional AdS
spaces with bulk black holes [16,17], as well as for
similar holographic setups produced by nontrivial bulk
potentials [33].

ACKNOWLEDGMENTS

We would like to thank C. Bachas and G. Pastras for
useful discussions. The research work of D.G. was
supported by the Hellenic Foundation for Research and
Innovation (HFRI) and the General Secretariat for Research
and Technology (GSRT), under Grant Agreement
No. 2344. The research work of N.T. was supported by
the HFRI under the First Call for HFRI Research Projects to
support Faculty members and Researchers and the
procurement of high-cost research equipment grant
(Project No. 824).

[1] L. Bombelli, R. K. Koul, J. Lee, and R. D. Sorkin, Phys.
Rev. D 34, 373 (1986); M. Srednicki, Phys. Rev. Lett. 71,
666 (1993).

[2] L. Susskind and J. Uglum, Phys. Rev. D 50, 2700 (1994); T.
Jacobson, arXiv:gr-qc/9404039.
[3] J. M. Maldacena, Int. J. Theor. Phys. 38, 1113 (1999).

066024-11


https://doi.org/10.1103/PhysRevD.34.373
https://doi.org/10.1103/PhysRevD.34.373
https://doi.org/10.1103/PhysRevLett.71.666
https://doi.org/10.1103/PhysRevLett.71.666
https://doi.org/10.1103/PhysRevD.50.2700
https://arXiv.org/abs/gr-qc/9404039
https://doi.org/10.1023/A:1026654312961

D. GIATAGANAS and N. TETRADIS

PHYS. REV. D 104, 066024 (2021)

[4] S.S. Gubser, I.R. Klebanov, and A. M. Polyakov, Phys.
Lett. B 428, 105 (1998); E. Witten, Adv. Theor. Math. Phys.
2, 253 (1998).

[5]1 S. Ryu and T. Takayanagi, Phys. Rev. Lett. 96, 181602
(2006); V. E. Hubeny, M. Rangamani, and T. Takayanagi, J.
High Energy Phys. 07 (2007) 062; T. Nishioka, S. Ryu, and
T. Takayanagi, J. Phys. A 42, 504008 (2009).

[6] S. Ryu and T. Takayanagi, J. High Energy Phys. 08 (2006)
045; T. Nishioka, S. Ryu, and T. Takayanagi, J. Phys. A 42,
504008 (2009).

[7]1 L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370
(1999); 83, 4690(E) (1999).

[8] H. L. Verlinde, Nucl. Phys. B5§80, 264 (2000); S. S. Gubser,
Phys. Rev. D 63, 084017 (2001).

[9] V. Balasubramanian and P. Kraus, Commun. Math. Phys.
208, 413 (1999); R. Emparan, C.V. Johnson, and R.C.
Myers, Phys. Rev. D 60, 104001 (1999); P. Kraus, F. Larsen,
and R. Siebelink, Nucl. Phys. B563, 259 (1999).

[10] M. Henningson and K. Skenderis, J. High Energy Phys. 07
(1998) 023.

[11] S. de Haro, S. N. Solodukhin, and K. Skenderis, Commun.
Math. Phys. 217, 595 (2001); K. Skenderis, Classical Quant.
Grav. 19, 5849 (2002).

[12] S. de Haro, K. Skenderis, and S. N. Solodukhin, Classical
Quant. Grav. 18, 3171 (2001).

[13] S. Hawking, J. M. Maldacena, and A. Strominger, J. High
Energy Phys. 05 (2001) 001.

[14] N. Tetradis, Phys. Lett. B 807, 135552 (2020).

[15] D. Giataganas and N. Tetradis, Phys. Lett. B 796, 88 (2019).

[16] D. Marolf, M. Rangamani, and M. Van Raamsdonk,
Classical Quant. Grav. 28, 105015 (2011).

[17] W. Fischler, S. Kundu, and J. F. Pedraza, J. High Energy
Phys. 07 (2014) 021.

[18] J.M. Maldacena, Phys. Rev. Lett. 80, 4859 (1998); A.
Brandhuber, N. Itzhaki, J. Sonnenschein, and S. Yankielowicz,
Phys. Lett. B 434, 36 (1998); J. High Energy Phys. 06 (1998)
001.

[19] V.E. Hubeny, D. Marolf, and M. Rangamani, Classical
Quant. Grav. 27, 095015 (2010).

[20] S. Fischetti and D. Marolf, Classical Quant. Grav. 29,
105004 (2012).

[21] M. Banados, C. Teitelboim, and J. Zanelli, Phys. Rev. Lett.
69, 1849 (1992); M. Banados, M. Henneaux, C. Teitelboim,
and J. Zanelli, Phys. Rev. D 48, 1506 (1993); 88, 069902(E)
(2013).

[22] C. Fefferman and C. Robin Graham, in Elie Cartan et les
Mathématiques d’aujourd’hui (Société mathématique de
France, 1985), p. 95, http://www.numdam.org/item/?id=
AST _1985__S131_95_0.

[23] K. Skenderis and S. N. Solodukhin, Phys. Lett. B 472, 316
(2000).

[24] 1. Papadimitriou and K. Skenderis, IRMA Lect. Math.
Theor. Phys. 8, 73 (2005).

[25] S. Chakrabortty, S. Pant, and K. Sil, J. High Energy Phys. 06
(2020) 061.

[26] I. Bakhmatov, N. S. Deger, J. Gutowski, E. 0. Colgdin, and
H. Yavartanoo, J. High Energy Phys. 07 (2017) 117.

[27] J.D. Bekenstein, Phys. Rev. D 7, 2333 (1973); S.W.
Hawking, Commun. Math. Phys. 43, 199 (1975); 46, 206
(E) (1976).

[28] H. Casini, M. Huerta, and R. C. Myers, J. High Energy
Phys. 05 (2011) 036.

[29] C.S. Chu and D. Giataganas, Phys. Rev. D 96, 026023
(2017).

[30] S.N. Solodukhin, Phys. Rev. D 74, 024015 (2006); F.
Loran, Classical Quant. Grav. 30, 195010 (2013).

[31] R. Emparan, J. High Energy Phys. 06 (2006) 012; S.N.
Solodukhin, Phys. Rev. Lett. 97, 201601 (2006).

[32] E. Bianchi and R.C. Myers, Classical Quant. Grav. 31,
214002 (2014).

[33] J. Casalderrey-Solana, C. Ecker, D. Mateos, and W. van der
Schee, J. High Energy Phys. 03 (2021) 181.

066024-12


https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://doi.org/10.1103/PhysRevLett.96.181602
https://doi.org/10.1103/PhysRevLett.96.181602
https://doi.org/10.1088/1126-6708/2007/07/062
https://doi.org/10.1088/1126-6708/2007/07/062
https://doi.org/10.1088/1751-8113/42/50/504008
https://doi.org/10.1088/1126-6708/2006/08/045
https://doi.org/10.1088/1126-6708/2006/08/045
https://doi.org/10.1088/1751-8113/42/50/504008
https://doi.org/10.1088/1751-8113/42/50/504008
https://doi.org/10.1103/PhysRevLett.83.3370
https://doi.org/10.1103/PhysRevLett.83.3370
https://doi.org/10.1103/PhysRevLett.83.4690
https://doi.org/10.1016/S0550-3213(00)00224-8
https://doi.org/10.1103/PhysRevD.63.084017
https://doi.org/10.1007/s002200050764
https://doi.org/10.1007/s002200050764
https://doi.org/10.1103/PhysRevD.60.104001
https://doi.org/10.1016/S0550-3213(99)00549-0
https://doi.org/10.1088/1126-6708/1998/07/023
https://doi.org/10.1088/1126-6708/1998/07/023
https://doi.org/10.1007/s002200100381
https://doi.org/10.1007/s002200100381
https://doi.org/10.1088/0264-9381/19/22/306
https://doi.org/10.1088/0264-9381/19/22/306
https://doi.org/10.1088/0264-9381/18/16/307
https://doi.org/10.1088/0264-9381/18/16/307
https://doi.org/10.1088/1126-6708/2001/05/001
https://doi.org/10.1088/1126-6708/2001/05/001
https://doi.org/10.1016/j.physletb.2020.135552
https://doi.org/10.1016/j.physletb.2019.07.019
https://doi.org/10.1088/0264-9381/28/10/105015
https://doi.org/10.1007/JHEP07(2014)021
https://doi.org/10.1007/JHEP07(2014)021
https://doi.org/10.1103/PhysRevLett.80.4859
https://doi.org/10.1016/S0370-2693(98)00730-8
https://doi.org/10.1088/1126-6708/1998/06/001
https://doi.org/10.1088/1126-6708/1998/06/001
https://doi.org/10.1088/0264-9381/27/9/095015
https://doi.org/10.1088/0264-9381/27/9/095015
https://doi.org/10.1088/0264-9381/29/10/105004
https://doi.org/10.1088/0264-9381/29/10/105004
https://doi.org/10.1103/PhysRevLett.69.1849
https://doi.org/10.1103/PhysRevLett.69.1849
https://doi.org/10.1103/PhysRevD.48.1506
https://doi.org/10.1103/PhysRevD.88.069902
https://doi.org/10.1103/PhysRevD.88.069902
http://www.numdam.org/item/?id=AST_1985__S131__95_0
http://www.numdam.org/item/?id=AST_1985__S131__95_0
http://www.numdam.org/item/?id=AST_1985__S131__95_0
http://www.numdam.org/item/?id=AST_1985__S131__95_0
https://doi.org/10.1016/S0370-2693(99)01467-7
https://doi.org/10.1016/S0370-2693(99)01467-7
https://doi.org/10.1007/JHEP06(2020)061
https://doi.org/10.1007/JHEP06(2020)061
https://doi.org/10.1007/JHEP07(2017)117
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF01608497
https://doi.org/10.1007/BF01608497
https://doi.org/10.1007/JHEP05(2011)036
https://doi.org/10.1007/JHEP05(2011)036
https://doi.org/10.1103/PhysRevD.96.026023
https://doi.org/10.1103/PhysRevD.96.026023
https://doi.org/10.1103/PhysRevD.74.024015
https://doi.org/10.1088/0264-9381/30/19/195010
https://doi.org/10.1088/1126-6708/2006/06/012
https://doi.org/10.1103/PhysRevLett.97.201601
https://doi.org/10.1088/0264-9381/31/21/214002
https://doi.org/10.1088/0264-9381/31/21/214002
https://doi.org/10.1007/JHEP03(2021)181

