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ABSTRACT

A first order accurate fully implicit integration scheme and four different order explicit
substepping integration schemes with automatic error control are used in this paper to
integrate the constitutive relations of a critical state model for saturated soils. Their
respective computational performance in terms of accuracy and efficiency is assessed
in order to provide practical guidance for deciding which of the five is most suitable for
solving numerical problems in geotechnical engineering involving critical state models.
Even though existing literature of integration schemes applied to geotechnical problems
has traditionally been focussed on the first order accurate implicit backward Euler and
on the second order accurate explicit modified Euler with substepping almost
exclusively, the findings of this paper suggest that the little extra work required in the
implementation of an explicit third order Runge-Kutta substepping scheme is worth the

effort, especially in terms of computational cost.
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1. INTRODUCTION

In numerical analysis of geotechnical problems, the mechanical response of the soil is
governed by the stress-strain relations of a constitutive model (Alonso et al., 1990;
Lloret-Cabot et al.,, 2017a, 2018ab; Roscoe & Burland, 1968). The numerical
integration of such constitutive relations is a challenging task because of the highly
non-linear behaviour often encountered in geotechnical engineering. Many different
strategies have been proposed for an efficient numerical integration of the stress-strain
relations of a soil model, and these are commonly grouped as implicit (stresses are
updated from the stress state at the end of the strain increment by using a sort of iterative
procedure) (Belytschko et al., 2000; Borja and Tamagnini, 1998; Coombs et al., 2010,
2011; Jeremic & Sture, 1997; Pérez-Foguet et al., 2001ab; Simo & Taylor, 1986) and
explicit (stresses are computed from the stress state at the start of the strain increment)
(Farias et al., 2009; Lloret-Cabot et al., 2016; Pérez-Foguet et al., 2001a; Sloan, 1987;
Sloan et al., 2001).

Accuracy and efficiency of an integration scheme are both central to the overall
precision and cost involved in finite element applications (Potts, 2003; Sloan et al.,
2001). Hence, comparisons between implicit and explicit integration schemes have
been an interesting topic of discussion (e.g. Pedroso & Farias, 2005; Potts & Ganendra,
1994). In order to provide practical guidance on their suitability for finite element
analysis, the work presented here studies the computational performance of five
integration schemes, including the fully implicit first order accurate backward Euler
and a family of different order accurate explicit substepping schemes with automatic

error control.

Since the work of Sloan (1987), substepping integration schemes (sometimes also
called embedded or adaptive methods) have been used in geotechnical engineering to
integrate constitutive models for soils, involving saturated (e.g. Abbo & Sloan, 1996;
Farias et al., 2009; Lloret-Cabot et al., 2016; Pedroso & Farias, 2005; Pérez-Foguet et
al., 2001ab; Quevedo et al., 2019; Sheng et al., 2002;Sloan et al., 2001; Zhao et al.
2005; Zhao et al., 2017) as well as unsaturated conditions (e.g. Cattaneo et al., 2014;
Lloret-Cabot et al., 2021; Pedroso et al., 2008; Sheng et al., 2003ab; Sotowski &
Gallipoli, 2010ab; Sotowski et al., 2012; Zhang & Zhou, 2016). In contrast to the

conventional single-step explicit or fully implicit schemes (in which the size of the
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integration step is not directly controlled) the advancement of the solution in an explicit
substepping scheme is controlled by estimating the local truncation error. This
estimation is possible by embedding a lower order single-step accurate scheme in a
higher order single-step scheme. The difference in the numerical solutions from these
two schemes gives the estimate of the local error that is used by the substepping
algorithm to adjust the size of the integration substep, making the overall process of
integration more efficient than single-step explicit or implicit approaches (Sloan et al.,
2001).

Traditionally, the use of implicit and explicit integration schemes in geotechnical
engineering has concentrated on the implicit first order backward Euler and on the
explicit second order modified Euler with substepping almost exclusively, with little
research on the performance of higher order integration substepping schemes (e.g.
Sotowski et al., 2012). The goal of this paper is then to answer the following question:
are traditional integration schemes as good as they can be for solving geotechnical
engineering problems, or is there the possibility for improvement?

To answer this question, a thorough investigation of the numerical performance and
computational cost involved in the numerical integration of a critical state model for
saturated soils is carried out for five integration schemes, including the first order
accurate implicit backward Euler (BE1), the second order Runge-Kutta with
substepping (RK12), the third order Runge-Kutta with substepping (RK23), the fourth
order Runge-Kutta with substepping (RK34) and the fifth order Runge-Kutta with
substepping (RK45). The analysis of the results from these five integration schemes
shows that, for a given accuracy, a substantial reduction in computational cost can be
achieved at the expense of the extra effort required in implementing a higher order

method.

2. FORMULATION OF THE PROBLEM

The numerical integration of a critical state model requires the solution of an ordinary
differential system of equations that needs to be solved numerically via an integration
scheme (Sloan et al., 2001). Without loss of generality, the next sections investigate the
problem for the Modified Cam Clay (MCC) (Roscoe & Burland, 1968) but similar

outcomes are expected for more advanced models of the critical state family. According
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to Sloan et al. (2001) the system of ordinary differential equations to be solved can be

written as:

do'=Dde
dp', =dAB 1)
dv=-vde,

where de' is the effective stress vector (defined as the difference between the total stress
and pore water pressure), de is the strain vector, D is the elastic matrix De (if no plastic
yielding occurs) or the elasto-plastic matrix Dep (When the given strain increment causes
plastic yielding, dpo’ is the mechanical hardening parameter, dA is an unknown positive
scalar (referred to as the plastic multiplier), B is a scalar function for the evolution of
the yield curve, v is the specific volume and dey is the volumetric strain (see Sloan et
al. (2001) and Lloret-Cabot et al. (2016) for more details).

Equation 1 defines an initial value problem (IVVP) to be solved via an integration scheme
when knowing the variation of strain, the initial effective stresses and the initial

hardening parameter.

Five different order integration schemes are presented in the next sections to solve
Equation 1, including the second order accurate explicit modified Euler with
substepping (RK12) together with a third, a fourth and a fifth order accurate explicit
Runge-Kutta substepping schemes (RK23, RK34 and RK45, respectively) and the
implicit first order backward Euler (BE1).

3. EXPLICIT SUBSTEPPING INTEGRATION SCHEMES

This section summarises the four explicit substepping strategies with automatic error
control used to integrate Equation 1. Full details on explicit substepping algorithms,
including elastic-plastic transitions, yield curve intersection and correction of stresses
back to the yield surface (see Potts & Gens, 1985) is given elsewhere (e.g. Sloan et al.,
2001).

To solve Equation 1, it is useful to define a pseudo-time T, with T = 0 at the start of the

strain increment Ag¢ and T = 1 at the end:
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99’ - b, A¢=D,Ae—ALDb
ar — @
LIPS @)
dT
ﬂ =-VAg,
dT
where
DA
AL = # ©)
A—-a D,Ab

where a and b are, respectively, the derivative of the yield curve and plastic potential
with respect to effective stress and A is a scalar related to the hardening law (Sloan et

al., 2001) (note that the subscript T means transposed).

Equation 2 is the IVP to be integrated with the substepping scheme over T, when
knowing the initial state of the soil at T = 0 and the imposed increment of strain Ae.
Given a pseudo-time substep ATn (with T € (0, Tn-1]), the updates for ¢’, p'o and v can

be written as:
Y In =0 In—1+ ZbiAG Ii
i=1
S
p 'On =p lOn—1+ ZbiAp 'Oi (4)
i=1
V, =V, exp(-AT,Ag, )

where s is the number of stages of the integration scheme, the coefficients b; take
different values depending on the susbtepping scheme used (see Tables 1, 2, 3 and 4
for RK12, RK23, RK34 and RK45 respectively) and

A(‘fli :Dep (&Iiv ploi’vi)Aan

Ap' =AL(6', Py, ¥, A2, )B(6, Py, ) for i=1..,s (5)
Ag, = AT Ag
with
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Ploi = Plonst DA APy for i=1..,s (6)
k=1
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and the coefficients aix take different values depending on the susbtepping scheme used
(see the corresponding Butcher tableau below).

In all substepping schemes considered in this paper, the estimate of the local truncation

error REL used to adjust the size of the substep d¢ is computed as:

()

where the variables with a hat correspond to the higher order accurate approximations

of the substepping scheme.

If REL is larger/smaller than a specified substepping tolerance STOL, the current size
of the integration step/substep is reduced/increased according to:

(AT )i+l = r(AT )i (8)
where r is a scalar.

The value of r is bounded between 0.1 and 1.1 to control the change in size during two
consecutive substeps (Sloan et al., 2001) and its expression depends on the accuracy of
the substepping scheme. For the RK12, RK23, RK34 and RK45 the expression of r is,

respectively:

r=~0.9(STOL/REL)" (9)

r=0.9(STOL/REL)" (10)



171

172

173
174
175
176

177
178
179
180
181
182
183
184
185
186
187

188
189

190
191
192
193
194

195
196

r=0.9(STOL/REL)" (11)

r=~0.9(STOL/REL)" (12)

All the substepping schemes considered in this paper use local extrapolation, meaning
that if the step/substep is accepted, the values of the effective stresses, and hardening
parameter (the end of the step/substep) are updated using the higher order

approximation (Shampine, 1973).

Table 1 indicates the values of the coefficients bi and ai for Equations 4 and 6,
respectively, corresponding to the second order Runge-Kutta scheme with substepping
(RK12). The RK12 embeds the first order accurate single-step forward Euler (RK1) in
the second order accurate single-step modified Euler (RK2). Hence, the RK12 uses the
approximations computed from RK1 to compute second order accurate approximations.
The estimate of the local truncation error REL is then computed from the difference
between the two solutions of different order (see Equation 7). Inspection of Table 1
shows that the number of stages s of the RK12 is two meaning that two evaluations of
the constitutive relations are required in each substep. As discussed later, this aspect is
relevant here because it plays a role in the overall computational cost of the substepping

scheme.

Table 1. Coefficients for the 2" order Runge-Kutta with substepping (RK12) (Sloan et
al., 2001)

aic b (2 | bi (1%
1 1/2 1
2 1 1/2 0

Tables 2 and 3 summarise the coefficients bi and aik for the third (RK23) and fourth
(RK34) order Runge-Kutta substepping schemes, respectively. Full details of the
derivation of these two integration schemes can be found in Fehlberg (1969, 1970). In
contrast with RK12 (Table 1), the number of stages is three for the RK23 and five for
the RK34 (see Table 2 and 3, respectively).

Table 2. Coefficients for the 3" order Runge-Kutta with substepping (RK23) (Fehlberg,
1969)
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S aik Bi (3% bi (2")
1 1/6 1/2

2 1 1/6 1/2

3 1/4 1/4 213 0

Table 3. Coefficients for the 4" order Runge-Kutta with substepping (RK34) (Fehlberg,

1969)
s aik b (4™ bi (3"%)
1 43/288 1/6
2 1/4 0 0
3 4/81 32/81 243/416 27/52
4 57/98 -432/343 | 1053/686 343/1872 49/156
5 1/6 0 27/52 49/156 1/12 0

The coefficients of the fifth order Runge-Kutta scheme with substepping (RK45)
correspond to the family of higher order Runge-Kutta-Dormand-Prince methods
proposed in Dormand & Prince (1980) and are summarised in Table 4. As discussed in
Sloan et al. (2001), the RK45 scheme results in very accurate values for 61" and p'on at
the end of each step/substep at the expense of additional evaluations of the constitutive
relations (i.e. six stages, see Table 4). This method is hence useful for obtaining

reference solutions to study the accuracy of a numerical scheme, but its implementation

is considerably more tedious than the lower order schemes RK12 and RK23.

Table 4. Coefficients for the 5™ order Runge-Kutta with substepping (RK45) (Dormand
& Prince, 1980)

S aik Bi (5™ bi (4™
1 19/216 31/540
2 1/5 0 0

3 3/40 9/40 1000/2079 | 190/297
4 3/10 -9/10 6/5 -125/216 | -145/108
5 226/729 | -25/27 | 880/729 | 55/729 81/88 351/220
6 -181/270 5/2 | -266/297 | -91/27 | 189/55 5/56 1/20

4. IMPLICIT INTEGRATION SCHEMES

This section summarises the first order fully implicit backward Euler (BE1) integration

scheme used to solve Equation 1. Further details on implicit algorithms can be found
elsewhere (e.g. Simo & Taylor (1986), Jeremic & Sture (1997)).
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Similar to the explicit schemes discussed earlier, it is useful to express Equation 1 in

terms of a pseudo-time T so that the integration of the strain increment goes from T =0

to T = 1 (or, more generally, from Tn.1 to Tn). The IVP defined by Equation 2 can be

also integrated implicitly over T when knowing the initial state of the soil at n-1 (i.e.

quantities ¢'n-1 and p'on-1) and the imposed increment of strain Ag. The problem to be

solved can be written as:

¢' . +AADb=0" ,+D.As
pIOn_A}\‘B =p 'On—l
F(o',p',)=0

where F is the yield curve of the MCC evaluated at n.

The unknowns x in Equation 13 are:

'

G,

X= pOn
Al

and the residuals r:

¢ + AkDeb - DeAS -¢'
r= p|0n_A7‘B_ p'On—l
F (G 'n' p 'On)

(13)

(14)

(15)

In order to solve this nonlinear problem, the residuals in Equation 15 are minimised

with an iterative method. The most common one is the Newton-Raphson method (NR)

for which the jacobian matrix of the residuals is needed. The jacobian of this problem

J can be easily formed by finding the derivatives of the residuals with respect to the

unknowns:

10
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where a is the derivative of the yield curve with respect to effective stress, A and B are
the two scalar functions introduced earlier and Ix is the identity matrix of order x (see

Pérez-Foguet et al. (2001ab) for more details).

The iterative increment of the unknowns is given by:
Sx=-J7"r a7

With starting conditions corresponding to the elastic trial state (i.e. 6’0 = ¢'n-1 + DeAg,
(p'0)o= P'on-1 and Aio=0).

The iterations of the NR progress until the residuals converge within a given tolerance.
Throughout the iteration process all derivatives are evaluated at the current state.
Equation 13 is expressed in terms of effective stresses to ease the comparison with the
explicit integration schemes presented previously. However, it can be also expressed in
terms of strains (e.g. Coombs et al., 2010, 2011; Pedroso & Farias, 2005).

5. VERIFICATION AND COMPUTATIONAL ASPECTS

Although it is possible to formulate a substepping scheme in terms of absolute error
(Lloret-Cabot et al., 2017b), the work presented here concentrates on the relative error.
It is useful to distinguish two types of relative error in this section: the local relative
error and the cumulative relative error. The local relative error is the error incurred by
the numerical scheme in the integration of a single substep and will be indicated as e.
In contrast, the accumulation of local relative error over a number of substeps is the
cumulative relative error (sometimes also referred to as global relative error) and will

be indicated as E.

11
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A key aspect to check after the implementation of a substepping integration scheme is
that the relative error incurred in the integrated variables of the model behaves as
expected, firstly in a single substep (i.e. local relative error €) and subsequently over
many substeps (i.e. cumulative relative error E). Hence, this section studies first the
behaviour of e (i.e. STOL = 1). Different values of STOL are imposed subsequently to

investigate the behaviour of E.

Two numerical tests are considered to study the behaviour of e and E. Both tests assume
axisymmetric conditions and consider an initial stress state on the yield curve (at zero
deviatoric stress) so that any increase in effective stress produces plastic yielding.
Similar outcomes are expected for more general situations involving elasto-plastic
transitions provided that the elastic incremental relations of the constitutive model are
also integrated using the same substepping strategy used for plastic yielding and
provided also that the solution of the intersection problem corresponds to that obtained

from the higher order scheme.

The first of the numerical tests considered (Test A) studies the variation of the error for
given finite equal variations of axial strain and radial strain Aea = Agr = Ae/3. The
second test considered (Test B) studies the error response for an axial strain increment
Aga (with no radial strains, Agr). The MCC constants and initial state considered in both
tests are indicated in Table 5. The tolerance associated with the yield surface FTOL is
10712 (and is the same value of tolerance used in the iterative NR method of the implicit
backward Euler integration scheme).

Table 5. Values of soil constants and initial state for the MCC simulations for Tests A
and B

A =0.12 K =0.05 N =2.00 p'=50 kPa
v=0.33 0 M =1.20 q=0 kPa p, ' =50 kPa

® Poisson’s ratio.

Test A is useful because it is trivial to find an analytical solution and hence the
computation of the relative local error is exact. Test B, in contrast, uses a reference
solution to compute the error which corresponds to the solution from the RK45 with
FTOL = 10" and STOL = 10, In both tests, the size of the increment of strain is

12
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varied to study its influence in the solution. For Test A, Asy = 10 to 0.1 and for Test
B, Aga =10 t0 0.1 (keeping Aer = 0).

5.1. Single-step analysis: the relative local error e

The integrated variables in the integration schemes presented earlier are the effective
stress ¢' and mechanical hardening parameter po'. The local relative error in these
variables (for a given strain increment) can be computed by comparing the numerical
solution obtained from a particular integration scheme against a reference (or when

possible analytical) solution, according to:

eo" = 1/2 (18)

‘pIOref_ p'O‘
e, =—F

Po !
p Oref

(19)

where the subscript ref indicates a reference (or analytical) solution.

Local accuracy in each numerical method is assessed by plotting the local error in ¢
and po’ against the size of the increment of strain. All plots use logarithmic scales in
both axes to verify that the gradient obtained for the best-fitted straight line through a
particular set of error results corresponds to the theoretical order of accuracy of the

integration scheme used.

Typical results of the behaviour of the local error in effective stresses and hardening
parameter during the numerical integration of Test B are summarised in Tables 6 and
7, respectively, all using STOL = 1 (similar error responses are obtained for the simpler
Test A, see Appendix). Inspection of these tables show that the overall behaviour is as
expected, with errors in 6' and po’ decreasing with the decrease of the axial strain size.
Such decrease in error is greater in the integration schemes with higher order of
accuracy. As illustrated later in Figure 1, the error results for the explicit single-step 1%
order forward Euler (RK1) and for the implicit single-step 1% order backward Euler

(BE1) are similar for all strain increment sizes considered. However, the values of e in

13
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the BE1 are always smaller (when compared against the corresponding values from
RK1) but these are of several order of magnitude greater than the typical accuracy

achieved by the other higher order explicit schemes (see Tables 6 and 7).

Table 6. Local relative error values in effective stress ¢ for a single elasto-plastic axial

straining step considering STOL =1 and keeping Aer = 0 (Test B).

. Ez<p|icit ' ' Implicit
Ae 1%t order 2" order 39 order 4% order 5" order 1%t order
2 (RK1) (RK2) (RK3) (RK4) (RK5) (BE1)

1-10% | 1.75-1010 3.25.1015 <1.0-10% | <1.0-10% | <1.0-10% | 7.32-101
1-10% | 1.75-10° 2.98-1012 1.15.10 1.15-101 <1.0-10%% | 7.32.1009
1-10% | 1.74-100 2.99.100° 9.40-1012 1.15-101 <1.0-10% | 7.31.107
1-10% | 1.68-10% 3.01-107%6 9.07-10°8 1.43.1010 1.72.1012 7.17-100
1-1092 | 1.19-102 2.78-1003 6.01-10 6.85-107 1.06-10%¢ 5.56-1073
1-109 | 2.81-10™ 1.36-10% 1.83-10™ 2.83.102 3.86-10°02 2.11-10%

Table 7. Local relative error values in the mechanical hardening parameter po' for a

single elasto-plastic axial straining considering STOL = 1 and keeping Agr = 0 (Test B).

Explicit Implicit
1%t order 2" order 3 order 4" order 5t order 1%t order
A
fa (RK1) (RK2) (RK3) (RK4) (RK5) (BE1)
1-10% | 2.34.1010 3.98-101° <1.0-10% | <1.0-10" | <1.0-10* | 1.91-101
1.10% | 2.34.10 2.38-1012 <1.0-10% | <1.0-10% | <1.0-10% | 1.91-10
1-10% | 2.34-100 2.39.100° 7.41-101% | <1.0-10% | <1.0-10% | 1.89.107
1-10% | 2.27-10%™ 2.46-1006 7.07-1008 5.44.101 1.04-1012 1.72-10%
1-102 1.71-10° 2.52.10 4.19-10% 1.91-1096 1.91-1096 8.70-10°%4
1.109 | 2.88-10% 1.36-10% 1.27-10™ 3.16-1003 2.95.102 2.22-10%

Figure 1 illustrates the local relative error for Test B in terms of effective stress (Figure
1a) and mechanical hardening parameter (Figure 1b). Symbols indicate the computed
relative error and each dashed line indicates the best-fitted straight line through the
computed local relative error from results a particular numerical method. These dashed

lines are referred to hereafter as local error lines.

Assuming no cancellation, the expression of a local error line in terms of the substep
size h can be written as:
e~ch"* (20)

where p is the order of the integration scheme and c is a constant.

14
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Equation 20 indicates that the local error line of a substepping scheme of order p will
have a gradient of p + 1 when plotting the local relative error e against the step size h.
This information is included in Figure 1 to demonstrate that the six single-step
integrations involved are performing correctly. Although not plotted, similar numerical

outcomes are obtained for the simpler numerical Test A (see Appendix).

Inspection of Figure 1 confirms the previous discussion on the similar accuracy
achieved by RK1 and BE1, and the larger differences in accuracy observed in the local
error values from the higher order schemes. Interestingly, for the largest increment size
(i.e. Aea = 10%), all methods reach a similar value of local relative error indicating that
this strain increment size is too large to show differences in accuracy between methods

and, hence, suggesting that smaller increment sizes should be used for this problem.

2 - e 2
101 ] BE1 local error line 4’/ Q 101 E BE1 local error line /
10" 2 | O~ RK1 local error line Lo 8 10" = | -O- RK1 local error line L
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% 1013 1 4~ / <) 1013 E e /s »
290" 4 e 4= e // , 210" < o 4=, 5= // /
| = e -
10" < . ; o 10" 4 / )/
10" 4 ad a (a) & 10" = , 7y (b}
107" - - rlm—t ‘ | oD gt — o g ‘ |
1E-6 1E-5 0.0001 0.001 0.01 0.1 1E-6 1E-5 0.0001 0.001 0.01 0.1

axial strain increment size, Ag,

axial strain increment size, Ag,

Figure 1. Local relative error against axial strain increment size for a single elasto-
plastic axial strain increment at constant radial strain (Test B): (a) effective stress ¢";
(b) mechanical hardening parameter po’. BE1, 1% order single-step backward Euler;
RK1, 1% order single-step Runge-Kutta; RK2, 2" order single-step Runge-Kutta; RK3,
3 order single-step Runge-Kutta; RK4, 4™ order single-step Runge-Kutta; RK5, 5%

order single-step Runge-Kutta.
5.2. Substepping analysis: the cumulative relative error E

After checking that integration at a single-step performs correctly, the verification of

the numerical performance of the explicit substepping schemes over several substeps
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must be then checked. As suggested in Lloret-Cabot et al. (2016), this can be studied
by looking at the behaviour of the cumulative relative error E when the substepping is

active.

Assuming n equal-sized substeps of size h, the cumulative relative error can be

expressed as:
E ~nch”" = Hch® (21)
where H is the size of the total increment integrated i.e. H=hn.

Equation 21 indicates that the final cumulative relative error (incurred during the
integration of a given total increment H) approximately lies on a straight line when
plotted against the substep size h in a log-log scale, having gradient 2 for the RK12, 3
for RK23, 4 for the RK34 and 5 for RK45 (note that the BEL1 is a single-step method so
the terms local and cumulative error are equivalent). Hence, similarly to the local error
lines plotted in Figure 1 for a single-step/substep, Equation 21 defines another error line
of gradient p that will be referred to hereafter as cumulative error line. An interesting
well-known implication from this is that the error in a substepping integration scheme
is controlled by the error in the approximations of the lower order scheme (Sloan et al.,
2001). Indeed, according to Equation 7, the substepping schemes considered here
estimate the local truncation error (REL) as the difference between the numerical
approximations of ¢' and po' obtained from the lower order scheme and those obtained
from the higher order scheme (and dividing this difference by the corresponding higher
order approximation). Given that the approximations from the lower order scheme are
the largest source of error, the order of accuracy of this difference is controlled by the
lower order scheme. For example, in the RK12, this difference has order p = 1 which,
as illustrated in Figure 2, corresponds to a straight line of gradient p + 1 = 2 when
plotting the computed values of REL in terms of the increment size of strain in the log-
log scale. Similar results are observed for RK23, RK34 and RK45 (Figure 2).
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Figure 2. Estimate of the local truncation error REL for effective stresses against
volumetric strain increment size for a single elasto-plastic volumetric strain increment
(Test A). RK12, 2" order Runge-Kutta with substepping; RK23, 3" order Runge-Kutta
with substepping; RK34, 4™ order Runge-Kutta with substepping; RK45, 5" order
Runge-Kutta with substepping.

Once the local truncation error is estimated, the substepping scheme decides the size of
the substep at which the integration will proceed. Such decision is done by comparing
the imposed value of STOL against the maximum value of REL computed using
Equation 7. If REL > STOL, the substep fails and the algorithm reduces the size of the
substep according to Equation 9, 10, 11 or 12 (depending on the substepping scheme
used). The same check is then carried out with the new value of REL computed with
the adjusted substep size. If STOL < REL, the substepping algorithm advances in the

solution with the current substep size.

This process is illustrated in Figure 3 for the RK12 (Figure 3a), RK23 (Figure 3b),
RK34 (Figure 3c) and RK45 (Figure 3d) when solving the numerical Test A with an
initial increment of volumetric strain As, = 0.1 and STOL = 10, The error line
corresponding to the single-step implicit backward Euler has also been included in these

plots for comparison.

In all four plots, the intersection of the horizontal thicker dashed line (indicating the

value of the imposed STOL) with the local error line of the lower order method (for a
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particular substepping scheme) gives the approximate optimal substep size at which the
algorithm advances the integration. For example, in Figure 3a, this intersection occurs
at a substep size of dey = 10 (as indicated by the arrow). This means that in the RK12,
the initial volumetric strain size has to be reduced by almost 10,000 times to satisfy the
requirement imposed by STOL = 10%. In contrast, a reduction of about 400 times is
required in the RK23, 40 in the RK34 and 10 in the the RK45. These quantities are
relevant here because the smaller the substep size, the larger will be the number of
substeps required to integrate the full increment Agy = 0.1 (which, in turn, will increase
the computational cost). Note that, as further investigated later, the overall
computational cost needs to account also for the number of evaluations of the

constitutive relations which differs between substepping schemes (see Tables 1 to 4).

As demonstrated previously, the local error for the first integrated substep of size dey
(if integrated correctly) should lie on the local error line of the substepping scheme
corresponding to the higher order integration (because local extrapolation is used). For
example, the local error line for the RK12 is e = ch® and the local error for the first
substep size dev ~ 1.1-107 is of about e ~ 4-10°*3 which, in fact, lies on an error line of
gradient 3 (Figure 3a). Equivalent results are found for the other integration schemes

plotted in Figure 3.

The local error incurred in the integration of subsequent substeps is accumulated as the
solution advances and, when the substeps integrated are of similar size, such
accumulation of error results in an approximately vertical line when plotted in the
Ine:Inh plane (see Figure 3) confirming the assumption made in deriving Equation 21.
Closer inspection of Figure 3a shows that the cumulative error in integrating the
complete Asy = 0.1 with STOL=10" when using the RK12 is about E ~ 3.6-10 and
is bounded by the local error line corresponding to the embedded 1% order Euler scheme
(which, as expected, is parallel to the BEL error line, see Figure 3a). It is important to
realise here that the cumulative error incurred by BE1 in integrating the complete Aey
= 0.1 is instead several orders of magnitude greater e = E ~ 2.16-10%* (because no
substepping is involved). This difference in accuracy is even more noticeable when
comparing BE1 results against higher order accurate substepping schemes, in
agreement with the findings of Pedroso & Farias (2005) and Potts & Ganendra (1994).
However, the observed improvement in accuracy of the explicit substepping schemes
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is at the expense of a larger computational cost: while only few NR iterations are needed

in the BEL1 to integrate Aey = 0.1, about 10,000 substeps are required in the RK12.
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Figure 3. Relative error in mean effective stress p' against volumetric strain increment

size for a single elasto-plastic isotropic strain increment (Test A): (a) 2" order Runge-
Kutta with substepping (RK12); (b) 3" order Runge-Kutta with substepping (RK23);
(c) 4" order Runge-Kutta with substepping (RK34); (d) 5" order Runge-Kutta with
substepping (RK45).

An expanded version of Figure 3 including different STOLS is presented in Figures 4,
5, 6 and 7 for the RK12, RK23, RK34 and RK45 respectively. In all figures, the values

of STOL vary from 1 to 10 and the strain increment assumed is Aey = 0.1 (Test A).

The corresponding cumulative error results are presented in Table 8 which includes the

cumulative error in BEL1 approximations, for completeness. The total number of
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substeps (TS) and the total number of failed substeps (TF) required in all four explicit
substepping integration schemes considered is presented in Table 9 (no drift correction
iterations were necessary). For completeness, the number of NR iterations for the BE1

is also included in Table 9.

Table 8. Typical cumulative relative error values E in effective stress ¢' for an elasto-
plastic isotropic strain increment of Aey = 0.1 (Test A) considering different values of
STOL.

Implicit Explicit
Ein 1% STOL Ein2"order | Ein3@order | E in 4" order | E in 5" order
order (BE1) (RK12) (RK23) (RK34) (RK45)
1 1.23-101 3.51-102 4.69-1003 3.92.10%

1-102 3.52:10% 2.40-10% 4.69-10% 3.92:10%
2.16-10™ 1-10% 3.58:10% 2.17-10% 7.84-10% 4.46-10%
1-100¢ 3.58-10" 2.22:10% 5.78-10°% 1.99-10"
1-1008 3.58:10% 2.23-10% 5.56-10°% 1.71-10%

Table 9. Total number of Newton-Raphson (NR) iterations required by the BE1
together with the total number of substeps (TS) and total number of failed substeps (TF)
required by the explicit integration schemes to integrate an elasto-plastic isotropic strain
increment of Agy = 0.1 (Test A) considering different values of STOL.

Implicit Explicit

2" order 3" order 4" order 5% order

1 order (BEL) | o1 (RK12) (RK23) (RK34) (RK45)
NR iterations TS | TF | IS [ TF [ TS [ TF | TS [ TF
1 1 0 1 0 1 0 1 0

1-1002 9 2 4 2 1 0 1 0

12 1.10° 91 2 16 2 4 2 2 2
1.100 910 3 74 2 12 2 5 2

1-10% | 9105 4 344 3 37 2 13 2

Inspection of Tables 8 and 9 show how the cumulative error behaves during the elasto-
plastic integration of the entire Asy. For single substep integration (STOL = 1) the error
values are quite large and are similar in the lower order schemes (i.e. BE1, RK12 and
RK23), which seems to confirm that Asy = 0.1 is too large to be integrated in one step
with these schemes. When the substepping is active, lower values of cumulative error
are observed if reducing values of STOL (Table 8), but these involve a larger number
of substeps (Table 9). Closer inspection of Table 8 shows that for a given value of STOL

the values of cumulative error are of the same order of magnitude in all four substepping
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schemes, with slightly lower values of E being typically observed for higher order
schemes (except for RK34 where the values of E are slightly greater than those of
RK23). The important difference to note in Tables 8 and 9 is that the optimal substep
size employed in each integration scheme for a given STOL is different and, hence, the
number of substeps needed to integrate the full increment is also different. In general,
larger substep sizes can be used with higher order methods without compromising the
accuracy. As a consequence, a lower number of substeps is required in the higher order
methods (Table 9).

Similar comments are valid for Figures 4 to 7. In all cases, the final values of cumulative
relative error (once the entire Aey has been integrated) lie on a cumulative error line
with a gradient corresponding to the lower order embedded scheme. For example, for
the RK12, all final values of E lie on a straight line of gradient 2 (see short dashed
dotted line in Figure 4) which is parallel to the first order single-step methods. Note that
other parallel cumulative error lines exist for smaller increments of strains but are not

included here for clarity.

Lloret-Cabot et al. (2016) show that the number of substeps required to integrate the
entire Agy for a given substep size h can also be checked because e/E ~ h/H = 1/n where
n is the number of substeps required to integrate the full increment H. This aspect can
be easily verified here by ensuring that the total number of substeps indicated in Table
9 for a particular substepping scheme corresponds to the expected value. For example,
the substep size required in the RK12 to integrate the entire increment Aey = 0.1 with
STOL = 10 is about &gy =~ 1.1-10° (see Figure 4) which means that the total number
of substeps required to integrate the full increment is approximately n = Agy/dgy = 9,090

which is very close to the actual number of substeps used 9,105 (see Table 9).

The BEL error line is also included in the figures for comparison. Interestingly, this line
is almost coincident with the cumulative error line for the RK12. The important thing
to remind here is that the BE1 is a single-step scheme and, hence, the total size
integrated corresponds to the value displayed in the horizontal axis. In contrast, the total
size integrated for the RK12 is, in all cases, Aey = 0.1 which requires using multiple

substeps of size dev (and such substep size reduces when reducing STOL).
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Figure 4. Cumulative relative error behaviour in effective stresses for the 2" order

Runge-Kutta with substepping (RK12) against strain increment size for an elasto-

plastic isotropic strain increment (Test A). BE1, 1% order single-step backward Euler;

RK1, 1% order-single step Runge-Kutta; RK2, 2" order single-step Runge-Kutta.
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Figure 5. Cumulative relative error behaviour in effective stresses for the 3 order

Runge-Kutta with substepping (RK23) against strain increment size for an elasto-

plastic isotropic strain increment (Test A). BE1, 1% order single-step backward Euler;

RK2, 2" order-single step Runge-Kutta; RK3, 3" order single-step Runge-Kutta.

10°
10’
10°
10
107
10°
10"
10°
10°®
107
10°®
10°
10-10

relative error in the stresses, p'

BE1 local error line
—v— RK3 local error line
—v— RK4 local error line
———————— RK34 cumulative error line for Ae, =01 =
=STOL =100
‘o

o——o

—y ’ STOL = 109

n—g /  STOL =10
V2
%’ STOL = 10

, STOL=10%
, STOL =109
Vo
, sToL=10%
v
~ /
a=z[" )
v
5 zJTJ
T T \\Ill TTT T TTT ‘ T TT Hll
1E-6 1E-5 0.0001 0.001 0.01 0.1

volumetric strain increment size, Ae,

Figure 6. Cumulative relative error behaviour in effective stresses for the 4™ order

Runge-Kutta with substepping (RK34) against strain increment size for an elasto-

plastic isotropic strain increment (Test A). BE1, 1% order single-step backward Euler;

RK3, 3" order-single step Runge-Kutta; RK4, 4™ order single-step Runge-Kutta.
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Figure 7. Cumulative relative error behaviour in effective stresses for the 5™ order
Runge-Kutta with substepping (RK45) against strain increment size for an elasto-
plastic isotropic strain increment (Test A). BE1, 1% order single-step backward Euler;
RK4, 4" order-single step Runge-Kutta; RK5, 5 order single-step Runge-Kutta.

5.3 Performance maps

Lloret-Cabot et al. (2016) propose a form of plotting the computational outcomes from
a substepping integration scheme that is useful for a further comparison between the
four explicit substepping schemes investigated. This graphical form of presenting the
substepping results is referred to as the performance maps and includes two types of
plots. The first one represents the cumulative error against the number of substeps for
different increment sizes. The second represents the cumulative error against the value
of STOL for different increment sizes. For comparison, the results corresponding to the
fully implicit first other backward Euler for Aea = 10, 10, 104, 10, 102 and 10°
%1 have been also included. Without loss of generality, the performance maps are only
presented here for Test B (similar results are obtained for the simpler Test A, see

Appendix).
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Figure 8 illustrates how the number of substeps influences the cumulative relative error
in the effective stress when integrating an axial strain increment Aga Of a given size
(equivalent results are obtained for the hardening parameter but not included for
clarity). Inspection of Figure 8 shows that, as expected, when the number of substeps
required to integrate a given increment size of axial strain increases (due to a more
restrictive STOL) the value of cumulative error tends to decrease. The rate of such
reduction is imposed by Equation 9, 10, 11 or 12, and it can be easily verified by plotting
the error results of the corresponding integration scheme in the InE:Inn plane (Figure
8). Note that the number of substeps for the BE1 is always one, but the cumulative error
also increases with increasing Aea (See the vertical segment corresponding to error
results from one single substep with each dot indicating a strain increment size). Given
that BE1 is the scheme with the lowest order of accuracy, the value of E for a given
size of Aea is always greater than the corresponding value of E obtained from any of

the other schemes, and this is also true for STOL=1 (single-step integration).

Figure 9 illustrates the effect of varying STOL in the cumulative relative error in
effective stresses when integrating a given axial strain increment Aga. Obviously, this
effect is only studied for the substepping schemes because the BE1 is a single-step

integration scheme (equivalent to STOL =1 in the substepping schemes).

As discussed earlier, reducing the value of STOL typically implies a reduction in the
substep size dea which leads to a smaller value of the local relative error incurred in
each individual substep of this size. A reduction in the cumulative error is hence also
expected for lower STOLs once the full increment has been integrated (Figure 8).
However, this reduction in the cumulative error with decreasing STOL is not always
apparent in Figure 9 because, for the smaller sizes of axial strain, the substepping
strategy is not always activated. The non-activation of the substepping strategy can be
easily identified in Figure 9 by the constant (horizontal) variation of the cumulative
error with STOL which indicates that the current substep size fulfils the restriction
imposed by STOL. In contrast to these horizontal segments of the plot, a 1:1 gradient
variation of the cumulative error with STOL is also observed in other parts of the plot
indicating that substepping is active. This transition from no substepping to substepping

is identified by a sharp change in the error behaviour (which, for the particular case of
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Aga = 0.01, has been indicated by point Y). Similarly to Figure 8, the error values for

the BE1 result in a vertical segment at STOL = 1.

Comparing the four plots in Figure 8, it becomes apparent that there is a substantial
computational gain with the order of the substepping scheme, especially in terms of
efficiency. For example, to integrate an axial increment size of 0.01 with STOL = 108
only 5 substeps are required in the RK45 to reach an accuracy between 1079-101
(Figure 8d), 9 in the RK34 (Figure 8c), 68 substeps in the RK23 (Figure 8b) and 1,423
in the RK12 (Figure 8a) (note that the number of substeps n under discussion has been
also included in Figure 9 for completeness). Furthermore, substepping is not even
necessary in RK45 for values of STOL greater than 10%, in RK34 greater than 10, in
RK23 greater than 102 and in RK12 greater than 10, These outcomes seem to
suggest that the extra work required in the implementation of a higher order scheme
might be worth the effort, especially for the RK23 as it only requires one more stage
than RK12 (see Tables 1 and 2). To investigate this aspect further, it is necessary to
assess the overall computational cost involved in integrating a given increment of strain,
including not only the number of substeps (as discussed in Figures 8 and 9) but also the
number of evaluations of the constitutive relations (and accounting for the number of
failed substeps). For the BE1, on the other hand, the overall cost needs to account for
the number of Newton-Raphson iterations used. This analysis is carried out in the next
section.
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Figure 9. Cumulative relative error behaviour against STOL for an elasto-plastic axial
strain increment at constant radial strain (Test B): (a) 2" order Runge-Kutta with
substepping (RK12); (b) 3" order Runge-Kutta with substepping (RK23); (c) 4™ order
Runge-Kutta with substepping (RK34); (d) 5" order Runge-Kutta with substepping
(RK45). BE1, 1% order single-step backward Euler.

5.4. Computational cost

This section aims at providing some further evidence on whether the extra work
required in implementing higher order schemes is worth the effort. For the discussion,
it is useful to compute the computational cost for solving Tests A and B with the BEL,
RK12, RK23, RK34 and RK45.

Due to their simplicity, a very small CPU time is associated with the solution of Tests
A and B. Hence, a common approach is to compute the computational cost
proportionally to the number of evaluations of the constitutive relations that each
substepping integration scheme employs in solving the problem (Sloan et al., 2001).
Two evaluations of the constitutive relations per substep are considered for the RK12,
three for the RK23, five for the RK34 and six for the RK45 (see the number of stages
of each scheme in Tables 1 to 4). Rejected substeps (as well as any iteration required in
the drift correction subroutine) also need to be accounted for. The number of
evaluations of the constitutive relations for the BE1 corresponds to the number of NR

iterations used to converge to the solution using a tolerance of 1022,
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Figure 10 shows the computational cost as a function of the input increment size for the
two numerical tests considered. Plots on the left correspond to results for Test A and
plots on the right for Test B. To illustrate the influence of the substepping tolerance in
the explicit schemes, different values of STOL (i.e. STOL= 1072, 10%, 10 and 108)
have been considered for the RK12, RK23, RK34 and RK45. In contrast, the single-

step BE1 involves only one calculation.

The first part of the discussion compares the implicit BE1 against the explicit
substepping schemes whereas the second part focusses on explicit substepping
strategies alone. In order to make a fair comparison between implicit and explicit
integration schemes, it is useful to consider the situation when no substepping is active
so that the number of evaluations of the constitutive relations corresponds to the number
of stages of the explicit RK substepping method. Against this background, the total
computational cost for the BE1 involves between 3 and 12 NR iterations for Test A and
between 4 and 18 NR iterations for Test B, depending on the increment size (see Figure
10). These values are generally higher than the stages required in the lower order RK12
and RK23 schemes when no substepping is active (i.e. 2 and 3 respectively), even
though the level of accuracy achieved by these explicit substepping schemes is an order
of magnitude higher. In contrast, a similar number of evaluations is involved in the
higher order RK34 and RK45 schemes (when no substepping is active) requiring 5 and
6 stages, respectively (but, as discussed earlier, a much better accuracy is achieved by
these). In summary, unlike differences in accuracy, differences in cost between schemes

are very small when assuming single-step integration.

Once the substepping is active, the computational cost involved in the explicit schemes
increases with STOL and this is especially true in the lower order substepping schemes
(see Figure 10). Notably, for stringent values of STOL (STOL < 10%) and relatively
large increment sizes (Aev, Aea > 0.01), the lower order substepping schemes RK12 and
RK23 tend to spend more computational resources than those used by the BE1. This
result, however, should be taken with caution because the accuracy achieved by the
BEL1 is significantly poorer, as discussed earlier (see Figures 8 and 9). Furthermore, the
flexibility of the substepping schemes to vary the value of STOL is in fact a very useful
feature as it allows for some control in the accuracy of the approximations (something
not possible in the single-step BE1).
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Focussing now only on the explicit substepping schemes, RK12 and RK23 require a
larger number of evaluations of the constitutive relations (i.e. higher computational
cost) to satisfy the value of STOL when the sizes of the input increment Agy or Ae, are
relatively large (i.e. Aey, Aea > 0.001), because of the larger number of substeps
required. This observation is more obvious when the values of STOL become more
restrictive. In contrast, RK34 and RK45 tend to be more expensive for the smaller
increment sizes (i.e. Aey, Aga < 0.001). However, for smaller sizes, the number of
evaluations is so small in all cases (i.e. less than 10) that differences between schemes

in terms of computational cost are very small.

Comparison of the results for RK34 and RK45 shows very similar behaviour suggesting
that the computational gain in implementing a RK45 method is not substantial in terms
of cost and would only make sense if very accurate solutions are desired (see also Table
9). In contrast, a more substantial improvement is seen when comparing results for
RK34 and RK23. For example, for an increment size of axial strain Aea = 0.01 with
STOL = 10, the RK34 requires 3 evaluations, whereas for the same conditions, the
RK23 needs 15. These differences between RK34 and RK23 become slightly more
apparent for more demanding values of STOL. It is important to highlight, however,
that the effort in implementing a RK34 scheme (when compared with that required to
implement a RK23 scheme) is considerable, as the former involves 5 stages whereas

the latter only three (see Tables 3 and 2, respectively).

The most interesting comparison between substepping schemes is perhaps with RK12
and RK23, because the effort to implement these methods is very similar (RK23 only
requires one more stage than RK12, see Tables 1 and 2) but the computational gain in
RK23 is quite substantial. The advantages are not only true in terms of accuracy (as
discussed earlier) but also in terms of efficiency (see Figures 8, 9 and 10). For example,
to solve the same problem (i.e. Test B with Aga = 0.01 and STOL = 10), the RK12
requires 143 evaluations and only 15 are required for the RK23 (achieving both similar
level of accuracy, see Figures 9a and 9b respectively). This trend is even more obvious
for more stringent values of STOL, with the RK12 needing 1,423 evaluations when
STOL =10 and RK23 only 68. Similar results are observed for the simpler Test A.
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Figure 10. Computational cost for different STOL values against input increment sizes:
(left) isotropic straining (Test A); (right) axial straining at constant radial strain (Test
B). BE1, 1% order single-step backward Euler; RK12, 2" order Runge-Kutta with
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6. CONCLUSIONS

Four explicit substepping integration schemes of different accuracy (including second,
third, fourth and fifth order accurate) and one fully implicit first order accurate
integration scheme have been implemented to integrate numerically the I\VP defined by
the initial state and the incremental relations of the Modified Cam Clay (MCC). Their
respective numerical performance has been evaluated in terms of accuracy and
efficiency to assess which of the five integration schemes is most appropriate to

integrate the model.

The implemented integration schemes have been first verified for two numerical tests,
including an isotropic straining (Test A) and an axial straining at constant radial strain
(Test B). The verification process included the analysis of both: the local relative error
incurred in an individual substep and the cumulative relative error incurred over

multiple substeps.

As expected, the analysis of the error in solving Tests A and B confirms that poorer
accuracies are generally achieved by the first order fully implicit backward Euler (BE1)
in line with previous research in the area (Pedroso & Farias, 2005; Potts & Ganendra,
1994). Such differences in accuracy between BE1 and explicit substepping schemes are
more noticeable for more stringent values of STOL and larger strain increment sizes, at
the expense of a higher computational cost (especially for the lower order accurate
schemes RK12 and RK23).

The computational performance of the four substepping schemes has been also studied
in the context of the performance maps proposed in Lloret-Cabot et al. (2016) to ensure
that the accuracy of each substepping scheme is as expected. The analysis of this new
form of plotting suggested that the little extra work required in implementing the RK23
(when compared to the implementation of the RK12) is worth the effort because the
extra stage that the implementation of the RK23 demands is paid off by the substantial
decrease in the number of substeps required to achieve a similar (sometimes even
better) accuracy. This suggestion is confirmed when comparing the computational cost
of these two substepping schemes. Not only a better accuracy is achieved by the RK23

for a given value of STOL and a given increment of strain, but also a considerably lower
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number of substeps is typically required, involving reductions in computational cost as

large as 90%.

Even though the analysis is based on the numerical results obtained from integrating

the MCC most of the conclusions are extrapolatable to the numerical integration of

more advanced constitutive models of the critical state family, including critical state

models for unsaturated soils, as similar patterns of the local and cumulative relative

error are observed (Lloret-Cabot et al. 2021).

7. APPENDIX

For completeness, the behaviour of the error during Test A is included in the Appendix.

(see Figure Al, Figure A2 and Figure A3).
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Figure Al. Local relative error against volumetric strain increment size for a single

elasto-plastic volumetric strain increment (Test A): (a) effective stress o'; (b)

mechanical hardening parameter po’. RK1, 1% order single-step Runge-Kutta; RK2, 2"

order single-step Runge-Kutta; RK3, 3" order single-step Runge-Kutta; RK4, 4" order

single-step Runge-Kutta; RK5, 5" order single-step Runge-Kutta.
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Figure A2. Cumulative relative error behaviour against number of substeps for an
elasto-plastic volumetric strain increment (Test A): (a) 2" order Runge-Kutta with
substepping (RK12); (b) 3" order Runge-Kutta with substepping (RK23); (c) 4™ order
Runge-Kutta with substepping (RK34); (d) 5" order Runge-Kutta with substepping
RK45.
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Note that Figure A2a, A2d, A3a and A3b are equivalent to those presented in Lloret-

Cabot et al. (2016).
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