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Abstract: We describe in more detail the general relation uncovered in our previous work
between boundary correlators in de Sitter (dS) and in Euclidean anti-de Sitter (EAdS)
space, at any order in perturbation theory. Assuming the Bunch-Davies vacuum at early
times, any given diagram contributing to a boundary correlator in dS can be expressed as a
linear combination of Witten diagrams for the corresponding process in EAdS, where the
relative coefficients are fixed by consistent on-shell factorisation in dS. These coefficients
are given by certain sinusoidal factors which account for the change in coefficient of the
contact sub-diagrams from EAdS to dS, which we argue encode (perturbative) unitary
time evolution in dS. dS boundary correlators with Bunch-Davies initial conditions thus
perturbatively have the same singularity structure as their Euclidean AdS counterparts and
the identities between them allow to directly import the wealth of techniques, results and
understanding from AdS to dS. This includes the Conformal Partial Wave expansion and, by
going from single-valued Witten diagrams in EAdS to Lorentzian AdS, the Froissart-Gribov
inversion formula. We give a few (among the many possible) applications both at tree and
loop level. Such identities between boundary correlators in dS and EAdS are made manifest
by the Mellin-Barnes representation of boundary correlators, which we point out is a useful
tool in its own right as the analogue of the Fourier transform for the dilatation group.
The Mellin-Barnes representation in particular makes manifest factorisation and dispersion
formulas for bulk-to-bulk propagators in (EA)dS, which imply Cutkosky cutting rules and
dispersion formulas for boundary correlators in (EA)dS. Our results are completely general
and in particular apply to any interaction of (integer) spinning fields.
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1 Introduction

De Sitter (dS) space is the maximally symmetric space-time with positive cosmological
constant and plays an important role in understanding our Universe. The inflationary
paradigm [1–4] postulates that the very early universe underwent a period of quasi-de Sitter
expansion and astronomical observations [5–7] indicate that we are currently undergoing
a second period of inflationary expansion. Despite this central role, our understanding of
Quantum Field Theory in dS space is very primitive compared to its negative curvature
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cousin, anti-de Sitter (AdS) space. AdS space has a boundary at spatial infinity, where
one can identify boundary operators that enjoy an associative and convergent operator
product expansion. The AdS isometry group acts as the conformal group in one lower
dimension and the AdS/CFT correspondence [8–10] identifies boundary observables in AdS
with correlation functions of operators in a Lorentzian Conformal Field Theory, which are
defined completely non-perturbatively by unitarity, conformal symmetry and a consistent
operator product expansion.

In contrast, in dS space there is no notion of spatial infinity and its boundaries are
space-like slices that lie in the infinite past and in the infinite future. While the dS isometry
group also acts on these boundaries as the conformal group in one lower dimension, in
contrast to AdS space the corresponding Conformal Field Theory is Euclidean and is
therefore not bound by the standard Wightman and Osterwalder-Schrader axioms [11–14]
and, for this reason, the operator product expansion is not necessarily convergent. We thus
lack a complete picture of the criteria that should be satisfied by boundary correlation
functions of fields in dS space.

In recent years there has been significant effort to bridge the gap in our understanding
of boundary correlators in AdS and dS, in many cases drawing on the similarities between
them. Boundary correlators in dS, like their AdS counterparts, are strongly constrained
by conformal symmetry and the absence of unphysical singularities [15–29].1 Furthermore,
assuming the Bunch-Davies vacuum at early times, it has been shown [36] that diagrams in
the perturbative computation of correlators on the (future) boundary of dS can be expressed
as a linear combination of Witten diagrams for the same process in Euclidean AdS, where
the relative coefficients account for the change in the coefficients of the contact sub-diagrams
when going from EAdS to dS. As shown in [36–38], such coefficients are given by certain
sinusoidal factors which, as we shall argue in this work, encode (perturbative) unitary time
evolution in de Sitter space.2 It should be emphasised here that, since unitary irreducible
representations of the AdS and dS isometry groups do not coincide, such EAdS Witten
diagrams generally are not generated by a theory with a spectrum satisfying the unitarity
bound in AdS. For example principal series representations which correspond to massive
unitary representations in dS are non-unitary from the AdS perspective. Nonetheless, also
in AdS Principal Series representations are at the center of the bootstrap discussion owing
to their completeness properties. For this reason much of the results which are available
in AdS and are derived at the level of principal series representation like e.g. the partial
wave decomposition and its properties, 6j symbols and various other tools which do not
rely explicitly on AdS unitarity can be directly imported in dS space.

dS boundary correlators with Bunch-Davies initial conditions thus have the same
singularity structure as their Euclidean AdS counterparts in perturbation theory and the
identities between them allow to directly import the wealth of techniques, results and
understanding from AdS to dS (at least when they do not rely on AdS unitarity). Some

1This has also been extended to theories that break the symmetry under special conformal transforma-
tions [29–35].

2The implications of perturbative unitarity on dS boundary correlators have also been explored in [30, 39]
and see [40, 41] for very recent progress at the non-perturbative level.
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of these possibilities were already explored in [36]. In particular, single-valuedness of
AdS boundary correlators in the Euclidean regime implies that they admit an expansion
into Conformal Partial Waves/Harmonic Functions [42–46]. From this one can obtain
their expansion into Conformal Blocks which, combined with the requirement of crossing
symmetry, lies at the heart of the bootstrap of standard Lorentzian CFTs [47, 48]. The fact
that diagrams in dS can be expressed as a linear combination of EAdS Witten diagrams
implies that dS boundary correlators are also single-valued and hence also admit a Conformal
Partial Wave decomposition (at least in perturbation theory). This was applied in [36]
to obtain the Conformal Partial Wave and Conformal Block decomposition of tree-level
exchange diagrams in dS as well as their decomposition under crossing, which are inherited
from their EAdS counterparts. Other applications given include the definition of Mellin
amplitudes for exchanges in dS, which in AdS have proven to be an instrumental tool owing
to the striking similarities with scattering amplitudes in flat space [44, 49–55].

In parallel to the above perspective, there has also been considerable progress in devel-
oping dS techniques that are inspired by the successes and the strengths of the scattering
amplitudes programme in flat space, mostly at the level of the wavefunction coefficients.
These include: Cosmological polytopes (positive geometries) [56–60], Cosmological opti-
cal theorem [30] (see also [39, 61]), cutting rules and dispersion relations for boundary
correlators [36, 38] and wavefunction coefficients [32–35, 61–63], BCFW-like recursion rela-
tions [32, 35, 56], cosmological scattering equations [64], as well as relations between flat
space scattering amplitudes/correlators and wavefunction coefficients [17, 35, 56–58, 65–67].

In this work we give an extended discussion of [36], providing further technical details
behind the results presented, extending them to arbitrary collections of (integer) spinning
fields and give some further applications. That any diagram in dS can be expressed as
a linear combination of EAdS Witten diagrams follows from the fact that dS Schwinger-
Keldysh propagators with Bunch-Davies initial condition can each be expressed as a linear
combination of analytically continued bulk-to-bulk propagators in EAdS for the Dirichlet
and Neumann boundary conditions. On a practical level, in [36] we found it convenient
to formulate such relations using a Mellin-Barnes representation for propagators in EAdS
and dS, which is defined in the flat slicing of (EA)dS by taking the Mellin transform with
respect to the bulk direction. At the level of the Mellin-Barnes representation, such relations
between propagators in EAdS and the Schwinger-Keldysh formalism of dS amount to the
multiplication by a simple phase which allows to immediately re-express any given diagram
in dS as a linear combination of EAdS Witten diagrams. In other words, as we shall see, the
Mellin-Barnes representation makes manifest seemingly complicated functional relationships
between diagrams contributing to boundary correlators in EAdS and dS. This allows us
to establish a set of rules to immediately obtain the explicit decomposition of any given
diagram in dS with Bunch-Davies initial conditions as a linear combination of Witten
diagrams for the same process in EAdS, where the relative coefficients of each Witten
diagram are fixed by the Bunch-Davies initial condition and consistent on-shell factorisation
of the diagram in dS.

We also propose that the Mellin-Barnes representation of boundary correlators is
interesting and useful in its own right. We argue that the Mellin transform in the presence of
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a scale symmetry plays an analogous role to the Fourier transform when we have translation
invariance, potentially making the Mellin-Barnes representation a natural habitat for
boundary correlators in (EA)dS — which themselves are constrained by Dilatation Ward
identities. It is also a useful tool to solve constraints from the full conformal symmetry
group where, as we shall see, the special conformal Ward identity is reduced to a difference
relation. In perturbation theory, complicated bulk integrations are trivialised in the Mellin-
Barnes representation, much like how position space integrals are replaced by momentum
conserving delta functions in flat space scattering amplitudes, and thus place the bulk and
the boundary on a similar footing. In this way we can straightforwardly infer properties
of boundary correlators which are inherited from the propagators that compute them,
including on-shell factorisation and dispersion formulas and, in the case of de Sitter space,
unitary time evolution. Using these properties, one can establish cutting rules for diagrams
contributing to boundary correlators in (EA)dS, through which the full diagram can be
reconstructed using the Mellin-Barnes dispersion formula [36, 38].

An outline / summary of results is as follows:

• In section 2 we begin by reviewing the perturbative computation of Witten diagrams
in EAdS and harmonic analysis in Euclidean anti-de Sitter space.

In section 2.1 we review the results of [36–38], which extend harmonic analysis
and propagators in EAdS to the Schwinger-Keldysh formalism of dS via the Wick
rotations (2.13). We introduce the Mellin-Barnes representation, where propagators
in (EA)dS take a universal form and the Wick rotations (2.13) amount to multiplying
by a simple phase. The Mellin-Barnes representation makes manifest the on-shell
factorisation of bulk-to-bulk propagators and provides a simple dispersion formula [36,
38] relating the full propagator to its discontinuity.

In section 2.2 the Mellin-Barnes representation is motivated as a natural habitat for
boundary correlators constrained by Dilatation Ward identities and various parallels
are drawn with the properties of the Fourier transform in the presence of a translation
symmetry. We give Feynman rules for the perturbative computation of boundary
correlators in the Mellin-Barnes representation, which trivialises complicated integrals
over the bulk coordinate — replacing them with Dirac delta functions analogous to
momentum conserving delta functions in flat space.

In section 2.3 we derive Cutkosky cutting rules for the perturbative computation of
(EA)dS boundary correlators in the Mellin-Barnes representation and a dispersion
formula from which a diagram can be reconstructed from its discontinuities. These
are motivated by the factorisation properties and dispersion formula for propagators
in (EA)dS reviewed in section 2.1. As an example, we use the cutting rules and
dispersion formula to compute tree-level exchanges in (EA)dS, with more complicated
examples given in later sections.

• In section 3 we consider contact diagram contributions to boundary correlators in
(EA)dS.
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In section 3.1 we study how constraints from conformal Ward identities in Fourier
space are implemented in the Mellin-Barnes representation, focusing on three-point
boundary correlators of scalar fields.

In sections 3.2 and 3.3 we review the relations [37, 38] between contact diagrams of
scalar fields in (EA)dS, which differ by a constant sinusoidal factor accounting for
the change in contact diagram coefficient from EAdS to dS. These are derived using
relations between bulk-to-boundary propagators in (EA)dS reviewed in section 2.1.

In section 3.4 we extend these results to contact diagrams generated by any cubic
coupling of (integer) spinning fields. To this end we employ the weight-shifting
operators of [68] developed in the ambient/embedding space formalism, which provide
a kinematic map between on-shell cubic couplings in (EA)dS and three-point confomal
structures on the boundary and, in particular, reduce any spinning three-point contact
diagram to a boundary differential operator acting on a scalar seed.

In section 3.5 we discuss how unitary time evolution in dS is encoded perturbatively
by the sinusoidal factors relating contact diagram coefficients in EAdS and dS. Such
factors also imply the vanishing of contact diagrams in dS for certain collections of
fields and certain boundary dimensions d, as already observed in [30, 37].

• In section 4 we consider four-point tree-level exchanges.

Inspired by the on-shell factorisation of diagrams in (EA)dS implied by the cutting
rules given in section 4.1, we show that on-shell exchanges in (EA)dS can be fixed by
a combination of conformal symmetry, factorisation and boundary conditions. The
full exchange is then reconstructed using the dispersion formula given in section 2.1,
which we argue is a general relation between a function and its discontinuity in the
Mellin-Barnes representation.

In section 4.2 we use the relations between three-point contact diagrams in EAdS
and dS reviewed in section 3 to write the corresponding dS exchange as a linear
combination of EAdS exchange Witten diagrams. This extends the result given
in [36] to (EA)dS exchanges generated by any cubic coupling of fields with arbitrary
integer spin.

In section 4.3 we use the identity between exchange diagrams in (EA)dS derived in the
previous section to write down the conformal block expansion of dS exchanges, which
is inherited from the (known) conformal block expansions of their EAdS counterparts.
This allows us to study on-shell factorisation of the full dS exchange, as opposed to
the contributions coming from each individual Schwinger-Keldysh propagator, which
at the level of the conformal block decomposition is the factorisation of the conformal
block coefficients into the three-point coefficients of the contact diagrams mediating
the exchange. We also discuss how such coefficients are constrained by unitary time
evolution in dS.

• In section 5 we present a set of rules which, given any diagram in dS with Bunch-Davies
initial conditions, allow to write down the precise linear combination of EAdS Witten
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diagrams that compute it. In particular, while the existence of such a decomposition
follows as an immediate consequence of the fact that Schwinger-Keldysh propagators
with Bunch-Davies initial condition can be expressed as a linear combination of
analytically continued propagators in EAdS [36–38], one still has to turn the wheel
of the Schwinger-Keldysh formalism to obtain the precise coefficient of each EAdS
Witten diagram — which can get cumbersome very quickly beyond the simplest of
diagrams. In this section we take a bootstrap/boundary perspective, showing that
the coefficients of each EAdS Witten diagram are fixed by the Bunch-Davies initial
condition and on-shell factorisation of the diagram in dS.

In sections 5.1, 5.2 and 5.3 we give some applications to loop diagrams generated by
non-derivative interactions of scalar fields in dS, including the one-loop candy and box
diagrams at four-points and the one-loop bubble diagram at two-points. In section 5.4
we derive some useful identities to compute higher-loop diagrams in dS formed by
taking powers of bulk-to-bulk propagators, which we do by using the dS to EAdS
rules to import analogous tools and identities directly from EAdS.

• In section 6 we discuss the analyticity of dS boundary correlators with Bunch-Davies
initial conditions in perturbation theory, which is inherited from the corresponding
Witten diagrams in EAdS. In particular, as already pointed out in [36], perturbative
dS boundary correlators are single-valued functions and hence admit an expansion into
conformal partial waves like their AdS counterparts. As an example we determine the
conformal partial wave expansion of tree-level exchanges in dS, extending the example
given in [36] to dS exchanges generated by any cubic coupling of fields with arbitrary
integer spin. We also briefly discuss some loop examples. Given that diagrams in
dS can be expressed as a linear combination of Witten diagrams in EAdS, to finish
we discuss the possibility of applying Lorentzian AdS techniques to diagrams in dS,
including the celebrated Froissart-Gribov inversion formula [46]. We compute the
double-discontinuity of the dS exchange, finding that it gives back the corresponding
conformal partial wave.

In appendix A we give various technical details on results for propagators in (EA)dS.

2 Propagators and the Mellin-Barnes representation

Review AdS. Let us begin with a review of the perturbative computation of Witten
diagrams in EAdSd+1. We work in the flat slicing of EAdSd+1

ds2
EAdS = L2

AdS
z2

(
dz2 + dx2

)
, (2.1)

where, towards the boundary z → 0 a spin-J field ϕJ of mass m the solution to the wave
equation behaves as

lim
z→0

ϕJ (z,x) = O+ (x) z∆+−J +O− (x) z∆−−J , (2.2)
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Figure 1. Throughout we represent EAdS pictorially as a Poincaré disk with grey circular boundary.
Left: bulk-to-boundary propagator in EAdS with boundary condition ∆, where ∆ = ∆±. Right:
bulk-to-bulk propagator in EAdS with ∆± boundary condition.

with
m2L2

EAdS = −
(
∆+∆− + J

)
, ∆+ + ∆− = d, ∆+ ≥ ∆−, (2.3)

and we employed the index free notation as in (3.31). The field quantized with O− (x) =
0 corresponds to the Dirichlet (normalizable) boundary condition, while O+ (x) = 0
corresponds to the Neumann (non-normalizable) boundary condition — see e.g. [69].

Boundary correlators in EAdSd+1 can be computed in perturbation theory via a Witten
diagram expansion [70], which can be regarded as Feynman diagrams in EAdSd+1 with the
external legs anchored to the boundary. External legs, connecting a bulk point (z,x) to
a point x′ on the boundary, are assigned bulk-to-boundary propagators KAdS

∆,J . For scalar
fields (J = 0) in the flat slicing (2.1) the bulk-to-boundary propagator reads:

KAdS
∆,0

(
z,x; x′

)
=

CAdS
∆,0

(LAdS)(d−1)/2

(
z

z2 + (x− x′)2

)∆

, (2.4a)

CAdS
∆,0 = Γ (∆)

2π
d
2 Γ
(
∆− d

2 + 1
) , (2.4b)

which solves the homogeneous wave equation where ∆ = ∆+/∆− for the Dirichlet/ Neumann
boundary condition respectively. The bulk-to-boundary propagator KAdS

∆,J for a spin-J field
can be obtained from that (2.4) for a scalar field with the same scaling dimension by acting
with a differential operator [71], which we shall make use of later on in section 3.4.

Internal legs of Witten diagrams, which connect two bulk points, are associated bulk-
to-bulk propagators which satisfy the wave equation with a Dirac delta function source:(

∇2 −m2
)

ΠAdS
∆,J (x; x̄) = − 1√

|g|
δ(d+1) (x− x̄) . (2.5)

See figure 1 for how we represent bulk-to-boundary and bulk-to-bulk propagators in AdS
diagrammatically. Analogous to the exponential plane wave expansion in flat space, it is
useful to decompose bulk-to-bulk propagators in a basis of bi-local Harmonic functions
ΩAdS
ν,J . These are trace- and divergence-free, and provide a complete basis of orthogonal

solutions to the homogeneous wave equation (see appendix D of [72]),(
∇2 +

((
d
2 + iν

) (
d
2 − iν

)
+ J

)
L−2
EAdS

)
ΩAdS
ν,J (x; x̄) = 0. (2.6)
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See e.g. appendix D of [72] for the completeness and orthogonality relations satisfied of AdS
harmonic functions and their appendix A for some useful parallels with harmonic functions
in flat space. AdS harmonic functions are given explicitly by what is known as the “split
representation” [50, 72, 73],

ΩAdS
ν,J (z,x; z̄, x̄) = ν2

π

∫
ddx′KAdS

d
2 +iν,J

(
z,x; x′

)
KAdS

d
2−iν,J

(
z̄, x̄; x′

)
, (2.7)

which is a product of a bulk-to-boundary propagators with scaling dimensions d
2 ± iν

integrated over their common boundary point x′.
For the Dirichlet boundary condition, which is normalisable, the decomposition of the

bulk-to-bulk propagator for a spin-J field in terms of harmonic functions ΩAdS
ν,J is given by

the spectral integral [72]:

ΠAdS
∆+,J (x; x̄) =

∫ +∞

−∞

dν

ν2 +
(
∆+ − d

2

)2 ΩAdS
ν,J (x; x̄) + contact, (2.8)

where “+ contact” denotes contact term contributions from harmonic functions of spin
< J . For the Neumann boundary condition, which is non-normalizable, we have (writing
∆± = d

2 ± iµ):

ΠAdS
∆−,J (x; x̄) = 2πi

µ
ΩAdS
µ,J (x; x̄) +

∫ +∞

−∞

dν

ν2 +
(
∆+ − d

2

)2 ΩAdS
ν,J (x; x̄) + contact, (2.9)

from which we can infer that a harmonic function ΩAdS
ν,J is given by the difference of

bulk-to-bulk propagators with ∆+ and ∆− boundary conditions [72]:

ΩAdS
ν,J (x; x̄) = iν

2π

(
ΠAdS
d
2 +iν,J

(x; x̄)−ΠAdS
d
2−iν,J

(x; x̄)
)
. (2.10)

Harmonic analysis in AdS is at the centre of various techniques to study boundary
correlators in EAdS. In recent years it has been shown [36–38] that the above harmonic
analysis on AdS space can be extended to de Sitter space via analytic continuation, which
we review in the following section.

2.1 From EAdS to dS and the Mellin-Barnes representation

This section provides further technical details on the intermediate steps taken to obtain the
results presented in section 2 of [36] and collects together various relevant results of [37, 38].

In de Sitter space we are interested in correlators on the future boundary, which
corresponds to η → 0 in the flat slicing of dSd+1:

ds2
dS = L2

dS
η2

(
−dη2 + dx2

)
. (2.11)

This is related to the EAdSd+1 flat slicing (2.1) by the analytic continuation:

z = −iη, LAdS = −iLdS. (2.12)
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Figure 2. Left: diagrammatic representation of the bulk-to-boundary propagator (2.14)
in dS where the point in the bulk sits in the ± branch of the in-in contour. Right:
bulk-to-bulk propagator in dS for a field of mass (2.17), where one bulk point sits on the
± branch of the in-in contour and the other on the ±̂ branch.

Under the above analytic continuation, boundary correlators in EAdSd+1 map to wave-
function coefficients in dSd+1 [20, 74–78]. Using that the wavefunction gives a probability
amplitude for observing a given set of fluctuations, one can obtain the corresponding bound-
ary correlators in dSd+1 from the wavefunction coefficients by computing the expectation
values for the fluctuations — i.e. by performing an additional path integral [74] — see e.g.
appendix A of [30] for a detailed review. Alternatively one can bypass the wavefunction to
compute boundary correlators on the future boundary of de Sitter space directly within
the in-in (or Schwinger-Keldysh formalism), which is the approach we take in this work.
See [79, 80] for reviews. In our previous works [36–38] it was shown that, assuming that all
fields started their life in Bunch Davies vacuum at early times,3 the contribution to dSd+1
boundary correlators from the ± branch of the in-in contour can be reached from the flat
slicing (2.1) of EAdSd+1 via the following Wick rotation (see figure 3):

± branch: z = −ηe±
iπ
2 . (2.13)

In other words, to reach the “+ branch” of the in-in contour one Wick rotates the bulk radial
coordinate z anti-clockwise, while to reach the “− branch” one Wick rotates clockwise.

According to the above prescription, bulk-to-boundary propagators on the ±-branches
of the in-in contour in dSd+1 can be obtained from their counterpart KAdS

∆,J in Euclidean
AdS via the following analytic continuation in the bulk radial coordinate z [37, 38]:4

K±∆,J
(
η,x; x′

)
= cdS-AdS∆ e∓∆ iπ

2 KAdS
∆,J

(
−ηe±

iπ
2 ,x; x′

)
, (2.14)

where the factor

cdS-AdS∆ =
CdS

∆,J
CAdS

∆,J
=

Γ
(
d
2 −∆

)
Γ
(
∆− d

2 + 1
)

2π = 1
2 csc

((
d
2 −∆

)
π
)
, (2.15)

3In particular, that the vacuum at early times η → −∞ is that of flat Minkowski space, which is sometimes
referred to as the Hadamard condition.

4In particular, equation (2.14) is equation (2.38) of [38], where cdS-AdS
∆ combines the coefficients given in

(2.91) and (2.31) of that paper. Strictly speaking, and as in (2.38) of [38], when considering correlators of
bulk fields at late times η0 one should also multiply each external leg by a factor (−η0)∆−J . For convenience
we leave such factors of η0 implicit in this work.
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accounts for the change in normalisation as we move from AdS to dS. The dS two-point
coefficient CdS

∆,J was given in section 2.4 of [38]. Note that the ratio (2.15) has the useful
property that:

cdS-AdS∆± = ∓ cdS-AdS∆∓ . (2.16)

The mass of a spin-J field in dSd+1 is related to ∆± via

m2L2
dS = ∆+∆− + J, (2.17)

which is obtained from the AdS expression (2.3) via the analytic continuation (2.12). From
this point on wards, unless stated explicitly otherwise we set the curvature radius to 1.

The relation (2.14), via the split representation (2.7), allows us to define harmonic
functions in dSd+1 on the ±±̂ branches of the in-in contour [36]:

Ω±,±̂ν,J (η,x; η̄, x̄) = cdS-AdSd
2 +iν cdS-AdSd

2−iν
e
∓ iπ2

(
d
2 +iν

)
e
∓̂ iπ2

(
d
2−iν

)
× ΩAdS

ν,J

(
−ηe±

iπ
2 ,x;−η̄e±̂

iπ
2 , x̄

)
, (2.18)

where the notation ±±̂ denotes the fact that η lies on the ± branch of the in-in contour
and η̄ on the ±̂ branch. This, in turn, provides a split representation [36]:5

Ω±,±̂ν,J (η,x; η̄, x̄) = ν2

π

∫
ddx′K±d

2 +iν,J
(
η,x; x′

)
K±̂d

2−iν,J
(
η̄, x̄; x′

)
, (2.19)

which extends the split representation (2.7) of harmonic functions in EAdSd+1 to the in-in
formalism of dS space.

From a cosmological perspective, fixed time correlators in de Sitter space are usually
studied in Fourier space due to translation invariance. In the presence of scale symmetry we
propose6 that it is convenient to furthermore adopt a Mellin-Barnes representation [36–38],
which is defined as the Mellin transform with respect to the bulk radial coordinate. For the
bulk-to-boundary propagators, this is defined as

KAdS
∆,J (z,k) =

∫ +i∞

−i∞

ds

2πi K
AdS
∆,J (s,k) z−2s+d

2 , (2.20a)

K±∆,J (η,k) =
∫ +i∞

−i∞

ds

2πi K
±
∆,J (s,k) (−η)−2s+d

2 , (2.20b)

where the bulk radial coordinate, both in EAdS and dS, is replaced by a variable s, which
we refer to as an external Mellin variable. For scalar fields (J = 0) we have:7

KAdS
∆,0 (s,k) =

Γ
(
s+ 1

2

(
d
2 −∆

))
Γ
(
s− 1

2

(
d
2 −∆

))
2Γ
(
∆− d

2 + 1
) (

k

2

)−2s+∆−d2
, (2.21)

5Notice that the dS Harmonic functions defined in this way satisfy orthogonality and completeness
relations inherited from their AdS counterparts. This allows to apply Harmonic analysis directly on the
in-in contour!

6This proposal will be further substantiated in section 2.2.
7One obtains (2.21) by noting that the bulk-to-boundary propagator for a scalar field of generic mass is

given by a modified Bessel function of the second kind (or equivalently the “Bessel K function”) [9] and (2.21)
follows from its Mellin-Barnes integral representation.
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Figure 3. This figure displays the Wick rotations (2.13) from the perspective of the complex z
plane (left) and the complex (−η) plane (right). Left: starting from the flat slicing (2.1) of EAdS,
where z ∈ [0,∞), by Wick rotating anti-clockwise one lands on the + branch of the in-in contour
in the flat slicing (2.11) of dS and by Wick rotating clockwise one lands on the − branch of the
in-in contour. Right: from the −(+) branch of the in-in contour one arrives to EAdS by rotating
(anti-)clockwise. Similar figures were given in [37, 38], where further details can also be found.

where k = |k|. At the level of the Mellin-Barnes representation the relation (2.14) between
bulk-to-boundary propagators in EAdSd+1 and the in-in formalism of dSd+1 translates into
a simple phase:

K±∆,J (s,k) = cdS-AdS∆ e
∓
(
s+ 1

2

(
∆−d2

))
πi
KAdS

∆,J (s,k) . (2.22)

It follows that each external leg in the Mellin-Barnes representation of boundary correlators
in (EA)dSd+1 is characterised by two infinite families of poles in the corresponding external
Mellin variable:

s = ±1
2

(
∆− d

2

)
− n, n = 0, 1, 2, . . . , (2.23)

whose residues generate the expansion of the bulk-to-boundary propagator for small kz.
Each internal leg is instead described by a pair of internal Mellin variables u, ū. This

can be understood from the split representation (2.7) of harmonic functions, which in
Fourier space becomes a product of bulk-to-boundary propagators:

ΩAdS
ν,J (z,p; z̄,−p) = ν2

π
KAdS

d
2 +iν,J (z,p)KAdS

d
2−iν,J

(z̄,−p), (2.24a)

Ω±,±̂ν,J (η,p; η̄,−p) = ν2

π
K±d

2 +iν,J (η,p)K±̂d
2−iν,J

(η̄,−p). (2.24b)
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±±̂

Figure 4. At the level of the Mellin-Barnes representation the relation between bulk-to-boundary
propagators and harmonic functions in EAdS and the in-in formalism of dS amounts to a multipli-
cation by a phase, which implements the Wick rotations (2.13), and by a constant cdS-AdS

∆± which
accounts for the change in two-point function coefficient from EAdS to dS.

Its Mellin-Barnes representation is thus inherited from that of its two constituent bulk-to-
boundary propagators:

ΩAdS
ν,J (z,p; z̄,−p) =

∫ +i∞

−i∞

du

2πi
dū

2πi ΩAdS
ν,J (u,p; ū,−p) z−2u+d

2 z̄−2ū+d
2 , (2.25a)

Ω±,±̂ν,J (η,p; η̄,−p) =
∫ +i∞

−i∞

du

2πi
dū

2πi Ω±,±̂ν,J (u,p; ū,−p) (−η)−2u+d
2 (−η̄)−2ū+d

2 , (2.25b)

where

ΩAdS
ν,J (u,p; ū,−p) = ν2

π
KAdS

d
2 +iν,J (u,p)KAdS

d
2−iν,J

(ū,−p) , (2.26a)

Ω±,±̂ν,J (u,p; ū,−p) = ν2

π
K±d

2 +iν,J (u,p)K±̂d
2−iν,J

(ū,−p) . (2.26b)

At the level of the Mellin-Barnes representation the relation (2.18) between harmonic
functions in EAdSd+1 and the in-in formalism in dSd+1 reads:

Ω±,±̂ν,J (u,p; ū,−p) = cdS-AdSd
2 +iν cdS-AdSd

2−iν
e
∓
(
u+ iν

2

)
πi
e
∓̂
(
ū− iν2

)
πi

ΩAdS
ν,J (u,p; ū,−p) . (2.27)

The Mellin-Barnes representation of the Harmonic function thus has poles both in u and ū
given by those (2.23) of its constituent bulk-to-boundary propagators:

u = ± iν2 − n, n = 0, 1, 2, . . . , (2.28a)

ū = ± iν2 − n̄, n̄ = 0, 1, 2, . . . . (2.28b)

Note that the integral over the spectral parameter ν in the harmonic function decompo-
sition of the bulk-to-bulk propagators (2.8) and (2.9) in EAdSd+1 can be evaluated in closed
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Re

<latexit sha1_base64="BswJ1iKKEv4hjBoQ3A8Hg7xtAIE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVU1UVFwV3bisYB/QhDKZTtuhkwfzEEvIr7hxoYhbf8Sdf+OkzUKrB+7lcM69zJ0TJJxJ5ThfVmlpeWV1rbxe2djc2t6xd6ttGWtBaIvEPBbdAEvKWURbiilOu4mgOAw47QSTm9zvPFAhWRzdq2lC/RCPIjZkBCsj9e2qRt4VOs5b6gVYIJ317ZpTd2ZAf4lbkBoUaPbtT28QEx3SSBGOpey5TqL8FAvFCKdZxdOSJphM8Ij2DI1wSKWfzm7P0KFRBmgYC1ORQjP150aKQymnYWAmQ6zGctHLxf+8nlbDSz9lUaIVjcj8oaHmSMUoDwINmKBE8akhmAhmbkVkjAUmysRVMSG4i1/+S9ondfe8fnp3VmtcF3GUYR8O4AhcuIAG3EITWkDgEZ7gBV6tzHq23qz3+WjJKnb24Besj2+DwZLV</latexit>

u / ū

<latexit sha1_base64="TI2bjjtxPgrRCUvqK12KUqxNa1c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+wFtKJvNtl272Q27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdkWk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6vn9xeV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+AL67j0A=</latexit>. . .

<latexit sha1_base64="TI2bjjtxPgrRCUvqK12KUqxNa1c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+wFtKJvNtl272Q27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdkWk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6vn9xeV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+AL67j0A=</latexit>. . .

-1-2-3

<latexit sha1_base64="N2TgDXKyZd/Ck9jOl9rVecS5TdA=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBbBiyVRUY9FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2ymtrK6tb5Q3K1vbO7t77v5BUyeZIjQgCU9UO8KaciZpYJjhtJ0qikXEaSsa3U391hNVmiXy0YxTGgo8kCxmBBsrBWesK7KeW/Vq3gxomfgFqUKBRs/96vYTkgkqDeFY647vpSbMsTKMcDqpdDNNU0xGeEA7lkosqA7z2bETdGKVPooTZUsaNFN/T+RYaD0Wke0U2Az1ojcV//M6mYlvwpzJNDNUkvmiOOPIJGj6OeozRYnhY0swUczeisgQK0yMzadiQ/AXX14mzfOaf1W7eLis1m+LOMpwBMdwCj5cQx3uoQEBEGDwDK/w5kjnxXl3PuatJaeYOYQ/cD5/AI8ijog=</latexit>�iµ

<latexit sha1_base64="NsEHbMsPIyQu09xtdWfMmvh7mQ0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RjAkkS5idzCZDZmaXeQhhyS948aCIV3/Im3/jbLIHTSxoKKq66e6KUs608f1vr7Syura+Ud6sbG3v7O5V9w8edWIVoS2S8ER1IqwpZ5K2DDOcdlJFsYg4bUfj29xvP1GlWSIfzCSlocBDyWJGsMkl1hO2X635dX8GtEyCgtSgQLNf/eoNEmIFlYZwrHU38FMTZlgZRjidVnpW0xSTMR7SrqMSC6rDbHbrFJ04ZYDiRLmSBs3U3xMZFlpPROQ6BTYjvejl4n9e15r4OsyYTK2hkswXxZYjk6D8cTRgihLDJ45gopi7FZERVpgYF0/FhRAsvrxMHs/qwWX9/P6i1rgp4ijDERzDKQRwBQ24gya0gMAInuEV3jzhvXjv3se8teQVM4fwB97nDyVQjlE=</latexit>

iµ

<latexit sha1_base64="p4ujnN3nG0uC/h63B3Jxaf1eAP4=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqMuiG91VsA9oh5JJM21okhmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WV1bX1jeJmaWt7Z3evvH/Q1FGiCG2QiEeqHWBNOZO0YZjhtB0rikXAaSsY3WZ+a0yVZpF8NJOY+gIPJAsZwcZKfldgMwwVHqX3YtorV9yqOwNaJl5OKpCj3it/dfsRSQSVhnCsdcdzY+OnWBlGOJ2WuommMSYjPKAdSyUWVPvpLPQUnVilj8JI2ScNmqm/N1IstJ6IwE5mIfWil4n/eZ3EhNd+ymScGCrJ/FCYcGQilDWA+kxRYvjEEkwUs1kRGWKFibE9lWwJ3uKXl0nzrOpdVs8fLiq1m7yOIhzBMZyCB1dQgzuoQwMIPMEzvMKbM3ZenHfnYz5acPKdQ/gD5/MHJ7OSXA==</latexit>

Im

<latexit sha1_base64="IVCGBBD6GiEAer4b3cIifPn1zwQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF49RzAOSJcxOepMhsw9nZgNhyXd48aCIVz/Gm3/jbLIHTSwYKKq66ZryYsGVtu1vq7Cyura+UdwsbW3v7O6V9w+aKkokwwaLRCTbHlUoeIgNzbXAdiyRBp7Alje6zfzWGKXiUfioJzG6AR2E3OeMaiO53YDqoS/pKH3Aaa9csav2DGSZODmpQI56r/zV7UcsCTDUTFClOo4dazelUnMmcFrqJgpjykZ0gB1DQxqgctNZ6Ck5MUqf+JE0L9Rkpv7eSGmg1CTwzGQWUi16mfif10m0f+2mPIwTjSGbH/ITQXREsgZIn0tkWkwMoUxyk5WwIZWUadNTyZTgLH55mTTPqs5l9fz+olK7yesowhEcwyk4cAU1uIM6NIDBEzzDK7xZY+vFerc+5qMFK985hD+wPn8AKUGSXQ==</latexit>

Re

<latexit sha1_base64="BswJ1iKKEv4hjBoQ3A8Hg7xtAIE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVU1UVFwV3bisYB/QhDKZTtuhkwfzEEvIr7hxoYhbf8Sdf+OkzUKrB+7lcM69zJ0TJJxJ5ThfVmlpeWV1rbxe2djc2t6xd6ttGWtBaIvEPBbdAEvKWURbiilOu4mgOAw47QSTm9zvPFAhWRzdq2lC/RCPIjZkBCsj9e2qRt4VOs5b6gVYIJ317ZpTd2ZAf4lbkBoUaPbtT28QEx3SSBGOpey5TqL8FAvFCKdZxdOSJphM8Ij2DI1wSKWfzm7P0KFRBmgYC1ORQjP150aKQymnYWAmQ6zGctHLxf+8nlbDSz9lUaIVjcj8oaHmSMUoDwINmKBE8akhmAhmbkVkjAUmysRVMSG4i1/+S9ondfe8fnp3VmtcF3GUYR8O4AhcuIAG3EITWkDgEZ7gBV6tzHq23qz3+WjJKnb24Besj2+DwZLV</latexit>

u / ū

<latexit sha1_base64="TI2bjjtxPgrRCUvqK12KUqxNa1c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+wFtKJvNtl272Q27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdkWk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6vn9xeV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+AL67j0A=</latexit>. . .

<latexit sha1_base64="TI2bjjtxPgrRCUvqK12KUqxNa1c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+wFtKJvNtl272Q27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdkWk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6vn9xeV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+AL67j0A=</latexit>. . .

<latexit sha1_base64="TI2bjjtxPgrRCUvqK12KUqxNa1c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+wFtKJvNtl272Q27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdkWk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6vn9xeV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+AL67j0A=</latexit>. . .
-1-2-3

<latexit sha1_base64="NsEHbMsPIyQu09xtdWfMmvh7mQ0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RjAkkS5idzCZDZmaXeQhhyS948aCIV3/Im3/jbLIHTSxoKKq66e6KUs608f1vr7Syura+Ud6sbG3v7O5V9w8edWIVoS2S8ER1IqwpZ5K2DDOcdlJFsYg4bUfj29xvP1GlWSIfzCSlocBDyWJGsMkl1hO2X635dX8GtEyCgtSgQLNf/eoNEmIFlYZwrHU38FMTZlgZRjidVnpW0xSTMR7SrqMSC6rDbHbrFJ04ZYDiRLmSBs3U3xMZFlpPROQ6BTYjvejl4n9e15r4OsyYTK2hkswXxZYjk6D8cTRgihLDJ45gopi7FZERVpgYF0/FhRAsvrxMHs/qwWX9/P6i1rgp4ijDERzDKQRwBQ24gya0gMAInuEV3jzhvXjv3se8teQVM4fwB97nDyVQjlE=</latexit>

iµ

<latexit sha1_base64="N2TgDXKyZd/Ck9jOl9rVecS5TdA=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBbBiyVRUY9FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2ymtrK6tb5Q3K1vbO7t77v5BUyeZIjQgCU9UO8KaciZpYJjhtJ0qikXEaSsa3U391hNVmiXy0YxTGgo8kCxmBBsrBWesK7KeW/Vq3gxomfgFqUKBRs/96vYTkgkqDeFY647vpSbMsTKMcDqpdDNNU0xGeEA7lkosqA7z2bETdGKVPooTZUsaNFN/T+RYaD0Wke0U2Az1ojcV//M6mYlvwpzJNDNUkvmiOOPIJGj6OeozRYnhY0swUczeisgQK0yMzadiQ/AXX14mzfOaf1W7eLis1m+LOMpwBMdwCj5cQx3uoQEBEGDwDK/w5kjnxXl3PuatJaeYOYQ/cD5/AI8ijog=</latexit>�iµ

= zeros of <latexit sha1_base64="OmDwShiN4N99TBnhL/ZqJsn2by0=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHcWBIVdVnUhcsK9gFNDJPpTTt0MgkzE6XEfoobF4q49Uvc+TdOHwttPXDhcM693HtPmHKmtON8WwuLS8srq4W14vrG5ta2XdppqCSTFOo04YlshUQBZwLqmmkOrVQCiUMOzbB/NfKbDyAVS8SdHqTgx6QrWMQo0UYK7JKXxNAlQe5dA9fk/mgY2GWn4oyB54k7JWU0RS2wv7xOQrMYhKacKNV2nVT7OZGaUQ7DopcpSAntky60DRUkBuXn49OH+MAoHRwl0pTQeKz+nshJrNQgDk1nTHRPzXoj8T+vnenows+ZSDMNgk4WRRnHOsGjHHCHSaCaDwwhVDJzK6Y9IgnVJq2iCcGdfXmeNI4r7lnl5Pa0XL2cxlFAe2gfHSIXnaMqukE1VEcUPaJn9IrerCfrxXq3PiatC9Z0Zhf9gfX5Ax4Bk+o=</latexit>!��= zeros of <latexit sha1_base64="P9v9E1qbfp9wQVMabBy+gB/i3Gw=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEEoSQq6rKoC5cV7AOaGCbTm3boZBJmJkqJ/RQ3LhRx65e482+cPhbaeuDC4Zx7ufeeMOVMacf5thYWl5ZXVgtrxfWNza1tu7TTUEkmKdRpwhPZCokCzgTUNdMcWqkEEoccmmH/auQ3H0Aqlog7PUjBj0lXsIhRoo0U2CUviaFLgty7Bq7J/dEwsMtOxRkDzxN3Sspoilpgf3mdhGYxCE05UartOqn2cyI1oxyGRS9TkBLaJ11oGypIDMrPx6cP8YFROjhKpCmh8Vj9PZGTWKlBHJrOmOiemvVG4n9eO9PRhZ8zkWYaBJ0sijKOdYJHOeAOk0A1HxhCqGTmVkx7RBKqTVpFE4I7+/I8aRxX3LPKye1puXo5jaOA9tA+OkQuOkdVdINqqI4oekTP6BW9WU/Wi/VufUxaF6zpzC76A+vzBxr3k+g=</latexit>!�+

= poles of 
<latexit sha1_base64="1DLYTOXN92HXIYDAg1u5P0IcM+o=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuinoMehEvRjAPyK5hdjKbDJmZXWZmlbDkP7x4UMSr/+LNv3HyOGhiQUNR1U13V5hwpo3rfju5hcWl5ZX8amFtfWNzq7i9U9dxqgitkZjHqhliTTmTtGaY4bSZKIpFyGkj7F+N/MYjVZrF8t4MEhoI3JUsYgQbKz34t4J2cTvzRXp0M2wXS27ZHQPNE29KSjBFtV388jsxSQWVhnCsdctzExNkWBlGOB0W/FTTBJM+7tKWpRILqoNsfPUQHVilg6JY2ZIGjdXfExkWWg9EaDsFNj09643E/7xWaqKLIGMySQ2VZLIoSjkyMRpFgDpMUWL4wBJMFLO3ItLDChNjgyrYELzZl+dJ/bjsnZVP7k5LlctpHHnYg304BA/OoQLXUIUaEFDwDK/w5jw5L8678zFpzTnTmV34A+fzB0Ofkl4=</latexit>

⌦µ,J = poles of 
<latexit sha1_base64="1DLYTOXN92HXIYDAg1u5P0IcM+o=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuinoMehEvRjAPyK5hdjKbDJmZXWZmlbDkP7x4UMSr/+LNv3HyOGhiQUNR1U13V5hwpo3rfju5hcWl5ZX8amFtfWNzq7i9U9dxqgitkZjHqhliTTmTtGaY4bSZKIpFyGkj7F+N/MYjVZrF8t4MEhoI3JUsYgQbKz34t4J2cTvzRXp0M2wXS27ZHQPNE29KSjBFtV388jsxSQWVhnCsdctzExNkWBlGOB0W/FTTBJM+7tKWpRILqoNsfPUQHVilg6JY2ZIGjdXfExkWWg9EaDsFNj09643E/7xWaqKLIGMySQ2VZLIoSjkyMRpFgDpMUWL4wBJMFLO3ItLDChNjgyrYELzZl+dJ/bjsnZVP7k5LlctpHHnYg304BA/OoQLXUIUaEFDwDK/w5jw5L8678zFpzTnTmV34A+fzB0Ofkl4=</latexit>

⌦µ,J

<latexit sha1_base64="TI2bjjtxPgrRCUvqK12KUqxNa1c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+wFtKJvNtl272Q27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdkWk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6vn9xeV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+AL67j0A=</latexit>. . .

Figure 5. In both plots the blue dots represent the poles (2.28) in the internal Mellin variables u
and ū. Left: the crosses mark the zeros of the projector ω∆+ (u, ū) which overlap with the poles of
ΩAdS
µ,J in the upper-half plane that violate the ∆+ boundary condition. Right: the crosses mark the

zeros of the projector ω∆− (u, ū) which overlap with the poles of ΩAdS
µ,J in the lower-half plane that

violate the ∆− boundary condition.

form at the level of the Mellin-Barnes representation (for details see appendix A.1). This
gives an expression that places the propagators for the ∆+ (Dirichlet) and ∆− (Neumann)
boundary conditions on the same footing:

ΠAdS
∆±,J(z,p; z̄,−p) =

∫ +i∞

−i∞

du

2πi
dū

2πi ΠAdS
∆±,J (u,p; ū,−p) z−2u+d

2 z̄−2ū+d
2 , (2.29)

where, parameterizing ∆± = d
2 ± iµ, we have

ΠAdS
∆±,J (u,p; ū,−p) = csc (π (u+ ū))ω∆± (u, ū) Γ (iµ) Γ (−iµ) ΩAdS

µ,J (u,p; ū,−p) , (2.30)

up to contact terms. The functions ω∆± (u, ū) project onto the ∆± boundary conditions
and are given explicitly by

ω∆± (u, ū) = 2 sin
(
π
(
u∓ iµ

2

))
sin
(
π
(
ū∓ iµ

2

))
. (2.31)

In particular, the harmonic functions ΩAdS
µ,J solve the homogeneous wave equation (2.6) with

a specific linear combination of ∆± boundary conditions, as exhibited by the identity (2.10).
The zeros of each sine function in (2.31) then overlap with the poles (2.28) in the Mellin-
Barnes representation of the Harmonic function that would violate the Dirichlet or Neumann
boundary condition. See figure 5.

At the level of the Mellin-Barnes representation the identity (2.10) reduces to the
following trigonometric identity:

ω∆+ − ω∆− = −2 sin (πµi) sin (π (u+ ū)) , (2.32)

where, in particular, the factor sin (π (u+ ū)) cancels the factor csc (π (u+ ū)) in the bulk-
to-bulk propagators (2.30) to give the harmonic function on the l.h.s. of the identity (2.10).
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<latexit sha1_base64="abijgHSF2kkKb0kN01b7SWHb+II=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFFLIkVdFt24rGAv0IQymU7aoZMLMxMhhPgqblwo4tYHcefbOG2z0NYfBj7+cw7nzO/FnEllWd9GaW19Y3OrvF3Z2d3bPzAPj7oySgShHRLxSPQ9LClnIe0opjjtx4LiwOO0501vZ/XeIxWSReGDSmPqBngcMp8RrLQ1NKuZ42GBkrzu1M81+yjOh2bNalhzoVWwC6hBofbQ/HJGEUkCGirCsZQD24qVm2GhGOE0rziJpDEmUzymA40hDqh0s/nxOTrVzgj5kdAvVGju/p7IcCBlGni6M8BqIpdrM/O/2iBR/rWbsTBOFA3JYpGfcKQiNEsCjZigRPFUAyaC6VsRmWCBidJ5VXQI9vKXV6F70bAvG837Zq11U8RRhmM4gTOw4QpacAdt6ACBFJ7hFd6MJ+PFeDc+Fq0lo5ipwh8Znz+dkJQd</latexit>
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Figure 6. Diagrammatically we represent the discontinuity (2.33) of internal lines by a perpendicular
red dashed line. The discontinuity of the ∆± bulk-to-bulk propagator in EAdS is factorised in u and
ū, which follows from the split representation of the harmonic function (2.26) and the factorised
form of the projectors ω∆± (u, ū).

Since the harmonic functions ΩAdS
µ,J satisfy the source-free wave equation (2.6), this indicates

that the role of the factor csc (π (u+ ū)) in (2.30) is to ensure that the bulk-to-bulk
propagators satisfy the wave equation with a source (2.5) — they encode the contact terms
in the exchange process. This can also be understood from taking the discontinuity with
respect to s = p2, defined as:

− 2iDiscs [f (s)] = f
(
eiπs

)
− f

(
e−iπs

)
. (2.33)

In particular, using that

Discs
[
p−2(u+ū)

]
= sin (π (u+ ū)) p−2(u+ū), (2.34)

the discontinuity of the bulk-to-bulk propagators (2.29) is given by [36]:

Discs
[
ΠAdS

∆±,J(u,p; ū,−p)
]

= ω∆± (u, ū) Γ (iµ) Γ (−iµ) ΩAdS
µ,J (u,p; ū,−p) , (2.35)

where we see that the factor csc (π (u+ ū)) has been cancelled and the propagator is com-
pletely factorised.8 The discontinuities (2.35) satisfy the homogeneous wave equation (2.6)
with ∆± boundary conditions and encode the physical exchanged single particle state sub-
ject to those boundary conditions. They are the “on-shell propagators”. This observation,
originally presented in [36, 38], gives a dispersion formula for the bulk-to-bulk propagator
through which it is reconstructed from its discontinuity (or “on-shell part”):

ΠAdS
∆±,J(z,p; z̄,−p) =

∫ +i∞

−i∞

du

2πi
dū

2πi ΠAdS
∆±,J (u,p; ū,−p) z−2u+d

2 z̄−2ū+d
2 , (2.36a)

ΠAdS
∆±,J (u,p; ū,−p) = csc (π (u+ ū))Discs

[
ΠAdS

∆±,J(u,p; ū,−p)
]
. (2.36b)

This is the Mellin-Barnes counterpart of the bulk-to-bulk propagator dispersion formulas
given in the more recent [62, 63]. In section 2.3 we will relate the prescription [36, 38] above
to that of [63].

8This is because both the projectors ω∆± (u, ū) and the harmonic function ΩAdS
µ,J (u,p; ū,−p) are factorised

in u and ū. That the discontinuity (2.35) of the ∆± bulk-to-bulk propagators factorises has also been
observed more recently in [34, 35, 61, 63].
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Figure 7. Bulk-to-bulk propagators in (EA)dS take a universal form in the Mellin-Barnes repre-
sentation, which on-shell is given by the harmonic function multiplied by the appropriate linear
combination of projectors ω∆± (u, ū) implementing the boundary condition. The full propagator is
reconstructed from its on-shell part by multiplying with the factor csc (π (u+ ū)).

In summary, the Mellin-Barnes representation for a bulk-to-bulk propagator in EAdSd+1
subject to a generic linear combination of ∆+ and ∆− boundary conditions reads [36]:

ΠAdS
α∆++β∆−,J (u,p; ū,−p) = csc (π (u+ ū))︸ ︷︷ ︸

contact terms

Discs
[
ΠAdS
α∆++β∆−,J(u,p; ū,−p)

]
︸ ︷︷ ︸

on-shell propagator

,

(2.37a)

Discs
[
ΠAdS
α∆++β∆−,J(u,p; ū,−p)

]
= (αω∆+ (u, ū)+β ω∆− (u, ū))︸ ︷︷ ︸

boundary conditions

(2.37b)

×Γ(iµ)Γ(−iµ)ΩAdS
µ,J (u,p; ū,−p)︸ ︷︷ ︸
harmonic function

.

Moving to de Sitter space, as noted in [36], in the Bunch-Davies vacuum bulk-to-
bulk propagators can be expressed as a specific linear combination of Wick rotated (2.13)
Dirichlet/Neumann bulk-to-bulk propagators (2.29). In particular, if we would like to obtain
an expression for the dS bulk-to-bulk propagators similar to (2.37) but in terms of the dS
harmonic function (2.27), for the bulk-to-bulk propagator on the ±±̂ branches of the in-in
contour we an ansatz of the form:

Π±±̂µ,J (η,p; η̄,−p) = cdS-AdSd
2 +iµ cdS-AdSd

2−iµ
e
∓ iπ2

(
d
2 +iµ

)
e
∓̂ iπ2

(
d
2−iµ

)
(2.38)

×
[
α±±̂ΠAdS

d
2 +iµ,J

(
−ηe±

iπ
2 ,p;−η̄e±̂

iπ
2 ,−p

)
+ β±±̂ΠAdS

d
2−iµ,J

(
−ηe±

iπ
2 ,p;−η̄e±̂

iπ
2 ,−k

)]
,
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which is a linear combination of ∆± EAdS bulk-to-bulk propagators Wick rotated according
to (2.13). To determine the coefficients α±±̂ and β±±̂, we take the Mellin transform:

Π±, ±̂µ,J (u,p; ū,−p) = cdS-AdSd
2 +iµ cdS-AdSd

2−iµ
e
∓
(
u+ iµ

2

)
πi
e
∓̂
(
ū− iµ2

)
πi

×
[
α±±̂ΠAdS

d
2 +iµ,J (u,p; ū,−p) + β±±̂ΠAdS

d
2−iµ,J

(u,p; ū,−p)
]
, (2.39)

and compare with the Mellin-Barnes representation of the bulk-to-bulk propagators (2.37)
in AdS. One finds (for a detailed derivation see appendix A.2):

α±± = 1
cdS-AdSd

2−iµ
e±πµ, β±± = 1

cdS-AdSd
2 +iµ

e∓πµ, (2.40a)

α±∓ = 1
cdS-AdSd

2−iµ
e∓πµ, β±∓ = 1

cdS-AdSd
2 +iµ

e∓πµ. (2.40b)

which were originally given in [36] (equation (2.17)) but with a different normalisation for
the dS harmonic functions (2.27). Note that these can be written more compactly as:

α±̂ := α±±̂, β± := β±±̂. (2.41)

We therefore have that the bulk-to-bulk in-in propagators in dSd+1 are given by the
following linear combination of bulk-to-bulk propagators in EAdSd+1 analytically continued
according to (2.13):

Π±±̂µ,J (η,p; η̄,−p) = cdS-AdSd
2 +iµ e

∓ iπ2

(
d
2 +iµ

)
e
∓̂ iπ2

(
d
2 +iµ

)
ΠAdS
d
2 +iµ,J

(
−ηe±

iπ
2 ,p;−η̄e±̂

iπ
2 ,−p

)
+ (µ→ −µ) , (2.42)

where, as for the bulk-to-boundary propagators (2.14), the coefficients cdS-AdSd
2±iµ

account for
the change in two-point function coefficient as we move from EAdS to dS. Note that the
Bunch-Davies vacuum selects in-in propagators that are symmetric under µ → −µ (or
equivalently ∆+ ↔ ∆−). Note also that the precise linear combination of analytically
continued ∆± AdS propagators depends on the branches of the in-in contour. This means
that the bulk-to-bulk propagators in the Schwinger-Keldysh formalism are not the analytic
continuation of one and the same bulk-to-bulk propagator in anti-de Sitter space.9 I.e. they
are each analytic continuations of different linear combinations of ∆± AdS propagators.
From the form (2.39) of our ansatz it follows that bulk-to-bulk in the Bunch-Davies vacuum
can also be written in the form (2.37) too [36]:

Π±, ±̂µ,J (u,p; ū,−p) = csc (π (u+ ū))︸ ︷︷ ︸
contact terms

Discs
[
Π±, ±̂µ,J (u,p; ū,−p)

]
︸ ︷︷ ︸

on-shell propagator

, (2.43a)

9For related discussions see [81–83].
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Discs
[
Π±, ±̂µ,J (u,p; ū,−p)

]
=
(
α±̂ ω∆+ (u, ū) + β± ω∆− (u, ū)

)
︸ ︷︷ ︸

boundary conditions

(2.43b)

× Γ (iµ) Γ (−iµ) Ω±, ±̂µ,J (u,p; ū,−p)︸ ︷︷ ︸
harmonic function

,

where the coefficients (2.41) ensure that the propagators satisfy the Hadamard condition
required by the Bunch Davies vacuum and hence also in the de Sitter case serve to implement
boundary conditions.

The above results, first presented in [36] (and which build on those of [37, 38]), show
that in perturbation theory any boundary correlator in dSd+1 can be expressed as a linear
combination of Witten diagrams for the same process in EAdSd+1.10 For any given diagram
in dS, one simply replaces each dS propagator with their expression in terms of EAdS
propagators reviewed above. In [36] this was applied to write tree-level exchanges in dS as
a linear combination of exchange Witten diagrams in EAdS. In practice, this approach can
get quite cumbersome since one must sum together various contributions coming from each
branch of the in-in contour, which can obscure the properties of the final result. However,
given the knowledge that such a decomposition of dS diagrams exists, the precise linear
combination of EAdS Witten diagrams can be fixed more directly by the Bunch-Davies
initial condition and consistent on-shell factorisation of the dS diagram. This will be
explained in section 5, where we provide a set of rules to immediately write down the
decomposition of any given dS diagram as a linear combination of EAdS Witten diagrams.

2.2 The Mellin-Barnes representation: from the bulk to the boundary

In the previous sections we introduced a Mellin-Barnes representation for propagators
in (EA)dSd+1, which is defined as the Mellin transform with respect to the bulk radial
coordinate. In this section we will discuss how in the presence of a scale symmetry such a
representation could be regarded as analogous Fourier space when we have a translation
symmetry. We shall also provide a set of Feynman rules for the Mellin-Barnes representation,
analogous to momentum space Feynman rules in flat space.

If we have a function f (z), in our conventions its Mellin transform f (s) is defined as,11,12

f (z) =
∫ +i∞

−i∞

ds

2πi 2 f (s) z−(2s− d2 ), (2.44a)

f (s) =
∫ ∞

0

dz

z
f (z) z2s− d2 . (2.44b)

In particular, by transforming to the Mellin-Barnes representation f (s) we are replacing
the bulk radial coordinate z with a Mellin variable s, similar to how we replace the position

10These results, first obtained in [36–38], were very recently presented (in the case of scalar fields) as one
of the main results of the work [41] by V. Gorbenko, S. Komatsu and L. di Pietro. See e.g. their section 3.3,
where their main equations (3.16), (3.19), (3.20) and figure 4 are equivalent to (2.15), (2.16) of [36], (2.38)
and figure 2 of [38], which we reviewed in equations (2.14), (2.18), (2.43) and figure 3.

11And likewise for the dS radial coordinate η, taking care that it takes negative values η ∈ (−∞, 0].
12Note that the factor of 2 in the definition of the Mellin transform ensures that applying (2.44a) and (2.44b)

successively gives the identity in our conventions.
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vector x with the momentum vector k in going to Fourier space,

f (x) =
∫

dk
(2π)d

f (k) e+ik·x, (2.45a)

f (k) =
∫
dx f (x) e−ik·x. (2.45b)

The power law z∓(2s− d2 ) in (2.44) plays a role analogous to the exponential plane waves
e±ik·x. In fact, for theories with scale symmetry, i.e. with isometry transformation

z → λz, x → λx, (2.46)

the Mellin transform plays an analogous role to Fourier space for theories with translation
invariance, which is owing to the scale invariance of the power-law z±(2s− d2 ). In particular
given a function f(z) : (0,∞) → R, one can consider the following representation of the
dilatation group:

Tλ[f(z)] = λ−
d
2 f(λz) , (2.47)

which preserves the inner product:

〈f |g〉 =
∫ ∞

0

dz

zd+1 f(z)g?(z) . (2.48)

The above inner product allows to define a norm for functions defined on R+. The space
of functions equipped with this norm naturally defines a Hilbert space L2(R+, dz

zd+1 ). At
this point, much like how the exponential plane waves e±ik·x diagonalise the translation
generator, the monomials z∓(2s− d2 ) diagonalise the generator of dilatations. In particular,
for the representation (2.47) the dilatation generator is given by the following Hermitean
operator:

Dz = i
(
z∂z − d

2

)
, Tλ = eλDz . (2.49)

The Eigenfunctions of the dilatation generator are then easily found to be

fα(z) ≡ 〈z|fα〉 = z−iα+d
2 , (2.50)

where we have introduced the position Eigenvectors |z〉. They are moreover orthonormal:

〈fα|fβ〉 =
∫ ∞

0

dz

z
z−i(β−α) =

∫ ∞
−∞

dx ei(β−α)x = 2πδ(β − α) , (2.51)

and satisfy completeness:13∫ +∞

−∞

dβ

2π f
?
β(z1)fβ(z2) = (z1z2)

d
2 δ(ln(z1)− ln(z2)) = zd+1

1 δ(z1 − z2) .

13In the second equality we used:∫ +∞

−∞

dβ

2π

(
z2

z1

)−iβ
=
∫ +∞

−∞

dβ

2π e
iβ(ln(z1)−ln(z2)) = δ (ln (z1)− ln (z2)) .
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Figure 8. In the Mellin-Barnes representation of diagrams contributing boundary correlators in
(EA)dS, in addition to Dirac delta functions enforcing conservation of boundary momenta ki at each
vertex, the Dilatation symmetry of (EA)dS requires that there is a Dirac delta function enforcing
that the Mellin variables si associated to each line add up to a constant. This constant depends on
the boundary dimension d and a parameter d̄ which is sensitive to spin of the fields meeting at the
vertex and the number of derivatives.

The Mellin transform can then be identified with the decomposition of an element of
L2(R+, dz

zd+1 ) into the Eigenfunctions fα of the dilatation operator:

M[g][α] ≡ 〈g|fα〉 =
∫ ∞

0

dz

zd+1 g(z)ziα+d
2 . (2.52)

The inverse Mellin transform instead follows from completeness, by multiplying both sides
with an Eigenfunction fα(z̄) and integrating in α:∫ +∞

−∞

dα

2π z̄
−iα+ d

2M[g][α] = g (z̄) . (2.53)

One recovers (2.44a) by moving the integration contour in the imaginary direction and re-
defining iα = 2s. See e.g. [84] for further details on this construction of the Mellin transform.

By adopting the above Mellin-Barnes representation, the integrals over the bulk radial
coordinate trivialise and are given by Dirac delta functions in the Mellin variables, analogous
to the momentum conserving delta functions that arise from integrating over position in
theories with translation symmetry. To see this it is sufficient to compare the integrals over
z and x at a bulk vertex with n legs (see figure 8):

∫ ∞
0

dz

zd+d̄+1
z
−

n∑
i=1

(2si− d2 )
= 2πi δ

(
d+ d̄+

n∑
i=1

(
2si −

d

2

))
, (2.54a)

∫
dx f (x) e

−ix·
n∑
i=1

ki
= (2π)d δ(d)

(
n∑
i=1

ki

)
, (2.54b)

where the i-th leg is assigned boundary momentum ki and the Mellin variable si. The
symbol d̄ parameterises any monomials in z generated by vertices involving tensor fields
and/or derivatives, so that for non-derivative interactions for scalar fields we have d̄ = 0.14

14For some examples with d̄ 6= 0 see [38, 85]. In this work we will not need to worry about d̄ since we
shall take the perspective that diagrams generated by spinning fields and derivative vertices can be obtained
by acting with differential “weight-shifting” operators on a scalar seed diagram generated by non-derivative
vertices, where the shifted scaling dimensions of the scalar seed automatically account for d̄. See section 3.4.
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Momentum space Mellin space
k s

e±ik·x z
∓
(

2s−d2

)
∂x → ik z∂z → −

(
2s− d

2

)
orthonormality orthonormality∫

dx eix·pe−ix·p̄ = (2π)d δ(d) (p− p̄)
∫∞

0
dz
zd+1 z

−2s+d
2 z2s̄+d

2 = πi δ(s− s̄)

completeness completeness∫ dp
(2π)d

eix·pe−ix̄·p = δ(d) (x− x̄) 2
∫+i∞
−i∞

ds
2π z

2s+ d
2

1 z
−2s+ d

2
2 = zd+1

1 δ(z1 − z2)

translation symmetry scale symmetry

(2π)d δ(d)
(

n∑
i=1

ki
)

2πi δ
(
d+ d̄+

n∑
i=1

(
2si − d

2

))
Table 1. Summary of parallels between momentum space and the Mellin-Barnes representation.

In section 3.1 we will show explicitly that the Dirac delta functions of the type (2.54a) in
the Mellin variables are required by the Dilatation Ward identities that must be satisfied
by boundary correlators, analogous to how translation symmetry implies momentum
conservation. Note that, since translation symmetry is broken in the bulk radial direction of
EAdS and dS, taking the Fourier transform with respect to the bulk radial coordinate z (or
η in the case of dS) would not benefit from the convenient properties of Fourier space in the
presence of a translation symmetry. For theories with a scale symmetry we are proposing
that one can still profit from analogous benefits by instead taking the Mellin transform,
which could then be a natural habitat for correlators with a scale symmetry. These and
further parallels between the Mellin-Barnes representation in theories with a scale symmetry
and Fourier space in theories with a translation symmetry are summarised in table 1.15

The above discussion naturally suggests a set of Feynman rules for boundary correlators
in (EA)dSd+1, which we summarise in the following:

Feynman rules for the Mellin-Barnes representation:

1. For a given diagram, for each external leg assign a momentum ki and an external
Mellin variable si. For each internal leg assign a momentum pj and a pair of internal
Mellin variables uj , ūj distributed according to the split representation (2.26) of
internal legs shown in figure 4.

2. For each vertex include a factor of the Dirac delta function (2.54a) in the Mellin
variables associated to the legs of the vertex and a factor of the momentum conserving
Dirac delta function (2.54b), as in figure 8.

15Other parallels between momentum space and the Mellin-Barnes representation can be found in [85].
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3. For each vertex, multiply by the coupling constant and add the appropriate (polyno-
mial) factors in the momenta (corresponding to spatial derivatives) and the Mellin
variables (corresponding to derivatives in the bulk radial coordinate) as described in
the table above. Divide by the symmetry factor.

4. For EAdS diagrams: for each external leg multiply by the corresponding bulk-to-
boundary propagatorKδi,Ji (si,ki). For each internal leg multiply by the corresponding
bulk-to-bulk propagator ΠAdS

α∆+
j +β∆−j ,Jj

(uj ,pj ; ūj ,−pj). For each vertex, multiply by
a factor of (−1) (since the action is Euclidean).

5. For dS diagrams: for each external leg attached to a vertex on the ± branch of the in-in
contour, multiply by the corresponding bulk-to-boundary propagator K±δi,Ji (si,ki).
For each internal leg connecting a vertex on the ± branch and a vertex on the ±̂
branch, multiply by the corresponding bulk-to-bulk propagator Π±,±̂µj ,Jj (uj ,pj ; ūj ,−pj).
For each vertex on the ± branch of the in-in contour, multiply by a factor ±i. Sum
over all branches of the in-in contour.

The above Feynman rules define a Mellin-Barnes representation for any given diagram
in (EA)dS with n external legs ki and m internal legs pj :16

F (k1, . . . ,kn; p1, . . . ,pm) =
∫ +i∞

−i∞

ds1
2πi . . .

dsn
2πi︸ ︷︷ ︸

[dsi]n

du1dū1

(2πi)2 . . .
dumdūm

(2πi)2︸ ︷︷ ︸
[duj dūj ]m

× F (s1,k1, . . . , sn,kn;u1, ū1,p1, . . . , um, ūm,pm) . (2.55)

It is important to appreciate that by adopting the Mellin-Barnes representation the com-
plicated integrals over the bulk radial coordinate are taken care of automatically: they
are replaced by Dirac delta functions of the type (2.54a) in the Mellin variables. This is
analogous to the fate of position space integrals when transforming to Fourier space in
directions where we have a translation symmetry (like we do have on the boundary), where
they get replaced by momentum conserving delta functions. Much like the Fourier space
representation of flat space scattering amplitudes, whose properties we can infer from those
of Feynman propagators in momentum space (e.g. simple poles in the Mandelstam variables
for exchanges at tree level, cutting rules, dispersion relations. . . ), we might then try to use
the Mellin-Barnes representation to infer properties of boundary correlators in (EA)dSd+1 in
a similar fashion — importing them from the bulk to the boundary. Along these lines, in the
following section we will start by using the properties of (EA)dS bulk-to-bulk propagators
in the Mellin-Barnes representation to derive cutting rules and dispersion relations to
compute boundary correlators in perturbation theory. In section 3 we will also see how the
Mellin-Barnes representation provides a framework to determine how consistent dS physics
is imprinted in the coefficients of boundary contact diagrams, which are the basic building
blocks from which other types of diagrams can be constructed.

16Note that the Mellin-Barnes representation can be defined as a distribution in the appropriate functional
space much like the Fourier transform [84] usually used in the context of QFT. In fact it is possible to define
the Mellin transform for all distributions in D′+.
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2.3 Cutting rules and dispersion

The Mellin-Barnes representation (2.37) and (2.43) of (EA)dS propagators naturally gives
rise to cutting rules and dispersion formulas to compute boundary correlators in (EA)dS.
This was explained in [36], where it was applied to compute tree-level exchanges in (EA)dS
and below we give a more pedagogical presentation of the general procedure. We also try to
make contact with the more recent flurry of activity [30, 32–35, 63] on dS unitarity methods
(and related AdS results [61, 62]), which instead work at the level of the wavefunction.

At the basis of the cutting procedure is the split representation (2.26) of the harmonic
functions in (EA)dS, which factorise into a product of bulk-to-boundary propagators.
This in turn implies the factorisation (2.35) of the bulk-to-bulk propagator (2.30) for the
∆± mode upon taking its discontinuity or “cut” (as defined in equation (2.33)). The
discontinuity of a bulk-to-bulk propagator in EAdS for a generic linear combination of
∆± boundary conditions, as well as that of the in-in dS bulk-to-bulk propagators in the
Bunch-Davies vacuum, is therefore a linear combination of factorised contributions — one
for the propagating ∆+ mode and the other for the propagating ∆− mode (see figure 9):

Discs
[
ΠAdS
α∆++β∆−,J(u,p; ū,−p)

]
(2.56a)

= αDiscs
[
ΠAdS

∆+,J(u,p; ū,−p)
]

+ βDiscs
[
ΠAdS

∆−,J(u,p; ū,−p)
]
,

Discs
[
Π±, ±̂µ,J (u,p; ū,−p)

]
(2.56b)

= α±̂Discs
[
Π±, ±̂∆+,J(u,p; ū,−p)

]
+ β±Discs

[
Π±, ±̂∆−,J(u,p; ū,−p)

]
,

where we defined

Discs
[
Π±, ±̂∆+,J(u,p; ū,−p)

]
= ω∆+ (u, ū) Γ (iµ) Γ (−iµ) Ω±, ±̂µ,J (u,p; ū,−p) , (2.57a)

Discs
[
Π±, ±̂∆−,J(u,p; ū,−p)

]
= ω∆− (u, ū) Γ (iµ) Γ (−iµ) Ω±, ±̂µ,J (u,p; ū,−p) . (2.57b)

These identities, in turn, imply that diagrams for boundary correlators in (EA)dS reduce to
a linear combination of factorised contributions upon putting an internal leg on-shell, where
the precise linear combination is dictated by the boundary condition on the exchanged field.
See figure 9.

To illustrate, let us consider the four-point tree level exchange, restricting for ease of
presentation to scalar fields φi, φ, i = 1, 2, 3, 4, interacting though non-derivative cubic
vertices g12φ φ1φ2φ and g34φ φ3φ4φ. In EAdSd+1, applying the Feynman rules of section 2.2
we have

AEAdS
α∆++β∆−,J (s1,k1, s2,k2; s3,k3, s4,k4) (2.58)

= g12φ 2πi δ
(
−d

2 + 2s1 + 2s2 + 2u
)

(2π)d δ(d) (k1 + k2 + p)

× g34φ 2πi δ
(
−d

2 + 2ū+ 2s3 + 2s4
)

(2π)d δ(d) (k3 + k4 − p)

×KAdS
∆1,0 (s1,k1) KAdS

∆2,0 (s2,k2) ΠAdS
α∆++β∆−,0(u,p; ū,−p)KAdS

∆3,0 (s3,k3) KAdS
∆4,0 (s4,k4) .
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�+, J
<latexit sha1_base64="DcevzGfm2/+YJjmw83cWaTj1f5o=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81JJIUY9FPYinCvYDmlg22227dLMJuxOhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL4gF1+g439bS8srq2npuI7+5tb2zW9jbb+goUZTVaSQi1QqIZoJLVkeOgrVixUgYCNYMhtcTv/nElOaRfMBRzPyQ9CXvcUrQSJ53wwSSx9OSV7rrFIpO2ZnCXiRuRoqQodYpfHndiCYhk0gF0brtOjH6KVHIqWDjvJdoFhM6JH3WNlSSkGk/nd48to+N0rV7kTIl0Z6qvydSEmo9CgPTGRIc6HlvIv7ntRPsXfopl3GCTNLZol4ibIzsSQB2lytGUYwMIVRxc6tNB0QRiiamvAnBnX95kTTOyu55uXJfKVavsjhycAhHcAIuXEAVbqEGdaAQwzO8wpuVWC/Wu/Uxa12yspkD+APr8wemk5DK</latexit>

��, J

<latexit sha1_base64="J7N7RoZVAAHV4S28jMK8Hx2mzA0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G49uZ332kUrFEPOhJSv0YDwWLGMHaSIFdUYFb82q5F0ZoPA3cwK46dWcOtErcglShQCuwv7xBQrKYCk04VqrvOqn2cyw1I5xOy16maIrJGA9p31CBY6r8fH74FJ0ZZYCiRJoSGs3V3xM5jpWaxKHpjLEeqWVvJv7n9TMdXfs5E2mmqSCLRVHGkU7QLAU0YJISzSeGYCKZuRWREZaYaJNV2YTgLr+8SjoXdfey3rhvVJs3RRwlOIFTOAcXrqAJd9CCNhDI4Ble4c16sl6sd+tj0bpmFTPH8AfW5w9LqZI4</latexit>

s1, k1

<latexit sha1_base64="2hdLqgKWJYKheZt2gp8jcWHZjrY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHkpJSlGPRS8eK9gPaErYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzO/e4jlYrF4kFPEzqI8EiwkBGsjeTbZeXXq14184IQTWZ+3bcrTs1ZAK0TNycVyNHy7S9vGJM0okITjpXqu06iBxmWmhFOZyUvVTTBZIJHtG+owBFVg2xx+AydG2WIwliaEhot1N8TGY6UmkaB6YywHqtVby7+5/VTHV4PMiaSVFNBlovClCMdo3kKaMgkJZpPDcFEMnMrImMsMdEmq5IJwV19eZ106jX3sta4b1SaN3kcRTiFM7gAF66gCXfQgjYQSOEZXuHNerJerHfrY9lasPKZE/gD6/MHTr2SOg==</latexit>

s2, k2

<latexit sha1_base64="AdMX+OmTonEqu7mEfyAHnhFCass=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0439ba+sbm1nZhp7i7t39Qsg+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxrczv/NIpWKxeNCThPYjPBQsZARrI/l2Sfm1ilfJvCBE46lf8+2yU3XmQKvEzUkZcjR9+8sbxCSNqNCEY6V6rpPofoalZoTTadFLFU0wGeMh7RkqcERVP5sfPkVnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9f9jIkk1VSQxaIw5UjHaJYCGjBJieYTQzCRzNyKyAhLTLTJqmhCcJdfXiXti6p7Wa3f18uNmzyOApzAKZyDC1fQgDtoQgsIpPAMr/BmPVkv1rv1sWhds/KZY/gD6/MHUdGSPA==</latexit>

s3, k3

<latexit sha1_base64="awok6vuAJJl98l0eUolha89WXvg=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJBPVY9OKxgv2ApoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHbZVkktAWSXgiuyFWlDNBW5ppTruppDgOOe2E49uZ33mkUrFEPOhJSvsxHgoWMYK1kQK7ogKv5tdyP4zQeBp4gV116s4caJW4BalCgWZgf/mDhGQxFZpwrFTPdVLdz7HUjHA6LfuZoikmYzykPUMFjqnq5/PDp+jMKAMUJdKU0Giu/p7IcazUJA5NZ4z1SC17M/E/r5fp6LqfM5FmmgqyWBRlHOkEzVJAAyYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6R9UXcv6969V23cFHGU4ARO4RxcuIIG3EETWkAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz9U5ZI+</latexit>

s4, k4

L R L R L R

<latexit sha1_base64="abijgHSF2kkKb0kN01b7SWHb+II=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFFLIkVdFt24rGAv0IQymU7aoZMLMxMhhPgqblwo4tYHcefbOG2z0NYfBj7+cw7nzO/FnEllWd9GaW19Y3OrvF3Z2d3bPzAPj7oySgShHRLxSPQ9LClnIe0opjjtx4LiwOO0501vZ/XeIxWSReGDSmPqBngcMp8RrLQ1NKuZ42GBkrzu1M81+yjOh2bNalhzoVWwC6hBofbQ/HJGEUkCGirCsZQD24qVm2GhGOE0rziJpDEmUzymA40hDqh0s/nxOTrVzgj5kdAvVGju/p7IcCBlGni6M8BqIpdrM/O/2iBR/rWbsTBOFA3JYpGfcKQiNEsCjZigRPFUAyaC6VsRmWCBidJ5VXQI9vKXV6F70bAvG837Zq11U8RRhmM4gTOw4QpacAdt6ACBFJ7hFd6MJ+PFeDc+Fq0lo5ipwh8Znz+dkJQd</latexit>

ū, �p<latexit sha1_base64="cOEEfhUdPRc0fWJNFSSkdL+s1No=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KCWRoh6LXjxWsB+QhLLZbtqlm92wOxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzolRwA6777aytb2xubZd2yrt7+weHlaPjjlGZpqxNlVC6FxHDBJesDRwE66WakSQSrBuN72Z+94lpw5V8hEnKwoQMJY85JWAlP6sFtTyIYpxO+5WqW3fnwKvEK0gVFWj1K1/BQNEsYRKoIMb4nptCmBMNnAo2LQeZYSmhYzJkvqWSJMyE+fzkKT63ygDHStuSgOfq74mcJMZMksh2JgRGZtmbif95fgbxTZhzmWbAJF0sijOBQeHZ/3jANaMgJpYQqrm9FdMR0YSCTalsQ/CWX14lncu6d1VvPDSqzdsijhI6RWfoAnnoGjXRPWqhNqJIoWf0it4ccF6cd+dj0brmFDMn6A+czx+GEJDG</latexit>u, p
<latexit sha1_base64="2hdLqgKWJYKheZt2gp8jcWHZjrY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHkpJSlGPRS8eK9gPaErYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzO/e4jlYrF4kFPEzqI8EiwkBGsjeTbZeXXq14184IQTWZ+3bcrTs1ZAK0TNycVyNHy7S9vGJM0okITjpXqu06iBxmWmhFOZyUvVTTBZIJHtG+owBFVg2xx+AydG2WIwliaEhot1N8TGY6UmkaB6YywHqtVby7+5/VTHV4PMiaSVFNBlovClCMdo3kKaMgkJZpPDcFEMnMrImMsMdEmq5IJwV19eZ106jX3sta4b1SaN3kcRTiFM7gAF66gCXfQgjYQSOEZXuHNerJerHfrY9lasPKZE/gD6/MHTr2SOg==</latexit>

s2, k2
<latexit sha1_base64="J7N7RoZVAAHV4S28jMK8Hx2mzA0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G49uZ332kUrFEPOhJSv0YDwWLGMHaSIFdUYFb82q5F0ZoPA3cwK46dWcOtErcglShQCuwv7xBQrKYCk04VqrvOqn2cyw1I5xOy16maIrJGA9p31CBY6r8fH74FJ0ZZYCiRJoSGs3V3xM5jpWaxKHpjLEeqWVvJv7n9TMdXfs5E2mmqSCLRVHGkU7QLAU0YJISzSeGYCKZuRWREZaYaJNV2YTgLr+8SjoXdfey3rhvVJs3RRwlOIFTOAcXrqAJd9CCNhDI4Ble4c16sl6sd+tj0bpmFTPH8AfW5w9LqZI4</latexit>

s1, k1

<latexit sha1_base64="AdMX+OmTonEqu7mEfyAHnhFCass=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0439ba+sbm1nZhp7i7t39Qsg+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxrczv/NIpWKxeNCThPYjPBQsZARrI/l2Sfm1ilfJvCBE46lf8+2yU3XmQKvEzUkZcjR9+8sbxCSNqNCEY6V6rpPofoalZoTTadFLFU0wGeMh7RkqcERVP5sfPkVnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9f9jIkk1VSQxaIw5UjHaJYCGjBJieYTQzCRzNyKyAhLTLTJqmhCcJdfXiXti6p7Wa3f18uNmzyOApzAKZyDC1fQgDtoQgsIpPAMr/BmPVkv1rv1sWhds/KZY/gD6/MHUdGSPA==</latexit>

s3, k3
<latexit sha1_base64="awok6vuAJJl98l0eUolha89WXvg=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJBPVY9OKxgv2ApoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHbZVkktAWSXgiuyFWlDNBW5ppTruppDgOOe2E49uZ33mkUrFEPOhJSvsxHgoWMYK1kQK7ogKv5tdyP4zQeBp4gV116s4caJW4BalCgWZgf/mDhGQxFZpwrFTPdVLdz7HUjHA6LfuZoikmYzykPUMFjqnq5/PDp+jMKAMUJdKU0Giu/p7IcazUJA5NZ4z1SC17M/E/r5fp6LqfM5FmmgqyWBRlHOkEzVJAAyYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6R9UXcv6969V23cFHGU4ARO4RxcuIIG3EETWkAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz9U5ZI+</latexit>

s4, k4

<latexit sha1_base64="/B6s/rmNLkQQDLAqU0GN5cx3KMU=">AAAB83icbVBNS8NAEN34WetX1aOXYBEES0mkqMeiHsRTBfsBTSyb7bRdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF8SCa3Scb2tpeWV1bT23kd/c2t7ZLeztN3SUKAZ1FolItQKqQXAJdeQooBUroGEgoBkMryd+8wmU5pF8wFEMfkj7kvc4o2gkz7sBgfTxtOSV7jqFolN2prAXiZuRIslQ6xS+vG7EkhAkMkG1brtOjH5KFXImYJz3Eg0xZUPah7ahkoag/XR689g+NkrX7kXKlER7qv6eSGmo9SgMTGdIcaDnvYn4n9dOsHfpp1zGCYJks0W9RNgY2ZMA7C5XwFCMDKFMcXOrzQZUUYYmprwJwZ1/eZE0zsrueblyXylWr7I4cuSQHJET4pILUiW3pEbqhJGYPJNX8mYl1ov1bn3MWpesbOaA/IH1+QOjg5DI</latexit>

�+, J
<latexit sha1_base64="DcevzGfm2/+YJjmw83cWaTj1f5o=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81JJIUY9FPYinCvYDmlg22227dLMJuxOhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL4gF1+g439bS8srq2npuI7+5tb2zW9jbb+goUZTVaSQi1QqIZoJLVkeOgrVixUgYCNYMhtcTv/nElOaRfMBRzPyQ9CXvcUrQSJ53wwSSx9OSV7rrFIpO2ZnCXiRuRoqQodYpfHndiCYhk0gF0brtOjH6KVHIqWDjvJdoFhM6JH3WNlSSkGk/nd48to+N0rV7kTIl0Z6qvydSEmo9CgPTGRIc6HlvIv7ntRPsXfopl3GCTNLZol4ibIzsSQB2lytGUYwMIVRxc6tNB0QRiiamvAnBnX95kTTOyu55uXJfKVavsjhycAhHcAIuXEAVbqEGdaAQwzO8wpuVWC/Wu/Uxa12yspkD+APr8wemk5DK</latexit>

��, J

L R
<latexit sha1_base64="0kPRjv1R1Y8W7i7+mdDR6ZzFQn4=">AAAB+XicbZDNSgMxFIUz9a/Wv1GXboJFcCFlRoq6LLpxWcHaQmcomTTThiaZIblTKEPfxI0LRdz6Ju58G9N2Ftp6IPBx7r3cmxOlghvwvG+ntLa+sblV3q7s7O7tH7iHR08myTRlLZqIRHciYpjgirWAg2CdVDMiI8Ha0ehuVm+PmTY8UY8wSVkoyUDxmFMC1uq5bpDK4ALnwZAAtjztuVWv5s2FV8EvoIoKNXvuV9BPaCaZAiqIMV3fSyHMiQZOBZtWgsywlNARGbCuRUUkM2E+v3yKz6zTx3Gi7VOA5+7viZxIYyYysp2SwNAs12bmf7VuBvFNmHOVZsAUXSyKM4EhwbMYcJ9rRkFMLBCqub0V0yHRhIINq2JD8Je/vApPlzX/qlZ/qFcbt0UcZXSCTtE58tE1aqB71EQtRNEYPaNX9Obkzovz7nwsWktOMXOM/sj5/AHHkZMf</latexit>

±±̂
<latexit sha1_base64="0kPRjv1R1Y8W7i7+mdDR6ZzFQn4=">AAAB+XicbZDNSgMxFIUz9a/Wv1GXboJFcCFlRoq6LLpxWcHaQmcomTTThiaZIblTKEPfxI0LRdz6Ju58G9N2Ftp6IPBx7r3cmxOlghvwvG+ntLa+sblV3q7s7O7tH7iHR08myTRlLZqIRHciYpjgirWAg2CdVDMiI8Ha0ehuVm+PmTY8UY8wSVkoyUDxmFMC1uq5bpDK4ALnwZAAtjztuVWv5s2FV8EvoIoKNXvuV9BPaCaZAiqIMV3fSyHMiQZOBZtWgsywlNARGbCuRUUkM2E+v3yKz6zTx3Gi7VOA5+7viZxIYyYysp2SwNAs12bmf7VuBvFNmHOVZsAUXSyKM4EhwbMYcJ9rRkFMLBCqub0V0yHRhIINq2JD8Je/vApPlzX/qlZ/qFcbt0UcZXSCTtE58tE1aqB71EQtRNEYPaNX9Obkzovz7nwsWktOMXOM/sj5/AHHkZMf</latexit>

±±̂

<latexit sha1_base64="2hdLqgKWJYKheZt2gp8jcWHZjrY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHkpJSlGPRS8eK9gPaErYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzO/e4jlYrF4kFPEzqI8EiwkBGsjeTbZeXXq14184IQTWZ+3bcrTs1ZAK0TNycVyNHy7S9vGJM0okITjpXqu06iBxmWmhFOZyUvVTTBZIJHtG+owBFVg2xx+AydG2WIwliaEhot1N8TGY6UmkaB6YywHqtVby7+5/VTHV4PMiaSVFNBlovClCMdo3kKaMgkJZpPDcFEMnMrImMsMdEmq5IJwV19eZ106jX3sta4b1SaN3kcRTiFM7gAF66gCXfQgjYQSOEZXuHNerJerHfrY9lasPKZE/gD6/MHTr2SOg==</latexit>

s2, k2
<latexit sha1_base64="J7N7RoZVAAHV4S28jMK8Hx2mzA0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G49uZ332kUrFEPOhJSv0YDwWLGMHaSIFdUYFb82q5F0ZoPA3cwK46dWcOtErcglShQCuwv7xBQrKYCk04VqrvOqn2cyw1I5xOy16maIrJGA9p31CBY6r8fH74FJ0ZZYCiRJoSGs3V3xM5jpWaxKHpjLEeqWVvJv7n9TMdXfs5E2mmqSCLRVHGkU7QLAU0YJISzSeGYCKZuRWREZaYaJNV2YTgLr+8SjoXdfey3rhvVJs3RRwlOIFTOAcXrqAJd9CCNhDI4Ble4c16sl6sd+tj0bpmFTPH8AfW5w9LqZI4</latexit>

s1, k1

<latexit sha1_base64="AdMX+OmTonEqu7mEfyAHnhFCass=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0439ba+sbm1nZhp7i7t39Qsg+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxrczv/NIpWKxeNCThPYjPBQsZARrI/l2Sfm1ilfJvCBE46lf8+2yU3XmQKvEzUkZcjR9+8sbxCSNqNCEY6V6rpPofoalZoTTadFLFU0wGeMh7RkqcERVP5sfPkVnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9f9jIkk1VSQxaIw5UjHaJYCGjBJieYTQzCRzNyKyAhLTLTJqmhCcJdfXiXti6p7Wa3f18uNmzyOApzAKZyDC1fQgDtoQgsIpPAMr/BmPVkv1rv1sWhds/KZY/gD6/MHUdGSPA==</latexit>

s3, k3
<latexit sha1_base64="awok6vuAJJl98l0eUolha89WXvg=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJBPVY9OKxgv2ApoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHbZVkktAWSXgiuyFWlDNBW5ppTruppDgOOe2E49uZ33mkUrFEPOhJSvsxHgoWMYK1kQK7ogKv5tdyP4zQeBp4gV116s4caJW4BalCgWZgf/mDhGQxFZpwrFTPdVLdz7HUjHA6LfuZoikmYzykPUMFjqnq5/PDp+jMKAMUJdKU0Giu/p7IcazUJA5NZ4z1SC17M/E/r5fp6LqfM5FmmgqyWBRlHOkEzVJAAyYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6R9UXcv6969V23cFHGU4ARO4RxcuIIG3EETWkAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz9U5ZI+</latexit>

s4, k4

<latexit sha1_base64="/B6s/rmNLkQQDLAqU0GN5cx3KMU=">AAAB83icbVBNS8NAEN34WetX1aOXYBEES0mkqMeiHsRTBfsBTSyb7bRdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF8SCa3Scb2tpeWV1bT23kd/c2t7ZLeztN3SUKAZ1FolItQKqQXAJdeQooBUroGEgoBkMryd+8wmU5pF8wFEMfkj7kvc4o2gkz7sBgfTxtOSV7jqFolN2prAXiZuRIslQ6xS+vG7EkhAkMkG1brtOjH5KFXImYJz3Eg0xZUPah7ahkoag/XR689g+NkrX7kXKlER7qv6eSGmo9SgMTGdIcaDnvYn4n9dOsHfpp1zGCYJks0W9RNgY2ZMA7C5XwFCMDKFMcXOrzQZUUYYmprwJwZ1/eZE0zsrueblyXylWr7I4cuSQHJET4pILUiW3pEbqhJGYPJNX8mYl1ov1bn3MWpesbOaA/IH1+QOjg5DI</latexit>

�+, J
<latexit sha1_base64="DcevzGfm2/+YJjmw83cWaTj1f5o=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81JJIUY9FPYinCvYDmlg22227dLMJuxOhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL4gF1+g439bS8srq2npuI7+5tb2zW9jbb+goUZTVaSQi1QqIZoJLVkeOgrVixUgYCNYMhtcTv/nElOaRfMBRzPyQ9CXvcUrQSJ53wwSSx9OSV7rrFIpO2ZnCXiRuRoqQodYpfHndiCYhk0gF0brtOjH6KVHIqWDjvJdoFhM6JH3WNlSSkGk/nd48to+N0rV7kTIl0Z6qvydSEmo9CgPTGRIc6HlvIv7ntRPsXfopl3GCTNLZol4ibIzsSQB2lytGUYwMIVRxc6tNB0QRiiamvAnBnX95kTTOyu55uXJfKVavsjhycAhHcAIuXEAVbqEGdaAQwzO8wpuVWC/Wu/Uxa12yspkD+APr8wemk5DK</latexit>

��, J

L R

<latexit sha1_base64="abijgHSF2kkKb0kN01b7SWHb+II=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFFLIkVdFt24rGAv0IQymU7aoZMLMxMhhPgqblwo4tYHcefbOG2z0NYfBj7+cw7nzO/FnEllWd9GaW19Y3OrvF3Z2d3bPzAPj7oySgShHRLxSPQ9LClnIe0opjjtx4LiwOO0501vZ/XeIxWSReGDSmPqBngcMp8RrLQ1NKuZ42GBkrzu1M81+yjOh2bNalhzoVWwC6hBofbQ/HJGEUkCGirCsZQD24qVm2GhGOE0rziJpDEmUzymA40hDqh0s/nxOTrVzgj5kdAvVGju/p7IcCBlGni6M8BqIpdrM/O/2iBR/rWbsTBOFA3JYpGfcKQiNEsCjZigRPFUAyaC6VsRmWCBidJ5VXQI9vKXV6F70bAvG837Zq11U8RRhmM4gTOw4QpacAdt6ACBFJ7hFd6MJ+PFeDc+Fq0lo5ipwh8Znz+dkJQd</latexit>

ū, �p<latexit sha1_base64="cOEEfhUdPRc0fWJNFSSkdL+s1No=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KCWRoh6LXjxWsB+QhLLZbtqlm92wOxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzolRwA6777aytb2xubZd2yrt7+weHlaPjjlGZpqxNlVC6FxHDBJesDRwE66WakSQSrBuN72Z+94lpw5V8hEnKwoQMJY85JWAlP6sFtTyIYpxO+5WqW3fnwKvEK0gVFWj1K1/BQNEsYRKoIMb4nptCmBMNnAo2LQeZYSmhYzJkvqWSJMyE+fzkKT63ygDHStuSgOfq74mcJMZMksh2JgRGZtmbif95fgbxTZhzmWbAJF0sijOBQeHZ/3jANaMgJpYQqrm9FdMR0YSCTalsQ/CWX14lncu6d1VvPDSqzdsijhI6RWfoAnnoGjXRPWqhNqJIoWf0it4ccF6cd+dj0brmFDMn6A+czx+GEJDG</latexit>u, p

<latexit sha1_base64="0kPRjv1R1Y8W7i7+mdDR6ZzFQn4=">AAAB+XicbZDNSgMxFIUz9a/Wv1GXboJFcCFlRoq6LLpxWcHaQmcomTTThiaZIblTKEPfxI0LRdz6Ju58G9N2Ftp6IPBx7r3cmxOlghvwvG+ntLa+sblV3q7s7O7tH7iHR08myTRlLZqIRHciYpjgirWAg2CdVDMiI8Ha0ehuVm+PmTY8UY8wSVkoyUDxmFMC1uq5bpDK4ALnwZAAtjztuVWv5s2FV8EvoIoKNXvuV9BPaCaZAiqIMV3fSyHMiQZOBZtWgsywlNARGbCuRUUkM2E+v3yKz6zTx3Gi7VOA5+7viZxIYyYysp2SwNAs12bmf7VuBvFNmHOVZsAUXSyKM4EhwbMYcJ9rRkFMLBCqub0V0yHRhIINq2JD8Je/vApPlzX/qlZ/qFcbt0UcZXSCTtE58tE1aqB71EQtRNEYPaNX9Obkzovz7nwsWktOMXOM/sj5/AHHkZMf</latexit>

±±̂
<latexit sha1_base64="0kPRjv1R1Y8W7i7+mdDR6ZzFQn4=">AAAB+XicbZDNSgMxFIUz9a/Wv1GXboJFcCFlRoq6LLpxWcHaQmcomTTThiaZIblTKEPfxI0LRdz6Ju58G9N2Ftp6IPBx7r3cmxOlghvwvG+ntLa+sblV3q7s7O7tH7iHR08myTRlLZqIRHciYpjgirWAg2CdVDMiI8Ha0ehuVm+PmTY8UY8wSVkoyUDxmFMC1uq5bpDK4ALnwZAAtjztuVWv5s2FV8EvoIoKNXvuV9BPaCaZAiqIMV3fSyHMiQZOBZtWgsywlNARGbCuRUUkM2E+v3yKz6zTx3Gi7VOA5+7viZxIYyYysp2SwNAs12bmf7VuBvFNmHOVZsAUXSyKM4EhwbMYcJ9rRkFMLBCqub0V0yHRhIINq2JD8Je/vApPlzX/qlZ/qFcbt0UcZXSCTtE58tE1aqB71EQtRNEYPaNX9Obkzovz7nwsWktOMXOM/sj5/AHHkZMf</latexit>

±±̂

<latexit sha1_base64="eHHspj6Fn6YNbuWWuhjlI96KheU="></latexit>

= ↵±̂ !�+ (u, ū)

<latexit sha1_base64="2hdLqgKWJYKheZt2gp8jcWHZjrY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHkpJSlGPRS8eK9gPaErYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzO/e4jlYrF4kFPEzqI8EiwkBGsjeTbZeXXq14184IQTWZ+3bcrTs1ZAK0TNycVyNHy7S9vGJM0okITjpXqu06iBxmWmhFOZyUvVTTBZIJHtG+owBFVg2xx+AydG2WIwliaEhot1N8TGY6UmkaB6YywHqtVby7+5/VTHV4PMiaSVFNBlovClCMdo3kKaMgkJZpPDcFEMnMrImMsMdEmq5IJwV19eZ106jX3sta4b1SaN3kcRTiFM7gAF66gCXfQgjYQSOEZXuHNerJerHfrY9lasPKZE/gD6/MHTr2SOg==</latexit>

s2, k2
<latexit sha1_base64="J7N7RoZVAAHV4S28jMK8Hx2mzA0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G49uZ332kUrFEPOhJSv0YDwWLGMHaSIFdUYFb82q5F0ZoPA3cwK46dWcOtErcglShQCuwv7xBQrKYCk04VqrvOqn2cyw1I5xOy16maIrJGA9p31CBY6r8fH74FJ0ZZYCiRJoSGs3V3xM5jpWaxKHpjLEeqWVvJv7n9TMdXfs5E2mmqSCLRVHGkU7QLAU0YJISzSeGYCKZuRWREZaYaJNV2YTgLr+8SjoXdfey3rhvVJs3RRwlOIFTOAcXrqAJd9CCNhDI4Ble4c16sl6sd+tj0bpmFTPH8AfW5w9LqZI4</latexit>

s1, k1
<latexit sha1_base64="AdMX+OmTonEqu7mEfyAHnhFCass=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0439ba+sbm1nZhp7i7t39Qsg+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxrczv/NIpWKxeNCThPYjPBQsZARrI/l2Sfm1ilfJvCBE46lf8+2yU3XmQKvEzUkZcjR9+8sbxCSNqNCEY6V6rpPofoalZoTTadFLFU0wGeMh7RkqcERVP5sfPkVnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9f9jIkk1VSQxaIw5UjHaJYCGjBJieYTQzCRzNyKyAhLTLTJqmhCcJdfXiXti6p7Wa3f18uNmzyOApzAKZyDC1fQgDtoQgsIpPAMr/BmPVkv1rv1sWhds/KZY/gD6/MHUdGSPA==</latexit>

s3, k3
<latexit sha1_base64="awok6vuAJJl98l0eUolha89WXvg=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJBPVY9OKxgv2ApoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHbZVkktAWSXgiuyFWlDNBW5ppTruppDgOOe2E49uZ33mkUrFEPOhJSvsxHgoWMYK1kQK7ogKv5tdyP4zQeBp4gV116s4caJW4BalCgWZgf/mDhGQxFZpwrFTPdVLdz7HUjHA6LfuZoikmYzykPUMFjqnq5/PDp+jMKAMUJdKU0Giu/p7IcazUJA5NZ4z1SC17M/E/r5fp6LqfM5FmmgqyWBRlHOkEzVJAAyYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6R9UXcv6969V23cFHGU4ARO4RxcuIIG3EETWkAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz9U5ZI+</latexit>

s4, k4

L R
<latexit sha1_base64="0kPRjv1R1Y8W7i7+mdDR6ZzFQn4=">AAAB+XicbZDNSgMxFIUz9a/Wv1GXboJFcCFlRoq6LLpxWcHaQmcomTTThiaZIblTKEPfxI0LRdz6Ju58G9N2Ftp6IPBx7r3cmxOlghvwvG+ntLa+sblV3q7s7O7tH7iHR08myTRlLZqIRHciYpjgirWAg2CdVDMiI8Ha0ehuVm+PmTY8UY8wSVkoyUDxmFMC1uq5bpDK4ALnwZAAtjztuVWv5s2FV8EvoIoKNXvuV9BPaCaZAiqIMV3fSyHMiQZOBZtWgsywlNARGbCuRUUkM2E+v3yKz6zTx3Gi7VOA5+7viZxIYyYysp2SwNAs12bmf7VuBvFNmHOVZsAUXSyKM4EhwbMYcJ9rRkFMLBCqub0V0yHRhIINq2JD8Je/vApPlzX/qlZ/qFcbt0UcZXSCTtE58tE1aqB71EQtRNEYPaNX9Obkzovz7nwsWktOMXOM/sj5/AHHkZMf</latexit>

±±̂
<latexit sha1_base64="0kPRjv1R1Y8W7i7+mdDR6ZzFQn4=">AAAB+XicbZDNSgMxFIUz9a/Wv1GXboJFcCFlRoq6LLpxWcHaQmcomTTThiaZIblTKEPfxI0LRdz6Ju58G9N2Ftp6IPBx7r3cmxOlghvwvG+ntLa+sblV3q7s7O7tH7iHR08myTRlLZqIRHciYpjgirWAg2CdVDMiI8Ha0ehuVm+PmTY8UY8wSVkoyUDxmFMC1uq5bpDK4ALnwZAAtjztuVWv5s2FV8EvoIoKNXvuV9BPaCaZAiqIMV3fSyHMiQZOBZtWgsywlNARGbCuRUUkM2E+v3yKz6zTx3Gi7VOA5+7viZxIYyYysp2SwNAs12bmf7VuBvFNmHOVZsAUXSyKM4EhwbMYcJ9rRkFMLBCqub0V0yHRhIINq2JD8Je/vApPlzX/qlZ/qFcbt0UcZXSCTtE58tE1aqB71EQtRNEYPaNX9Obkzovz7nwsWktOMXOM/sj5/AHHkZMf</latexit>

±±̂

Figure 9. Upon taking the discontinuity (2.33) of an internal line, diagrams contributing to
boundary correlators in (EA)dS decompose into a linear combination factorised contributions, one
for the exchanged ∆+ mode and the other for the exchanged ∆− mode, which are each given by
a product of the two on-shell sub-diagrams to the left and the right of the cut as shown above.
In the dS case this factorisation is at the level of each in-in contribution. In the examples below
this illustrated for four-point tree-level exchange diagrams. In section 5 we give some examples of
loop diagrams.

For the corresponding exchange in the Bunch-Davies vacuum of dSd+1, the contribution
from the ±±̂ branch of the in-in contour reads

A±, ±̂µ,J (s1,k1, s2,k2; s3,k3, s4,k4)

= g12φ 2πi δ
(
−d

2 + 2s1 + 2s2 + 2u
)

(2π)d δ(d) (k1 + k2 + p)

× g34φ 2πi δ
(
−d

2 + 2ū+ 2s3 + 2s4
)

(2π)d δ(d) (k3 + k4 − p)

×K±∆1,0 (s1,k1) K±∆2,0 (s2,k2) Π±, ±̂µ,0 (u,p; ū,−p)K±̂∆3,0 (s3,k3) K±̂∆4,0 (s4,k4) . (2.59)

From the factorisation property (2.56) of bulk-to-bulk propagators in (EA)dS, we see that
the discontinuity of the EAdS exchange (2.58) and the ±±̂ branch contribution (2.59) to
the dS exchange is a linear combination of factorised contributions, one for the propagation
of the ∆+ mode and the other for the propagation of the ∆− mode, given by the product of
three-point boundary correlators generated by the cubic vertices that mediate the exchange:

Discs
[
AEAdS
α∆++β∆−,0 (s1,k1, s2,k2; s3,k3, s4,k4)

]
= Γ (1 + iµ) Γ (1− iµ)

π
(αω∆+ (u, ū) + β ω∆− (u, ū))

× FEAdS
∆1,∆2,∆+ (s1,k1, s2,k2, u,p)FEAdS

∆−,∆3,∆4
(ū,−p, s3,k3, s4,k4) , (2.60)

and

Discs
[
A±, ±̂µ,0 (s1,k1, s2,k2; s3,k3, s4,k4)

]
= (±i)

(
±̂i
) Γ (1 + iµ) Γ (1− iµ)

π

(
α±̂ ω∆+ (u, ū) + β± ω∆− (u, ū)

)
× F±∆1,∆2,∆+ (s1,k1, s2,k2, u,p)F ±̂∆−,∆3,∆4

(ū,−p, s3,k3, s4,k4) , (2.61)
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where

F •∆1,∆2,∆ (s1,k1, s2,k2, u,p) = −g12φ 2πi δ
(
−d

2 + 2s1 + 2s2 + 2u
)

(2π)d δ(d) (k1 + k2 + p)

×K•∆1,0 (s1,k1)K•∆2,0 (s2,k2)K•∆,0 (u,p) , (2.62)

is the Mellin-Barnes representation of the constituent three-point boundary correlators,
where for the EAdS diagram we have • = AdS and for the ±±̂ contribution to the dS
diagram we have • = ±±̂. In the dS case one should not forget to sum over all branches of
the in-in contour to obtain the full on-shell exchange:

Discs
[
AdS
µ,0 (s1,k1, s2,k2; s3,k3, s4,k4)

]
=
∑
±±̂

(±i)
(
±̂i
)
Discs

[
A±, ±̂µ,0 (s1,k1, s2,k2; s3,k3, s4,k4)

]
. (2.63)

Let us note that the discontinuity of the wavefunction coefficient as considered in [33–35, 63],
in contrast to the in-in correlators above, would yield a single factorised contribution given
by a product of three-point wavefunction coefficients — as opposed to the linear combination
of factorised contributions that we observe above for the corresponding in-in correlator.
This is because bulk-to-bulk propagators for wavefunction coefficients, as opposed to in-in
bulk-to-bulk propagators in the Bunch-Davies vacuum, only propagate a single ∆± mode.

This cutting procedure naturally extends to the internal lines of any type of diagram
contributing to boundary correlators in (EA)dS, which factorise according to the split
representation (2.26) of the harmonic function associated to that internal line and the
boundary condition on the exchanged particle — which is implemented by the appropriate
linear combination of projectors ω∆± (u, ū). What we learn is that the cut of any internal
line in a given diagram is fixed by factorisation (in the sense (2.26) of harmonic functions)
and boundary conditions. While we have derived these properties of perturbative boundary
correlators in (EA)dS from the properties of the corresponding (EA)dS bulk-to-bulk propa-
gators, in section 4 we demonstrate how they can be obtained from a boundary perspective
as a consequence of factorisation, conformal symmetry and boundary conditions.

The full boundary correlator can then be reconstructed using the dispersion for-
mula (2.36) for the bulk-to-bulk propagators. For a given diagram, at the level of the
Mellin-Barnes representation for each internal leg that has been placed on shell this amounts
to simply multiplying by the cosecant factor csc (π (ui + ūi)) where (ui, ūi) are the pair of
internal Mellin variables which describe the on-shell leg under consideration. For example,
for exchange diagrams we have

AEAdS
α∆++β∆−,J (s1,k1, s2,k2; s3,k3, s4,k4) (2.64a)

= csc (π (u+ ū))Discs
[
AEAdS
α∆++β∆−,J (s1,k1, s2,k2; s3,k3, s4,k4)

]
,

AdS
µ,J (s1,k1, s2,k2; s3,k3, s4,k4) (2.64b)

= csc (π (u+ ū))Discs
[
AdS
µ,J (s1,k1, s2,k2; s3,k3, s4,k4)

]
.

– 24 –



J
H
E
P
1
2
(
2
0
2
1
)
0
7
4

<latexit sha1_base64="WPc6dyL+uCZGbYJdvcxiQbH6Nso=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBE8lJJIUY9FLx4r2A9oYplsN+3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IOFMacf5tlZW19Y3Ngtbxe2d3b390sFhS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywupn67UcqFYvFvR4n1I9wIFjICGojPXjIkyFWvIoXUI29UtmpOjPYy8TNSRlyNHqlL68fkzSiQhOOSnVdJ9F+hlIzwumk6KWKJkhGOKBdQwVGVPnZ7OqJfWqUvh3G0pTQ9kz9PZFhpNQ4CkxnhHqoFr2p+J/XTXV45WdMJKmmgswXhSm3dWxPI7D7TFKi+dgQJJKZW20yRIlEm6CKJgR38eVl0jqvuhfV2l2tXL/O4yjAMZzAGbhwCXW4hQY0gYCEZ3iFN+vJerHerY9564qVzxzBH1ifP94ukh0=</latexit>

↵, �
<latexit sha1_base64="uHc7DEdOJnhvzsCM1m9++OIBVVo=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgIYRdCdFj0IvHCOYB2SXMTmaTIbOzyzyEsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7wpQzpV332ylsbG5t7xR3S3v7B4dH5eOTjkqMJLRNEp7IXogV5UzQtmaa014qKY5DTrvh5G7ud5+oVCwRj3qa0iDGI8EiRrC2km+qfjXzQyyRmQ3KFbfmLoDWiZeTCuRoDcpf/jAhJqZCE46V6ntuqoMMS80Ip7OSbxRNMZngEe1bKnBMVZAtbp6hC6sMUZRIW0Kjhfp7IsOxUtM4tJ0x1mO16s3F/7y+0dFNkDGRGk0FWS6KDEc6QfMA0JBJSjSfWoKJZPZWRMZYYqJtTCUbgrf68jrpXNW8Rq3+UK80b/M4inAG53AJHlxDE+6hBW0gkMIzvMKbY5wX5935WLYWnHzmFP7A+fwBW+6RQg==</latexit>

u, ū

<latexit sha1_base64="k9md8fzZNQaBUpLv/IB9eZ3JI74=">AAACF3icbZDLSgMxFIYz9VbrbdSlm2ARKsowI0XdCEU3LivYC3SGkkkzbWjmQnJGKEPfwo2v4saFIm5159uYtrPQ1gMhH/9/Dsn5/URwBbb9bRSWlldW14rrpY3Nre0dc3evqeJUUtagsYhl2yeKCR6xBnAQrJ1IRkJfsJY/vJn4rQcmFY+jexglzAtJP+IBpwS01DWtK/fUpYq6ggVQcRM+g/Qkc30icTp2Je8P4Di/umbZtuxp4UVwciijvOpd88vtxTQNWQRUEKU6jp2AlxEJnAo2LrmpYgmhQ9JnHY0RCZnysuleY3yklR4OYqlPBHiq/p7ISKjUKPR1Z0hgoOa9ifif10khuPQyHiUpsIjOHgpSgSHGk5Bwj0tGQYw0ECq5/iumAyIJBR1lSYfgzK+8CM0zyzm3qnfVcu06j6OIDtAhqiAHXaAaukV11EAUPaJn9IrejCfjxXg3PmatBSOf2Ud/yvj8AVmxn3E=</latexit>

= csc (⇡ (u+ ū))

<latexit sha1_base64="WPc6dyL+uCZGbYJdvcxiQbH6Nso=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBE8lJJIUY9FLx4r2A9oYplsN+3SzSbsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IOFMacf5tlZW19Y3Ngtbxe2d3b390sFhS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywupn67UcqFYvFvR4n1I9wIFjICGojPXjIkyFWvIoXUI29UtmpOjPYy8TNSRlyNHqlL68fkzSiQhOOSnVdJ9F+hlIzwumk6KWKJkhGOKBdQwVGVPnZ7OqJfWqUvh3G0pTQ9kz9PZFhpNQ4CkxnhHqoFr2p+J/XTXV45WdMJKmmgswXhSm3dWxPI7D7TFKi+dgQJJKZW20yRIlEm6CKJgR38eVl0jqvuhfV2l2tXL/O4yjAMZzAGbhwCXW4hQY0gYCEZ3iFN+vJerHerY9564qVzxzBH1ifP94ukh0=</latexit>

↵, �
<latexit sha1_base64="uHc7DEdOJnhvzsCM1m9++OIBVVo=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgIYRdCdFj0IvHCOYB2SXMTmaTIbOzyzyEsOQ3vHhQxKs/482/cZLsQRMLGoqqbrq7wpQzpV332ylsbG5t7xR3S3v7B4dH5eOTjkqMJLRNEp7IXogV5UzQtmaa014qKY5DTrvh5G7ud5+oVCwRj3qa0iDGI8EiRrC2km+qfjXzQyyRmQ3KFbfmLoDWiZeTCuRoDcpf/jAhJqZCE46V6ntuqoMMS80Ip7OSbxRNMZngEe1bKnBMVZAtbp6hC6sMUZRIW0Kjhfp7IsOxUtM4tJ0x1mO16s3F/7y+0dFNkDGRGk0FWS6KDEc6QfMA0JBJSjSfWoKJZPZWRMZYYqJtTCUbgrf68jrpXNW8Rq3+UK80b/M4inAG53AJHlxDE+6hBW0gkMIzvMKbY5wX5935WLYWnHzmFP7A+fwBW+6RQg==</latexit>
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Figure 10. At the level of the Mellin-Barnes representation the full bulk-to-bulk propagator
in (EA)dS can be reconstructed from its discontinuity (2.33) by multiplying with the factor
csc (π (u+ ū)).

This extends naturally to any diagram contributing to boundary correlators in (EA)dS,
also beyond tree level. Some examples are discussed in section 5, see e.g. equation (5.16)
for the four-point one-loop candy diagram.

It is instructive to note that the dispersion formula of [36, 38] reviewed above and
in section 2.1 is related to dispersion formulas that were presented recently e.g. in [63].
In particular, in Fourier space the (EA)dS bulk-to-bulk propagator satisfies the following
dispersion formula (see e.g. [63] equation (2.28)):

Π(z,p; z̄,−p) = 1
2πi

∫ ∞
0

dk2

k2 + p2 + iε
Disck2 [Π(z,k; z̄,−k)] . (2.65)

To relate this to the dispersion formula of [36, 38] given in equation (2.36) one simply
transforms to the Mellin-Barnes representation:

Π(u,p; ū,−p) = 1
2πi

∫ ∞
0

dk2

k2 + p2 + iε
Disck2 [Π(u,k; ū,−k)] , (2.66)

where, if the strip of analyticity is Re(u + ū) ∈ (0, 1), one can perform the k2 integral
explicitly in terms of a Hypergeometric function which then reduces to:∫ ∞

0
dk2 k−2(u+ū)

k2 + p2 + iε
=
(
p2
)−(u+ū)

π csc(π(u+ ū)) , (2.67)

up to contact terms, which in the Mellin-Barnes representation are encoded in the choice
of integration contour (see e.g. appendix C.3 of [38]). This recovers the Mellin-Barnes
dispersion formula (2.36).17

17Note that our formula is consistent with the definition (2.33) which places the discontinuity on the
negative real axis. If the discontinuity is on the positive real axis one can simply send p2 → −p2.
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3 Contact diagrams

In this section we consider contact diagram contributions to boundary correlators in
(EA)dSd+1, which are the basic building blocks from which other types of diagrams may
be constructed via the cutting rules outlined in section 2.3. In section 3.1 we study how
the constraints from conformal Ward identities are implemented in the Mellin-Barnes
representation focusing on three-point boundary correlators of scalar fields, where it is well
known that conformal symmetry constrains their functional form up to a constant [86, 87].
In sections 3.2 and 3.3 we review the relations [37, 38] between n-point contact diagrams of
scalar fields in EAdS and dS, derived using the Mellin-Barnes representation. In section 3.4
we extend these results to contact diagrams generated by any cubic coupling of (integer)
spinning fields. In section 3.5 we discuss the constraints imposed on the coefficients of
contact diagrams by unitarity time evolution in de Sitter.

3.1 Solving three-point Conformal Ward identities à la Mellin-Barnes

Correlators of quantum fields in (EA)dS must be invariant under the corresponding isometries
of (EA)dS. The corresponding generators act as the conformal group on the boundary of
(EA)dS which, in addition to the usual translation and rotations, include the generators of
dilatations and special conformal transformations which in momentum space read:

D = − (∆− d) + k∂k, (3.1a)
Ki = 2 (∆− d) ∂ki − 2kj∂kj∂ki + ki∂kj∂kj . (3.1b)

It is well known that conformal symmetry constrains three-point functions of scalar operators
up to coefficient [86, 87]. In particular, in momentum space, three-point functions of scalar
operators with generic scaling dimensions ∆i are constrained by the Conformal Ward
Identities to be given by Appell’s function F4 [15, 88, 89]. In the following we will re-derive
this result by solving the Conformal Ward Identities directly at the level of the Mellin-Barnes
representation.

In the usual way translation invariance implies that the three-point function is propor-
tional to a momentum-conserving delta function

F∆1 ∆2 ∆3 (k1,k2,k3) = (2π)d δ(d) (k1 + k2 + k3)F ′∆1 ∆2 ∆3 (k1,k2,k3) . (3.2)

For scalar correlators, rotational invariance requires that F ′ is a function of the magnitudes
kj = |kj |,

F ′∆1 ∆2 ∆3 (k1,k2,k3) = F ′∆1 ∆2 ∆3 (k1, k2, k3) . (3.3)

It is instructive to study the constraints from the Dilatation and Special Conformal Ward
identities employing a Mellin-Barnes representation, defined as

F ′∆1 ∆2 ∆3 (k1, k2, k3) =
∫ +i∞

−i∞
[dsj ]3 F∆1 ∆2 ∆3 (s1, k1, s2, k2, s3, k3) , (3.4)

where we can write

F∆1 ∆2 ∆3 (s1, k1, s2, k2, s3, k3) = F∆1 ∆2 ∆3 (s1, s2, s3)
3∏
j=1

(
kj
2

)−2sj+∆j−
d
2
, (3.5)

– 26 –



J
H
E
P
1
2
(
2
0
2
1
)
0
7
4

with Mellin variables s1, s2, s3. The function F∆1 ∆2 ∆3 (s1, s2, s3) is the Mellin transform
of F ′∆1 ∆2 ∆3

(k1, k2, k3) with respect to the kj . The Dilatation Ward identity imposes

0 =

−d+
3∑
j=1
Dj

F ′∆1 ∆2 ∆3 (k1, k2, k3) , (3.6)

which at the level of the Mellin-Barnes representation translates into

0 =
∫ +i∞

−i∞
[dsj ]3

(
d
2 − 2 (s1 + s2 + s3)

)
F∆1 ∆2 ∆3 (s1, s2, s3)

3∏
j=1

(
kj
2

)−2sj+∆j−
d
2
. (3.7)

This implies the following linear constraint on the Mellin variables sj :

s1 + s2 + s3 = d

4 . (3.8)

This is analogous to momentum conservation imposed by translation invariance. Scale
invariance therefore requires

F∆1 ∆2 ∆3 (s1, s2, s3) = 2πi δ
(
d
4 − s1 − s2 − s3

)
F ′∆1 ∆2 ∆3 (s1, s2, s3) , (3.9)

for some function F ′∆1 ∆2 ∆3
(s1, s2, s3) and is the analogue of equation (3.2) in the case of

translation symmetry.
The poles of the function F ′∆1 ∆2 ∆3

(s1, s2, s3) are fixed by the Ward identity associated
to Special Conformal Transformations, which in momentum space reads

0 =
( 3∑
a=1
Kia

)
F ′∆1 ∆2 ∆3 (k1, k2, k3) . (3.10)

Following [89], by taking k1 and k2 to be independent momenta this reduces to two
independent scalar equations

0 =
[(

∂2

∂k2
1

+ d+ 1− 2∆1
k1

∂

∂k1

)
−
(
∂2

∂k2
3

+ d+ 1− 2∆3
k3

∂

∂k3

)]
F ′∆1 ∆2 ∆3 (k1, k2, k3) ,

(3.11a)

0 =
[(

∂2

∂k2
2

+ d+ 1− 2∆2
k2

∂

∂k2

)
−
(
∂2

∂k2
3

+ d+ 1− 2∆3
k3

∂

∂k3

)]
F ′∆1 ∆2 ∆3 (k1, k2, k3) .

(3.11b)

At the level of the Mellin-Barnes representation these become the following difference
relations for F ′∆1 ∆2 ∆3

(s1, s2, s3),(
s1 − 1 + 1

2

(
d
2 −∆1

)) (
s1 − 1− 1

2

(
d
2 −∆1

))
F ′∆1 ∆2 ∆3 (s1 − 1, s2, s3)

=
(
s3 − 1 + 1

2

(
d
2 −∆3

)) (
s3 − 1− 1

2

(
d
2 −∆3

))
F ′∆1 ∆2 ∆3 (s1, s2, s3 − 1) , (3.12a)(

s2 − 1 + 1
2

(
d
2 −∆2

)) (
s2 − 1− 1

2

(
d
2 −∆2

))
F ′∆1 ∆2 ∆3 (s1, s2 − 1, s3)

=
(
s3 − 1 + 1

2

(
d
2 −∆3

)) (
s3 − 1− 1

2

(
d
2 −∆3

))
F ′∆1 ∆2 ∆3 (s1, s2, s3 − 1) . (3.12b)
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The difference relation (3.12a) is solved by

F ′∆1 ∆2 ∆3 (s1, s2, s3) = c (s2) Γ
(
s1 + 1

2

(
d
2 −∆1

))
Γ
(
s1 − 1

2

(
d
2 −∆1

))
× Γ

(
s3 + 1

2

(
d
2 −∆3

))
Γ
(
s3 − 1

2

(
d
2 −∆3

))
p (s1, s3) , (3.13)

for some function c (s2) of s2 and periodic function p (s1, s3) of unit period in s1 and s3.
The final difference relation (3.12b) gives

F ′∆1 ∆2 ∆3 (s1, s2, s3) = p (s1, s2, s3)
3∏
j=1

Γ
(
sj + 1

2

(
d
2 −∆j

))
Γ
(
sj − 1

2

(
d
2 −∆j

))
, (3.14)

for periodic function p (s1, s2, s3) of unit period in s1, s2 and s3. This should be chosen
such that the Mellin integrals converge, with different choices yielding different solutions.
See [90] chapter 4.4. There are four in total since we seek solutions to two second order
equations. One of these is:

p (s1, s2, s3) = λ∆1 ∆2 ∆3 , λ∆1 ∆2 ∆3 = const. (3.15)

This is the unique solution with no singularities for collinear momentum configurations e.g.
k1 + k2 = k3. The other three are obtained by the analytic continuations

k1 → −k1, k2 → k2, (3.16a)
k1 → k1, k2 → −k2, (3.16b)
k1 → −k1, k2 → −k2. (3.16c)

In total we therefore have,

p (s1, s2, s3) = λ∆1 ∆2 ∆3 e
−2απs1e−2βπs2 , α, β = 0, 1, λ∆1 ∆2 ∆3 = const. (3.17)

Boundary correlators in AdS and in the Bunch Davies vacuum of dS do not have
singularities in collapsed triangle configurations [91–95]. In this work we shall therefore
always take α = β = 0. In this case, from the Mellin-Barnes representation of the Bessel K
function (2.21) it is straightforward to show that the three-point function (3.14) recovers
the familiar triple-K integral representation [89] for conformal three-point functions of
generic scalar operators in momentum space.

3.2 Three-point contact diagrams of scalar fields in (EA)dS

It is straightforward to see that the three-point function (3.2) with α = β = 0 can be
interpreted as a three-point Witten diagram generated by the non-derivative cubic vertex
of scalar fields φi in EAdSd+1:

V = g φ1φ2φ3. (3.18)

Using the Feynman rules given in section 2.2 we have:

FAdS
∆1 ∆2 ∆3 (s1,k1, s2,k2, s3,k3) = −g iπ δ

(
d
4 − s1 − s2 − s3

)
(2π)d δ(3) (k1 + k2 + k3)

×
3∏
j=1

KAdS
∆j ,0 (sj ,kj) , (3.19)
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Figure 11. The contribution from the ± branch of the in-in contour to a three-point contact
diagram of scalar fields in dSd+1 is given by the corresponding diagram in EAdSd+1 multiplied by a
constant phase which implements the Wick rotation (2.13) and the factors cdS-AdS

∆i
which account

for the change in two-point coefficient.

where the coupling constant g is related to the 3pt coefficient λAdS∆1 ∆2 ∆3
defined in (3.15) via:

λAdS∆1 ∆2 ∆3 = −g
3∏
j=1

1
2Γ
(
∆j − d

2 + 1
) , (3.20)

which we identified by using the Mellin-Barnes representation (2.21) of the bulk-to-boundary
propagators. Note that the vertex (3.18) is the unique on-shell cubic vertex of scalar fields φi.

The three-point boundary correlator generated by the same vertex (3.18) in the Bunch
Davies vacuum dSd+1 can be obtained from its EAdSd+1 counterpart (3.19) using the Wick
rotations (2.13) [36, 38]. In the Mellin-Barnes representation, to obtain the contribution
from the ±-branch of the in-in contour we multiply each leg of the Mellin transform (3.19)
of the EAdSd+1 Witten diagram by the by phase and normalization factor cdS-AdS∆j

which
converts each of them to a bulk-to-boundary propagator on the ±-branch of the in-in contour:

F±∆1 ∆2 ∆3
(s1,k1, s2,k2, s3,k3) =

 3∏
j=1

cdS-AdS∆j
e
∓
(
sj+

1
2

(
∆j−

d
2

))
πi


× FAdS

∆1 ∆2 ∆3 (s1,k1, s2,k2, s3,k3) . (3.21)

The constraint (3.8) coming from the Dilatation Ward identity enforces that the propor-
tionality factor between F±∆1 ∆2 ∆3

(si, ki) and FAdS
∆1 ∆2 ∆3

(si, ki) is a constant [36, 38],

F±∆1 ∆2 ∆3
(s1,k1, s2,k2, s3,k3) =

 3∏
j=1

cdS-AdS∆j

 e∓
(
d
4 + 1

2
3∑
j=1

(
∆j−

d
2

))
πi

× FAdS
∆1 ∆2 ∆3 (s1,k1, s2,k2, s3,k3) , (3.22)

so that the three-point function (3.2) with α = β = 0 can also be interpreted as a three-point
boundary correlator generated by the non-derivative cubic vertex of fields φi in dSd+1. The
full dS correlator is the sum of the ± branch contributions [36, 38]

F dS
∆1 ∆2 ∆3 (s1,k1, s2,k2, s3,k3)

= i F+
∆1 ∆2 ∆3

(s1,k1, s2,k2, s3,k3)− i F−∆1 ∆2 ∆3
(s1,k1, s2,k2, s3,k3) (3.23)

= 2

 3∏
j=1

cdS-AdS∆j

 sin

d
4 + 1

2

3∑
j=1

(
∆j − d

2

)πFAdS
∆1 ∆2 ∆3 (s1,k1, s2,k2, s3,k3) .
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Figure 12. Upon summing the contributions from the ± branches of the in-in contour to obtain the
full dS contact diagram, the constant phases from the individual ± branch contributions — which
have opposite sign — combine to give a constant sinusoidal factor multiplying the corresponding
contact diagram in EAdS.

From this it follows that the 3pt boundary correlator generated by a cubic vertex of
scalar fields φi in dSd+1 can be obtained from its EAdSd+1 counterpart by the following
replacement of the 3pt coefficient:

λAdS∆1 ∆2 ∆3 → λdS∆1 ∆2 ∆3 = λAdS∆1 ∆2 ∆3 × 2

 3∏
j=1

cdS-AdS∆j

 sin

d
4 + 1

2

3∑
j=1

(
∆j − d

2

)π .
(3.24)

In the following sections this result is extended to contact diagrams with any number
of legs and spinning fields.

3.3 Adding legs

The relation (3.23) between three-point contact diagrams in EAdS and dS naturally extends
to contact diagrams involving any number n of legs — see e.g. [37] section 3.2, which we
review here for completeness.

Following the prescription outlined in section 2.2, each leg of a contact diagram is
assigned an external Mellin variable si and a boundary momentum ki where i = 1, . . . , n for
a contact diagram with n legs. As for the n = 3 case in section 3.2, given the Mellin-Barnes
representation FAdS

∆1 ...∆n
(s1,k1, . . . , sn,kn) for an n-point contact diagram involving scalar

fields φi in EAdSd+1, to obtain the contribution from the ± branch of the in-in contour
to the diagram generated by the same vertex in dSd+1 we multiply, for each leg, by the
phase (2.22) which converts each of them to a bulk-to-boundary propagator on the ± branch
of the in-in contour:

F±∆1 ...∆n
(s1,k1, . . . , sn,kn) =

 n∏
j=1

cdS-AdS∆j
e
∓
(
sj+

1
2

(
∆j−

d
2

))
πi


× FAdS

∆1 ...∆n
(s1,k1, . . . , sn,kn) . (3.25)

The only difference with respect to the n = 3 case considered in the previous section is
that for n > 3 contact diagrams of scalar fields are not unique due to the possibility of
derivative interactions which are non-vanishing on-shell. In general these can have d̄ 6= 0 in
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Figure 13. At higher-points, the sinusoidal factor relating the diagrams in dS and EAdS depends
on d̄, which is sensitive to the number of derivatives in the corresponding vertex. As we will see in
the next section, it also depends on the spin of the fields.

the constraint (2.54a) imposed on the Mellin variables si by scale symmetry, so that

F •∆1 ...∆n
(s1,k1, . . . , sn,kn) = 2πi δ

(
d+ d̄+

n∑
i=1

(
2si −

d

2

))
× (F •)′∆1 ...∆n

(s1,k1, . . . , sn,kn) , (3.26)

where • = AdS or • = ±. The constant phase that relates F±∆1 ...∆n
and F •∆1 ...∆n

is therefore

F±∆1 ...∆n
(s1,k1, . . . , sn,kn) =

 n∏
j=1

cdS-AdS∆j

 e∓
(
d(n−2)

4 − d̄2 + 1
2

n∑
j=1

(
∆j−

d
2

))
πi

× FAdS
∆1 ...∆n

(s1,k1, . . . , sn,kn) , (3.27)

so that the full dS contact diagram is related to its EAdS counterpart by

F dS
∆1 ...∆n

(s1,k1, . . . , sn,kn) = iF+
∆1 ...∆n

(s1,k1, . . . , sn,kn)− iF−∆1 ...∆n
(s1,k1, . . . , sn,kn) ,

=
λdS∆1 ...∆n

λAdS∆1 ...∆n

FAdS
∆1 ...∆n

(s1,k1, . . . , sn,kn) , (3.28)

where

λdS∆1 ...∆n
= λAdS∆1 ...∆n

× 2

 n∏
j=1

cdS-AdS∆j

 sin

d(n−2)
4 − d̄

2 + 1
2

n∑
j=1

(
∆j − d

2

)π , (3.29)

which extends (3.24) to n-point contact diagrams of scalar fields φi. See figure 13. Note that
contact diagrams generated by the non-derivative n-point interaction φ1 . . . φn have d̄ = 0.

It would be interesting to extend the approach of section 3.1 to solve Conformal Ward
Identities for higher-point contact diagrams using the Mellin-Barnes representation. We shall
not explore this direction further here since the relation (3.29) between contact diagrams
in (EA)dS is sufficient for the purposes of this paper. Solutions to the Conformal Ward
Identities for four-point boundary contact diagrams in Fourier space were classified in [26]
for conformally coupled scalars.

One can also obtain the Mellin-Barnes representation of any contact diagram by simply
applying the Feynman rules for the Mellin-Barnes representation given in section 2.2.
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Applying these rules, the Mellin-Barnes representation for the contact diagram generated
by the non-derivative vertex g φ1 . . . φn in EAdS is simply

φ1...φnFAdS
∆1 ...∆n

(s1,k1, . . . , sn,kn)

= −g 2πi δ
(
d+

(
2s1 − d

2

)
+ . . .+

(
2sn − d

2

))
(2π)d δ(d) (k1 + . . .+ kn)

×KAdS
∆1,0 (s1,k1) . . .KAdS

∆n,0 (s1,kn) . (3.30)

Contact diagrams generated by derivative interactions differ from the above via polynomials
in the external Mellin variables si and the parameter d̄. In section 3.2 of [85] one can find
examples of the Mellin-Barnes representation for contact diagrams generated by derivative
interactions in the n = 4 case.

3.4 Adding spin

In section 3.1 we reviewed how conformal symmetry constrains the boundary three-point
function of scalar fields in (EA)dS up to a coefficient [86, 87]. Similarly, conformal symmetry
constrains correlators of spinning fields to a linear combination of tensorial structures with
unfixed relative coefficients [17, 86, 87, 96–99].

Such solutions are most straightforwardly obtained by uplifting to an ambient (d+ 2)-
dimensional flat Minkowski space [100], where the SO (d+ 1, 1) isometry acts linearly and
the symmetry constraints become as trivial as those of Lorentz symmetry [99]. In [68] it was
shown that ambient space makes manifest the kinematic map between consistent on-shell
cubic vertices of spinning fields in (EA)dS and spinning three-point conformal structures on
the boundary, which immediately identifies the boundary three-point functions generated
by a given cubic vertex in (EA)dS — and vice versa. The ambient formalism also naturally
identifies boundary differential operators that would generate such spinning three-point
functions when they act on a scalar seed.18 As we shall see in this section, we can recycle
these results to extend those for scalar three-point functions in sections 3.1 and 3.2 to the
three-point boundary correlators generated by any cubic coupling of an arbitrary triplet of
massive spinning fields. This is explained in the following, where we begin by reviewing
known results on generating functions for on-shell cubic couplings of spinning fields in flat
space — which are then uplifted to (EA)dS using the ambient space formalism.

This section is mostly a technical review of existing results in the literature and one
can safely skip to the final result (3.68) where, for a given cubic coupling of spinning fields
in (EA)dS, they are applied to relate the corresponding 3pt boundary correlator in dS to
its EAdS counterpart.

Cubic vertices for spinning fields: flat space. In the following we shall closely follow
the presentation of section 3 in [109]. When dealing with spinning fields it is employ an
index-free notation, where a spin-J field ϕµ1...µJ (x) is represented by a generating function:

ϕµ1...µJ −→ ϕJ (x;u) = 1
J !ϕµ1...µJ (x) uµ1 . . . uµJ , (3.31)

18This is in the same spirit as the various types of “weight-shifting” operators that by now are widely
used in the CFT and (A)dS literature, both in position [68, 101–106] and momentum [26, 28, 38, 66, 85,
107, 108] space.
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where we introduced a constant auxiliary vector uµ. In terms of generating functions, the
cubic coupling a massive fields of spins J1-J2-J3 in flat space can be expressed in the form
(using point splitting)

(flat)VJ1,J2,J3 (x) = CJ1,J2,J3 (∂xi ; ∂ui) ϕJ1 (x1;u1)ϕJ2 (x2;u2)ϕJ3 (x3;u3)
∣∣∣xi=x
ui=0

, (3.32)

where, restricting to parity invariant interactions, CJ1,J2,J3 is a function of the following 12
(6+9+6) Lorentz scalars:

∂xi · ∂xj , ∂ui · ∂xj , ∂ui · ∂uj . (3.33)

Such functions CJ1,J2,J3 however are not all physically distinguishable. There are two
sources of ambiguity. One is owing to the triviality of total derivatives (or equivalently
integration by parts), which correspond to terms in CJ1,J2,J3 involving the combination:

∂x1 + ∂x2 + ∂x3 . (3.34)

This ambiguity can be fixed by, say, replacing ∂ui · ∂xi−1 with its representation in terms of
the other Lorentz scalars:

∂ui · ∂xi−1 = −∂ui · ∂xi+1 − ∂ui · ∂xi + ∂ui · (∂x1 + ∂x2 + ∂x3)︸ ︷︷ ︸
total derivative

. (3.35)

The second ambiguity is the possibility to perform non-linear field re-definitions, which
generate fictitious interaction terms that vanish on the free equations of motion. This
ambiguity can therefore be fixed by neglecting terms that vanish on-shell, which in the
function CJ1,J2,J3 corresponds to dropping terms involving the operator ∂xi · ∂xj since we
can write:

∂xi · ∂xi−1 = 1
2
(
∂2
xi+1 − ∂

2
xi − ∂

2
xi−1

)
+ 1

2 (∂x1 + ∂x2 + ∂x3) ·
(
∂xi + ∂xi−1 − ∂xi+1

)
︸ ︷︷ ︸

total derivative

, (3.36)

where, using the linear equations of motion, the terms ∂2
xi can be replaced by (∂ui · ∂xi)

(divergence) and ∂2
ui (trace).

Upon fixing the above ambiguities the function CJ1,J2,J3 can only depend on 12 (3+3+6)
Lorentz scalars:

∂ui · ∂xi+1 , ∂ui · ∂xi , ∂ui · ∂uj . (3.37)

On shell, the fields ϕJi satisfy the traceless and divergenceless constraints:

(∂x · ∂u)ϕJ (x, u) = 0, (3.38a)
(∂u · ∂u)ϕJ (x, u) = 0. (3.38b)

We refer to the part of CJ1,J2,J3 that does not involve such divergence and trace terms as
the traceless and transverse part, denoted by CTTJ1,J2,J3

, which indeed is what survives upon
eliminating unphysical degrees of freedom. This is a function of 6 (3+3) Lorentz scalars:

∂u1 · ∂x2 , ∂u2 · ∂x3 , ∂u3 · ∂x1 , (3.39a)
∂u1 · ∂u2 , ∂u2 · ∂u3 , ∂u3 · ∂u1 . (3.39b)
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To determine the most general form for the function CTTJ1,J2,J3
it is sufficient to note that

if there is a term which is a monomial of degree nj+1 in the Lorentz scalar ∂ui · ∂uj then,
since the generating functions ϕJi (xi;ui) are degree Ji in the auxiliary vectors ui, the same
term must also be a monomial of degree Ji − nj−1 − nj+1 in the remaining Lorentz scalars
∂ui · ∂xi+1 . We can therefore conclude that the general form for the function CTTJ1,J2,J3

is:

CTTJ1,J2,J3 (∂xi ; ∂ui) =
∑
ni

gn1,n2,n3
J1,J2,J3

Cn1,n2,n3
J1,J2,J3

(∂xi ; ∂ui) , (3.40)

where

Cn1,n2,n3
J1,J2,J3

(∂xi ; ∂ui) = (∂u1 · ∂x2)J̃1 (∂u2 · ∂x3)J̃2 (∂u3 · ∂x1)J̃3

× (∂u2 · ∂u3)n1 (∂u3 · ∂u1)n2 (∂u1 · ∂u2)n3 , (3.41)

and for convenience we defined J̃i = Ji−ni−1−ni+1. The gn1,n2,n3
J1,J2,J3

are independent coupling
constants. The sum over the ni is given explicitly by:

∑
ni

=
min{J1,J2}∑

n3=0

min{J1−n3,J3}∑
n2=0

min{J2−n3,J3−n2}∑
n1=0

. (3.42)

Note that at cubic order there are no non-localities since the Lorentz scalars ∂xi · ∂xj do
not appear and the others only come with positive power.

Cubic vertices for spinning fields: (A)dS space. If we regard AdSd+1 and dSd+1 as
hypersurfaces embedded in a (d+ 2)-dimensional (ambient) flat space,

X2 = L2
dS, X2 = −L2

AdS, (3.43)

with coordinates XA, the traceless and transverse flat space cubic vertices (3.40) immediately
give on-shell cubic vertices of spinning fields in (A)dSd+1. The metric of the ambient space
is taken to be ηAB = (−,+, . . . ,+), with A,B = 0, . . . , d + 2, so that we have Euclidean
AdSd+1 and Lorentzian dSd+1.

There is an isomorphism between symmetric fields ϕµ1...µJ (x) in (A)dSd+1 of mass (3.49)
and those ϕA1...AJ (X) in the flat ambient space which satisfy the following tangentiality
and homogeneity constraints [110]:19

Tangentiality: (X · ∂U )ϕJ (X,U) = 0, (3.44a)

Homogeneity:
(
X · ∂X + ∆+

)
ϕJ (X,U) = 0, (3.44b)

where we packaged the field ϕA1...AJ (X) in the ambient space counterpart of the generating
function (3.31):

ϕJ (X,U) = 1
J !ϕA1...AJ (X)UA1 . . . UAJ . (3.45)

19In the homogeneity constraint (3.44b) we could have chosen ∆− in place of ∆+.
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A traceless and divergence-free ambient field ϕA1...AJ (X) satisfies the massless Fierz-Pauli
system,20

∂2
X ϕJ (X,U) = 0, (3.46a)

(∂X · ∂U )ϕJ (X,U) = 0, (3.46b)
(∂U · ∂U )ϕJ (X,U) = 0. (3.46c)

Using that the (commuting) ambient partial derivative is related to the (non-commuting)
AdS covariant derivative ∇ via

∂AX = ∇A + 1
X2

(
XAX · ∂X + UAX · ∂U − U ·X∂U

)
, (3.47)

it is straightforward to show that, upon pull-back to the (EA)dS manifold, an ambient field
ϕJ (X;U) satisfying the massless Fierz-Pauli system (3.46) together with the tangentiality
and homogeneity constraints (3.44) is identified with a traceless and divergence-free field
ϕµ1...µJ (x) in (A)dSd+1 satisfying the massive Fierz-Pauli system:(

∇2 −m2
)
ϕJ (x, u) = 0, (3.48a)

(∇ · ∂u)ϕJ (x, u) = 0, (3.48b)
(∂u · ∂u)ϕJ (x, u) = 0, (3.48c)

with mass
m2L2

(A)dS = (−)(∆+∆− + J). (3.49)

With the above isomorphism between fields ϕµ1...µJ (x) on (A)dSd+1 and fields ϕA1...AJ (X) in
(d+ 2)-dimensional flat space subject to the tangentiality and homogeneity constraints (3.44),
we can immediately write down cubic vertices of traceless and transverse spinning fields in
(A)dS from their flat space counterparts (3.40) through the replacements:

u → U, (3.50a)
x → X, (3.50b)

ϕJ (x, u) → ϕJ (X,U) subject to (3.44), (3.50c)

giving

(A)dSVTTJ1,J2,J3 (X) = CTTJ1,J2,J3 (∂Xi ; ∂Ui) ϕJ1 (X1;U1)ϕJ2 (X2;U2)ϕJ3 (X3;U3)
∣∣∣Xi=X
Ui=0

, (3.51)

where CTTJ1,J2,J3
(∂Xi ; ∂Ui) is simply (3.40) with the replacements (3.50a) and (3.50b):

CTTJ1,J2,J3 (∂Xi ; ∂Ui) =
∑
ni

gn1,n2,n3
J1,J2,J3

Cn1,n2,n3
J1,J2,J3

(∂Xi ; ∂Ui) , (3.52)

20Note that despite the absence of a mass term in (3.46a) there is no gauge redundancy for generic
mass (3.49). This emerges for the values of ∆± corresponding to (partially-)massless fields. See e.g.
section 2.2 of [111] for details on the description of (partially-)massless fields in the ambient space formalism.
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with

Cn1,n2,n3
J1,J2,J3

(∂Xi ; ∂Ui) = (∂U1 · ∂X2)J̃1 (∂U2 · ∂X3)J̃2 (∂U3 · ∂X1)J̃3

× (∂U2 · ∂U3)n1 (∂U3 · ∂U1)n2 (∂U1 · ∂U2)n3 . (3.53)

Note that the traceless and transverse part of cubic vertices is sufficient to compute
(tree-level) three-point boundary correlators in (A)dSd+1 since the external legs are on-shell.

What we see from the above is that the ambient space formalism re-expresses quantities
intrinsic to (A)dS in terms of simpler flat-space ones. In particular, in (A)dS, covariant
derivatives ∇ do not commute — meaning that cubic vertices in (A)dSd+1 generally differ
from their counterparts (3.41) in (d+ 1)-dimensional flat space by a cumbersome tail of
lower derivative terms proportional to the cosmological constant. In the ambient space
formalism, these are re-packaged21 into the homogeneous expressions (3.53) in terms of the
commuting partial derivatives of the (d+ 2)-dimensional flat ambient space (3.47).

Spinning 3pt functions from a scalar seed. A convenient feature of the ambient
space formalism is that, for a given cubic coupling (3.53), it is straightforward to express
the corresponding boundary 3pt contact diagram as a boundary differential operator acting
on a scalar seed (see figure 14). In the work [68], this was used to identify a basis of 3pt
conformal structures on the boundary which makes manifest the cubic vertices in (EA)dSd+1
that generate them; it provides the kinematic map between cubic vertices of spinning fields
in (EA)dSd+1 and spinning 3pt structures in CFTd. This is reviewed in the following, which
we then use to extend the results of the previous sections to fields with spin.

In ambient space, the boundary of (A)dSd+1 is identified with light rays [100]:

P 2 = 0, P ∼ λP, λ 6= 0. (3.54)

Boundary tensors FA1...AJ (P ) are encoded in generating functions

F (P ; Ξ) = 1
J !FA1...AJ (P ) ΞA1 . . .ΞAJ , (3.55)

with null, transverse auxiliary vector Ξ2 = Ξ · P = 0. Like their bulk counterparts (3.44),
they must also satisfy the tangentiality and homogeneity constraints:

(P · ∂Ξ)F (P ; Ξ) = 0, (3.56a)
(P · ∂P + ∆)F (P ; Ξ) = 0. (3.56b)

For more details see [99].
One notes that the bulk-to-boundary propagator for a spin-J field in EAdSd+1 can be

represented via a differential operator D acting on its scalar counterpart, which in ambient
space takes the following simple form [71]:

DP = (Ξ · U)
(

Ξ · ∂
∂Ξ − P ·

∂

∂P

)
+ (P · U)

(
Ξ · ∂

∂P

)
. (3.57)

21See appendix B of [112] on obtaining the intrinsic expressions for the vertices (3.53) in terms of (A)dS
covariant derivatives.

– 36 –



J
H
E
P
1
2
(
2
0
2
1
)
0
7
4

The ambient expression for the scalar bulk-to-boundary propagator (2.4) in EAdSd+1 is
simply [50]:22

K∆,0 (X;P ) =
CAdS

∆,0

(−2P ·X)∆ . (3.58)

The n-th ambient partial derivative of a scalar bulk-to-boundary propagator can be re-
expressed as a degree n monomial in the boundary vector P accompanied by the shift
∆→ ∆ + n:

∂A1
X . . . ∂AnX K∆,0 (X;P ) = 2n (∆)n P

A1 . . . PAnK∆+n,0 (X;P ) . (3.59)

These relations also hold for bulk-to-boundary propagators in dSd+1, which as we saw in
section 2 are related to those in EAdSd+1 by Wick rotation. Combining (3.57) and (3.59),
we see that the 3pt boundary correlator generated by the cubic coupling (3.53) of spinning
fields in (EA)dSd+1 can be obtained from the 3pt correlator generated by the non-derivative
cubic interaction of scalar fields with the following shifts with respect to their spinning
counterparts:

∆i → ∆̃i = ∆i + Ji+2 − ni − ni+1. (3.60)

The corresponding boundary differential operator can be read off as ([68] equa-
tion (3.18)):

Fn1,n2,n3
J1,J2,J3

=
2J̃1+J̃2+J̃3J1!J2!J3! (∆1)J̃1

(∆2)J̃2
(∆3)J̃3

(∆1−1)J1
(∆2−1)J2

(∆3−1)J3

×(DP2 ·DP3)n1 (DP1 ·DP3)n2 (DP1 ·DP2)n3 (P1 ·DP3)J̃1 (P2 ·DP1)J̃2 (P3 ·DP2)J̃3 , (3.61)

where the operator

Pj · DPi = (Ξi · Pj)
(

Ξi ·
∂

∂Ξi

)
− (Ξi · Pj)

(
Pi ·

∂

∂Pi

)
+ (Pi · Pj)

(
Ξi ·

∂

∂Pi

)
, (3.62)

coincides with the operator introduced in [101], which raises the spin of the operator at
Pi by one unit and lowers the scaling dimension of the operator at Pj by one unit. The
operator DPi · DPj instead raises the spin at both points Pi and Pj by one unit.

Note that (3.61), in the same spirit as the work [101], provides a differential basis for
conformal three-point functions of spinning operators. It however goes beyond [101] in that
it also provides a kinematic one-to-one map between the set of spin-J1−spin-J2−spin-J3
(parity-even) cubic vertices (3.53) permitted by the (A)dSd+1 isometry and the possible spin-
J1−spin-J2−spin-J3 (parity-even) three-point structures permitted by conformal symmetry
on the d-dimensional boundary, where:

∂Ui+1 · ∂Xi ↔ Pi+1 · DPi , (3.63a)
∂Ui · ∂Uj ↔ DPi · DPj . (3.63b)

22One recovers the expression (2.4) by using that in Poincaré coordinates the bulk and boundary points
are parameterised by:

X (z,x) = LAdS

z

(
L2

AdS + z2 + x · x
2LAdS

,x, L
2
AdS − z2 − x · x

2LAdS

)
, P (x) = 1

2
(
1 + x′ · x′,x′, 1− x′ · x′

)
.
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<latexit sha1_base64="nhC4ix8ZX0sE0bxo5YwNVGCc3Hs=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8SNm1oh6LXjxWsB/YLks2zbah2eyaZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSK4No7zjZaWV1bX1gsbxc2t7Z3d0t5+U8epoqxBYxGrdkA0E1yyhuFGsHaiGIkCwVrB8Gbit56Y0jyW92aUMC8ifclDTomxUvvBr57iul/1S2Wn4kyBF4mbkzLkqPulr24vpmnEpKGCaN1xncR4GVGGU8HGxW6qWULokPRZx1JJIqa9bHrvGB9bpYfDWNmSBk/V3xMZibQeRYHtjIgZ6HlvIv7ndVITXnkZl0lqmKSzRWEqsInx5Hnc44pRI0aWEKq4vRXTAVGEGhtR0Ybgzr+8SJpnFfeiUr07L9eu8zgKcAhHcAIuXEINbqEODaAg4Ble4Q09ohf0jj5mrUsonzmAP0CfP2y9juw=</latexit>

Z3, P3

<latexit sha1_base64="Sh0Nq/YH/Q90vIPs98md/zDoM/M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ73n9coVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndZPb+/qNRu8jiKcATHcAoeXEEN7qAODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QPRTY2A</latexit>

P1

<latexit sha1_base64="Afj4EsHD30yLVAH6Pc7gtl6/iWc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpod6r9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbusnN9flGs3eRwFOIYTOAMPrqAGd1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QPS0Y2B</latexit>

P2

<latexit sha1_base64="rFr76tFzpzZMEkfO8F33QvdGVR0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7133itX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt5l9fz+olK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w/UVY2C</latexit>

P3

<latexit sha1_base64="UvBGCJIf8OLxgRtCLvIS/dBv1Rw=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCCykzKuqy2I3LCvYB7VgyaaYNzWSGJKOUsZ/ixoUibv0Sd/6NaTuCtp4Q7uGce8nN8WPOlHacLyu3tLyyupZfL2xsbm3v2MXdhooSSWidRDySLR8rypmgdc00p61YUhz6nDb9YXXiN++pVCwSt3oUUy/EfcECRrA2UtcuVu9S59iccfen2iWn7EyBFombkRJkqHXtz04vIklIhSYcK9V2nVh7KZaaEU7HhU6iaIzJEPdp21CBQ6q8dLr6GB0apYeCSJorNJqqvydSHCo1Cn3TGWI9UPPeRPzPayc6uPRSJuJEU0FmDwUJRzpCkxxQj0lKNB8ZgolkZldEBlhiok1aBROCO//lRdI4Kbvn5dObs1LlKosjD/twAEfgwgVU4BpqUAcCD/AEL/BqPVrP1pv1PmvNWdnMHvyB9fENVC2SHQ==</latexit>

C0,0,0
0,0,0

<latexit sha1_base64="iOIBCI9W562aXiaK0SA2p21z0Xc=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISVpRd0IRUGkqwr2AW0Mk+m0HTqZhJmJUEL+wI2/4saFIm7duvNvnLRZaOuBC+ecey8z93gho1JZ1reRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScIoJw1FFSPtUBDke4y0vNFV2m89ECFpwO/UOCSOjwac9ilGSluueXgB4y5GDF4n9zF37WPulnVVEjeuaVXTqpYqs2iVrAngPLEzUgQZ6q751e0FOPIJV5ghKTu2FSonRkJRzEhS6EaShAiP0IB0NOXIJ9KJJ/ck8EA7PdgPhC6u4MT9vREjX8qx7+lJH6mhnO2l5n+9TqT6505MeRgpwvH0oX7EoApgGg7sUUGwYmNNEBZU/xXiIRIIKx1hQYdgz548T5rlkn1aqtyeFKuXWRx5sAf2wRGwwRmoghtQBw2AwSN4Bq/gzXgyXox342M6mjOynV3wB8bnD2tgmmE=</latexit>

= Fn1,n2,n3

J1,J2,J3

<latexit sha1_base64="jdbwbgZxc7gMDkZofr1nNXBFc1M="></latexit>

Fn1,n2,n3

J1,J2,J3
(Pi, Zi, @Pi

, @Zi
)

<latexit sha1_base64="MWtN7K9sY+/3PRyD0S3TkeRAFMg=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcKuinoM6kE8RTAPSJZldtJJhsw+nOkNhCXf4cWDIl79GG/+jZNkD5pY0FBUddPd5cdSaLTtbyu3tLyyupZfL2xsbm3vFHf36jpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPbiZ+YwhKiyh8xFEMbsB6oegKztBIbvsWJDLPOaH3nuMVS3bZnoIuEicjJZKh6hW/2p2IJwGEyCXTuuXYMbopUyi4hHGhnWiIGR+wHrQMDVkA2k2nR4/pkVE6tBspUyHSqfp7ImWB1qPAN50Bw76e9ybif14rwe6Vm4owThBCPlvUTSTFiE4SoB2hgKMcGcK4EuZWyvtMMY4mp4IJwZl/eZHUT8vORfns4bxUuc7iyJMDckiOiUMuSYXckSqpEU6eyDN5JW/W0Hqx3q2PWWvOymb2yR9Ynz8TBJEA</latexit>

�1, J1

<latexit sha1_base64="OO5LrxovHQFza8+UNaykDDMVIcs=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8SNiNoh6DehBPEcwDkmWZnXSSIbMPZ3oDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3+bEUGm3721paXlldW89t5De3tnd2C3v7dR0likONRzJSTZ9pkCKEGgqU0IwVsMCX0PAHNxO/MQSlRRQ+4igGN2C9UHQFZ2gkt30LEplXPqX3XtkrFO2SPQVdJE5GiiRD1St8tTsRTwIIkUumdcuxY3RTplBwCeN8O9EQMz5gPWgZGrIAtJtOjx7TY6N0aDdSpkKkU/X3RMoCrUeBbzoDhn09703E/7xWgt0rNxVhnCCEfLaom0iKEZ0kQDtCAUc5MoRxJcytlPeZYhxNTnkTgjP/8iKpl0vORens4bxYuc7iyJFDckROiEMuSYXckSqpEU6eyDN5JW/W0Hqx3q2PWeuSlc0ckD+wPn8AFhGRAg==</latexit>

�2, J2

<latexit sha1_base64="a4w/Oa8NOn+TNHUMDrY5kvAWfwA=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8SNg1oh6DehBPEcwDkmWZnXSSIbMPZ2YDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3+bHgStv2t7W0vLK6tp7byG9ube/sFvb26ypKJMMai0Qkmz5VKHiINc21wGYskQa+wIY/uJn4jSFKxaPwUY9idAPaC3mXM6qN5LZvUWjqlU/JvVf2CkW7ZE9BFomTkSJkqHqFr3YnYkmAoWaCKtVy7Fi7KZWaM4HjfDtRGFM2oD1sGRrSAJWbTo8ek2OjdEg3kqZCTabq74mUBkqNAt90BlT31bw3Ef/zWonuXrkpD+NEY8hmi7qJIDoikwRIh0tkWowMoUxycythfSop0yanvAnBmX95kdTPSs5FqfxwXqxcZ3Hk4BCO4AQcuIQK3EEVasDgCZ7hFd6sofVivVsfs9YlK5s5gD+wPn8AGR6RBA==</latexit>

�3, J3
<latexit sha1_base64="biOaeXgyj+BURs2atXrG1RNCE08=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4kDBjRD0G9eAxglkgCaGnpyZp0rPQXSPEIfgrXjwo4tX/8Obf2FkOmvig4PFeFVX1vEQKjY7zbS0sLi2vrObW8usbm1vb9s5uTcep4lDlsYxVw2MapIigigIlNBIFLPQk1L3+9civP4DSIo7ucZBAO2TdSASCMzRSx97PWiikD7R1AxLZsFM6oU7HLjhFZww6T9wpKZApKh37q+XHPA0hQi6Z1k3XSbCdMYWCSxjmW6mGhPE+60LT0IiFoNvZ+PohPTKKT4NYmYqQjtXfExkLtR6EnukMGfb0rDcS//OaKQaX7UxESYoQ8cmiIJUUYzqKgvpCAUc5MIRxJcytlPeYYhxNYHkTgjv78jypnRbd82Lp7qxQvprGkSMH5JAcE5dckDK5JRVSJZw8kmfySt6sJ+vFerc+Jq0L1nRmj/yB9fkDFQSUVQ==</latexit>

�̃3, 0

<latexit sha1_base64="puwdy4naJyumsSqi009Hjb3mlOw=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4kDATRT0G9eAxglkgCaGnpyZp0rPQXSPEIfgrXjwo4tX/8Obf2FkOmvig4PFeFVX1vEQKjY7zbS0sLi2vrObW8usbm1vb9s5uTcep4lDlsYxVw2MapIigigIlNBIFLPQk1L3+9civP4DSIo7ucZBAO2TdSASCMzRSx97PWiikD7R1AxLZsFM6oU7HLjhFZww6T9wpKZApKh37q+XHPA0hQi6Z1k3XSbCdMYWCSxjmW6mGhPE+60LT0IiFoNvZ+PohPTKKT4NYmYqQjtXfExkLtR6EnukMGfb0rDcS//OaKQaX7UxESYoQ8cmiIJUUYzqKgvpCAUc5MIRxJcytlPeYYhxNYHkTgjv78jyplYruefH07qxQvprGkSMH5JAcE5dckDK5JRVSJZw8kmfySt6sJ+vFerc+Jq0L1nRmj/yB9fkDE32UVA==</latexit>

�̃2, 0

<latexit sha1_base64="qNcbCyziMu6IIL4gN+Jkt3Qr5ok=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBg4QZFfUY1IPHCGaBTAg9nUrSpGehu0aIQ/BXvHhQxKv/4c2/sZPMQRMfFDzeq6Kqnh9LodFxvq3cwuLS8kp+tbC2vrG5ZW/v1HSUKA5VHslINXymQYoQqihQQiNWwAJfQt0fXI/9+gMoLaLwHocxtALWC0VXcIZGatt7qYdCdoB6NyCRjdruMXXadtEpORPQeeJmpEgyVNr2l9eJeBJAiFwyrZuuE2MrZQoFlzAqeImGmPEB60HT0JAFoFvp5PoRPTRKh3YjZSpEOlF/T6Qs0HoY+KYzYNjXs95Y/M9rJti9bKUijBOEkE8XdRNJMaLjKGhHKOAoh4YwroS5lfI+U4yjCaxgQnBnX54ntZOSe146vTsrlq+yOPJknxyQI+KSC1Imt6RCqoSTR/JMXsmb9WS9WO/Wx7Q1Z2Uzu+QPrM8fEfaUUw==</latexit>

�̃1, 0

<latexit sha1_base64="iOIBCI9W562aXiaK0SA2p21z0Xc=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISVpRd0IRUGkqwr2AW0Mk+m0HTqZhJmJUEL+wI2/4saFIm7duvNvnLRZaOuBC+ecey8z93gho1JZ1reRW1hcWl7JrxbW1jc2t8ztnaYMIoFJAwcsEG0PScIoJw1FFSPtUBDke4y0vNFV2m89ECFpwO/UOCSOjwac9ilGSluueXgB4y5GDF4n9zF37WPulnVVEjeuaVXTqpYqs2iVrAngPLEzUgQZ6q751e0FOPIJV5ghKTu2FSonRkJRzEhS6EaShAiP0IB0NOXIJ9KJJ/ck8EA7PdgPhC6u4MT9vREjX8qx7+lJH6mhnO2l5n+9TqT6505MeRgpwvH0oX7EoApgGg7sUUGwYmNNEBZU/xXiIRIIKx1hQYdgz548T5rlkn1aqtyeFKuXWRx5sAf2wRGwwRmoghtQBw2AwSN4Bq/gzXgyXox342M6mjOynV3wB8bnD2tgmmE=</latexit>

= Fn1,n2,n3

J1,J2,J3

<latexit sha1_base64="jdbwbgZxc7gMDkZofr1nNXBFc1M="></latexit>

Fn1,n2,n3

J1,J2,J3
(Pi, Zi, @Pi

, @Zi
)

<latexit sha1_base64="P7Ab5mrnGq9hDjpXyNKqGBLmkDU=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBg5RdFfVY9OKxgv3AdlmyabYNzSZrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmhQln2rjut1NYWl5ZXSuulzY2t7Z3yrt7TS1TRWiDSC5VO8SaciZowzDDaTtRFMchp61weDPxW09UaSbFvRkl1I9xX7CIEWys1H4IvBNUD7ygXHGr7hRokXg5qUCOelD+6vYkSWMqDOFY647nJsbPsDKMcDoudVNNE0yGuE87lgocU+1n03vH6MgqPRRJZUsYNFV/T2Q41noUh7Yzxmag572J+J/XSU105WdMJKmhgswWRSlHRqLJ86jHFCWGjyzBRDF7KyIDrDAxNqKSDcGbf3mRNE+r3kX17O68UrvO4yjCARzCMXhwCTW4hTo0gACHZ3iFN+fReXHenY9Za8HJZ/bhD5zPH2ajjug=</latexit>

Z1, P1
<latexit sha1_base64="AFngIMuJlR1DKf+zroYi4r1Bm+U=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4kLJbRT0WvXisYD+wXZZsmm1Dk+yaZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5YcKZNq777Swtr6yurRc2iptb2zu7pb39po5TRWiDxDxW7RBrypmkDcMMp+1EUSxCTlvh8Gbit56o0iyW92aUUF/gvmQRI9hYqf0QVE9RPagGpbJbcadAi8TLSRly1IPSV7cXk1RQaQjHWnc8NzF+hpVhhNNxsZtqmmAyxH3asVRiQbWfTe8do2Or9FAUK1vSoKn6eyLDQuuRCG2nwGag572J+J/XSU105WdMJqmhkswWRSlHJkaT51GPKUoMH1mCiWL2VkQGWGFibERFG4I3//IiaVYr3kXl7O68XLvO4yjAIRzBCXhwCTW4hTo0gACHZ3iFN+fReXHenY9Z65KTzxzAHzifP2mwjuo=</latexit>

Z2, P2
<latexit sha1_base64="nhC4ix8ZX0sE0bxo5YwNVGCc3Hs=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8SNm1oh6LXjxWsB/YLks2zbah2eyaZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSK4No7zjZaWV1bX1gsbxc2t7Z3d0t5+U8epoqxBYxGrdkA0E1yyhuFGsHaiGIkCwVrB8Gbit56Y0jyW92aUMC8ifclDTomxUvvBr57iul/1S2Wn4kyBF4mbkzLkqPulr24vpmnEpKGCaN1xncR4GVGGU8HGxW6qWULokPRZx1JJIqa9bHrvGB9bpYfDWNmSBk/V3xMZibQeRYHtjIgZ6HlvIv7ndVITXnkZl0lqmKSzRWEqsInx5Hnc44pRI0aWEKq4vRXTAVGEGhtR0Ybgzr+8SJpnFfeiUr07L9eu8zgKcAhHcAIuXEINbqEODaAg4Ble4Q09ohf0jj5mrUsonzmAP0CfP2y9juw=</latexit>

Z3, P3

<latexit sha1_base64="h4sqLjs3+0Kph9twnEY+RQhOUL0=">AAACBnicbVDLSsNAFL3xWesr6lKEYBFcSElaUZfFbqSrCvYBbQyT6bQdOpmEmYlQQldu/BU3LhRx6ze482+ctFlo64EL55x7LzP3+BGjUtn2t7G0vLK6tp7byG9ube/smnv7TRnGApMGDlko2j6ShFFOGooqRtqRICjwGWn5o2rabz0QIWnI79Q4Im6ABpz2KUZKW555VL1PuOecca+kqzzxkppWNa1qqTILdtGewlokTkYKkKHumV/dXojjgHCFGZKy49iRchMkFMWMTPLdWJII4REakI6mHAVEusn0jIl1op2e1Q+FLq6sqft7I0GBlOPA15MBUkM530vN/3qdWPWv3ITyKFaE49lD/ZhZKrTSTKweFQQrNtYEYUH1Xy08RAJhpZPL6xCc+ZMXSbNUdC6K5dvzQuU6iyMHh3AMp+DAJVTgBurQAAyP8Ayv8GY8GS/Gu/ExG10ysp0D+APj8wcnRJcD</latexit>

Cn1,n2,n3

J1,J2,J3

<latexit sha1_base64="MWtN7K9sY+/3PRyD0S3TkeRAFMg=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgQcKuinoM6kE8RTAPSJZldtJJhsw+nOkNhCXf4cWDIl79GG/+jZNkD5pY0FBUddPd5cdSaLTtbyu3tLyyupZfL2xsbm3vFHf36jpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPbiZ+YwhKiyh8xFEMbsB6oegKztBIbvsWJDLPOaH3nuMVS3bZnoIuEicjJZKh6hW/2p2IJwGEyCXTuuXYMbopUyi4hHGhnWiIGR+wHrQMDVkA2k2nR4/pkVE6tBspUyHSqfp7ImWB1qPAN50Bw76e9ybif14rwe6Vm4owThBCPlvUTSTFiE4SoB2hgKMcGcK4EuZWyvtMMY4mp4IJwZl/eZHUT8vORfns4bxUuc7iyJMDckiOiUMuSYXckSqpEU6eyDN5JW/W0Hqx3q2PWWvOymb2yR9Ynz8TBJEA</latexit>

�1, J1
<latexit sha1_base64="OO5LrxovHQFza8+UNaykDDMVIcs=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8SNiNoh6DehBPEcwDkmWZnXSSIbMPZ3oDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3+bEUGm3721paXlldW89t5De3tnd2C3v7dR0likONRzJSTZ9pkCKEGgqU0IwVsMCX0PAHNxO/MQSlRRQ+4igGN2C9UHQFZ2gkt30LEplXPqX3XtkrFO2SPQVdJE5GiiRD1St8tTsRTwIIkUumdcuxY3RTplBwCeN8O9EQMz5gPWgZGrIAtJtOjx7TY6N0aDdSpkKkU/X3RMoCrUeBbzoDhn09703E/7xWgt0rNxVhnCCEfLaom0iKEZ0kQDtCAUc5MoRxJcytlPeZYhxNTnkTgjP/8iKpl0vORens4bxYuc7iyJFDckROiEMuSYXckSqpEU6eyDN5JW/W0Hqx3q2PWeuSlc0ckD+wPn8AFhGRAg==</latexit>

�2, J2
<latexit sha1_base64="a4w/Oa8NOn+TNHUMDrY5kvAWfwA=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8SNg1oh6DehBPEcwDkmWZnXSSIbMPZ2YDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3+bHgStv2t7W0vLK6tp7byG9ube/sFvb26ypKJMMai0Qkmz5VKHiINc21wGYskQa+wIY/uJn4jSFKxaPwUY9idAPaC3mXM6qN5LZvUWjqlU/JvVf2CkW7ZE9BFomTkSJkqHqFr3YnYkmAoWaCKtVy7Fi7KZWaM4HjfDtRGFM2oD1sGRrSAJWbTo8ek2OjdEg3kqZCTabq74mUBkqNAt90BlT31bw3Ef/zWonuXrkpD+NEY8hmi7qJIDoikwRIh0tkWowMoUxycythfSop0yanvAnBmX95kdTPSs5FqfxwXqxcZ3Hk4BCO4AQcuIQK3EEVasDgCZ7hFd6sofVivVsfs9YlK5s5gD+wPn8AGR6RBA==</latexit>

�3, J3

<latexit sha1_base64="P7Ab5mrnGq9hDjpXyNKqGBLmkDU=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBg5RdFfVY9OKxgv3AdlmyabYNzSZrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmhQln2rjut1NYWl5ZXSuulzY2t7Z3yrt7TS1TRWiDSC5VO8SaciZowzDDaTtRFMchp61weDPxW09UaSbFvRkl1I9xX7CIEWys1H4IvBNUD7ygXHGr7hRokXg5qUCOelD+6vYkSWMqDOFY647nJsbPsDKMcDoudVNNE0yGuE87lgocU+1n03vH6MgqPRRJZUsYNFV/T2Q41noUh7Yzxmag572J+J/XSU105WdMJKmhgswWRSlHRqLJ86jHFCWGjyzBRDF7KyIDrDAxNqKSDcGbf3mRNE+r3kX17O68UrvO4yjCARzCMXhwCTW4hTo0gACHZ3iFN+fReXHenY9Za8HJZ/bhD5zPH2ajjug=</latexit>
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Figure 14. Spinning three-point contact diagrams in (EA)dS generated by the cubic vertex (3.53)
of fields with spins J1-J2-J2 can be generated by acting with the boundary differential operator (6.4)
on a scalar “seed”, which is a three-point contact diagram generated by the non-derivative cubic
interaction φ1φ2φ3 of scalar fields with shifted scaling dimensions ∆̃i related to the original scaling
dimensions ∆i via (3.60).

In other words, expanding conformal three point functions in the differential basis (3.61)
immediately gives back the cubic vertex in (EA)dSd+1 that generates it.

Using the differential operator (3.61) one can write down an expression for the Mellin-
Barnes representation of the three point boundary correlator in (EA)dSd+1 generated by
the cubic vertex (3.51):

F
(A)dS
∆1,∆2,∆3;J1,J2,J3;n1,n2,n3

(s1,k1, s2,k2, s3,k3) (3.64)

= Fn1,n2,n3
J1,J2,J3

F
(A)dS
∆̃1, ∆̃2, ∆̃3

(s1, k1, s2, k2, s3, k3) , (3.65)

where to use the operator Fn1,n2,n3 in this equation one should take the Fourier transform of
the expression (3.61), which then acts on the Mellin-Barnes representation of the scalar seed.
As in (3.20), the cubic coupling gn1,n2,n3

J1,J2,J3
of the vertex (3.51) is related to the three-point

coefficient of the AdS correlator via

λAdS∆1 ∆2 ∆3 = −gn1,n2,n3
J1,J2,J3

3∏
j=1

1
2Γ
(
∆̃j − d

2 + 1
) . (3.66)

By combining (3.64) and the relation (3.23) between EAdS and dS three-point coefficients
of boundary correlators involving only scalar fields, the three-point coefficient λdS of the
boundary correlator in dS generated by the same vertex (3.51) is obtained from its AdS
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Figure 15. The sinusoidal factor relating spinning three-point diagrams in dS and EAdS depends
on the spins of the fields, but it is insensitive to the choice of vertex Cn1,n2,n3

J1,J2,J3
— it is the same for

all vertices involving fields with spins J1-J2-J3.

counterpart λAdS via the replacement [36, 38]

λAdS∆1 ∆2 ∆3 → λdS∆1 ∆2 ∆3 =λAdS∆1 ∆2 ∆3×2

 3∏
j=1

cdS-AdS∆̃j

sin

d
4 + 1

2

3∑
j=1

(
∆̃j− d

2

)π , (3.67)

so that the dSd+1 three-point boundary correlator generated by the vertex (3.51) can be
obtained from its AdS counterpart by multiplying it with the factor on the second line of
the above equation.

It is interesting to note the effect of the parameters ni, which parameterise the number
of derivatives in each vertex. In particular, since both the sine factor in (3.67) and the
coefficients cdS-AdS∆̃j

(which are given by the cosine factor (2.15)) are both periodic functions,
the effect of the shifts (3.60) they induce in the scaling dimensions ∆j cancel out at the
level of (3.67)! We can therefore write (see figure 15.):

λAdS∆1 ∆2 ∆3 → λdS∆1 ∆2 ∆3 = λAdS∆1 ∆2 ∆3×2

 3∏
j=1

cdS-AdS∆j

 sin

d
4 + 1

2

3∑
j=1

(
∆j +Jj− d

2

)π ,
(3.68)

which is insensitive to the number of derivatives in a given vertex!
Finally, let us note that while in the above our use of the differential operator (3.61) has

been somewhat implicit, it can be used to obtain explicit expressions for spinning boundary
three-point functions by evaluating the action of the derivatives on the scalar seed. Such an
application is completely mechanical and lends itself to implementation in Mathematica.
In position space this was carried out in [68, 112]. Note that for boundary correlators in
momentum space one would first need to determine the Fourier transform of the operators
Pi+1 · DPi and DPi · DPj . The Fourier transform of Pi+1 · DPi was given in [28] and similarly
one can obtain the Fourier transform of DPi · DPj .

3.5 Unitarity

In the previous sections we reviewed how conformal symmetry constrains boundary three-
point functions up to a collection of coefficients λ∆1 ∆2 ∆3 , which does not distinguish
between boundary correlators in EAdS and dS. A crucial difference which can be used to

– 39 –



J
H
E
P
1
2
(
2
0
2
1
)
0
7
4

AdSd+1

1 d-1 d-2 J+d-22-J

<latexit sha1_base64="4QGlr160nXUoS8TLORli0S4bCCE=">AAACBXicbVA9SwNBEN2LXzF+nVpqcRgEq3AnopZBLSyjmA/IHWFvM5cs2ftgd04MRxob/4qNhSK2/gc7/42b5ApNfDDweG+GmXl+IrhC2/42CguLS8srxdXS2vrG5pa5vdNQcSoZ1FksYtnyqQLBI6gjRwGtRAINfQFNf3A59pv3IBWPozscJuCFtBfxgDOKWuqY+y7CA2a3MHIFBNh2r0AgdSXv9dHrmGW7Yk9gzRMnJ2WSo9Yxv9xuzNIQImSCKtV27AS9jErkTMCo5KYKEsoGtAdtTSMagvKyyRcj61ArXSuIpa4IrYn6eyKjoVLD0NedIcW+mvXG4n9eO8Xg3Mt4lKQIEZsuClJhYWyNI7G6XAJDMdSEMsn1rRbrU0kZ6uBKOgRn9uV50jiuOKcV5+akXL3I4yiSPXJAjohDzkiVXJMaqRNGHskzeSVvxpPxYrwbH9PWgpHP7JI/MD5/AFGKmRg=</latexit>

Re [�]

<latexit sha1_base64="paS2sz+/ELmgttOCz8JJMq5ofEw=">AAACBXicbVA9SwNBEN2LXzF+nVpqcRgEq3AnopZBLbSLYD4gd4S9zVyyZO+D3TkxHGls/Cs2ForY+h/s/Ddukis08cHA470ZZub5ieAKbfvbKCwsLi2vFFdLa+sbm1vm9k5DxalkUGexiGXLpwoEj6COHAW0Egk09AU0/cHl2G/eg1Q8ju5wmIAX0l7EA84oaqlj7rsID5jdhCNXQIBt9woEUlfyXh+9jlm2K/YE1jxxclImOWod88vtxiwNIUImqFJtx07Qy6hEzgSMSm6qIKFsQHvQ1jSiISgvm3wxsg610rWCWOqK0JqovycyGio1DH3dGVLsq1lvLP7ntVMMzr2MR0mKELHpoiAVFsbWOBKryyUwFENNKJNc32qxPpWUoQ6upENwZl+eJ43jinNacW5PytWLPI4i2SMH5Ig45IxUyTWpkTph5JE8k1fyZjwZL8a78TFtLRj5zC75A+PzB0/pmRc=</latexit>

Im [�]

<latexit sha1_base64="E9umi277jnQKwt9nPZK/PVLDbmk="></latexit>

Re [�] =
d

2

Figure 16. Unitary irreducible spin-J representations of SO (d+ 1, 1) (green dots, blue line, yellow
line) and SO (d, 2) (pink line) in the complex ∆ plane. The yellow line corresponds to the Principal
Series which has Re [∆] = d

2 and the blue line the complementary series. The green dots denote
the discrete series representation, with the hollow green dots marking their shadows (µ → −µ).
Spin-J unitary irreducible representations of SO (d, 2) only overlap at the massless point, which is
the rightmost green dot. Note the symmetry of this figure for unitary irreduble representations of
SO (d+ 1, 1) under µ→ −µ (reflection in the yellow line). A similar figure with further details can
be found in [38].

differentiate between the two is that in EAdS unitarity is with respect to SO (d, 2) while
in dS it is with respect to SO (d+ 1, 1). This leads to different constraints on the scaling
dimensions ∆i (see figure 16) and the three-point (operator product expansion) coefficients
λ∆1 ∆2 ∆3 in these two space-times.

anti-de Sitter. In anti-de Sitter space unitarity implies a lower bound on the scaling
dimensions ∆ [113]:

Scalars (spin J = 0): ∆ ≥ d

2 − 1, (3.69a)

Spin J ≥ 1: ∆ ≥ d− 2 + J. (3.69b)

Unitarity furthermore implies that the three-point coefficients are real,

λAdS∆1 ∆2 ∆3 ∈ R, (3.70)

which follows from the reality of conformal correlators under the symmetry group SO (d, 2)
(see e.g. [114]).

de Sitter. For nice overviews of the unitary irreducible representations of the de Sitter
isometry group and the corresponding quantum fields see e.g. [115–117]. For scalars
(spin J = 0) these fall into two catgeories:

• Principal Series: ∆ = d
2 + iµ with µ ∈ R. Massive particles.
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• Complementary Series: ∆ = d
2 + iµ with µ pure imaginary and |µ| =

(
0, d2

)
. Light

particles.

For (totally-symmetric) spin J we have (see figure 16):

• Principal Series: ∆ = d
2 + iµ with µ ∈ R. Massive particles.

• Complementary Series: ∆ = d
2 + iµ with µ pure imaginary and |µ| =

(
0, d−2

2

)
. Light

particles.

• Discrete Series: ∆ = d
2 + iµ with µ = ∓ i

2 (d− 4 + 2 (J − r)). (Partially-)massless
spin-J particles of depth-r. Depth r = 0 corresponds to massless particles of spin-J .

In dS Sitter we currently lack an analogue of the constraint (3.70) on the three-point
coefficient in EAdSd+1, which is non-perturbative. Working perturbatively, diagram-by-
diagram we can use the Mellin-Barnes representation to directly uplift the unitary time
evolution encoded by the propagators to the boundary, allowing us to trace how it is
imprinted in the boundary correlators that the propagators compute. In particular, we have
seen that unitary time evolution from the early time Bunch Davies vacuum in de Sitter
emerges from Euclidean AdS via the Wick rotations (2.13), which in the Mellin-Barnes
representation is encoded in the phases (2.22) for external legs and the phases (2.27) for
the internal legs. For each leg in a given diagram, such phases directly uplift to the Mellin-
Barnes representation of the corresponding correlator, as we saw explicitly in the previous
sections for the three-point boundary correlator in dSd+1. Upon summing the + and −
branch contributions such phases combined to give a constant sinusoidal factor, which for
three-point contact diagrams involving fields of spin J1-J2-J3 reads:

λdS∆1 ∆2 ∆3 = λAdS∆1 ∆2 ∆3 × 2

 3∏
j=1

cdS-AdS∆j

 sin

d
4 + 1

2

3∑
j=1

(
∆j + Jj − d

2

)π. (3.71)

For n-point contact with n > 3 one can show that:

λdS∆1,...,∆n
= λAdS∆1,...,∆n

× 2

 n∏
j=1

cdS-AdS∆j

 sin

d(n−2)
4 − d̄

2 + 1
2

n∑
j=1

(
∆j − d

2

)π , (3.72a)

= ±λAdS∆1,...,∆n
× 2

 n∏
j=1

cdS-AdS∆j

 sin

d(n−2)
4 + 1

2

n∑
j=1

(
∆j + Jj − d

2

)π , (3.72b)

i.e. up to a sign, which is related to exchanged spin — see e.g. (4.39) or section 3.2 of [85].
A consequence of the property (3.72) is the vanishing of dS contact boundary correlators

for the values of the boundary dimension d, number n of legs, the scaling dimensions ∆i

and the spins Ji that conspire to give a zero of the sine factor (3.72), assuming that for such
values the Mellin-Barnes representation of the correlator is defined.23 This feature has been
observed previously in [37]. For example, for contact diagrams involving only conformally

23This can be diagnosed by studying the pinching of the integration contours.
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coupled scalars (corresponding to Ji = 0 and ∆i = d±1
2 for all i), the sine factor (3.72) has

a zero when (section 3.3 of [37]):

n = ± (4m− d) , m ∈ N, (3.73)

i.e. when d and n are simultaneously odd or simultaneously even, assuming that the Mellin-
Barnes representation is defined in each case. For d = 3, this vanishing for n odd was shown
in [30] to indeed follow as a consequence of perturbative unitarity.

It is interesting to note that, in the case that there is a divergence in the Mellin-Barnes
representation of boundary correlators and there is a zero of the sine factor (3.72), it can
happen that the zero has the effect of cancelling the divergence. Continuing with the above
example of contact diagrams involving only conformally coupled scalars, the Mellin-Barnes
representation in this case is divergent when:

d(n− 2) = n. (3.74)

In [37] (section 3.3) this divergence was shown to be cancelled by a corresponding zero of
the sine factor (3.72). In practise this happens because the divergences from the + and
− branch contributions (see e.g. the first line of equation (3.23)), which as we have see
differ only by a phase (3.22), cancel — as noted in [25] for the d = 3 and n = 3 case,
their equation (5.72). Interestingly, this implies that a diagram contributing to a boundary
correlator in dS can be finite even if its EAdS counterpart is divergent.

Summary. Above we have seen that while conformal symmetry alone does not distinguish
between boundary correlators in EAdS and the Bunch-Davies vacuum of dS, the requirement
of unitarity differentiates between them by imposing different constraints on the spectrum
of scaling dimensions of states (see figure 16) and the operator product expansion (OPE)
coefficients. While in EAdS unitarity requires the OPE coefficients to be real [114], in dS
this is not a requirement: at linear order in the coupling they are proportional to the sine
factor (3.72), which is a function of the scaling dimensions and the spins of the particles. As
we shall see explicitly later on, higher orders in the coupling then involve sums of such sine
factors multiplied together. This also implies the vanishing of diagrams contributing to the
perturbative computation of dS boundary for certain collections of particles (and certain
boundary dimensions d) — even if its EAdS counterpart is non-zero — as a consequence of
unitary time evolution in dS, which was also observed in [30].

Consequently, while any diagram contributing to a boundary correlator in dS can be
written as a linear combination of EAdS Witten diagrams [36], since the unitary values of
the scaling dimensions in EAdS and dS do not coincide (though they are overlapping, see
figure 16) and the couplings in EAdS and dS differ by sinusoidal factors (3.72), it should be
emphasised that such Witten diagrams are generally not generated by a unitary theory in
anti-de Sitter space.

4 Four-point exchanges

In this section we consider four-point tree-level exchanges. In section 2.3 we gave cutting
rules to compute the on-shell part of any diagram in (EA)dS, based on the observation that
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on-shell bulk-to-bulk propagators in (EA)dS decompose into a linear combination (2.56) of
factorised contributions for the ∆± modes. The full diagram can then be reconstructed from
the dispersion formula (2.36). In the same section this was applied to compute four-point
tree-level exchanges of scalar fields. In this section we will show that the same results can be
obtained from a boundary perspective.24 In particular, in section 4.1 we will see how on-shell
exchanges in (EA)dS can be Bootstrapped by a combination of factorisation, conformal
symmetry and boundary conditions for any collection of internal and external particles. The
full exchanges in (EA)dS are then reconstructed using the dispersion formula (2.36), which
we argue can be regarded as a general relation between a function and its discontinuity at
the level of the Mellin-Barnes representation.

In section 4.2 we give the expression for exchanges in dS as a linear combination of
EAdS Witten diagrams, which follows from the relations between propagators in (EA)dS
reviewed in section 3.

In section 4.3, having obtained an expression for the full exchange in dS as a linear
combination of AdS exchanges, we reformulate factorisation at the level of the conformal
block expansion — which is inherited from the known conformal block expansion of the
constituent AdS exchanges. This allows us to describe factorisation at the level of the
full dS exchange, which so far had only been formulated at the level of the individual
in-in contributions (which are not observables). We also discuss how unitarity manifests
itself in the coefficients of conformal blocks that encode the contribution from the physical
exchanged single particle state.

This section gives further technical details on the results presented in section 4 of [36]
and provides the extension to arbitrary internal and external (integer) spinning fields.

4.1 Bootstrapping (EA)dS exchanges

Let us first take the exchanged particle to be on-shell, meaning that we are considering
the discontinuity (2.33) of the exchange diagram with respect to the internal leg. Particles
in (EA)dSd+1 are irreducible representations of SO (d+ 1, 1) which, as we have seen, are
labelled by a scaling dimension ∆ and spin J . Since the Casimir elements of the algebra
take constant values on any irreducible representation, the contribution from the physical
exchanged single particle state to the boundary four-point function in, say, the s-channel is
a solution W to the following conformal Casimir equation, which is convenient to formulate
in ambient space (reviewed in section 3.4) [118]:(1

2J
ABJAB + C2

)
W (P1, P2, P3, P4) = 0, C2 = −∆+∆− + J (J + d− 2) , (4.1)

with quadratic conformal Casimir 1
2J

ABJAB and JAB = J
(1)
AB + J

(2)
AB are the generators of

the SO (d+ 1, 1) algebra, where J (i)
AB acts on the boundary point Pi:

iJ
(i)
AB = (Pi)A

∂

∂ (Pi)B
− (Pi)B

∂

∂ (Pi)A
. (4.2)

24It might be useful to note that such statements about “boundary” and “bulk” perspectives are somewhat
trivial in the Mellin-Barnes representation, which places boundary and bulk on the same footing by trivialising
the bulk integrals.
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In the CFT literature the two independent solutions W∆±,J to the Casimir equation (4.1)
are known as Conformal Blocks, which are defined by their limiting behaviour as
P12 ≡ −2P1 · P2 → 0:25

W∆±,J (Pi) ∼ P
∆±−J−∆1−∆2/2
12 , (4.3)

so that the general solution is a linear combination of the two:

W (Pi) = αW∆+,J (Pi) + βW∆−,J (Pi) . (4.4)

The Conformal Casimir equation (4.1) is the boundary counterpart (or “dual”) to the
homogeneous wave equation (2.6) in (EA)dSd+1. In particular (for more details see [102]),
the SO (d+ 1, 1) generators acting on an ambient tensor field ϕJ (X;U) are given by

iJAB = XA
∂

∂XB
−XB

∂

∂XA
+ ΣAB, (4.5)

where ΣAB is the spin operator:

ΣAB = UA
∂

∂UB
− UB

∂

∂UA
. (4.6)

Using that the quadratic Casimir is given explicitly by

1
2J

ABJAB = U · ∂
∂U

(
d− 2 + U · ∂

∂U

)
+X · ∂

∂X

(
d+X · ∂

∂X

)
−X2 ∂2

∂X2 , (4.7)

and combining it with the expression (3.47) for the AdS covariant derivative in terms of
ambient partial derivatives, for an ambient field ϕJ (X;U) subject to the tangentiality and
homogeneity constraints (3.44) it follows that the quadratic Casimir equation(1

2J
ABJAB + C2

)
ϕJ (X;U) = 0, (4.8)

is equivalent to the homogeneous wave equation,(
∇2 −m2

)
ϕJ (X;U) = 0, (4.9a)

m2L2
(A)dS = (−)(∆+∆− + J). (4.9b)

The conformal blocks (4.3) are therefore the boundary dual to the on-shell propagators (2.35)
with ∆± boundary conditions.

What we learn from the above is that on-shell the tree-level exchange of a particle in
(EA)dSd+1 is fixed, up to normalisation, by conformal symmetry and boundary conditions.
The conformal Casimir equation (4.1) is in fact equivalent to the homogeneous conformal
invariance constraint for exchanges introduced and subsequently applied to dS boundary
correlators in the works [25], though the connection with the Casimir equation and conformal
blocks noted in the companion work [36] had not been made explicit. As in the [26],
the remaining freedom is fixed by requiring on-shell factorisation into a product of the

25Note that −2P1 · P2 = (x1 − x2)2.
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constituent three-point subdiagrams — i.e. those generated by the vertices that mediate
the exchange.

To implement on-shell factorisation it is useful to consider a special type of solution
Fµ,J to the conformal Casimir equation (4.1), which is single-valued in the Euclidean regime
(i.e. does not have branch cuts). While the individual conformal blocks (4.3) do not have
this property, Fµ,J is the unique linear combination of them which does [45, 46] and in the
conventions, say, of [46] reads26

Fµ,J = 1
2

(
W∆+,J +

K∆−,J
K∆+,J

W∆−,J

)
, (4.10)

which corresponds to a specific choice of the coefficients α and β in (4.4). In the literature
Fµ,J is often referred to as a Conformal Partial Wave or a harmonic function. It is the
boundary dual of the bulk bi-local harmonic functions Ωµ,J introduced in section 2, likewise
providing an orthogonal basis of Eigenfunctions of the conformal Casimirs. This duality is
made manifest by the following integral representation [119–121]:27

Fµ,J (x1,x2; x3,x4) ∝
∫
ddx′ F∆1,∆2,∆+

(
x1,x2,x′

)
F∆−,∆3,∆4

(
x′,x3,x4

)
, (4.11)

which is (up to normalisation) an integrated product of three-point boundary correlators
of the exchanged field, one with ∆+ and the other with ∆− boundary conditions. It is
the boundary counterpart of the split representation (2.7) of the bulk harmonic functions.
Likewise, in Fourier space this is simply the product of the three-point boundary correlators:

Fµ,J (k1,k2,p;−p,k3,k4) ∝ F∆1,∆2,∆+ (k1,k2,p)F∆−,∆3,∆4 (−p,k3,k4) . (4.12)

The proportionality constant can be fixed by requiring that (4.12) is consistent with
factorisation of the exchange in (EA)dS in the case that the boundary condition on
the exchanged field produces the conformal partial wave (4.10). More general boundary
conditions can be obtained by employing the Mellin-Barnes representation and multiplying
by the projectors (2.31). This is explained in the following, starting with the exchange
in EAdS.

On-shell exchange in EAdS. Let us first consider the exchange of a particle in EAdSd+1.
Suppose that the particle is subject to the linear combination of ∆+ and ∆− boundary
conditions such that the on-shell exchange is given (up to normalisation) by the conformal
partial wave (4.10). As stated above, the normalisation is fixed by requiring on-shell
factorisation into the constituent three-point boundary correlators generated by the cubic
vertices. Given the representation (4.12) of the Conformal Partial Wave in Fourier space,
this fixes the on-shell exchange generated by cubic vertices Cn1,n2,n

J1,J2,J
and C n̄,n3,n4

J,J3,J4
, which is

26See [46] for the explicit form of the coefficients K∆±,J .
27To avoid notational clutter, here we leave the dependence of the three-point boundary correlators on

the spins of the fields and their cubic couplings implicit.
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the discontinuity (2.33) of the full exchange, to be

Discs
[
AEAdS

CPW (k1,k2,p;−p,k3,k4)
]

= FEAdS
µ,J (k1,k2,p;−p,k3,k4) , (4.13a)

FEAdS
µ,J (k1,k2,p;−p,k3,k4) = FAdS

∆1,∆2,∆+;J1,J2,J ;n1,n2,n
(k1,k2,p) (4.13b)

× FAdS
∆−,∆3,∆4;J,J3,J4;n̄,n3,n4

(−p,k3,k4) ,

where FEAdS
µ,J is the Conformal Partial Wave (4.12) normalised by the three-point boundary

correlators (3.64). The subscript CPW in (4.13a) simply denotes the fact that the exchange
field is subject to the linear combination of ∆+ and ∆− boundary conditions that corresponds
to the Conformal Partial Wave (4.10).

To obtain the on-shell exchange for a general linear combination of ∆+ and ∆− boundary
conditions on the exchanged field it is useful to employ the Mellin-Barnes representation.
The Mellin-Barnes representation of a Conformal Partial Wave is inherited from that of its
constituent three-point boundary correlators described in section 3. In particular,

FEAdS
µ,J (k1,k2,p;−p,k3,k4)

=
∫ +i∞

−i∞
[ds]4 [du dū]FEAdS

µ,J (s1,k1, s2,k2, u,p; ū,−p, s3,k3, s4,k4) , (4.14)

where

FEAdS
µ,J (s1,k1, s2,k2, u,p; ū,−p, s3,k3, s4,k4) = FAdS

∆1,∆2,∆+;J1,J2,J ;n1,n2,n
(s1,k1, s2,k2, u,p)

× FAdS
∆−,∆3,∆4;J,J3,J4;n̄,n3,n4

(ū,−p, s3,k3, s4,k4) . (4.15)

Note that, as in section 2, each external leg is described by an external Mellin variable si
and the internal leg is described by a pair of internal Mellin variables u, ū. To implement
the ∆± boundary condition on the exchanged particle, at the level of the Mellin-Barnes
representation we can simply take the projectors (2.31) — which in the bulk act on the
bulk harmonic function Ωµ,J — and uplift them to the boundary, where they act on the
boundary harmonic function Fµ,J , projecting onto the ∆± boundary conditions. The
on-shell exchange of a particle in EAdS subject to a generic linear combination of ∆+ and
∆− boundary conditions therefore reads [36]

Discs
[
AEAdS
α∆++β∆−,J (s1,k1,s2,k2,u,p; ū,−p,s3,k3,s4,k4)

]
= (αω∆+ (u, ū)+βω∆− (u, ū))︸ ︷︷ ︸

boundary conditions

×Γ(1+iµ)Γ(1−iµ)
π

FEAdS
µ,J (s1,k1,s2,k2,u,p; ū,−p,s3,k3,s4,k4)︸ ︷︷ ︸

conformal symmetry and factorisation

, (4.16)

which was fixed by a combination of conformal symmetry, factorisation and boundary
conditions. Note that this matches the result (2.60) obtained in section 2.3 using the
cutting rules.
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s3, k3
<latexit sha1_base64="J7N7RoZVAAHV4S28jMK8Hx2mzA0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G49uZ332kUrFEPOhJSv0YDwWLGMHaSIFdUYFb82q5F0ZoPA3cwK46dWcOtErcglShQCuwv7xBQrKYCk04VqrvOqn2cyw1I5xOy16maIrJGA9p31CBY6r8fH74FJ0ZZYCiRJoSGs3V3xM5jpWaxKHpjLEeqWVvJv7n9TMdXfs5E2mmqSCLRVHGkU7QLAU0YJISzSeGYCKZuRWREZaYaJNV2YTgLr+8SjoXdfey3rhvVJs3RRwlOIFTOAcXrqAJd9CCNhDI4Ble4c16sl6sd+tj0bpmFTPH8AfW5w9LqZI4</latexit>

s1, k1

<latexit sha1_base64="awok6vuAJJl98l0eUolha89WXvg=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJBPVY9OKxgv2ApoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHbZVkktAWSXgiuyFWlDNBW5ppTruppDgOOe2E49uZ33mkUrFEPOhJSvsxHgoWMYK1kQK7ogKv5tdyP4zQeBp4gV116s4caJW4BalCgWZgf/mDhGQxFZpwrFTPdVLdz7HUjHA6LfuZoikmYzykPUMFjqnq5/PDp+jMKAMUJdKU0Giu/p7IcazUJA5NZ4z1SC17M/E/r5fp6LqfM5FmmgqyWBRlHOkEzVJAAyYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6R9UXcv6969V23cFHGU4ARO4RxcuIIG3EETWkAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz9U5ZI+</latexit>

s4, k4

<latexit sha1_base64="2hdLqgKWJYKheZt2gp8jcWHZjrY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHkpJSlGPRS8eK9gPaErYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzO/e4jlYrF4kFPEzqI8EiwkBGsjeTbZeXXq14184IQTWZ+3bcrTs1ZAK0TNycVyNHy7S9vGJM0okITjpXqu06iBxmWmhFOZyUvVTTBZIJHtG+owBFVg2xx+AydG2WIwliaEhot1N8TGY6UmkaB6YywHqtVby7+5/VTHV4PMiaSVFNBlovClCMdo3kKaMgkJZpPDcFEMnMrImMsMdEmq5IJwV19eZ106jX3sta4b1SaN3kcRTiFM7gAF66gCXfQgjYQSOEZXuHNerJerHfrY9lasPKZE/gD6/MHTr2SOg==</latexit>

s2, k2

<latexit sha1_base64="AdMX+OmTonEqu7mEfyAHnhFCass=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0439ba+sbm1nZhp7i7t39Qsg+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxrczv/NIpWKxeNCThPYjPBQsZARrI/l2Sfm1ilfJvCBE46lf8+2yU3XmQKvEzUkZcjR9+8sbxCSNqNCEY6V6rpPofoalZoTTadFLFU0wGeMh7RkqcERVP5sfPkVnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9f9jIkk1VSQxaIw5UjHaJYCGjBJieYTQzCRzNyKyAhLTLTJqmhCcJdfXiXti6p7Wa3f18uNmzyOApzAKZyDC1fQgDtoQgsIpPAMr/BmPVkv1rv1sWhds/KZY/gD6/MHUdGSPA==</latexit>

s3, k3
<latexit sha1_base64="J7N7RoZVAAHV4S28jMK8Hx2mzA0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G49uZ332kUrFEPOhJSv0YDwWLGMHaSIFdUYFb82q5F0ZoPA3cwK46dWcOtErcglShQCuwv7xBQrKYCk04VqrvOqn2cyw1I5xOy16maIrJGA9p31CBY6r8fH74FJ0ZZYCiRJoSGs3V3xM5jpWaxKHpjLEeqWVvJv7n9TMdXfs5E2mmqSCLRVHGkU7QLAU0YJISzSeGYCKZuRWREZaYaJNV2YTgLr+8SjoXdfey3rhvVJs3RRwlOIFTOAcXrqAJd9CCNhDI4Ble4c16sl6sd+tj0bpmFTPH8AfW5w9LqZI4</latexit>

s1, k1

<latexit sha1_base64="RqPnht+ha2jGMfHJoUk/hpPMsNI="></latexit>

[↵!�+ (u, ū) + � !�� (u, ū)]= [↵!+ (u, ū) + � !� (u, ū)]
<latexit sha1_base64="h9zPOkgEsmfMn/t50MJY6AKRYVE="></latexit>

boundary conditions

Factorisation + Conformal Symmetry 

�+, J
<latexit sha1_base64="WbrkHyQkxQUSIv8PseQ8oNxgM/E=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIsgKCWRgnor6kE8VbAf2Iay2U7apZtN2N0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeX7MmdKO823llpZXVtfy64WNza3tneLuXkNFiaRYpxGPZMsnCjkTWNdMc2zFEknoc2z6w+uJ33xCqVgkHvQoRi8kfcECRok20mPnBrkm3ZPTu26x5JSdKexF4makBBlq3eJXpxfRJEShKSdKtV0n1l5KpGaU47jQSRTGhA5JH9uGChKi8tLpxWP7yCg9O4ikKaHtqfp7IiWhUqPQN50h0QM1703E/7x2ooMLL2UiTjQKOlsUJNzWkT153+4xiVTzkSGESmZutemASEK1CalgQnDnX14kjbOyWylf3ldK1assjjwcwCEcgwvnUIVbqEEdKAh4hld4s5T1Yr1bH7PWnJXN7MMfWJ8/hwWQMA==</latexit>

��, J
<latexit sha1_base64="t07PU+ij0/d13fFjnwprIvz74Q0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgQUsiBfVW1IN4qmA/sA1ls520SzebsLsRSui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Ud59vKLS2vrK7l1wsbm1vbO8XdvYaKEkmxTiMeyZZPFHImsK6Z5tiKJZLQ59j0h9cTv/mEUrFIPOhRjF5I+oIFjBJtpMfODXJNuqcnd91iySk7U9iLxM1ICTLUusWvTi+iSYhCU06UartOrL2USM0ox3GhkyiMCR2SPrYNFSRE5aXTi8f2kVF6dhBJU0LbU/X3REpCpUahbzpDogdq3puI/3ntRAcXXspEnGgUdLYoSLitI3vyvt1jEqnmI0MIlczcatMBkYRqE1LBhODOv7xIGmdlt1K+vK+UqldZHHk4gEM4BhfOoQq3UIM6UBDwDK/wZinrxXq3PmatOSub2Yc/sD5/AIoRkDI=</latexit>

Factorisation + Conformal Symmetry 

boundary conditions

<latexit sha1_base64="2hdLqgKWJYKheZt2gp8jcWHZjrY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHkpJSlGPRS8eK9gPaErYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzO/e4jlYrF4kFPEzqI8EiwkBGsjeTbZeXXq14184IQTWZ+3bcrTs1ZAK0TNycVyNHy7S9vGJM0okITjpXqu06iBxmWmhFOZyUvVTTBZIJHtG+owBFVg2xx+AydG2WIwliaEhot1N8TGY6UmkaB6YywHqtVby7+5/VTHV4PMiaSVFNBlovClCMdo3kKaMgkJZpPDcFEMnMrImMsMdEmq5IJwV19eZ106jX3sta4b1SaN3kcRTiFM7gAF66gCXfQgjYQSOEZXuHNerJerHfrY9lasPKZE/gD6/MHTr2SOg==</latexit>

s2, k2
<latexit sha1_base64="J7N7RoZVAAHV4S28jMK8Hx2mzA0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G49uZ332kUrFEPOhJSv0YDwWLGMHaSIFdUYFb82q5F0ZoPA3cwK46dWcOtErcglShQCuwv7xBQrKYCk04VqrvOqn2cyw1I5xOy16maIrJGA9p31CBY6r8fH74FJ0ZZYCiRJoSGs3V3xM5jpWaxKHpjLEeqWVvJv7n9TMdXfs5E2mmqSCLRVHGkU7QLAU0YJISzSeGYCKZuRWREZaYaJNV2YTgLr+8SjoXdfey3rhvVJs3RRwlOIFTOAcXrqAJd9CCNhDI4Ble4c16sl6sd+tj0bpmFTPH8AfW5w9LqZI4</latexit>

s1, k1
<latexit sha1_base64="awok6vuAJJl98l0eUolha89WXvg=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJBPVY9OKxgv2ApoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHbZVkktAWSXgiuyFWlDNBW5ppTruppDgOOe2E49uZ33mkUrFEPOhJSvsxHgoWMYK1kQK7ogKv5tdyP4zQeBp4gV116s4caJW4BalCgWZgf/mDhGQxFZpwrFTPdVLdz7HUjHA6LfuZoikmYzykPUMFjqnq5/PDp+jMKAMUJdKU0Giu/p7IcazUJA5NZ4z1SC17M/E/r5fp6LqfM5FmmgqyWBRlHOkEzVJAAyYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6R9UXcv6969V23cFHGU4ARO4RxcuIIG3EETWkAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz9U5ZI+</latexit>

s4, k4
<latexit sha1_base64="AdMX+OmTonEqu7mEfyAHnhFCass=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0439ba+sbm1nZhp7i7t39Qsg+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxrczv/NIpWKxeNCThPYjPBQsZARrI/l2Sfm1ilfJvCBE46lf8+2yU3XmQKvEzUkZcjR9+8sbxCSNqNCEY6V6rpPofoalZoTTadFLFU0wGeMh7RkqcERVP5sfPkVnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9f9jIkk1VSQxaIw5UjHaJYCGjBJieYTQzCRzNyKyAhLTLTJqmhCcJdfXiXti6p7Wa3f18uNmzyOApzAKZyDC1fQgDtoQgsIpPAMr/BmPVkv1rv1sWhds/KZY/gD6/MHUdGSPA==</latexit>

s3, k3

±±̂<latexit sha1_base64="rip/x+/CHyK/YcyYkF0UQrPRAqc=">AAAB9XicbZB NS8NAEIYn9avWr6pHL4tF8FQSEdRb0YvHCvYD2lg22027dDcJuxOlhP4PLx4U8ep/8ea/cdvmoK0vLDy8M8PMvkEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGniVDPeY LGMdTughksR8QYKlLydaE5VIHkrGN1M661Hro2Io3scJ9xXdBCJUDCK1nroJopk3SFFYmnSK1fcqjsTWQYvhwrkqvfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesRhRxY2fza6ekBPr9EkYa/siJDP390RGlTFjFdhORXFoFmtT879aJ8Xw0s9ElKTIIzZfFKaSYEymEZC+0JyhHFugTAt7K2FDqilDG1TJhuAtfnkZmmdV77x6dXdeqV3ncRThCI7hFDy4gBrcQh0awEDDM7zCm/PkvDjvzse8teDkM4fwR87nDy/cklU=</latexit>

±±̂<latexit sha1_base64="rip/x+/CHyK/YcyYkF0UQrPRAqc=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdRb0YvHCvYD2lg22027dDcJuxOlhP4PLx4U8ep/8ea/cdvmoK0vLDy8M8PMvkEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGniVDPeYLGMdTughksR8QYKlLydaE5VIHkrGN1M661Hro2Io3scJ9xXdBCJUDCK1nroJopk3SFFYmnSK1fcqjsTWQYvhwrkqvfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesRhRxY2fza6ekBPr9EkYa/siJDP390RGlTFjFdhORXFoFmtT879aJ8Xw0s9ElKTIIzZfFKaSYEymEZC+0JyhHFugTAt7K2FDqilDG1TJhuAtfnkZmmdV77x6dXdeqV3ncRThCI7hFDy4gBrcQh0awEDDM7zCm/PkvDjvzse8teDkM4fwR87nDy/cklU=</latexit>

<latexit sha1_base64="cOEEfhUdPRc0fWJNFSSkdL+s1No=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KCWRoh6LXjxWsB+QhLLZbtqlm92wOxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzolRwA6777aytb2xubZd2yrt7+weHlaPjjlGZpqxNlVC6FxHDBJesDRwE66WakSQSrBuN72Z+94lpw5V8hEnKwoQMJY85JWAlP6sFtTyIYpxO+5WqW3fnwKvEK0gVFWj1K1/BQNEsYRKoIMb4nptCmBMNnAo2LQeZYSmhYzJkvqWSJMyE+fzkKT63ygDHStuSgOfq74mcJMZMksh2JgRGZtmbif95fgbxTZhzmWbAJF0sijOBQeHZ/3jANaMgJpYQqrm9FdMR0YSCTalsQ/CWX14lncu6d1VvPDSqzdsijhI6RWfoAnnoGjXRPWqhNqJIoWf0it4ccF6cd+dj0brmFDMn6A+czx+GEJDG</latexit>u, p
<latexit sha1_base64="J7N7RoZVAAHV4S28jMK8Hx2mzA0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G49uZ332kUrFEPOhJSv0YDwWLGMHaSIFdUYFb82q5F0ZoPA3cwK46dWcOtErcglShQCuwv7xBQrKYCk04VqrvOqn2cyw1I5xOy16maIrJGA9p31CBY6r8fH74FJ0ZZYCiRJoSGs3V3xM5jpWaxKHpjLEeqWVvJv7n9TMdXfs5E2mmqSCLRVHGkU7QLAU0YJISzSeGYCKZuRWREZaYaJNV2YTgLr+8SjoXdfey3rhvVJs3RRwlOIFTOAcXrqAJd9CCNhDI4Ble4c16sl6sd+tj0bpmFTPH8AfW5w9LqZI4</latexit>

s1, k1

�+, J
<latexit sha1_base64="WbrkHyQkxQUSIv8PseQ8oNxgM/E=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIsgKCWRgnor6kE8VbAf2Iay2U7apZtN2N0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeX7MmdKO823llpZXVtfy64WNza3tneLuXkNFiaRYpxGPZMsnCjkTWNdMc2zFEknoc2z6w+uJ33xCqVgkHvQoRi8kfcECRok20mPnBrkm3ZPTu26x5JSdKexF4makBBlq3eJXpxfRJEShKSdKtV0n1l5KpGaU47jQSRTGhA5JH9uGChKi8tLpxWP7yCg9O4ikKaHtqfp7IiWhUqPQN50h0QM1703E/7x2ooMLL2UiTjQKOlsUJNzWkT153+4xiVTzkSGESmZutemASEK1CalgQnDnX14kjbOyWylf3ldK1assjjwcwCEcgwvnUIVbqEEdKAh4hld4s5T1Yr1bH7PWnJXN7MMfWJ8/hwWQMA==</latexit>

<latexit sha1_base64="2hdLqgKWJYKheZt2gp8jcWHZjrY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHkpJSlGPRS8eK9gPaErYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzO/e4jlYrF4kFPEzqI8EiwkBGsjeTbZeXXq14184IQTWZ+3bcrTs1ZAK0TNycVyNHy7S9vGJM0okITjpXqu06iBxmWmhFOZyUvVTTBZIJHtG+owBFVg2xx+AydG2WIwliaEhot1N8TGY6UmkaB6YywHqtVby7+5/VTHV4PMiaSVFNBlovClCMdo3kKaMgkJZpPDcFEMnMrImMsMdEmq5IJwV19eZ106jX3sta4b1SaN3kcRTiFM7gAF66gCXfQgjYQSOEZXuHNerJerHfrY9lasPKZE/gD6/MHTr2SOg==</latexit>

s2, k2

±±̂<latexit sha1_base64="rip/x+/CHyK/YcyYkF0UQrPRAqc=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdRb0YvHCvYD2lg22027dDcJuxOlhP4PLx4U8ep/8ea/cdvmoK0vLDy8M8PMvkEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGniVDPeYLGMdTughksR8QYKlLydaE5VIHkrGN1M661Hro2Io3scJ9xXdBCJUDCK1nroJopk3SFFYmnSK1fcqjsTWQYvhwrkqvfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesRhRxY2fza6ekBPr9EkYa/siJDP390RGlTFjFdhORXFoFmtT879aJ8Xw0s9ElKTIIzZfFKaSYEymEZC+0JyhHFugTAt7K2FDqilDG1TJhuAtfnkZmmdV77x6dXdeqV3ncRThCI7hFDy4gBrcQh0awEDDM7zCm/PkvDjvzse8teDkM4fwR87nDy/cklU=</latexit>

<latexit sha1_base64="abijgHSF2kkKb0kN01b7SWHb+II=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFFLIkVdFt24rGAv0IQymU7aoZMLMxMhhPgqblwo4tYHcefbOG2z0NYfBj7+cw7nzO/FnEllWd9GaW19Y3OrvF3Z2d3bPzAPj7oySgShHRLxSPQ9LClnIe0opjjtx4LiwOO0501vZ/XeIxWSReGDSmPqBngcMp8RrLQ1NKuZ42GBkrzu1M81+yjOh2bNalhzoVWwC6hBofbQ/HJGEUkCGirCsZQD24qVm2GhGOE0rziJpDEmUzymA40hDqh0s/nxOTrVzgj5kdAvVGju/p7IcCBlGni6M8BqIpdrM/O/2iBR/rWbsTBOFA3JYpGfcKQiNEsCjZigRPFUAyaC6VsRmWCBidJ5VXQI9vKXV6F70bAvG837Zq11U8RRhmM4gTOw4QpacAdt6ACBFJ7hFd6MJ+PFeDc+Fq0lo5ipwh8Znz+dkJQd</latexit>

ū, �p
<latexit sha1_base64="awok6vuAJJl98l0eUolha89WXvg=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJBPVY9OKxgv2ApoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHbZVkktAWSXgiuyFWlDNBW5ppTruppDgOOe2E49uZ33mkUrFEPOhJSvsxHgoWMYK1kQK7ogKv5tdyP4zQeBp4gV116s4caJW4BalCgWZgf/mDhGQxFZpwrFTPdVLdz7HUjHA6LfuZoikmYzykPUMFjqnq5/PDp+jMKAMUJdKU0Giu/p7IcazUJA5NZ4z1SC17M/E/r5fp6LqfM5FmmgqyWBRlHOkEzVJAAyYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6R9UXcv6969V23cFHGU4ARO4RxcuIIG3EETWkAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz9U5ZI+</latexit>

s4, k4
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Figure 17. Exchanges both in EAdS and dS are determined by a combination of factorisation +
conformal symmetry (which is ensured by an appropriately normalised conformal partial wave (4.12))
and boundary conditions which is implemented in the Mellin-Barnes representation by the projectors
ω∆± (u, ū).

On-shell exchange in dS. In dS the only difference with respect to the EAdS case
considered above is that, guided by the properties of dS in-in propagators reviewed in
section 2.3, we require factorisation at the level of each in-in contribution. In particular,
the exchange of a particle in dS decomposes as

AdS
µ,J (k1,k2,p;−p,k3,k4) =

∑
±±̂

(±i)
(
±̂i
)
A±,±̂µ,J (k1,k2,p;−p,k3,k4) , (4.17)

where A±,±̂µ,J is the contribution from the ±±̂ branches of the in-in contour. We can now
proceed to fix the on-shell exchange following the same steps as for the EAdS exchange
above at the level of each in-in contribution, where the boundary condition is given by the
requirement that the vacuum at early times is Bunch Davies — which is selected by the
coefficients (2.41) of the projectors ω∆± (u, ū).

In particular, conformal symmetry, factorisation and Bunch Davies vacuum fixes the
on-shell exchange in dSd+1 to be [36]

Discs
[
A±,±̂µ,J (s1,k1, s2,k2, u,p; ū,−p, s3,k3, s4,k4)

]
=
(
α±̂ ω∆+ (u, ū) + β± ω∆− (u, ū)

)
︸ ︷︷ ︸

boundary conditions

× Γ (1 + iµ) Γ (1− iµ)
π

F ±,±̂µ,J (s1,k1, s2,k2, u,p; ū,−p, s3,k3, s4,k4)︸ ︷︷ ︸
conformal symmetry and factorisation

, (4.18)

where F ±,±̂µ,J is the dS-normalised conformal partial wave (4.12) on the ±±̂ branch:

F±,±̂µ,J (s1,k1,s2,k2,u,p; ū,−p,s3,k3,s4,k4) =F±∆1,∆2,∆+;J1,J2,J ;n1,n2,n
(s1,k1,s2,k2,u,p)

×F ±̂∆−,∆3,∆4;J,J3,J4;n̄,n3,n4
(ū,−p,s3,k3,s4,k4) , (4.19)
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and the constituent three-point boundary correlators are given by (3.64). Note that this
matches the result (2.61) obtained in section 2.3 using the cutting rules.

Full exchange in (EA)dS. In the above we determined the on-shell exchange in
EAdS (4.16) and in the Bunch-Davies vacuum of dS (4.18) by solving the conformal
Casimir equation (4.1) and imposing factorisation and boundary conditions. The full
exchange satisfies an inhomogeneous confomal invariance constraint, which is the confor-
mal Casimir equation (4.1) with a contact term source on the r.h.s. and is what enforces
locality of the solution.28 This is equivalent to the inhomogeneous conformal invariance
constraint introduced in [25, 26] for dS exchanges, which was solved directly in [26] using a
series expansion. It is furthermore the boundary counterpart of the inhomogeneous wave
equation (2.5) satisfied by the corresponding bulk-to-bulk propagators.

As described in section 2.3, alternatively one can obtain the full exchange from its
on-shell part using the dispersion formula (2.64). This simply amounts to multiplying the on-
shell exchange by the factor csc (π (u+ ū)) at the level of the Mellin-Barnes representation.
Before proceeding, since this dispersion formula was derived from the properties of (EA)dS
bulk-to-bulk propagators, it is useful to first understand how it can be obtained from a
boundary perspective. Let us suppose that we have a function f (z) which has singularities
on the negative real axis. The standard dispersion relation argument implies:

f(a) =
∮

dz

2πi
f(z)
z − a

=
∫
dz

π

1
z − a

Disc f(z) , (4.20)

where we have assumed that the integral vanishes at infinity and where the last integral is
assumed to be over the singularities of f(z) with Disc defined in (2.33). If one assumes the
Mellin-Barnes representation of Discf(y) to be known,

Disc f(y) =
∫ +i∞

−i∞

ds

2πiM(s) (−y)−s, y < 0, (4.21)

by exchanging the integral in s and in y we obtain:

f(z) = −
∫ +i∞

−i∞

ds

2πiM(s)
∫ ∞

0

dy

π

y−s

y + z
=
∫ +i∞

−i∞

ds

2πiM(s) csc(πs) z−s . (4.22)

In other words, at the level of the Mellin-Barnes representation, reconstructing a function
from its discontinuity (2.33) amounts to multiplying the discontinuity by a cosecant factor,
with possible ambiguities arising from the choice in integration contour passing on the right
or left of the poles present in the analyticity strip.

An example of the above Mellin space inversion is given by the function

f(z) = − log(1− z2) . (4.23)

The Mellin transform of the above function can be easily evaluated and reads:

f(z) = −
∫ c+i∞

c−i∞

ds

2πi
π

s

(
cot

(
πs

2

)
− i
)
z−s , (4.24)

28The analogous constraint in flat space is what ensures tree exchange amplitudes have simple poles in
the Mandelstam variables.
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whose strip of analyticity is −2 < c < 0. Formally the above integral is exponentially
suppressed for s = Reiθ and R→∞ only when

arg(z) sin(θ)− cos(θ) log(|z|) < 0 . (4.25)

By bending the integration contour at infinity towards the negative real axis the integral will
remain exponentially suppressed also for arg z = ±iπ. We can evaluate the discontinuity of
the above function at the Mellin integral splitting the integrals into two terms:

Discf(y) = −
∫ c+i∞

c−i∞

ds

2πi
π

s

(
1 + e−iπs

)
y−s

= −π
∫ c+i∞

c−i∞

ds

2πi
y−s

s
− π

∫ c+i∞

c−i∞

ds

2πi
(−y)−s

s
= πθ(|y| − 1) , (4.26)

where the integration contour passes on the left of the pole s ∼ 0. Note that in order to
evaluate the second integral we assumed −y > 0. Its now obvious that from the knowledge
of the discontinuity of f(z) and its Mellin representation, under suitable assumptions
about the convergence of the corresponding Mellin integrals, we can obtain the original
function Mellin representation multiplying by csc(πs) assuming that the function we are
reconstructing is well-behaved at infinity. In particular we have in the above example:

πθ(|y| − 1)→ −π
s

(
1 + e−iπs

)
→ −π csc(πs)

s

(
1 + e−iπs

)
→ − log(1− z2) , (4.27)

where in the first step the integration contour is chosen to pass on the left of the pole s ∼ 0
and the function can easily be obtained by closing the contour on the negative axis. Note
that the choice of integration contour for the csc(πs) is ambiguous, as already stressed in [38].
However, there is a unique choice for which the reconstructed function is well behaved for
z →∞. This also allows to unambiguously identify the polynomial ambiguity which, being
singular at infinity, cannot be reconstructed by the dispersion relation argument.

The above discussion makes clear how the expression (2.36) we have obtained for the
bulk-to-bulk propagators in terms of the csc is actually a generic relation between a function
and its discontinuity at the level of the Mellin-Barnes representation.

Coming back to the exchange diagrams, by imposing conformal symmetry, factorisation,
boundary conditions and locality, the full exchange in EAdS for a general linear combi-
nation of ∆± boundary conditions on the exchanged field is then reconstructed from its
discontinuity (4.16) by multiplying it with csc (π (u+ ū)) [36]:

AEAdS
α∆++β∆−,J (s1,k1, s2,k2, u,p; ū,−p, s3,k3, s4,k4) = csc (π (u+ ū))︸ ︷︷ ︸

contact terms

(4.28)

×Discs
[
AEAdS
α∆++β∆−,J (s1,k1, s2,k2, u,p; ū,−p, s3,k3, s4,k4)

]
︸ ︷︷ ︸

on-shell exchange

,
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and likewise for the exchange in the Bunch-Davies vacuum of dS we have [36]

AdS
µ,J (s1,k1, s2,k2, u,p; ū,−p, s3,k3, s4,k4) = csc (π (u+ ū))︸ ︷︷ ︸

contact terms

(4.29)

×
∑
±±̂

(±i)
(
±̂i
)
Discs

[
A±,±̂µ,J (s1,k1, s2,k2, u,p; ū,−p, s3,k3, s4,k4)

]
︸ ︷︷ ︸

on-shell exchange

.

Various properties of the above Mellin-Barnes representation for (EA)dS exchanges
were described in [37, 38].

4.2 dS exchanges as a linear combination of EAdS exchanges

In section 2.1 we reviewed the observation that diagrams contributing to a boundary
correlator in the Bunch-Davies vacuum of dSd+1 can be expressed as a linear combination
of Witten diagrams in EAdSd+1, which followed as an immediate consequence of the
fact that in-in propagators in the Bunch-Davies vacuum of dSd+1 are given by a specific
linear combination of Wick rotated bulk-to-bulk propagators in EAdSd+1 [36]. While this
statement followed from the properties of bulk-to-bulk propagators, it can also be understood
from a purely boundary perspective. To see this it is sufficient to note that, in solving for
the EAdS exchange and the ±±̂ contribution to the dS exchange in the previous section,
the only difference between the two was the choice of normalisation for the Conformal
Partial Wave (4.12) — which is chosen to be consistent with on-shell factorisation into the
constituent (EA)dS three-point boundary correlators. In section 3 we reviewed the fact
that ± three-point boundary correlators in the Bunch-Davies vacuum of dSd+1 differ from
their EAdS Witten diagram counterpart by a constant phase, see equation (3.22). This in
turn implies that the EAdS-normalised and ± dS-normalised conformal partial waves (4.15)
and (4.19) are related as follows:

F±±̂µ,J = cdS-AdS∆+ cdS-AdS∆−

( 4∏
i=1

cdS-AdS∆i

)

× e
∓
(
−d+∆1+∆2+∆++J1+J2+J

2

)
πi
e
∓̂
(
−d+∆−+∆3+∆4+J+J3+J4

2

)
πi
FEAdS
µ,J . (4.30)

This gives the ±±̂ contribution to the dS exchange (4.29) as the following linear combination
of EAdS exchanges with ∆± boundary conditions:

A±±̂µ,J =
( 4∏
i=1

cdS-AdS∆i

)[
cdS-AdS∆+ e

∓
(
−d+∆1+∆2+∆++J1+J2+J

2

)
πi

× e
∓̂
(
−d+∆++∆3+∆4+J+J3+J4

2

)
πi
AEAdS

∆+,J +
(
∆+ → ∆−

)]
, (4.31)

where we used that in the Bunch-Davies vacuum the coefficients α±̂ and β± onto the ∆±

modes are given by equation (2.41). Summing the contributions from all branches of the
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Figure 18. An exchange in the Bunch-Davies vacuum of dS can be expressed as a linear combination
of EAdS exchanges with ∆± boundary conditions. The factors λdS

∆1,3 ∆2,4 ∆±/λAdS
∆1,3 ∆2,4 ∆± account

for the change in three-point coefficient from EAdS to dS and cdS-AdS
∆± for the change in two-point

coefficient for the exchanged field. Notice that this expression is symmetric under ∆+ ↔ ∆−.

in-in contour the full dS exchange reads (see figure 18):29

AdS
µ,J =

λdS∆1 ∆2 ∆+λdS∆+ ∆3 ∆4

λAdS∆1 ∆2 ∆+λAdS∆+ ∆3 ∆4

1
cdS-AdS∆+

AEAdS
∆+,J +

λdS∆1 ∆2 ∆−λ
dS
∆−∆3 ∆4

λAdS∆1 ∆2 ∆−λ
AdS
∆−∆3 ∆4

1
cdS-AdS∆−

AEAdS
∆−,J , (4.32)

where the constant phases that weight each contribution (4.31) from the in-in contour
combine to give the constant sinusoidal factors (3.68) that take us from the AdS three-
point coefficients λAdS∆1 ∆2 ∆± and λAdS∆±∆3 ∆4

to the dS three-point coefficients λdS∆1 ∆2 ∆± and
λdS∆±∆3 ∆4

:

λdS∆1,3 ∆2,4 ∆±

λAdS∆1,3 ∆2,4 ∆±
= 2 cdS-AdS∆1,3 cdS-AdS∆2,4 cdS-AdS∆±

× sin
(
−d+ ∆1,3 + ∆2,4 + ∆± + J1,3 + J2,4 + J

2

)
π . (4.33)

Likewise, the factors cdS-AdS∆± account for the change in two-point function coefficient from
EAdS to dS. The result (4.32) gives the extension of the results presented in section 4
of [36] to any cubic coupling of the exchanged spin-J field to external fields of arbitrary
integer spins J1,2,3,4.

4.3 Factorisation in dS revisited, unitarity and the conformal block expansion

In the previous sections we have seen how diagrams contributing to boundary correlators in
(EA)dS factorise when an internal leg is placed on-shell. This follows from the properties of
bulk-to-bulk propagators described in section 2.3 and in the dS case, in particular, is at the
level of each individual contribution to the in-in contour. It is compelling to understand

29Note that the term with AEAdS
∆−,J is obtained from that with AEAdS

∆+,J on the left by simply interchanging
∆+ ↔ ∆−.
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such properties at the level of the full diagram, since the in-in formalism only constitutes
an auxiliary step to obtain the observable. Given the general expression (4.32) for the full
exchange in dS, let us explore this in the following.

It is instructive to study factorisation at the level of the conformal block (4.4) expansion.
The conformal blocks W∆±,J encode the contribution from the exchanged ∆± mode in the
s-channel. In AdS this is well understood [122–125], where the on-shell exchange for the
∆± boundary condition is given by30

AEAdS
∆±, J

∣∣∣∣∣
on-shell

=
λAdS∆1 ∆2 ∆± λ

AdS
∆±∆3 ∆4

CAdS
∆±,J

W∆±,J , (4.34)

where the coefficient is factorised into the three-point coefficients λAdS∆1 ∆2 ∆± and λAdS∆±∆3 ∆4
of the contact diagrams generated by the cubic vertices that mediate the ∆± exchange
and CAdS

∆,J is the coefficient of the tree-level two-point function in AdS (2.4b). This is
how the factorisation illustrated in figure 9 manifests itself at the level of the conformal
block expansion. In particular, note that (4.34) can be obtained from the Mellin-Barnes
representation of the on-shell exchange (4.16) using that

ω∆± (u, ū) Fµ,J (s1,k1, s2,k2, u,p; ū,−p, s3,k3, s4,k4)
∝ W∆±,J (s1,k1, s2,k2, u,p; ū,−p, s3,k3, s4,k4) , (4.35)

where the projectors ω∆± (u, ū) select the ∆± mode, as they did at the level of the propa-
gators in section 2.1.

Using the expression (4.32) for the full dS exchange as a linear combination of EAdS
exchanges, we can write the analogous statement for dS exchanges in the Bunch-Davies
vacuum:

AdS
µ, J

∣∣∣∣∣
on-shell

=
λdS∆1 ∆2 ∆+ λdS∆+ ∆3 ∆4

CdS
∆+,J

W∆+,J +
λdS∆1 ∆2 ∆− λ

dS
∆−∆3 ∆4

CdS
∆−,J

W∆−,J , (4.36)

which is a linear combination of conformal blocks for the exchanged ∆± modes, where
each coefficient is factorised into the three-point coefficients λdS∆1 ∆2 ∆± and λdS∆±∆3 ∆4

of the
contact diagrams generated by the cubic vertices that mediate the ∆± exchange. This is
factorisation at the level of the full dS exchange, as opposed to factorisation at the level of
each in-in contribution as considered previously.

Let us note that unitarity in AdS constrains the coefficients of the conformal block
encoding the on-shell exchange in (4.34) to be real. This follows from the fact that unitarity
in AdS requires λAdS∆1∆2∆2

∈ R [114]. In the case of equal external fields this furthermore
implies that the coefficient is positive. As reviewed in section 3.5, in dS the three-point
coefficients are no longer required to be real and at linear order in the coupling (as is the case
for the exchange above) unitary time evolution is encoded in the sinusoidal factors (3.72).

30Note that in momentum space this amounts to taking the discontinuity (2.33).
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In particular,

λdS∆1 ∆2 ∆± λ
dS
∆±∆3 ∆4

CdS
∆±,J

= 4

 4∏
j=1

cdS-AdS∆j

cdS-AdS∆± (4.37)

×sin
((

∆1+∆2+∆±+J1+J2+J−d
2

)
π
)

sin
((

∆3+∆4+∆±+J3+J4+J−d
2

)
π
) λAdS∆1 ∆2 ∆± λ

AdS
∆±∆3 ∆4

CAdS
∆±,J

.

Note that, as for the contact diagrams discussed in section 3.5, such sine factors seem to
open up the possibility that dS exchange diagrams vanish for certain values of the scaling
dimensions, spins and the boundary dimension d. It would be interesting to understand
if/how such products of sine factors (3.68) could come out of the non-perturbative unitarity
constraints very recently proposed in [40, 41].

Above we have given the on-shell exchange in dS in terms of conformal blocks, which
encode the contribution from the physical exchanged single particle state. It is important
to appreciate that the full exchange in dS also admits a conformal block expansion ([36],
section 5) which, via the identity (4.32), can be obtained from the known conformal block
decomposition of the exchanges in EAdS. The latter takes the form:

AEAdS
∆±, J =

λAdS∆1 ∆2 ∆± λ
AdS
∆±∆3 ∆4

CAdS
∆±,J

W∆±,J

+
J∑

J ′=0

∞∑
n=0

(s) an,J ′W∆1+∆2+2n+J ′,J ′ +
J∑

J ′=0

∞∑
n=0

(s) bn,J ′W∆3+∆4+2n+J ′,J ′ , (4.38)

where the on-shell exchanges (4.34) are completed by an infinite tail of conformal blocks
corresponding to the exchange of double-trace operators with scaling dimensions ∆1,3 +
∆2,4 + 2n + J ′, which encode the contact terms of the exchange. The conformal block
coefficients (s) an,J ′ and (s) bn,J ′ are the same for both the ∆± EAdS exchanges and have been
computed e.g. in [123, 124, 126–129] using a variety of techniques. Using the identity (4.32)
we can then immediately write down the conformal block expansion of the full dS exchange:

AdS
µ,J =

λdS∆1 ∆2 ∆+ λdS∆+ ∆3 ∆4

CdS
∆+,J

W∆+,J +
λdS∆1 ∆2 ∆− λ

dS
∆−∆3 ∆4

CdS
∆−,J

W∆−,J

+ 2
( 4∏
i=1

cdS-AdS∆i

)
sin
((
−d+2J+∆1+∆2+∆3+∆4+J1+J2+J3+J4

2

)
π
)

×
[

J∑
J ′=0

∞∑
n=0

(s) an,J ′W∆1+∆2+2n+J ′,J ′ +
J∑

J ′=0

∞∑
n=0

(s) bn,J ′W∆3+∆4+2n+J ′,J ′

]
, (4.39)

where we used that

λdS∆1 ∆2 ∆+λdS∆+ ∆3 ∆4

λAdS∆1 ∆2 ∆+λAdS∆+ ∆3 ∆4

1
cdS-AdS∆+

+
λdS∆1 ∆2 ∆−λ

dS
∆−∆3 ∆4

λAdS∆1 ∆2 ∆−λ
AdS
∆−∆3 ∆4

1
cdS-AdS∆−

= 2
( 4∏
i=1

cdS-AdS∆i

)
sin
((
−d+2J+∆1+∆2+∆3+∆4+J1+J2+J3+J4

2

)
π
)
. (4.40)
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Notice that the additional terms in the conformal block expansion of the full exchange (4.39)
with respect to the on-shell part (4.36) are given by the contact terms in the EAdS
exchanges (4.36) multiplied by the sinusoidal factor (3.72). This is consistent with the
interpretation of such additional terms as contact terms in the dS exchange, where the
sinusoidal factor (3.72) corrects for the change in coefficient of contact diagrams as we go
from EAdS to dS, as described in section 3.

In a similar spirit, via the identity (4.32) one can obtain the conformal block de-
composition of the dS exchanges in the crossed channels, which is inherited from the
known [123, 124, 126–132] crossing decompositions of EAdS exchanges. This was described
in [36] (section 5) and will not be discussed further here.

5 dS to AdS rules

In section 2 have seen that dS diagrams in the Bunch-Davies vacuum can be expressed
a linear combination of EAdS Witten diagrams for the ∆± boundary conditions, which
followed from the fact that dS in-in propagators can be expressed as a linear combination
of analytically continued ∆± EAdS propagators [36]. In the previous sections this has been
applied to contact diagrams and four-point exchanges at tree level, extending previous
results to include arbitrary spinning fields. The precise relative coefficients of the EAdS
Witten diagrams that give rise to the corresponding diagram in dS are, however, not manifest
from such properties of the dS in-in propagators: it is necessary to run the machinery of the
Schwinger-Keldysh formalism as an auxiliary step, adding each contribution from the in-in
contour. In this section we therefore provide a set of rules which allow us to immediately write
down the precise linear combination to EAdS Witten diagrams that give the corresponding
diagram in the Bunch-Davies vacuum of dS, bypassing the Schwinger-Keldysh formalism.
We will see that such rules can be understood from a boundary/bootstrap perspective,
with the coefficients weighting the EAS Witten diagrams following from requirement of
consistent factorisation and boundary conditions of the diagram in dS. From this Bootstrap
perspective, the statement that dS diagrams can be expressed a linear combination of EAdS
Witten diagrams is also a statement about the analyticity properties of dS diagrams in
the Bunch-Davies vacuum — which are being inherited from those their constituent EAdS
Witten diagrams. This observation was also made in the companion paper [36] and is
elaborated on in section 6.

To establish such a set of dS to EAdS Witten diagram rules, it is instructive to first
write down how in practise each in-in diagram contribution to a full diagram in dS gets
decomposed into a linear combination of corresponding EAdS Witten diagrams, which we
can do using the properties of (EA)dS propagators reviewed in section 2:

1. For a given in-in diagram, where each vertex is sitting either on the + or − branch of
the in-in contour, decompose each internal leg into its individual ∆+ and ∆− mode
contributions:

Π±, ±̂µ,J (u,p; ū,−p) = α±̂Π±, ±̂∆+,J (u,p; ū,−p) + β±Π±, ±̂∆−,J (u,p; ū,−p) , (5.1a)

Π±, ±̂∆,J (u,p; ū,−p) = csc (π (u+ ū))ω∆ (u, ū) Γ (iµ) Γ (−iµ) Ω±, ±̂µ,J (u,p; ū,−p) .
(5.1b)
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This can be represented diagrammatically as:
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<latexit sha1_base64="GDJaQCt1jExuauaI5fZl2BwCP6Q=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ac2oWy223bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HtzO//cS1EbF6wEnCg4gOlRgIRtFKj5k/okj8JJr2yhW36s5BVomXkwrkaPTKX34/ZmnEFTJJjel6boJBRjUKJvm05KeGJ5SN6ZB3LVU04ibI5hdPyZlV+mQQa1sKyVz9PZHRyJhJFNrOiOLILHsz8T+vm+LgOsiESlLkii0WDVJJMCaz90lfaM5QTiyhTAt7K2EjqilDG1LJhuAtv7xKWhdV77Jau69V6jd5HEU4gVM4Bw+uoA530IAmMFDwDK/w5hjnxXl3PhatBSefOYY/cD5/AIAakNE=</latexit>

±̂

<latexit sha1_base64="PK6i44XrXtesaQgTpkrMjmcNzUM=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMegHjxGMA9I1jA76U2GzM6uM7NCWPITXjwo4tXf8ebfOHkcNLGgoajqprsrSATXxnW/naXlldW19dxGfnNre2e3sLdf13GqGNZYLGLVDKhGwSXWDDcCm4lCGgUCG8Hgeuw3nlBpHst7M0zQj2hP8pAzaqzUbN+gMPThtFMouiV3ArJIvBkpwgzVTuGr3Y1ZGqE0TFCtW56bGD+jynAmcJRvpxoTyga0hy1LJY1Q+9nk3hE5tkqXhLGyJQ2ZqL8nMhppPYwC2xlR09fz3lj8z2ulJrz0My6T1KBk00VhKoiJyfh50uUKmRFDSyhT3N5KWJ8qyoyNKG9D8OZfXiT1s5J3XirflYuVq1kcOTiEIzgBDy6gArdQhRowEPAMr/DmPDovzrvzMW1dcmYzB/AHzucPhP2PpA==</latexit>

��<latexit sha1_base64="6uM289sl8btfbYKOF8eQPT3cTpU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexKUI9BPXiMYB6QrGF20psMmZ1dZ2aFsOQnvHhQxKu/482/cfI4aGJBQ1HVTXdXkAiujet+O0vLK6tr67mN/ObW9s5uYW+/ruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLB9dhvPKHSPJb3ZpigH9Ge5CFn1Fip2b5BYejDaadQdEvuBGSReDNShBmqncJXuxuzNEJpmKBatzw3MX5GleFM4CjfTjUmlA1oD1uWShqh9rPJvSNybJUuCWNlSxoyUX9PZDTSehgFtjOipq/nvbH4n9dKTXjpZ1wmqUHJpovCVBATk/HzpMsVMiOGllCmuL2VsD5VlBkbUd6G4M2/vEjqZyXvvFS+KxcrV7M4cnAIR3ACHlxABW6hCjVgIOAZXuHNeXRenHfnY9q65MxmDuAPnM8fgfWPog==</latexit>

�+
<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="kQdAeujvVk7UbhVgG3pY3unl8Dw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXRjcsK9gFNLDfTSTN08mBmIoQQf8WNC0Xc+iHu/BunbRbaeuDC4Zx7ufceL+FMKsv6Nipr6xubW9Xt2s7u3v6BeXjUk3EqCO2SmMdi4IGknEW0q5jidJAICqHHad+b3sz8/iMVksXRvcoS6oYwiZjPCCgtjcy6AzwJ4CHPnQAUdpKwKEZmw2pac+BVYpekgUp0RuaXM45JGtJIEQ5SDm0rUW4OQjHCaVFzUkkTIFOY0KGmEYRUuvn8+AKfamWM/VjoihSeq78ncgilzEJPd4agArnszcT/vGGq/Cs3Z1GSKhqRxSI/5VjFeJYEHjNBieKZJkAE07diEoAAonReNR2CvfzyKumdN+2LZuuu1Whfl3FU0TE6QWfIRpeojW5RB3URQRl6Rq/ozXgyXox342PRWjHKmTr6A+PzBxsClRQ=</latexit>

↵±̂ <latexit sha1_base64="U/X/tXA0YgkOL1WYMG5esj7XiuI=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7AcksWy2m3bpbjbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3ImKY4AlrAwfBeqlmREaCdaPx7czvPjFtuEoeYJKyUJJhwmNOCVjJDyIG5DEPUjntV2tu3Z0DrxKvIDVUoNWvfgUDRTPJEqCCGON7bgphTjRwKti0EmSGpYSOyZD5liZEMhPm85On+MwqAxwrbSsBPFd/T+REGjORke2UBEZm2ZuJ/3l+BvF1mPMkzYAldLEozgQGhWf/4wHXjIKYWEKo5vZWTEdEEwo2pYoNwVt+eZV0LureZb1x36g1b4o4yugEnaJz5KEr1ER3qIXaiCKFntErenPAeXHenY9Fa8kpZo7RHzifP5dkkXg=</latexit>

�±
<latexit sha1_base64="ylLkTjsapD43bzODxB2Jihu3GPQ=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD71E9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBYu43a</latexit>±

<latexit sha1_base64="GDJaQCt1jExuauaI5fZl2BwCP6Q=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ac2oWy223bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HtzO//cS1EbF6wEnCg4gOlRgIRtFKj5k/okj8JJr2yhW36s5BVomXkwrkaPTKX34/ZmnEFTJJjel6boJBRjUKJvm05KeGJ5SN6ZB3LVU04ibI5hdPyZlV+mQQa1sKyVz9PZHRyJhJFNrOiOLILHsz8T+vm+LgOsiESlLkii0WDVJJMCaz90lfaM5QTiyhTAt7K2EjqilDG1LJhuAtv7xKWhdV77Jau69V6jd5HEU4gVM4Bw+uoA530IAmMFDwDK/w5hjnxXl3PhatBSefOYY/cD5/AIAakNE=</latexit>

±̂
<latexit sha1_base64="ylLkTjsapD43bzODxB2Jihu3GPQ=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD71E9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBYu43a</latexit>±

<latexit sha1_base64="GDJaQCt1jExuauaI5fZl2BwCP6Q=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ac2oWy223bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HtzO//cS1EbF6wEnCg4gOlRgIRtFKj5k/okj8JJr2yhW36s5BVomXkwrkaPTKX34/ZmnEFTJJjel6boJBRjUKJvm05KeGJ5SN6ZB3LVU04ibI5hdPyZlV+mQQa1sKyVz9PZHRyJhJFNrOiOLILHsz8T+vm+LgOsiESlLkii0WDVJJMCaz90lfaM5QTiyhTAt7K2EjqilDG1LJhuAtv7xKWhdV77Jau69V6jd5HEU4gVM4Bw+uoA530IAmMFDwDK/w5hjnxXl3PhatBSefOYY/cD5/AIAakNE=</latexit>

±̂

.

(5.2)

2. At the level of the Mellin-Barnes representation, the ∆± mode contributions to each
dS in-in propagator differ from the corresponding ∆± bulk-to-bulk propagator in
EAdS by the following phase:31

α±̂Π±, ±̂∆+,J (u,p; ū,−p) = cdS-AdS∆+ e∓(u+ iµ
2 )πie∓̂(ū+ iµ

2 )πi ΠAdS
∆+,J (u,p; ū,−p) , (5.3a)

β±Π±, ±̂∆−,J (u,p; ū,−p) = cdS-AdS∆− e∓(u− iµ2 )πie∓̂(ū− iµ2 )πi ΠAdS
∆−,J (u,p; ū,−p) , (5.3b)

where ∆± = d
2 ± iµ. Diagrammatically we can therefore make the following replace-

ments for each ∆± contribution to a given internal leg:

<latexit sha1_base64="hcOSFlljNbfaEbM6ZbTwTZK85GY="></latexit>

cdS-AdS
d
2�iµ

e⌥(u�
iµ
2 )⇡ie⌥̂(ū�

iµ
2 )⇡i

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="6uM289sl8btfbYKOF8eQPT3cTpU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexKUI9BPXiMYB6QrGF20psMmZ1dZ2aFsOQnvHhQxKu/482/cfI4aGJBQ1HVTXdXkAiujet+O0vLK6tr67mN/ObW9s5uYW+/ruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLB9dhvPKHSPJb3ZpigH9Ge5CFn1Fip2b5BYejDaadQdEvuBGSReDNShBmqncJXuxuzNEJpmKBatzw3MX5GleFM4CjfTjUmlA1oD1uWShqh9rPJvSNybJUuCWNlSxoyUX9PZDTSehgFtjOipq/nvbH4n9dKTXjpZ1wmqUHJpovCVBATk/HzpMsVMiOGllCmuL2VsD5VlBkbUd6G4M2/vEjqZyXvvFS+KxcrV7M4cnAIR3ACHlxABW6hCjVgIOAZXuHNeXRenHfnY9q65MxmDuAPnM8fgfWPog==</latexit>

�+
<latexit sha1_base64="kQdAeujvVk7UbhVgG3pY3unl8Dw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXRjcsK9gFNLDfTSTN08mBmIoQQf8WNC0Xc+iHu/BunbRbaeuDC4Zx7ufceL+FMKsv6Nipr6xubW9Xt2s7u3v6BeXjUk3EqCO2SmMdi4IGknEW0q5jidJAICqHHad+b3sz8/iMVksXRvcoS6oYwiZjPCCgtjcy6AzwJ4CHPnQAUdpKwKEZmw2pac+BVYpekgUp0RuaXM45JGtJIEQ5SDm0rUW4OQjHCaVFzUkkTIFOY0KGmEYRUuvn8+AKfamWM/VjoihSeq78ncgilzEJPd4agArnszcT/vGGq/Cs3Z1GSKhqRxSI/5VjFeJYEHjNBieKZJkAE07diEoAAonReNR2CvfzyKumdN+2LZuuu1Whfl3FU0TE6QWfIRpeojW5RB3URQRl6Rq/ozXgyXox342PRWjHKmTr6A+PzBxsClRQ=</latexit>

↵±̂
<latexit sha1_base64="ylLkTjsapD43bzODxB2Jihu3GPQ=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD71E9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBYu43a</latexit>±

<latexit sha1_base64="GDJaQCt1jExuauaI5fZl2BwCP6Q=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ac2oWy223bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HtzO//cS1EbF6wEnCg4gOlRgIRtFKj5k/okj8JJr2yhW36s5BVomXkwrkaPTKX34/ZmnEFTJJjel6boJBRjUKJvm05KeGJ5SN6ZB3LVU04ibI5hdPyZlV+mQQa1sKyVz9PZHRyJhJFNrOiOLILHsz8T+vm+LgOsiESlLkii0WDVJJMCaz90lfaM5QTiyhTAt7K2EjqilDG1LJhuAtv7xKWhdV77Jau69V6jd5HEU4gVM4Bw+uoA530IAmMFDwDK/w5hjnxXl3PhatBSefOYY/cD5/AIAakNE=</latexit>

±̂

<latexit sha1_base64="PK6i44XrXtesaQgTpkrMjmcNzUM=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMegHjxGMA9I1jA76U2GzM6uM7NCWPITXjwo4tXf8ebfOHkcNLGgoajqprsrSATXxnW/naXlldW19dxGfnNre2e3sLdf13GqGNZYLGLVDKhGwSXWDDcCm4lCGgUCG8Hgeuw3nlBpHst7M0zQj2hP8pAzaqzUbN+gMPThtFMouiV3ArJIvBkpwgzVTuGr3Y1ZGqE0TFCtW56bGD+jynAmcJRvpxoTyga0hy1LJY1Q+9nk3hE5tkqXhLGyJQ2ZqL8nMhppPYwC2xlR09fz3lj8z2ulJrz0My6T1KBk00VhKoiJyfh50uUKmRFDSyhT3N5KWJ8qyoyNKG9D8OZfXiT1s5J3XirflYuVq1kcOTiEIzgBDy6gArdQhRowEPAMr/DmPDovzrvzMW1dcmYzB/AHzucPhP2PpA==</latexit>

��
<latexit sha1_base64="U/X/tXA0YgkOL1WYMG5esj7XiuI=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7AcksWy2m3bpbjbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3ImKY4AlrAwfBeqlmREaCdaPx7czvPjFtuEoeYJKyUJJhwmNOCVjJDyIG5DEPUjntV2tu3Z0DrxKvIDVUoNWvfgUDRTPJEqCCGON7bgphTjRwKti0EmSGpYSOyZD5liZEMhPm85On+MwqAxwrbSsBPFd/T+REGjORke2UBEZm2ZuJ/3l+BvF1mPMkzYAldLEozgQGhWf/4wHXjIKYWEKo5vZWTEdEEwo2pYoNwVt+eZV0LureZb1x36g1b4o4yugEnaJz5KEr1ER3qIXaiCKFntErenPAeXHenY9Fa8kpZo7RHzifP5dkkXg=</latexit>

�±
<latexit sha1_base64="ylLkTjsapD43bzODxB2Jihu3GPQ=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD71E9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBYu43a</latexit>±

<latexit sha1_base64="GDJaQCt1jExuauaI5fZl2BwCP6Q=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ac2oWy223bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HtzO//cS1EbF6wEnCg4gOlRgIRtFKj5k/okj8JJr2yhW36s5BVomXkwrkaPTKX34/ZmnEFTJJjel6boJBRjUKJvm05KeGJ5SN6ZB3LVU04ibI5hdPyZlV+mQQa1sKyVz9PZHRyJhJFNrOiOLILHsz8T+vm+LgOsiESlLkii0WDVJJMCaz90lfaM5QTiyhTAt7K2EjqilDG1LJhuAtv7xKWhdV77Jau69V6jd5HEU4gVM4Bw+uoA530IAmMFDwDK/w5hjnxXl3PhatBSefOYY/cD5/AIAakNE=</latexit>

±̂

<latexit sha1_base64="6uM289sl8btfbYKOF8eQPT3cTpU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexKUI9BPXiMYB6QrGF20psMmZ1dZ2aFsOQnvHhQxKu/482/cfI4aGJBQ1HVTXdXkAiujet+O0vLK6tr67mN/ObW9s5uYW+/ruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLB9dhvPKHSPJb3ZpigH9Ge5CFn1Fip2b5BYejDaadQdEvuBGSReDNShBmqncJXuxuzNEJpmKBatzw3MX5GleFM4CjfTjUmlA1oD1uWShqh9rPJvSNybJUuCWNlSxoyUX9PZDTSehgFtjOipq/nvbH4n9dKTXjpZ1wmqUHJpovCVBATk/HzpMsVMiOGllCmuL2VsD5VlBkbUd6G4M2/vEjqZyXvvFS+KxcrV7M4cnAIR3ACHlxABW6hCjVgIOAZXuHNeXRenHfnY9q65MxmDuAPnM8fgfWPog==</latexit>

�+
<latexit sha1_base64="uw25TMWJOLJ/yAPFe9bFUljFnRg="></latexit>

cdS-AdS
d
2+iµ

e⌥(u+
iµ
2 )⇡ie⌥̂(ū+

iµ
2 )⇡i

<latexit sha1_base64="PK6i44XrXtesaQgTpkrMjmcNzUM=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMegHjxGMA9I1jA76U2GzM6uM7NCWPITXjwo4tXf8ebfOHkcNLGgoajqprsrSATXxnW/naXlldW19dxGfnNre2e3sLdf13GqGNZYLGLVDKhGwSXWDDcCm4lCGgUCG8Hgeuw3nlBpHst7M0zQj2hP8pAzaqzUbN+gMPThtFMouiV3ArJIvBkpwgzVTuGr3Y1ZGqE0TFCtW56bGD+jynAmcJRvpxoTyga0hy1LJY1Q+9nk3hE5tkqXhLGyJQ2ZqL8nMhppPYwC2xlR09fz3lj8z2ulJrz0My6T1KBk00VhKoiJyfh50uUKmRFDSyhT3N5KWJ8qyoyNKG9D8OZfXiT1s5J3XirflYuVq1kcOTiEIzgBDy6gArdQhRowEPAMr/DmPDovzrvzMW1dcmYzB/AHzucPhP2PpA==</latexit>

��

. (5.4)

3. Steps 1 and 2 above express each internal leg in a dS in-in diagram as a linear
combination of internal legs in EAdS with ∆± boundary conditions. Similarly, for
each external leg we apply the identity (2.22) which expresses it as a phase multiplying
the corresponding EAdS bulk-to-boundary propagator:

±±̂<latexit sha1_base64="rip/x+/CHyK/YcyYkF0UQrPRAqc=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdRb0YvHCvYD2lg22027dDcJuxOlhP4PLx4U8ep/8ea/cdvmoK0vLDy8M8PMvkEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGniVDPeYLGMdTughksR8QYKlLydaE5VIHkrGN1M661Hro2Io3scJ9xXdBCJUDCK1nroJopk3SFFYmnSK1fcqjsTWQYvhwrkqvfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesRhRxY2fza6ekBPr9EkYa/siJDP390RGlTFjFdhORXFoFmtT879aJ8Xw0s9ElKTIIzZfFKaSYEymEZC+0JyhHFugTAt7K2FDqilDG1TJhuAtfnkZmmdV77x6dXdeqV3ncRThCI7hFDy4gBrcQh0awEDDM7zCm/PkvDjvzse8teDkM4fwR87nDy/cklU=</latexit>

<latexit sha1_base64="EUCk5suoIPYnMGgMIWS4CJFddIA=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgoZREinos6kE8VbAf2ISy2U7bpZtN2J0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeUEsuEbH+bZyK6tr6xv5zcLW9s7uXnH/oKmjRDFosEhEqh1QDYJLaCBHAe1YAQ0DAa1gdD31W0+gNI/kA45j8EM6kLzPGUUjPXo3IJCWvfJdt1hyKs4M9jJxM1IiGerd4pfXi1gSgkQmqNYd14nRT6lCzgRMCl6iIaZsRAfQMVTSELSfzi6e2CdG6dn9SJmSaM/U3xMpDbUeh4HpDCkO9aI3Ff/zOgn2L/2UyzhBkGy+qJ8IGyN7+r7d4woYirEhlClubrXZkCrK0IRUMCG4iy8vk+ZZxT2vVO+rpdpVFkeeHJFjckpcckFq5JbUSYMwIskzeSVvlrZerHfrY96as7KZQ/IH1ucPgtSQKw==</latexit>

�, J

<latexit sha1_base64="EUCk5suoIPYnMGgMIWS4CJFddIA=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgoZREinos6kE8VbAf2ISy2U7bpZtN2J0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeUEsuEbH+bZyK6tr6xv5zcLW9s7uXnH/oKmjRDFosEhEqh1QDYJLaCBHAe1YAQ0DAa1gdD31W0+gNI/kA45j8EM6kLzPGUUjPXo3IJCWvfJdt1hyKs4M9jJxM1IiGerd4pfXi1gSgkQmqNYd14nRT6lCzgRMCl6iIaZsRAfQMVTSELSfzi6e2CdG6dn9SJmSaM/U3xMpDbUeh4HpDCkO9aI3Ff/zOgn2L/2UyzhBkGy+qJ8IGyN7+r7d4woYirEhlClubrXZkCrK0IRUMCG4iy8vk+ZZxT2vVO+rpdpVFkeeHJFjckpcckFq5JbUSYMwIskzeSVvlrZerHfrY96as7KZQ/IH1ucPgtSQKw==</latexit>

�, J
<latexit sha1_base64="d/g8heHI7d2aD+xrL3WPHEfiE4w="></latexit>

= cdS-AdS
� exp

⇥
⌥
�
s+ 1

2

�
�� d

2

��
⇡i
⇤

<latexit sha1_base64="HePQmyxXugFbeK/vq1ttPidk1cA=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KCWRoh6LXjxWsB+QhLLZbtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz321lb39jc2i7tlHf39g8OK0fHHS0zRWibSC5VL8KaciZo2zDDaS9VFCcRp91ofDfzu09UaSbFo5mkNEzwULCYEWys5OtaUMuDKEbjab9SdevuHGiVeAWpQoFWv/IVDCTJEioM4Vhr33NTE+ZYGUY4nZaDTNMUkzEeUt9SgROqw3x+8hSdW2WAYqlsCYPm6u+JHCdaT5LIdibYjPSyNxP/8/zMxDdhzkSaGSrIYlGccWQkmv2PBkxRYvjEEkwUs7ciMsIKE2NTKtsQvOWXV0nnsu5d1RsPjWrztoijBKdwBhfgwTU04R5a0AYCEp7hFd4c47w4787HonXNKWZO4A+czx97W5C/</latexit>

s, k
<latexit sha1_base64="HePQmyxXugFbeK/vq1ttPidk1cA=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KCWRoh6LXjxWsB+QhLLZbtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz321lb39jc2i7tlHf39g8OK0fHHS0zRWibSC5VL8KaciZo2zDDaS9VFCcRp91ofDfzu09UaSbFo5mkNEzwULCYEWys5OtaUMuDKEbjab9SdevuHGiVeAWpQoFWv/IVDCTJEioM4Vhr33NTE+ZYGUY4nZaDTNMUkzEeUt9SgROqw3x+8hSdW2WAYqlsCYPm6u+JHCdaT5LIdibYjPSyNxP/8/zMxDdhzkSaGSrIYlGccWQkmv2PBkxRYvjEEkwUs7ciMsIKE2NTKtsQvOWXV0nnsu5d1RsPjWrztoijBKdwBhfgwTU04R5a0AYCEp7hFd4c47w4787HonXNKWZO4A+czx97W5C/</latexit>

s, k

. (5.5)

31Note that is simply the analytic continuation (2.42) of the ∆± EAdS propagators to the ±±̂ branches
of the in-in contour in dS according to the Wick rotations (2.13).
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4. The above steps reduce a given in-in diagram in dS to a linear combination of diagrams
in EAdS with definite ∆± boundary condition, where each vertex is dressed by the
following phase:

<latexit sha1_base64="F8UzMcihpbKrbRbqjWvysQZ7RTk=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6acKe0431ZpY3Nre6e8W9nbPzg8so9POirJJKFtkvBE9kKsKGeCtjXTnPZSSXEcctoNx/dzvzuhUrFEPOlpSv0YDwWLGMHaSIFtq8CteTWUe2GExrPADeyqU3cWQOvELUgVCrQC+8sbJCSLqdCEY6X6rpNqP8dSM8LprOJliqaYjPGQ9g0VOKbKzxeXz9CFUQYoSqQpodFC/T2R41ipaRyazhjrkVr15uJ/Xj/T0a2fM5FmmgqyXBRlHOkEzWNAAyYp0XxqCCaSmVsRGWGJiTZhVUwI7urL66RzVXev643HRrV5V8RRhjM4h0tw4Qaa8AAtaAOBCTzDK7xZufVivVsfy9aSVcycwh9Ynz+kH5Ji</latexit>

s1, k1

<latexit sha1_base64="Ql+4JrQgWJlscuriU7sujfA8qEs=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQylJKeqx6MVjBVsLTQib7aZdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0w5U9pxvq3SxubW9k55t7K3f3B4ZB+fdFWSSUI7JOGJ7IVYUc4E7WimOe2lkuI45PQpHN/N/acJlYol4lFPU+rHeChYxAjWRgpsWwWNmldDuRdGaDwLGoFdderOAmiduAWpQoF2YH95g4RkMRWacKxU33VS7edYakY4nVW8TNEUkzEe0r6hAsdU+fni8hm6MMoARYk0JTRaqL8nchwrNY1D0xljPVKr3lz8z+tnOrrxcybSTFNBlouijCOdoHkMaMAkJZpPDcFEMnMrIiMsMdEmrIoJwV19eZ10G3X3qt58aFZbt0UcZTiDc7gEF66hBffQhg4QmMAzvMKblVsv1rv1sWwtWcXMKfyB9fkDpzSSZA==</latexit>

s2, k2

<latexit sha1_base64="r98eaIF0vspKFvpaEptaU0Y1eKY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3B4ZB+ftFWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjO/nfmdCpWKxeNLThPYjPBQsZARrI/m2rfxaxaugzAtCNJ75Nd8uO1VnAbRO3JyUIUfTt7+8QUzSiApNOFaq5zqJ7mdYakY4nZW8VNEEkzEe0p6hAkdU9bPF5TN0YZQBCmNpSmi0UH9PZDhSahoFpjPCeqRWvbn4n9dLdXjbz5hIUk0FWS4KU450jOYxoAGTlGg+NQQTycytiIywxESbsEomBHf15XXSvqq619X6Y73cuMvjKMIZnMMluHADDXiAJrSAwASe4RXerMx6sd6tj2VrwcpnTuEPrM8fqkmSZg==</latexit>

s3, k3

<latexit sha1_base64="0dFwcRHJCITKBmJMvZZTaoyh9Ew=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6acKe0431ZpY3Nre6e8W9nbPzg8so9POirJJKFtkvBE9kKsKGeCtjXTnPZSSXEcctoNx/dzvzuhUrFEPOlpSv0YDwWLGMHaSIFtq0DUvBrKvTBC41lgpKpTdxZA68QtSBUKtAL7yxskJIup0IRjpfquk2o/x1Izwums4mWKppiM8ZD2DRU4psrPF5fP0IVRBihKpCmh0UL9PZHjWKlpHJrOGOuRWvXm4n9eP9PRrZ8zkWaaCrJcFGUc6QTNY0ADJinRfGoIJpKZWxEZYYmJNmFVTAju6svrpHNVd6/rjcdGtXlXxFGGMziHS3DhBprwAC1oA4EJPMMrvFm59WK9Wx/L1pJVzJzCH1ifP2Avktw=</latexit>

sn, kn

<latexit sha1_base64="uvcNHcLIjQRnQVvqe52ALIrsJrY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fip3b1FYWjP65UrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3oX1fP780rtOo+jCEdwDKfgwSXU4A7q0AAGAp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AjJKPqQ==</latexit>

�1

<latexit sha1_base64="DmoeS8CoBY7JfhjcltX7GslaxKA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB6DevAYwTwgWcLspDcZMju7zswKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mHGCfkQHkoecUWOldvcWhaG9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5vVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDKn3CZpAYlWywKU0FMTGbPkz5XyIwYW0KZ4vZWwoZUUWZsRAUbgrf88ippVsreRbl6Xy3VrrM48nACp3AOHlxCDe6gDg1gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHjhaPqg==</latexit>

�2

<latexit sha1_base64="nuNn0An3Nvup0OgQAiHV0bdbgQs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexqUI9BPXiMYB6QLGF20kmGzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOlVucWhaHd826x5JbdGcgy8TJSggy1bvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns3gk5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/KT7mME4OSzRf1E0FMRKbPkx5XyIwYW0KZ4vZWwoZUUWZsRAUbgrf48jJpnJW9i3LlvlKqXmdx5OEIjuEUPLiEKtxBDerAQMAzvMKb8+i8OO/Ox7w152Qzh/AHzucPj5qPqw==</latexit>

�3

<latexit sha1_base64="mhUvAV4VnAOaNl3Ksi8vHNN7IbU=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6mfqtJ9BGxOoBxwn4ERsoEQrO0Ert7i1IZD3VK1fcqjsDXSZeTiokR71X/ur2Y55GoJBLZkzHcxP0M6ZRcAmTUjc1kDA+YgPoWKpYBMbPZvdO6IlV+jSMtS2FdKb+nshYZMw4CmxnxHBoFr2p+J/XSTG88jOhkhRB8fmiMJUUYzp9nvaFBo5ybAnjWthbKR8yzTjaiEo2BG/x5WXSPKt6F9Xz+/NK7TqPo0iOyDE5JR65JDVyR+qkQTiR5Jm8kjfn0Xlx3p2PeWvByWcOyR84nz/pBo/m</latexit>

�n

<latexit sha1_base64="F8UzMcihpbKrbRbqjWvysQZ7RTk=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6acKe0431ZpY3Nre6e8W9nbPzg8so9POirJJKFtkvBE9kKsKGeCtjXTnPZSSXEcctoNx/dzvzuhUrFEPOlpSv0YDwWLGMHaSIFtq8CteTWUe2GExrPADeyqU3cWQOvELUgVCrQC+8sbJCSLqdCEY6X6rpNqP8dSM8LprOJliqaYjPGQ9g0VOKbKzxeXz9CFUQYoSqQpodFC/T2R41ipaRyazhjrkVr15uJ/Xj/T0a2fM5FmmgqyXBRlHOkEzWNAAyYp0XxqCCaSmVsRGWGJiTZhVUwI7urL66RzVXev643HRrV5V8RRhjM4h0tw4Qaa8AAtaAOBCTzDK7xZufVivVsfy9aSVcycwh9Ynz+kH5Ji</latexit>

s1, k1

<latexit sha1_base64="Ql+4JrQgWJlscuriU7sujfA8qEs=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQylJKeqx6MVjBVsLTQib7aZdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0w5U9pxvq3SxubW9k55t7K3f3B4ZB+fdFWSSUI7JOGJ7IVYUc4E7WimOe2lkuI45PQpHN/N/acJlYol4lFPU+rHeChYxAjWRgpsWwWNmldDuRdGaDwLGoFdderOAmiduAWpQoF2YH95g4RkMRWacKxU33VS7edYakY4nVW8TNEUkzEe0r6hAsdU+fni8hm6MMoARYk0JTRaqL8nchwrNY1D0xljPVKr3lz8z+tnOrrxcybSTFNBlouijCOdoHkMaMAkJZpPDcFEMnMrIiMsMdEmrIoJwV19eZ10G3X3qt58aFZbt0UcZTiDc7gEF66hBffQhg4QmMAzvMKblVsv1rv1sWwtWcXMKfyB9fkDpzSSZA==</latexit>

s2, k2

<latexit sha1_base64="r98eaIF0vspKFvpaEptaU0Y1eKY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3B4ZB+ftFWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjO/nfmdCpWKxeNLThPYjPBQsZARrI/m2rfxaxaugzAtCNJ75Nd8uO1VnAbRO3JyUIUfTt7+8QUzSiApNOFaq5zqJ7mdYakY4nZW8VNEEkzEe0p6hAkdU9bPF5TN0YZQBCmNpSmi0UH9PZDhSahoFpjPCeqRWvbn4n9dLdXjbz5hIUk0FWS4KU450jOYxoAGTlGg+NQQTycytiIywxESbsEomBHf15XXSvqq619X6Y73cuMvjKMIZnMMluHADDXiAJrSAwASe4RXerMx6sd6tj2VrwcpnTuEPrM8fqkmSZg==</latexit>

s3, k3

<latexit sha1_base64="0dFwcRHJCITKBmJMvZZTaoyh9Ew=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6acKe0431ZpY3Nre6e8W9nbPzg8so9POirJJKFtkvBE9kKsKGeCtjXTnPZSSXEcctoNx/dzvzuhUrFEPOlpSv0YDwWLGMHaSIFtq0DUvBrKvTBC41lgpKpTdxZA68QtSBUKtAL7yxskJIup0IRjpfquk2o/x1Izwums4mWKppiM8ZD2DRU4psrPF5fP0IVRBihKpCmh0UL9PZHjWKlpHJrOGOuRWvXm4n9eP9PRrZ8zkWaaCrJcFGUc6QTNY0ADJinRfGoIJpKZWxEZYYmJNmFVTAju6svrpHNVd6/rjcdGtXlXxFGGMziHS3DhBprwAC1oA4EJPMMrvFm59WK9Wx/L1pJVzJzCH1ifP2Avktw=</latexit>

sn, kn

<latexit sha1_base64="uvcNHcLIjQRnQVvqe52ALIrsJrY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fip3b1FYWjP65UrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3oX1fP780rtOo+jCEdwDKfgwSXU4A7q0AAGAp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AjJKPqQ==</latexit>

�1

<latexit sha1_base64="DmoeS8CoBY7JfhjcltX7GslaxKA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB6DevAYwTwgWcLspDcZMju7zswKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mHGCfkQHkoecUWOldvcWhaG9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5vVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDKn3CZpAYlWywKU0FMTGbPkz5XyIwYW0KZ4vZWwoZUUWZsRAUbgrf88ippVsreRbl6Xy3VrrM48nACp3AOHlxCDe6gDg1gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHjhaPqg==</latexit>

�2

<latexit sha1_base64="nuNn0An3Nvup0OgQAiHV0bdbgQs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexqUI9BPXiMYB6QLGF20kmGzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOlVucWhaHd826x5JbdGcgy8TJSggy1bvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns3gk5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/KT7mME4OSzRf1E0FMRKbPkx5XyIwYW0KZ4vZWwoZUUWZsRAUbgrf48jJpnJW9i3LlvlKqXmdx5OEIjuEUPLiEKtxBDerAQMAzvMKb8+i8OO/Ox7w152Qzh/AHzucPj5qPqw==</latexit>

�3

<latexit sha1_base64="mhUvAV4VnAOaNl3Ksi8vHNN7IbU=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6mfqtJ9BGxOoBxwn4ERsoEQrO0Ert7i1IZD3VK1fcqjsDXSZeTiokR71X/ur2Y55GoJBLZkzHcxP0M6ZRcAmTUjc1kDA+YgPoWKpYBMbPZvdO6IlV+jSMtS2FdKb+nshYZMw4CmxnxHBoFr2p+J/XSTG88jOhkhRB8fmiMJUUYzp9nvaFBo5ybAnjWthbKR8yzTjaiEo2BG/x5WXSPKt6F9Xz+/NK7TqPo0iOyDE5JR65JDVyR+qkQTiR5Jm8kjfn0Xlx3p2PeWvByWcOyR84nz/pBo/m</latexit>

�n

±±̂<latexit sha1_base64="rip/x+/CHyK/YcyYkF0UQrPRAqc=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdRb0YvHCvYD2lg22027dDcJuxOlhP4PLx4U8ep/8ea/cdvmoK0vLDy8M8PMvkEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGniVDPeYLGMdTughksR8QYKlLydaE5VIHkrGN1M661Hro2Io3scJ9xXdBCJUDCK1nroJopk3SFFYmnSK1fcqjsTWQYvhwrkqvfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesRhRxY2fza6ekBPr9EkYa/siJDP390RGlTFjFdhORXFoFmtT879aJ8Xw0s9ElKTIIzZfFKaSYEymEZC+0JyhHFugTAt7K2FDqilDG1TJhuAtfnkZmmdV77x6dXdeqV3ncRThCI7hFDy4gBrcQh0awEDDM7zCm/PkvDjvzse8teDkM4fwR87nDy/cklU=</latexit>

<latexit sha1_base64="njYm8TYMoylOBouLZA4q/lXV6r4="></latexit>
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Recall that at each vertex there is a Dirac delta function (2.54a) which constrains the
sum of Mellin variables associated to the vertex to be a constant, by virtue of scale
symmetry. See section 3. For each vertex the phase (5.6) is therefore constant and
reads:

<latexit sha1_base64="41qfDUlrMtPL3ORHZAVTkgnJgXQ="></latexit>
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<latexit sha1_base64="F8UzMcihpbKrbRbqjWvysQZ7RTk=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6acKe0431ZpY3Nre6e8W9nbPzg8so9POirJJKFtkvBE9kKsKGeCtjXTnPZSSXEcctoNx/dzvzuhUrFEPOlpSv0YDwWLGMHaSIFtq8CteTWUe2GExrPADeyqU3cWQOvELUgVCrQC+8sbJCSLqdCEY6X6rpNqP8dSM8LprOJliqaYjPGQ9g0VOKbKzxeXz9CFUQYoSqQpodFC/T2R41ipaRyazhjrkVr15uJ/Xj/T0a2fM5FmmgqyXBRlHOkEzWNAAyYp0XxqCCaSmVsRGWGJiTZhVUwI7urL66RzVXev643HRrV5V8RRhjM4h0tw4Qaa8AAtaAOBCTzDK7xZufVivVsfy9aSVcycwh9Ynz+kH5Ji</latexit>

s1, k1

<latexit sha1_base64="Ql+4JrQgWJlscuriU7sujfA8qEs=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQylJKeqx6MVjBVsLTQib7aZdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0w5U9pxvq3SxubW9k55t7K3f3B4ZB+fdFWSSUI7JOGJ7IVYUc4E7WimOe2lkuI45PQpHN/N/acJlYol4lFPU+rHeChYxAjWRgpsWwWNmldDuRdGaDwLGoFdderOAmiduAWpQoF2YH95g4RkMRWacKxU33VS7edYakY4nVW8TNEUkzEe0r6hAsdU+fni8hm6MMoARYk0JTRaqL8nchwrNY1D0xljPVKr3lz8z+tnOrrxcybSTFNBlouijCOdoHkMaMAkJZpPDcFEMnMrIiMsMdEmrIoJwV19eZ10G3X3qt58aFZbt0UcZTiDc7gEF66hBffQhg4QmMAzvMKblVsv1rv1sWwtWcXMKfyB9fkDpzSSZA==</latexit>

s2, k2

<latexit sha1_base64="r98eaIF0vspKFvpaEptaU0Y1eKY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3B4ZB+ftFWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjO/nfmdCpWKxeNLThPYjPBQsZARrI/m2rfxaxaugzAtCNJ75Nd8uO1VnAbRO3JyUIUfTt7+8QUzSiApNOFaq5zqJ7mdYakY4nZW8VNEEkzEe0p6hAkdU9bPF5TN0YZQBCmNpSmi0UH9PZDhSahoFpjPCeqRWvbn4n9dLdXjbz5hIUk0FWS4KU450jOYxoAGTlGg+NQQTycytiIywxESbsEomBHf15XXSvqq619X6Y73cuMvjKMIZnMMluHADDXiAJrSAwASe4RXerMx6sd6tj2VrwcpnTuEPrM8fqkmSZg==</latexit>

s3, k3

<latexit sha1_base64="0dFwcRHJCITKBmJMvZZTaoyh9Ew=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6acKe0431ZpY3Nre6e8W9nbPzg8so9POirJJKFtkvBE9kKsKGeCtjXTnPZSSXEcctoNx/dzvzuhUrFEPOlpSv0YDwWLGMHaSIFtq0DUvBrKvTBC41lgpKpTdxZA68QtSBUKtAL7yxskJIup0IRjpfquk2o/x1Izwums4mWKppiM8ZD2DRU4psrPF5fP0IVRBihKpCmh0UL9PZHjWKlpHJrOGOuRWvXm4n9eP9PRrZ8zkWaaCrJcFGUc6QTNY0ADJinRfGoIJpKZWxEZYYmJNmFVTAju6svrpHNVd6/rjcdGtXlXxFGGMziHS3DhBprwAC1oA4EJPMMrvFm59WK9Wx/L1pJVzJzCH1ifP2Avktw=</latexit>

sn, kn

<latexit sha1_base64="uvcNHcLIjQRnQVvqe52ALIrsJrY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fip3b1FYWjP65UrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3oX1fP780rtOo+jCEdwDKfgwSXU4A7q0AAGAp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AjJKPqQ==</latexit>

�1

<latexit sha1_base64="DmoeS8CoBY7JfhjcltX7GslaxKA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB6DevAYwTwgWcLspDcZMju7zswKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mHGCfkQHkoecUWOldvcWhaG9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5vVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDKn3CZpAYlWywKU0FMTGbPkz5XyIwYW0KZ4vZWwoZUUWZsRAUbgrf88ippVsreRbl6Xy3VrrM48nACp3AOHlxCDe6gDg1gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHjhaPqg==</latexit>

�2

<latexit sha1_base64="nuNn0An3Nvup0OgQAiHV0bdbgQs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexqUI9BPXiMYB6QLGF20kmGzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOlVucWhaHd826x5JbdGcgy8TJSggy1bvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns3gk5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/KT7mME4OSzRf1E0FMRKbPkx5XyIwYW0KZ4vZWwoZUUWZsRAUbgrf48jJpnJW9i3LlvlKqXmdx5OEIjuEUPLiEKtxBDerAQMAzvMKb8+i8OO/Ox7w152Qzh/AHzucPj5qPqw==</latexit>

�3

<latexit sha1_base64="mhUvAV4VnAOaNl3Ksi8vHNN7IbU=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6mfqtJ9BGxOoBxwn4ERsoEQrO0Ert7i1IZD3VK1fcqjsDXSZeTiokR71X/ur2Y55GoJBLZkzHcxP0M6ZRcAmTUjc1kDA+YgPoWKpYBMbPZvdO6IlV+jSMtS2FdKb+nshYZMw4CmxnxHBoFr2p+J/XSTG88jOhkhRB8fmiMJUUYzp9nvaFBo5ybAnjWthbKR8yzTjaiEo2BG/x5WXSPKt6F9Xz+/NK7TqPo0iOyDE5JR65JDVyR+qkQTiR5Jm8kjfn0Xlx3p2PeWvByWcOyR84nz/pBo/m</latexit>

�n

±±̂<latexit sha1_base64="rip/x+/CHyK/YcyYkF0UQrPRAqc=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdRb0YvHCvYD2lg22027dDcJuxOlhP4PLx4U8ep/8ea/cdvmoK0vLDy8M8PMvkEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGniVDPeYLGMdTughksR8QYKlLydaE5VIHkrGN1M661Hro2Io3scJ9xXdBCJUDCK1nroJopk3SFFYmnSK1fcqjsTWQYvhwrkqvfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesRhRxY2fza6ekBPr9EkYa/siJDP390RGlTFjFdhORXFoFmtT879aJ8Xw0s9ElKTIIzZfFKaSYEymEZC+0JyhHFugTAt7K2FDqilDG1TJhuAtfnkZmmdV77x6dXdeqV3ncRThCI7hFDy4gBrcQh0awEDDM7zCm/PkvDjvzse8teDkM4fwR87nDy/cklU=</latexit>

<latexit sha1_base64="F8UzMcihpbKrbRbqjWvysQZ7RTk=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6acKe0431ZpY3Nre6e8W9nbPzg8so9POirJJKFtkvBE9kKsKGeCtjXTnPZSSXEcctoNx/dzvzuhUrFEPOlpSv0YDwWLGMHaSIFtq8CteTWUe2GExrPADeyqU3cWQOvELUgVCrQC+8sbJCSLqdCEY6X6rpNqP8dSM8LprOJliqaYjPGQ9g0VOKbKzxeXz9CFUQYoSqQpodFC/T2R41ipaRyazhjrkVr15uJ/Xj/T0a2fM5FmmgqyXBRlHOkEzWNAAyYp0XxqCCaSmVsRGWGJiTZhVUwI7urL66RzVXev643HRrV5V8RRhjM4h0tw4Qaa8AAtaAOBCTzDK7xZufVivVsfy9aSVcycwh9Ynz+kH5Ji</latexit>

s1, k1

<latexit sha1_base64="Ql+4JrQgWJlscuriU7sujfA8qEs=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQylJKeqx6MVjBVsLTQib7aZdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0w5U9pxvq3SxubW9k55t7K3f3B4ZB+fdFWSSUI7JOGJ7IVYUc4E7WimOe2lkuI45PQpHN/N/acJlYol4lFPU+rHeChYxAjWRgpsWwWNmldDuRdGaDwLGoFdderOAmiduAWpQoF2YH95g4RkMRWacKxU33VS7edYakY4nVW8TNEUkzEe0r6hAsdU+fni8hm6MMoARYk0JTRaqL8nchwrNY1D0xljPVKr3lz8z+tnOrrxcybSTFNBlouijCOdoHkMaMAkJZpPDcFEMnMrIiMsMdEmrIoJwV19eZ10G3X3qt58aFZbt0UcZTiDc7gEF66hBffQhg4QmMAzvMKblVsv1rv1sWwtWcXMKfyB9fkDpzSSZA==</latexit>

s2, k2

<latexit sha1_base64="r98eaIF0vspKFvpaEptaU0Y1eKY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3B4ZB+ftFWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjO/nfmdCpWKxeNLThPYjPBQsZARrI/m2rfxaxaugzAtCNJ75Nd8uO1VnAbRO3JyUIUfTt7+8QUzSiApNOFaq5zqJ7mdYakY4nZW8VNEEkzEe0p6hAkdU9bPF5TN0YZQBCmNpSmi0UH9PZDhSahoFpjPCeqRWvbn4n9dLdXjbz5hIUk0FWS4KU450jOYxoAGTlGg+NQQTycytiIywxESbsEomBHf15XXSvqq619X6Y73cuMvjKMIZnMMluHADDXiAJrSAwASe4RXerMx6sd6tj2VrwcpnTuEPrM8fqkmSZg==</latexit>

s3, k3

<latexit sha1_base64="0dFwcRHJCITKBmJMvZZTaoyh9Ew=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6acKe0431ZpY3Nre6e8W9nbPzg8so9POirJJKFtkvBE9kKsKGeCtjXTnPZSSXEcctoNx/dzvzuhUrFEPOlpSv0YDwWLGMHaSIFtq0DUvBrKvTBC41lgpKpTdxZA68QtSBUKtAL7yxskJIup0IRjpfquk2o/x1Izwums4mWKppiM8ZD2DRU4psrPF5fP0IVRBihKpCmh0UL9PZHjWKlpHJrOGOuRWvXm4n9eP9PRrZ8zkWaaCrJcFGUc6QTNY0ADJinRfGoIJpKZWxEZYYmJNmFVTAju6svrpHNVd6/rjcdGtXlXxFGGMziHS3DhBprwAC1oA4EJPMMrvFm59WK9Wx/L1pJVzJzCH1ifP2Avktw=</latexit>

sn, kn

<latexit sha1_base64="uvcNHcLIjQRnQVvqe52ALIrsJrY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fip3b1FYWjP65UrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3oX1fP780rtOo+jCEdwDKfgwSXU4A7q0AAGAp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AjJKPqQ==</latexit>

�1

<latexit sha1_base64="DmoeS8CoBY7JfhjcltX7GslaxKA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB6DevAYwTwgWcLspDcZMju7zswKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mHGCfkQHkoecUWOldvcWhaG9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5vVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDKn3CZpAYlWywKU0FMTGbPkz5XyIwYW0KZ4vZWwoZUUWZsRAUbgrf88ippVsreRbl6Xy3VrrM48nACp3AOHlxCDe6gDg1gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHjhaPqg==</latexit>

�2

<latexit sha1_base64="nuNn0An3Nvup0OgQAiHV0bdbgQs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexqUI9BPXiMYB6QLGF20kmGzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOlVucWhaHd826x5JbdGcgy8TJSggy1bvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns3gk5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/KT7mME4OSzRf1E0FMRKbPkx5XyIwYW0KZ4vZWwoZUUWZsRAUbgrf48jJpnJW9i3LlvlKqXmdx5OEIjuEUPLiEKtxBDerAQMAzvMKb8+i8OO/Ox7w152Qzh/AHzucPj5qPqw==</latexit>
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(5.7)

5. To obtain the full dS diagram one sums over each in-in contribution above after
multiplying each vertex by (±i), where the ± refers to the branch of the in-in contour
that the vertex is sitting on. In the full dS diagram the constant phases (5.6) that
dress each in-in contribution combine to give the sinusoidal factor (3.29) that converts
a contact diagram in EAdS to a contact boundary correlator in dS, as detailed in
section 3. Diagrammatically we can represent this as
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, (5.8)

where in this diagram we have summed over all in-in contributions and:

λdS∆1,...,∆n
/λAdS∆1,...,∆n

= 2
(

n∏
i=1

cdS-AdS∆i

)
sin
(
d(n−2)

4 − d̄
2 + 1

2

n∑
i=1

(
∆i − d

2

))
π. (5.9)

Note that for each internal line we must divide by the factor cdS-AdS∆ , as in equa-
tion (4.32) for the example of the exchange. This is because internal lines connect
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two vertices and the relation (5.5) between internal lines in dS and dS only contains
a single factor of cdS-AdS∆ .

In summary, the above steps give a general algorithm to decompose any diagram
contributing to a boundary correlator in the Bunch-Davies vacuum of dS as a linear
combination of corresponding EAdS Witten diagrams, using the in-in formalism as an
auxiliary step. While this was clear from the properties of dS propagators reviewed in
section 2.1, what we learn is that each dS diagram decomposes as a sum of EAdS diagrams
over all possible combinations of ∆± boundary conditions on the internal legs in a manner
that is symmetric under ∆+ ↔ ∆− where, in particular, each vertex is multiplied by the
sinusoidal factor (5.9) that accounts for the change in the coefficient of contact subdiagrams
as we move from AdS to dS.

These observations naturally suggest a set of rules which we can apply to immediately
write down the decomposition of a dS diagram in the Bunch-Davies vacuum as a linear
combination of EAdS Witten diagrams — without making any reference to the in-in
formalism! These are as follows:

dS to EAdS rules.

1. For a given dS diagram, first draw the same diagram in EAdS: each external line
connected to the boundary of dS becomes an external line connected to the boundary
of AdS. Each internal line in dS becomes an internal line in AdS. Accordingly,
each vertex in dS is translated to the same vertex in AdS. For example, if we were
considering the exchange diagrams of section 4 this would read:

, (5.10)

2. Pick an internal line of the AdS diagram and assign to it the ∆+ related to the mass
of the corresponding particle in dS. Divide by cdS-AdS∆+ . Draw second diagram but with
∆+ → ∆−. Proceed to the next internal leg and follow the same procedure until all
internal legs have been exhausted. Continuing the example of the exchange diagram
above this is simply:
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��<latexit sha1_base64="6uM289sl8btfbYKOF8eQPT3cTpU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexKUI9BPXiMYB6QrGF20psMmZ1dZ2aFsOQnvHhQxKu/482/cfI4aGJBQ1HVTXdXkAiujet+O0vLK6tr67mN/ObW9s5uYW+/ruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLB9dhvPKHSPJb3ZpigH9Ge5CFn1Fip2b5BYejDaadQdEvuBGSReDNShBmqncJXuxuzNEJpmKBatzw3MX5GleFM4CjfTjUmlA1oD1uWShqh9rPJvSNybJUuCWNlSxoyUX9PZDTSehgFtjOipq/nvbH4n9dKTXjpZ1wmqUHJpovCVBATk/HzpMsVMiOGllCmuL2VsD5VlBkbUd6G4M2/vEjqZyXvvFS+KxcrV7M4cnAIR3ACHlxABW6hCjVgIOAZXuHNeXRenHfnY9q65MxmDuAPnM8fgfWPog==</latexit>

�+
<latexit sha1_base64="2GXTG56raxQYOjaQ+3ESxirFlAQ="></latexit>

+
1

4 (d� 2��)

cdS-AdS
�+

cdS-AdS
��

<latexit sha1_base64="iLM35yYfCBS/kLtzOkjO4s6oYh8=">AAACD3icbZDJSgNBEIZ73I1b1KOXwaAIYpiRoB7dDh4jMRrIJKGnp8Y06VnorhFDM2/gxVfx4kERr169+TZ2Yg5uPzR8/FVFdf1+KrhCx/mwxsYnJqemZ2YLc/MLi0vF5ZVLlWSSQZ0lIpENnyoQPIY6chTQSCXQyBdw5fdOBvWrG5CKJ/EF9lNoRfQ65iFnFI3VKW56oaRMu7lmbe0h3KIOajtHQS3PO9o7BYG0vW24WHLKzlD2X3BHUCIjVTvFdy9IWBZBjExQpZquk2JLU4mcCcgLXqYgpaxHr6FpMKYRqJYe3pPbG8YJ7DCR5sVoD93vE5pGSvUj33RGFLvqd21g/ldrZhgetDSP0wwhZl+LwkzYmNiDcOyAS2Ao+gYok9z81WZdagJCE2HBhOD+PvkvXO6W3b1y5bxSOjwexTFD1sg62SIu2SeH5IxUSZ0wckceyBN5tu6tR+vFev1qHbNGM6vkh6y3T79bnR0=</latexit>

1

cdS-AdS
�+

<latexit sha1_base64="i2z03Y0NDzXCmjRe/vVpphpZipI=">AAACD3icbZC7SgNBFIZnvcZ4i1raLAbFxrArQS3jpbCMxKiQTcLs7FkdMnth5qwYhn0DG1/FxkIRW1s738ZJTKHGHwY+/nMOZ87vp4IrdJxPa2JyanpmtjBXnF9YXFouraxeqCSTDJosEYm88qkCwWNoIkcBV6kEGvkCLv3e8aB+eQtS8SQ+x34K7YhexzzkjKKxuqUtL5SUaTfXrKM9hDvUQWPnMGjkeVd7JyCQdnYMl8pOxRnKHgd3BGUyUr1b+vCChGURxMgEVarlOim2NZXImYC86GUKUsp69BpaBmMagWrr4T25vWmcwA4TaV6M9tD9OaFppFQ/8k1nRPFG/a0NzP9qrQzDg7bmcZohxOx7UZgJGxN7EI4dcAkMRd8AZZKbv9rshpqA0ERYNCG4f08eh4vdirtXqZ5Vy7WjURwFsk42yDZxyT6pkVNSJ03CyD15JM/kxXqwnqxX6+27dcIazayRX7LevwDCZ50f</latexit>

1

cdS-AdS
��

,

(5.11)

3. Finally, for each vertex multiply by the sinusodial factor (5.9) that converts the
contact diagram the vertex generates in EAdS to a contact diagram in dS. For the
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example of the exchange this gives:

<latexit sha1_base64="aqqdpbMu1N9F6Uk9Ck+acUORSFI="></latexit>

=
1

4 (d� 2�+)

cdS-AdS
�̃�

cdS-AdS
�̃+

�dS
�1 �2 �+�dS

�+ �3 �4

�AdS
�1 �2 �+�AdS

�+ �3 �4

<latexit sha1_base64="fSNDmPMk/y02pYiu2DNfnfDWka4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPUY1IN4imAekCzL7KSTDJl9ODMbCEu+w4sHRbz6Md78GyfJHjSxoKGo6qa7y48FV9q2v63cyura+kZ+s7C1vbO7V9w/aKgokQzrLBKRbPlUoeAh1jXXAluxRBr4Apv+8GbqN0coFY/CRz2O0Q1oP+Q9zqg2ktu5RaGp55yRe8/xiiW7bM9AlomTkRJkqHnFr043YkmAoWaCKtV27Fi7KZWaM4GTQidRGFM2pH1sGxrSAJWbzo6ekBOjdEkvkqZCTWbq74mUBkqNA990BlQP1KI3Ff/z2onuXbkpD+NEY8jmi3qJIDoi0wRIl0tkWowNoUxycythAyop0yanggnBWXx5mTTOy85FufJQKVWvszjycATHcAoOXEIV7qAGdWDwBM/wCm/WyHqx3q2PeWvOymYO4Q+szx8TVpEB</latexit>

�1, J1
<latexit sha1_base64="0wf0FCfudQyA831zx0wyPde+Dkc=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8SNgNQT0G9SCeIpgHJMsyO+lNhsw+nJkNhJDv8OJBEa9+jDf/xkmyB00saCiquunu8hPBlbbtb2tldW19YzO3ld/e2d3bLxwcNlScSoZ1FotYtnyqUPAI65prga1EIg19gU1/cDP1m0OUisfRox4l6Ia0F/GAM6qN5HZuUWjqlc/JvVf2CkW7ZM9AlomTkSJkqHmFr043ZmmIkWaCKtV27ES7Yyo1ZwIn+U6qMKFsQHvYNjSiISp3PDt6Qk6N0iVBLE1FmszU3xNjGio1Cn3TGVLdV4veVPzPa6c6uHLHPEpSjRGbLwpSQXRMpgmQLpfItBgZQpnk5lbC+lRSpk1OeROCs/jyMmmUS85FqfJQKVavszhycAwncAYOXEIV7qAGdWDwBM/wCm/W0Hqx3q2PeeuKlc0cwR9Ynz8WY5ED</latexit>

�2, J2
<latexit sha1_base64="46iabqf23PMDYsEm3fmAs0aC4nc=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBg5TEFvVY1IN4qmA/oA1hs520SzebuLsplNDf4cWDIl79Md78N27bHLT1wcDjvRlm5vkxZ0rb9reVW1ldW9/Ibxa2tnd294r7B00VJZJCg0Y8km2fKOBMQEMzzaEdSyChz6HlD2+mfmsEUrFIPOpxDG5I+oIFjBJtJLd7C1wTr3KG772KVyzZZXsGvEycjJRQhrpX/Or2IpqEIDTlRKmOY8faTYnUjHKYFLqJgpjQIelDx1BBQlBuOjt6gk+M0sNBJE0JjWfq74mUhEqNQ990hkQP1KI3Ff/zOokOrtyUiTjRIOh8UZBwrCM8TQD3mASq+dgQQiUzt2I6IJJQbXIqmBCcxZeXSfO87FyUqw/VUu06iyOPjtAxOkUOukQ1dIfqqIEoekLP6BW9WSPrxXq3PuatOSubOUR/YH3+ABlwkQU=</latexit>

�3, J3
<latexit sha1_base64="OvahTUV+b0sFA8gOvQwgw7eLHWo=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBg5REgnos6kE8VbAf0Iaw2U7apZtN3N0USujv8OJBEa/+GG/+G7dtDtr6YODx3gwz84KEM6Vt+9sqrKyurW8UN0tb2zu7e+X9g6aKU0mhQWMey3ZAFHAmoKGZ5tBOJJAo4NAKhjdTvzUCqVgsHvU4AS8ifcFCRok2kte9Ba6J757he9/1yxW7as+Al4mTkwrKUffLX91eTNMIhKacKNVx7ER7GZGaUQ6TUjdVkBA6JH3oGCpIBMrLZkdP8IlRejiMpSmh8Uz9PZGRSKlxFJjOiOiBWvSm4n9eJ9XhlZcxkaQaBJ0vClOOdYynCeAek0A1HxtCqGTmVkwHRBKqTU4lE4Kz+PIyaZ5XnYuq++BWatd5HEV0hI7RKXLQJaqhO1RHDUTRE3pGr+jNGlkv1rv1MW8tWPnMIfoD6/MHHH2RBw==</latexit>

�4, J4

<latexit sha1_base64="QRJO1Xbj8QzZ93AlBAw52RyUKaE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPUY9CKeIpgHJEuYnUySMfNYZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7opgzY33/28utrK6tb+Q3C1vbO7t7xf2DhlGJJrROFFe6FWFDOZO0bpnltBVrikXEaTMa3Uz95hPVhin5YMcxDQUeSNZnBFsnNToiOUN33WLJL/szoGUSZKQEGWrd4lenp0giqLSEY2PagR/bMMXaMsLppNBJDI0xGeEBbTsqsaAmTGfXTtCJU3qor7QradFM/T2RYmHMWESuU2A7NIveVPzPaye2fxWmTMaJpZLMF/UTjqxC09dRj2lKLB87golm7lZEhlhjYl1ABRdCsPjyMmmcl4OLcuW+UqpeZ3Hk4QiO4RQCuIQq3EIN6kDgEZ7hFd485b14797HvDXnZTOH8Afe5w+2o46T</latexit>

µ, J

<latexit sha1_base64="fSNDmPMk/y02pYiu2DNfnfDWka4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPUY1IN4imAekCzL7KSTDJl9ODMbCEu+w4sHRbz6Md78GyfJHjSxoKGo6qa7y48FV9q2v63cyura+kZ+s7C1vbO7V9w/aKgokQzrLBKRbPlUoeAh1jXXAluxRBr4Apv+8GbqN0coFY/CRz2O0Q1oP+Q9zqg2ktu5RaGp55yRe8/xiiW7bM9AlomTkRJkqHnFr043YkmAoWaCKtV27Fi7KZWaM4GTQidRGFM2pH1sGxrSAJWbzo6ekBOjdEkvkqZCTWbq74mUBkqNA990BlQP1KI3Ff/z2onuXbkpD+NEY8jmi3qJIDoi0wRIl0tkWowNoUxycythAyop0yanggnBWXx5mTTOy85FufJQKVWvszjycATHcAoOXEIV7qAGdWDwBM/wCm/WyHqx3q2PeWvOymYO4Q+szx8TVpEB</latexit>

�1, J1

<latexit sha1_base64="OvahTUV+b0sFA8gOvQwgw7eLHWo=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBg5REgnos6kE8VbAf0Iaw2U7apZtN3N0USujv8OJBEa/+GG/+G7dtDtr6YODx3gwz84KEM6Vt+9sqrKyurW8UN0tb2zu7e+X9g6aKU0mhQWMey3ZAFHAmoKGZ5tBOJJAo4NAKhjdTvzUCqVgsHvU4AS8ifcFCRok2kte9Ba6J757he9/1yxW7as+Al4mTkwrKUffLX91eTNMIhKacKNVx7ER7GZGaUQ6TUjdVkBA6JH3oGCpIBMrLZkdP8IlRejiMpSmh8Uz9PZGRSKlxFJjOiOiBWvSm4n9eJ9XhlZcxkaQaBJ0vClOOdYynCeAek0A1HxtCqGTmVkwHRBKqTU4lE4Kz+PIyaZ5XnYuq++BWatd5HEV0hI7RKXLQJaqhO1RHDUTRE3pGr+jNGlkv1rv1MW8tWPnMIfoD6/MHHH2RBw==</latexit>

�4, J4

<latexit sha1_base64="46iabqf23PMDYsEm3fmAs0aC4nc=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBg5TEFvVY1IN4qmA/oA1hs520SzebuLsplNDf4cWDIl79Md78N27bHLT1wcDjvRlm5vkxZ0rb9reVW1ldW9/Ibxa2tnd294r7B00VJZJCg0Y8km2fKOBMQEMzzaEdSyChz6HlD2+mfmsEUrFIPOpxDG5I+oIFjBJtJLd7C1wTr3KG772KVyzZZXsGvEycjJRQhrpX/Or2IpqEIDTlRKmOY8faTYnUjHKYFLqJgpjQIelDx1BBQlBuOjt6gk+M0sNBJE0JjWfq74mUhEqNQ990hkQP1KI3Ff/zOokOrtyUiTjRIOh8UZBwrCM8TQD3mASq+dgQQiUzt2I6IJJQbXIqmBCcxZeXSfO87FyUqw/VUu06iyOPjtAxOkUOukQ1dIfqqIEoekLP6BW9WSPrxXq3PuatOSubOUR/YH3+ABlwkQU=</latexit>

�3, J3

<latexit sha1_base64="0wf0FCfudQyA831zx0wyPde+Dkc=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8SNgNQT0G9SCeIpgHJMsyO+lNhsw+nJkNhJDv8OJBEa9+jDf/xkmyB00saCiquunu8hPBlbbtb2tldW19YzO3ld/e2d3bLxwcNlScSoZ1FotYtnyqUPAI65prga1EIg19gU1/cDP1m0OUisfRox4l6Ia0F/GAM6qN5HZuUWjqlc/JvVf2CkW7ZM9AlomTkSJkqHmFr043ZmmIkWaCKtV27ES7Yyo1ZwIn+U6qMKFsQHvYNjSiISp3PDt6Qk6N0iVBLE1FmszU3xNjGio1Cn3TGVLdV4veVPzPa6c6uHLHPEpSjRGbLwpSQXRMpgmQLpfItBgZQpnk5lbC+lRSpk1OeROCs/jyMmmUS85FqfJQKVavszhycAwncAYOXEIV7qAGdWDwBM/wCm/W0Hqx3q2PeeuKlc0cwR9Ynz8WY5ED</latexit>

�2, J2

<latexit sha1_base64="zw9f9yAYaafnYetkzbloNZSCElI=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMgKGFXgnoM6kE8RTAP2KxhdjKbDJmdWWZ6hbDkM7x4UMSrX+PNv3HyOGhiQUNR1U13V5gIbsB1v53c0vLK6lp+vbCxubW9U9zdaxiVasrqVAmlWyExTHDJ6sBBsFaiGYlDwZrh4HrsN5+YNlzJBxgmLIhJT/KIUwJW8ts3TAB5PDnFd51iyS27E+BF4s1ICc1Q6xS/2l1F05hJoIIY43tuAkFGNHAq2KjQTg1LCB2QHvMtlSRmJsgmJ4/wkVW6OFLalgQ8UX9PZCQ2ZhiHtjMm0Dfz3lj8z/NTiC6DjMskBSbpdFGUCgwKj//HXa4ZBTG0hFDN7a2Y9okmFGxKBRuCN//yImmclb3zcuW+UqpezeLIowN0iI6Rhy5QFd2iGqojihR6Rq/ozQHnxXl3PqatOWc2s4/+wPn8Ad0dkFY=</latexit>

�+, J
<latexit sha1_base64="TsnB9GLHLvrLVJrKNE8N4LdeWqs="></latexit>

�dS
�1 �2 �+�dS

�+ �3 �4

�AdS
�1 �2 �+�AdS

�+ �3 �4

1

cdS-AdS
�+

<latexit sha1_base64="KwT5FeJHWk5Wt/3ARwA95ERez2Q="></latexit>

+
1

4 (d� 2��)

cdS-AdS
�̃+

cdS-AdS
�̃�

�dS
�1 �2 ���dS

�� �3 �4

�AdS
�1 �2 ���AdS

�� �3 �4

<latexit sha1_base64="fSNDmPMk/y02pYiu2DNfnfDWka4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPUY1IN4imAekCzL7KSTDJl9ODMbCEu+w4sHRbz6Md78GyfJHjSxoKGo6qa7y48FV9q2v63cyura+kZ+s7C1vbO7V9w/aKgokQzrLBKRbPlUoeAh1jXXAluxRBr4Apv+8GbqN0coFY/CRz2O0Q1oP+Q9zqg2ktu5RaGp55yRe8/xiiW7bM9AlomTkRJkqHnFr043YkmAoWaCKtV27Fi7KZWaM4GTQidRGFM2pH1sGxrSAJWbzo6ekBOjdEkvkqZCTWbq74mUBkqNA990BlQP1KI3Ff/z2onuXbkpD+NEY8jmi3qJIDoi0wRIl0tkWowNoUxycythAyop0yanggnBWXx5mTTOy85FufJQKVWvszjycATHcAoOXEIV7qAGdWDwBM/wCm/WyHqx3q2PeWvOymYO4Q+szx8TVpEB</latexit>

�1, J1

<latexit sha1_base64="OvahTUV+b0sFA8gOvQwgw7eLHWo=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBg5REgnos6kE8VbAf0Iaw2U7apZtN3N0USujv8OJBEa/+GG/+G7dtDtr6YODx3gwz84KEM6Vt+9sqrKyurW8UN0tb2zu7e+X9g6aKU0mhQWMey3ZAFHAmoKGZ5tBOJJAo4NAKhjdTvzUCqVgsHvU4AS8ifcFCRok2kte9Ba6J757he9/1yxW7as+Al4mTkwrKUffLX91eTNMIhKacKNVx7ER7GZGaUQ6TUjdVkBA6JH3oGCpIBMrLZkdP8IlRejiMpSmh8Uz9PZGRSKlxFJjOiOiBWvSm4n9eJ9XhlZcxkaQaBJ0vClOOdYynCeAek0A1HxtCqGTmVkwHRBKqTU4lE4Kz+PIyaZ5XnYuq++BWatd5HEV0hI7RKXLQJaqhO1RHDUTRE3pGr+jNGlkv1rv1MW8tWPnMIfoD6/MHHH2RBw==</latexit>

�4, J4

<latexit sha1_base64="46iabqf23PMDYsEm3fmAs0aC4nc=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBg5TEFvVY1IN4qmA/oA1hs520SzebuLsplNDf4cWDIl79Md78N27bHLT1wcDjvRlm5vkxZ0rb9reVW1ldW9/Ibxa2tnd294r7B00VJZJCg0Y8km2fKOBMQEMzzaEdSyChz6HlD2+mfmsEUrFIPOpxDG5I+oIFjBJtJLd7C1wTr3KG772KVyzZZXsGvEycjJRQhrpX/Or2IpqEIDTlRKmOY8faTYnUjHKYFLqJgpjQIelDx1BBQlBuOjt6gk+M0sNBJE0JjWfq74mUhEqNQ990hkQP1KI3Ff/zOokOrtyUiTjRIOh8UZBwrCM8TQD3mASq+dgQQiUzt2I6IJJQbXIqmBCcxZeXSfO87FyUqw/VUu06iyOPjtAxOkUOukQ1dIfqqIEoekLP6BW9WSPrxXq3PuatOSubOUR/YH3+ABlwkQU=</latexit>

�3, J3

<latexit sha1_base64="0wf0FCfudQyA831zx0wyPde+Dkc=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8SNgNQT0G9SCeIpgHJMsyO+lNhsw+nJkNhJDv8OJBEa9+jDf/xkmyB00saCiquunu8hPBlbbtb2tldW19YzO3ld/e2d3bLxwcNlScSoZ1FotYtnyqUPAI65prga1EIg19gU1/cDP1m0OUisfRox4l6Ia0F/GAM6qN5HZuUWjqlc/JvVf2CkW7ZM9AlomTkSJkqHmFr043ZmmIkWaCKtV27ES7Yyo1ZwIn+U6qMKFsQHvYNjSiISp3PDt6Qk6N0iVBLE1FmszU3xNjGio1Cn3TGVLdV4veVPzPa6c6uHLHPEpSjRGbLwpSQXRMpgmQLpfItBgZQpnk5lbC+lRSpk1OeROCs/jyMmmUS85FqfJQKVavszhycAwncAYOXEIV7qAGdWDwBM/wCm/W0Hqx3q2PeeuKlc0cwR9Ynz8WY5ED</latexit>

�2, J2

<latexit sha1_base64="BwOnszPh7fBhfwEn66D2DFcGe1o=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgQcOuBPUY1IN4imAesFnD7GQ2GTI7s8z0CmHJZ3jxoIhXv8abf+PkcdDEgoaiqpvurjAR3IDrfju5peWV1bX8emFjc2t7p7i71zAq1ZTVqRJKt0JimOCS1YGDYK1EMxKHgjXDwfXYbz4xbbiSDzBMWBCTnuQRpwSs5LdvmADyeHqC7zrFklt2J8CLxJuREpqh1il+tbuKpjGTQAUxxvfcBIKMaOBUsFGhnRqWEDogPeZbKknMTJBNTh7hI6t0caS0LQl4ov6eyEhszDAObWdMoG/mvbH4n+enEF0GGZdJCkzS6aIoFRgUHv+Pu1wzCmJoCaGa21sx7RNNKNiUCjYEb/7lRdI4K3vn5cp9pVS9msWRRwfoEB0jD12gKrpFNVRHFCn0jF7RmwPOi/PufExbc85sZh/9gfP5A+ArkFg=</latexit>

��, J
<latexit sha1_base64="kthQHOMUZRfdn/uyIQ1cnjv17LM="></latexit>

�dS
�1 �2 ���dS

�� �3 �4

�AdS
�1 �2 ���AdS

�� �3 �4

1

cdS-AdS
��

which recovers the result (4.32).

From a bootstrap perspective the above rules can be understood as follows: the
analyticity properties of diagrams contributing to dS boundary correlators in the Bunch-
Davies vacuum are inherited from the corresponding Witten diagrams with ∆± boundary
conditions. The assumption that we are in the Bunch-Davies vacuum at early times requires
that the linear combination of such EAdS Witten diagrams is symmetric under ∆+ ↔ ∆−

for each internal leg, with the precise relative coefficients fixed by factorisation — this
is ensured by the fact that all contact subdiagrams are contact diagrams in dS, which is
implemented by multiplying by the ratio for each vertex (rule # 3 above).

To illustrate how these rules are work beyond the tree level exchanges and contact
diagrams considered so far, let us give some examples. For concreteness we will focus on
diagrams generated by scalar fields with non-derivative interactions though, as is clear
from the above, it is trivial to write down the corresponding expressions for spinning fields
and derivative interactions. In sections 5.1, 5.2 and 5.3 we consider one-loop examples of
the four-point candy diagram, four-point box diagram and the two-point bubble diagram
respectively. In section 5.4 we derive some useful identities to compute higher loop diagrams
in (EA)dS of the “beach ball”-type i.e. formed by taking powers of bulk-to-bulk propagators.

5.1 Example: four-point candy diagram

Consider the four-point candy diagram generated by the following non-derivative quartic
vertices of scalar fields:

g1 σ1σ2φ1φ2, g2 σ3σ4φ1φ2, (5.12)
where we take the σi as the external fields with scaling dimensions δi and the φ1,2 exchanged.
Following the rules given above, the four-point candy diagram in dSd+1 is given by the
following linear combination of the corresponding candy Witten diagrams in EAdSd+1:

<latexit sha1_base64="9A9tQrZKVh7osmpoPHeu6eDk4cI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48R3CSQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmltfWNzq7xd2dnd2z+oHh61dGoVoSFJeao6MdaUM0lDwwynnUxRLGJO2/H4bua3n6jSLJWPZpLRSOChZAkj2Dgp7AnbD/rVml/350CrJChIDQo0+9Wv3iAlVlBpCMdadwM/M1GOlWGE02mlZzXNMBnjIe06KrGgOsrnx07RmVMGKEmVK2nQXP09kWOh9UTErlNgM9LL3kz8z+tak9xEOZOZNVSSxaLEcmRSNPscDZiixPCJI5go5m5FZIQVJsblU3EhBMsvr5LWRT24ql8+XNYat0UcZTiBUziHAK6hAffQhBAIMHiGV3jzpPfivXsfi9aSV8wcwx94nz+HSI6D</latexit>µ1

<latexit sha1_base64="tSv+Jc81zwAbbSm2RH0dy4r/KB8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBBsr+QORDhvDas2tuwugdeIVpAYF2sPq12AUk1RQaQjHWvc9NzFBhpVhhNN5ZZBqmmAyxWPat1RiQXWQLY6dowurjFAUK1vSoIX6eyLDQuuZCG2nwGaiV71c/M/rpya6CTImk9RQSZaLopQjE6P8czRiihLDZ5Zgopi9FZEJVpgYm0/FhuCtvrxOOo26d1VvPjRrrdsijjKcwTlcggfX0IJ7aIMPBBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fiMyOhA==</latexit>µ2

<latexit sha1_base64="HcJDW8MRCNsFvCPfmuY2027rL5U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJvNpF262cTdjVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0O/PbT6g0T+SDGafox3QgecQZNVbq9EIUhvar/VLZrbhzkFXi5aQMORr90lcvTFgWozRMUK27npsaf0KV4UzgtNjLNKaUjegAu5ZKGqP2J/N7p+TcKiGJEmVLGjJXf09MaKz1OA5sZ0zNUC97M/E/r5uZ6NqfcJlmBiVbLIoyQUxCZs+TkCtkRowtoUxxeythQ6ooMzaiog3BW355lbSqFe+yUruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8we/Vo/K</latexit>

�2
<latexit sha1_base64="qGAejvvg9xWTdBCSYNiu8Bdbdfg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTi/kEmnf65crbtWdg6wSLycVyNHol796YcKymCtkkhrT9dwU/QnVKJjk01IvMzylbEQHvGupojE3/mR+75ScWSUkUaJtKSRz9ffEhMbGjOPAdsYUh2bZm4n/ed0Mo2t/IlSaIVdssSjKJMGEzJ4nodCcoRxbQpkW9lbChlRThjaikg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8we90o/J</latexit>

�1
<latexit sha1_base64="HqHHcBlpmhOgHnLFl7DLmP72vXQ=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KokW9Vj04rGC/YA2lM1m0i7dbOLuRCilf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk0hwZPZKLbATMghYIGCpTQTjWwOJDQCoa3U7/1BNqIRD3gKAU/Zn0lIsEZWqndDUEi6130SmW34s5Al4mXkzLJUe+VvrphwrMYFHLJjOl4bor+mGkUXMKk2M0MpIwPWR86lioWg/HHs3sn9NQqIY0SbUshnam/J8YsNmYUB7YzZjgwi95U/M/rZBhd+2Oh0gxB8fmiKJMUEzp9noZCA0c5soRxLeytlA+YZhxtREUbgrf48jJpnle8y0r1vlqu3eRxFMgxOSFnxCNXpEbuSJ00CCeSPJNX8uY8Oi/Ou/Mxb11x8pkj8gfO5w/A2o/L</latexit>

�3
<latexit sha1_base64="O2hmSj4L0hi+8ubCHUeVwykEvBw=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2k3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuBMyAFAqaKFBCJ9XA4kBCOxjdzvz2E2gjEvWA4xT8mA2UiARnaKVOLwSJrF/rlytu1Z2DrhIvJxWSo9Evf/XChGcxKOSSGdP13BT9CdMouIRpqZcZSBkfsQF0LVUsBuNP5vdO6ZlVQhol2pZCOld/T0xYbMw4DmxnzHBolr2Z+J/XzTC69idCpRmC4otFUSYpJnT2PA2FBo5ybAnjWthbKR8yzTjaiEo2BG/55VXSuqh6l9Xafa1Sv8njKJITckrOiUeuSJ3ckQZpEk4keSav5M15dF6cd+dj0Vpw8plj8gfO5w/CXo/M</latexit>

�4
<latexit sha1_base64="qGAejvvg9xWTdBCSYNiu8Bdbdfg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTi/kEmnf65crbtWdg6wSLycVyNHol796YcKymCtkkhrT9dwU/QnVKJjk01IvMzylbEQHvGupojE3/mR+75ScWSUkUaJtKSRz9ffEhMbGjOPAdsYUh2bZm4n/ed0Mo2t/IlSaIVdssSjKJMGEzJ4nodCcoRxbQpkW9lbChlRThjaikg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8we90o/J</latexit>

�1

<latexit sha1_base64="HcJDW8MRCNsFvCPfmuY2027rL5U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJvNpF262cTdjVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0O/PbT6g0T+SDGafox3QgecQZNVbq9EIUhvar/VLZrbhzkFXi5aQMORr90lcvTFgWozRMUK27npsaf0KV4UzgtNjLNKaUjegAu5ZKGqP2J/N7p+TcKiGJEmVLGjJXf09MaKz1OA5sZ0zNUC97M/E/r5uZ6NqfcJlmBiVbLIoyQUxCZs+TkCtkRowtoUxxeythQ6ooMzaiog3BW355lbSqFe+yUruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8we/Vo/K</latexit>

�2

<latexit sha1_base64="HqHHcBlpmhOgHnLFl7DLmP72vXQ=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KokW9Vj04rGC/YA2lM1m0i7dbOLuRCilf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk0hwZPZKLbATMghYIGCpTQTjWwOJDQCoa3U7/1BNqIRD3gKAU/Zn0lIsEZWqndDUEi6130SmW34s5Al4mXkzLJUe+VvrphwrMYFHLJjOl4bor+mGkUXMKk2M0MpIwPWR86lioWg/HHs3sn9NQqIY0SbUshnam/J8YsNmYUB7YzZjgwi95U/M/rZBhd+2Oh0gxB8fmiKJMUEzp9noZCA0c5soRxLeytlA+YZhxtREUbgrf48jJpnle8y0r1vlqu3eRxFMgxOSFnxCNXpEbuSJ00CCeSPJNX8uY8Oi/Ou/Mxb11x8pkj8gfO5w/A2o/L</latexit>

�3

<latexit sha1_base64="O2hmSj4L0hi+8ubCHUeVwykEvBw=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2k3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuBMyAFAqaKFBCJ9XA4kBCOxjdzvz2E2gjEvWA4xT8mA2UiARnaKVOLwSJrF/rlytu1Z2DrhIvJxWSo9Evf/XChGcxKOSSGdP13BT9CdMouIRpqZcZSBkfsQF0LVUsBuNP5vdO6ZlVQhol2pZCOld/T0xYbMw4DmxnzHBolr2Z+J/XzTC69idCpRmC4otFUSYpJnT2PA2FBo5ybAnjWthbKR8yzTjaiEo2BG/55VXSuqh6l9Xafa1Sv8njKJITckrOiUeuSJ3ckQZpEk4keSav5M15dF6cd+dj0Vpw8plj8gfO5w/CXo/M</latexit>

�4

<latexit sha1_base64="s1oVVFD6Cgg+S7F1V9iZKHzlStA=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiHjxWsB/QXUs2zbahSTYks0Ip/RtePCji1T/jzX9j2u5BWx8MPN6bYWZerAW34PvfXmFldW19o7hZ2tre2d0r7x80bZoZyho0Falpx8QywRVrAAfB2towImPBWvHwZuq3npixPFUPMNIskqSveMIpASeF4S0TQB5DLbtBt1zxq/4MeJkEOamgHPVu+SvspTSTTAEVxNpO4GuIxsQAp4JNSmFmmSZ0SPqs46giktloPLt5gk+c0sNJalwpwDP198SYSGtHMnadksDALnpT8T+vk0FyFY250hkwReeLkkxgSPE0ANzjhlEQI0cINdzdiumAGELBxVRyIQSLLy+T5lk1uKie359Xatd5HEV0hI7RKQrQJaqhO1RHDUSRRs/oFb15mffivXsf89aCl88coj/wPn8Al/eRaA==</latexit>
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<latexit sha1_base64="T9QouHA4uTtlOhe0L0tHz2v3ZSI=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0W9eCxgv2A7lqyabYNTXZDkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk5SRWiLJDxR3RBryllMW4YZTrtSUSxCTjvh+Gbmd56o0iyJH8xE0kDgYcwiRrCxku/fUm7woy9Fv9YvV9yqOwdaJV5OKpCj2S9/+YOEpILGhnCsdc9zpQkyrAwjnE5LfqqpxGSMh7RnaYwF1UE2v3mKzqwyQFGibMUGzdXfExkWWk9EaDsFNiO97M3E/7xeaqKrIGOxTA2NyWJRlHJkEjQLAA2YosTwiSWYKGZvRWSEFSbGxlSyIXjLL6+Sdq3qXVTr9/VK4zqPowgncArn4MElNOAOmtACAhKe4RXenNR5cd6dj0VrwclnjuEPnM8fmXuRaQ==</latexit>
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where the ∆±1,2 = d
2 ± iµ1,2 modes are those of fields φ1,2. For each term in the sum, the

ratios (5.9)

λdS
δa δb ∆±1 ∆±2

= 2 cdS-AdSδa cdS-AdSδb
cdS-AdS∆±1

cdS-AdS∆±2
sin
(

∆±1 +∆±2 +δa+δb−d
2

)
π × λAdS

δa δb ∆±1 ∆±2
, (5.14)

take us from the quartic contact Witten diagrams generated by the vertices (5.12) in EAdS
to their counterparts in dS, as described in section 3.3. Candy Witten diagrams in EAdS
have been considered in various works e.g. [125, 133–141] using a variety of techniques. It
can also be computed in the Mellin-Barnes representation, for instance using the cutting
rules and dispersion formula given in section 2.3. In particular, placing both internal legs
on-shell the diagram factorises into a product of quartic contact Witten diagrams generated
by the vertices (5.12):

<latexit sha1_base64="AdMX+OmTonEqu7mEfyAHnhFCass=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0439ba+sbm1nZhp7i7t39Qsg+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxrczv/NIpWKxeNCThPYjPBQsZARrI/l2Sfm1ilfJvCBE46lf8+2yU3XmQKvEzUkZcjR9+8sbxCSNqNCEY6V6rpPofoalZoTTadFLFU0wGeMh7RkqcERVP5sfPkVnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9f9jIkk1VSQxaIw5UjHaJYCGjBJieYTQzCRzNyKyAhLTLTJqmhCcJdfXiXti6p7Wa3f18uNmzyOApzAKZyDC1fQgDtoQgsIpPAMr/BmPVkv1rv1sWhds/KZY/gD6/MHUdGSPA==</latexit>

s3, k3

<latexit sha1_base64="awok6vuAJJl98l0eUolha89WXvg=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJBPVY9OKxgv2ApoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHbZVkktAWSXgiuyFWlDNBW5ppTruppDgOOe2E49uZ33mkUrFEPOhJSvsxHgoWMYK1kQK7ogKv5tdyP4zQeBp4gV116s4caJW4BalCgWZgf/mDhGQxFZpwrFTPdVLdz7HUjHA6LfuZoikmYzykPUMFjqnq5/PDp+jMKAMUJdKU0Giu/p7IcazUJA5NZ4z1SC17M/E/r5fp6LqfM5FmmgqyWBRlHOkEzVJAAyYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6R9UXcv6969V23cFHGU4ARO4RxcuIIG3EETWkAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz9U5ZI+</latexit>

s4, k4

<latexit sha1_base64="aui1WHo2eHiC/sYRI/CJJJmeO0w=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwUUtiRR1WXTjsoJ9QBPCZDpph04ezEyEErLxV9y4UMStn+HOv3HaZqGtBwbOPede7tzjJ5xJZVnfRmlldW19o7xZ2dre2d0z9w86Mk4FoW0S81j0fCwpZxFtK6Y47SWC4tDntOuPb6d+95EKyeLoQU0S6oZ4GLGAEay05JlHmeNjgdLcs2tO7VxXAUp04ZlVq27NgJaJXZAqFGh55pcziEka0kgRjqXs21ai3AwLxQinecVJJU0wGeMh7Wsa4ZBKN5sdkKNTrQxQEAv9IoVm6u+JDIdSTkJfd4ZYjeSiNxX/8/qpCq7djEVJqmhE5ouClCMVo2kaaMAEJYpPNMFEMP1XREZYYKJ0ZhUdgr148jLpXNTty3rjvlFt3hRxlOEYTuAMbLiCJtxBC9pAIIdneIU348l4Md6Nj3lryShmDuEPjM8fAoWVZQ==</latexit>

ū1, �p1

<latexit sha1_base64="+QW0tLS1z10Xnv/JvAVgdpNRI8Y=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuKglKUVdFt24rGAf0IQwmU7aoZMHMxOhhGz8FTcuFHHrZ7jzb5y2WWjrgYFzz7mXO/f4CWdSWda3sbK6tr6xWdoqb+/s7u2bB4cdGaeC0DaJeSx6PpaUs4i2FVOc9hJBcehz2vXHt1O/+0iFZHH0oCYJdUM8jFjACFZa8szjzPGxQGnu1atO9UJXAUp04ZkVq2bNgJaJXZAKFGh55pcziEka0kgRjqXs21ai3AwLxQinedlJJU0wGeMh7Wsa4ZBKN5sdkKMzrQxQEAv9IoVm6u+JDIdSTkJfd4ZYjeSiNxX/8/qpCq7djEVJqmhE5ouClCMVo2kaaMAEJYpPNMFEMP1XREZYYKJ0ZmUdgr148jLp1Gv2Za1x36g0b4o4SnACp3AONlxBE+6gBW0gkMMzvMKb8WS8GO/Gx7x1xShmjuAPjM8fBZqVZw==</latexit>

ū2, �p2

<latexit sha1_base64="J7N7RoZVAAHV4S28jMK8Hx2mzA0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G49uZ332kUrFEPOhJSv0YDwWLGMHaSIFdUYFb82q5F0ZoPA3cwK46dWcOtErcglShQCuwv7xBQrKYCk04VqrvOqn2cyw1I5xOy16maIrJGA9p31CBY6r8fH74FJ0ZZYCiRJoSGs3V3xM5jpWaxKHpjLEeqWVvJv7n9TMdXfs5E2mmqSCLRVHGkU7QLAU0YJISzSeGYCKZuRWREZaYaJNV2YTgLr+8SjoXdfey3rhvVJs3RRwlOIFTOAcXrqAJd9CCNhDI4Ble4c16sl6sd+tj0bpmFTPH8AfW5w9LqZI4</latexit>

s1, k1

<latexit sha1_base64="2hdLqgKWJYKheZt2gp8jcWHZjrY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHkpJSlGPRS8eK9gPaErYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzO/e4jlYrF4kFPEzqI8EiwkBGsjeTbZeXXq14184IQTWZ+3bcrTs1ZAK0TNycVyNHy7S9vGJM0okITjpXqu06iBxmWmhFOZyUvVTTBZIJHtG+owBFVg2xx+AydG2WIwliaEhot1N8TGY6UmkaB6YywHqtVby7+5/VTHV4PMiaSVFNBlovClCMdo3kKaMgkJZpPDcFEMnMrImMsMdEmq5IJwV19eZ106jX3sta4b1SaN3kcRTiFM7gAF66gCXfQgjYQSOEZXuHNerJerHfrY9lasPKZE/gD6/MHTr2SOg==</latexit>

s2, k2

<latexit sha1_base64="9YBXdepNBREuktU5U6g7seLiJmU=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G49uZ332kUrFEPOhJSv0YDwWLGMHaSIFdyQK35tVyL4xQOg3cwK46dWcOtErcglShQCuwv7xBQrKYCk04VqrvOqn2cyw1I5xOy16maIrJGA9p31CBY6r8fH74FJ0ZZYCiRJoSGs3V3xM5jpWaxKHpjLEeqWVvJv7n9TMdXfs5E2mmqSCLRVHGkU7QLAU0YJISzSeGYCKZuRWREZaYaJNV2YTgLr+8SjoXdfey3rhvVJs3RRwlOIFTOAcXrqAJd9CCNhDI4Ble4c16sl6sd+tj0bpmFTPH8AfW5w9WcJI/</latexit>u1, p1

<latexit sha1_base64="6ZBuN52/od3dvz6P86kCso+SaKI=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQyChxBmQlCPQS8eI5gFMmHo6fQkTXoWehHikC/x4kERr36KN//GTjIHTXxQ8Hiviqp6QcqZVI7zbRU2Nre2d4q7pb39g8OyfXTckYkWhLZJwhPRC7CknMW0rZjitJcKiqOA024wuZ373UcqJEviBzVN6SDCo5iFjGBlJN8ua79e9aqZF4Qonfl13644NWcBtE7cnFQgR8u3v7xhQnREY0U4lrLvOqkaZFgoRjidlTwtaYrJBI9o39AYR1QOssXhM3RulCEKE2EqVmih/p7IcCTlNApMZ4TVWK56c/E/r69VeD3IWJxqRWOyXBRqjlSC5imgIROUKD41BBPBzK2IjLHARJmsSiYEd/XlddKp19zLWuO+UWne5HEU4RTO4AJcuIIm3EEL2kBAwzO8wpv1ZL1Y79bHsrVg5TMn8AfW5w9ZhJJB</latexit>u2, p2

<latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥

<latexit sha1_base64="mU8HEKTYPIcqK1bXWrh7rCEChME=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKUI9BPXiMYB6YrGF2MkmGzM4uM71CWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dpaWV1bX1nMb+c2t7Z3dwt5+3USJZrzGIhnpZkANl0LxGgqUvBlrTsNA8kYwvJ74jSeujYjUPY5i7oe0r0RPMIpWemjfcIn08bTjdQpFt+ROQRaJl5EiZKh2Cl/tbsSSkCtkkhrT8twY/ZRqFEzycb6dGB5TNqR93rJU0ZAbP51ePCbHVumSXqRtKSRT9fdESkNjRmFgO0OKAzPvTcT/vFaCvUs/FSpOkCs2W9RLJMGITN4nXaE5QzmyhDIt7K2EDaimDG1IeRuCN//yIqmflbzzUvmuXKxcZXHk4BCO4AQ8uIAK3EIVasBAwTO8wptjnBfn3fmYtS452cwB/IHz+QOsJ5BG</latexit>

�+
1

<latexit sha1_base64="QtP4WyCka3CDIclee/t8QvDcJRg=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIsgCCUpRT0W9eCxgv3ANpbNdtIu3WzC7kQoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zM82PBNTrOt5VbWV1b38hvFra2d3b3ivsHTR0likGDRSJSbZ9qEFxCAzkKaMcKaOgLaPmj66nfegKleSTvcRyDF9KB5AFnFI300L0BgfTxrFfpFUtO2ZnBXiZuRkokQ71X/Or2I5aEIJEJqnXHdWL0UqqQMwGTQjfREFM2ogPoGCppCNpLZxdP7BOj9O0gUqYk2jP190RKQ63HoW86Q4pDvehNxf+8ToLBpZdyGScIks0XBYmwMbKn79t9roChGBtCmeLmVpsNqaIMTUgFE4K7+PIyaVbK7nm5elct1a6yOPLkiByTU+KSC1Ijt6ROGoQRSZ7JK3mztPVivVsf89aclc0ckj+wPn8ArauQRw==</latexit>

�+
2

<latexit sha1_base64="j5awGaPJ9BzAsJhNHDHiotPQK7E=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMegHjxGMA9M1jA7mSRDZmeXmV4hLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMYXk/8xhPXRkTqHkcx90PaV6InGEUrPbRvuET6eNrxOoWiW3KnIIvEy0gRMlQ7ha92N2JJyBUySY1peW6Mfko1Cib5ON9ODI8pG9I+b1mqaMiNn04vHpNjq3RJL9K2FJKp+nsipaExozCwnSHFgZn3JuJ/XivB3qWfChUnyBWbLeolkmBEJu+TrtCcoRxZQpkW9lbCBlRThjakvA3Bm395kdTPSt55qXxXLlausjhycAhHcAIeXEAFbqEKNWCg4Ble4c0xzovz7nzMWpecbOYA/sD5/AGvM5BI</latexit>

��
1

<latexit sha1_base64="uABeEgqRoYF2wQ4hkybCKZrrOyo=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgxZKUoh6LevBYwX5gG8tmO2mXbjZhdyKU0H/hxYMiXv033vw3btsctPXBwOO9GWbm+bHgGh3n28qtrK6tb+Q3C1vbO7t7xf2Dpo4SxaDBIhGptk81CC6hgRwFtGMFNPQFtPzR9dRvPYHSPJL3OI7BC+lA8oAzikZ66N6AQPp41qv0iiWn7MxgLxM3IyWSod4rfnX7EUtCkMgE1brjOjF6KVXImYBJoZtoiCkb0QF0DJU0BO2ls4sn9olR+nYQKVMS7Zn6eyKlodbj0DedIcWhXvSm4n9eJ8Hg0ku5jBMEyeaLgkTYGNnT9+0+V8BQjA2hTHFzq82GVFGGJqSCCcFdfHmZNCtl97xcvauWaldZHHlyRI7JKXHJBamRW1InDcKIJM/klbxZ2nqx3q2PeWvOymYOyR9Ynz+wt5BJ</latexit>

��
2

<latexit sha1_base64="J7N7RoZVAAHV4S28jMK8Hx2mzA0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G49uZ332kUrFEPOhJSv0YDwWLGMHaSIFdUYFb82q5F0ZoPA3cwK46dWcOtErcglShQCuwv7xBQrKYCk04VqrvOqn2cyw1I5xOy16maIrJGA9p31CBY6r8fH74FJ0ZZYCiRJoSGs3V3xM5jpWaxKHpjLEeqWVvJv7n9TMdXfs5E2mmqSCLRVHGkU7QLAU0YJISzSeGYCKZuRWREZaYaJNV2YTgLr+8SjoXdfey3rhvVJs3RRwlOIFTOAcXrqAJd9CCNhDI4Ble4c16sl6sd+tj0bpmFTPH8AfW5w9LqZI4</latexit>

s1, k1

<latexit sha1_base64="2hdLqgKWJYKheZt2gp8jcWHZjrY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHkpJSlGPRS8eK9gPaErYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzO/e4jlYrF4kFPEzqI8EiwkBGsjeTbZeXXq14184IQTWZ+3bcrTs1ZAK0TNycVyNHy7S9vGJM0okITjpXqu06iBxmWmhFOZyUvVTTBZIJHtG+owBFVg2xx+AydG2WIwliaEhot1N8TGY6UmkaB6YywHqtVby7+5/VTHV4PMiaSVFNBlovClCMdo3kKaMgkJZpPDcFEMnMrImMsMdEmq5IJwV19eZ106jX3sta4b1SaN3kcRTiFM7gAF66gCXfQgjYQSOEZXuHNerJerHfrY9lasPKZE/gD6/MHTr2SOg==</latexit>

s2, k2

<latexit sha1_base64="AdMX+OmTonEqu7mEfyAHnhFCass=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0439ba+sbm1nZhp7i7t39Qsg+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxrczv/NIpWKxeNCThPYjPBQsZARrI/l2Sfm1ilfJvCBE46lf8+2yU3XmQKvEzUkZcjR9+8sbxCSNqNCEY6V6rpPofoalZoTTadFLFU0wGeMh7RkqcERVP5sfPkVnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9f9jIkk1VSQxaIw5UjHaJYCGjBJieYTQzCRzNyKyAhLTLTJqmhCcJdfXiXti6p7Wa3f18uNmzyOApzAKZyDC1fQgDtoQgsIpPAMr/BmPVkv1rv1sWhds/KZY/gD6/MHUdGSPA==</latexit>

s3, k3

<latexit sha1_base64="awok6vuAJJl98l0eUolha89WXvg=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJBPVY9OKxgv2ApoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHbZVkktAWSXgiuyFWlDNBW5ppTruppDgOOe2E49uZ33mkUrFEPOhJSvsxHgoWMYK1kQK7ogKv5tdyP4zQeBp4gV116s4caJW4BalCgWZgf/mDhGQxFZpwrFTPdVLdz7HUjHA6LfuZoikmYzykPUMFjqnq5/PDp+jMKAMUJdKU0Giu/p7IcazUJA5NZ4z1SC17M/E/r5fp6LqfM5FmmgqyWBRlHOkEzVJAAyYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6R9UXcv6969V23cFHGU4ARO4RxcuIIG3EETWkAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz9U5ZI+</latexit>

s4, k4

<latexit sha1_base64="DmoeS8CoBY7JfhjcltX7GslaxKA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB6DevAYwTwgWcLspDcZMju7zswKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mHGCfkQHkoecUWOldvcWhaG9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5vVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDKn3CZpAYlWywKU0FMTGbPkz5XyIwYW0KZ4vZWwoZUUWZsRAUbgrf88ippVsreRbl6Xy3VrrM48nACp3AOHlxCDe6gDg1gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHjhaPqg==</latexit>

�2

<latexit sha1_base64="uvcNHcLIjQRnQVvqe52ALIrsJrY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fip3b1FYWjP65UrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3oX1fP780rtOo+jCEdwDKfgwSXU4A7q0AAGAp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AjJKPqQ==</latexit>

�1

<latexit sha1_base64="CdcWJNkw0T2SE4i0ajibdROqxxg="></latexit>

= !�1
(u1, ū1) !�2

(u2, ū2)

<latexit sha1_base64="qGAejvvg9xWTdBCSYNiu8Bdbdfg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTi/kEmnf65crbtWdg6wSLycVyNHol796YcKymCtkkhrT9dwU/QnVKJjk01IvMzylbEQHvGupojE3/mR+75ScWSUkUaJtKSRz9ffEhMbGjOPAdsYUh2bZm4n/ed0Mo2t/IlSaIVdssSjKJMGEzJ4nodCcoRxbQpkW9lbChlRThjaikg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8we90o/J</latexit>

�1

<latexit sha1_base64="HcJDW8MRCNsFvCPfmuY2027rL5U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJvNpF262cTdjVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0O/PbT6g0T+SDGafox3QgecQZNVbq9EIUhvar/VLZrbhzkFXi5aQMORr90lcvTFgWozRMUK27npsaf0KV4UzgtNjLNKaUjegAu5ZKGqP2J/N7p+TcKiGJEmVLGjJXf09MaKz1OA5sZ0zNUC97M/E/r5uZ6NqfcJlmBiVbLIoyQUxCZs+TkCtkRowtoUxxeythQ6ooMzaiog3BW355lbSqFe+yUruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8we/Vo/K</latexit>

�2

<latexit sha1_base64="HqHHcBlpmhOgHnLFl7DLmP72vXQ=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KokW9Vj04rGC/YA2lM1m0i7dbOLuRCilf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk0hwZPZKLbATMghYIGCpTQTjWwOJDQCoa3U7/1BNqIRD3gKAU/Zn0lIsEZWqndDUEi6130SmW34s5Al4mXkzLJUe+VvrphwrMYFHLJjOl4bor+mGkUXMKk2M0MpIwPWR86lioWg/HHs3sn9NQqIY0SbUshnam/J8YsNmYUB7YzZjgwi95U/M/rZBhd+2Oh0gxB8fmiKJMUEzp9noZCA0c5soRxLeytlA+YZhxtREUbgrf48jJpnle8y0r1vlqu3eRxFMgxOSFnxCNXpEbuSJ00CCeSPJNX8uY8Oi/Ou/Mxb11x8pkj8gfO5w/A2o/L</latexit>

�3

<latexit sha1_base64="O2hmSj4L0hi+8ubCHUeVwykEvBw=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2k3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuBMyAFAqaKFBCJ9XA4kBCOxjdzvz2E2gjEvWA4xT8mA2UiARnaKVOLwSJrF/rlytu1Z2DrhIvJxWSo9Evf/XChGcxKOSSGdP13BT9CdMouIRpqZcZSBkfsQF0LVUsBuNP5vdO6ZlVQhol2pZCOld/T0xYbMw4DmxnzHBolr2Z+J/XzTC69idCpRmC4otFUSYpJnT2PA2FBo5ybAnjWthbKR8yzTjaiEo2BG/55VXSuqh6l9Xafa1Sv8njKJITckrOiUeuSJ3ckQZpEk4keSav5M15dF6cd+dj0Vpw8plj8gfO5w/CXo/M</latexit>

�4

<latexit sha1_base64="qGAejvvg9xWTdBCSYNiu8Bdbdfg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTi/kEmnf65crbtWdg6wSLycVyNHol796YcKymCtkkhrT9dwU/QnVKJjk01IvMzylbEQHvGupojE3/mR+75ScWSUkUaJtKSRz9ffEhMbGjOPAdsYUh2bZm4n/ed0Mo2t/IlSaIVdssSjKJMGEzJ4nodCcoRxbQpkW9lbChlRThjaikg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8we90o/J</latexit>

�1

<latexit sha1_base64="HcJDW8MRCNsFvCPfmuY2027rL5U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJvNpF262cTdjVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0O/PbT6g0T+SDGafox3QgecQZNVbq9EIUhvar/VLZrbhzkFXi5aQMORr90lcvTFgWozRMUK27npsaf0KV4UzgtNjLNKaUjegAu5ZKGqP2J/N7p+TcKiGJEmVLGjJXf09MaKz1OA5sZ0zNUC97M/E/r5uZ6NqfcJlmBiVbLIoyQUxCZs+TkCtkRowtoUxxeythQ6ooMzaiog3BW355lbSqFe+yUruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8we/Vo/K</latexit>

�2

<latexit sha1_base64="HqHHcBlpmhOgHnLFl7DLmP72vXQ=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KokW9Vj04rGC/YA2lM1m0i7dbOLuRCilf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk0hwZPZKLbATMghYIGCpTQTjWwOJDQCoa3U7/1BNqIRD3gKAU/Zn0lIsEZWqndDUEi6130SmW34s5Al4mXkzLJUe+VvrphwrMYFHLJjOl4bor+mGkUXMKk2M0MpIwPWR86lioWg/HHs3sn9NQqIY0SbUshnam/J8YsNmYUB7YzZjgwi95U/M/rZBhd+2Oh0gxB8fmiKJMUEzp9noZCA0c5soRxLeytlA+YZhxtREUbgrf48jJpnle8y0r1vlqu3eRxFMgxOSFnxCNXpEbuSJ00CCeSPJNX8uY8Oi/Ou/Mxb11x8pkj8gfO5w/A2o/L</latexit>

�3

<latexit sha1_base64="O2hmSj4L0hi+8ubCHUeVwykEvBw=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2k3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuBMyAFAqaKFBCJ9XA4kBCOxjdzvz2E2gjEvWA4xT8mA2UiARnaKVOLwSJrF/rlytu1Z2DrhIvJxWSo9Evf/XChGcxKOSSGdP13BT9CdMouIRpqZcZSBkfsQF0LVUsBuNP5vdO6ZlVQhol2pZCOld/T0xYbMw4DmxnzHBolr2Z+J/XzTC69idCpRmC4otFUSYpJnT2PA2FBo5ybAnjWthbKR8yzTjaiEo2BG/55VXSuqh6l9Xafa1Sv8njKJITckrOiUeuSJ3ckQZpEk4keSav5M15dF6cd+dj0Vpw8plj8gfO5w/CXo/M</latexit>

�4
. (5.15)

The Mellin-Barnes representation for such four-point contact Witten diagram factors was
given in equation (3.30). The full diagram is then obtained by applying the dispersion
formula (2.36) to each internal leg:

<latexit sha1_base64="8ujD+obEH8Si76a0K6h5ORxiejA=">AAACTHicbVBLSwMxGMzWV62vqkcvwSJUlLJbinoRil48VrAP6JYlm2bb0OyD5FuhLP2BXjx481d48aCIYNquaB8DIcPMfHzJuJHgCkzz1cisrK6tb2Q3c1vbO7t7+f2DhgpjSVmdhiKULZcoJnjA6sBBsFYkGfFdwZru4HbsNx+ZVDwMHmAYsY5PegH3OCWgJSdPr+1zmypqC+ZB0Y44nrLYsc4S2yUSxyPHsiXv9eH091qaL//ly7N5J18wS+YEeJFYKSmgFDUn/2J3Qxr7LAAqiFJty4ygkxAJnAo2ytmxYhGhA9JjbU0D4jPVSSZljPCJVrrYC6U+AeCJ+n8iIb5SQ9/VSZ9AX817Y3GZ147Bu+okPIhiYAGdLvJigSHE42Zxl0tGQQw1IVRy/VZM+0QSCrr/nC7Bmv/yImmUS9ZFqXJfKVRv0jqy6AgdoyKy0CWqojtUQ3VE0RN6Qx/o03g23o0v43sazRjpzCGaQWb9B77WszI=</latexit>

= csc (⇡ (u1 + ū1)) csc (⇡ (u2 + ū2))

<latexit sha1_base64="J7N7RoZVAAHV4S28jMK8Hx2mzA0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G49uZ332kUrFEPOhJSv0YDwWLGMHaSIFdUYFb82q5F0ZoPA3cwK46dWcOtErcglShQCuwv7xBQrKYCk04VqrvOqn2cyw1I5xOy16maIrJGA9p31CBY6r8fH74FJ0ZZYCiRJoSGs3V3xM5jpWaxKHpjLEeqWVvJv7n9TMdXfs5E2mmqSCLRVHGkU7QLAU0YJISzSeGYCKZuRWREZaYaJNV2YTgLr+8SjoXdfey3rhvVJs3RRwlOIFTOAcXrqAJd9CCNhDI4Ble4c16sl6sd+tj0bpmFTPH8AfW5w9LqZI4</latexit>

s1, k1

<latexit sha1_base64="2hdLqgKWJYKheZt2gp8jcWHZjrY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHkpJSlGPRS8eK9gPaErYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzO/e4jlYrF4kFPEzqI8EiwkBGsjeTbZeXXq14184IQTWZ+3bcrTs1ZAK0TNycVyNHy7S9vGJM0okITjpXqu06iBxmWmhFOZyUvVTTBZIJHtG+owBFVg2xx+AydG2WIwliaEhot1N8TGY6UmkaB6YywHqtVby7+5/VTHV4PMiaSVFNBlovClCMdo3kKaMgkJZpPDcFEMnMrImMsMdEmq5IJwV19eZ106jX3sta4b1SaN3kcRTiFM7gAF66gCXfQgjYQSOEZXuHNerJerHfrY9lasPKZE/gD6/MHTr2SOg==</latexit>

s2, k2

<latexit sha1_base64="AdMX+OmTonEqu7mEfyAHnhFCass=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0439ba+sbm1nZhp7i7t39Qsg+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxrczv/NIpWKxeNCThPYjPBQsZARrI/l2Sfm1ilfJvCBE46lf8+2yU3XmQKvEzUkZcjR9+8sbxCSNqNCEY6V6rpPofoalZoTTadFLFU0wGeMh7RkqcERVP5sfPkVnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9f9jIkk1VSQxaIw5UjHaJYCGjBJieYTQzCRzNyKyAhLTLTJqmhCcJdfXiXti6p7Wa3f18uNmzyOApzAKZyDC1fQgDtoQgsIpPAMr/BmPVkv1rv1sWhds/KZY/gD6/MHUdGSPA==</latexit>

s3, k3

<latexit sha1_base64="awok6vuAJJl98l0eUolha89WXvg=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJBPVY9OKxgv2ApoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHbZVkktAWSXgiuyFWlDNBW5ppTruppDgOOe2E49uZ33mkUrFEPOhJSvsxHgoWMYK1kQK7ogKv5tdyP4zQeBp4gV116s4caJW4BalCgWZgf/mDhGQxFZpwrFTPdVLdz7HUjHA6LfuZoikmYzykPUMFjqnq5/PDp+jMKAMUJdKU0Giu/p7IcazUJA5NZ4z1SC17M/E/r5fp6LqfM5FmmgqyWBRlHOkEzVJAAyYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6R9UXcv6969V23cFHGU4ARO4RxcuIIG3EETWkAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz9U5ZI+</latexit>

s4, k4

<latexit sha1_base64="DmoeS8CoBY7JfhjcltX7GslaxKA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB6DevAYwTwgWcLspDcZMju7zswKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mHGCfkQHkoecUWOldvcWhaG9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5vVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDKn3CZpAYlWywKU0FMTGbPkz5XyIwYW0KZ4vZWwoZUUWZsRAUbgrf88ippVsreRbl6Xy3VrrM48nACp3AOHlxCDe6gDg1gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHjhaPqg==</latexit>

�2

<latexit sha1_base64="uvcNHcLIjQRnQVvqe52ALIrsJrY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fip3b1FYWjP65UrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3oX1fP780rtOo+jCEdwDKfgwSXU4A7q0AAGAp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AjJKPqQ==</latexit>

�1
<latexit sha1_base64="qGAejvvg9xWTdBCSYNiu8Bdbdfg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTi/kEmnf65crbtWdg6wSLycVyNHol796YcKymCtkkhrT9dwU/QnVKJjk01IvMzylbEQHvGupojE3/mR+75ScWSUkUaJtKSRz9ffEhMbGjOPAdsYUh2bZm4n/ed0Mo2t/IlSaIVdssSjKJMGEzJ4nodCcoRxbQpkW9lbChlRThjaikg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8we90o/J</latexit>

�1

<latexit sha1_base64="HcJDW8MRCNsFvCPfmuY2027rL5U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJvNpF262cTdjVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0O/PbT6g0T+SDGafox3QgecQZNVbq9EIUhvar/VLZrbhzkFXi5aQMORr90lcvTFgWozRMUK27npsaf0KV4UzgtNjLNKaUjegAu5ZKGqP2J/N7p+TcKiGJEmVLGjJXf09MaKz1OA5sZ0zNUC97M/E/r5uZ6NqfcJlmBiVbLIoyQUxCZs+TkCtkRowtoUxxeythQ6ooMzaiog3BW355lbSqFe+yUruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8we/Vo/K</latexit>

�2

<latexit sha1_base64="HqHHcBlpmhOgHnLFl7DLmP72vXQ=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KokW9Vj04rGC/YA2lM1m0i7dbOLuRCilf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk0hwZPZKLbATMghYIGCpTQTjWwOJDQCoa3U7/1BNqIRD3gKAU/Zn0lIsEZWqndDUEi6130SmW34s5Al4mXkzLJUe+VvrphwrMYFHLJjOl4bor+mGkUXMKk2M0MpIwPWR86lioWg/HHs3sn9NQqIY0SbUshnam/J8YsNmYUB7YzZjgwi95U/M/rZBhd+2Oh0gxB8fmiKJMUEzp9noZCA0c5soRxLeytlA+YZhxtREUbgrf48jJpnle8y0r1vlqu3eRxFMgxOSFnxCNXpEbuSJ00CCeSPJNX8uY8Oi/Ou/Mxb11x8pkj8gfO5w/A2o/L</latexit>

�3

<latexit sha1_base64="O2hmSj4L0hi+8ubCHUeVwykEvBw=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2k3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuBMyAFAqaKFBCJ9XA4kBCOxjdzvz2E2gjEvWA4xT8mA2UiARnaKVOLwSJrF/rlytu1Z2DrhIvJxWSo9Evf/XChGcxKOSSGdP13BT9CdMouIRpqZcZSBkfsQF0LVUsBuNP5vdO6ZlVQhol2pZCOld/T0xYbMw4DmxnzHBolr2Z+J/XzTC69idCpRmC4otFUSYpJnT2PA2FBo5ybAnjWthbKR8yzTjaiEo2BG/55VXSuqh6l9Xafa1Sv8njKJITckrOiUeuSJ3ckQZpEk4keSav5M15dF6cd+dj0Vpw8plj8gfO5w/CXo/M</latexit>

�4

<latexit sha1_base64="J7N7RoZVAAHV4S28jMK8Hx2mzA0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G49uZ332kUrFEPOhJSv0YDwWLGMHaSIFdUYFb82q5F0ZoPA3cwK46dWcOtErcglShQCuwv7xBQrKYCk04VqrvOqn2cyw1I5xOy16maIrJGA9p31CBY6r8fH74FJ0ZZYCiRJoSGs3V3xM5jpWaxKHpjLEeqWVvJv7n9TMdXfs5E2mmqSCLRVHGkU7QLAU0YJISzSeGYCKZuRWREZaYaJNV2YTgLr+8SjoXdfey3rhvVJs3RRwlOIFTOAcXrqAJd9CCNhDI4Ble4c16sl6sd+tj0bpmFTPH8AfW5w9LqZI4</latexit>

s1, k1

<latexit sha1_base64="2hdLqgKWJYKheZt2gp8jcWHZjrY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHkpJSlGPRS8eK9gPaErYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzO/e4jlYrF4kFPEzqI8EiwkBGsjeTbZeXXq14184IQTWZ+3bcrTs1ZAK0TNycVyNHy7S9vGJM0okITjpXqu06iBxmWmhFOZyUvVTTBZIJHtG+owBFVg2xx+AydG2WIwliaEhot1N8TGY6UmkaB6YywHqtVby7+5/VTHV4PMiaSVFNBlovClCMdo3kKaMgkJZpPDcFEMnMrImMsMdEmq5IJwV19eZ106jX3sta4b1SaN3kcRTiFM7gAF66gCXfQgjYQSOEZXuHNerJerHfrY9lasPKZE/gD6/MHTr2SOg==</latexit>

s2, k2

<latexit sha1_base64="AdMX+OmTonEqu7mEfyAHnhFCass=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0439ba+sbm1nZhp7i7t39Qsg+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxrczv/NIpWKxeNCThPYjPBQsZARrI/l2Sfm1ilfJvCBE46lf8+2yU3XmQKvEzUkZcjR9+8sbxCSNqNCEY6V6rpPofoalZoTTadFLFU0wGeMh7RkqcERVP5sfPkVnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9f9jIkk1VSQxaIw5UjHaJYCGjBJieYTQzCRzNyKyAhLTLTJqmhCcJdfXiXti6p7Wa3f18uNmzyOApzAKZyDC1fQgDtoQgsIpPAMr/BmPVkv1rv1sWhds/KZY/gD6/MHUdGSPA==</latexit>

s3, k3

<latexit sha1_base64="awok6vuAJJl98l0eUolha89WXvg=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJBPVY9OKxgv2ApoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHbZVkktAWSXgiuyFWlDNBW5ppTruppDgOOe2E49uZ33mkUrFEPOhJSvsxHgoWMYK1kQK7ogKv5tdyP4zQeBp4gV116s4caJW4BalCgWZgf/mDhGQxFZpwrFTPdVLdz7HUjHA6LfuZoikmYzykPUMFjqnq5/PDp+jMKAMUJdKU0Giu/p7IcazUJA5NZ4z1SC17M/E/r5fp6LqfM5FmmgqyWBRlHOkEzVJAAyYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6R9UXcv6969V23cFHGU4ARO4RxcuIIG3EETWkAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz9U5ZI+</latexit>

s4, k4

<latexit sha1_base64="DmoeS8CoBY7JfhjcltX7GslaxKA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB6DevAYwTwgWcLspDcZMju7zswKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mHGCfkQHkoecUWOldvcWhaG9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5vVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDKn3CZpAYlWywKU0FMTGbPkz5XyIwYW0KZ4vZWwoZUUWZsRAUbgrf88ippVsreRbl6Xy3VrrM48nACp3AOHlxCDe6gDg1gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHjhaPqg==</latexit>

�2

<latexit sha1_base64="uvcNHcLIjQRnQVvqe52ALIrsJrY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fip3b1FYWjP65UrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3oX1fP780rtOo+jCEdwDKfgwSXU4A7q0AAGAp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AjJKPqQ==</latexit>

�1
<latexit sha1_base64="qGAejvvg9xWTdBCSYNiu8Bdbdfg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTi/kEmnf65crbtWdg6wSLycVyNHol796YcKymCtkkhrT9dwU/QnVKJjk01IvMzylbEQHvGupojE3/mR+75ScWSUkUaJtKSRz9ffEhMbGjOPAdsYUh2bZm4n/ed0Mo2t/IlSaIVdssSjKJMGEzJ4nodCcoRxbQpkW9lbChlRThjaikg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8we90o/J</latexit>

�1

<latexit sha1_base64="HcJDW8MRCNsFvCPfmuY2027rL5U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJvNpF262cTdjVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0O/PbT6g0T+SDGafox3QgecQZNVbq9EIUhvar/VLZrbhzkFXi5aQMORr90lcvTFgWozRMUK27npsaf0KV4UzgtNjLNKaUjegAu5ZKGqP2J/N7p+TcKiGJEmVLGjJXf09MaKz1OA5sZ0zNUC97M/E/r5uZ6NqfcJlmBiVbLIoyQUxCZs+TkCtkRowtoUxxeythQ6ooMzaiog3BW355lbSqFe+yUruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8we/Vo/K</latexit>

�2

<latexit sha1_base64="HqHHcBlpmhOgHnLFl7DLmP72vXQ=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KokW9Vj04rGC/YA2lM1m0i7dbOLuRCilf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk0hwZPZKLbATMghYIGCpTQTjWwOJDQCoa3U7/1BNqIRD3gKAU/Zn0lIsEZWqndDUEi6130SmW34s5Al4mXkzLJUe+VvrphwrMYFHLJjOl4bor+mGkUXMKk2M0MpIwPWR86lioWg/HHs3sn9NQqIY0SbUshnam/J8YsNmYUB7YzZjgwi95U/M/rZBhd+2Oh0gxB8fmiKJMUEzp9noZCA0c5soRxLeytlA+YZhxtREUbgrf48jJpnle8y0r1vlqu3eRxFMgxOSFnxCNXpEbuSJ00CCeSPJNX8uY8Oi/Ou/Mxb11x8pkj8gfO5w/A2o/L</latexit>

�3

<latexit sha1_base64="O2hmSj4L0hi+8ubCHUeVwykEvBw=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2k3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuBMyAFAqaKFBCJ9XA4kBCOxjdzvz2E2gjEvWA4xT8mA2UiARnaKVOLwSJrF/rlytu1Z2DrhIvJxWSo9Evf/XChGcxKOSSGdP13BT9CdMouIRpqZcZSBkfsQF0LVUsBuNP5vdO6ZlVQhol2pZCOld/T0xYbMw4DmxnzHBolr2Z+J/XzTC69idCpRmC4otFUSYpJnT2PA2FBo5ybAnjWthbKR8yzTjaiEo2BG/55VXSuqh6l9Xafa1Sv8njKJITckrOiUeuSJ3ckQZpEk4keSav5M15dF6cd+dj0Vpw8plj8gfO5w/CXo/M</latexit>

�4

. (5.16)

5.2 Example: four-point box diagram

Similarly we can consider the four-point box diagram generated by the non-derivative cubic
vertices:

g1 σ1φ3φ4, g2 σ2φ1φ4, g3 σ3φ1φ2, g2 σ4φ2φ3, (5.17)

taking the σ1,2,3,4 as external scalar fields as before and φ1,2,3,4 exchanged. Applying the
rules given above, the four-point box diagram in dSd+1 is given by the following linear
combination of the corresponding box Witten diagrams in EAdSd+1:

<latexit sha1_base64="9A9tQrZKVh7osmpoPHeu6eDk4cI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48R3CSQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmltfWNzq7xd2dnd2z+oHh61dGoVoSFJeao6MdaUM0lDwwynnUxRLGJO2/H4bua3n6jSLJWPZpLRSOChZAkj2Dgp7AnbD/rVml/350CrJChIDQo0+9Wv3iAlVlBpCMdadwM/M1GOlWGE02mlZzXNMBnjIe06KrGgOsrnx07RmVMGKEmVK2nQXP09kWOh9UTErlNgM9LL3kz8z+tak9xEOZOZNVSSxaLEcmRSNPscDZiixPCJI5go5m5FZIQVJsblU3EhBMsvr5LWRT24ql8+XNYat0UcZTiBUziHAK6hAffQhBAIMHiGV3jzpPfivXsfi9aSV8wcwx94nz+HSI6D</latexit>µ1

<latexit sha1_base64="tSv+Jc81zwAbbSm2RH0dy4r/KB8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBBsr+QORDhvDas2tuwugdeIVpAYF2sPq12AUk1RQaQjHWvc9NzFBhpVhhNN5ZZBqmmAyxWPat1RiQXWQLY6dowurjFAUK1vSoIX6eyLDQuuZCG2nwGaiV71c/M/rpya6CTImk9RQSZaLopQjE6P8czRiihLDZ5Zgopi9FZEJVpgYm0/FhuCtvrxOOo26d1VvPjRrrdsijjKcwTlcggfX0IJ7aIMPBBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fiMyOhA==</latexit>µ2

<latexit sha1_base64="HcJDW8MRCNsFvCPfmuY2027rL5U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJvNpF262cTdjVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0O/PbT6g0T+SDGafox3QgecQZNVbq9EIUhvar/VLZrbhzkFXi5aQMORr90lcvTFgWozRMUK27npsaf0KV4UzgtNjLNKaUjegAu5ZKGqP2J/N7p+TcKiGJEmVLGjJXf09MaKz1OA5sZ0zNUC97M/E/r5uZ6NqfcJlmBiVbLIoyQUxCZs+TkCtkRowtoUxxeythQ6ooMzaiog3BW355lbSqFe+yUruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8we/Vo/K</latexit>

�2
<latexit sha1_base64="qGAejvvg9xWTdBCSYNiu8Bdbdfg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTi/kEmnf65crbtWdg6wSLycVyNHol796YcKymCtkkhrT9dwU/QnVKJjk01IvMzylbEQHvGupojE3/mR+75ScWSUkUaJtKSRz9ffEhMbGjOPAdsYUh2bZm4n/ed0Mo2t/IlSaIVdssSjKJMGEzJ4nodCcoRxbQpkW9lbChlRThjaikg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8we90o/J</latexit>

�1

<latexit sha1_base64="HqHHcBlpmhOgHnLFl7DLmP72vXQ=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KokW9Vj04rGC/YA2lM1m0i7dbOLuRCilf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk0hwZPZKLbATMghYIGCpTQTjWwOJDQCoa3U7/1BNqIRD3gKAU/Zn0lIsEZWqndDUEi6130SmW34s5Al4mXkzLJUe+VvrphwrMYFHLJjOl4bor+mGkUXMKk2M0MpIwPWR86lioWg/HHs3sn9NQqIY0SbUshnam/J8YsNmYUB7YzZjgwi95U/M/rZBhd+2Oh0gxB8fmiKJMUEzp9noZCA0c5soRxLeytlA+YZhxtREUbgrf48jJpnle8y0r1vlqu3eRxFMgxOSFnxCNXpEbuSJ00CCeSPJNX8uY8Oi/Ou/Mxb11x8pkj8gfO5w/A2o/L</latexit>

�3
<latexit sha1_base64="O2hmSj4L0hi+8ubCHUeVwykEvBw=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2k3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuBMyAFAqaKFBCJ9XA4kBCOxjdzvz2E2gjEvWA4xT8mA2UiARnaKVOLwSJrF/rlytu1Z2DrhIvJxWSo9Evf/XChGcxKOSSGdP13BT9CdMouIRpqZcZSBkfsQF0LVUsBuNP5vdO6ZlVQhol2pZCOld/T0xYbMw4DmxnzHBolr2Z+J/XzTC69idCpRmC4otFUSYpJnT2PA2FBo5ybAnjWthbKR8yzTjaiEo2BG/55VXSuqh6l9Xafa1Sv8njKJITckrOiUeuSJ3ckQZpEk4keSav5M15dF6cd+dj0Vpw8plj8gfO5w/CXo/M</latexit>

�4

<latexit sha1_base64="df5OTwFPQnK+PlhOL5OkRPJvctg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48VTFtoQ9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgo2V/L5IB5eDas2tu3OgVeIVpAYFWoPqV38Yk1RQaQjHWvc8NzFBhpVhhNNZpZ9qmmAywSPas1RiQXWQzY+doTOrDFEUK1vSoLn6eyLDQuupCG2nwGasl71c/M/rpSa6CTImk9RQSRaLopQjE6P8czRkihLDp5Zgopi9FZExVpgYm0/FhuAtv7xK2hd176reeGjUmrdFHGU4gVM4Bw+uoQn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/ilCOhQ==</latexit>µ3

<latexit sha1_base64="h3ZozbLb1GNNX5wIsc/0u8Dq96E=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6jHoxWMENwkkS5idzCZD5rHMzAphyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFKWfG+v63t7a+sbm1Xdop7+7tHxxWjo5bRmWa0JAornQnxoZyJmlomeW0k2qKRcxpOx7fzfz2E9WGKfloJymNBB5KljCCrZPCnsj69X6l6tf8OdAqCQpShQLNfuWrN1AkE1RawrEx3cBPbZRjbRnhdFruZYammIzxkHYdlVhQE+XzY6fo3CkDlCjtSlo0V39P5FgYMxGx6xTYjsyyNxP/87qZTW6inMk0s1SSxaIk48gqNPscDZimxPKJI5ho5m5FZIQ1JtblU3YhBMsvr5LWZS24qtUf6tXGbRFHCU7hDC4ggGtowD00IQQCDJ7hFd486b14797HonXNK2ZO4A+8zx+L1I6G</latexit>µ4

<latexit sha1_base64="qGAejvvg9xWTdBCSYNiu8Bdbdfg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTi/kEmnf65crbtWdg6wSLycVyNHol796YcKymCtkkhrT9dwU/QnVKJjk01IvMzylbEQHvGupojE3/mR+75ScWSUkUaJtKSRz9ffEhMbGjOPAdsYUh2bZm4n/ed0Mo2t/IlSaIVdssSjKJMGEzJ4nodCcoRxbQpkW9lbChlRThjaikg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8we90o/J</latexit>

�1

<latexit sha1_base64="HcJDW8MRCNsFvCPfmuY2027rL5U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJvNpF262cTdjVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0O/PbT6g0T+SDGafox3QgecQZNVbq9EIUhvar/VLZrbhzkFXi5aQMORr90lcvTFgWozRMUK27npsaf0KV4UzgtNjLNKaUjegAu5ZKGqP2J/N7p+TcKiGJEmVLGjJXf09MaKz1OA5sZ0zNUC97M/E/r5uZ6NqfcJlmBiVbLIoyQUxCZs+TkCtkRowtoUxxeythQ6ooMzaiog3BW355lbSqFe+yUruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8we/Vo/K</latexit>

�2
<latexit sha1_base64="HqHHcBlpmhOgHnLFl7DLmP72vXQ=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KokW9Vj04rGC/YA2lM1m0i7dbOLuRCilf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk0hwZPZKLbATMghYIGCpTQTjWwOJDQCoa3U7/1BNqIRD3gKAU/Zn0lIsEZWqndDUEi6130SmW34s5Al4mXkzLJUe+VvrphwrMYFHLJjOl4bor+mGkUXMKk2M0MpIwPWR86lioWg/HHs3sn9NQqIY0SbUshnam/J8YsNmYUB7YzZjgwi95U/M/rZBhd+2Oh0gxB8fmiKJMUEzp9noZCA0c5soRxLeytlA+YZhxtREUbgrf48jJpnle8y0r1vlqu3eRxFMgxOSFnxCNXpEbuSJ00CCeSPJNX8uY8Oi/Ou/Mxb11x8pkj8gfO5w/A2o/L</latexit>

�3

<latexit sha1_base64="O2hmSj4L0hi+8ubCHUeVwykEvBw=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2k3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuBMyAFAqaKFBCJ9XA4kBCOxjdzvz2E2gjEvWA4xT8mA2UiARnaKVOLwSJrF/rlytu1Z2DrhIvJxWSo9Evf/XChGcxKOSSGdP13BT9CdMouIRpqZcZSBkfsQF0LVUsBuNP5vdO6ZlVQhol2pZCOld/T0xYbMw4DmxnzHBolr2Z+J/XzTC69idCpRmC4otFUSYpJnT2PA2FBo5ybAnjWthbKR8yzTjaiEo2BG/55VXSuqh6l9Xafa1Sv8njKJITckrOiUeuSJ3ckQZpEk4keSav5M15dF6cd+dj0Vpw8plj8gfO5w/CXo/M</latexit>

�4

<latexit sha1_base64="s1oVVFD6Cgg+S7F1V9iZKHzlStA=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiHjxWsB/QXUs2zbahSTYks0Ip/RtePCji1T/jzX9j2u5BWx8MPN6bYWZerAW34PvfXmFldW19o7hZ2tre2d0r7x80bZoZyho0Falpx8QywRVrAAfB2towImPBWvHwZuq3npixPFUPMNIskqSveMIpASeF4S0TQB5DLbtBt1zxq/4MeJkEOamgHPVu+SvspTSTTAEVxNpO4GuIxsQAp4JNSmFmmSZ0SPqs46giktloPLt5gk+c0sNJalwpwDP198SYSGtHMnadksDALnpT8T+vk0FyFY250hkwReeLkkxgSPE0ANzjhlEQI0cINdzdiumAGELBxVRyIQSLLy+T5lk1uKie359Xatd5HEV0hI7RKQrQJaqhO1RHDUSRRs/oFb15mffivXsf89aCl88coj/wPn8Al/eRaA==</latexit>

�±
1

<latexit sha1_base64="T9QouHA4uTtlOhe0L0tHz2v3ZSI=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0W9eCxgv2A7lqyabYNTXZDkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk5SRWiLJDxR3RBryllMW4YZTrtSUSxCTjvh+Gbmd56o0iyJH8xE0kDgYcwiRrCxku/fUm7woy9Fv9YvV9yqOwdaJV5OKpCj2S9/+YOEpILGhnCsdc9zpQkyrAwjnE5LfqqpxGSMh7RnaYwF1UE2v3mKzqwyQFGibMUGzdXfExkWWk9EaDsFNiO97M3E/7xeaqKrIGOxTA2NyWJRlHJkEjQLAA2YosTwiSWYKGZvRWSEFSbGxlSyIXjLL6+Sdq3qXVTr9/VK4zqPowgncArn4MElNOAOmtACAhKe4RXenNR5cd6dj0VrwclnjuEPnM8fmXuRaQ==</latexit>

�±
2

<latexit sha1_base64="bDqu1ZWdFFxfdR96bgXOWcpPfXc=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqexqUY9FPXisYD+gu5Zsmm1Ds9mQzApl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzQiW4Adf9dgorq2vrG8XN0tb2zu5eef+gZZJUU9akiUh0JySGCS5ZEzgI1lGakTgUrB2ObqZ++4lpwxP5AGPFgpgMJI84JWAl379lAsijr+Leea9ccavuDHiZeDmpoByNXvnL7yc0jZkEKogxXc9VEGREA6eCTUp+apgidEQGrGupJDEzQTa7eYJPrNLHUaJtScAz9fdERmJjxnFoO2MCQ7PoTcX/vG4K0VWQcalSYJLOF0WpwJDgaQC4zzWjIMaWEKq5vRXTIdGEgo2pZEPwFl9eJq2zqndRrd3XKvXrPI4iOkLH6BR56BLV0R1qoCaiSKFn9IrenNR5cd6dj3lrwclnDtEfOJ8/mv+Rag==</latexit>

�±
3

<latexit sha1_base64="UU0ZWVOWOAIczTX/ig9b8losCls=">AAAB83icbVBNSwMxEM36WetX1aOXYBE8lV0p6rGoB48V7Ad015JN0zY0yYZkVihL/4YXD4p49c9489+YtnvQ1gcDj/dmmJkXa8Et+P63t7K6tr6xWdgqbu/s7u2XDg6bNkkNZQ2aiMS0Y2KZ4Io1gINgbW0YkbFgrXh0M/VbT8xYnqgHGGsWSTJQvM8pASeF4S0TQB5DLbvVbqnsV/wZ8DIJclJGOerd0lfYS2gqmQIqiLWdwNcQZcQAp4JNimFqmSZ0RAas46giktkom908wadO6eF+YlwpwDP190RGpLVjGbtOSWBoF72p+J/XSaF/FWVc6RSYovNF/VRgSPA0ANzjhlEQY0cINdzdiumQGELBxVR0IQSLLy+T5nkluKhU76vl2nUeRwEdoxN0hgJ0iWroDtVRA1Gk0TN6RW9e6r14797HvHXFy2eO0B94nz+cg5Fr</latexit>

�±
4

<latexit sha1_base64="ugW5ZSWl6OeLPn9dJRJR1Hu+wcs="></latexit>
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(5.18)
where the ∆±1,2,3,4 = d

2 ± iµ1,2,3,4. In this case, the ratios

λdS
δa ∆±

b
∆±c

= 2 cdS-AdSδa cdS-AdS∆±
b

cdS-AdS∆±c
sin
(
δa+∆±

b
+∆±c −d
2

)
π × λAdS

δa ∆±
b

∆±c
, (5.19)
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take us from the three-point contact Witten diagrams generated by the cubic vertices (5.17)
in EAdS to their counterparts in dS. Box Witten diagrams in EAdS have been considered
using various techniques in e.g. [125, 133, 135, 140–142]. In the Mellin-Barnes representation,
using the cutting rules outlined in section 2.3, if we put two of the internal legs on-shell the
diagram factorises into a product of four-point exchanges:

<latexit sha1_base64="MQ3JT7p/ZpFOx0HXOHLpfdbQCkQ=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwUUtiS3qsujGZQX7gKaEyXTSDp08mJkIJWTjr7hxoYhbP8Odf+O0zUJbD1w4c869zL3HizmTyrK+jcLK6tr6RnGztLW9s7tn7h+0ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccb3079ziMVkkXhg5rEtB/gYch8RrDSkmsepY6HBUrcWlZxKuf65aM4c2uuWbaq1gxomdg5KUOOpmt+OYOIJAENFeFYyp5txaqfYqEY4TQrOYmkMSZjPKQ9TUMcUNlPZwdk6FQrA+RHQleo0Ez9PZHiQMpJ4OnOAKuRXPSm4n9eL1H+dT9lYZwoGpL5R37CkYrQNA00YIISxSeaYCKY3hWRERaYKJ1ZSYdgL568TNoXVfuyWr+vlxs3eRxFOIYTOAMbrqABd9CEFhDI4Ble4c14Ml6Md+Nj3low8plD+APj8wcIR5Vp</latexit>

ū3, �p3
<latexit sha1_base64="ggNYIcqM3P5De1IbcunAPF/7Hrw=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0439ba+sbm1nZhp7i7t39Qsg+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxrczv/NIpWKxeNCThPYjPBQsZARrI/l2KfVrFa+SeUGIkqlf8+2yU3XmQKvEzUkZcjR9+8sbxCSNqNCEY6V6rpPofoalZoTTadFLFU0wGeMh7RkqcERVP5sfPkVnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9f9jIkk1VSQxaIw5UjHaJYCGjBJieYTQzCRzNyKyAhLTLTJqmhCcJdfXiXti6p7Wa3f18uNmzyOApzAKZyDC1fQgDtoQgsIpPAMr/BmPVkv1rv1sWhds/KZY/gD6/MHXJiSQw==</latexit>u3, p3

<latexit sha1_base64="P9BSO9dkm+uCKneUK9QiUK90Tgk="></latexit>

= !�±
1
(u1, ū1)!�±

3
(u3, ū3)

<latexit sha1_base64="AdMX+OmTonEqu7mEfyAHnhFCass=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0439ba+sbm1nZhp7i7t39Qsg+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxrczv/NIpWKxeNCThPYjPBQsZARrI/l2Sfm1ilfJvCBE46lf8+2yU3XmQKvEzUkZcjR9+8sbxCSNqNCEY6V6rpPofoalZoTTadFLFU0wGeMh7RkqcERVP5sfPkVnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9f9jIkk1VSQxaIw5UjHaJYCGjBJieYTQzCRzNyKyAhLTLTJqmhCcJdfXiXti6p7Wa3f18uNmzyOApzAKZyDC1fQgDtoQgsIpPAMr/BmPVkv1rv1sWhds/KZY/gD6/MHUdGSPA==</latexit>

s3, k3

<latexit sha1_base64="J7N7RoZVAAHV4S28jMK8Hx2mzA0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G49uZ332kUrFEPOhJSv0YDwWLGMHaSIFdUYFb82q5F0ZoPA3cwK46dWcOtErcglShQCuwv7xBQrKYCk04VqrvOqn2cyw1I5xOy16maIrJGA9p31CBY6r8fH74FJ0ZZYCiRJoSGs3V3xM5jpWaxKHpjLEeqWVvJv7n9TMdXfs5E2mmqSCLRVHGkU7QLAU0YJISzSeGYCKZuRWREZaYaJNV2YTgLr+8SjoXdfey3rhvVJs3RRwlOIFTOAcXrqAJd9CCNhDI4Ble4c16sl6sd+tj0bpmFTPH8AfW5w9LqZI4</latexit>

s1, k1

<latexit sha1_base64="awok6vuAJJl98l0eUolha89WXvg=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJBPVY9OKxgv2ApoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHbZVkktAWSXgiuyFWlDNBW5ppTruppDgOOe2E49uZ33mkUrFEPOhJSvsxHgoWMYK1kQK7ogKv5tdyP4zQeBp4gV116s4caJW4BalCgWZgf/mDhGQxFZpwrFTPdVLdz7HUjHA6LfuZoikmYzykPUMFjqnq5/PDp+jMKAMUJdKU0Giu/p7IcazUJA5NZ4z1SC17M/E/r5fp6LqfM5FmmgqyWBRlHOkEzVJAAyYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6R9UXcv6969V23cFHGU4ARO4RxcuIIG3EETWkAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz9U5ZI+</latexit>

s4, k4
<latexit sha1_base64="2hdLqgKWJYKheZt2gp8jcWHZjrY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHkpJSlGPRS8eK9gPaErYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzO/e4jlYrF4kFPEzqI8EiwkBGsjeTbZeXXq14184IQTWZ+3bcrTs1ZAK0TNycVyNHy7S9vGJM0okITjpXqu06iBxmWmhFOZyUvVTTBZIJHtG+owBFVg2xx+AydG2WIwliaEhot1N8TGY6UmkaB6YywHqtVby7+5/VTHV4PMiaSVFNBlovClCMdo3kKaMgkJZpPDcFEMnMrImMsMdEmq5IJwV19eZ106jX3sta4b1SaN3kcRTiFM7gAF66gCXfQgjYQSOEZXuHNerJerHfrY9lasPKZE/gD6/MHTr2SOg==</latexit>

s2, k2

<latexit sha1_base64="J7N7RoZVAAHV4S28jMK8Hx2mzA0=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G49uZ332kUrFEPOhJSv0YDwWLGMHaSIFdUYFb82q5F0ZoPA3cwK46dWcOtErcglShQCuwv7xBQrKYCk04VqrvOqn2cyw1I5xOy16maIrJGA9p31CBY6r8fH74FJ0ZZYCiRJoSGs3V3xM5jpWaxKHpjLEeqWVvJv7n9TMdXfs5E2mmqSCLRVHGkU7QLAU0YJISzSeGYCKZuRWREZaYaJNV2YTgLr+8SjoXdfey3rhvVJs3RRwlOIFTOAcXrqAJd9CCNhDI4Ble4c16sl6sd+tj0bpmFTPH8AfW5w9LqZI4</latexit>

s1, k1

<latexit sha1_base64="2hdLqgKWJYKheZt2gp8jcWHZjrY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHkpJSlGPRS8eK9gPaErYbDft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sFh2T467qg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzO/e4jlYrF4kFPEzqI8EiwkBGsjeTbZeXXq14184IQTWZ+3bcrTs1ZAK0TNycVyNHy7S9vGJM0okITjpXqu06iBxmWmhFOZyUvVTTBZIJHtG+owBFVg2xx+AydG2WIwliaEhot1N8TGY6UmkaB6YywHqtVby7+5/VTHV4PMiaSVFNBlovClCMdo3kKaMgkJZpPDcFEMnMrImMsMdEmq5IJwV19eZ106jX3sta4b1SaN3kcRTiFM7gAF66gCXfQgjYQSOEZXuHNerJerHfrY9lasPKZE/gD6/MHTr2SOg==</latexit>

s2, k2

<latexit sha1_base64="AdMX+OmTonEqu7mEfyAHnhFCass=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJLeqx6MVjBfsBTQmb7aZdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFyScKe0439ba+sbm1nZhp7i7t39Qsg+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxrczv/NIpWKxeNCThPYjPBQsZARrI/l2Sfm1ilfJvCBE46lf8+2yU3XmQKvEzUkZcjR9+8sbxCSNqNCEY6V6rpPofoalZoTTadFLFU0wGeMh7RkqcERVP5sfPkVnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9f9jIkk1VSQxaIw5UjHaJYCGjBJieYTQzCRzNyKyAhLTLTJqmhCcJdfXiXti6p7Wa3f18uNmzyOApzAKZyDC1fQgDtoQgsIpPAMr/BmPVkv1rv1sWhds/KZY/gD6/MHUdGSPA==</latexit>

s3, k3

<latexit sha1_base64="awok6vuAJJl98l0eUolha89WXvg=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJBPVY9OKxgv2ApoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHbZVkktAWSXgiuyFWlDNBW5ppTruppDgOOe2E49uZ33mkUrFEPOhJSvsxHgoWMYK1kQK7ogKv5tdyP4zQeBp4gV116s4caJW4BalCgWZgf/mDhGQxFZpwrFTPdVLdz7HUjHA6LfuZoikmYzykPUMFjqnq5/PDp+jMKAMUJdKU0Giu/p7IcazUJA5NZ4z1SC17M/E/r5fp6LqfM5FmmgqyWBRlHOkEzVJAAyYp0XxiCCaSmVsRGWGJiTZZlU0I7vLLq6R9UXcv6969V23cFHGU4ARO4RxcuIIG3EETWkAgg2d4hTfryXqx3q2PReuaVcwcwx9Ynz9U5ZI+</latexit>

s4, k4

<latexit sha1_base64="aui1WHo2eHiC/sYRI/CJJJmeO0w=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwUUtiRR1WXTjsoJ9QBPCZDpph04ezEyEErLxV9y4UMStn+HOv3HaZqGtBwbOPede7tzjJ5xJZVnfRmlldW19o7xZ2dre2d0z9w86Mk4FoW0S81j0fCwpZxFtK6Y47SWC4tDntOuPb6d+95EKyeLoQU0S6oZ4GLGAEay05JlHmeNjgdLcs2tO7VxXAUp04ZlVq27NgJaJXZAqFGh55pcziEka0kgRjqXs21ai3AwLxQinecVJJU0wGeMh7Wsa4ZBKN5sdkKNTrQxQEAv9IoVm6u+JDIdSTkJfd4ZYjeSiNxX/8/qpCq7djEVJqmhE5ouClCMVo2kaaMAEJYpPNMFEMP1XREZYYKJ0ZhUdgr148jLpXNTty3rjvlFt3hRxlOEYTuAMbLiCJtxBC9pAIIdneIU348l4Md6Nj3lryShmDuEPjM8fAoWVZQ==</latexit>

ū1, �p1
<latexit sha1_base64="9YBXdepNBREuktU5U6g7seLiJmU=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBQymJFPVY9OKxgv2AJoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1POlHacb2ttfWNza7u0U97d2z+o2IdHHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G49uZ332kUrFEPOhJSv0YDwWLGMHaSIFdyQK35tVyL4xQOg3cwK46dWcOtErcglShQCuwv7xBQrKYCk04VqrvOqn2cyw1I5xOy16maIrJGA9p31CBY6r8fH74FJ0ZZYCiRJoSGs3V3xM5jpWaxKHpjLEeqWVvJv7n9TMdXfs5E2mmqSCLRVHGkU7QLAU0YJISzSeGYCKZuRWREZaYaJNV2YTgLr+8SjoXdfey3rhvVJs3RRwlOIFTOAcXrqAJd9CCNhDI4Ble4c16sl6sd+tj0bpmFTPH8AfW5w9WcJI/</latexit>u1, p1

<latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥

<latexit sha1_base64="mU8HEKTYPIcqK1bXWrh7rCEChME=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAEIexKUI9BPXiMYB6YrGF2MkmGzM4uM71CWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dpaWV1bX1nMb+c2t7Z3dwt5+3USJZrzGIhnpZkANl0LxGgqUvBlrTsNA8kYwvJ74jSeujYjUPY5i7oe0r0RPMIpWemjfcIn08bTjdQpFt+ROQRaJl5EiZKh2Cl/tbsSSkCtkkhrT8twY/ZRqFEzycb6dGB5TNqR93rJU0ZAbP51ePCbHVumSXqRtKSRT9fdESkNjRmFgO0OKAzPvTcT/vFaCvUs/FSpOkCs2W9RLJMGITN4nXaE5QzmyhDIt7K2EDaimDG1IeRuCN//yIqmflbzzUvmuXKxcZXHk4BCO4AQ8uIAK3EIVasBAwTO8wptjnBfn3fmYtS452cwB/IHz+QOsJ5BG</latexit>

�+
1

<latexit sha1_base64="j5awGaPJ9BzAsJhNHDHiotPQK7E=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMegHjxGMA9M1jA7mSRDZmeXmV4hLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMYXk/8xhPXRkTqHkcx90PaV6InGEUrPbRvuET6eNrxOoWiW3KnIIvEy0gRMlQ7ha92N2JJyBUySY1peW6Mfko1Cib5ON9ODI8pG9I+b1mqaMiNn04vHpNjq3RJL9K2FJKp+nsipaExozCwnSHFgZn3JuJ/XivB3qWfChUnyBWbLeolkmBEJu+TrtCcoRxZQpkW9lbCBlRThjakvA3Bm395kdTPSt55qXxXLlausjhycAhHcAIeXEAFbqEKNWCg4Ble4c0xzovz7nzMWpecbOYA/sD5/AGvM5BI</latexit>

��
1

<latexit sha1_base64="qGAejvvg9xWTdBCSYNiu8Bdbdfg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTi/kEmnf65crbtWdg6wSLycVyNHol796YcKymCtkkhrT9dwU/QnVKJjk01IvMzylbEQHvGupojE3/mR+75ScWSUkUaJtKSRz9ffEhMbGjOPAdsYUh2bZm4n/ed0Mo2t/IlSaIVdssSjKJMGEzJ4nodCcoRxbQpkW9lbChlRThjaikg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8we90o/J</latexit>

�1

<latexit sha1_base64="HcJDW8MRCNsFvCPfmuY2027rL5U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJvNpF262cTdjVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0O/PbT6g0T+SDGafox3QgecQZNVbq9EIUhvar/VLZrbhzkFXi5aQMORr90lcvTFgWozRMUK27npsaf0KV4UzgtNjLNKaUjegAu5ZKGqP2J/N7p+TcKiGJEmVLGjJXf09MaKz1OA5sZ0zNUC97M/E/r5uZ6NqfcJlmBiVbLIoyQUxCZs+TkCtkRowtoUxxeythQ6ooMzaiog3BW355lbSqFe+yUruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8we/Vo/K</latexit>

�2
<latexit sha1_base64="HqHHcBlpmhOgHnLFl7DLmP72vXQ=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KokW9Vj04rGC/YA2lM1m0i7dbOLuRCilf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk0hwZPZKLbATMghYIGCpTQTjWwOJDQCoa3U7/1BNqIRD3gKAU/Zn0lIsEZWqndDUEi6130SmW34s5Al4mXkzLJUe+VvrphwrMYFHLJjOl4bor+mGkUXMKk2M0MpIwPWR86lioWg/HHs3sn9NQqIY0SbUshnam/J8YsNmYUB7YzZjgwi95U/M/rZBhd+2Oh0gxB8fmiKJMUEzp9noZCA0c5soRxLeytlA+YZhxtREUbgrf48jJpnle8y0r1vlqu3eRxFMgxOSFnxCNXpEbuSJ00CCeSPJNX8uY8Oi/Ou/Mxb11x8pkj8gfO5w/A2o/L</latexit>

�3

<latexit sha1_base64="O2hmSj4L0hi+8ubCHUeVwykEvBw=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2k3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuBMyAFAqaKFBCJ9XA4kBCOxjdzvz2E2gjEvWA4xT8mA2UiARnaKVOLwSJrF/rlytu1Z2DrhIvJxWSo9Evf/XChGcxKOSSGdP13BT9CdMouIRpqZcZSBkfsQF0LVUsBuNP5vdO6ZlVQhol2pZCOld/T0xYbMw4DmxnzHBolr2Z+J/XzTC69idCpRmC4otFUSYpJnT2PA2FBo5ybAnjWthbKR8yzTjaiEo2BG/55VXSuqh6l9Xafa1Sv8njKJITckrOiUeuSJ3ckQZpEk4keSav5M15dF6cd+dj0Vpw8plj8gfO5w/CXo/M</latexit>

�4

<latexit sha1_base64="HcJDW8MRCNsFvCPfmuY2027rL5U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJvNpF262cTdjVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0O/PbT6g0T+SDGafox3QgecQZNVbq9EIUhvar/VLZrbhzkFXi5aQMORr90lcvTFgWozRMUK27npsaf0KV4UzgtNjLNKaUjegAu5ZKGqP2J/N7p+TcKiGJEmVLGjJXf09MaKz1OA5sZ0zNUC97M/E/r5uZ6NqfcJlmBiVbLIoyQUxCZs+TkCtkRowtoUxxeythQ6ooMzaiog3BW355lbSqFe+yUruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8we/Vo/K</latexit>

�2

<latexit sha1_base64="qGAejvvg9xWTdBCSYNiu8Bdbdfg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTi/kEmnf65crbtWdg6wSLycVyNHol796YcKymCtkkhrT9dwU/QnVKJjk01IvMzylbEQHvGupojE3/mR+75ScWSUkUaJtKSRz9ffEhMbGjOPAdsYUh2bZm4n/ed0Mo2t/IlSaIVdssSjKJMGEzJ4nodCcoRxbQpkW9lbChlRThjaikg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8we90o/J</latexit>

�1

<latexit sha1_base64="HqHHcBlpmhOgHnLFl7DLmP72vXQ=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KokW9Vj04rGC/YA2lM1m0i7dbOLuRCilf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLUikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk0hwZPZKLbATMghYIGCpTQTjWwOJDQCoa3U7/1BNqIRD3gKAU/Zn0lIsEZWqndDUEi6130SmW34s5Al4mXkzLJUe+VvrphwrMYFHLJjOl4bor+mGkUXMKk2M0MpIwPWR86lioWg/HHs3sn9NQqIY0SbUshnam/J8YsNmYUB7YzZjgwi95U/M/rZBhd+2Oh0gxB8fmiKJMUEzp9noZCA0c5soRxLeytlA+YZhxtREUbgrf48jJpnle8y0r1vlqu3eRxFMgxOSFnxCNXpEbuSJ00CCeSPJNX8uY8Oi/Ou/Mxb11x8pkj8gfO5w/A2o/L</latexit>

�3

<latexit sha1_base64="O2hmSj4L0hi+8ubCHUeVwykEvBw=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2k3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTHJo8kYnuBMyAFAqaKFBCJ9XA4kBCOxjdzvz2E2gjEvWA4xT8mA2UiARnaKVOLwSJrF/rlytu1Z2DrhIvJxWSo9Evf/XChGcxKOSSGdP13BT9CdMouIRpqZcZSBkfsQF0LVUsBuNP5vdO6ZlVQhol2pZCOld/T0xYbMw4DmxnzHBolr2Z+J/XzTC69idCpRmC4otFUSYpJnT2PA2FBo5ybAnjWthbKR8yzTjaiEo2BG/55VXSuqh6l9Xafa1Sv8njKJITckrOiUeuSJ3ckQZpEk4keSav5M15dF6cd+dj0Vpw8plj8gfO5w/CXo/M</latexit>

�4

<latexit sha1_base64="T9QouHA4uTtlOhe0L0tHz2v3ZSI=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0W9eCxgv2A7lqyabYNTXZDkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk5SRWiLJDxR3RBryllMW4YZTrtSUSxCTjvh+Gbmd56o0iyJH8xE0kDgYcwiRrCxku/fUm7woy9Fv9YvV9yqOwdaJV5OKpCj2S9/+YOEpILGhnCsdc9zpQkyrAwjnE5LfqqpxGSMh7RnaYwF1UE2v3mKzqwyQFGibMUGzdXfExkWWk9EaDsFNiO97M3E/7xeaqKrIGOxTA2NyWJRlHJkEjQLAA2YosTwiSWYKGZvRWSEFSbGxlSyIXjLL6+Sdq3qXVTr9/VK4zqPowgncArn4MElNOAOmtACAhKe4RXenNR5cd6dj0VrwclnjuEPnM8fmXuRaQ==</latexit>

�±
2

<latexit sha1_base64="UU0ZWVOWOAIczTX/ig9b8losCls=">AAAB83icbVBNSwMxEM36WetX1aOXYBE8lV0p6rGoB48V7Ad015JN0zY0yYZkVihL/4YXD4p49c9489+YtnvQ1gcDj/dmmJkXa8Et+P63t7K6tr6xWdgqbu/s7u2XDg6bNkkNZQ2aiMS0Y2KZ4Io1gINgbW0YkbFgrXh0M/VbT8xYnqgHGGsWSTJQvM8pASeF4S0TQB5DLbvVbqnsV/wZ8DIJclJGOerd0lfYS2gqmQIqiLWdwNcQZcQAp4JNimFqmSZ0RAas46giktkom908wadO6eF+YlwpwDP190RGpLVjGbtOSWBoF72p+J/XSaF/FWVc6RSYovNF/VRgSPA0ANzjhlEQY0cINdzdiumQGELBxVR0IQSLLy+T5nkluKhU76vl2nUeRwEdoxN0hgJ0iWroDtVRA1Gk0TN6RW9e6r14797HvHXFy2eO0B94nz+cg5Fr</latexit>

�±
4
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whose Mellin-Barnes representation was given in (4.28). As for the candy diagram considered
above, the full diagram can be reconstructed applying the dispersion formula (2.36), which
amounts to multiplying by the cosecent factors csc (π (u1 + ū1)) csc (π (u2 + ū2)).

5.3 Example: two-point bubble diagrams

It is also interesting to consider the effect of loop corrections to boundary two-point functions
in de Sitter. See e.g. [143, 144].

Conformal symmetry constrains boundary two-point functions of scalar fields to take
the following form:

〈O (x1)O1 (x2)〉 = C(
x2

12
)∆+γ (5.21a)

= C(
x2

12
)∆ (

1− γ log
(
x2

12

)
+ . . .

)
, (5.21b)

where ∆ is the tree-level scaling dimension and the anomalous dimension γ is induced by
loop corrections, which we see from the second line can be read off from logarithmic terms
generated by loop diagrams.

Let us consider the one-loop two-point bubble diagram generated by the following cubic
vertex of scalar fields φ1,2 and φ:

g φ1φ2φ. (5.22)

Applying the rules outlined at the beginning of this section, the bubble diagram in dSd+1 is
given by the following linear combination of one-loop bubble Witten diagrams in EAdSd+1:

<latexit sha1_base64="s1oVVFD6Cgg+S7F1V9iZKHzlStA=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiHjxWsB/QXUs2zbahSTYks0Ip/RtePCji1T/jzX9j2u5BWx8MPN6bYWZerAW34PvfXmFldW19o7hZ2tre2d0r7x80bZoZyho0Falpx8QywRVrAAfB2towImPBWvHwZuq3npixPFUPMNIskqSveMIpASeF4S0TQB5DLbtBt1zxq/4MeJkEOamgHPVu+SvspTSTTAEVxNpO4GuIxsQAp4JNSmFmmSZ0SPqs46giktloPLt5gk+c0sNJalwpwDP198SYSGtHMnadksDALnpT8T+vk0FyFY250hkwReeLkkxgSPE0ANzjhlEQI0cINdzdiumAGELBxVRyIQSLLy+T5lk1uKie359Xatd5HEV0hI7RKQrQJaqhO1RHDUSRRs/oFb15mffivXsf89aCl88coj/wPn8Al/eRaA==</latexit>

�±
1

<latexit sha1_base64="T9QouHA4uTtlOhe0L0tHz2v3ZSI=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0W9eCxgv2A7lqyabYNTXZDkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk5SRWiLJDxR3RBryllMW4YZTrtSUSxCTjvh+Gbmd56o0iyJH8xE0kDgYcwiRrCxku/fUm7woy9Fv9YvV9yqOwdaJV5OKpCj2S9/+YOEpILGhnCsdc9zpQkyrAwjnE5LfqqpxGSMh7RnaYwF1UE2v3mKzqwyQFGibMUGzdXfExkWWk9EaDsFNiO97M3E/7xeaqKrIGOxTA2NyWJRlHJkEjQLAA2YosTwiSWYKGZvRWSEFSbGxlSyIXjLL6+Sdq3qXVTr9/VK4zqPowgncArn4MElNOAOmtACAhKe4RXenNR5cd6dj0VrwclnjuEPnM8fmXuRaQ==</latexit>

�±
2

<latexit sha1_base64="LQxUP5vN33bpXHfjKZ3JmROFUHE=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3aTTbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNCrVHBpcSaXbATMgRQwNFCihnWhgUSChFYxupn7rCbQRKn7AcQJ+xAaxCAVnaKVm9xYksl654lbdGegy8XJSITnqvfJXt694GkGMXDJjOp6boJ8xjYJLmJS6qYGE8REbQMfSmEVg/Gx27YSeWKVPQ6VtxUhn6u+JjEXGjKPAdkYMh2bRm4r/eZ0Uwys/E3GSIsR8vihMJUVFp6/TvtDAUY4tYVwLeyvlQ6YZRxtQyYbgLb68TJpnVe+ien5/Xqld53EUyRE5JqfEI5ekRu5InTQIJ4/kmbySN0c5L8678zFvLTj5zCH5A+fzB2N6jwU=</latexit>

�
<latexit sha1_base64="LQxUP5vN33bpXHfjKZ3JmROFUHE=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3aTTbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNCrVHBpcSaXbATMgRQwNFCihnWhgUSChFYxupn7rCbQRKn7AcQJ+xAaxCAVnaKVm9xYksl654lbdGegy8XJSITnqvfJXt694GkGMXDJjOp6boJ8xjYJLmJS6qYGE8REbQMfSmEVg/Gx27YSeWKVPQ6VtxUhn6u+JjEXGjKPAdkYMh2bRm4r/eZ0Uwys/E3GSIsR8vihMJUVFp6/TvtDAUY4tYVwLeyvlQ6YZRxtQyYbgLb68TJpnVe+ien5/Xqld53EUyRE5JqfEI5ekRu5InTQIJ4/kmbySN0c5L8678zFvLTj5zCH5A+fzB2N6jwU=</latexit>

�

<latexit sha1_base64="9A9tQrZKVh7osmpoPHeu6eDk4cI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48R3CSQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmltfWNzq7xd2dnd2z+oHh61dGoVoSFJeao6MdaUM0lDwwynnUxRLGJO2/H4bua3n6jSLJWPZpLRSOChZAkj2Dgp7AnbD/rVml/350CrJChIDQo0+9Wv3iAlVlBpCMdadwM/M1GOlWGE02mlZzXNMBnjIe06KrGgOsrnx07RmVMGKEmVK2nQXP09kWOh9UTErlNgM9LL3kz8z+tak9xEOZOZNVSSxaLEcmRSNPscDZiixPCJI5go5m5FZIQVJsblU3EhBMsvr5LWRT24ql8+XNYat0UcZTiBUziHAK6hAffQhBAIMHiGV3jzpPfivXsfi9aSV8wcwx94nz+HSI6D</latexit>µ1

<latexit sha1_base64="tSv+Jc81zwAbbSm2RH0dy4r/KB8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBBsr+QORDhvDas2tuwugdeIVpAYF2sPq12AUk1RQaQjHWvc9NzFBhpVhhNN5ZZBqmmAyxWPat1RiQXWQLY6dowurjFAUK1vSoIX6eyLDQuuZCG2nwGaiV71c/M/rpya6CTImk9RQSZaLopQjE6P8czRiihLDZ5Zgopi9FZEJVpgYm0/FhuCtvrxOOo26d1VvPjRrrdsijjKcwTlcggfX0IJ7aIMPBBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fiMyOhA==</latexit>µ2

<latexit sha1_base64="+a7a5vN4BRHfiqHfsx3OS56/JeE="></latexit>

=
X

�±
1 �±

2

 
�dS
�±

1 �±
2 �

�AdS
�±

1 �±
2 �

!2

1

cdS-AdS
�±

1

cdS-AdS
�±

2

, (5.23)

where

λdS∆±1 ∆±2 ∆ = 2 cdS-AdS∆ cdS-AdS∆±1
cdS-AdS∆±2

sin
(

∆+∆±1 +∆±2 −d
2

)
π × λAdS∆±1 ∆±2 ∆, (5.24)
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accounts for the change in the coefficient of the contact diagram generated by the vertex (5.22)
as we move from EAdS to dS. Accordingly, the corresponding anomalous dimensions γdSµ1 µ2

and γAdS
∆±1 ,∆

±̂
2
which, as reviewed above, are given by the coefficients of the logarithmic terms

in BdSµ1, µ2 and BAdS
∆±1 ,∆

±̂
2
respectively, are related via:

γdSµ1 µ2 = 1
cdS-AdS∆

∑
∆±1 ∆±2

λdS∆±1 ∆±2 ∆

λAdS∆±1 ∆±2 ∆

2
1

cdS-AdS∆±1
cdS-AdS∆±2

γAdS∆±1 ,∆
±
2
, (5.25)

where we must divide by cdS-AdS∆ to account for the change in tree-level two-point coefficient
from AdS to dS, as per the definition (5.21) of the anomalous dimension.

In [145] two-point bubble diagrams in EAdS were studied using the spectral representa-
tion (2.8) of bulk-to-bulk propagators. Upon evaluating the spectral integrals the following
explicit expression was obtained for d = 2:

γAdS∆1,∆2 = 1
16π (∆− 1)2

[
ψ(0)

(
∆+∆1+∆2

2 − 1
)

+ ψ(0)
(
2− ∆+∆1+∆2

2

)
− ψ(0)

(
∆1+∆2−∆

2

)

− ψ(0)
(

∆−∆1−∆2
2 + 1

)
+ 2π sin (π (∆− 1))

cos (π (∆− 1)) + cos (π (∆1 + ∆2 − 2))

]
, (5.26)

where ψ(0) is the digamma function. Plugging this expression into (5.25) then gives an
explicit expression for the corresponding anomalous dimension in dS.

5.4 Example: products of propagators

The examples of loop diagrams we have considered so far have all been at one-loop. An
interesting class of loop diagrams are given by those formed from products of bulk-to-bulk
propagators connecting the same two bulk points. The bubble considered in the previous
section is an example of such a loop diagram, where one loop formed from the product of
two bulk-to-bulk propagators. To extend this to products of more than two propagators,
and hence beyond one loop, it is useful to use the following identity satisfied by bulk-to-bulk
propagators in EAdS [54, 146]:

ΠAdS
∆1,0 (x1;x2) ΠAdS

∆2,0 (x1;x2) =
∑
n

a∆1 ∆2(n)ΠAdS
∆1+∆2+2n,0(x1;x2) , (5.27)

where a product of two bulk-to-bulk propagators is expressed as a sum of bulk-to-bulk
propagators with scaling dimensions ∆1 + ∆2 + 2n weighted by:

a∆1 ∆2(n) =

(
d
2

)
n

(−d+ n+ ∆1 + ∆2 + 1)n(2n+ ∆1 + ∆2)1− d2

2n!π
d
2 (n+ ∆1)1− d2

(n+ ∆2)1− d2

(
−d

2 + n+ ∆1 + ∆2
)
n

. (5.28)

This identity can be trivially re-written as a spectral integral:

ΠAdS
∆1,0 (x1, x2) ΠAdS

∆2,0 (x1, x2) =
∫ +∞

−∞
dν bAdS∆1 ∆2(ν) ΩAdS

ν,0 (x1;x2), (5.29a)

=
∫ +∞

−∞
dν bAdS∆1 ∆2(ν) iν

π
ΠAdS
d
2 +iν,0(x1;x2) , (5.29b)
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±̂

Figure 19. Products of bulk-to-bulk propagators at the same two bulk points admit a spectral
decomposition, which is owing to the completeness and orthogonality of harmonic functions ΩAdS

ν,J .
Owing to the relations between propagators in EAdS and dS, the spectral function b±±̂

∆1...∆n
(ν) in dS

can be expressed in terms of the AdS spectral function bAdS
∆1...∆n

(ν), This relation is given in (5.35).

with

bAdS∆1 ∆2 (ν) = 1
2
∑
n

1
(∆1 + ∆2 − d

2 + 2n)
a∆1 ∆2(n)

∆1 + ∆2 − d
2 + 2n− iν

+ (ν → −ν) , (5.30)

and the second line of (5.29) we used the identity (2.10). The re-summation can be
straightforwardly performed using Mathematica in terms of a 7F6 hypergeometric function:32

bAdS∆1 ∆2(ν) =
Γ
(
d
2 +iµ1

)
Γ
(
d
2 +iµ2

)
Γ(1+iµ1+iµ2)Γ

(
d
2 +i(µ1+µ2)

)
Γ
(
d
4−

i
2(ν−µ1−µ2)

)
π
d−1

2 2d+i(µ1+µ2−2i)

7F̃6

(
d
2
d
2 +iµ1

d
2 +iµ2

1+iµ1+iµ2
2

2+iµ1+iµ2
2

d+2i(µ1+µ2)
2

d−2i(ν−µ1−µ2)
4

1+iµ1 1+iµ2 1+i(µ1+µ2) d+i(µ1+µ2)
2

d+1+i(µ1+µ2)
2

d+4−2i(ν−µ1−µ2)
4

;1
)

+(ν→−ν) , (5.31)

with 7F̃6 the regularised hypergeometric function and ∆1,2 = d
2 + iµ1,2.

This result can be immediately extended to products of in-in propagators in dS using
that they are given by a specific linear combination of analytically continued bulk-to-bulk
propagators in EAdS, as reviewed in section 2.1. In particular, we have that

Π±±̂µ1,0 (η,x; η̄, x̄) Π±±̂µ2,0 (η,x; η̄, x̄) = cdS-AdS∆+
1

cdS-AdS∆+
2

e∓
iπ
2 (∆+

1 +∆+
2 )e∓̂

iπ
2 (∆+

1 +∆+
2 )

×ΠAdS
∆+

1 ,0

(
−ηe±

iπ
2 ,x;−η̄e±̂

iπ
2 , x̄

)
ΠAdS

∆+
2 ,0

(
−ηe±

iπ
2 ,x;−η̄e±̂

iπ
2 , x̄

)
+
(
∆+

1 → ∆−1
)

+
(
∆+

2 → ∆−2
)

+ +
(
∆+

1 → ∆−1 ,∆
+
2 → ∆−2

)
. (5.32)

32A similar expression was presented very recently in [41]. Our result disagrees with their expression,
which we believe is because of a small typo in their formula.
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One then applies the Wick rotation (2.13) to the identity (5.29), giving:

ΠAdS
∆1,0

(
−ηe±

iπ
2 ,x;−η̄e±̂

iπ
2 , x̄

)
ΠAdS

∆2,0

(
−ηe±

iπ
2 ,x;−η̄e±̂

iπ
2 , x̄

)
= 1

4

∫ +∞

−∞
dν bAdS∆1 ∆2 (ν) csch (πν) e

± iπ2

(
d
2 +iν

)
e
±̂ iπ2

(
d
2−iν

)
Ω±,±̂ν,0 (η,x; η̄, x̄) . (5.33)

This immediately gives:

Π±±̂µ1 (x1, x2) Π±±̂µ2 (x1, x2) =
∫ +∞

−∞
dν b±±̂µ1 µ2 (ν) Ω±,±̂ν,0 (x1;x2) , (5.34)

where

b±±̂µ1 µ2 (ν) = 1
4csch (πν) e

± iπ2

(
d
2 +iν

)
e
±̂ iπ2

(
d
2−iν

)
×
[
cdS-AdS∆+

1
cdS-AdS∆+

2
e∓

iπ
2 (∆+

1 +∆+
2 )e∓̂

iπ
2 (∆+

1 +∆+
2 )bAdS∆+

1 ∆+
2

(ν)

+
(
∆+

1 → ∆−1
)

+
(
∆+

2 → ∆−2
)

+ +
(
∆+

1 → ∆−1 ,∆
+
2 → ∆−2

)]
. (5.35)

Such identities can be extended to any number n of products of bulk-to-bulk propagators
in (EA)dSd+1 (see figure 19):

ΠAdS
∆1,0 (x1, x2) . . . ΠAdS

∆n,0 (x1, x2) =
∫ +∞

−∞
dν bAdS∆1 ...∆n

(ν) ΩAdS
ν,0 (x1;x2), (5.36a)

Π±±̂µ1 (x1, x2) . . . Π±±̂µn (x1, x2) =
∫ +∞

−∞
dν b±±̂µ1 ... µn (ν) Ω±,±̂ν,0 (x1;x2) , (5.36b)

where

b±±̂µ1 ... µn (ν) = 1
4csch (πν) e

± iπ2

(
d
2 +iν

)
e
±̂ iπ2

(
d
2−iν

)
×

∑
∆±1 ...∆

±
n

cdS-AdS∆+
1

. . . cdS-AdS∆+
n

e∓
iπ
2 (∆+

1 +...+∆+
n )e∓̂

iπ
2 (∆+

1 +...+∆+
n )bAdS∆+

1 ...∆+
n

(ν) . (5.37)

One first determines the spectral function bAdS∆1 ...∆n
in EAdS, which can be obtained for

instance by iterating the identity (5.27) above, from which the spectral function b±±̂µ1 ... µn (ν)
in dS follows from the identity above. The identities (5.36) simplify the computation of
loop diagrams in (EA)dS containing such multiple products of bulk-to-bulk propagators as
they are replaced by the spectral integral of a single harmonic function which is factorised
by virtue of the split representation (2.26).

There are some simplifications in the case d = 2. For instance, for n = 2 we have [147]:

bAdS∆1 ∆2 (ν) = i

8πν

[
ψ(0)

(−iν + iµ1 + iµ2 + 1
2

)
− ψ(0)

(
iν + iµ1 + iµ2 + 1

2

)]
, (5.38)
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where ψ(0) is the digamma function, while for n = 3, by iterating (5.27) we obtain:

bAdS∆1 ∆2 ∆3 (ν) = 1
32π2ν

(µ1 + µ2 + µ3 − ν)
[
ψ(0)

(
iµ1+iµ2+iµ3−iν

2 + 1
)

+ γ
]

+ (ν → −ν) , (5.39)

which is a new result.33

6 Analyticity

This section gives an extended discussion of parts of section 4 and section 5 in [36] on the
conformal partial wave / conformal block expansion in de Sitter.

The fact that diagrams contributing to the perturbative computation of boundary
correlators in dS can be expressed as a linear combination of EAdS Witten diagrams not
only implies that we can import a wealth of techniques and results from EAdS to dS. It also
implies that dS diagrams inherit properties from their EAdS counterparts. A particularly
important property of boundary correlators in AdS is their single valuedness in the Euclidean
regime. This in particular implies that they admit an expansion in terms of the conformal
partial waves/harmonic functions (4.10) [42–46] which, as reviewed in section 4.1, provide
an orthgonal basis of single-valued Eigenfunctions of the Casimir invariants of the conformal
group. As pointed out in [36] (section 4 below equation (4.10)), that dS diagrams can be
expressed as a linear combination of EAdS Witten diagrams implies that dS boundary
correlators are also single-valued (at least in perturbation theory) and hence also admit an
expansion in terms of the Conformal Partial Waves (4.10).34 The Conformal Partial Wave
decomposition of a conformal four-point function takes the form

〈O1O2O3O4〉 = (non-normalisable) +
∑
J

∫ +∞

−∞
dν aJ (ν)Fν,J , (6.1)

where the spectral integral over the parameter ν captures the normalisable contributions to
the four-point function. The spectral function aJ (ν) is a meromorphic function for boundary
correlators in AdS and hence the same is true (at least in perturbation theory) for boundary
correlators in dS for the Bunch-Davies vacuum. Note that from the conformal partial wave
expansion (6.1) one can obtain an expansion of the four-point function into conformal blocks
using that the conformal partial wave is given by the linear combination (4.10) of conformal
blocks, deforming the integration contour and evaluating the residues of the corresponding
poles in ν. The function aJ (ν) therefore encodes the operator product expansion (OPE)
data (spectrum and OPE coefficients) via the location and residue of the poles in ν, where
the exchange of a state with spin-J and (normalisable) scaling dimension ∆ implies that
aJ (ν) has the following pair of poles:

aJ (ν) ∼ λ12∆λ∆34
C∆,J

1

ν2 +
(
∆− d

2

)2 . (6.2)

33Note that the sum leading to (5.39) diverges logarithmically. However, after including the term
ν → −ν, (5.39) does not depend on the regulator which enters only in the ν-independent terms.

34This observation, made in the companion paper [36], was very recently reiterated in [41].
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We will not discuss the procedure of going from the conformal partial wave expansion to
the conformal block decomposition in much further detail here, which has been described
extensively in the literature e.g. [45, 46].

For example, the Conformal Partial Wave decomposition of AdS exchanges given
in [50, 72] and for the normalisable

(
∆+) boundary condition on the exchanged particle reads,

AEAdS
∆+,J =

∫ +∞

−∞

dν

ν2 +
(
∆+ − d

2

)2
ν2

π
FEAdS
ν,J + contact, (6.3)

which follows immediately from the spectral representation of the corresponding bulk-to-bulk
propagator (2.8) (originally given in [50, 72, 148]) and the “+ contact” are lower spin (< J)
contributions which correspond to contact terms in the exchange. The Conformal Partial
Wave decomposition for the exchange with (∆−) boundary condition on the exchanged
particle follows from the identity (2.10) states that the difference of bulk-to-bulk propagators
with ∆± boundary conditions is given by a harmonic function. At the level of the exchange
Witten diagram the identity reads:

AEAdS
∆−,J = 2µiFEAdS

µ,J +AEAdS
∆+,J , (6.4)

where we see that the harmonic function FEAdS
µ,J gives the non-normalisable contribution

in the decomposition (6.1) while AEAdS
∆+,J gives the normalisable contributions given by the

spectral integral (6.3). Given that the corresponding exchange (4.32) in the Bunch-Davies
vacuum of dSd+1 is a linear combination of AEAdS

∆±,J , the Conformal Partial Wave expansion
of the dS exchange then follows from those (6.3) and (6.4) of its EAdSd+1 counterpart.
It reads:

AdS
µ,J =

( 4∏
i=1

cdS-AdS∆i

)[
−8µi cdS-AdS∆+ sin

((
−d+∆1+∆2+∆−+J1+J2+J

2

)
π
)

× sin
((
−d+∆3+∆4+∆−+J3+J4+J

2

)
π
)
FEAdS
µ,J

+ 2 sin
((
−d+2J+∆1+∆2+∆3+∆4+J1+J2+J3+J4

2

)
π
) ∫ ∞
−∞

dν

ν2 +
(
∆+ − d

2

)2
ν2

π
FEAdS
ν,J

]
,

(6.5)

where to arrive to the above from (4.32) we used the identity (4.40). This extends the result
of [36] (equation (5.2)), giving the conformal partial wave expansion of the dS exchange
for arbitrary internal and external spinning fields. Note that the conformal partial wave
expansion (6.5) of the dS exchange contains a discrete contribution (the first line) in addition
to the spectral integral on the second line owing to the propagation of the ∆− mode, which
is non-normalisable. It is also a nice consistency check to see that the contribution from
the spectral integral on the second line is given by that (6.3) and (6.4) of the corresponding
exchanges in EAdS multiplied by the sinusoidal factor (3.72), which corrects for the change
in the coefficient of four-point contact diagrams as we move from EAdS to dS. This is
consistent with the fact that only the contribution from the spectral integral can encode
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contact contributions to the exchange, since the discrete contributions are given by a finite
number of conformal partial waves which solve the homogeneous conformal invariance
equation (4.1). Note that by using the fact that the conformal partial wave is a linear
combination (4.10) of conformal blocks and deforming the integration contour as described
above one recovers the conformal block expansion of the dS exchange given in section 4.3.

Similarly, one can obtain the conformal partial wave expansions of loop diagrams in dS
from the conformal partial wave expansions of their AdS counterparts. We have already
seen such an example in section 5.4, where the conformal partial wave expansion of the
four-point “beach ball” diagram is given simply by attaching two pairs of external legs:

<latexit sha1_base64="FVnlIPTP1niuP53CfRyfsCpPscA="></latexit>

=

Z +1

�1
d⌫ bAdS

�1 ...�n
(⌫)

⌫2

⇡
FAdS

⌫,0
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<latexit sha1_base64="DmoeS8CoBY7JfhjcltX7GslaxKA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB6DevAYwTwgWcLspDcZMju7zswKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mHGCfkQHkoecUWOldvcWhaG9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5vVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDKn3CZpAYlWywKU0FMTGbPkz5XyIwYW0KZ4vZWwoZUUWZsRAUbgrf88ippVsreRbl6Xy3VrrM48nACp3AOHlxCDe6gDg1gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHjhaPqg==</latexit>

�2

<latexit sha1_base64="mhUvAV4VnAOaNl3Ksi8vHNN7IbU=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GNRDx4r2A9oQ9lsJ+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6mfqtJ9BGxOoBxwn4ERsoEQrO0Ert7i1IZD3VK1fcqjsDXSZeTiokR71X/ur2Y55GoJBLZkzHcxP0M6ZRcAmTUjc1kDA+YgPoWKpYBMbPZvdO6IlV+jSMtS2FdKb+nshYZMw4CmxnxHBoFr2p+J/XSTG88jOhkhRB8fmiMJUUYzp9nvaFBo5ybAnjWthbKR8yzTjaiEo2BG/x5WXSPKt6F9Xz+/NK7TqPo0iOyDE5JR65JDVyR+qkQTiR5Jm8kjfn0Xlx3p2PeWvByWcOyR84nz/pBo/m</latexit>

�n

. (6.6)

The conformal partial wave expansion of the corresponding diagram in dS then follows
immediately from the identity (5.35) relating the dS beach ball to the AdS beach ball. Note
that in the conformal partial wave decomposition of such diagrams there is no discrete
contribution — it can be decomposed purely in terms of a spectral integral. This is because
such products of bulk-to-bulk propagators can be expressed as a linear combination of
normalisable bulk-to-bulk propagators as in identity (5.27).

From dS to EAdS to Lorentzian AdS. The fact that dS diagrams in the Bunch-Davies
vacuum have the same analytic structure as their EAdS Witten diagram counterparts opens
up the possibility to apply various well-honed techniques developed in the context of anti-de
Sitter space to the perturbative computation of boundary correlators in de Sitter. In
particular, the dS to EAdS rules given in section 5, which immediately provide the precise
linear combination of EAdS Witten diagrams that compute a given diagram in dS, make
it tempting to take one further step: to go from the EAdS diagrams computing our dS
correlators to Lorentzian AdS, where numerous powerful techniques have been developed
such as the large spin expansion [124, 133, 149–156] and the Froissart-Gribov inversion
formula [46]. Let us note that such techniques reconstruct correlators in AdS from their
(lightcone) singularities and thus provide alternatives to the Mellin-Barnes cutting rules
and dispersion formula [36] reviewed in section 2.3 and related works [30, 32–35, 63] at the
level of the wavefunction coefficients. In particular, in flat space the discontinuity of the
(non-trivial) S-matrixM is related to the imaginary part via the optical theorem

2Im (M) =M†M, (6.7)

which is a consequence of unitarity: S†S = 1, where S = 1 +M. In Lorentzian CFTs,
dual to physics in AdS, the analogue of Im (M) is the double-discontinuity dDisc of the
CFT correlator: the inversion formula [46] reconstructs the CFT data from the double
discontinuity. This perspective was taken in [125], which related the double discontinuity
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of AdS Witten diagrams to AdS Witten diagrams with internal lines placed on-shell.
From the latter, the inversion formula reconstructs the full diagram. For example, the
double-discontinuity of a conformal block is (see e.g. [125, 131]):

dDisc
[
W∆±,J

]
= 2 sin

((
−d+∆1+∆2+∆∓+J

2

)
π
)

sin
((
−d+∆3+∆4+∆∓+J

2

)
π
)
W∆±,J , (6.8)

where for simplicity we took the external fields to be scalars. It is interesting to note that
the double discontinuity of the ∆± block gives precisely the sine factors (3.68) for the
three-point contact diagram of the ∆∓ mode. The double-discontinuity of the ∆± AdS
exchanges is therefore

dDisc
[
AEAdS

∆±, J

]
= 2 sin

((
−d+∆1+∆2+∆∓+J

2

)
π
)

sin
((
−d+∆3+∆4+∆∓+J

2

)
π
)
AEAdS

∆±, J

∣∣∣∣∣
on-shell

,

(6.9)

which gives the cut (4.34) multiplied the sinusoidal factors (3.68) for the ∆∓ mode. Note
that the contributions from double-trace operators (which encode the contact terms in
the exchange) are projected out by the double-discontinuity owing to the zeros of the sine
factors in (6.8) for double-trace values of the exchanged scaling dimension. Using that
the dS exchange in the Bunch-Davies vacuum is the linear combination (4.32) of ∆± AdS
exchanges, its double discontinuity is therefore:

dDisc
[
AdS
µ,J

]
= 4sin

((
−d+∆1 +∆2 +∆+ +J

2

)
π

)
sin
((
−d+∆3 +∆4 +∆+ +J

2

)
π

)

×4sin
((
−d+∆1 +∆2 +∆−+J

2

)
π

)
sin
((
−d+∆3 +∆4 +∆−+J

2

)
π

)

×
( 4∏
i=1

cdS-AdS∆i

)
1
2c

dS-AdS
∆+

[
AEAdS

∆+,J −A
EAdS
∆−,J

] ∣∣∣∣∣
on-shell

= 4sin
((
−d+∆1 +∆2 +∆+ +J

2

)
π

)
sin
((
−d+∆3 +∆4 +∆+ +J

2

)
π

)

×4sin
((
−d+∆1 +∆2 +∆−+J

2

)
π

)
sin
((
−d+∆3 +∆4 +∆−+J

2

)
π

)

×
( 4∏
i=1

cdS-AdS∆i

)
µ2Γ(iµ)Γ(−iµ)

2π FAdS
µ,J , (6.10)

where in the second equality we used the identity (6.4). It is interesting to note that the
double discontinuity of the dS exchange projects onto the corresponding conformal partial
wave. To tidy up the expression let us re-write this in terms of the dS normalised conformal
partial wave,

FdS
µ,J =

λdS∆1 ∆2 ∆+λdS∆−∆3 ∆4

λAdS∆1 ∆2 ∆+λAdS∆−∆3 ∆4

FAdS
µ,J , (6.11)
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so that the double-discontinuity of the dS exchange can be written as:

dDisc
[
AdS
µ,J

]
= 4sin

((
−d+∆3 +∆4 +∆+ +J

2

)
π

)
sin
((
−d+∆1 +∆2 +∆−+J

2

)
π

)

× 2π
Γ(+iµ)Γ(−iµ)F

dS
µ,J . (6.12)

It would be interesting to make contact between the above and the Cosmological Optical
Theorem presented in [30]. The above relations also formally extend to loop level, taking
the discontinuity of each internal leg.

It is interesting to note that while the double discontinuity (6.9) of ∆± AdS exchanges
is not single-valued since it is proportional to individual conformal blocks (4.34), the double
discontinuity (6.12) of exchanges in the Bunch-Davies vacuum of dS is single-valued since it
is proportional to a conformal partial wave.
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A (EA)dS bulk-to-bulk propagators

A.1 Mellin-Barnes representation of EAdS bulk-to-bulk propagators

In this appendix we determine the Mellin-Barnes representation (2.30) of EAdS bulk-to-bulk
propagators. The starting point is the spectral representation (2.8) of the propagators with
∆+ boundary condition, which for scalar fields (J = 0) reads:

ΠAdS
∆+,0 (x; x̄) =

∫ +∞

−∞

dν

ν2 +
(
∆+ − d

2

)2 ΩAdS
ν,0 (x; x̄) . (A.1)

To determine the Mellin-Barnes representation we go to Fourier space and take the Mellin
transform:

ΠAdS
∆+,0 (u,p; ū,−p) =

∫ +∞

−∞

dν

ν2+
(
∆+− d

2

)2 ΩAdS
ν,0 (u,p; ū,−p)

=
∫ +∞

−∞

dν

ν2+
(
∆+− d

2

)2

Γ
(
u+ iν

2

)
Γ
(
u− iν

2

)
Γ
(
ū+ iν

2

)
Γ
(
ū− iν

2

)
4πΓ(+iν)Γ(−iν)

(
p

2

)−2(u+ū)
, (A.2)
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where in the second equality we plugged in the Mellin-Barnes representation (2.26) of the
harmonic function, which is inherited from that (2.21) of its constituent bulk-to-boundary
propagators.

As noted in section 4.7 of [38], the spectral integral in ν can be lifted using the identity:

∫ ∞
−∞

dν
Γ
(
a1 + iν

2

)
Γ
(
a1 − iν

2

)
Γ
(
a2 + iν

2

)
Γ
(
a2 − iν

2

)
Γ
(
a3 + iν

2

)
Γ
(
a3 − iν

2

)
Γ(−iν)Γ(iν)Γ

(
a4 + iν

2 + 1
)

Γ
(
a4 − iν

2 + 1
)

= 8πΓ(a1 + a2)Γ(a1 + a3)Γ(a2 + a3)Γ(−a1 − a2 − a3 + a4 + 1)
Γ(1− a1 + a4)Γ(1− a2 + a4)Γ(1− a3 + a4) . (A.3)

A proof can be found in [130]. This gives:

∫ +∞

−∞

dν

ν2 +
(
∆+ − d

2

)2
Γ(u+ iµ

2 )Γ(u− iµ
2 )Γ(ū+ iµ

2 )Γ(ū− iµ
2 )

Γ(iµ)Γ(−iµ)

=
2π2 csc(π(u+ ū))Γ

(
u+ iµ

2

)
Γ
(
ū+ iµ

2

)
Γ
(
1− u+ iµ

2

)
Γ
(
1− ū+ iµ

2

) . (A.4)

Using that
1

Γ
(
1− u+ iµ

2

)
Γ
(
u− iµ

2

) = 1
π

sin
(
π
(
u− iµ

2

))
, (A.5)

we obtain

ΠAdS
∆+,0 (u,p; ū,−p) = csc (π (u+ ū))ω∆+ (u, ū) Γ (iµ) Γ (−iµ) ΩAdS

µ,0 (u,p; ū,−p) , (A.6)

where
ω∆+ (u, ū) = 2 sin

(
π
(
u− iµ

2

))
sin
(
π
(
ū− iµ

2

))
. (A.7)

Now that we have lifted the spectral integral, which is only valid for the normalisable ∆+

boundary condition, we can replace ∆+ → ∆− to obtain the ∆− propagator too:

ΠAdS
∆±,0 (u,p; ū,−p) = csc (π (u+ ū))ω∆± (u, ū) Γ (iµ) Γ (−iµ) ΩAdS

µ,0 (u,p; ū,−p) , (A.8)

with
ω∆± (u, ū) = 2 sin

(
π
(
u∓ iµ

2

))
sin
(
π
(
ū∓ iµ

2

))
. (A.9)

That this step is valid is confirmed by the identity (2.10).
That the bulk-to-bulk propagators for spin-J take the same form (A.8) (with the

harmonic function for J = 0 replaced by the harmonic function for general spin-J), up
to contact terms, can be seen by comparing with the Mellin-Barnes representation of the
spin-J exchange in EAdS computed as described in [38].
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A.2 dS propagators as Wick rotated AdS propagators

In this appendix we explain how in-in bulk-to-bulk propagators in dS can be written as
linear combinations of analytically continued AdS ones, giving the details behind the result
presented in [36]. The starting point is the formulas presented in [37, 38] for the in-in
bulk-to-bulk propagators in terms of analytically continued EAdS harmonic functions (which
were identified in [37, 38] as the dS Wightman functions):

Π±∓µ,J (η,p; η̄,−p) = Γ (+iµ) Γ (−iµ) ΩAdS
µ,J (−ηe±

iπ
2 ,p;−η̄e∓

iπ
2 ,−p), (A.10a)

Π±±µ,J (η,p; η̄,−p) = Γ (+iµ) Γ (−iµ)
[
θ (η̄ − η) ΩAdS

µ,J (−ηe±
iπ
2 ,p;−η̄e∓

iπ
2 ,−p) (A.10b)

+θ (η − η̄) ΩAdS
µ,J (−ηe∓

iπ
2 ,p;−η̄e±

iπ
2 ,−p)

]
.

For the ±∓ propagators, using the identity (2.10) we can immediately write

Π±∓µ,J (η,p; η̄,−p) = cdS-AdSd
2 +iµ ΠAdS

d
2 +iµ,J(−ηe±

iπ
2 ,p;−η̄e∓

iπ
2 ,−p)

+ cdS-AdSd
2−iµ

ΠAdS
d
2−iµ,J

(−ηe±
iπ
2 ,p;−η̄e∓

iπ
2 ,−p). (A.11)

This implies that in the ansatz (2.38) we have,

α±∓ = 1
cdS-AdSd

2−iµ
e∓πµ, β±∓ = 1

cdS-AdSd
2 +iµ

e∓πµ. (A.12)

To determine these coefficients for the ±± propagators we take the Mellin transform,
which resolves the θ-function singularities:

Π±±̂µ,J (u,p; ū,−p) =
∫ 0

−∞
dη dη̄ (−η)u−1 (−η̄)ū−1 Π±±̂µ,J (η,p; η̄,−p) (A.13)

= Γ (+iµ) Γ (−iµ)
∫ 0

−∞
dη dη̄ (−η)u−1 (−η̄)ū−1

×
[
θ (η̄ − η) ΩAdS

µ,J (−ηe±
iπ
2 ,k;−η̄e∓

iπ
2 ,−k) + (η ↔ η̄)

]
.

To evaluate the integrals in η and η̄ it is convenient to plug in the Mellin representation of
the harmonic function, which for spin J = 0 reads:

Γ (+iµ) Γ (−iµ) ΩAdS
µ,J (−ηe±

iπ
2 ,k;−η̄e∓

iπ
2 ,−k)

= Γ (iµ) Γ (−iµ)
∫ +i∞

−i∞

ds1ds2
(2πi)2 (−η)

d
2−2s1(−η̄)

d
2−2s2e±iπ(s1−s2)

× 1
4π Γ (iµ) Γ (−iµ)Γ

(
s1 − iµ

2

)
Γ
(
s1 + iµ

2

)
Γ
(
s2 − iµ

2

)
Γ
(
s2 + iµ

2

)(p
2

)−2(s1+s2)

︸ ︷︷ ︸
ΩAdS
µ,0 (s1,p;s2,−p)

.
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The η and η̄ integrals can be regulated to give:∫ 0

−∞
dη dη̄ θ(η − η̄)(−η)

d
2−2s1+u−1(−η̄)

d
2−2s2+ū−1 (A.14a)

= lim
η0→0

2(−η0)d−2s1−2s2+u1+ū

(d− 4s2 + 2ū)(d− 2s1 − 2s2 + u+ ū) ,∫ 0

−∞
dη dη̄ θ(η̄ − η)(−η)

d
2−2s1+u−1(−η̄)

d
2−2s2+ū−1 (A.14b)

= lim
η0→0

2(−η0)d−2s1−2s2+u+ū

(d− 4s1 + 2u)(d− 2s1 − 2s2 + u+ ū) ,

where the following conditions specify how to treat the integration contour:

<
(
d

2 − 2s1 + u

)
< 0 , <

(
d

2 − 2s2 + ū

)
< 0 , <(d− 2s1 − 2s2 + u+ ū) < 0 . (A.15)

Splitting now the integral of the sum of two θ function terms into the sum of two separate
Mellin-Barnes integrals, we can evaluate the s1 integral for the term proportional to (A.14a)
and the s2 integral for the term proportional to (A.14b). After a change of variables the
leftover Mellin-Barnes integral simplifies to:

Π±±̂µ,0 (u,p; ū,−p) = 1
4π

∫ +i∞

−i∞

ds

2πi

[
e±iπ(2s+u−ū)

s−ε
− e
∓iπ(2s+u−ū)

s+ε

]
(A.16)

×Γ
(
s+u− iµ

2

)
Γ
(
s+u+ iµ

2

)
Γ
(
−s+ ū− iµ

2

)
Γ
(
−s+ ū+ iµ

2

)(p
2

)−2(u+ū)
.

This integral has been studied in detail in [37, 38] and can be evaluated explicitly in the form:

Π±±̂µ,0 (u,p; ū,−p) = ω±±µ (u, ū) csc(π(u+ ū))Γ(iµ)Γ(−iµ)

× cdS-AdSd
2 +iµ cdS-AdSd

2−iµ
e∓(u+ū)πiΩAdS

µ,0 (u,p; ū,−p)︸ ︷︷ ︸
Ω±±µ,J (u,p;ū,−p)

, (A.17)

where

ω±±µ (u, ū) = ∓ i2
(
e∓2iπu + e∓2iπū − e−πµ − eπµ

) e±(u+ū)πi

cdS-AdSd
2 +iµ cdS-AdSd

2−iµ
. (A.18)

Note that we defined ω±±µ (u, ū) so that the phases and factors of cdS-AdSd
2±iµ

appearing in (A.17)
implement the analytic continuation of the EAdS harmonic function (2.27) according to the
Wick rotations (2.13). To determine the precise linear combination of analytically continued
AdS propagators we compare this expression to the corresponding one for the bulk-to-bulk
propagators in EAdS derived in the previous section:

ΠAdS
∆±,0 (u,p; ū,−p) = csc (π (u+ ū))ω∆± (u, ū) Γ (iµ) Γ (−iµ) ΩAdS

µ,0 (u,p; ū,−p) . (A.19)

In particular, the problem is to solve the following equations for α±± and β±±:

ω±±µ (u, ū) = α±±ωAdS
∆+ (u, ū) + β±±ωAdS

∆− (u, ū). (A.20)
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This is straightforward to implement e.g. in Mathematica, giving:

α±± = 1
cdS-AdSd

2−iµ
e±πµ, β±± = 1

cdS-AdSd
2 +iµ

e∓πµ. (A.21)

That the bulk-to-bulk propagators for spin-J take the same form (with the harmonic
function for J = 0 replaced by the harmonic function for general spin-J), up to contact
terms, can be seen by comparing with the Mellin-Barnes representation of the spin-J
exchange in dS computed in [38].
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