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1 Introduction

Skyrmions are extended field configurations that behave as new particle degrees of freedom.
Initially, they were proposed as a description of baryons within an Effective Field Theory
(EFT) description of strong interactions containing only the pion fields [1–3]. Since the
pions can be viewed as pseudo-Goldstone bosons arising from the breaking of an SU(2)
symmetry, the original setting can be directly applied to the electroweak sector, in the
limit in which the Higgs field is infinitely massive, and the gauge bosons are decoupled, so
that only the SU(2) would-be Goldstone bosons are present [4]. Electroweak skyrmions have
been shown to survive under certain conditions in more realistic settings, in which these
limits are partially removed, which can destroy the topological protection they enjoyed in
the first place [5].

The purpose of ref. [6] and of this work is to consider skyrmions in the full elec-
troweak theory, including the effects of both the gauge fields and a dynamical Higgs boson.
Skyrmions are unstable when only the Standard Model (SM) interactions are present, but
they can be stabilized by including higher-order effective operators. Since the discovery
of the Higgs [8, 9], two effective descriptions of the electroweak sector have emerged: the
Standard Model EFT (SMEFT), in which the scalars furnish a linear representation of the
electroweak symmetry group; and the Higgs Effective Field Theory (HEFT), in which the
realization of this symmetry is non-linear. The SMEFT version is studied in ref. [6]. In
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this paper, we focus on the HEFT framework, which we find to be better suited for the
description of skyrmions because of the non-trivial topology of its scalar sector.

In section 2, we briefly introduce the relevant sector of the HEFT, discuss the differ-
ences with the SMEFT and with the approximations that have been previously taken, and
introduce the topological numbers that characterize the topology of its field configurations.
In section 3, we study the existence of skyrmions numerically in the presence of the dif-
ferent combinations of HEFT operators. In section 4, we consider the phenomenological
consequences of skyrmions and the operators that generate them. This allows us to obtain
constraints on the parameter space, in which we include positivity bounds. We summarize
our conclusions in section 5.

2 Theory

The relevant degrees of freedom for skyrmions in the electroweak sector are the SU(2)
gauge bosons W a

µ , the would-be Goldstone bosons Ga, and the Higgs boson h. We ne-
glect the effects of the U(1)Y gauge sector. In the HEFT formulation, the spontaneously
broken SU(2) symmetry is realized non-linearly through the Callan-Coleman-Wess-Zumino
construction [10, 11], in which the Goldstones are collected into the unitary matrix

U = exp iσ
aGa√
2v
∈ SU(2). (2.1)

This framework was first applied to the electroweak sector without a Higgs boson [12].
The Higgs can then be introduced as an extension of this EFT with a SU(2) singlet field,
having no relation to the Goldstones [13–17].1 The effective Lagrangian is written as

L =
∑
i

Fi(h/v)Qi, Fi(η) =
∞∑
n=0

ci,nη
n, (2.2)

where the Qi are monomials inWµν , U , h and their covariant derivatives, with h appearing
only through its derivatives. That is, schematically

Qi ∼ hHi(Wµν)WiUUiDDi , (2.3)

where Hi, Wi, Di are, respectively, the number of Higgs fields, field-strength tensors, and
covariant derivatives contained in Qi. We use the convention in which the gauge coupling
g is absorbed in the gauge fields, with the coefficient of the gauge kinetic term being
−1/(2g2). In this setting, the chiral dimension dχ is defined as [18]

dχ(h) = dχ(U) = 0, dχ(W ) = 2dχ(D) = 2. (2.4)

We adopt a power counting based on the chiral dimension, in which each ci,n coefficient is
of order Λ2−dχ(Qi), where Λ is the HEFT cut-off scale, multiplied by the necessary power of

1This is to be contrasted with the more restrictive linear realization where h(x) and U(x) are assembled

into the Higgs doublet φ = 1√
2 (v + h)U

(
0
1

)
.
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Name Operator Radial energy density ρi in spherical ansatz
Q1 λ − r2

e2v4

Qh ∂µh∂
µh r2

2 (η′)2

QU
〈
DµU

†DµU
〉

2
v2

(
f2

1 +f2
2 + r2

2 b
2
)

QXh2
1
g2 〈WµνW

µν〉 −8e2
[
(f ′1−2bf2)2 +(f ′2 +(2f1−1)b)2 + 2

r2 (f2
1 +f2

2 −f1)2
]

QXh5 εµνρσ 〈WµνWρσ〉 0
QXU8 i〈Wµν [Lµ,Lν ]〉 16e2

2r2

[
(f2

1 +f2
2 )(f2

1 +f2
2 −f1 +2r2b2)−br2(f2f

′
1−f1f

′
2 +bf1)

]
QXU11 iεµνρσ 〈Wµν [Lρ,Lσ]〉 0
QD1 〈LµLµ〉2 −4e2

r2
[
2(f2

1 +f2
2 )+r2b2]2

QD2 〈LµLν〉〈LµLν〉 −4e2

r2
[
2(f2

1 +f2
2 )2 +r4b4]

QD7 〈LµLµ〉∂νh∂νh −e2v2(η′)2 [2(f2
1 +f2

2 )+r2b2]
QD8 〈LµLν〉∂µh∂νh −e2v2(η′)2r2b2

QD11 (∂µh∂µh)2 − e2v4

4 (η′)4r2

Table 1. Custodial-invariant operators Qi containing the Higgs only through derivatives, of order
up to Λ0, together with their contribution to the radial energy density ρi in the spherical ansatz,
defined in eq. (3.2).

v for the coefficient to have the correct energy dimensions. Thus, terms with higher chiral
dimensions are suppressed by higher powers of v/Λ. An upper bound of Λ . 4πv can be
obtained by requiring that the coefficients are not finely tuned [19]. In addition, Λ must
be large enough for pertubation theory in the effective parameter v/Λ to work. A rough
estimate of the corresponding lower bound on Λ is v. Thus, Λ must lie in the range:

v < Λ . 4πv. (2.5)

In order for the power counting to hold for the SM terms, the EW coupling constant
g and Higgs quartic coupling λ are absorbed into the corresponding Qi operators, and
assigned a chiral dimension of

2dχ(g) = dχ(λ) = 2. (2.6)

We keep terms with chiral dimension up to 4, and impose custodial symmetry, which is
needed for configurations in the spherical ansatz to give spherically symmetric contributions
to the energy, as described in section 3.1. A list of all relevant operators Qi is given in
table 1, partially following the notation of ref. [17], where angle brackets 〈·〉 denote a trace
and Lµ = iUDµU

†.
The relevant sector of the SM Lagrangian is given by the dχ = 2 operators, with

F1(h/v) = 1
λ
V (h) = v4

(
(h/v)2 + (h/v)3 + 1

4(h/v)4
)

= v2h2 + vh3 + h4

4 , (2.7)

Fh(h/v) = 1
2 , FXh2(h/v) = −1

2 , FU (h/v) = v2

4

(
1 + h

v

)2
, (2.8)
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Deviations from the SM are encoded in modifications of any of the Fi. We look for an
embedding of the original Skyrme model [1] in the HEFT. This is given by the Lagrangian
LSM + LSk, where LSM is the SM Lagrangian and

LSk = − 1
16e2 (QD1 −QD2), (2.9)

that is, setting FD1(h/v) = −FD2(h/v) = − 1/(16e2). In the chiral dimension power
counting, the size of the coefficient is given by e ∼ Λ/(4v).2 Examples of UV completions of
the HEFT that generate the QD1 and QD2 operators can be found in ref. [20]. For example,
integrating out a heavy SU(2)-singlet antisymmetric tensor field Rµν that describes a spin-1
particle with mass M and has the following interaction Lagrangian:

LR,int = iG 〈RµνLµLν〉 , (2.10)

generates eq. (2.9) with e = M/(4
√

2G).
The theory LSM + LSk is a candidate for the stabilization of skyrmions. Two limits of

it have been previously studied in the literature:

A. Frozen Higgs. This corresponds to mh → ∞, which implies that the Higgs is set to
its vev h = 0 everywhere.

B. No gauge fields. This is obtained when the SU(2) coupling vanishes, g → 0. In this
limit, the coefficient of the 〈WµνW

µν〉 term becomes large, and the gauge fields are
forced to approach a pure gauge configuration in order to minimize the energy. One
can gauge them away. The only degrees of freedom left are the Goldstone bosons and
the Higgs.

Taking both limits leads to a theory with only the Goldstone bosons as dynamical degrees
of freedom, which has been studied in, e.g. ref. [3]. Limit A has been considered in ref. [5],
while limit B has been considered in ref. [21]. In any of these limits, and in the full theory,
the Skyrme term can be generalized by allowing other linear combinations of the QD1 and
QD2 operators. This has been done in the case where both limits are taken, in ref. [4], and
in limit B, in ref. [22].

In ref. [6] skyrmions were studied in the full theory without assuming any of the
two limits above. This was done within the SMEFT framework, in which the electroweak
symmetry is realized linearly. The purpose of the present paper is to continue this program
in the non-linear realization. Ultimately, the existence of skyrmions turns out to be much
harder to prove in the SMEFT than in the HEFT, as discussed below. Ref. [23], which
appeared during the preparation of this work, has a similar scope.

In limit B, the theory contains stable field configurations separated from the vacuum
by an infinite energy barrier. This fact can be understood from a topological point of
view. To have finite energy, the fields must approach a pure gauge configuration at spatial

2Notice that, following eq. (2.5), the allowed range of values for e is 1/4 < e . π.
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infinity. This means that one can always choose a gauge in which the following boundary
conditions are satisfied:

lim
|x|→∞

Wi(x) = 0, lim
|x|→∞

h(x) = 0, lim
|x|→∞

U(x) = 12×2, (2.11)

which means that all directions towards infinity can be identified with a single point,
effectively compactifying space into S3. Thus, the scalar fields can be viewed as a S3 →
R × S3 mapping. We can then define a topological charge, the winding number for the
U : S3 → S3 part of the mapping:

nU = 1
24π2 εijk

∫
d3x 〈LiLjLk〉 . (2.12)

This is a homotopy invariant of U , and therefore it can never change with smooth time
evolution. However, this number is only well defined when the target space of the scalar
sector has the topology R×S3. This is true generically both in the full HEFT and in limit B,
but it ceases to be in the particular case of the SMEFT, in which the Lagrangian becomes
independent of U(x) when h(x) = −v (see footnote 1 above). One can then identify all
points with this value of h, turning the scalar manifold into R4 ∼= C2. The scalar degrees
of freedom are thus collected into a SU(2) doublet φ. In general, the topology of the static
configurations of φ cannot be characterized in terms of the number nU since U is only
defined through φ = 1√

2 (v + h)U · (0 1)T when φ 6= 0 everywhere.3 Therefore, in order for
skyrmions to be stable in the SMEFT, it is necessary that a local minimum of the energy
with well-defined nSk ' 1, and thus φ 6= 0, exists. In particular, this field configuration
must be separated by a barrier from any other configuration with φ(x) = 0 at some point
x. This property has not been proven for skyrmions in the SMEFT.

One can recover a well-defined nU in the SMEFT by taking the frozen Higgs limit A,
which disallows h(x) = −v and forces the scalars to be in the submanifold S3. As already
noted earlier, we will not follow this route in this paper and will instead use the HEFT
formulation of the theory, where h and U are independent, and without imposing limits A
and B.

The inclusion of gauge fields destroys the topological protection of nU 6= 0 configura-
tions from decaying into the vacuum. However, the

〈
WijW

ij
〉
term in the energy induces

a finite-energy barrier between configurations in which Wµ is a pure gauge, Wi = U∂iU†,
W0 = 0, possibly making them metastable. In order to describe this, we use the Chern-
Simons number

nCS = 1
16π2 εijk

∫
d3x

〈
WiWjk + 2i

3 WiWjWk

〉
. (2.13)

For a pure-gauge Wi = U∂iU†, nCS is the integer winding number of the gauge transfor-
mation U(x) : S3 → S3.

A skyrmion is a field configuration for which nU and nCS differ by (approximately4)
one unit. We thus define the skyrmion number as

nSk = nU − nCS. (2.14)
3Even if φ = 0 only at an isolated point p, U becomes a mapping S3 − {p} ∼= R3 → S3, and all such

mappings are homotopically equivalent.
4Due to metastability.
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While nU and nCS are not gauge invariant, nSk is, because nU and nCS change by the same
integer under a large gauge transformation. An anti-skyrmion is similarly a configuration
where nSk ' −1, and multi-skyrmions have |nSk| > 1. A CP transformation changes the
sign of the skyrmion number.

3 Skyrmion configurations and energy landscape

3.1 The energy functional in the spherical ansatz

We parametrize the space of static configurations of the fields W a
µ , U and h in the W0 = 0

gauge by means of 4 real functions of one variable: f1, f2, b and η. We do so by further
imposing the unitary gauge U(x) = 12×2 and the spherical ansatz:

Wi(x) = veτa

(
εijanj

f1(r)
r

+ (δia − nina)
f2(r)
r

+ ninab(r)
)
, h(x) = v√

2
η(r), (3.1)

where τa are the Pauli matrices, ni = xi/|x|, r = ve|x|, and e is a parameter we will
adjust as a function of Wilson coefficients. The energy density in this ansatz is spherically
symmetric when all interactions are invariant under custodial symmetry.5 We can then
write the energy as

E = 4πv
e

∫ ∞
0

dr
∑
i

Fi(η)ρi, (3.2)

where the contributions ρi to the radial energy density of each Qi operator are given in
table 1. Requiring that the energy is finite and that the fields are regular at the origin
gives rise to the following boundary conditions:

f1(0) = f ′1(0) = f2(0) = f ′2(0)− b(0) = η′(0) = 0, (3.3)
f1(∞) = f2(∞) = b(∞) = η(∞) = 0. (3.4)

Since we have fixed the unitary gauge, the skyrmion number is just nSk = −nCS. For
convenience, we define

nW = i

24π2 εijk

∫
d3x 〈WiWjWk〉 = 2

π

∫ ∞
0

dr b(f2
1 + f2

2 ), (3.5)

which agrees with nCS at integer values. Thus, skyrmion and anti-skyrmions will be found
at nW ' −1 and nW ' 1, respectively. CP symmetry, which takes one into the other,
is given here by f1 → f1, f2 → −f2, b → −b, η → η. All the operators we consider are
invariant under this transformation. This is because the two operators that violate CP
vanish for static field configurations. Thus, the static-configuration energy functional is
invariant under nW → −nW .

5Indeed, if one takes any M ∈ SU(2) and R its representation as a spatial rotation, one has MWi(x)M† =
RijWj(R−1x), so invariance under spatial rotations and under custodial symmetry become equivalent.
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1.0 f1

f2

b

η

Figure 1. Minimal energy configurations for e = 1.2, cD1,0 = −cD2,0 = 1/(16e2), and nW = 0.4
(left) or nW = 0.8 (right).

3.2 The Skyrme term

We focus first on the case in which

− cD1,0 = cD2,0 ≡
1

16e2 , (3.6)

with the rest of non-SM coefficients in the HEFT Lagrangian being set to zero. The last
equality is to be understood as fixing the free parameter e of the ansatz. This corresponds
to the original Skyrme term, given in eq. (2.9). The total energy functional is given by

E = 4πv
e

∫ ∞
0

dr

[
ρSM + (f2

1 + f2
2 )
(
b2 + f2

1 + f2
2

2r2

)]
, (3.7)

where ρSM is the contribution from the SM. We shall now describe the field configurations
and energy landscape that arise in this setting. We study them using the method described
in appendix A. We display two example configurations for e = 1.8 and different values of
nW in figure 1. In figure 2, we show the minimal energy as a function of nW , for different
values of e. We obtain numerically more stable and smoother results than in ref. [6], due
the partial topological protection of the HEFT described in section 2. For e > ecrit ' 0.9,
we find a finite-energy barrier separating the skyrmion, with nW ' 1, and the vacuum at
nW = 0. This barrier disappears below ecrit. Thus, the skyrmion solution exists only when
e > ecrit and is a metastable configuration.

The energy E of the local minimum is the skyrmion mass. We find that the normalized
energy eMSk/(4πv) is approximately constant, with a value of 3.3 at e = ecrit, and a limiting
value of 3 as e→∞, so the skyrmion mass is given by

MSk|e'ecrit '
41v
e
, MSk|e→∞ '

38v
e
. (3.8)

This is an order of magnitude higher than for the SMEFT solutions found in ref. [6]. The
maximum of MSk is reached at e = ecrit:

MSk ≤MSk|e=ecrit ' 11 TeV. (3.9)
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0.0 0.2 0.4 0.6 0.8 1.0 1.2
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16

E
(T

eV
)

Figure 2. Minimal energy as a function of nW , for cD1,0 = −cD2,0 = 1/(16e2) and different values
of e. The barrier disappears around e = 0.9 and no skyrmion solutions exist at lower values of e.

In figure 3, we show this behaviour and compare it to the case in which no gauge fields
are present, labelled limit B in section 2. The curves are similar for large e. This is to be
expected since a large value of e makes the 〈WµνW

µν〉 term dominant, with similar effects
as taking g → 0, which is limit B. However, some differences arise at small e. Just above
ecrit, the mass of the skyrmion in the full theory is slightly lower than in limit B. This is
because the nW = 1 is no longer topologically fixed in the full theory, and so nW can move
to another value with lower energy. For e < ecrit, skyrmions become unstable in the full
theory, but nothing changes in limit B, as they are still topologically protected.

For the height of the barrier, the energy of the local maximum near nW = 1/2, we find
that

Ebarrier|e=ecrit ' 11 TeV, and Ebarrier|e→∞ ' 10 TeV. (3.10)

We also define the radius of the skyrmion RSk by averaging over the nW density as

R2
Sk = i

24π2 εijk

∫
d3x |x|2 〈WiWjWk〉 = 2

π(ve)2

∫
dr r2 b (f2

1 + f2
2 ). (3.11)

We find that
RSk|e=ecrit '

1.4
ve
, RSk|e→∞ '

1.9
ve
, (3.12)

3.3 Skyrmion stabilisation from other operators in HEFT

We consider here the possibility that skyrmions are stabilized by some operator from table 1
other than QD1 − QD2. Some of these operators can be discarded for this purpose from
general considerations. Derrick’s theorem [7] forbids the existence of any solitons when
only Q1, Qh and QU are present. Since nCS is close to an integer for skyrmions, the gauge
fields are close to a pure gauge configuration, and all operators containing a field-strength
tensor can also be neglected. There are five remaining operators that can contribute: the
QDi in table 1.

– 8 –



J
H
E
P
1
2
(
2
0
2
1
)
0
2
6

1 2 3 4 5

e

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

20.0

M
S
k

(T
eV

)

full HEFT

no gauge fields

1.0 1.5

8

9

10

11

12

13

Figure 3. Skyrmion mass MSk as a function of e for the full theory and for limit B.

We consider now turning on one cDi,n coefficient at a time while fixing the others
to zero. We find that none of them are capable of stabilizing skyrmions except for cD1,0
and cD2,0. Indeed, for all the others, their radial energy density ρi is multiplied by some
monomial in η or η′. One can then take η = 0 everywhere, which implies Fi(η)ρi = 0. We
have checked this numerically in several examples.

It remains to study the skyrmions generated by cD1,0 and cD2,0. It turns out that both
individually, as well as some of their linear combinations, generate meta-stable skyrmions.
We parametrize the space of linear combinations with two parameters e and θ, with the
former to be used as the corresponding parameter in the spherical ansatz:

cD1,0 =
√

2
16e2 cos θ, cD2,0 =

√
2

16e2 sin θ. (3.13)

The Skyrme term is recovered for θ = 3π/4. In terms of these parameters, the non-SM
contribution to the radial energy reads

cD1,0ρD1 + cD2,0ρD2 = −cos θ
4r2

[
2(f2

1 + f2
2 )r2b2 + 2(2 + tan θ)(f2

1 + f2
2 )2 + (1 + tan θ)r4b4

]
(3.14)

This is positive everywhere if and only if cos θ ≤ 0 and tan θ ≥ −1, or, equivalently
3π/4 ≤ θ ≤ 3π/2. Numerically, we find that skyrmions are stabilized in a slightly wider
range:6

0.71π ' θmin ≤ θ ≤ θmax ' 1.6π, (3.15)
6The region determined by these values agrees with the one obtained in ref. [4] for the case in which

both limit A and B are taken.
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Figure 4. Left: ecrit as a function of θ. Right: skyrmion mass MSk as a function of θ, for e = 3.
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Figure 5. Minimal energy as a function of nW , for e = 1.8 and θ = 3π/4, π, 3π/2.

for e > ecrit(θ), where ecrit(θ) is a θ-dependent critical value of e, that we show on the left
panel in figure 4. The skyrmion mass also depends on θ for constant e, with MSk = 0 at
θ = θmax. We show this on the right panel of figure 4. The normalized mass eMSk/(4πv)
has little variation with e, as it happened for θ = 3π/4. In figure 5, we display the energy
profile for e = 1.8 > maxθ ecrit(θ), and different values of θ. Finally, in figure 6 we show the
region of (cD1,0, cD2,0) space where meta-stable skyrmions exist, and the values the masses
of the skyrmions inside it, which are given approximately by

MSk ' (30 TeV) · [tan(θmax)cD1,0 − cD2,0]1/2 . (3.16)

The condition e > ecrit(θ) is just a θ-independent upper bound on the skyrmion mass
MSk < 11 TeV. The radius is similarly given by

RSk ' (20 TeV−1) · [tan(θmax)cD1,0 − cD2,0]1/2 ' 2MSk/3 · TeV−2. (3.17)

– 10 –



J
H
E
P
1
2
(
2
0
2
1
)
0
2
6

−0.100 −0.075 −0.050 −0.025 0.000 0.025 0.050 0.075 0.100
cD1,0

−0.4

−0.3

−0.2

−0.1

0.0

0.1

c D
2
,0

0 TeV

11 TeV

Figure 6. Skyrmion mass MSk as a function of cD1,0 and cD2,0.

In order for skyrmions to behave as classical objects, their radius must be larger than their
Compton wavelength: RSk & 1/MSk. In combination with the equation above, this implies
that MSk & 1.2 TeV.

The region where skyrmions exist in the (cD1,0, cD2,0) plane is thus determined by

cD2,0 < tan(θmin)cD1,0, 1.7× 10−3 . tan(θmax)cD1,0 − cD2,0 . 0.13. (3.18)

Although the rest of the ci,n coefficients are not enough by themselves to stabilize
skyrmions, they may have effects in the configurations generated by cD1,0 and cD2,0. Fig-
ure 7 shows the contribution of each Qi to the energy density in the configuration with
θ = 3π/4 and e = 1.8. The contributions from the operators not included in the generation
of the configuration are negligible compared to the energy. This means that whenever
the ci,n coefficients are chosen so that their contribution is positive, they will not change
the skyrmion configuration in a significant way. However, they might be chosen so that
their contribution to the energy is arbitrarily negative, destabilizing the skyrmion. We find
numerically that this happens when cD8,0 = 1, for example.

4 Phenomenology

4.1 Collider signals

The process of electroweak skyrmion production is similar to the electroweak instanton, as
it is a B + L violating transition over a barrier of a few TeV. As such, it is expected to be
exponentially suppressed, even at energies above the potential barrier [24, 25]. Thus, it is
unlikely that this process will take place at colliders. However, one can indirectly study
the existence of skyrmions through other effects of the operators that generate them.

The two skyrmion-stabilizing operators QD1 and QD2 induce an anomalous quartic
gauge coupling (aQGC) while preserving the SM triple gauge coupling. Most LHC searches
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Figure 7. Radial energy densities ρi in the skyrmion configuration with θ = 3π/4 and e = 1.8.
The operators in the left plot are included in the calculation of the skyrmion configuration. The
ones in the right plot are computed once this configuration is obtained and fixed.

for aQGC [26–32] use a parametrization in terms of dimension-8 SMEFT operators which
was first proposed in ref. [33]. This set of operators was corrected in ref. [34] by introducing
missing operators and removing redundant ones in order for them to form a basis. The space
of operators with four covariant derivatives was shown to have dimension 3. However, the
experimental searches with the strongest constraint on this space [30, 31] give their results
in terms of only two operators, coming from an incomplete set of ref. [33]:

LS = fS0(Dµφ
†Dνφ)(Dµφ†Dνφ) + fS1(Dµφ

†Dµφ)(Dνφ
†Dνφ) (4.1)

Therefore, their results cannot be used in general to constrain the full 3-dimensional space
of Wilson coefficients. Only when the measured final state uniquely selects one aQCG
vertex (WWWW , WWZZ or ZZZZ) can the results in the incomplete set be translated
into the complete EFT basis, as shown in ref. [35]. Following this reference, we obtain
limits over cD1,0 and cD2,0 (denoted α5 and α4 there) from the 95% CL limits over fS0
and fS1 found in ref. [31] individually for WW and WZ production at

√
s = 13 TeV and∫

Ldt = 137 fb−1. WW production comes from the WWWW vertex, and the limits and
conversion are given by

−2.7× 10−3 ≤ 2cD1,0 + cD2,0 = v4fS1
8 ≤ 2.9× 10−3, (4.2)

−8.2× 10−3 ≤ cD2,0 = v4fS0
8 ≤ 8.9× 10−3, (4.3)

whereas WZ production comes from the WWZZ vertex, they are

−1.3× 10−3 ≤ cD1,0 = v4fS1
16 ≤ 1.3× 10−3, (4.4)

−1.9× 10−3 ≤ cD2,0 = v4fS0
16 ≤ 1.9× 10−3. (4.5)
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Figure 8. Red and green dashed lines: 95% CL limits on cD1,0 and cD2,0 at
√
s = 13 TeV,∫

dtL = 35.9 fb−1 from CMS [30], using data from WZ production (red) and WW production
(green). Solid yellow line: lower limit on the skyrmion mass from requiring a classical behavior.
Transparent shaded blue region: excluded by positivity bounds. Color-gradient region: allowed
values of the coefficients for the existence of skyrmions, from the numerical calculations in this
work. The coloring represents the skyrmion mass. The black-line perimeter encloses the region of
allowed values of the coefficients that support a skyrmion.

We show these limits in figure 8. We point out that the experimental bounds in ref. [36]
are presented in terms of a basis for 2-dimensional custodial-invariant subspace of the
3-dimensional space of aQGC operators containing only covariant derivatives, and thus
directly translatable into our setting. However, they are weaker than the ones we have
obtained, and they are not shown in figure 8.

4.2 Positivity bounds

The space of Wilson coefficients can also be constrained theoretically by imposing general
principles such as unitarity, locality and causality. The bounds obtained in this way are
known as positivity bounds [37], and can be interpreted as necessary conditions for the
existence of a UV completion to the EFT in question. In the HEFT, causality implies
that [38–41]

cD1,0 + cD2,0 > 0, cD2,0 > 0. (4.6)

These inequalities also arise in the chiral Lagrangian without gauge bosons [42]. The region
excluded by them is shown in blue in figure 8. It follows that skyrmions can only exist
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in the angular region θmin ≤ θ < 3π/4. Combining this fact with the experimental limits
gives an upper bound on the mass of the skyrmion:

MSk . 1.6 TeV. (4.7)

4.3 Dark matter

Similarly to skyrmion production, skyrmion decay is a B + L-violating process which ex-
pected to be exponentially suppressed. The skyrmion lifetime is thus likely longer than
the age of the universe, opening the possibility of skyrmions being Dark Matter (DM)
candidates. We use the following order-of-magnitude estimate of the freeze-out skyrmion
density [6]

ΩSkh
2 ' 3× 10−27 cm3s−1

〈σannv〉
, σann ' πR2

Sk, v ' 1/2. (4.8)

Requiring that the skyrmion density is at most the total DM density ΩSkh
2 ' 0.1 gives

a skyrmion mass of MSk ' 60 GeV. This naive estimate is well below the lower limit
induced the requirement that the skyrmions behave classically, making them not viable
as DM candidates. However, more sophisticated calculations have to be performed to
see if a skyrmion with mass above this limit can satisfy the abundance criterion. The
simple scenario we have considered can be substantially modified by effects such as the
possible existence of long-range interactions between skyrmions and antiskyrmions, or the
dependence of the skyrmion mass and lifetime on temperature. A detailed exploration of
these topics is beyond the scope of this paper and deserves its own study.

5 Conclusions

We have studied the skyrmion configurations that arise in the HEFT. We have found that
a metastable configuration with classical behavior and skyrmion number close to one exists
whenever the coefficients cD1,0 and cD2,0 lie on the strip

cD2,0 ≤ tan(θmin)cD1,0, 1.7× 10−3 . tan(θmax)cD1,0 − cD2,0 . 0.13.

The mass of this skyrmion is given by MSk = (30 TeV) · [tan(θmax)cD1,0 − cD2,0]1/2. It is
separated from the trivial vacuum by an energy barrier of about 11 TeV. This value also
represents the maximal theoretical MSk, as above it the barrier disappears. The minimal
mass is obtained by requiring that the Compton wavelength of the skyrmion is shorter
than its size, which gives MSk & 1.2 TeV.

Since skyrmions are unlikely to be created at colliders, we have focused on the exper-
imental signals of the operators that stabilize them. LHC searches for aQCG put bounds
of order 10−3 on both coefficients. Combining these bounds with positivity constraints, we
have found that the allowed parameter space for skyrmions in the quadrilateral

1 < cD2,0/cD1,0 ≤ tan(θmin), cD1,0 > −1.3× 10−3,

cD2,0 & 1.7× 10−3 tan(θmax)cD1,0.
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This allowed us to obtain a stronger upper bound on the mass of the skyrmion, of about
1.6 TeV.

Skyrmions are also expected to be long-lived, so they contribute to the DM density.
A naive estimate of their abundance in a freeze-out scenario shows that the required MSk
for all the DM to be made of skyrmions is outside the range in which they have a classical
behavior. However, more detailed calculations of their annihilation cross section and of the
effects of finite temperature are needed to determine their viability as DM candidates.

A Numerical method

We use a neural network to model the function taking r to R(r) = (f1(r), f2(r), b(r), η(r)).
We choose an architecture with sigmoid σ(x) = (1 + e−x)−1 activation functions and two
hidden layers, each having 5 units. That is, we parameterize

R(r) = A3 ◦ σ ◦A2 ◦ σ ◦A1(r) (A.1)

where A1 : R1 → R5, A2 : R5 → R5, and A3 : R5 → R4 are affine transformations. The
problem is to adjust the parameters of A1, A2 and A3 to minimize the energy E[R] while
satisfying the boundary conditions BC[R] = 0 and fixing nW [R] to some value nW,0. We
reformulate this problem as minimizing the functional

L[R] = E[R] + ωBC BC[R]2 + ωnW (nW [R]− nW,0)2, (A.2)

with the weights ωi being sufficiently high. In practice, we set ωBC = 103 and ωnW = 104.
To perform the numerical minimization of L, the training of the network, we use the
functional-minimization features of Elvet [43, 44].

This procedure allows us to find the minimal energy E for a fixed nW . In order to find
the local minimum near nW = 1, which is the skyrmion, we first train the network with
nW = 1. Once the minimum under this condition is reached, we resume the training with
this condition removed by setting ωnW = 0. Since the network is already close to the local
minimum, the training cannot overcome the finite barrier, so it can only take the network
into the skyrmion configuration.

We check that the configurations found in this way are compatible with Derrick’s
argument. We first split the energy as

E =
∑
i

Ei, Ei = 4πv
e

∫ ∞
0

drFi(η)ρi. (A.3)

In terms of the functions defined here, a spatial scale transformation is given as r → λr,
b→ b/λ. If one applies such transformation to a local minimum, the energy must satisfy:

0 = dE

dλ

∣∣∣∣
λ=1

= 3E1 + (Eh + EU )−
∑
i

Ei, (A.4)

where i runs over rest of operators in table 1. Numerically, we get

1
E

dE

dλ

∣∣∣∣
λ=1

< 1%. (A.5)
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In order to find the critical value ecrit, we note that for e > ecrit the height of the local
minimum must be lower than the height of the barrier, so at e = ecrit they must become
of the same height. For small e, the barrier is found at around nW = 0.4 and the local
minimum is close to nW = 0.8. We can thus obtain ecrit approximately as the value of e
that minimizes |E(nW = 0.4)− E(nW = 0.8)|. We search for this value in steps of 0.05.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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