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Abstract

The wavelength dependence of the Faraday effect may be measured either
sequentially at particular wavelengths using narrow band sources, or simultane-
ously at many wavelengths using a white-light or broadband source. We apply
both methods to measure the wavelength dependence of the Verdet constant of
a terbium gallium garnet crystal. We show that although the white-light mea-
surement offers the advantage of requiring only one source, it is more prone to
systematic errors than using multiple laser sources.
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(Some figures may appear in colour only in the online journal)
1. Introduction

In 1845 Michael Faraday made a key step in the unification of optics and electromagnetism
with the discovery that a magnetic field changes the polarization of light propagating in a
medium [1]. In the modern era, the Faraday effect is particularly important in laser physics
where it is used to realise an optical diode—a device that transmits light in only one direction
[2—4], and in Faraday filtering, where Faraday dispersion allows the realisation of narrowband
filters [S—14], which are important for atmospheric and solar monitoring [15-20]. For most
applications, an optical medium with a combination of high optical transmission and large
Faraday effect is desirable [4, 21-25].
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The Faraday rotation of the plane of polarization of light with wavelength A in a medium
with length / is given by

Op(N\) = V(MBI (1)

where V(M) is the Verdet constant, and B is the average magnetic field strength along the
medium. Note that the magnetically induced rotation 0()) is a function of the wavelength
A, i.e. the Verdet constant depends on A. This effect is known as Faraday dispersion and can
be understood by considering linearly polarised light to be an equal superposition of right
and left circular polarisations. In the presence of a magnetic field, a Faraday medium will
become birefringent; exhibiting different right and left circular refractive indices. The two cir-
cular polarisations of the input field will thus propagate relative to one another in the medium
and will incur a relative phase shift [1]. This is equivalent to a rotation in the linear polarisation.
At room temperatures, the primary contribution to the birefringence is caused by a splitting of
energy levels known as Zeeman splitting [26]. If the light is far-off resonance with a transition
involving these levels, then the dispersion law can be approximated as

@
YN =5"5 2)
where o and )¢ are medium-dependent parameters.

Measurements of the Faraday effect and Faraday dispersion have become a staple of the
undergraduate optics laboratory [27-38]. The standard technique is to use a linear polarizer
after the Faraday medium to measure the rotation. The light intensity after the analyser is given
by Malus’ law [1],

I = Iycos’(0, + 6p), 3)

where 04 and 0p are the analyser angle and the additional rotation induced by the Faraday
effect, respectively. Figure 1 shows the prediction of this equation as a function of 4 and A,
where the wavelength dependence is obtained from (1) and (2).

To characterise Faraday dispersion, we can either measure the rotation at discrete wave-
lengths [35, 37] (vertical lines in figure 1) or at all wavelengths simultaneously using white
light [22] (horizontal lines in figure 1). The white-light technique has also been used to measure
optical rotation in other circularly birefringent media such as sugar solutions [39]. White-light
has the advantage that only one source is required but the disadvantage that we also require a
spectrometer.

In this paper, we compare measurements of the Verdet constant of terbium gallium gar-
net (TGG) using white-light and discrete laser wavelengths. We show that the two techniques
have different strengths and weaknesses. Whereas the white-light technique can be easily
implemented using a single light source, the potential for systematic errors is problematic.
By contrast, the discrete-wavelength technique necessitates the use of many lasers to measure
the Faraday dispersion, with a concomitant larger overhead. However, the close to ideal nature
of laser sources, including a well-defined centre wavelength, small beam divergence and low
intensity fluctuations makes the laser method less prone to systematic errors.

2. Experiment

The experimental set up is shown in figure 2. It consists of a light source, either (a) a fibre
optic white light source or (b) a laser (Photonics Technology HEXA-BEAM which provides
up to six wavelengths in a single head) with power less than 1 mW. The light is collimated and
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04 [rad]

Figure 1. The normalised light intensity, /I, given by (3), incident on the detector as a
function of wavelength, A, and the analyser angle, 64. To determine the Faraday rotation,
we can either fix the wavelength and vary 6, (vertical lines), or fix #, and measure at
different wavelengths e.g. using white light (horizontal lines). The band-like structure is
caused by the polarisation rotating in and out of alignment with the second polariser.

(a)

Aperture Servo Rotation
. . Stage (6,)
White Light / TGG Rod /
Source L Spectrometer
I I .
,,,,,,, |
Lens A \ Magnet Lens B
(b)
Polarizer
Laser Power
Laser Meter
—— | — — | —
J

Figure 2. (a) Experimental setup for white-light methods. Lens A is used for collimation
and lens B is used to focus the light beam onto an optic fibre connected to a spectrometer.
(b) Experimental setup for discrete wavelength methods. In both setups, the first polariser
is used to generate linearly polarised light in a known orientation and the second is used
to determine the change in polarisation. Note the angle of the second polariser (6,) is
taken with respect to the angle of the first.

passes through a linear polarizer then a TGG crystal placed inside a permanent magnet. The
magnet produces an axial field with maximum field strength, Bp,x = 1.62 T [40]. The spatial
variation of the field is discussed in appendix A. After the magnet, the light passes through
a second polarizer, the analyser. The analyser angle, 6, is controlled by a motorized rotation
stage. Finally, the transmitted intensity is recorded using either (a) a spectrometer or (b) a
power metre.
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Figure 3. Plots of the normalized intensity obtained with the discrete wavelength
method against analyser angle for each laser. The laser wavelengths are identified by
colour as follows—blue: 446.6 nm; violet: 533.1 nm; purple: 659.2 nm; red: 787.5 nm;
pink: 855.1 nm.
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Figure 4. Discrete wavelength fit: a plot of the inverse rotation angle computed for each
wavelength against A2 is shown in (a) with normalized residuals shown in (b). The laser
wavelengths are identified by colour as follows: blue—446.6 nm; violet—>533.1 nm;
purple—659.2 nm; red—787.5 nm; pink—855.1 nm.

For the laser source, first the wavelength is fixed and 6, is varied (vertical cuts in figure 1).
Subsequently this is repeated for a different laser wavelength. For the white-light source, all
wavelengths are measured simultaneously (horizontal cuts in figure 1). In the white-light case,
04 can also be varied to record different horizontal cuts. Detailed accounts of the experimental
methods are given in the subsequent sections.
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Table 1. Values obtained from the fits to the data obtained with each laser in the discrete
wavelength method. A6 is the angle of rotation modulo 27.

A (nm) A0 (rad)  Uncertainty Af (rad) Reduced x>

446.6 2.38 0.05 1.16
533.1 2.21 0.05 1.04
659.2 3.14 0.05 13.9
787.5 2.04 0.05 0.796
855.1 1.70 0.04 0.103

3. Results

The results obtained using both the white-light source and the discrete wavelength source are
presented in this section. First we consider the discrete laser wavelength measurements.

3.1. Discrete laser wavelength results

The normalised intensity transmission as a function of analyser angle, 6,4, for five laser wave-
lengths is shown in figure 3. By comparing traces with and without the crystal, the rotation
angle arising from the Faraday effect can be extracted for each wavelength. These data are
plotted against A in figure 4 and manifest as a straight line as expected from (1) and (2). A
straight line fit using weighted linear regression [41] allows the parameters o and )y to be
extracted.

The parameters obtained for each laser wavelength, A, are given in table 1. The
Verdet dispersion coefficients were found to be: o = (44.3+0.6) x 107'2 rad mT~'; and
Ao = (258 + 1) nm. The reduced x? value in the fit was x2; = 0.41. In order to obtain a suit-
able value of XZ, the uncertainties in the rotation angles (see table 1) were scaled by a factor n
found by gradient descent with a cost function of the form (x2, — 1)°.

3.2. White-light results

The data obtained using the white-light method are depicted in figure 5. First, the spectrum with
and without the second polarizer is shown in figure 5(a). Even before we add the analyzer, the
transmitted spectrum is relatively complex consisting of the spectrum of the source modified
by absorption in the crystal. For TGG, there is a strong absorption at around 480 nm, marked by
a pronounced dip in the transmitted intensity. The addition of the analyzer yields broad minima
at wavelengths where the Faraday effect rotates the plane of polarization to be orthogonal to
the transmission axis of the analyzer. In figure 5(a) this occurs at around 450 nm and 550 nm. In
principle, this spectrum provides all the information we need to extract the Faraday dispersion
curve. However, due to the variation of the background intensity, how best to extract the results
from the data is not obvious. We shall explore two methods. First, we fit to the whole spectrum
in figure 5. We call this the complete spectrum method. Second, we fit only to the maxima and
minima. We call this the stationary point method.

3.2.1. White-light complete spectrum method. In this first method, the complete spectrum is
fitted. We assume that the normalised transmission is given by the product of the normalised
spectrum of the source and Malus’ law with the wavelength dependent Faraday rotation angle
given by (1) and (2). This was repeated for spectra taken with a selection of analyser angles,
the results of which are shown in figure 6. From these fits, the dispersion law can be extracted
in a similar way to that described in [39].
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Figure 5. The normalised transmission spectrum for the white light source through the
crystal is shown in grey in plot (a); Iy = 0.8 uW cm~2 nm~!. Adding linear polarizers
aligned parallel on either side of the crystal produces the spectrum shown in colour in
plot (a). Partially normalised transmittance spectra for analyser angles (6 € [0°,90°])
are shown in colour in plot (b) with the corresponding maximum and minimum values
at each wavelength shown in black. The coloured spectra in (b) were re-normalised to lie
between the black lines prior to further processing—the re-normalised spectrum for an
analyser angle of 0° is shown in plot (c). The poor signal to noise seen for wavelengths
greater than approximately 800 nm is a consequence of the low light level in this part of
the spectrum.
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Figure 6. Single spectrum polarimery: the normalized data and associated fits for anal-
yser angles —3.717, —1.327, —1.858, —5.841 and —4.690 are shown in pink, red,
yellow, green and blue respectively for the wavelengths 425 nm—675 nm in (a). The
normalised residuals are shown in (b).

Table 2. Dispersion characterisation obtained using the complete spectrum polarimetry
method for five randomly selected analyser angles. The reduced x? values and Durbin
Watson (D) statistics for each data set are also given.

04 (rad) a (1072 radmT™") N(m) x%, D

—=3.717 44.6(6) 241.39(2) 7.168 0.212
—1.327 44.5(6) 242.40(2) 1.558 0.229
—1.858 44.3(6) 242.32(2) 1.039 0.354
—5.841 44.0(6) 244.17(2) 1.482 0.248
—4.690 44.2(6) 243.78(2) 2.927 0.207

The results obtained with complete spectrum polarimetry are given in table 2. The associ-
ated normalised data and fits are shown in figure 6. The mean parameter values obtained are
a=(443+0.2) x 107!2 rad mT~!, Ay = (243.24+0.7) nm. Note that the relatively low
Durbin Watson D statistics given in table 2 suggest a positive correlation in the residuals.

3.2.2. White-light stationary point method. In this second method, only the intensity minima
and maxima are fitted. The wavelengths corresponding to these stationary points were found
for a range of analyzer angles using the method illustrated in figure 7(a).

Accurate values for the stationary points con be found by fitting a quadratic function around
each maximum and minimum (see figure 7(a)). These stationary points are associated with
particular rotation angles; specifically, for maxima (65 + 64 = nm), and, for minima (0p +
04 = (n+ 1/2)m) with n € Z. Changing the analyser (64) changes the wavelength at which the

7
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Figure 7. Stationary point identification: quadratic functions (shown in black in (a)) were
fitted to the stationary points of the normalised spectra (where Iy = 0.5 uW cm =2 nm ')
to determine their location. This process was repeated for five different analyser angles
and the Faraday rotation and hence Verdet constant associated with each stationary
point was calculated; these data are shown in (b). Individual fits to each of the five data
sets were found along with a fit using all of the data. The normalised residuals from
these fits are shown in (c) with the residuals from the fit using all the data shown in
black. Approximately two thirds of the normalised residuals lie within the interval £1,
as is expected for a good fit [41].

stationary points occur. From (1) and (3) these values of rotation angles are used to determine
the Verdet constant for discrete wavelengths, giving the curve shown in figure 7(b).

The results obtained with the stationary point values extracted from figure 7 are summarised
in table 3. The parameters obtained by combining results for 72 different analyser angles, see
figure 8, are o = (44.6 £ 0.6) x 10712 rad mT~!, )y = (241.0 + 0.2) nm. The reduced X?ed
for this sample was 1.367.



Eur. J. Phys. 43 (2022) 015302

J L Maxwell et al

Table 3. Dispersion characterisation values obtained by fitting stationary points at
five randomly selected analyser angles. Using all five data sets a = 44.4(6) x
1072 rad mT~! and Ay = 242.1(7) nm and the reduced x? value was found to be 3.059.

04 rad) (1072 rad mT~") Ag(nm) X2,
—3.717 44.5(6) 241(2) 0.444
—2.212 45.0(6) 239(2) 1.155
—2.478 44.6(6) 241(2) 5.910
—3.097 43.6(6) 248.4(9) 9.836
—4.690 44.3(6) 243(2) 3.131
350
— (a)
T 300 -
g
£ 250 -
T 200
= 150 1
N
100 T T T T T
44 (b)
5 2
< B ..v.n%'.‘,.” .
g 0 ¢ o asan ol
ot —,.——*&—)i———————“;’..r.——
~ -2 . . .......,
_4 4 .
T T T T T
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Figure 8. Stationary points for 72 different analyser angles (depicted in blue in (a))
along with a fit through these data (shown in red). The resulting normalised residuals
are shown in (b).

4. Comparison of the different methods

We have introduced two experimental methods to measure the Faraday dispersion law, white-
light versus discrete laser wavelength, and two ways to analyse the white-light spectra (fitting
only the maxima and minima or fitting the whole spectrum). As there are only two parameters,
the results of all three methods are summarised using error surfaces, see figure 9. Note that
the laser and white-light measurements disagree systematically, with the laser measurement
returning a value closer to the literature values [42]. There are at least two possible ways to
explain the systematic error in the white light measurements. First, the lasers and white-light
sample different regions in the crystal. This could lead to systematic errors in the white-light
measurement due to spatial inhomogeneities. Additionally, as the white light source is less
well-collimated it is more difficult to align the light through the centre. Second, the white-light
is partially absorbed by the crystal, as is evident from the prominent absorption features in

9
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Figure 9. Contour plots depicting the reduced x? value as a function of o and )¢ for
the three methods. The results for the discrete wavelength method are shown in (a). The
results for the single spectrum polarimetry method are shown in (b) for an analyser angle
of —1.858 rad. The results for the stationary point method are marked with an arrow in
(c) with (a) depicted above for reference. The black squares in each of the plots indicate
the literature values for v and A\ [42].

figure 5. This causes heating potentially leading to a systematic error as the Verdet constant of
TGG is highly temperature dependent [21, 26].

10
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5. Conclusion

In this paper we compare discrete versus continuous frequency measurements to characterise
Faraday dispersion in an optical medium. The discrete method uses multiple lasers with dif-
ferent wavelengths. The continuous (or white-light) method uses a single broadband source
to measure over a wide range of wavelengths simultaneously. Although the discrete method
carries the overhead of requiring many sources it is simpler to implement and for the case of
TGG crystal studied is less prone to systematic errors.
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Appendix A. Field characterisation

An accurate knowledge of the field strength within the TGG crystal is required to determine
the Verdet dispersion. To characterise this field, a Hall probe was used to measure its strength,
periodically, along one axial and one transverse path through the centre of the magnet. These
data were then extrapolated to find the 3D distribution of field strength (see figure Al). From
this, the length integral of B was determined. The axial field integral ( f(f B(0, 0, z)dz) was found
to have a value of 25.3 T mm, whereas the average over the crystal cross-sectional area, A, was
found to be (1/A) [y B(x,y, 7)dxdydz = 26.2 4+ 0.3 T mm.

A.1. Uncertainty in [ Bdl

The uncertainty in | /3 d/ was determined by calculating the integral along an axial path through
the magnet and calculating the integral for the same path translated axially (by the uncer-
tainty in axial position) and taking the difference. The uncertainty in the axial position of
the crystal was taken to be =3 mm. The corresponding uncertainty in the average integral

(l/AfOIB(x,y, z)dx dy dz) was found to be 0.3 T mm.
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Figure A1. The magnetic field strength around the centre of the bore hole as a function of
transverse (x) and axial (z) position found by extrapolating measurements in transverse
and axial directions intercepting the centre. The location of the crystal is outlined by a

white rectangle.
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Figure B1. Photograph of the experimental setup for the white light methods. Note that
the servo rotation stage has been omitted from the analyser in this image. Additionally,

a compound lens was used to produce a more tightly collimated beam.

Appendix B. Specific experimental setup

Specific details of the experimental apparatus used in this work are provided here to aid with
reproducibility. An image of the apparatus used in the white light method is shown in figure B1.
The white light source used in this investigation was Schott KL. 1500 HAL, the spectrum

of which is shown in figure B2.

The permanent magnet used in this work was constructed from a series of ring segments
with both radial and axial polarities. The central bore, in which the TGG sample was placed,
had a radius of 11 mm. Precise details of the magnet’s construction are given in [40] under
the section pertaining to prototype 3. The spectrometer used was an IS Instruments Miniature
Spectrometer and a Thor Labs S120C Si Photodiode was used as the LASER power metre.

12
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Figure B2. Normalised intensity spectrum (where Iy = 0.8 uW cm~2 nm~!) of Schott
KL 1500 HAL—measured with the TGG crystal and polariser absent from the setup
depicted in figure B1.
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