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Abstract
In this pedagogical review we introduce systematic approaches to deforming
integrable two-dimensional sigma models. We use the integrable principal chi-
ral model and the conformal Wess—Zumino—Witten model as our starting points
and explore their Yang—Baxter and current—current deformations. There is an
intricate web of relations between these models based on underlying algebraic
structures and worldsheet dualities, which is highlighted throughout. We finish
with a discussion of the generalisation to other symmetric integrable models,
including some original results related to Z; cosets and their deformations, and
the application to string theory. This review is based on notes written for lec-
tures delivered at the school ‘Integrability, Dualities and Deformations’, which
ran from 23 to 27 August 2021 in Santiago de Compostela and virtually.
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1. Introduction

The goal of this pedagogical review is to introduce systematic approaches to constructing inte-
grable deformations of 2D sigma models. In order to keep the presentation pedagogical, we will
use the integrable principal chiral model, the principal chiral model plus Wess—Zumino (WZ)
term and the conformal Wess—Zumino—Witten (WZW) model as our starting points. After
introducing these models in section 2, we will start our exploration by considering different
integrable deformations of the SU(2) models in section 3. These include the trigonometric,
elliptic and Yang—Baxter (YB) deformations.

In section 4 we will investigate the generalisation of the YB deformation for general group
G. There are two classes of such models, the homogeneous and inhomogeneous deformations,
which correspond to twisting and g-deforming the symmetry algebra respectively. We will see
the close relationship between homogeneous deformations and worldsheet dualities, and study
inhomogeneous deformations based on the well-known Drinfel’d—Jimbo solution to the modi-
fied classical YB equation. Investigating the underlying algebraic structure of YB deformations
will lead us to the notion of Poisson—Lie T-duality in section 5 and current—current deforma-
tions of the WZW model, which we will explore in more detail in section 6. Finally, in section 7
we finish with an overview of the literature including references for the material presented in
this review, discuss the generalisations to other symmetric integrable models, including some
original results related to Z; cosets and their deformations, and highlight applications to string
theory.

Before we begin, let us take a moment to discuss some of the reasons why it is of inter-
est to study integrable deformations of sigma models. Due to their large hidden symmetry,
2D integrable models are amongst a small class of interacting field theories that can poten-
tially be solved exactly both classically and at a quantum level. A large toolkit of methods
and techniques has been developed that can be applied to these models. This motivates their
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classification, which, while a formidable task, has seen much progress in recent years. Con-
structing integrable deformations of known integrable sigma models is a systematic approach
that has been particularly fruitful, and allows us to investigate different corners of the space of
integrable models.

On the other hand, deformations can also provide new understanding of the structure of
known integrable models. For example, applying standard quantum field theory techniques to
many 2D sigma models is complicated by the fact that the perturbative excitations are massless.
In the principal chiral model these massless excitations are the Goldstone bosons associated to
symmetry breaking. In the quantum theory the global symmetry is restored and the elementary
degrees of freedom are actually massive. By deforming the theory, additional structure, such
as new fixed points, can be introduced. This allows alternative first-principle approaches to
be employed that may be more amenable to quantization and verifying conjectures following
from integrability.

While 2D integrable sigma models are interesting in their own right, much of the recent
motivation to study them has come from applications to string theory. Indeed, worldsheet string
theories are described by 2D sigma models. There are a number of examples of superstrings
supported by Ramond—Ramond fluxes whose worldsheet theories are integrable. This includes
the AdSs x S° and AdSy x CP? superstrings amongst others. While it is difficult to apply
traditional conformal field theory methods to these models, the toolkit of integrability methods
can be used, leading to a proposal for the exact spectrum of string energies in the free string
limit. Finding new examples of solvable string theories is always interesting, and studying
integrable deformations is one approach to achieving this. A more detailed discussion of some
of these applications together with the relevant references can be found in section 7.

2. The principal chiral model and the Wess—Zumino term

2.1. The principal chiral model

The principal chiral model (PCM) is the prototypical example of a 2D integrable sigma model.
The field content is simply a field g(z, x) valued in the Lie group G, which plays the role of the
target space. For convenience we will take this Lie group to be simple throughout this review,
and in any examples it will be SU(2) or one of its non-compact counterparts. Since the Lie
group G is simple, there is a unique invariant bilinear form, up to normalisation, on its Lie
algebra Lie(G) = g, which we denote by tr.! This is the Killing form. We also introduce the
left- and right-invariant Maurer—Cartan forms

1

j=g'dgeg,  k=-dgg'eg, 2.1)

! Often it is convenient to take the group-valued field to be in a matrix representation of G. In order to avoid introducing
ambiguities related to the choice of representation, we define tr in the adjoint representation to be

1
tr (XY) = v Tr(adyady) X,Y €g,

where A" is the dual Coxeter number of g. In a general representation this means that

1
tr (XY) = K Tr(XY), X, Yeg,
R

where xy is the index of the representation and Tr is the usual matrix trace. It follows that tr is independent of the
choice of representation.
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which are the distinguished differential one-forms on the Lie group manifold G valued in the
Lie algebra g, and their pull-backs to the 2D worldsheet?

ju=g'd8€9  k.=-0,88 "€y, (2.2)

also valued in the Lie algebra g. Here the index i =1, x runs over the 2D worldsheet
coordinates. The flatness of the Maurer—Cartan forms then implies that

a/l,jV - aujy + [j/l,’jl/] =0, ayky - auky + [k/l,’ k,] = 0. (2.3)

The action of the PCM is
% % %
Spem = 5 /dzxtr (g’laugg’laug) =5 /dzxtr (j#j“) =5 /dzxtr (kuk“) .4

We assume that we are on a flat Minkowski worldsheet with metric ) ,,,, —7,, = 1,, = 1 and
N = Ny = 0. The parameter % is the inverse coupling constant of the model and is propor-
tional to radius squared of the target space. In the context of worldsheet string theories it plays
the role of the string tension. The overall sign of the action (2.4) ensures that for a compact
Lie group G, which has a negative-definite Killing form, the kinetic terms are positive and the
target-space metric has Euclidean signature. For a non-compact Lie group, the kinetic terms
have mixed signs. In such examples it may be of interest to reverse the overall sign of the action
(2.4), for example to give a target-space metric with Lorentzian signature. This will be the case
for models with G = SL(2, R).

The PCM has a G, x Gg global symmetry, which acts on the group-valued field as

g — gLggr, &L.8r €G. (2.5)

The equations of motion of the PCM can be written as the conservation of either the right-acting
or left-acting symmetry

3/1” =0, 3/1](” =0. (2.6)

To see this explicitly let us consider the infinitesimal variation of the group-valued field
g—ge ~ g(l+¢), where ¢ € g. Therefore, g = ge and 6g ' = —g '9gg ™' = —eg .
Varying j, = g '0,g gives

0ju = 0(87'0u8) = —e8™'0ug + 87 '0u(ge) = Dy + 87 0ug. €1 = Dye + Ljmel. (2.7)
Now varying the action (2.4) we find

5Svent — / @xtr (D + Lo D)

- % / dxtr (0, " + Ui D) = —% / d*xtr (£9,7") . (2.8)

where we have used integration by parts, the invariance of the bilinear form and that [}, j*] =
0. We immediately see that requiring the variation to vanish for arbitrary ¢ € g implies that
the equation of motion is the conservation equation 9, j* = 0. This also demonstrates that
the left-invariant j, is the conserved Noether current for the right-acting symmetry. A similar

2n this review we typically refer to the 2D space-time as the worldsheet.
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computation shows that the right-invariant k,, is the conserved Noether current for the left-
acting symmetry.
In general, we will work with light-cone coordinates on the worldsheet, which we define as

xt = %(: + x), 0y =0, +0,. (2.9)

In terms of light-cone coordinates the action of the PCM (2.4) becomes

Spem = —% /dzxtr (i) - (2.10)
The equations of motion (2.6) are given by
Orj +0_ji =0, 2.11)
while the flatness condition (2.3) is
Orj- — 0_js + Ljsrj1=0. (2.12)
The PCM can be written in the canonical form of a 2D sigma model?

1
Sm =5 [ ErGun @0, + M Bun(6)9,60,6")
(2.13)

1
-2 / x (Gyn(@®) + Bun(6)93 006",

Here ¢M are local coordinates on the target space, G = GMN(¢)d¢M dd)N is the metric on the
target space and the B-field B = %BMN(QZ))dd)M AdgV is a target-space two-form. e*” is the
antisymmetric tensor on the worldsheet with ! = —¢!% = 1. Up to boundary terms, the action
(2.13) is invariant under gauge transformations

B — B+ dA, Byy — Buyny + 8MAN — 8NAM. (2.14)
We can therefore define the H-flux, a gauge-invariant closed three-form,
H = dB, Hynp = OuByp + OnBpy + OpBun . (2.15)

If the two-form B is globally well-defined then H is exact as well as closed.

To write the PCM in the form (2.13), we introduce coordinates ¢ on the Lie group manifold
G, that is g(t, x) = g(¢™(t, x)), and generators T, of the Lie algebra g. We then expand J, in
terms of left-invariant frame fields

j/l = LZ/I(@@/@MTW (2.16)

Substituting into the action (2.4) we see that it takes the form (2.13) with

Gun(9) = —Liy(DLYQ (T, Ty) . Bun(d) = 0. (2.17)

3 Conventionally, this action comes with an additional factor of 2710, where o/ plays the role of the loop-counting

parameter in the quantum theory. In the context of string theory this factor plays the role of the string tension. Given
that we will mostly focus on classical sigma models, we set o/ = ﬁ for convenience.
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Similarly, we can introduce right-invariant frame fields
k/l - RaM(¢)a/l¢MTa, (218)
in terms of which Gyn(¢) and By (¢) are given by

Gun(9) = —Ri(ORUO (TuTy),  Bun($) = 0. (2.19)

Therefore, we indeed find a 2D sigma model whose target-space metric is the bi-invariant
metric on the Lie group G and with vanishing B-field.

The PCM is an integrable sigma model. To show this we start by constructing a Lax connec-
tion. The Lax connection depends on a spectral parameter z € C and its flatness for arbitrary
z should be equivalent to the equations of motion of the model. One approach to constructing
a Lax connection, which will prove useful later, is to observe that the current j, is both con-
served and flat on-shell. When we have such a current we can always write down the following
Lax connection

Lo =L (2.20)
¥z
Indeed, computing the curvature we find
04 L — 0Ly +[L4, L ]= _ 2 (1 =201 j- — (A +2)0_jy + Ljs. j-1)
1 . . . . ;
= —— (04j- = 0_js + Ljs. j1 — 204 j +0-j1)) -
-z
(2.21)

We immediately see that the vanishing of the curvature for all z implies that j, is both conserved
and flat. Conversely, if j, is both conserved and flat then the Lax connection s flat. Note that we
can also construct a Lax connection starting from k.., which is also conserved and flat. The two
connections are equivalent in the sense that they are related by a formal gauge transformation,
which leaves the flatness condition

8+£, - B,EJF + [£+, [,7] = O, (222)

invariant, and a redefinition of the spectral parameter. These formal gauge transformations do
not correspond to a gauge symmetry of the model. Explicitly, if we define

—1 -1
g 0:g = 0+88
L = s L = — , 2.23
+(2) T +(2) ET (2.23)
then we have that
_ _ O.rg87! _ Oigg™' . _
gLo@g " —Ougg = T _pge = -T2, 24
¥z ¥z

as claimed.
Once we have a Lax connection, we can follow the usual procedure for constructing the
monodromy matrix and conserved charges. The monodromy matrix is given by

M(t;2) = Péxp (—/ dx ,Cx(t,x;z)> — Péxp (—/ dx Z¥ “j’) , (2.25)
_ —Z

oo o 1

6



J. Phys. A: Math. Theor. 55 (2022) 093001 Topical Review

where L,(z) = %(EJF — L_) is the spatial component of the Lax connection and Pe?p denotes
the path-ordered exponential with greater x to the left. The flatness of the Lax connection then
implies that the monodromy matrix satisfies

OM(t;2) = —L(2)| ., Mt 2) + M(t; 2)L,(2)] (2.26)

X—00 X——00"

hence is conserved if we assume suitable decaying boundary conditions at spatial infinity.
Expanding the monodromy matrix in powers of % gives

1 e 1 o0 o0 X
M(t;2) =1+ 2/ dx ji(t,x) + 2 (/ dx j. (2, x) —|—/ dx/ dx’ji(t, x) ji(t, x’)) + ...

(2.27)

At the first non-trivial order we find the Noether charges associated to the right-acting global
symmetry. At higher orders in % we find non-local conserved charges, which, together with
the Noether charges, generate a classical Yangian algebra, an infinite-dimensional algebra
that underlies the integrability of the model. The non-locality of the higher conserved charges
means that this is often referred to as a hidden symmetry. It is also possible to extract an infi-
nite number of independent local conserved charges in involution from the monodromy matrix
following a procedure known as abelianisation. This involves transforming to a diagonal gauge
and expanding around the poles of the Lax connection at z = +1.

The conserved charges found from the monodromy matrix have vanishing spin in the clas-
sical theory, where the spin is the charge under the SO*(1, 1) Lorentz symmetry of the 2D
sigma model. It turns out that the PCM also has an infinite number of independent higher-spin
local conserved charges in involution. Let us take G to be a classical simple Lie group in its
defining matrix representation. The construction of the higher-spin local conserved charges is
then based on the existence of the following conserved currents*

It =Tr(J), Tn— = Tr(j). (2.28)

For m = 2 these are proportional to the non-vanishing components of the energy—momentum
tensor

Top o TrGiyji), T o< Tr(jojo). (2.29)

The energy—momentum tensor is symmetric and, since the PCM is classically invariant under
conformal transformations, its trace vanishes, 7, =T_, =
Combining the equations of motion (2.11) and the flatness condition (2.12) we have that

| . L.
Oyj- = —E[H,Jf], 0_ji = —E[Jf,]+]~ (2.30)
Therefore,
m—1 . m am—1r + m m—1 . 1.
O Ty =m Te(j170_ji ) = 3 Te(/ -, j+ D = > Te([/S, j1j-) =0, (2.31)

where we have used the cyclicity and invariance of the trace. Similarly, we can show that
0+ J—_m = 0. We can then define the following local conserved charges

#Here we work in the defining matrix representation as it is a convenient way to introduce the symmetric invariant
tensors dg, 4, = Tr(Ty, ... T,,)- For su(N) these are non-vanishing for all integer m > 2, while for so(N) and sp(N)
they are only non-vanishing when m is even.
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Q5 = / dx Jim, (2.32)

which are labelled by their spin s = m — 1. For m = 2 these charges are integrals of compo-
nents of the energy—momentum tensor, hence they are proportional to the light-cone momenta
P, = E + P, where E is the energy and P is the spatial momentum. We normalise such that the
light-cone momenta have spin equal to 1. From the conserved charges (2.32) it is possible
to extract an infinite subset that are independent and in involution, thereby justifying the claim
that the PCM is indeed integrable. The existence of these conserved charges is again tied to
the existence of a Lax connection, and expressing the former in terms of the latter provides a
natural way to generalise the above construction to a larger class of integrable sigma models.

2.2. The Wess—Zumino term

Thus far, we have considered the PCM, which has Gy, x Gr global symmetry. This is a parity-
invariant model and has vanishing B-field. Introducing a parity-odd term that manifestly pre-
serves the global symmetry is subtle, but it can be achieved by considering the WZ term. To
define the WZ term we introduce a fiducial third dimension, such that the 2D worldsheet is the
boundary of the resulting 3D bulk space. Extending the group-valued field g(z, x) away from
the boundary to the interior of the 3D bulk space’, we can write down the following WZ term

Swr =" / & tr (il il) - (233)

where the index i = 0, 1, 2 runs over the 3D bulk space coordinates. By construction this term
is manifestly invariant under the G, x Gr global symmetry.

The WZ term (2.33) is defined in three dimensions. However, we are interested in 2D inte-
grable sigma models. Therefore, for this term to make sense it should be independent of how
we extend the group-valued field to the 3D bulk space. To show this we start by considering
infinitesimal deformations g — ge® ~ g(1 + ¢) where € vanishes on the 2D boundary. Under
such a deformation we have

Ji—e jiet+e “0;e ~ ji+ 0+ el (2.34)
hence
0ji = Oie + [Ji €l (2.35)

Therefore,

% -
5Swz = 5 /d3x e tr (9 + Ui eDljj» jil)

% ,
-2 / &t (O el + Ui L i) (2.36)

= ? / dx e tr (£0:(0;jk — 9;j1)) = O,

3 Seeing as it is not central to our discussion, here we only give a brief outline of the argument explaining why this is
possible. We first consider the Euclidean theory and compactify the worldsheet to S?, such that the 3D bulk space is the
3D ball B®. Given that the second homotopy group of a simple Lie group G is trivial, m,(G) = 0, we can always extend
amap from S> — G to a map from B> — G. Subject to the group-valued field satisfying suitable boundary conditions,
we may then use the stereographic projection and analytic continuation to return to a flat Minkowski worldsheet.

8
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where we have used integration by parts, the invariance of the bilinear form, the flatness of j;,
that partial derivatives commute and that /%[ j., [ j »Ji]ll = 0 by the Jacobi identity. Note that
when we integrate by parts we drop the boundary term since we take the variation € to vanish
on the 2D boundary. It therefore follows that continuous deformations of the group-valued field
do not change the WZ term.

This is sufficient for our purposes given that we are primarily be interested in the equations
of motion of the classical theory, which follow from the variational principle. Let us note,
however, that there may be extensions of the group-valued field to the 3D bulk space that are
not related by continuous deformations. These are characterized by the third homotopy group,
m3(G), which for a compact simple Lie group is equal to Z. As a consequence, the WZ term is
strictly speaking a multi-valued functional, which could lead to an ill-defined quantum theory.
If the coupling 2 is quantized as

k=4r#k € Z, (2.37)

then the contribution of the potential ambiguity to the path integral is proportional to e*™ with
n € Z, hence the path integral is well-defined. The integer k is known as the level of the WZ
term.

Note that the WZ term is proportional to the integral over the pull-back of the H-flux
H octr(jA jA j). This three-form is closed, dH = 0, but not exact. That is we cannot write
H = dB where B is globally well-defined and G, x Gr invariant. Nevertheless, from the
discussion above we see that the WZ term defines a consistent local 2D sigma model coupling.

2.3. The PCM plus WZ term and the WZW model

Having introduced the WZ term, we are now in a position to introduce the PCM plus WZ term
(PCWZM), whose action is given by

Spcwzm = 5 /dzx tr(jj-) + 6 /dSXEjk tr (jiljjs jel) - (2.38)

Recalling that under the infinitesimal variation g — ge® ~ g(1 + ¢) we have 0, = 0;c +
[j;» €], we can vary the action of the PCWZM (2.38) to find

#
v =~ / Extr (D1 + [js,eDj + jr (0 e+ [j.eD)
7 3. ijk : .
+ ) d’x e’ tr (((9,'5 + Lji-eDlJjs Jk])
ﬁ 2 . . . . . .
=5 | @xtr (c@sjo+ i j1+0-ji + [ i)
% 3. ijk P
+ 5 d’x €70, tr (E[Jja ]k])

5 N
-2 / et (O i) + Ui L i)

% A
=3 /dzxtr (e01j-+0-jy) — 5 /d2xtr (eljtsi-1)

9
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7 %
=5 / d*xtr (e(04jo + 0-jy)) + 5 / d*xtr (e(04j- — 0_jy))

% % %
_ E/dzxtr (a ((1 + ﬁ> dyj + (1 - ﬁ) 8_j+)> . (2.39)

Therefore, requiring that the variation vanishes for arbitrary ¢ € g, we find the equation of
motion

2 ) 7 .
(1 + ﬁ> rj-+ (1 — ﬁ> d_jy =0. (2.40)

Note that while we have dropped boundary terms when integrating by parts on the 2D world-
sheet, we crucially keep them when integrating by parts in the 3D bulk space. To write the
boundary term as an integral over the 2D worldsheet we use Stokes’ theorem

/d3x €*OBy = /dzx "By, (241)
and that et~ = —¢+ = -1

3
While j, is still flat, it is no longer conserved. In the presence of the WZ term the conserved
current is modified to

1 7
Ji = E (1 F fé) Jts (2.42)

where € is a free constant. We would now like to ask if there is a choice of £ such that J is
also flat on-shell. We have

1 7 . 1 V4 .
8+J, — 8,J+ + [J+,],] = g (l + ﬁ) (‘L], — g (1 — )%) a,]Jr

1 22
+ g (1 — ?> [+, )1
% 1 22
(1+7) & (- 7))ov
2
G T RO ) EYR

7 % . 7 ;
8+J7 — 8,J+ + [JJF,J,] = % ((1 + )%) aJr‘], + (1 — )%) 8]+> s (244)

If we set £ = 1 then

which indeed vanishes on the equations of motion (2.40).
Therefore, we find that the current

AN
Ji = (1 F ﬁ) J+ (2.45)

is both conserved and flat on-shell and it follows that we can write down the following Lax
connection of the PCWZM
Ji

Li=7 — (2.46)

10
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Let us finish by very briefly commenting on the special point Z = £. The first thing to
notice is that the equations of motion simplify to

8. =0, (2.47)

which can be easily solved in closed form

glx, 1) = g (x)g4(x™h). (2.48)

That is left- and right-moving waves pass through each other without interference. This is
indicating that something special happens at this point. Indeed, the one-loop beta function for
the coupling vanishes for Z = £. It can then be argued that this is an exact result and that the
PCWZM term at #Z = % defines a conformal field theory known as the WZW model.

2.4. The SU(2) PCM and PCWZM

To gain a better understanding of the PCM and PCWZM let us consider the case G = SU(2).
We start by explicitly constructing the target-space metric. To do so we introduce the familiar
matrix representation of su(2)

0 i 0 1 i 0
O PO O R A T
In this representation tr = Tr, where Tr is the standard matrix trace®. Therefore, we have

tr (ToTp) = —20ap, (T, Tp] = —2€a‘ T, (2.50)

where the index a = 1,2, 3 is lowered and raised with the Kronecker delta d,, and its inverse
6% and €;»3 = 1 is completely antisymmetric.
If we now parametrise the group-valued field as

g = exp (‘pgd’n) exp (0T)) exp (‘p;gbn), 2.51)

and substitute into the PCM action (2.10) we find

SSU(Z)—PCM = ﬁ/dzx (8+98,9 + COS2 98+<p8,<p + Sin2 68+¢8,¢) . (2.52)
We can then read off the explicit form of target-space metric in local coordinates

G = 2/4(d6? + cos® 0 dy? + sin” § d¢?). (2.53)

6 This follows from the definition of the invariant bilinear form in footnote 1 since the index of the fundamental

representation of su(N) is y = %



J. Phys. A: Math. Theor. 55 (2022) 093001 Topical Review

As expected, we recover the bi-invariant (round) metric on SU(2) = S* with radius squared
24.7

To construct the PCWZM let us compute the WZ term for G = SU(2). Extending the group-
valued field (2.51) to the 3D bulk space and substituting into the WZ term (2.33), we find

Ssu@)-wz = —% / d* x €79, cos 200;00¢ = —# / dx €% Oi(cos 200,00 p). (2.54)

Here we see explicitly that when we write the action in terms of local coordinates the integrand
of the WZ term becomes a total derivative. Therefore, we can use Stokes’ theorem to write

Ssuay wa = — / Ex e cos 200,00, — ? / & cos 2000500 ¢ — D00 B).
(2.55)
From this expression we can read off the target-space B-field
B = % cos 20 dp A do. (2.56)

As expected, this B-field is not globally well-defined or invariant under the SU(2)p, x SU(2)g
global symmetry. On the other hand, the target space H-flux

H = —2# sin 20d0 A dp A dg, (2.57)

is globally well-defined and invariant under the global symmetry. One way to see this is to
simply note that the three-form H is proportional to the volume form of S*. To show it explicitly,
we observe that under infinitesimal global symmetry transformations the local coordinates ¢,
¢ and 6 transform as

8¢ = Xi + Xi + tan O(x{ sin o4 + xg sin @ + x{ cos oy — xR €Os P_),
5¢ = Xi — Xg — cot B(x{ sin @4 — xg sin p_ + xi cos @} + Xz COs ), (2.58)
86 = xi cos 4 + Xg COS p_ — Xi sin i + X sin @,

where x{ and xg are infinitesimal parameters and we have introduced ¢, = ¢ + ¢. Defining
the components of the vielbein

e, = cos Odyp, ey = sin 6do, ep = db, (2.59)

7'$3 with unit radius can be defined as the locus of all points (X;, X2, X3, X4) € R* satisfying X} + X3 + X + X3 = 1.
Solving this equation by setting

X; +iX, = cos 0¥, X5 + iX, = sin fe'?,
the induced metric on S* is given by
G = dX} +dX3 + dX} + dX;
= (—sin 0df + i cos O dp)e'(—sin Hdf — i cos O dp)e ¥ + (cos Hdf + i sin O dgp)e”(cos #df — i sin O dg)e ¢
= sin®> d6? + cos> 0 d<,02 + cos? 0d6* + sin® 0 dd)2
= d#? + cos® O dp? + sin® 0 dg>.

12
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their variations are given by
de, = —sin 600 + cos 0dop = es(X1 cos i — Xk €Os ¢ — XP sin oy — Y& sin ¢ )
+ e sec O(xL sin @y + Xk Sin @ + X7 COS P, — Y& COS @),
dey = cos 006 + sin §ddép = —%(Xi COS P4 — Xk COS @ — Xi sin @, — Y& sin @)
+ eg csc O(xL sin @y — xk sin @ + X7 cos o, + Y& cos @),
dep = déf = —e,, sec O(xi. sin @4 + xg sin @ + Xi €Os P — X& COS @)
— ey csc O(x] sin o — Yk sin p_ + Xi cos ¢4 + Y& €OS ). (2.60)

It is then straightforward to see that, since

G =24(e}, + €, + ), H=—dkey Ney A ey, (2.61)
we have

0G = 4/i(eyde, + eydey + epdeg) = 0, (2.62)
and

0H = —4%(0eg Ney, Ney +eg Nde, Ney +eg Ney Ndeg) =0, (2.63)

that is the metric and H-flux are indeed invariant. Similarly, it is also possible to explicitly
show that 6B = dA, that is the B-field is only invariant up to a gauge transformation, with

A=2 (X]l_(csc 26 sin . dp_ — 2cot* 26 cos ¢ db)
— xk(esc 26 sin p_ dp, — 2cot? 26 cos ¢ db)
(2.64)
+ xi(csc 26 cos ¢y dp_ + 2cot® 20 sin ¢, df)
+ Xr(ese 26 cos - dp, + 2cot’ 26 sin ¢_ df)),

where ¢, = ¢ £ ¢.

3. Integrable deformations of the SU(2) PCM and PCWZM

Now that we have introduced the PCM, the PCWZM and the WZW model, we turn to the main
aim of this review, which is to explore their integrable deformations. Before we investigate
integrable deformations for general Lie group G, let us first see what we can learn by studying
the example of G = SU(2). We begin by writing the right-invariant Maurer—Cartan form k.
(2.2) as

ki =kiT,, 3.1

where T,, a = 1,2, 3, are the generators (2.49) of su(2). In terms of k¢ the PCM action for
G = SU(2) can be written as

Ssu@)-pcm = fé/dz X Zkik‘i. (3.2)

13
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We can deform this model by introducing coefficients «, breaking the left-acting SU(2) global
symmetry

Sa, =% / dx > oy Kk (3.3)

Setting o, = 1 we recover the action of the SU(2) PCM. Note that only two of the three param-
eters o, are genuine deformation parameters since an overall factor can be absorbed into 7.
Rather than working in terms of components, it is often easier to work with linear operators that
map from the algebra to itself. To this end, we introduce the constant invertible linear operator
Ag : su(2) — su(2) defined such that

AsT, = o' T,. (3.4)
This map is symmetric with respect to the invariant bilinear form, that is
tr(XAzY) = r (A:zX)Y), X,Y € su(2). (3.5)

The deformed action (3.3) can then be written as

Si = —? / dxtr (kg Ask_). (3.6)

Under the infinitesimal variation g — e~ g ~ (1 — €)g we have

Oky = O0re + [k+, €] 3.7
Varying the deformed action (3.6) leads to the following equations of motion

vk + 0_ky + A Thky, Aak 1+ AZ' k-, Asky] = 0. (3.8)

Combining these with the flatness condition for k. (2.3) we find

Ork— = —= (Tkg k-1 + A7 kg, Agk-] — A7 [Asky k1),
(3.9)
3J<+ - —

= =

(ko ki ]+ AG Tk, Aaky ] — AZ ' [Ask_ k1) .

3.1. The trigonometric and elliptic deformations of the SU(2) PCM
First let us study the case oy = a; = 1 and a3 = «, for which we write Sz = S, and Az = A,.
This deformation does not completely break the left-acting SU(2) global symmetry. It preserves
a U(1) subgroup, which acts as

g —eulg, (3.10)

This is a consequence of the identity

A (eBx e wls)y = 34, X)e 1B, X € su(2), (3.11)

14
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which states that the adjoint action of the U(1) subgroup commutes with the action of A,.?
Therefore, the global symmetry of the deformed model is U(1);, x SU(2)r. Parametrising g
as in (2.51) and substituting into the action of the deformed model (3.6), we can read off the
explicit form of the deformed target-space metric in local coordinates
G=2% (d92 + cos? B(sin? 6 + acos? B)dp? + sin” B(cos®  + a sin® §)dp?
+2(1 — asin® 0 cos” 6 dp dg) . (3.12)

Recalling the Lax connection of the undeformed model

ki

Li(z) = e

(3.13)

and given the unbroken U(1) symmetry, it is natural to consider the following ansatz for the
Lax connection of the deformed model

Lo+(2) = Fulz, a)ks, (3.14)
where the linear operators F.(z, ) act as
f:l:(za Ol)T] = fﬂ:(Z3 Q)Tl, fi(Z? a)TZ - f:i:(za OZ)TQ, f:l:(za OZ)T3 = fﬂ:(z3 CY)T?, (315)

Computing the curvature of £, (z) and eliminating the derivatives of k.. using equation (3.9)
we find

a—i-z:a— - a—z(y—i- + [Z:a+, Z:a—]

1
= =3 (Fe + Flks k]

+ %(ﬂ — FAL T Aak_] = A [Acky k-] + [Fyky, Fok_]. (3.16)

Demanding that this expression vanishes leads to following three equations for the four
functions fi(z, o) and f1(z, @)

fo=Ffr=2af (A=) =0, f —fr+2aft(1=f)=0, f +fy—=2frf =0.
(3.17)

The freedom in solving this system of equations allows us to introduce the spectral parameter
z. One way to do this is to set

tanh v
tanh(v(1 F 2))’

sinh v

_ Smhy — cosh®v. 1
sinh(V(1 T 2))’ @z oSy (3.18)

filz,a) = fiz o) =

8 Given that both the adjoint action and A,, are linear operators on su(2), it is sufficient to check this identity for each
of the generators T,. Noting that

M3 e XT3 = cos 2y Ty — sin 2x T, e L3, e XT3 = cos 2 T, + sin 2y, T,
that is the adjoint action of the U(1) subgroup rotates 7 and T, and using that A,7T) = T) and A, T, = T>, it
immediately follows that the identity holds for 7| and T,. For T3 we have A,(e\L73T;e XLT3) = A, T3 = o ' T;

and e¥L73(A4,Ty)e 73 = let3Tye 3 = 7! T5.

15
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This solution covers the regime o > 1. The regime @ < 1 can be covered by analytically con-
tinuing ¥ — iv. The form of the deformed Lax connection explains why this model is often
referred to as the trigonometric deformation of the SU(2) PCM. The Lax connection (3.13) of
the undeformed model is recovered in the rational limit, which is given by v — 0.

Now turning to the general deformed model (3.6), we consider the following ansatz for the
Lax connection

L) = Fi(z, Q)ks, (3.19)
where the linear operators F.(z, @) act as
Filz, )T = ficlz, T, Filz, )Tr = frr(z, )2,  Filz, T3 = f3x(z,)T5. (3.20)
Computing the curvature of La+(z) and eliminating the derivatives of k1 using (3.9) we find
O4Ls —0-Lay + [Lay,La-]
= P+ Folkk 14 2 (Fs ~ F)
x (A kg, Ask-1 — A Ak k1) + [Fiky, Fok-]. (3.21)

Demanding that this expression vanishes leads to the following six equations for the functions

fai(z, (j)

Sio+ firs (- = i) (al - al) = 2fzf3+ =0,
(6%) (6 %)

fo+ for £ (o — for) (% - %> —2fsifie =0, (3.22)
[0%] 1

fot for £ (s — f3p) (% - %) —2fisfor = 0.
(03] (%)

These equations are not all independent and they can be solved introducing a spectral parameter
z. Indeed, they are solved by’

sc(v, k%) sd(v, k?) sn(v, k?)

= so( Tl =T == God T 0.0

Jie T sd(u(1 F 2), k2)

(3.23)

9 To show this we use the identities

2y _ s, K)en(y. K)dn(y, k) + sn(y. k*)en(x, K)dn(x, &)
sn(x 4y, k°) = ’
1 — K2sn2(x, k2)sn2(y, k2)
2, _ enlx, K¥en(y, k) — sn(x, K)sn(y, K)dn(x, k)dn(y, k)
cn(x +y, k%) = ’
1 — k2sn2(x, k2)sn2(y, k2)
2 D2y 2 2 2 2 ), k?
dnx 4y, i) = GG R)ANG: ) — K snlx, K)snGy. K)en(x, R)en(y. £)

1 — K2sn?(x, k2)sn?(y, k2)
and
(e, k) = 1 —sn2(xr, &), dn(x,K2) = 1 — K sn’(x, &2).

16



J. Phys. A: Math. Theor. 55 (2022) 093001 Topical Review

with

a a2 a
—, e =—=, dwk)=— K=
o3 o3 a2 a3 —

az — «
cn’(v, k%) = 3 2.

(3.24)

Here £ is the elliptic modulus, sn(x, k%), en(x, k%) and dn(x, k) are the usual Jacobi elliptic
functions and

sn(x, k%)
cn(x, k2)’

2 2
sd(x, k) = Shn k) cd(. ) = MK (3.25)

) = _ s x ) .
s¢(x, &) dn(x, K2 dn(x, K2

This model is often referred to as the elliptic deformation of the SU(2) PCM with the
trigonometric limit (a; = a) given by k — 1.

3.2. The Yang—-Baxter deformation of the SU(2) PCM

The approach used above to construct Lax connections of the trigonometric and elliptic defor-
mations highlights the appealing hierarchy of these models. However, it turns out to be non-
trivial to generalise this to general Lie group G. Given this, we now explore an alternative
method that can be used to construct a Lax connection of the one-parameter deformation SU(2)
PCM. This is based on the approach introduced in section 2, which is to construct a current
that is both conserved and flat on-shell.

Using the invariance of the bilinear form, we start by writing the deformed action (3.6) with
ap = =1land a3 = a as

S, = —? /dzxtr (jrAagi-) (3.26)
where

Aug = Ad, ' A, Ad. (3.27)
As usual, the adjoint action is given by Ad,X = gXg ' and it defines a linear operator on su(2)
satisfying tr (XAd,Y) = tr ((Ad(;lX)Y). Since A, is symmetric (3.5), it follows that A, is
also

tr (XAuY) = tr (A X)Y), XY € su(2). (3.28)

It will also be convenient to introduce the index a = 1, 2 such that

AT, = T, AuTs = o 'Ts, (3.29)
and

[T0 T) = —2e5Ts, [T T3] = 26, T, (3.30)
where €;o = —€1 = 1, €11 = €2 = 0 and we lower and raise the index @ with the Kronecker

delta d_; and its inverse %,
Given that the model is invariant under an SU(2) global symmetry acting as g — ggg.
there is an associated conserved current. To compute this conserved current we consider the

17
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infinitesimal variation g — ge® ~ g(1 + ), under which'’

0jr = O0re + [Ju, €l 00, =[Oy, ad.], (3.31)
where O, is defined in terms of a constant linear operator O : su(2) — su(2)

0, = Ad,' OAd,, (3.32)

and, as usual, ad.X = [e, X]. The resulting equations of motion indeed take the form of a
conservation equation

1
Oida + 0 Jay =0, Juo= E.Aagji, (3.33)

where we have used that A, is symmetric (3.28) and £ is again a free constant.
Using that

8i(9g = [Og, adji], (334)
for a constant linear operator O : su(2) — su(2), and the flatness of j, (2.12), we can compute

O4da- = 0-Jar + [JasJat]
1 . 1. . 1 o 1 , . (3.35)
- 7A(1g[]+a ]—] - 7[]—}-, Aag]—] - 7[Aagj+; ]—] + 7[Aagj+; -A(yg]—]~
£ 3 £ 3
We would now like to ask if there is a choice of £ such that J 4. is also flat on-shell. This is
equivalent to demanding'!
I.A [X, Y] 1[X.A Y] 1[A X, Y]+ !
5 (o4 > é. > (e} 5 (O] 52
This relation is antisymmetric upon interchanging X and Y, therefore we can simply check
whether it holds for the two cases: (i) X = T, Y = T and (ii) X = T3, Y = T3, which leads to
the following equations for £

1 2 1 1 1
R (RO R 37

[AX, A Y] =0, X,Y€su(2). (3.36)

10 For general Lie group G and constant linear operator O : g — g we can consider an arbitrary variation g — g + dg
of the adjoint action of gon X € g

SAdX = 6(gXg™") = 6gXg™" — gXg '0gg™" = Ad,[g~'0g,X] = Adsad, 1, X,

where we do not vary X, that is we treat it as a constant. Therefore, we can write 6Adg = Adgadgq P From this it also
follows that 6Adg1 = —Ad;lAdgadg,mgAd;l = —ad, ,;gAd&fl. Therefore, we have that

50, = 6(Ad;' OAd,) = —ad,1;,Ad, ' OAd, + Ad;'OAdsad 15, = [Oy,ad,1,].

g

For the infinitesimal variation g — ge® ~ g(1 + ) we see that g~ 'dg = €, hence 6O, = [0, ad.]. On the other hand,
setting 6 = 0. gives 0.0, = [O,,ad;, |.
' Note that, as we vary g over SU(2), the pull-backs of the Maurer—Cartan forms j, and k. cover the whole of su(2).

18
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These two equations clearly have no solution for & if o £ 1. It therefore appears that we have
reached an impasse. There is no choice of £ for which J 4+ is both conserved and flat on-shell.

To circumvent this, we observe that there is a second linear operator on s1(2) that commutes
with the adjoint action of the U(1) subgroup. This is given by'?

RT; = €'T;, RT3 =0. (3.38)

The map R is antisymmetric with respect to the invariant bilinear form, that is
tr(XRY) = —tr (RX)Y), X,Y € su(2). (3.39)
Defining

Jre = FRejr, Rg= Ad;lRAdg’ (3.40)

Wwe can compute

OpJp- +0-Jrt = R0+ j- +[Rg,adj 1j- — Re0-jy — [Rg,ad; 1j+

o R o (3.41)
= RgljwsJ-1=1j+>Rej-1 = [Regjt,j-1=0,
where we have used the flatness of j, (2.12) and the identity'?
RIX, Y] - [X,RY] - [RX,Y] =0, X,Y € su2). (3.42)

Therefore, we see that J. is conserved without using the equations of motion. In particular,
the Hodge dual of the one-form Jx, is closed. Moreover, it is also exact since it can be written in
the form Jp+ = j:ai(%Adngg. Therefore, its conservation can be found via the variational

12 Recalling that eXL73T, e .73 = cos 2 Ty — sin ZXLeaETE and eXL’3T3 e XT3 = T; we have

R(eL3T, e 173) = cos 2xr.e, T, — sin 2xrea’e; Ty = €z e

© o XLT3 — oxLT: —xLT
: s Tpe 0 = (R, )e s,

RELTT;e T3y = RTy = 0 = LT3 (RTy)e XT3,

Therefore R(eXtT3X e MLT3) = eXLT3(RX)e LT3, X € su(2), and we see that R indeed commutes with the adjoint
action of the U(1) subgroup.
13 Since this identity is antisymmetric upon interchanging X and Y, to prove it we can simply check it for the two

cases: (1) X =T, Y = Ty and (ii) X = T3, Y = T3, as follows
RIT4, T3] — [Ta. RT;] — [RT4, T3] = —2€5RTs — €[ Ta, Tl — €5[ Tz, Tj)
= 2¢pCez T3 + 2€ezce5T3 = 0,

RITy, T5] — [T, RTs] — [RTs, T3] = 26,bRTy — €X[T5, T3] = 26,°¢,° T, — 257, T, = 0.

c
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principle from the following boundary term'*

Sp = _§ /d2xtr (j+Rei-) . (3.43)

the integrand of which is a total derivative, hence the target-space B-field is closed and exact.
We can use the existence of this off-shell current to construct a more general conserved
current

Je= gt Tpp =]
+=Jur + IRy = ¢

£ £
and ask if we can now choose & and ) such that J is also flat on-shell. To this end, we compute
04J_ — 0-J4 4 [J4+,J_] and use the conservation of J 4+ on-shell to replace 04 j_ + 0_j,
by A.l (Ljts Aagj-1 — [Aagjt»j-1). Demanding that J. is flat implies

(Aag F MR s (3.44)

1

¢ (AQ[X, Y1+ nRA (X, AuYT = [AX, Y]) — [X, (Ao + nR)Y]

1
— [(Aa = R)X, Y] + E[(Aa —NR)X, (A, + nR)Y]) =0, X.,Yesu?). (3.45)
Substituting in the four cases: (1)) X =15, Y =T (i) X =15, Y =T, (i) X =73, Y =T,
and (iv) X = T3, Y = T3, we find the following equations for £ and n

n1-8 _

M:O 1-¢ 1 2 1 2
e

a£2 N 0(52 :O, a—g_g+§:§ (346)

3

Oa

14 To see that this is a boundary term we start by recalling the identity (3.42)
RIX, Y] — [X,RY] - [RX,Y] =0, X.Y € su(2).
This identity implies that p (X, Y) = tr (XRY) is a closed two-cocycle in the Lie algebra cohomology of su(2) since

(dp) (X,Y,2) = p(IX, Y], 2) + p([Y,Z].X) + p([Z.X].Y)
=tr ([X,YIRZ + [V, ZIRX + [Z,X]RY)
=—u(ZRIX, Y] - [X,RY] - [RX.Y]) =0, X.,Y,Z€ su(2).

Moreover, it turns out that p is also exact, that is
pX.Y)=(p)X.Y) =p(X,Y]), X.Y€su?),
where
~ 1
pPX) = Etr (XT3), X €su(2).
It then follows that

tr (j4Rej-) =tr (kyRk_) = p (ky. k) = p (kg k_1) = p (—01k_ + 0_k )
=5 (26" 9k,) = € 8,p (2k,).

where we have used the flatness condition for k. (2.3). Therefore, we see explicitly that Sx, is indeed a boundary term.
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These equations can be solved for general o by setting

1 —
E=1, n= e (3.47)
«

A second solution is given by taking 7 to be the negative square root.
It therefore follows that if we modify the deformed action (3.26) by a boundary term such
that!®

Syp = —? /dzxtr (j+(ozAag +/a( - a)Rg)j,) , (3.48)

then the conserved current associated to the right-acting SU(2) global symmetry

1 _
J. = (Aag ¥ ,/aO‘Rg> i, (3.49)

is flat on-shell. Therefore, we can write down the following Lax connection of this model

Ji
1Fz

Li(z) = (3.50)

For reasons that will become clear in section 4 this model is known as the YB deformation of
the SU(2) PCM. In contrast to the trigonometric deformation, the action and Lax connection
of the YB deformation are only real for o < 1.

Noting that

ad, =1+1 - )R>, R} =—-R, RA, = AR =R, (3.51)

we observe that we can write

aA, +vVa(l —a)R = ! (3.52)

Y% + MR+ 1R

where, acting on both sides with 7y + R + 12 R?, the parameters 7,, v, and v, are
determined to be

1 —«
Y =1, Y= o = -, v = 0. (3.53)

Therefore, the YB deformation of the SU(2) PCM (3.48) can be written in the form

% [, . 1 .
=—— —j . 54
Sys Z/dXtr<J+l—njo> (3.54)

The range o € [1,0) corresponds to 1 € [0, 00). Allowing 7 to take negative values we can
simultaneously cover the second solution to equation (3.46). As we will see in section 4, this
form of the action is particularly natural for studying integrable deformations of the PCM for
general simple Lie group G.

15 We have also rescaled /2 — o/ in order to match with the conventions used in the following sections.

21



J. Phys. A: Math. Theor. 55 (2022) 093001 Topical Review

3.3. The Yang-Baxter deformation of the SU(2) PCWZM

A similar approach can be used to construct the YB deformation of the SU(2) PCWZM starting
from the ansatz

V2 . % i o
SyB-_pcwzm = ) /dzx tr (i (@Aag +anRy)j-) + 3 /d3xejk tr (il Jul) - (3.55)

Given that the model is invariant under an SU(2) global symmetry acting as g — ggg, there
is an associated conserved current, which we can compute by considering the infinitesimal
variation g — ge® ~ g(1 4 ¢). As expected, the resulting equations of motion take the form of
a conservation equation

2
Oud +0.J. =0, J.= (Aag TR, F —) jis (3.56)

1
¢ art

where £ is again a free constant. Since Jr+ = FR,j+ is conserved off-shell for G = SU(2),
it follows that J 4o = J4+ — g]ni = % (Aag F %) J+ is also conserved on-shell. Now com-

puting 0+J_ — 0_J4 + [J4,J_], and using the conservation of /4. on-shell and the flatness
of ji toreplace D j + 0 j; by Az ([iss Augj] — [Augits j-1+ Z[js, j-1), we find that
J is flat if

! (Aa[x, Y1+ (nR + i) A ([X, ALY - [AX, Y] + 2 1x, Y])
& ar a%

= X, (Aa + 7RY] = [(Aa = nRIX, Y]

+ ! |:<A(y —nR — é) X, (.A(y + R + fé) Y]) =0, X,Yesu®). (3.57)
13 ar art

Substituting in the four cases: () X =73, Y =T5 (1) X =15, Y =13, (i) X =73, Y =T;
and (iv) X = T3, Y = T3, the resulting set of equations can be solved for £ and 7 by setting

1 - %2
£=1, nz\/ a“(l—W) (3.58)

A second solution is given by taking 7 to be the negative square root. Therefore, for £ and
7 given by equation (3.58), the conserved current (3.56) associated to the right-acting SU(2)
global symmetry of the deformed action (3.55) is flat on-shell and we can write down the Lax
connection of this model.

Introducing the parameters x and p in place of Z and «

hy—1 1- 7 i
hepeomd, ao_Sohxol o floaf AN sing
2 cosh x —cos p Q@
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and again using the identities (3.51), we can show that'®
eX + e/

(3.60)

Therefore, the YB deformation of the SU(2) PCWZM (3.55) can be written in the form

7 2 . eX+epRg' 7 3 ik A
SyB-pcwzm = ) /d xtr <]+ex_ep7gg]> + 3 /d x e (il i) - (3.61)
It turns out that this form is particularly natural for studying integrable deformations of the
PCWZM for general simple Lie group G.

4. The Yang—-Baxter deformation of the PCM

Now that we have explored integrable deformations of the SU(2) PCM and PCWZM in some
detail, we generalise to a general simple Lie group G. From this point on we will restrict
ourselves to those integrable deformations for which the Lax connection can be built from
a conserved and flat current. This means that the methods for constructing conserved charges
discussed in section 2 can be straightforwardly applied to these models.

Motivated by our discussion of the YB deformation of the SU(2) PCM we consider the
following action as our starting point

% 2 . 1 . -1
SYB = —5 /d xtr (]_;,_1_777?’&7]_) . Rg = Adg RAdg, (41)

where R is a general constant linear operator on g. For now we do not assume that R satis-
fies any particular symmetry properties. However, we do assume that the operator 1 — nR is
invertible on g for all n. This may not always be the case, and typically leads to singularities
in the target-space metric and B-field.

The action (4.1) defines a deformation of the PCM with the undeformed limit given by
1 — 0. The deformation preserves the right-acting G global symmetry, but breaks the left-
acting symmetry to the subgroup Gy of G that commutes with the operator R

Ad,'RAd, =R, g € Go. (4.2)

16 The operator e’® satisfies the following differential equation and boundary condition

d
— M =ReR, R

i =1
Substituting in e”® = vy + 7R + 12 R? and using R* = —R we find

do_, dn
dp ’ dp

dn
=% — V2s di;) =7, ’Yo\,mo =1 ’Yl|p=o =0, “/2|,,=o =0,

which is solved by
=1, Y, = sin p, v =1 —cos p.
Using this expansion of e’® it is then straightforward to check that

A sin p 1 —cosp

R + % coth X

— focoth X 4 &SP P
0 2+coshx—cosp 2 cosh x —cos p

R* = /(o A, + anR).
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We say that elements of G are symmetries of the operator k.

The equations of motion for the action (4.1) can be written as the conservation equation
associated to the right-acting G global symmetry. Considering the infinitesimal variation
g —ge” ~ g(l +¢)we find

1 1 1 1
o J_-4+0.Jy =0, J.=—-——+j, =——Jji, 4.3
S+ 0-Jy §1—77jo + §1—n7€fg]+ (4.3)
where R/ is the transpose of R with respect to the invariant bilinear form, that is
tr (XRY) =tr ((R’X)Y) , X, Yeg, 4.4)

and ¢ is a free parameter. In order to construct integrable deformations of the PCM, we follow
the strategy of requiring that the conserved current J . is also flat on-shell. While this will lead
to a large class of integrable deformations known as the YB deformations, it should be noted
that not all integrable deformations of sigma models, for example, the elliptic deformation of
the SU(2) PCM, are of this type.

From equation (4.3) we have

Jo=EU =R, jp == R, 4.5)
Substituting into the flatness condition (2.12) we find
0= E04 (1 = gR)T) — £0-((1 = R 4)
+ 0 =R, (1 =R -]
=80T =0 Jy) = ENRy + R4, T ]
— EP R 1 R ] = Rl 1. R ] = Re[ R4, J ) + E1J 4,1, (4.6)

where we have used that the current J. is conserved. It therefore follows that J is also flat
on-shell if the operator R satisfies

EN(R + RHIX, Y]+ E” ([R'X, RY] — R'[X, RY] — R[R'X, Y1)
+1-9[X,Y]=0, X, Yeg. 4.7)

It is possible to show with some simple manipulations that R + R, that is the symmetric
part of R, must be proportional to the identity operator!’. Redefining %4 and 7 in (4.1) we can
always remove a term proportional to the identity in R. Combining these two facts, we take the
17 To show this we first note that equation (4.7) is equivalent to

tr (ZENR + RHIX, Y]+ € (R'X,RY] — RIX, RY] — RIR'X, YD+ (1 - O[X,Y]) =0, X,Y,Z€g.
Using the invariance of the bilinear form this can be rewritten as

w (EnlY, (R + RO+ &P (RIRY, Z] — [RY,RZ] = RIY,R'Z) + (1 = OIY,ZDX) =0, X,Y,Z€g.
Adding this equation to itself with ¥ and Z interchanged we arrive at

En(l —nRY(Y, (R +RHZ1 - (R +RHY,Z) =0, Y,Z€g.

Given that we assume 1 — 1R is invertible and that g is a simple Lie algebra, it follows from Schur’s lemma that
R 4+ R' is proportional to the identity operator.
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symmetric part of R to vanish without loss of generality. We are then left with the following
two equations for R

[RX,RY] — R[X,RY] — R[RX, Y]+ A[X,Y] =0,
tr(XRY) +tr(RX)Y) =0, X,Y€eg, 4.8)

where we have set

1
= 4.9)

=
The first of these equations is known as the (modified) classical YB equation ((m)cYBe), where
modified refers to the case ¢ # 0. That the operator R is required to satisfy this equation is the
reason why these models are named YB deformations.
To summarise, we have found that the action (4.1) defines an integrable deformation of the
PCM for simple Lie group G when the constant linear operator R is an antisymmetric solution
to the (m)cYBe (4.8). In particular, the current

1 —c*np?
Ji = ———j+, 4.10
e Jx (4.10)
is both conserved and flat on-shell. Therefore, the Lax connection is given by
Ji
= ) 4.11
T (4.11)

Given that R always appears with the real deformation parameter 7, we have the freedom to
rescale R by a real number. Noting that we have ¢* € R, we can use this freedom to fix ¢ to
take one of the following three values:

e ¢ = (: this is known as the homogeneous case and R satisfies the cYBe.
e ¢ = i: this is known as the non-split inhomogeneous case and R satisfies the non-split
mcYBe;
e ¢ = I: this is known as the split inhomogeneous case and R satisfies the split mcYBe.
Before we explore each of these three cases in more detail, let us relate the operator form of
the (m)cYBe (4.8) to its more familiar matrix form. Any antisymmetric constant linear operator
‘R on g can be defined in terms of a matrix r € g A g

r+Pr)=0, RX=tmnr(1®X), Xecg, (4.12)

known as the r-matrix, where the subscript indicates that the trace is taken over the second
entry in the tensor product and P permutes the entries in the tensor product. In terms of the
r-matrix, the (m)cYBe is given by the following equationin g A g A g

[r12, r13] + [r12, 7231 + [r13, 23] + Q2 = 0, (4.13)
where ri; = r ® 1, r13 = Pa3(r12), r23 = P12(r13) and € is the canonical invariant three-form in

g A g A g.'® Here P;; permutes entries i and j in the tensor product. Acting with equation (4.13)

18 et us introduce generators T,, a = 1,...,dim g, of the Lie algebra g with [T, T,] = JopTe, (T, Ty) = Ky and
K% k. = 8% Using ki, and its inverse £% to lower and raise indices, we have 2 = FT, ® Ty ® T.. Qis valued in
g A g A g since the structure constants with all indices raised are totally antisymmetric.
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on 1 ® X ® Y and taking the trace over the second and third entries in the tensor product we
find the (m)cYBe in its operator form (4.8).

4.1. Homogeneous YB deformations

Let us start by analysing the case of homogeneous YB deformations. In this case the
antisymmetric operator R satisfies the cYBe

[RX,RY] — RIX,RY] — RIRX,Y] =0, t(XRY)+tr(RX)Y)=0, X,Y€qg.
(4.14)

When discussing solutions of the cYBe, it is often more convenient to work in terms of the
r-matrix, which satisfies

[r12, r13] + [r12, 23] + [r13, 7231 = 0, r+ P(r) = 0. (4.15)

We also introduce generators 7,, a = 1,...,dim g, of the Lie algebra g.
Abelian r-matrices and TsT transformations. An important class of solutions of the cYBe
(4.15) are the abelian r-matrices, which take the form

r=T\ AT, [T1,T>]=0. (4.16)

Given that 7'y and T, commute it immediately follows that such r-matrices satisfy (4.15). To
explore the resulting deformed models, let us assume that

tr (T, Tp) = —0up, a=1,...,dim g, (4.17)
so that
RT, = &'T,,  RT;=0, (4.18)
where the index a = 1, 2 and the index a runs over the remaining generators of the Lie algebra
g. Under these assumptions we have that R* = —R and therefore
Ry L ro L g (4.19)
1 -nR 1+n? L+n? 7 '
where
RT; =T,  (1+RHTz =0,
(4.20)
R*T, =0, (1 +R)HT; = Ty
Now writing
ki =—0.88 ' =KiTs + ki, ki=KLT,, (4.21)

the action of the YB deformation (4.1) for such abelian r-matrices becomes

7% 2 1l 1 a b n a b
Syp = 5 /d x (—tr (kik®) + Tnz(gagk+k7 - Tnze‘ﬁk*k* . (4.22)
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It turns out that this is nothing but the well-known TsT transformation of the PCM. In a model
with two commuting isometries, we can always choose coordinates on the target space such
that these isometries are realised as shift symmetries

0% = 0% 4+ 4% (4.23)

A TsT transformation then amounts to first T-dualising ©' — O, shifting ©> — 0% — O,
and finally T-dualising back O, — O'. Given that T-dualising twice is the identity map, for
1 = 0 the TsT transformation has no effect, hence for 1 # 0 it defines a deformation of the
original model. Since T-duality is a canonical transformation on phase space, it preserves the
integrability of a model, in agreement with the fact that the YB deformations are integrable
deformations of the PCM.

To see the relation to TsT transformations, we use the same simplifying assumptions as in
equation (4.17) and parametrise

g=¢% ©=07T,. (4.24)
It follows that

ke = —0.:8g ' = e Oks +0:0)e%, ki =—0:887", (4.25)
where we have used that © commutes with itself and its derivatives. Let us also denote

ki = KT, + ki, ki =K.T;. (4.26)
Substituting into the action of the PCM (2.10) gives

Spewt = ?/dzx (<o (REkL) + @ + 0,00 +0.-0")

+ @+ 0,0 +0-6Y). 4.27)

To T-dualise in O we first gauge the shift symmetry ©' — ©' 4 !, add a Lagrange multiplier
O, enforcing that the field strength of the abelian gauge field is zero, and gauge fix ©' = 0

% . ~ ~
Sto-wr-pen = / P (—tr (kik{) HEL AR +AD)
+ (B + 0,0 +0.07)+60,(0:A4 — a,A+)) . (4.28)

The T-dual model is then given by integrating out the gauge field A .
Sto_pem = ?/dzx (—tr (iciicf) +0,0,0.6,-k.0.6,
+ 0,01k + (B +0,0)(E +0.0%). (4.29)
We next shift ©% — 02 — 77(:)1 in the T-dual model
Sro-pow = 2 / @ (—tr (RR2) +0,6,0.6, ~1,0.6, + 0,6,k
(R + 0,07 — o, 0K +0.0% — na_él)) , (4.30)
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and T-dualise in C:)l to find the TsT transformation of the PCM
S P e (o (R + s S+ 0,0 #K + 0.0
TST-PCM = X | —tr | k3 KZ 1+ ab(Ky + 04 -

— #ﬁz%(l}i +0,0Y& + ae%)

1
1—

_z /dzx tr ((1}+ +0,0) k- + a®)> , 4.31)
2 nR

where we have used the identity (4.19). Finally, using that
Ad.-eRAd.e =R,

that is 7 and T, are symmetries of the operator R, which can be seen from the equivalent
form

(Ad,-e ® Ad,-e)r =T,

we can replace I~<i + 0.0 by e‘e(l}i + 0.0)e® = k.. Therefore, we indeed find that the TsT
transformation of the PCM takes the form of the YB deformation constructed from an abelian
r-matrix

% 1 A 1
Str_pem = —— | dxtr( k k)=-= [ dxtr|jr— ) =Sys.
e 2/ xr<+1—n7€> 2/ “<J+1—77jo) w

(4.32)

This result holds in full generality, without the simplifying assumptions in equation (4.17). That
is, any YB deformation constructed from an abelian r-matrix is equivalent to a TsT transfor-
mation. This is our first encounter of the close relationship between integrability, deformations
and dualities.

General r-matrices and non-abelian T-duality. The classification of homogeneous r-
matrices for a given Lie algebra g can be a rather involved exercise. We can make progress
by noting that the image of the operator R is a subalgebra of g. We denote h = im R. This can
be easily seen by writing the cYBe (4.14) as

[RX,RY] = R(IX,RY] + [RX,Y]), X.Y€g, (4.33)

that is, the commutator of two elements of h is in the image of R, hence is also an element of
h. It follows that the r-matrix is valued in b A h. Moreover, writing

L N A (434)

where T; are generators of b, 7 is invertible as a dim h x dim b matrix. Denoting the inverse
by w5, we can use it to define a two-cochain on b

w (Ts, T;) = Wagpr  Wap = —Wig- (4.35)

An r-matrix solving the cYBe (4.15) is then equivalent to w being a two-cocycle, that is a
closed two-cochain

wX, Y. ZD+w @, [Z,XD)+w(Z [X,Y]) =0, X, Y,Zch. (4.36)
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To see this explicitly, we note that for the r-matrix (4.34) the cYBe (4.15) can be written as
PR ([T, TA ATy ATy + Ta AT Te) A Tg + Ta A Te A[T5, T3]) = 0, (4.37)
which implies
( Faa PP o f by f{;;ra‘_lr[’é) To ATy AT, =0, (4.38)
or equivalently
fkarﬁaﬁr@ + fEEBrEZ!raE —|—f355ra‘7r[’é —0. (4.39)
Contracting this identity with w7;wz;wy: and using that wﬁrﬁ;’ = 5? we find
Wiafer + wep frzh 4 Wicf 7€ = 0. (4.40)
It is then straightforward to see that this is equivalent to the closure of the two-cochain (4.35)
w (T3 [T5. T;]) + w (Tg, [T3. T51) + w (T;, [T, Tgl) = 0. (4.41)

It follows that b is a quasi-Frobenius subalgebra of g, that is a subalgebra equipped with a
non-degenerate two-cocycle w. When w is also exact

wX,Y)=w(X,Y]), X,Yeb, (4.42)

the subalgebra § is Frobenius. Therefore, the classification of homogeneous r-matrices for
a given Lie algebra g is equivalent to the classification of quasi-Frobenius subalgebras and
non-degenerate two-cocycles.

It turns out that all homogeneous YB deformations can be related to duality transformations.
As an example of this we consider the following simplified setup. We assume that we have a
basis of generators 7,, a = 1, ...,dim g, of g that we split into 73, a = 1,...,dim b, which
are generators of h, and 7;,a = dim h + 1, ...,dim g, such that k,, = tr (7,T}) is block diag-
onal, that s r;, = k5 = 0. In particular, this means that r; = tr (T;T3) is invertible, with the
inverse denoted by £, and we can use the invariant bilinear form to identify the dual of h with
itself. While this is quite a severe restriction, the following construction can be generalised to
any homogeneous YB deformation.

For the r-matrix (4.34), we find that in this setup

RTz; = ’Ri’aT}—) = ZI’BEHMTB, RT, =0. (4.43)

It follows that the restriction of R to b is invertible. We can also use the two-cocycle w to define
an antisymmetric map 2 : h — b as

wX,Y)=2tr(XQY) = -2tr (NX)Y), X, Yebh, (4.44)
such that
Wap = 2%55965. (445)

Given that wg; is the inverse of it follows that 2 is the inverse of the restriction of R to b.
It is also useful to note that in terms of € the closure of the two-cocycle w is

QIX, Y] =[X, QY] + [QX,Y], X,Yeb, (4.46)
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that is € acts as a derivation on commutators of h.
Let us parametrise the group-valued field of the PCM as

g=hg, heH, gecgG, (4.47)
where Lie H = b, such that
jr=g'0.g =g "W 'Osh—ki)g, k.= —0.83"". (4.48)

Given that h='0.h € h, we can consider the following modification of the PCM

% %
Spem, = —E/dzxtr (i) + S

i / dxw (B0 hh'0_h) . (4.49)

Since w is a two-cocycle on b, hence it is closed, it follows that locally w (h‘18+h, h"B_h)
is a total derivative. Therefore, adding this term does not change the equations of motion. We
will call such a term a closed term.

‘We now claim that, up to a closed term, the non-abelian T-dual of the modified action (4.49)
gives the YB deformation of the PCM (4.1). To perform the non-abelian T-duality transforma-
tion we start by substituting in for j, using equation (4.48) in the modified action (4.49). We
then gauge the left-acting global H symmetry, h — hph, gauge-fix h = 1, and add a Lagrange
multiplier v € b enforcing that the gauge field is flat. After doing this we find

Sint, = —§ /dzxtr ((A+ — k)AL — ic_)) + % /dzxw (A4,AL)

p (4.50)
) /dzx tr (VO4A- —O-Ay +[AL,A]), v,AL€ED.
The non-abelian T-dual model is then given by integrating out the gauge field A
S _ 2 0 k ! ) ko) +kik 4.51
NATD,; = —5 d“xtr ( +’U+Pk+)m( _U—Pk_)+k+k_ , ( 5 )
where P is the orthogonal projector onto b, that is
PT,} - T&, PT,} - O (452)

In order to show that this is equivalent to the YB deformation up to a closed term, we substitute
the parametrisation (4.47) into the action (4.1) to give

_ é 2 —1 7 # —1 7
Svp =~ /d xtr ((h Orh— k)i 7 (h'0_h k_)> ,
Ry = Ad, 'RAd,. (4.53)

Comparing the actions (4.51) and (4.53) we would like to solve the following equations

1 1 1
Biv

P= , * = h'0.h. 4.54
1-¢(Q—ad,” 1-nR, 1+ (Q +ad, 1+9R, (4.54)

1-P

Rearranging and using that, restricted to b, R =0, we find

ad, =1 'Q — ¢, Osv=n""Quh '0:h), Q= Ad,'QAd,,  (4.55)
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where the first equation should be understood as an equation on h. It is natural to expect that
h = 1isequivalenttov = 0, in which case the first equation tells us that ¢ = 1. The equations
can then be solved by setting

L l—eh

h=¢e", v=rn . Qu, vED. (4.56)

This follows from the fact that {2 acts as a derivation on commutators of b (4.46).'
Finally, having solved equation (4.54), we observe that

1 -1 1 -1 —1-1 —1
T e g d-v= _ Qh'o_ 4,
8+U1—CQ—ad1,aU h a+hl_77th 3h+77 h 3+h h O_h, (4.57)
hence
! 2 —1 —1
Snatp, = SyB — d*xw (04hh~ ", 0_hh") . (4.58)

Therefore, we indeed find that the non-abelian T-dual of the modified action (4.51) gives the
YB deformation of the PCM up to a closed term. As mentioned above, this construction can
be generalised to any homogeneous YB deformation. That is, up to a closed term, any homo-
geneous YB deformation is the non-abelian T-dual of the PCM modified by a closed term. It
is interesting to note that when w is exact the closed terms become boundary terms and the
parameter 7 can be eliminated by a coordinate redefinition. Therefore, in these cases the YB
deformation is not strictly speaking a deformation.

Examples based on SL(2). We finish our discussion of homogeneous deformations with
an explicit example of a non-abelian r-matrix. It turns out there is no solution to the cYBe
on su(2). Therefore, we instead consider the non-compact real form sl(2, R) and the PCM

19 For any derivation 6 of the universal enveloping algebra of

1— —ady ady 1
h16h = %5@, st = € .

a v

where h = €”. Moreover, if we have two such derivations §; and §, that commute then

81 (h™"62h) — S(h™" 61h) + [~ 61, ™" 6,41 = 0,

61(02hh™") = 65(8hh™") — [h™'61h, ™' 6,h] = 0.
To solve the first equation in equation (4.55), we observe that Ad;'§Ad, — § = ad, 1, Indeed, acting with the left-
hand side on X € b we find 7 '§(hXh™"Yh — 6X = h™'6hX 4 6X — Xh~'6h — 6X = [h~'5h, X]. Therefore, setting

0 = £ and assuming that {2 can be extended to a derivation of the universal enveloping algebra of b, it follows that
the first equation in equation (4.55) is solved by

1 —e
v=n'h"Qh) =n"! TQT),

as claimed. It remains to show that the second equation in equation (4.55) is solved by this expression for v. Using
that 0. and €2 commute, we have

0:v =n""0.(h'Qh) = n ' QU OLh) + 07 W QR hOLh)
=7 (Q+ad,1)h " 0ch = 7' Qu(h ' O h),

as required.
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for SL(2,R) = AdS;. Recall that for G = SL(2, R) we reverse the overall sign of the action
to ensure that the target-space metric has Lorentzian signature. We use the following matrix
representation of s((2, R)

So = (é _01> , Sy = (8 (1)> , S_ = (? 8) . (4.59)

In this representation we take tr = Tr, where Tr is the standard matrix trace. Therefore, we
have

tr (S%) =2, tr(S48-) =1, [So, S+] = 284, [S4,S_1 = So. (4.60)
Parametrising the group-valued field as
g = exp (y154) exp (log zSo) exp (y-S-)., (4.61)

and substituting into the PCM action (2.10) with the overall sign reversed, we find

SsLor-pem = 4 / dx <2a+ 20-2+04y10-y- +04y-0-y *) . (4.62)

272
The explicit form of the target-space metric in local coordinates is thus

dz? +dy, dy_ )

= (4.63)

Gsza(

which is the familiar Poincaré metric for AdSs.
Up to automorphisms, there is only one solution to the cYBe on sl(2,R). This is the
Jordanian solution and is given by

r==SoAS;t. (4.64)
In terms of the operator R we have
RS_ = So, RSy = —254, RSy =0. (4.65)

Therefore, R = 0 and

=1+nR+1n*R°. (4.66)

1—-nR

Parametrising g as in (4.61) and substituting into the action of the deformed model (4.1) with
the overall sign reversed, we can read off the explicit form of the deformed target-space metric
and B-field in local coordinates

dz? + dy, dy_ — n*Z2 dy*
2

d
G =24 ( ) . B=2An5 Ady_. (4.67)
Z

Let us note that strictly speaking this is not a deformation since we can always set n = 1 by
rescaling

ye =y (4.68)
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In this example, the Lie algebra § is generated by Sy and S, and the two-cocycle w is given
by

w (SO,S+) = —w (S+,S0) =2. (4.69)
This two-cocycle is exact since w (X, Y) can be written as w ([X, Y]) where

@ (So) =0, @ (S+) =1. (4.70)
4.2. Inhomogeneous YB deformations

Let us now turn to the case of inhomogeneous YB deformations. In this case the antisymmetric
operator R satisfies the mcYBe
[RX,RY] — RIX,RY] — R[RX,Y] + *[X,Y] =0,
tr(XRY) +tr(RX)Y) =0, X,Yeg. (4.71)

The mcYBe can be rewritten as
[(RE+o)X,(REto)Y] =R Eo)(X,RY]+ [RX,Y]), X,Yegy, (4.72)

from which we see that the vector spaces h. = im(R = c) are Lie algebras.

The Drinfel’d-Jimbo solution. Antisymmetric solutions to the mcYBe, that is with ¢ # 0,
have been classified for simple Lie algebras over the complex numbers. Here we focus on
the simplest, Drinfel’d—Jimbo, solution to the mcYBe. To define this solution we introduce
a Cartan—Weyl basis for the complexified Lie algebra g©. We denote the Cartan generators
by H;,i =1,...rank g‘c, and the positive and negative roots by E, and F, respectively, o =
1,..., }(dimc g€ — rank g%). In operator form, the Drinfel’d—Jimbo solution to the mcYBe is
then given by?°

RHi = 0, RE@ = _CE(!H RF{Y = CF(Y' (473)

20 Using that the Cartan generators H; commute, that [H;, E,] and [E,,, E3] are sums of positive roots, and that [H;, F,]
and [F,, F] are sums of negative roots, working through the various cases we have

[RH;, RH;] — R[H;, RH,] — RIRH;, H;] + ¢*[H;,H;] = 0,
[RE,, RE5] — RIEa, REs] — RIRE,, Es]

+ P Ea, Egl = [Eq, Egl + 2¢RIE,, Eg] + ¢*[Ea, Eg] = 0,
[RFo, RF3] — RIFa, RF3] — RIRF,, Fsl

+ P lFa, Fgl = EFa, Fgl = 2cRIF, Fsl + ¢ Fo, Fgl =0,
[RH;, RE,] — R[H:, RE,] — RIRH;, E,]

+ *H;, E,] = —RI[H;, RE,] + ¢*[H;, E.]
= —*[H;, E,] + ¢*[H, E,] = 0,
[RH;, RF,] — RIH;, RF,] — RIRH;, F.,] + ¢*[H;, F,]
= —R[H;, RF,] + P[H;,F,] = —c*[H;, F,]1 + ¢*[H;, Fy] = 0,
[RE,, RF3] — RIE,, RF3] — RIRE,, F3l + c*[E., F3]
= —C’[Eq. F5] = R(clEa, F5] — c[Eq, Fs]) + ¢’ [Ea, F5] = 0.
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It is also useful to introduce the operator

IM=1-c?R% (4.74)
which projects onto the Cartan subalgebra

I1H; = H;, IE, =0, IIF, =0, (4.75)
and satisfies the identity?'

II([X,RY]+ [RX,Y]) =0, X,Y €g. (4.76)

When we consider real forms of the complexified Lie algebra g© we require that ¢* € R,
and the distinction between non-split, ¢ = i, and split, ¢ = 1, becomes relevant. For a given
real form there may be no, one or more than one inequivalent Drinfel’d—Jimbo solutions to
the non-split or split mcYBe. Typically, a careful analysis of the particular Lie algebra under
consideration is needed to classify these. Nevertheless, we can still make some universal state-
ments. In particular, let us focus on two real forms that can be defined for every simple Lie
algebra. These are the compact and split real forms. The compact real form is generated
by {iH;,i(E, + F.),(E, — F,)}, while the split real form is generated by {H;, E,, F,, }. For
example, for g‘c = sl(N, C) the compact real form is su(V), while the split real form is s[(V, R).

The Drinfel’d—Jimbo solution (4.73) allows us to write down solutions to the mcYBe with
c=iandc=1

c =1, RH; =0, RE, = —iE,, RF, =iF,, (4.77)

c=1, RH; =0, RE, = —E,, RF, =F,. (4.78)

‘We would now like to ask whether these solutions preserve the compact and split real forms,

that is whether the image of ‘R restricted to the real form is also valued in the real form. It is

straightforward to check that the ¢ = i solution preserves the compact real form, hence we have

a solution to the non-split mcYBe, while the ¢ = 1 solution preserves the split real form and
we have a solution to the split mcYBe.

The Drinfel’d—Jimbo solution to the mcYBe (4.73) can be extended to include
% rank g(rank g — 1) free parameters by setting

RH; = 3/H;,  RE,=—cE.,, RFya=cF,, [ r"=-p"%" (4.79)

where k;; = tr (H;H;) and "k j = 6}. To preserve the compact and split real forms the param-
eters /i should be real. More generally, the reality conditions on the parameters [3/i are
determined by the particular real form being considered. Since the Cartan generators com-
mute, this extension can be understood as combining an abelian solution to the cYBe with the
Drinfel’d—Jimbo solution to the mcYBe. Indeed, the Cartan subgroup of G® generated by H;
is the symmetry of both the Drinfel’d—Jimbo solution (4.73) and its extension (4.79)

ady, R = Rady,, (4.80)

2 Working through the various cases we have

II([H;, RH;] + [RH;,H;]) = 0, II([H;, RE,]1 + [RH;.E,]) = lI[H;,RE,] = —clI[H;,E,] =0,
II([E,, REs] + [RE.,Esl) = —2cII[E,,Eg]l =0, 1I([H;, RF,]1+ [RH; F,)) =1I[H;, RF,] = cll[H;,F,] =0,
I([Fa, RF3] + [RF,, Fg]) = 2clI[Fo, F5] = 0, I([Ea, RF3] + [RE,, Fs]) = H(c[Eq, Fs] — c[Eq, Fs]) = 0.
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which is the infinitesimal version of equation (4.2). This means that the Cartan subgroup of
the left-acting G global symmetry is preserved by YB deformations based on Drinfel’d—Jimbo
solutions. The extension (4.79) is then equivalent to performing additional TsT transformations
in the corresponding coordinates on target space.

Note that, apart from the case of the rank one algebra s((2, C), the extended Drinfel’d—Jimbo
solution (4.79) is not the unique solution to the mcYBe for simple Lie algebras over C. How-
ever, for the compact real form it is the only solution to the non-split mcYBe and there is no
solution to the split mcYBe. For the split real form, and for non-compact real forms more gen-
erally, the situation is typically more complicated. Indeed, as we will see shortly, the split real
form s1(2, R) has a solution to both the split and non-split mcYBe.

Examples based on SL(2). Let us now give a few explicit examples of inhomogeneous
YB deformations of the PCM based on different real forms of G = SL(2, C). We identify the
Cartan generator H with Sy, the positive root E with S and the negative root F' with S_ where
So, S+ are the generators of the split real form sl(2, R) defined in equation (4.59). This then
implies thatiH = T3, (E+ F) =T and E — F = T, where Ty, T, and T are the generators
of the compact real form su(2) defined in equation (2.49).

We start by considering inhomogeneous YB deformations of the SU(2) PCM. Since su(2) is
a compact real form it has a solution (4.77) to the non-split mcYBe. In terms of the generators
Ty, T, and T3 this is given by

RT, = T3, RT, = —T1, RT; = 0. (4.81)

This precisely coincides with the operator R that we encountered previously in section 3 in
equation (3.38). Therefore, the deformed target-space metric will be given by equation (3.12)
and the deformed B-field is closed. Noting that R* = —R we have

1 n?

"
- =1 R
[ P e

R>. (4.82)

Parametrising g as in (2.51) and substituting into the action of the deformed model (4.1) with
tr = Tr, we can read off the explicit form of the deformed target-space metric and B-field in
local coordinates

2%

_ 2 2 2 2 2
G= T (d6* + cos” B(1 + n” cos® O)dyp
+ sin” O(1 4 7? sin® )d¢? + 21 sin” O cos” § dy d(;S) ,
2/
B=—""""sin @ cos §d0 A d(p — o). (4.83)
1+ n?

We now turn to inhomogeneous YB deformations of the SL(2,R) PCM. Recall that for
G = SL(2,R) we reverse the overall sign of the action to ensure that the target-space met-
ric has Lorentzian signature. Given that sl(2, R) is a split real form it has a solution (4.78) to
the split mcYBe. In terms of the generators Sy and S this is given by

RSy =0, RS+ = FS.. (4.84)
Noting that R* = R we have

1 U Us
=1 R
1—-nR +1—772 +1—77

SR, (4.85)
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Parametrising the group-valued field as

g = exp (yl ;y‘)so) exp (u(Sy +5.)) exp (y‘ ;yos()) , (4.86)

and substituting into the action of the deformed model (4.1) with tr = Tr and the overall
sign reversed, we find that the deformed target-space metric and B-field are given by

2%
G= — (du® — sinh? u(1 + n* sinh® u)dy;
-1
+ cosh? u(1 — 7* cosh? u)dy% + 21% sinh® u cosh? u dyy dyl) ,
2%
B=- T sinh u cosh udu A d(y; — yo). (4.87)
-1

This deformed background has a singularity at 7 = 1, which is related to the fact that the
operator 1 — 7R is not invertible at this point. For our purposes, it will be sufficient to restrict n
toliein therange [0, 1). Itis interesting to observe that if we consider the coordinate redefinition

u=1log(yz),  yo—= =0+ —y) V1= =y +y), (4.88)
where v is a constant parameter, redefine 17 — 27 and take v — 0, then this deformed back-

ground becomes that of the homogeneous YB deformation (4.67). This is not an accident.
Indeed, let us consider the field redefinition

T 1
g giggn, g =oxp (G(5:—5)) exp (—5 log 7 (S + S_>) ,
(4.89)

1 s
gr = exp (—2 log 7 (S + S_>) exp (— (5 = 52)).

together with the coordinate redefinition (4.88) in the action (4.1). The form of the action is the
same except that the operator R is replaced by the operator Ad,, R Adg’Ll. We can now check
that
lim (g exp (—7y+S0) &.') = exp (y45+) »
lim (g1 exp (log(y2)(S+ + S-)) gr) = exp (log 250), (4.90)
!

lim (gg' exp(—7y-So) gr) = exp(y_S-),
=0

while 2777AdgL72Ad{;L1 becomes (4.65) in the limit v — 0.
We now turn to our final example of an inhomogeneous YB deformation. Even though
sl(2,R) is a split real form, it also has a solution to the non-split mcYBe, which is given by

1
RSy=S5.+5.. RSi=-.5 (4.91)
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This solution takes the form (4.77) if we use the isomorphism sl(2, R) = su(1, 1).?2 Note that
the solution (4.84) to the split mcYBe satisfies R* = R and annihilates the non-compact gen-
erator Sy, while the solution (4.91) to the non-split mcYBe satisfies R* = —R and annihilates
the compact generator S — S_, the same as for the solution (4.81) to the non-split mcYBe on
su(2). Parametrising the group-valued field as

t+ r—
g =exp (ﬂ(& - S)) exp (pSo) exp (ﬂ(& - S)) , (4.92)
and substituting into the action of the deformed model (4.1) with tr = Tr and the overall
sign reversed, we find that the deformed target-space metric and B-field are given by

2%
=137 (dp* — cosh? p(1 + 1* cosh® p)dr*
+ sinh® p(1 — 7* sinh® p)dyp* + 21 sinh® p cosh” pdr dip)
2%
B=—" :772 sinh p cosh pdp A d(r — 1b). (4.93)

It is worth clarifying that we have used three different coordinate systems for SL(2, R) =
AdSs;, based on the three parametrisations (4.61), (4.86) and (4.92). The corresponding metrics
are?3

dz? + dytdy~
G=12% (W) ,
z
G =24 (du2 — sinh® u dy% + cosh? udy%) , (4.94)
G = 2/ (dp* — cosh® pdr* + sinh? pdy)?) .
The first set are known as Poincaré coordinates, which cover the Poincaré patch of AdS;. The

second set also only cover a patch of AdSs, while the third set are known as global coordinates
and cover the whole of AdSs. The reason for introducing three different coordinate systems is
that they are each adapted to the YB deformation for which we used them. In particular, the
isometries preserved by the deformation are manifest.

22 Explicitly, we can take S‘l =iT, =i(E — F), .~92 = —iT} = E+ F and 33 = T5 = iH as generators of su(1, 1). The
solution (4.77) then takes the form

RS] - 32, RSZ - 73‘1, RS3 - O

Using the isomorphism su(1, 1) 2 sl(2,R) given by S‘l — So, 5‘2 — S84 +5_ and 5‘3 — §4 — S, we see that this
solution is equivalent to the solution (4.91).

21In terms of embedding coordinates we have that AdS; with unit radius is given by the locus of all points
(Zo, 21,25, Z3) € R*? satisfying —Z3 + Z} + Z3 — Z3 = —1. Solving this constraint equation by setting

Yy — - Y+ - z 1 z 1
Zy =", Zy = —, Z, == ——(1-— ), Zy ==+ —(1 ),
) % 1 2 2 =5 ZZ( y4yo) =5 + ZZ( +yeyo)
Zy = sinh u sinh y, Z, = cosh u sinh y;, Z, = sinh u cosh yy, Z3 = cosh u cosh yy,
Zy = cosh p cos t, Z, = sinh p cos ), Z, = sinh p sin v, Z3 = cosh p sin f,

and substituting into the metric on R*?, G = —dZ} + dZ} + dZ? — dZ3, the induced metrics on AdS; are given by
(4.94) up to the factor of 272.
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5. Drinfel’d doubles, the £-model and Poisson-Lie T-duality

Thus far in our discussion of YB deformations we have used the fact that the right-acting G
global symmetry is preserved and exploited the existence of an associated conserved current
to construct a Lax connection. It is also instructive to explore what happens to the broken left-
acting symmetry. Recalling that R is an antisymmetric solution to the (m)cYBe, varying the
action (4.1) under the infinitesimal variation g — e “g ~ (1 — ¢)g we find the equations of
motion

1
0+K_+0_K K. K ]p=0, K, = ke, 5.1
K-+ + + K+, K-1r + TR + (5.1

where

[X,Y]r = [X,RY]+[RX,Y], X,Yecg, 5.2)

is known as the R-bracket and defines a second Lie bracket on the vector space g.2* We denote
the corresponding Lie algebra by gr. Note that in the undeformed ) — 0 limit we recover the
conservation equation associated to the left-acting G global symmetry.

5.1. Drinfel’d doubles and the £-model

The appearance of the R-bracket is our first glimpse of a deeper underlying algebraic structure.
In addition to g, let us introduce a vector space g such that dim g = dim g, their direct sum (as
vector spaces)

v=g+34. (5.3)
and an invertible linear map o : g — g. We denote an element of 0 by X + oV, X, Y € g. Given

an antisymmetric solution to the (m)cYBe (4.8), we can define the following Lie bracket [[-, -]]
on the vector space 0

[[Xi 4+ oY1, X + oYal]l = [X1, Xo] + [X1, RY>2] — RIXy, Yol 4 [RY1, Xa] — R[Y1, Xa]
+ o([Yy, Yalr + [Xy, Ya] + [Y1, X2]), (5.4

which satisfies the Jacobi identity as a consequence of the (m)cYBe. The two subalgebras g and
g = gr, where gr is the Lie algebra whose Lie bracket is the R-bracket (5.2), are maximally

24 Using the fact that R satisfies the (m)cYBE we have

[X. 1Y, ZIrlr = [RX,[Y,ZIr] + [X,R[Y, Z]r] = [RX,[Y, RZ]]
+[RX,[RY, Z]l + [X,[RY, RZ]] + Z[X,[Y, Z]].
Combining this equation with its cyclic permutations we find
(X, Y, ZIrlr + [Y.[Z, XIrIr + [Z,[X, Y]R]R
= [RX,[Y,RZ]] + [RX,[RY,Z]] + [X,[RY,RZ]] + ¢*[X,[Y, Z]]
+[RY.[Z,RX]] 4 [RY,[RZ, X1] + [V, [RZ, RX]] 4 [Y.[Z.X]]
+[RZ,[X,RYI] + [RZ,[RX. YI] + [Z, [RX, RY1] + *[Z,[X, Y]] = 0,

which vanishes by the Jacobi identity for the Lie bracket [X, Y]. Therefore, the R-bracket also satisfies the Jacobi
identity, hence defines a Lie bracket.
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isotropic or Lagrangian with respect to the following invariant bilinear form
(X1 + oY1, X+ oYa)) = tr (X1 Ya) + tr (V1 X2) . (5.5)

The invariance of this bilinear form follows from the antisymmetry of R. Altogether, this means
that 9 has the structure of a Drinfel’d double. A Drinfel’d double is an even-dimensional Lie
algebra 0 that admits a Manin triple {g, g, (-, -)) }. A Manin triple is comprised of two subal-
gebras g and g of 9, such that 9 = g + g, together with an invariant bilinear form ((-, -)) with
respect to which these two subalgebras are Lagrangian.

If we define the injective map ¢ : g — 0 thatacts as 1X = X — RX, X € g,thenX 4+ oY =
X' + .Y, where X, Y € gand X' = X + RY € g. Therefore, an element of 0 can be equivalently
written in the form X 4 .Y, X, Y € g. In this basis, the Lie bracket (5.4) and invariant bilinear
form (5.5) are then given by

[[X) + Y1, Xo + Y]] = [X1, Xa] + Y1, Yal + «([Xy, Yol + [Y1, Xa]),
<<X1 + Y1, X + LY2>> =tr(X 1 Y2) +tr (¥1X5), (5.6)

where we have used that ‘R is an antisymmetric solution to the (m)cYBe. Therefore, we find
that 9 is isomorphic to the real double g @ g, the complex double g®, or the semi-abelian
double g x g, forc = 1, ¢ = i and ¢ = 0 respectively. Explicitly, given X + ¥ € 0, we have
that X — V. X+Y)cgd®g, X —iVYegland(X,-Y)cgx g®,forc=1,c=iandc=0
respectively.

The YB deformation (4.1) can be rewritten as a first-order model, that is first-order in time
derivatives, on the Drinfel’d double. This model takes the form of an £-model and its action is
given by

1 Ny
S =N (/ ¢ x (o~'09.97'0.9)) + ¢ / dxe’ (g 00, lla '0j9,9” ' diall))

—/dzx <<g_18xg,5g_laxg]>>>. (5.7)

Here 0 is a field valued in the Drinfel’d double D where Lie D = 0 and (-, -)) is the invariant
bilinear form on 9.2 N is an overall normalisation to be fixed later and £ : 0 — ? is a constant
linear operator that squares to the identity, £ = 1, and satisfies

(EX, ) =(ZX.E¥), X, ¥ e, (5.8)

or equivalently £ = £. Let us take any Lagrangian subalgebra of 9, which we denote b, that
isdim b = } dim 9 and (b, b)) = 0. Redefining

g—bg, beB, (5.9)

where Lie B = b, in the action (5.7) we find

Se=N ( [ ((a7'08.970.8) + (Adg'b 0.9 01a))

1 .
+ (Ady'p7'0:b, g ' Oig))) + A /d3x ¢ ((g~'0a.llg"'9,8.9~ ' dall))

25 Note that the invariant bilinear form ((-, -)) could be replaced by any invariant bilinear form on d. In particular, it does
not need part of a Manin triple. However, we do require that 9 has at least one Lagrangian subalgebra with respect to
this bilinear form in order to integrate out the corresponding degrees of freedom and recover a relativistic second-order
model.
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—60; (Ady'b~'0;b, g7 ' 0g)))

- / x ((Adg'b™"0:b + g 0:9), E(Ad, b1 Ocb + g]_lﬁxg)»)

—N ( [ @5 (00,97 0,0) + (adg's 0.0 010)
+ (Ady'p7'0:b. g7 0,g)))

- / Px ((Ady'b b, g ' 0,0)) — (Ady'6™0,b.g 7' D,))

- / &x (((Adg'b7'0cb + g ' 0,9), E(Ad, b7 0b + g D.g)))
1 .
+g / Ex e (g0, [[g‘ajg,glakg]]»)
- (/ &x ((97'00.897'00)) — (g '08.97'0:a)))

- /dzx {((Adg'p™'0:b + g~ '0,g — Eg ' 0,9). E(Ad,'b'0b + g7 Og — Eg ' O,g)))
1 .
+z /d3x * (g0, 1lg”' 0. @J‘lak@]]») , (5.10)

where we have used £2 = 1 and £’ = £, and that b is a Lagrangian subalgebra, hence
{(b7'0b, b 0:bY) = (b7 O, [[b~'0;b, b~ ' Okb]])) = 0. (5.11)

Therefore, we find that the action (5.7) only depends on b through b~'9,b € b.
If € is such that Ad, 6 and SAdgl b have trivial intersection, then we can integrate out

the degrees of freedom in b. To this end, we introduce the projector P with imP = EAdy '
and ker P = Ady 'v. The projector 1 — P therefore has im(1 — P) = ker P = Ady v and
ker(l = P) =imP = EAdgl b. These projectors also satisfy

(PZ,PHY) = (1 —P)X,1-P)F) =0, X, ¥ €, (5.12)

which follows from £2 = 1, £ = &, the invariance of the bilinear form {(-, -)) and the fact that
b is a Lagrangian subalgebra. Defining %8 = Adg'b’laxb + (1 —P)g 'o.g—Eg'og) €
Ad&l b, we have
((Ady"'b'0b+ g '0g — E97'0,9), E(Ad, b '0b + g 0,g — Eg7'D,9)))
={(#B+P@g 'og—Eg'09).E(B+P(@ 'og—Eg'09))
= (B.£8) + (P@ 0,9~ €g7'0,9), EP(g ' 0xg — £g'09))) . (5.13)
where  we  have used that  EP(g'd.g—Eg'Og) € Adg'b, hence
(B.€(P(@'oxg — Eg'9,g))) = 0. Integrating out the degrees of freedom in b is
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then equivalent to integrating out 28, which gives the action

Sa = ([ €1 (o '00.20700) - (" 00.97'0.9))
= / &x (Pg 09— Eg '09).EP(g ' 0.9 — Eg ' 0,9)))
1 y
+e /d3x é* (g 'o.g.llg ' 0;g. g]lé’kg]]]»)
1
=N (Z / &x (((87'049,((E = 1) = (€ = DP'EPE — 1)y '9,.a))
+{(97'0-9,((E+ 1) = (E+ DP'EPE + 1))g'0-g))
+ (071019, (E+ 1) = (€ = DP'EPE + 1)g '0-g))
+{g7'0-g.(E— 1D — (E+ DP'EPE — 1))g '04a)))

+ / dx e <<g—18,-@u,[[g—laj@u,@u—‘akgn>>), (5.14)

1
6
where

(PP, 2N =X, P¥), X, %€,

and 07'0,0 = 07'0,0 £ 07'0,0. From (P2, P%)) =0 we have PP = 0. In addition,
since £2 = 1, (EPE)? = EPE, with ker EPE = im P and im EPE = ker P, which implies
that the projector EPE = 1 — P. Combining these identities, and using £ = 1 and &' = &, it
is straightforward to show that

ELXH—(ELDHPEPE LD =0,
EL£D)—(EFDHPEPE£1)=£2EPE £ 1).

Substituting into the action (5.14) we arrive at the relativistic second-order action
1 _ _ _ _
Se, =N (5 /dzx (g7 '049.EPE + g '0_g) — (g '0-g,EPE — g 'd,qg)))

1 L.
+2 / Ex e’ (g, [[g—‘ajg,g—‘ak@u]]») : (5.15)

The operators EP(E + 1) are projectors with imEP(E £ 1) = Adgﬂlb and ker EP(E L 1) =
e+ where e, are the eigenspaces of £ with eigenvalues £1. To compensate the additional
degrees of freedom that the redefinition (5.9) introduces, the action (5.15) has a B gauge
symmetry

g— bg, b(,x)€B, (5.16)

hence describes a relativistic second-order model on B\D.
To show that the YB deformation (4.1) can be written as an £-model we set

1

B=G, b=3~gx, (5.17)
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and, writing a general element of the Drinfel’d doubled as X + Y, X, Y € g, define the operator
£ to act as

EX+Y)=—-n"'Y —mX, X,Yeq. (5.18)

Assuming that the decomposition (5.3) lifts to the group, that is the quotient G\D can be
identified with G, we parametrise

g=2s &€G, ge€G, (5.19)
and use the gauge symmetry (5.16) to fix g = 1 so that
g=g¢€G. (5.20)

We now determine the action of the projectors EP(E £ 1), which are defined by their image
and kernel. In the current setup we have imEP(E + 1) = Ad&j1 g and ker EP(E £ 1) = ex.
Observing that general elements of ¢+ take the form X &+ X, X € g, we consider the ansatz

EPE+ D)X+ 1Y) = 1L+ R)f-(R)Y TnX), XY € g, (5.21)

which ensures that e lies in the kernel. Furthermore, recalling that t + R = 0 : g — g and
noting that the commutation relations (5.6) imply that Ad, commutes with ¢, we also have that
the image is contained in Ad,g. Demanding that £P(£ £ 1) are projectors with the required
image and kernel we find

1
Re) = —F, 5.22
e Re) = (5.22)
and we arrive at the following expression for their action
1
EPEEDNX+1Y)=0+R)——=Y FnX), X, Yeg. (5.23)
1 FnR,

To conclude, we fix the gauge (5.20) in the action (5.15). Using the action of the projectors in
equation (5.23) and the invariant bilinear form (5.6) we find

(Y (et T o
e
_ -1 n -1
(o sersime os))
_ 1 2 -1 _n S I R
—N<2/d xtr(g 8+g1_n,Rgg 0-g—¢g 3781_‘_777%8 0+8

__ 2 2 -1 1 -1
=-3 /d xtr (g 8+g1 — nRgg 8g>
= Sys, (5.24)

where we have set

_% 2
N pre (5.25)
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and used that g is a Lagrangian subalgebra with respect to the bilinear form (-, -)), hence

(g '0ig. 1187 0;8.8 ' gll)) = 0, (5.26)

along with the antisymmetry of the operator R. We have therefore recovered the action of the
YB deformation of the PCM (4.1) as claimed.

5.2. Poisson-Lie T-duality

The first-order formalism allows us to introduce the notion of Poisson—Lie T-duality. For our
purposes, Poisson—Lie T-dual models are found by integrating out the degrees of freedom asso-
ciated to different Lagrangian subalgebras in the £-model (5.7). For example, rather than inte-
grating out the degrees of freedom associated to g = g, we could instead choose to integrate
out those associated to the Lagrangian subalgebra g to define a relativistic second-order model
on G\D. Often there are many inequivalent Lagrangian subalgebras, leading to different Pois-
son—Lie T-dual models. Poisson—Lie T-duality is a generalisation of T-duality and non-abelian
T-duality to models without manifest global symmetries, but whose equations of motion can
be written in the form of a non-commutative conservation law, such as in equation (5.1). More-
over, all of these worldsheet dualities can be understood as canonical transformations on phase
space, hence they preserve classical integrability.

As we have seen, starting from the £-model (5.7) with £ defined in (5.18), we can recover
the YB deformation by integrating out the degrees of freedom associated to the Lagrangian
subalgebra g = gr. As a particular example of a Poisson-Lie T-dual model, let us instead
integrate out the degrees of freedom associated to the Lagrangian subalgebra g, that is we set

B=G, b=g. (5.27)

We focus here on the ¢ = 1 case, for which the Drinfel’d double is isomorphic to the real double

= g @ g. While the following construction goes through for any real form g, if this real form
admits a solution to the split mcYBe then the model we find is Poisson—Lie T-dual to the
corresponding YB deformation. If not, then the resulting model is simply not the Poisson—Lie
T-dual of a YB deformation. Analogous statements also hold for the ¢ = i case, for which the
Drinfel’d double is isomorphic to the complex double d = g*. The model that results from
integrating out the degrees of freedom associated to the Lagrangian subalgebra g is an analytic
continuation of the model we find starting from the real double. When the real form g admits
a solution to the non-split mcYBe this model is Poisson—Lie T-dual to the corresponding YB
deformation. If not, then again the resulting model is simply not the Poisson—Lie T-dual of a
YB deformation.

We start by writing an element of the real double d = g & g as

X,Y)eo, X, Yeugy, (5.28)

where the Lagrangian subalgebra g is generated by the diagonal elements (X, X) and the map
L:g— 0actsas (X, X) = (X, —X). The Lie bracket and invariant bilinear form (5.6) are given
by

(X1, Y1), (X2, )l = (X1, X2, [Y1, Y2 ),

: . (5.29)
(X1, Y1), (X, o)) = 5 tr (X1X3) — 3 tr(Y1Y2).
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The action of the operator £ (5.18) is then given by

A THENX=2Y WP+ NY —2X
A= 7 A=)

EX,Y)= (— ), X, Yeg, (5.30)

where we have introduced

1—
A_ 77

= . 5.31
147 ( )

It will also be convenient to introduce the subalgebras g+ = g and g_ = g generated by ele-
ments of the form (X, 0) and (0, X) respectively, along with the associated Lie groups G = G
and G_ =2 G. We now parametrise

g=(¢.¢) @D, (d.¢)€G, (g1 e€Gy, (5.32)

and use the gauge symmetry (5.16) to fix (g’,g’) = (1, 1) so that

g=_(g1)€Gy. (5.33)

It remains to determine the action of the projectors EP(E + 1), which are defined by their image
and kernel. In the current setup we have imEP(E £ 1) = Ad(;,h) g and ker EP(E £ 1) = e

Observing that general elements of ¢~ take the form (X D¢ ), X € g, we consider the ansatz

EPE £ DX, Y) = (Ad; ' fr(Ad, )Y — AT'X), fo(Ad,H(Y — AT'X)), XY e,
(5.34)

which ensures that e+ lies in the kernel and the image is contained in Ad(_&ll) g. Demanding that
EP(E £ 1) are projectors with the required image and kernel we find

1

Ady = ———
J(Adg) 1 — A=1Ad, !

(5.35)
and we arrive at the following expression for their action

Ad;! 1

= —— - NX),—— (- \'X)|, X.Yeq.
EPE+D(X,Y) <l—>\i‘Adg1(Y A X)’1—AilAd;1( )) €g

(5.36)

To conclude, we fix the gauge (5.33) in the action (5.15). Using the action of the projectors in
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equation (5.36) and the invariant bilinear form (5.29) we find

1 —\Ad;! -2
Se. =N [ & ~19,4.0), LA 19_g.g7 "0
% <2/ x<<<(g +8.0) <1—)\Adg1 1—/\Adg‘>(g &8 g)>>
- —\'Ad;! ! - -
- <<<g 9-2.0). <1>\‘Afi" 1 —\1Ad! (67'048.87'010)
8 8

1 .
+5 / dx e (((s7'018.0) . [[(¢7'98.0) . (¢ Ous, 0)]]>>>

1, . SAAd IR S v (5.37)
= Z/dxtr 8+8718 0-g—¢ 08718 0+8

/\Ad7 A lAd7
1 ..
+ E/d3xe"ktr (g’l&g [(g’lafg,g’lakg}))

1+ )Ad," 7
= _—/d2xtr< ’1(“)+g A -8 1(7g> +€/d et (g 0iglg ' 9;8.8 ' Ohgl)

= Sa,

where we have set?®

N =2%. (5.38)
Sending A — 0, or equivalently  — 1, we see that this action becomes that of the WZW model,

which is given by equation (2.38) with Z = £. Moreover, expanding the action (5.37) around
A = 0 we find

Sy = —? /dzxtr (g_18+gg_13_g) + ? /d3x ek tr (g_laig[g_lajg,g_lakg])

(5.39)
— R / dxtr (8+gg’1g’18,g) + O0\Y).
Recalling that the equations of motion of the WZW model are
0:(¢7'0-g) = 0-(9+8¢ ") = 0, (5.40)

we see that the first subleading term in (5.39) can be understood as a current—current
perturbation.

6. Current—current deformations of the WZW model

We finish this review with a discussion of current—current deformations of the WZW model.
These are deformations that take the form

Sij = Swzw — £\ / d*xtr (9,88 '0g7'0_g) + O\, (6.1)

26 The parameters (%, \) are thus related to the parameters (/2,7) as

_/2 1—n
Ay’ 147
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where O : g — g is a constant linear operator. We will focus on two examples of such defor-
mations. The first is the isotropic current—current deformation (5.39), which has O = 1, hence
isotropic, and preserves integrability. The second is the abelian current—current deformation,
which preserves conformal invariance. These are two examples of a wider class of such defor-
mations whose integrability, scale invariance and conformality depend on the properties of the
operator O.

6.1. Isotropic current—current deformation

We start by considering the particular current—current deformation (5.37) introduced at the end
of section 5.

Gauged WZW formulation and integrability. An alternative construction of the model
(5.37) starts from the G/G gauged WZW model

2 2 y
Sewzw = ) /dzxtr (g'01g87'0-g) + 3 /d3x i (¢ 0igle '0j8. 8 Dhgl)
6.2)
+ ﬁ/dzx tr (A+g’18,g —A 0,88 '+ ALgAg— A+A,) ,

where the group-valued field g € G and the gauge field A; € g. This action is invariant under
the gauge transformations

g8 g8 Ar—g'Aig+g 03 81 EG, (6.3)

Due to the G gauge symmetry there are no dynamical degrees of freedom. Therefore, we
consider the following modification of the action (6.2)

2 A .
Sy = ~3 /dzxtr (g_18+gg_13_g) + 3 /d3x ek tr (g_laig[g_lajg,g_lakg])
(6.4)
+ 2 / d>xtr (A+g_18,g —A 0,88 "+A g Ag— )\_IAJFA,) .

Away from the point A = 1, the action (6.4) is no longer invariant under the gauge symmetry
(6.3) and there are dim G dynamical degrees of freedom. Moreover, in the limit A — 0 we
recover the standard WZW model?’. It is natural to take the parameter \ to lie in the range
[0, 1], with A — 1 corresponding to the non-abelian T-dual limit, which, as we will see, is
given by taking A — 1 and g — 1 such that i;_i remains finite. The global part of the G gauge
symmetry survives the deformation, hence the model has a G global symmetry acting as

g —gp'ggp, Ar— gp'Aigp, gp €G. (6.5)

Since the fields A enter the action (6.4) algebraically they can be easily integrated out. Their
equations of motion are

A —Ad)AL = 0,88, A —AdHA- =g7'0 g (6.6)

27 To take this limit we first rescale, for example, AL — \/XAi such that after taking A — 0 the fields A, decouple and
we are just left with the WZW model.
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Substituting back into the action (6.4) we find

2 A y
Sp = ~3 /dzxtr (g_13+gg_18_g) + 3 /d3x ek tr (g_l@g[g_lﬁjg, g_lﬁkg])
Ad,'
— ﬁ/dzxtr <g18+g>\l_gAdglglag>

;%/ ) (_1 1+ Ad
=—7 [ dxtu|g 0g—rt7g 0-¢
2 1 — A\Ad,

% e - ~
+ g/d3xe”"tr (g7 '0iglg'0;8.8 " Ohgl) .

6.7)

and we indeed recover the isotropic current—current deformation of the WZW model (5.37).

Writing the action in the form (6.4) has the advantage of making the integrability of the
model more transparent. In addition to the equations of motion for A (6.6), we also have the
equation of motion for the group-valued field, which is

0+(87'0-g+g 'Ag)— 0-AL +1[A;.87'0-g+g 'A gl =0, 6.8)
or equivalently

O (—0188 ' +gArg ) —04A_+[A_, —0,88 ' +gAsg'1=0. (69)
When A are given by their on-shell expressions (6.6) we can rewrite these two equations as
MN1OA —0 A  +XALLA =0, MO AL —0,A XA LA 1=0. (6.10)

Taking their sum and difference we find

04J_+0-Jy =0, OrJ- — 0 Jy + [y, J-1=0, (6.11)
where
Ji = 2 A (6.12)
T '

Therefore, J . is a conserved and flat current, which allows us to write down the following Lax
connection of the isotropic current—current deformation of the WZW model

Ji

Li(2) = 1Tz

(6.13)

Non-abelian T-dual limit. Finally, let us return to the A — 1 limit of the action (6.4).
According to the map between the parameters (5.31) this corresponds to the undeformed limit
of the YB deformation (4.1), in which the Gi, x Gg global symmetry is restored. Therefore, we
might expect the Poisson—Lie T-dual model to become the non-abelian T-dual of the PCM. This
is indeed the case, although the limit needs to be taken with care. Specifically, we parametrise

VA %
_ _ - - = 14
g exp( 2@”)’ A exp( 2@)’ vEg, (6.14)
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and take % — oo. Taking this limit in the action (6.4) gives?®

V2
SNATD—INT—PCM = —5 /d2x tr (U(6+A_ - 3_A+ + [A+,A_]) +A+A_) . (615)

This is the first-order action that we find by gauging the left-acting G global symmetry of the
PCM (2.10), g — g8, gauge-fixing g = 1, and adding a Lagrange multiplier v € g enforcing
that the gauge field is flat. Note that integrating out the Lagrange multiplier field v in the action
(6.15) we recover the PCM. On the other hand, integrating out Ay we find the non-abelian
T-dual of the PCM

SNATD—PCM = —% /dzx tr (84,_1} 0 ’U) . (6.16)

1—ad,

We can also find the action (6.16) directly by taking the £ — oo limit in the action (6.7).%

Examples based on SL(2). As for the YB deformation, it is instructive to look at explicit
examples based on real forms of G = SL(2, C). We start by considering the isotropic cur-
rent—current deformation of the SU(2) WZW model. Recalling the generators Ty, T, and T3
of the compact real form defined in (2.49), we parametrise

g = exp(¢1(cos ¢T3 + sin ¢a(cos ¢3T) + sin p37))) . (6.17)

Substituting into the action (6.7) with tr = Tr, we find that the deformed target-space metric
and H-flux are given by

(1 — X?)sin® ¢, 9 . .3 ’
G=2% —d d de?) ),
( o (1 — M2 +4)\sin® ¢ (dg3 + sin” g2 d¢3) .
(1= A2 4201 — N2 + 4 sin ¢y) . '
H=—4# doy Adgy Ad
(AR L drsitg e S rsin 62d0y A dgy £ dos.
% We have g '0:g = — 2 0.0+ Oy, dugg™' = 20,0+ O(L) and X! =1+ / 2 4o ). Therefore,

the two terms in the first line of the action (6.4) are of order % and ?, hence drop out in the 11m1t % % 00. Expanding

the second line of the action (6.4) at large /# and integrating by parts we find

ﬁ/dzxtr( A+8 v+ zﬁ;‘%A Oyv+ALA-

V) V) 1
2}%AWA] ALA_ — 2ﬁA+A +0(}% ))

=-= /dzxtr (AL0_v—A_04v—AL[v,AL]+ALA )+ 0 (

1

)

2 Again using the parametrisation (6.14) we have /\Adg1 =1- % + %adv + O(?), hence

= _é /dzxtr (vO4A- —O_Ay +[AL, A )+ALA ) + 0O

L+2Ad 42 1
1-)Ad," /21—

ad, + O(1).

Therefore, expanding the action (6.7) at large /2, we find

V) 1 1
SA:_E/dZXtr(a'*’Ulfad 0_1 >+0(%)
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The non-abelian T-dual limit is then given by setting A = exp (— %) , rescaling ¢ — — 2 ¢
and taking £ — oco. Taking this limit in the deformed target-space metric and H-flux we find

2
G=24 (dqﬁ% +1 f; pe (dg3 + sin? ¢, d¢§)) ,
3 4 : (6.19)
H= 4&@ 2 sin ¢ dgy A dey A dos.
1

We now consider the isotropic current—current deformation of the SL(2,R) WZW model.
Recall that for G = SL(2, R) we reverse the overall sign of the action to ensure that the target-
space metric has Lorentzian signature. Taking the generators Sy, S4+ and S_ of the split real
form defined in (4.59), we parametrise

h = exp (¥1(cos 1,50 + sin 1 (e"S4 +e 7S_))) . (6.20)

Substituting into the action (6.7) with tr = Tr and the overall sign reversed, we find that the
deformed target-space metric and H-flux are given by*°

1+X (1 — A2)sinh® s, 5
G=2%—d dy? — dr?) ),
(1—)\ Vi A2 — gasinh? gy (0¥ TSI 2470 6o1)
(1= A2 +2X0((1 — A2 — 4Asinh®¥y) ., '
H=—44 h dyy A dyy Adr.
(1= A — 4sinh? ;2 SR sin g din A din AT
Note that this deformed background has a singularity at
. (1—))?
h? ¢, = , 6.22
sinh” 5y (6.22)

which is related to the fact that the operator 1 — )\Ad;l is not invertible at this point. We
will not address this singularity in detail, suffice to say that it defines for us two regions.

L . . L a2 S
These are the region ‘inside’ the singularity with sinh® 1), < %, which is connected to

the undeformed limit A — 0, and the region ‘outside’ the singularity with sinh?¢); > %.
Inside the singularity ), and v, are spacelike, while 7 is timelike. Outside the singularity ),
becomes timelike, while 7 becomes spacelike. The non-abelian T-dual limit is again given by

setting A = exp (—%) , rescaling v¥; — —%1/)1 and taking £ — oo, resulting in the following

30'Solving the AdS; constraint equation —Z2 + Z} 4+ Z3 — Z3 = —1 by setting
Zy = cosh 1y, Z, = sinh ¥ cos 1, Z, = sinh 1)y sin 1, cosh 7, Z3 = sinh 1)y sin 1, sinh T,
and substituting into the metric on R*?, G = —dZ3 + dZ} + dZ3 — dZ3, the induced metric on AdS; is given by

G = dyp? + sinh? ¢, (dp3 — sin® ¢, A7),

which agrees with the metric in equation (6.21) for A =0 and £ = % Furthermore, for A = 0 the H-flux in
equation (6.21) is proportional to the volume form of AdS; as expected.
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target-space metric and H-flux

2
G=2% <d¢% +1 _1@; 7 (dep3 — sin® o), dTZ)) ,
: (6.23)
349, .
H = 4ﬁm 1 Sm '(/)2 d'l/)] A\ d'l/)z AdT.
1

A second interesting limit is given by setting ¢, =, +~ and taking v — oo in
equation (6.21). This should be understood as a formal limit in the sense that it requires us
to be ‘outside’ the singularity (6.22). Doing so we find

1+ A
I—A

H =24 sin v, dy; A dip A dr.

1 — 2
G=2# ( dyf + 7 AA (—dy3 + sin® ¥, d72)> :

(6.24)

In this limit we find that the deformed model gains an additional symmetry corresponding to
shifts of ;. Writing the deformed B-field as

B = 2% cos vy diy Adr, (6.25)

and T-dualising in 1), the resulting background has vanishing B-field, while the T-dual
deformed metric is given by

1—-X - -2
G=2# (m(dwl + cos 1, d7)? + 5 (—dep3 + sin® 1, d72)> : (6.26)
Setting
- 1-— %
=z —2, T=2+2, y = 220, A=—1 R=—, (6.27)
147 4n
this metric becomes
2/ . .
=1 (—dz + cos” zo(1 — i cos” zo)dz7 + sin® zo(1 — 7* sin z5)dz3
+ 2 sin® zg cos” 29 dz; dz2) - (6.28)

This is reminiscent of the deformed backgrounds of the inhomogeneous YB deformations con-
structed in section 4. In fact, it is precisely the deformed metric of the inhomogeneous YB
deformation of the SL(2, R) PCM based on the Drinfel’d—Jimbo solution to the split mcYBe
(4.84). To see this explicitly we parametrise the group-valued field of the YB deformation as

g = exp (Z‘ 3 = So) exp (20(S+ — S)) exp (“erzzso> . (6.29)

Furthermore, the deformed B-field is closed. Therefore, in this limit the isotropic cur-
rent—current deformation of the SL(2,R) WZW model becomes the T-dual of the split
inhomogeneous YB deformation of the SL(2, R) PCM up to a closed term.

This observation has an algebraic interpretation. Recall that both the split inhomogeneous
YB deformation of the SL(2,R) PCM and the isotropic current—current deformation of the
SL(2,R) WZW model follow from the £-model (5.7) on the real double sl(2, R) & sl(2, R).

50



J. Phys. A: Math. Theor. 55 (2022) 093001 Topical Review

They are found by integrating out the degrees of freedom associated to different Lagrangian
subalgebras. Taking

{(H,0),(E,0),(F,0),(0,H),(0,E),(0,F)}, (6.30)

as a basis for the real double, these Lagrangian subalgebras are g = gr and g respectively,
which are generated by*!

g = span{(H, —H), (0, E), (F,0)}, g = span{(H,H), (E,E),(F,F)}. (6.31)

The limit of interest is a limit of the isotropic current-current deformation and correspondingly
can be related to the following contraction of the Lie algebra g

lim Adqiog ~mm {(H, H), v %(E, E),y *(F,F)} = {(H,H), (0, E), (F,0)}. (6.32)

=00

The only difference between this contracted Lie algebra and g is the linear combination
of Cartan generators, (H, H) versus (H, —H), which can be shown to amount to a T-duality
transformation.

6.2. Abelian current—current deformations and TsT transformations

As our final example of a deformed sigma model we consider the abelian current—current
deformation of the WZW model. In this case we deform by U(1) currents. It turns out that this
deformation can be understood as a TsT transformation of the WZW model, hence it preserves
conformal invariance.

We can define the model in a similar way to the isotropic deformation by deforming the
G/U(1) gauged WZW model

2 A Ny
Say = ~3 /dzxtr (g_13+gg_18_g) + 3 /d3x ek tr (g_l@g[g_lﬁjg, g_lﬁkg])
(6.33)
+ ﬁi/dzx tr (A+g_18,g —A 0,gg "+A g Ag— )\_IA+A,) ,

where, as before, the group-valued field g € G, but now the field AL € u(l) C g. This model
interpolates between the WZW model in the limit A — 0, the vectorially gauged WZW model
in the limit A — 1 and the axially gauged WZW model in the limit A — —1. The vectorially
gauged WZW model is invariant under the gauge transformations

g— hlgh, AL — AL +h 0., h(t, x) € U(1). (6.34)

Since U(1) is abelian we have A~ 'A h = Ay and A '0.h = O.hh~'. On the other hand, the
gauge symmetry of the axially gauged WZW model is given by

¢ —hgh, Ay — Ay +h'0ch,  h(t,x) € UQ). (6.35)

Away from the points A\ = +-1 the action (6.33) is no longer invariant under the gauge symmetry
and has dim G dynamical degrees of freedom. Again the global part of the gauge symmetry
survives, hence the model has at least a U(1) x U(1) global symmetry acting as

g — highg, AL — AL, hy,hg € UQ). (6.36)

31 Recall that g is generated by the diagonal elements (X, X) and from equation (4.78) we have R(H, H) = 0, R(E,E) =
(—E,—E)and R(F,F) = (F, F). Elements of § = g take the form +(X, X) + R(X, X) where +(X, X) = (X, —X).
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Assuming that the u(1) subalgebra is not null, that is tr (Tz) # 0 where 7 is the u(1) gener-
ator, we can introduce the orthogonal projector P : g — u(1) and the equations of the motion
for the fields A, are

(A" = PAd)A = —PO,gg ", (A" —PAd;HA_ =Pg'0_g. (6.37)

Substituting back into the action (6.33) we find

Sa,, :—E/dzxtr (g 18+gg la_g) —|—€/d3xe/ktr (g 1(‘3,-g[g lajg,g 1&cg])

1
— fé/dzxtr <8+gg_1P_71g_18g> . (6.38)
Al —Ad, P

Expanding this action around A = 0 gives

V2 V) .
Sa,y = ) /dzx tr(g'0r88 '0-g) + € /d3x e (g '0iglg 08,8 ' Okgl)
(6.39)
— A\ / d*xtr (0488 'Pg'0-g) + O\,

and we see that the first subleading term can be understood as an abelian current—current
perturbation.

To show that the abelian current—current deformation (6.38) can also be found as a TsT
transformation of the WZW model up to closed terms we parametrise

g=¢95e, ©,0% cu(l), (6.40)

T-dualise ©' — O, then shift ©> — > — 4O, and finally T-dualise ©; — ©. Explicitly,
setting g = €©'2e©” in the WZW model gives

% % )
Swzw = =7 / d*xtr(g'01g8 '0-g) + 5 / Fxe®tr (g7 08l 058, 8 Ohg))

—? / d*xtr (310,88 '0-8) +§ / dPxeur(z7'0:8l8 052,38 '081)
. | (6.41)
- ;%/d%ctr (zm@lael + 5agaza,ez

+0.0'0,887 ' +0,0%'0 g+ g—la_(a‘gm@Z) ,

where we have used that u(1) is abelian. T-dualising 0! -0, shifting 0?5 e’— 7(:)1, T-
dualising ©, — ©', and finally redefining ©' — ©' + 70? and ©% — 0% + 70", the TsT
transformed action takes the form

STST—WZW =

- ? /d2xtr (g 'oszz'0-3) + ?/d%e[ﬂ‘ tr (3710818 7'0,8.8 ' 0&1)

1 1 2 2 ~~— D~ ~ ~— ~ 2
7ﬁ/d2xtr(§0+610,91 +50:0%0.0" +0.0'0,33 ' +0,0°F 1.3 +7 10,91g0+9')
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_A /dzx tr <(a+®‘ + 0,88 " 4 Adz0, ©%)P - 0-0*+z'0. g+ Ad§18®1>

I—Ad;'P
+ @ /dzxtr (0.0'0.0" — 0,0%.0), (6.42)
where
2y
A= . 6.43

On the other hand, if we set g = eelgfe92 in the action of the abelian current—current
perturbation of the WZW model (6.38) we find

Sh,, = Stst-wzw — ? / dxtr (040'0-6% - 9,0%9_0'), (6.44)

where we have used that Ad,e P = P = PAd,e for © € u(1), which follows from the fact that
P is an orthogonal projector. Therefore, the two actions are equal up to closed terms.

Examples based on SL(2). We finish by briefly studying the abelian current—current defor-
mation of the SU(2) WZW model. Using the generators 7', T and T’ of the compact real form
(2.49) we parametrise

g = exp (cp ; ¢T3) exp (0T)) exp (90 ; ¢T3) s (6.45)

and take the u(1) subalgebra to be generated by 7's. Substituting into the action (6.38) with
tr = Tr, we find that the deformed target-space metric and H-flux are given by

(1+XNcos?0 ., (1 —Nsin*0 i
1—Acos20 7 T T Xcos20 ’
(1 — A\?)sin 26
(1 — X cos 20)2
such that for A\ = 0 we recover the background of the SU(2) WZW model. If we take the degen-

erate limits A — 41 then the H-flux vanishes and the background metric becomes that of the
SU(2)/U(1) vectorially or axially gauged WZW models for A = 1 and A = —1 respectively.

G=2# <d92 +
(6.46)

H=-2% do A dy A dé,

Note that if we first rescale ¢ — /25 and ¢ — 1/ 25 ¢ then the deformed background
becomes
2cos? 6 25sin’ @
G =24 ( ¢ : d¢* ),
( +1—)\00529<p+1—)\(:0529q5
(6.47)
V1 — A2 sin 20
H=—4pY" "2 M2 49 0 do A do,

(1 — X cos 20)?

and the A\ — +1 limits become non-degenerate. The H-flux still vanishes, while for A\ — 1 the
metric becomes

G = 2% (d6” + cot? 0 dp* + d¢?) , (6.48)

corresponding to the SU(2)/U(1) vectorially gauged WZW model plus a free boson, and for
A — —1 it becomes

G = 2% (d6” + tan® §d¢” + dy?) , (6.49)
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corresponding to the SU(2)/U(1) axially gauged WZW model plus a free boson.

7. Bibliography and generalisations

In this pedagogical review we have focused on the PCM, the PCWZM and the WZW model for
simple Lie group G and some of their integrable deformations and dualities. This has allowed
us to explore these models and the underlying algebraic structures in more detail, but it has
also meant that we have only discussed a small corner of the space of integrable sigma models.
There is a large landscape of integrable sigma models and their classification continues to be
an active area of study.

71. Symmetric integrable sigma models

In addition to the PCM [1, 2] and the PCWZM [3, 4], another well-known integrable sigma
model is the symmetric space sigma model (SSSM) [5]. The PCM, PCWZM and SSSM have
a long history and much is understood about their classical and quantum physics [6, 7]. A
recent review can be found in [8]. The SSSM describes sigma models whose target space is a
symmetric space. This includes, for example, spheres and anti de Sitter spaces

SO(n + 1) SO2,n— 1)

St e . AdS, = T 7.1
SO(n) SO(l,n—1) (7.1

Symmetric spaces can be realised as Z, cosets

G

—. 7.2

o (7.2)
Defining g = Lie G and h = Lie H, the Z, grading implies that

g=b+p, [hbh1ChH [b.plCp, [p.plCyp. (7.3)

Indeed, these commutation relations imply that the Lie algebra g admits the Z, automorphism
o(h) = h, o(p) = —p, whose fixed points are elements of h. Moreover, they imply that the
decomposition g = b + p is orthogonal with respect to the Killing form, that is tr (hp) = 0.
The action of the SSSM is

% . .
Ssssm = —5 /dzxtr (]+P1]_) , (7.4)

where j, = g~'0.g is the pull-back of the left-invariant Maurer—Cartan form for the group-
valued field g € G and we denote the orthogonal projectors onto h and p by Py and P
respectively. The Lax connection of the SSSM is given by

L.(2) = Poje + 27 Pijs. (1.5)

The SSSM can be generalised to Zg cosets (7.2), for which
(T .
g="bh+ <k+1 Pk) » [Pl € Pigtimoar, tr(pep) =0 ifk4+1#0modT, (7.6)

where we define po = b. In this case the complexified Lie algebra g© admits the Z; automor-
phism o(py) = el'#lﬂk, whose fixed points are again elements of ). Denoting the projectors
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onto pi in the decomposition (7.6) by Py, the action

% 2 . .
Sz, = ) /d xtr (jpP-j-), Py = ;kpgi(g—k)’ (7.7
on a Zr coset admits the Lax connection
T-1
Li@) = Poju+ ) T Pro1_pjs- (7.8)
k=1

This action and its Lax connection were constructed in [9-11] for 7' = 4 and generalised to
arbitrary 7 in [12]. This is not the unique classically integrable sigma model on a Zg coset.
Indeed, an alternative is given by

V2
S/Zr = _E /dzxtr (j+Q,j,) ,

13) -1
Q=D Mrgn~ 2 T-PPry @9
k=1 k=|%]+1

which admits the Lax connection

1% 71
Li@=Poje+ ) *Proz piet+ Y TP yje (110)
k=1 k= L]+1

The action (7.9) and its Lax connection were constructed in [13—16] for 7 = 4 and generalised
to the case when 4 divides 7 in [17]. The most general case is, to the best of our knowledge,
a new result. For T = 2, both Sz, and S’ZT coincide with the SSSM (7.4), and for T > 3 they
have a non-vanishing B-field, which is needed to ensure their classical integrability.

By construction, the projectors P, commute with the adjoint action of & € H. It follows
that the SSSM (7.4) and the Z; coset models (7.7) and (7.9) are invariant under the H gauge
symmetry

g —gh, h(t,x) € H. (7.11)

To better understand the structure of these models, let us parametrise the group-valued field
g = exp(X) with X € +1—!p,, where we have fixed the H gauge symmetry by setting PoX = 0.
Expanding the actions (7.7) and (7.9) to quadratic order in X we find

5] L5
V3 2 3
Sz =~% / d’xtr ;k8+XPk8_X+ k; (T — kO XPO_X | + 0X3),
(7.12)
13) L5

V3 2 3
Sy = -3 / d’xtr ;k8+XPk8_X — ; k0L XPO_X | + 0X3).

For the action Sz, all dim G — dim H components of X have a canonical kinetic term and can
be interpreted as physical degrees of freedom. On the other hand, for S%T with even 7, only
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those components in P %X have a canonical kinetic term, while for odd T there are no com-
ponents with a canonical kinetic term. Moreover, for odd 7', the target-space metric vanishes
and the model is purely topological, while for even 7 with T > 3, the target-space metric is
degenerate®?. This degenerate structure may be indicating that these models have additional
local symmetries and their proper interpretation remains to be understood.

The SSSM (7.4) and the Z; coset models (7.7) and (7.9) have a G global symmetry, which
acts as g — gp.g. Just as for the PCM and the PCWZM, the conserved current of the SSSM
can be normalised such that it is also flat on-shell. Therefore, it can be used to construct a
Lax connection and an infinite number of local conserved charges in involution [6, 7, 18-21],
as required for classical integrability. More generally, such charges can be constructed if the
Poisson bracket of the Lax matrix, that is the spatial component of the Lax connection £, with
itself satisfies a Maillet bracket [22—24] with twist function [25, 26]. This construction does
not require the existence of a conserved and flat current, hence can be applied to the Zy coset
models [26—-29] and is also useful when studying integrable deformations that break the global
symmetry. As in the case of the PCM, there is evidence that the coset models, in particular the
SSSM, also have a hidden symmetry that takes the form of a classical Yangian algebra. An
introduction to classical integrability is given in the accompanying review article. ‘Introduction
to classical and quantum integrability’ by Retore [30] and a more in depth exposition can be
found in [18], while comprehensive reviews on Yangians include [31-33].

Let us now briefly discuss some of the quantum properties of these models. The one-loop
renormalisability of the 2D sigma model (2.13) with the factor of 27}@, restored is well-known
to be governed by the Ricci flow equation [34, 35]

Gun + Bun = o/Run + . . ., (7.13)

where the derivative is with respect to the log of the renormalisation group (RG) mass scale,
RM,,, is the Riemannian curvature of the generalised connection T™, = T, — 1H™,,
and the additional terms correspond to contributions from wavefunction renormalisation,
o' L7(Gyn + Buy) where L7 denotes the Lie derivative with respect to an arbitrary vector Z,
and boundary terms, o/(dY)yy where Y is an arbitrary one-form. The running of the coupling
/% at one loop in the PCM, PCWZM and SSSM is proportional to the dual Coxeter number /"
of the group G. It is a well-established result that for the PCM (2.10) and SSSM (7.4) we have

_
21“ 2 (7.14)
ho=—h",
27

while for the PCWZM (2.38)
S #? ;
A=——|1—— |, A2=0. 7.15
om 2 ( /22> 71

Moreover, based on their global symmetries we can argue that these models are renormalisable
to all loops. Less is known about the one-loop renormalisability of the Z; coset models (7.7)
and (7.9) since the global symmetries do not constrain the coefficients in the sums of projectors

32 A related model is given by taking the WZ term (2.33) as an action in its own right. The equations of motion are
givenby 0, j —0_j, = —[j,,j_1= 0, which are encoded by the Lax connection L. = zj-.
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P+ and Q.. Based on low-dimensional examples, a natural conjecture for the running of the
coupling % at one loop in the Z; coset model (7.7) is

. 1 2nY

/= o T (7.16)
For the Zr coset model (7.9) the situation is more subtle since the degeneracy of the target-space
metric means that the Ricci flow equation (7.13) cannot be used straightforwardly. Instead, an
alternative approach, such as the background field method [36—39] can be used, see [40] for
an introductory review.

Recalling that 7 is the inverse coupling constant, these one-loop RG equations imply that the
PCM, SSSM and PCWZM are all asymptotically free in the UV. The PCM and SSSM become
strongly coupled in the IR, while the PCWZM flows to the fixed point Z = %, corresponding
to the WZW model. Note that if we reverse the sign of the action, as we did when considering
G = SL(2,R), then the sign of the 8 function is also reversed and the UV and IR behaviour
is modified accordingly. For compact Lie groups the PCM and SSSM exhibit dynamical mass
generation in the IR and the quantum theory is described by a massive S-matrix [41].

For all the symmetric integrable models we have discussed we can also take the Lie groups
G and H to be supergroups and the property of classical integrability still holds with the Lax
connections taking the same form. The analogue of taking the Lie group G to be simple is to
take the Lie supergroup G to be basic. As an example, we may consider sigma models whose
target space is given by the supersphere

OSp(n + 1|2m)
OSp(n|2m)

nlm ~

which is a symmetric space. For T = 4 both the actions (7.7) [9-11] and (7.9) [13-16] are
of interest in string theory. Whether a classical 2D sigma model describes a worldsheet string
theory depends on the quantum properties of the model. If G is a supergroup with vanishing
dual Coxeter number then /Z = 0 and the models are scale-invariant at one loop, see [38, 42]
and references therein®3. Furthermore, if the Z4 coset also has one-loop central charge less
than or equal to 26, these models may describe sectors of string theories on semi-symmetric
spaces in the pure-spinor and Green—Schwarz formalisms respectively. This is a non-trivial
result and additional considerations and properties, such as ghosts and BRST symmetry in the
pure-spinor formalism and x-symmetry in the Green—Schwarz formalism, need to be taken
into account or verified to ensure unitarity. In addition both scale invariance and the stronger
property of Weyl invariance should hold exactly.

The most well-known example of such a Z4 coset is Sue2lh)

S2.2)xS@)’
imally supersymmetric AdSs x S3 type IIB superstring. Other examples include

PSU(1,1]2) D(2,1;a)
SO(1,1)xSO(2) SO(1,1)xSO(2)xSO(2)

AdS; x S? x T and AdS; x S? x S? x T* respectively. For all these examples the Lie super-
group G is basic and a general classification can be found in [38, 43]. These worldsheet string
theories are also of interest in the context of the AdS/CFT correspondence, for example, the
maximally supersymmetric AdSs x S° type IIB superstring is the holographic dual of N = 4
super-Yang—Mills theory in 4 dimensions. The integrability of these models in the free string,
g, = 0, or planar limit has proven to be a powerful tool, leading to a proposal for the exact
spectrum of string energies. For further references see the review articles [44—47].

which describes the max-

OSp(6]4)
U(3)xSL(2,C)°

which describe sectors of string theories on AdSy X CP3,

and

33 Note that for supergroups with vanishing dual Coxeter number the Killing form vanishes, hence tr should be taken
to be a suitable invariant bilinear form, such as the matrix supertrace in the defining representation.
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72. Yang-Baxter deformations

The trigonometric and elliptic deformations of the SU(2) PCM [48] were some of the earliest
studied integrable deformations of sigma models. Other early examples of integrable defor-
mations of the SU(2) PCM and the SU(2)/U(1) SSSM were constructed in [49—-51] although
their classical integrability was only established later in [52]. In section 3 we saw that if we add
a boundary term to the trigonometric deformation of the SU(2) PCM, the conserved current
associated to the right-acting G global symmetry is also flat on-shell [53]. This construction
can be further generalised to include a non-vanishing WZ term [54]. The resulting models coin-
cide with the YB deformations of the SU(2) PCM and PCWZM based on the Drinfel’d—Jimbo
solution to the mcYBe. The deformed models of [49-51] also turn out to be related to YB
deformations in a similar way [55].

It is interesting to note that, even though they only differ by a boundary term, the natu-
ral algebraic structures of the trigonometric and YB deformations of the SU(2) PCM differ.
For example, the Lax connection of the YB deformation is valued in the homogeneous gra-
dation of the affinization of su(2), while for the trigonometric deformation it is valued in the
principal gradation [56]. Furthermore, the conserved charges that come from expanding the
monodromy matrix generate the classical affine g-deformed algebra in the homogeneous and
principal gradations respectively [56—58].

The YB deformation of the PCM for general group G (4.1) was constructed in [59] and
the existence of a Lax connection encoding its equations of motion was shown in [60]. YB
deformations are so called since they depend on a solution to the (m)cYBe. While the full clas-
sification of such solutions is rather involved, antisymmetric solutions to the mcYBe have been
classified for simple Lie algebras over C [61, 62]. Classifications of antisymmetric solutions
to the cYBe have also been carried out for low-rank simple Lie algebras over C, including,
for example, sl(2, C) and sl(3, C) [63, 64]. YB deformations based on the Drinfel’d—Jimbo
solution [65, 66] of the mcYBe (4.73) are often called 1 deformations in the literature.

The YB deformation of the PCM can be generalised to include the WZ term to give
the YB deformation of the PCWZM for general group G. First constructed in [67] for the
Drinfel’d—Jimbo solution to the mcYBe, in [68] the model was written in the compact form

X /’Rg

SyB-pcwzm = —§ /dzx tr <j+e et )

ﬁ [ ] . . .
eX — ePRg -tz /d3'x e (]i[]j, ]k]) . (7.17)

6

It was shown in [69] that this action defines an integrable deformation of the PCWZM for any
antisymmetric operator R that satisfies the (m)cYBe if the Lie algebras hy = im(R =+ ¢) are
solvable. It turns out that not all antisymmetric solutions of the (m)cYBe can be used to deform
the PCWZM and an additional cohomological condition needs to be satisfied. While solvable
h. is sufficient for this to be the case, it has not been proven that it is also necessary. The Lax
connection of the YB deformation of the PCWZM (7.17) is

s _, 2(cosh x —cosh cp)
Li(2) = liin’ Jy = :I:Sinh (e s — l)g 0+8. (7.18)

The limit in which the WZ term vanishes and we recover the YB deformation of the PCM (4.1)
is given by setting

- - 7.19
X=— P 7 (7.19)
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and taking Z — 0. To recover the PCWZM (2.38) we take the deformation parameter p — 0
and set coth § = %
It is also possible to construct the YB deformation of the SSSM (7.4) [70, 71], the action of

which is

7% 1
Sys_ == [ &xtr(j Pl——j ). 7.20
YB—SSSM 2/ xr<J+ ll—nRgP1J ) ( )
The Lax connection of the model is given by
1
Li(z) = PoJs 4+ 751 — c2PPJy, Jo= ——— .. 7.21
+(2) oJ+ + 2 c*n*PJ . + lzi:nRgP1Ji (7.21)
Defining
. 1l—c
i = ﬁ (7.22)
the YB deformation of the action (7.7) on a Zr coset is
2 .
SYB,ZT——E/d xtr<]+73n1 Rg,Pz] >,
_ (7.23)
T—1 - -
1 J—
Pl = %1_‘_21)%@%)’
—l n n
with the Lax connection
T-1 274k
Li@)=Pole+ Y ———Pr.1_ls
2
k= (7.24)
1
Jo=——7—j..
T TxgR P
Similarly, the YB deformation of the action (7.9) is
7% 1
S =—= [ dxu(j Q" ———j |,
YB-Zr 2/ xr<]+Ql—nRgQ’l] >
T 3 (7.25)
Qn_“JHﬁl—ﬁkP SIESAE
+ = 1—fl+ak 22G-0 " Z 1—q 1tk =Gk
k=1 k= T]+1
with the Lax connection
L5 -1
2Z:l:k 2Z;E(T7k)
L = PyJ+ + ——P Ji+ ——5 P J,
+(2) = PoJx 2 P To(T-k)l= k%H P TE(E-r)7E
—L2
1
Ji = (7.26)

Both these YB deformations coincide with that of the SSSM (7.20) for T = 2. The deformed
actions (7.20), (7.23) and (7.25) are still invariant under the H gauge symmetry (7.11), ensuring
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that they have the same number of degrees of freedom as the undeformed models, while the
left-acting G global symmetry is broken to a subgroup depending on R.

That these deformations exist follows from the affine Gaudin model formalism [26, 72].
However, apart from certain special cases, including Syg-_z, with T'=4, ¢ =0 [73], and
SQ{szT withT =4,c=1i[74], T =4, ¢ = 0 [75] and when 4 divides T with ¢ = 0 [76], for
T > 3 these deformed actions and their Lax connections are, to the best of our knowledge, new
results. A complementary and related line of investigation is the study of sigma models on flag
manifolds and their deformations [77], which has been recently reviewed in [78].

The construction of an infinite number of conserved charges in involution for YB deforma-
tions follows from the fact that the Poisson bracket of the Lax matrix £, with itself satisfies
a Maillet bracket with twist function [25, 26]. This ensures the classical integrability of these
models. There is extensive evidence that the YB deformations also have a hidden symmetry that
takes the form of twists of the classical Yangian algebra for homogeneous deformations[71, 79]
and the classical g-deformed algebra for inhomogeneous deformations [70, 80, 81]. For split,
¢ = 1, and non-split, ¢ = i, inhomogeneous YB deformations the g-deformation parameter is
the exponential of a phase and real respectively. More precisely, the classical g-deformation
parameter is given by § = ¢’ where

q = exp (%) . (7.27)

At this point it is worth emphasising that while the YB deformations describe a large class
of integrable deformations of symmetric sigma models, they do not describe all such deforma-
tions. For example, the elliptic deformation of the SU(2) PCM does not take the form of the
YB deformation, and, strictly speaking, the same is also true of the trigonometric deformation.
Recent work exploring generalisations of the latter to higher-rank Lie groups includes [82, 83].

Even though the YB deformations lead to non-trivial deformations of the background fields,
the resulting 2D sigma models remain renormalisable at one loop. This has been established
for the deformed PCM (4.1), SSSM (7.20) and PCWZM (7.17), see, for example, [68, 84—86].
For the deformed PCM and SSSM we have

1 n

h=——(1 =), 74"y =0,
21 2
1 (7.28)
fo= —h'(1 =), 04~y =0,
27
while for the deformed PCWZM
1 hY(cosh x — cosh cp)? .
__ Lh(eoshx=coshep) o 4 o, (7.29)

o % sinh?

Again, less is known about the one-loop renormalisability of the deformed Z; coset models
(7.23) and (7.25), however, based on low-dimensional examples, a natural conjecture for the
model (7.23) is

. 1 2hY 2 5 N
f=——(0—-cn%, WA ) =0. (7.30)
27 T
As in the undeformed case, an alternative approach is needed to analyse the model (7.25) due
to the degeneracy of the target-space metric.
For ¢ = 0 the RG equations do not depend on the deformation parameters 7 and p and the
RG behaviour is the same as for the undeformed models. More generally, the deformation
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does not affect the IR behaviour, that is both the deformed PCM and SSSM become strongly
coupled, while the deformed PCWZM flows to the WZW model. On the other hand, the UV
behaviour is modified. If ¢ = 1 all three deformed models flow to the n = 1 or p = x fixed
point. If ¢ = i, the RG flow is cyclic and does not have a well-defined UV behaviour. Conse-
quently, it has been posited that these deformations may only exist as effective field theories
[87]. Again, we note that if we reverse the sign of the action then the sign of the /3 function is
also reversed.

As discussed above, the case T = 4 is of interest in string theory. These YB deformations
have been constructed in [73] in the pure-spinor formalism for ¢ = 0, including analyses of
ghosts and BRST symmetry, and in [74, 75, 80] in the Green—Schwarz formalism, including
the demonstration of x-symmetry. For those models whose undeformed counterparts describe
worldsheet string theories, this raises the important question of whether one-loop Weyl invari-
ance is preserved by the deformation. While scale invariance is in general preserved [88—90],
whether Weyl invariance is preserved or not depends on the properties of R. A sufficient con-
dition for Weyl invariance at one loop is that the trace of the structure constants of gg, that
is the Lie algebra whose Lie bracket is the R-bracket (5.2), vanishes [90]. However, it should
be noted that a full analysis turns out to be more subtle [91]. For the AdSs x S> superstring,
homogeneous YB deformations with this property were explored in [90, 92], while inhomo-
geneous YB deformations have been investigated in [93]. For recent reviews discussing these
models in more detail see [94, 95].

73. Dualities and current—current deformations

The relation between deformations and dualities dates back to early work on TsT transforma-
tions [96, 97]. In a model with two commuting isometries these deformations are constructed
by first T-dualising [98—100] ©' — O, then shifting ©> — ©% — 1O, and finally T-dualising
back ©; — ©'. Abelian homogeneous YB deformations are equivalent to TsT transforma-
tions [101, 102], while homogeneous YB deformations more generally are closely related to
non-abelian T-dual models [103—105]. Non-abelian T-duality [106] generalises T-duality to
models with non-abelian global symmetry groups. Both T-duality and non-abelian T-duality
preserve one-loop renormalisability. However, non-abelian T-duality may introduce a Weyl
anomaly if the structure constants of the algebra with respect to which we are T-dualising have
non-vanishing trace [107, 108].

Poisson-Lie T-duality [109, 110] further generalises non-abelian T-duality to models with-
out manifest global symmetries, but whose equations of motion can be written in the form of
a non-commutative conservation law

0K +0 Ky +[Ki K1 =0. (7.31)

Here K are valued in the Lie algebra g and [-, -] is the Lie bracket of a dual Lie algebra g'.
The two Lie brackets [-, -] and [+, -]’ satisfy a compatibility condition such that the vector space
direct sum 9 = g + g’ has the structure of a Drinfel’d double. We say that the model has a G
global Poisson—Lie symmetry with respect to G’. This construction includes models with G
global symmetry, in which case G’ is abelian. YB deformations are examples of Poisson—Lie
symmetric models. The dual Lie algebra is given by gr, the Lie algebra whose Lie bracket is
the R-bracket (5.2). Poisson—Lie T-duality is a canonical transformation, which implies that it
preserves the property of classical integrability. Furthermore, Poisson—Lie symmetric models
are renormalisable at one loop, a property that is also preserved by Poisson—Lie T-duality [68,
111-115]. For recent reviews on T-duality and its generalisations see [116, 117].
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Current—current deformations of the WZW model preserving scale and conformal invari-
ance, and their relation to TsT transformations and homogeneous YB deformations have
been extensively studied, see, for example, [91] and references therein. The isotropic cur-
rent—current deformation of the WZW model (6.4), which in general does not preserve scale or
conformal invariance, is related to the non-abelian Thirring model [118, 119]. The all-order in
deformation parameter action was first constructed in [120]. This model and its generalisations
are often called A deformations in the literature.

It was later shown that the isotropic current—current deformation of the WZW model is
related by Poisson—Lie T-duality to split inhomogeneous YB deformations for suitable real
forms g [79]. It can also be related to non-split inhomogeneous YB deformations by combining
Poisson—Lie T-duality with analytic continuation [85, 121, 122]. There also exist analogous
deformations of gauged WZW models that are Poisson—Lie T-dual to split inhomogeneous YB
deformations of the SSSM (7.20) and the Zr coset models (7.23) and (7.25). As for the PCM,
the resulting deformations can be considered for any real form g, including the compact real
form. The actions of the deformed models are

i # ’
Sa-sssm = 5 /dzxtr (g'01gg '0g) + . /d3x i tr (g Diglg 10,8, g Dhg))

+ fé/dzxtr (Ayg'0-g—A 0188 '+ AL g A g—AL(Po+AP) 'AL),
(7.32)

for the SSSM [120, 123],
_ % 2 ~1 ~1 4 3. ijk 1 ro—lg -1

Snozp = =75 [ dxtr(g'04g87'0-g) + ¢ | dxe¥ur(g ' Ogle 0.8 Ohel)

+ fi/dzx tr(Arg !0 g—A dygg ' +A g A g—AL(Po+PY) A,

T—1

P = ;Akpgi(%k), (7.33)

for the Z coset model (7.7), and
y _ % 2 ~1 ~1 4 3. ijk 1o r.o—1g. —1
Shozp=—7 | Extr(g'0:ge7'0g) + = [ Exeur (g Digle 0.8 Dugl)

+ fé/dzxtr (Ayg '0-g—A 088 ' +A g A g—AL(Po+QY) 'AL),
Q=Y NPrg g+ D NTPr g (7.34)

for the Z7 coset model (7.9), where we recall that the group-valued field g € Gand Ay € g.
Again the two actions (7.33) and (7.34) both coincide with the action (7.32) for T = 2. All of
these models have a H gauge symmetry acting as

g—hlgh, AL —h'Aih+h'0.h, h(t,x)€H, (7.35)
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hence they have the same number of degrees of freedom as their Poisson—Lie T-dual coun-
terparts. Typically they have no global symmetries. The Lax connections for these models are

Li(2) = PoAs + 75N 2PIAL, (7.36)
T—1 .
Li(@) = PoAs + ) TN 2Pr 1 pAs, (7.37)
k=1
and
1% . T—1 .
Li@)=PoAs+ Y TN 2Pr i gAs+ D T DNT P AL, (138)
k=1 k=% ]+1

respectively, where A are given in terms of g by their on-shell expressions. For 7 > 3, and
apart from the case T = 4 [124], these deformations and their Lax connections are, to the best
of our knowledge, new results.

The fields A enter the actions (7.32)—(7.34) algebraically, hence can be easily integrated

out to give
£ 1+ Ad; '(Py + \P))
Sa_ == [ d*xt 19 g 19
A—SSSM 3 / xtr (8 +81 —Ad;l(Po+>\P1)g 8 239)
A .
+ g/d% e ir (g7 0iglg'0;8. 87 Dhgl)
% 1+ Ad, ' (Py+ P
Sa_z, = —= [ dxtr| g 'O g 1o
A ,
+3 / dxe (g '0glg '0i8.8 " 0kgl)
and
% 1+ Ad,'(Po+ Q)
S, =—= [ dt 19 g 9.
A-Zr 2 / i (g +g1 — Ad;l(Po + Q)_‘)g & (7.41)

Vo .
+ 3 /d3x e tr (g_la,»g[g_lajg,g_lakg]) .

These are the analogues of the action (6.7) of the isotropic current—current deformation of the
WZW model. Observing that all these actions, including equation (6.7), take the general form

Lo 1+AdO0) % e
— —/dzxtr< 18+ “Ad 10(}\) 13g>+ g/d3xejktr (g '0iglg '0;8.8 ' 0kgl)

(7.42)

where O(A\~") = O(\)~!, it follows that they are invariant under the following Z, transforma-
tion [119, 121, 125, 126]

g—g A=A "y (7.43)
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This invariance has been particularly useful in the study of anomalous dimensions and
correlation functions exact in the deformation parameter \ at large 2 [127, 128].

Simply taking A — 1, the three models (7.32)—(7.34) all limit to the G/G gauged WZW
model, the same as for the isotropic current—current deformation of the WZW model (6.4).
Taking A — 0 in the actions (7.32) and (7.33) we end up with the G/H gauged WZW model.
In particular, it has been argued that Sy _sssm can be understood as a parafermion—parafermion
deformation of this gauged WZW model [120]. On the other hand, taking A — 0 in the action
(7.34) is more subtle, at least for T > 3. We find that PLA_ = Py ;AL =0fork=1,..., L%J
and the action becomes

) 7 N N 72 y N _ _
lim S, 5, = —E/dzxtr (¢'01887'0-g) +g/d3xdktr (g '0iglg 08,8 " Ogl)

+ 2 / dx tr (A+g’18,g —A_0,gg " +A g A g~ A+P0A,) ,
(7.44)

where A, € b+ (4—,&_21 ka> andA_€bh+ (+1{:E1J+1p")'
L2
The non-abelian T-dual limit is given by parametrising the group-valued field g and A as in
equation (6.14) and taking Z — oc. Integrating out the Lagrange multiplier field v we recover
the SSSM (7.4) and the Zy coset models (7.7) and (7.9), while integrating out A we find their
non-abelian T-duals, whose actions are given by

% 1
SNATD*SSSM = —5 /de tr <8+1)P1_ada’l)> s (745)
v 1
SNATszT = —5 /de tr (&rvav) , (746)
and
/ % 2 1
SNATszT = —5 dxtr a+’l)ma,’l) s (747)

with P_ and Q_ defined in equations (7.7) and (7.9) respectively.

In models with global symmetries we can often non-abelian T-dualise with respect to sub-
groups of the global symmetry group, treating the remaining fields as spectators. It is also
possible to Poisson—Lie T-dualise YB deformations with respect to ‘subgroups’ of the global
Poisson-Lie symmetry. However, not every non-abelian T-duality transformation of the unde-
formed model can be extended a Poisson—Lie T-duality transformation of the YB deforma-
tion [129—-131]. When it is possible to Poisson—Lie T-dualise, this leads to new examples of
integrable sigma models.

The classical integrability of the isotropic current—current deformation of the WZW model
(6.4) and its generalisations to Z, and Zr cosets (7.32)—(7.34), including the existence of
an infinite number of conserved charges in involution, follows from the fact that the Poisson
bracket of the Lax matrix £, with itself again satisfies a Maillet bracket with twist function
[25, 26]. This can also be understood as a consequence of their relation to split inhomogeneous
YB deformations by Poisson—Lie T-duality for suitable real forms g. Similarly, there is evi-
dence that these deformed models have a hidden symmetry that takes the form of a classical
g-deformed algebra where the g-deformation parameter is the exponential of a phase [132].
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Using the relation between the parameters (%, \) and (%, 1)
7% 1—

2 =1 (7.48)
4n 147

and setting ¢ = 1, the g-deformation parameter (7.27) is

i im
q = exp (4}%) = exp (k) , (7.49)

where k is the level of the WZ term. When k is integer-valued we see that ¢ is a root of unity.
Analytic continuations of the models (6.7) and (7.39)—(7.41) also exist, which coincide with
Poisson-Lie T-duals of non-split YB deformations for suitable real forms g. They are also
classically integrable and have a hidden symmetry that takes the form of a classical g-deformed
algebra with real g-deformation parameter.

The deformed models (6.4) and (7.32) are renormalisable at one loop [125, 133]. Further-
more, the RG equations are the same as for the YB deformations (7.28) with ¢ = 1 and the
parameters related as in (7.48). This again follows from the fact that the models are related by
Poisson—Lie T-duality, hence the same should also be true of the deformed models (7.33) and
(7.34). As expected, we find that Z = 0, hence the level of the WZ term does not run. Note
that the UV fixed point, 17 = 1, corresponds to A = 0, that is the WZW and gauged WZW
models. We can again ask if the deformed models (7.33) and (7.34) with T = 4 can be used to
describe worldsheet string theories in the pure spinor and Green—Schwarz formalisms respec-
tively. In the Green—Schwarz case this is indeed possible with invariance under x-symmetry
shown in [124], where this action was first constructed, and scale and Weyl invariance at one
loop demonstrated in [39, 90] respectively.

74. £-models

In section 5 we saw that the YB deformation of the PCM (4.1) and the isotropic current—current
deformation of the WZW model (6.7) can both be found from a first-order model on a Drinfel’d
double (5.7). In general, this first-order model leads to different Poisson—Lie T-dual models
upon integrating out the degrees of freedom associated to different Lagrangian subalgebras.
Such first-order models were first introduced in [134, 135], generalising earlier models on
doubled space-times found in the context of T-duality [136], and in the modern literature are
often termed £-models. One appealing feature of £-models is that the one-loop renormalis-
ability of the different Poisson—Lie T-dual models following from the same £-model is simply
characterised by a flow equation for the constant linear operator £ [68, 113—115].

For the YB deformation of the PCM the Drinfel’d double 0 is isomorphic to the real dou-
ble g ® g, the complex double g€, or the semi-abelian double g x g, for ¢ = 1, ¢ = i and
¢ = 0 respectively. The invariant bilinear form on 9 and the linear operator £ are defined
in equations (5.6) and (5.18) respectively. To recover the YB deformation of the PCM (4.1)
from the £-model (5.7) we integrate out the degrees of freedom associated to the Lagrangian
subalgebra g = gr

g={+R)X:Xeg} (7.50)

The isotropic current—current deformation of the WZW model (6.7) follows from the same
&£-model on the real double upon integrating out the degrees of freedom associated to the
Lagrangian subalgebra g for any real form g. Therefore, for those real forms g that admit a
solution to the split mcYBe the model is Poisson—Lie T-dual to the corresponding YB defor-
mation. It is also possible to integrate out the degrees of freedom associated to the Lagrangian
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subalgebra g starting from the £-model on the complex double. The resulting model is an
analytic continuation of the isotropic current—current deformation of the WZW model and
when the real form g admits a solution to the non-split mcYBe it is Poisson—Lie T-dual to the
corresponding YB deformation.

The YB deformation of the PCWZM (7.17) can also be recovered from an £-model. The
Drinfel’d double is still isomorphic to the real double g & g, the complex double g®, or the
semi-abelian double g x g“b , for c =1, ¢ =i and ¢ = 0 respectively. To introduce the WZ
term we deform the invariant bilinear form on 0 and modify the operator £ accordingly
[69, 137]. The deformed invariant bilinear form is given by

(X1 + Y1, X + LY2>>p = cosh cp (tr (X, Y2) + tr (Y1 X3))

sinh ¢p

(tr (X1 X2) + *tr (Y1 Y2)) (7.51)

while the operator £ is modified to £,, which acts as

EX +1Y) = (COSh cp —cosh x . clcosh cp — eX)(cosh cp — e7X) Y)

sinh y sinh cp sinh y (7.52)

_, ( sinh ¢p ¥ cosh c¢p — cosh x

Y), X, Yeg.
¢ sinh sinh x > g

This operator still squares to the identity, 53 = 1, and is symmetric with respect to the deformed
invariant bilinear form

(&2 D), = (2.6, Z.Ueo. (7.53)

If we parametrise x and p in terms of /Z, i and £ as in equation (7.19) and take £Z — 0, then
{(-), = (. -)) as defined in equation (5.6), and £, — £ as defined in equation (5.18).

For an ant§ymmetric operator R that satisfies the (m)cYBe with solvable b, = im(R =+ ¢),
the operator R : g — g defined as

R=—

. (e”® — cosh ¢p) = R + O(p), (7.54)
sinh ¢p

also solves the (m)cYBe, although it is not antisymmetric. It then follows that the subspace
3, ={t+R)X:X € g}, (7.55)

is a Lagrangian subalgebra of d with respect to the deformed invariant bilinear form (7.51).
Moreover, as Z — 0 we have that g, — g = gz.

Starting from the £-model (5.7) with the deformed invariant bilinear form (7.51) and
modified operator £, (7.52), we can integrate out the degrees of freedom associated to the
Lagrangian subalgebra g,. Doing so, we arrive at the relativistic second-order model on B\D
(5.15) withB = C~},, and b = g, still with the deformed invariant bilinear form (7.51) and mod-
ified operator &, (7.52). Assuming that the decomposition ? = g + g, lifts to the group, we
parametrise g = £,8, &y € C~},,, g € G, and use the gauge symmetry (5.16) to fix g, = 1 so that
0 = g € G. The action of the projectors £,P(E, £ 1) is then given by
1

1+ sinh cp )ﬁg

c(cosh cp—e™X

inh
x<y+sm—”x>, X,Ycg, (7.56)

EPE, £ DX+ 1Y) = (L + Ry)

c(cosh ¢p — etx)
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where 7@8 = AdglﬁAdg. Finally, we fix the gauge 0 = ¢ € G in the action (5.15). Using the
action of the pAroj ectors in equation (7.56), the deformed invariant bilinear form (7.51), and the
definition of R (7.54), we recover the YB deformation of the PCWZM (7.17) when we set

%
N= 2 (1.57)
sinh ¢p

In order to describe the coset models using £-models we need to account for the gauge symme-
try. One approach to doing this is to gauge the symmetry directly in the action (5.7) following
[68]. We take a subgroup H of D where Lie H = b such that

EAA' X =Ad,'€X, heH, Xen, (7.58)
and
(X,Y) =0, X,Yeb. (7.59)

The first condition (7.58) ensures that g — gh is a global symmetry that can be gauged, while
the second condition (7.59) ensures that this gauging is not anomalous [138]. After gauging
the symmetry we find the action

1 .
Se =N (/ d*x (g7 '09.97'0.9))+ ¢ /d3x é* (g 09.1lg '0,a.9 ' Ocall))
(7.60)
- 2\/dzx <<Ata g]_laxg]>>_ /dzx <<(g]_laxg] — Ay, g(g]_laxg] _Ax)>>> >

where g is still valued in the Drinfel’d double D and A, is a gauge field valued in the Lie
algebra h. This action is invariant under the following gauge transformations

g—gh, A, —h'Ah+h"'0h,  h(t,x) € H, (7.61)

hence defines a first-order model on the coset D/H. The operator £ is still required to satisfy
E? =1and & = £. Assuming that the bilinear form ((-, £-)) is non-degenerate on b, the degen-
erate £-models of [139-141] are recovered upon integrating out the gauge field A, € b. Here,
we will continue to work with the action (7.60) and only integrate out the gauge field at the
final stage.

As in the ungauged construction, we can take any Lagrangian subalgebra b of 0 and redefine
g — bg, b € B. The action (7.60) then only depends on b through b~'0,b € b. If Adgjlb and

EAdy ' have trivial intersection, we can integrate out the degrees of freedom in b to obtain the
action

1
Sey =N (z [ @ (U '0ra - a0.EPE+ D@ 09— 40)
—((@'0-g—A),EPE — (g '01g A1) (7.62)
1 .
+ /dzx e ((g7'0,9,A,))+ ¢ /d3x () [[g]lajg],g]lakg]]]») ,

where AL = A, £ A, and, as before, P is the projector with imP = EAdgj '6 and ker P =
Ad,"b. This means that the operators EP(E = 1) are projectors with im EP(E + 1) = Ady'b
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and ker EP(E £ 1) = ey where ey are the eigenspaces of £ with eigenvalues £1. The full
gauge symmetry of the action (7.62) is

g—bgh, A.—h'Ach+h'0uh, bt,x)€B, ht,x)eH,  (7.63)

hence Sg, describes a relativistic second-order model on B\D/H.

To show that the YB deformations of the SSSM (7.20) and Zr coset models (7.23) and
(7.25) can be written as £-models we take the Drinfel’d double to be the real double g @ g, the
complex double gC, or the semi-abelian double g x g“b ,forc = 1,¢ = iand ¢ = Orespectively.
The invariant bilinear form is still given by (5.6) and § is taken to be the subalgebra of the
Lagrangian subalgebra g spanned by the fixed points of the Z, or Z; automorphism. This
ensures that the condition (7.59) is satisfied. We take the operator £ to act on an element of the
Drinfel’d double as

EX+Y)=—((PO'Y — (PY'PpX)
— L (P& — PRPYT'PHX + PRPY'Y), XY €9, (7.64)
PL=nPo+3(P'+ P, Pi=2(P" —P).

for the coset model (7.23), and the same with P! replaced by Q'] for the coset model (7.25).
Recall that these two models both coincide with the SSSM for 7 = 2 and P! and Q! are
defined in equations (7.23) and (7.25) respectively. The condition (7.58) is also satisfied since £
is built from the projectors Py and ¢, which commute with Ad, ''hen, by construction. Taking
B=G,b= g = gr, we parametrise g = gg,8 € G, g € G, and use the gauge symmetry (7.63)
to fix g = 1 so that 9 = g € G. The residual H gauge symmetry preserving this gauge choice
acts as

g—gh, g—gh, h(t,x)€H, (7.65)

which coincides with the gauge transformations (7.11). The action of the projectors EP(E + 1)
is then given by

EPE L DX+ 1Y) = (+Ry) Y FnPo+PDX), X.Yeg. (7.66)

1 F1(Po + PHR,

Fixing the gauge 0 = g € G in the action (7.62), and using the action of the projectors in
equation (7.66) together with the invariant bilinear form (5.6), we find

S, = —N1 / Extr <<g18+g — AP+ P (¢7'0 g— A_>) :

1
1— nRg(Po + 'PE)
(7.67)

After integrating out the gauge field A € h and setting N = 2%, we recover the Zr coset model
(7.23). Similarly, the Z7 coset model (7.25) follows from the same derivation with P replaced
by Q1.

Starting from the same £-models on the real double, we can also find the coset models
(7.39)—(7.41). Writing an element of the real double as (X, Y) € 0, X, Y € g, the action of the
operator £ (7.64) is given by

68



J. Phys. A: Math. Theor. 55 (2022) 093001 Topical Review

EX,Y) = (— ((ﬁi)“ - ﬁi) o (((ﬁi)—l + ﬁi) X — zy) ,

x (P - 751)71 (Y1 +PL)r-2x), xveq,
PL = APy + Py (7.68)

Similarly, the operator £ (7.64) with P! replaced by Q. is given by the expression (7.68) with
P2 replaced by Q2. Here P2 and Q7 are defined in (7.33) and (7.34) and we recall that

1 —
)\_ n

= —. 7.69
147 ( )

Taking B = G, b = g, we parametrise g = (g, ¢') (g, 1), (¢.&') € G.(g,1) € G, and use the
gauge symmetry (7.63) to fix (g’,g’) = (1,1) so that g = (g, 1) € G. The residual H gauge
symmetry that preserves this gauge choice acts as

g— (' i) g(hh), g—h'gh, h(tx) €H, (7.70)

which coincides with the gauge transformations (7.35). The action of the projectors EP(E + 1)
is then given by

1 1
+ DX, Y)= | Ad;! ,
EPELHET) ( £ 1= (AP + PH)FAL,! 1—(AP0+7>;\:)i1Adg1> (71.71)

(Y = APy + PHTIX, Y — (AP + PHH'X), XY €.

Fixing the gauge g = (g, 1) € G in the action (7.62), and using the action of the projectors
in equation (7.71) together with the invariant bilinear form (5.29), we find

14+ Ad,'(\Py +P*)

N
Se. =—— [ & 19,.¢g—A A, g——8
Ty / * <(g P8 A A T TR, 1 P

(gl g—A + g‘Ag)>

N
+7 /de r(A (e '0g+0 g8 ) —AOrgg ' +¢'0 9 +A g 'A g—ALgA g (7.72)

N . B B
+ E/d3xe""tr (¢ 'Oiglg ' 08,8 " Dhgl) -

After integrating out the gauge field AL € bh and setting N = 22, we recover the Zr coset
model (7.40). Similarly, the Zr coset model (7.41) follows from the same derivation with Pi
replaced by Q7. Recall that the actions of these two models both coincide with the action
(7.39) for T = 2. Finally, we note that analytic continuations of the deformed models (6.7)
and (7.39)—(7.41), which are Poisson—Lie T-duals of non-split YB deformations for suitable
real forms g, are found by starting from the complex double and integrating out the degrees of
freedom associated to the Lagrangian subalgebra g.

75. More general deformations

Before we conclude, we would like to emphasise that there are many more integrable defor-
mations of sigma models than those that we have discussed up to this point. We have largely
focused on deformations that deform a simple Lie group (or basic Lie supergroup) G. How-
ever, it is also possible to consider deformations of semi-simple or non-semi-simple symmetry
groups. The YB deformation of the PCM discussed in section 4 preserves the right-acting
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G global symmetry by construction. It can be generalised such that both the left- and right-
acting symmetries are independently deformed. This model is known as the bi-YB deformation
[60, 142] and its action is given by

7 1
P P (o — |
biYB > J+1 TR, - nRR]

where both R and R are antisymmetric solutions of the (m)cYBe, and 7; and 7 control
the breaking of the left-acting and right-acting symmetries respectively. It is also possible to
construct Poisson—Lie T-duals of the bi-YB deformation. For example, if R solves the split
mcYBe, we can Poisson—Lie T-dualise with respect to the left-acting G global Poisson—Lie
symmetry to give [85]

Says = —E/dzxtr (¢'0488 0 g) + g/d3x6”k w(g 'igle ' 0ig.8 ' Dhel)

1
+}%/d2xtr <A+g_18_g—A_3+gg_l +A+g_1A_g—)\[1A+7~A_).
1 —mR

(7.73)

This action can then be considered for any real form g with R an antisymmetric solution of
the (m)cYBe on g.

The bi-YB deformation of the PCWZM with both operators R given by the same
Drinfel’d—Jimbo solution to the mcYBe was initially constructed in [143]. In [68] this model
was rewritten in the compact form

X PLRg aPRR
ShiyB-PCWZM = —§ /dzx tr (HM—G . )

ex _ epoRg eka J- + = /d3'x €Uk tr (,]l[,]j’ .]k]) > (774)

6

with R = R. The limit in which the WZ term vanishes is given by setting

_ 2% _ 2k _ 22
X = ﬁ 5 PL = ﬁ 5 PR — ﬁ 5

and taking £ — 0. Itis natural to expect that, as for the YB deformation of the PCWZM (7.17),
the action (7.74) is classically integrable for independent antisymmetric solutions R and R of
the (m)cYBe, so long as the Lie algebras h, = im(R =+ ¢) and ﬁi = im(7~2 =+ ¢) are solvable.
The PCM and PCWZM can also be deformed in a way that mixes the left- and right-acting
symmetries. A simple example of this would be to implement a TsT transformation in two
coordinates whose shifts are associated to the action of generators of Gy, and Gg [143]. More
generally, the Lie group G can be understood as a Z, coset G—éG where the gauge group is the
diagonal subgroup. We can then consider deformations of the corresponding SSSM. Doing
so puts these models in a form that allows us to Poisson—Lie T-dualise with respect to the
GL X Gg global Poisson—Lie symmetry. It is worth noting that in this case the direct product
structure of the symmetry group and the existence of a second invariant bilinear form allows a
WZ term to be added to the SSSM, such that after gauge fixing the PCWZM is recovered.

In the context of worldsheet string theories, the Z4 cosets PSULLIR)XPSULLR) - g

SU(LD*SUQ2)
D(2.1:0)xD(2,1;0) : : . 3 4 3 3
SU(11)xSUQ) = SUD) describe sectors of string theories on AdS; x S° x T*and AdS; x S° x S° x

S respectively. The direct product structure of the symmetry group and the existence of a sec-
ond invariant bilinear form again means that a WZ term, which cannot be written as a globally

(7.75)

70



J. Phys. A: Math. Theor. 55 (2022) 093001 Topical Review

well-defined and invariant integral over the 2D worldsheet, can be added to the Z4 coset actions
(7.7) and (7.9) while preserving classical integrability [144]. In the context of string theory this
corresponds to supporting the AdS; x S? x T* and AdS; x S* x S* x S! backgrounds with a
mix of Ramond—Ramond and Neveu—Schwarz—Neveu—Schwarz fluxes. The bi-YB deforma-
tion of this model with both operators R given by the same Drinfel’d—Jimbo solution to the
mcYBe has also been constructed in [145, 146] and the Weyl invariance of these models has
been investigated in [147].
More generally, if we have a Zr coset g then we can consider models on

G><N
_—, 7.76

q (71.76)
where H is again diagonally embedded and we formally include H = G as the case T = 1.
In general, the structure of these cosets and their automorphisms is more involved than those
based on a simple Lie group (or basic Lie supergroup) G. This additional structure means that
these models admit a richer variety of integrable couplings and deformations, see, for example,
[148-152].

76. Outlook

In this pedagogical review we have explored integrable deformations of sigma models that
preserve the sigma model form, that is the couplings of the model are all classically marginal.
While beyond the scope of this review, it is important to note that there are other classes of
interesting integrable deformations of sigma models found by perturbing by relevant or irrel-
evant operators. For example, massive perturbations of conformal field theories [153] or TT
deformations and their generalisations [154, 155].

In this final section we have outlined some of the many generalisations of the PCM,
the PCWZM and the WZW model, their deformations and their duals. A full classification
of all integrable sigma models remains an open problem, with more modern formalisms
such as those based on affine Gaudin models and higher-dimensional Chern—Simons theories
[72, 156—158] providing new insights and promising avenues to explore, as discussed in the
accompanying review article ‘four-dimensional Chern—Simons theory and integrable field
theories” by Lacroix [159]. Such new formalisms also have the potential to help investigate
the quantum physics of these models, about which much remains to be understood.

Possibly the most successful approach to quantizing integrable sigma models has been exact
S-matrix theory [41, 160]. This employs the bootstrap principle to conjecture exact results and
uses a toolkit of associated methods, including the Bethe ansatz and its generalisations, to com-
pute observables. Reviews on exact S-matrices include [8, 161, 162]. In spite of this success,
due to non-ultralocal terms in the Maillet bracket, a first-principles canonical quantization of
integrable sigma models remains a challenging goal. For certain models it is possible to find
a formal gauge transformation of the Lax connection that removes the non-ultralocal terms in
the Maillet bracket, a direction that has been explored in [163-166].

An alternative approach to quantization is the construction of dual integrable massive mod-
els [49-51, 167, 168]. This is based on first deforming the integrable sigma model introducing
a UV fixed point. The dual model is then constructed by perturbing the UV conformal field the-
ory by relevant operators that preserve the same symmetry as the original deformation. This
approach has the advantage that for classically integrable sigma models that are anomalous
[169], quantum integrability can be restored by introducing additional degrees of freedom that
decouple in the classical limit [170, 171]. Corresponding developments for sigma models on
flag manifolds have been reviewed in [78].
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A related question is the precise relationship between integrability and renormalisability.
It has long been known that there is a connection between classical integrability and one-
loop renormalisability. In particular, for all known examples, the space of integrable models is
closed under one-loop RG flow. Understanding the deeper origins of this, for example, if Ward
identities for hidden symmetries constrain the RG flow, remains an interesting open problem.
Recent work has shown that the renormalisability of these models persists to higher loops
[172—175] subject to the addition of 7 corrections, which are related to 7 corrections to Pois-
son—Lie T-duality transformations [176—178]. A systematic and universal explanation of these
h corrections remains to be found.

Finally, the search for new instances of solvable string theories has been one of the main
driving forces behind many of the recent developments in the field. As we pursue the goal
of classifying integrable sigma models it is likely that we will come across new candidates
for such theories. While the application of integrability methods to the free-string limit of the
AdSs x S° superstring has undoubtedly been one of the great success stories in high-energy
theoretical physics over the last 25 years, the generalisation to other integrable worldsheet
string theories, their deformations and their duals has highlighted that much remains to be
understood about how integrability works in these models. Moreover, the status of any holo-
graphic interpretation for many of these worldsheet string theories remains to be determined,
see, for example [179, 180], and references therein. A truly universal application of integra-
bility methods to worldsheet string theories, together with a proof of quantum integrability,
remains an open challenge.
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