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A B S T R A C T 

Variability of a galaxy’s core radio source can be a significant consequence of active galactic nucleus accretion. Ho we ver, this 
variability has not been well studied, particularly at high radio frequencies. As such, we report on a campaign monitoring the 
high radio frequency variability of 20 nearby, cool-core brightest cluster galaxies. From our representative sample, we show that 
most vary significantly on time-scales of approximately 1 yr and longer. Our highest cadence observations are at 15 GHz and 

are from the Owens Valley Radio Observatory. The y hav e a median time interval of 7 d and mostly span between 8 and 13 yr. 
We apply a range of variability detection techniques to the sources’ light curves to analyse changes on week to decade long 

time-scales. Most notably, at least half of the sources show 20 per cent peak to trough variability on 3 yr time-scales, while at least 
a third vary by 60 per cent on 6 yr time-scales. Significant variability, which is important to studies of the Sun yaev–Zel’do vich 

Effect in the radio/sub-mm, is therefore a common feature of these sources. We also sho w ho w the variability relates to spectral 
properties at frequencies of up to 353 GHz using data from the Korean VLBI network, the NIKA2 instrument of the IRAM 30-m 

telescope, and the SCUBA-2 instrument of the James Clerk Maxwell Telescope. 

Key words: galaxies: clusters: general – radio continuum: galaxies. 
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 I N T RO D U C T I O N  

he accretion of matter on to an active galactic nucleus (AGN) is
ssociated with compact radio emission from partially self-absorbed 
ynchrotron jets (Remillard & McClintock 2006 ). These powerful 
utflows transport energy out to large distances, where they heavily 
nfluence their environment by preventing runaway gas cooling, 
educing the cold gas content at the centres of galaxy clusters,
nd curtailing star formation (Edge 2001 ; Salom ́e & Combes 2003 ;
afferty, McNamara & Nulsen 2008 ). 
Accretion on to AGN occurs intermittently, and leads to a continual 

rift between ‘radio loud’ and ‘radio quiet’ phases (Wilson & Colbert
995 ; Kellermann et al. 2016 ). For the wider galaxy and cluster,
his produces alternating periods of energy injection and cooling, 
vidence for which can be seen in X-ray cavities inflated in the
ntracluster medium (McNamara et al. 2000 ; Hlavacek-Larrondo 
t al. 2012 ). 

These radio loud and quiet phases are associated with periods 
f gas heating and cooling, and the two have apparently existed in
 fine balance since the earliest times of cluster formation (Pratt
 E-mail: thomas.rose@uwaterloo.ca 
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t al. 2010 ; McDonald et al. 2018 ). As a result, the energy injected
nto clusters typically offsets any radiative gas cooling. However, 
hough this is true o v er long time intervals, shorter periods of heating
nd cooling still occur as AGN pass through their loud and quiet
hases. 
The radio variability of AGN is a product of many underlying

hysical processes that connect the host galaxy to its supermassive 
lack hole (for a re vie w, see Hardcastle & Croston 2020 ). These
nclude the rate and manner of the black hole fuelling (King & Pringle
007 ; Gaspari, Ruszkowski & Oh 2013 ), spectral index changes
ue to interactions within the AGN, and evolving energy densities 
ithin radio jets (Blandford, Meier & Readhead 2019 ). Studying and
uantifying variability can therefore inform us about these processes. 
 or e xample, the v ariability of a source across se veral years can

ndicate the mechanisms through which it is fuelled. On the other
and, because a source is unable to vary on time-scales less than its
ight crossing time, short-term variability can be used as an indicator
f its physical size. 
Despite the importance of radio observations to the study of 

uelling and feedback cycles in galaxy clusters, it is not well known
ow much change the AGN at the centre of the process experience
uring their radio loud phases. This is particularly true at higher
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adio frequencies of around 10–100 GHz, where there has been a
eficit of research. 
Here, we present results from an ongoing 15 GHz surv e y of 20

-ray selected brightest cluster galaxies (BCGs), whose variability
e examine on week to decade long time-scales. This work is a

ontinuation of Hogan et al. ( 2015b ), and includes the addition of
everal more BCGs. All the monitored sources contain an active
ore, reside in cool-core clusters, and have a significant radio core
omponent in their spectral energy distributions (SEDs). These
roperties suggest strong, ongoing feedback, and allow us to detect
ariability with short observations. The main purpose of this work
s to study the amplitude and time-scales of variability in the radio
ores of these sources, which are dependent upon the short time-scale
ccretion processes of the AGN. We also show how this variability
elates to the sources’ spectral properties at radio frequencies of up
o 353 GHz. 

The paper is laid out as follows. In Section 2, we present our
ample and give details of the target selection and observations. In
ection 3, we show the light curves of our targets and corresponding
pectral indices. In Section 4, we discuss variability detection and
uantification parameters, and then apply them to the light curves in
ection 5. In Section 6, we discuss our results and finish by presenting
onclusions in Section 7. 

 SAMPLE  A N D  OBSERVATIONS  

he brightest, core-dominated radio sources in this study are drawn
rom the sample presented in Hogan et al. ( 2015a , b ). They are hosted
y BCGs in X-ray selected clusters from the ROSAT All-Sky Survey
n the BCS (Ebeling et al. 1998 ), eBCS (Ebeling et al. 2000 ), and
EFLEX (B ̈ohringer et al. 2004 ) samples. The uniform X-ray flux

imit from the full high Galactic latitude sky ( | b | > 20 ◦) ensures
 representative sampling of host clusters irrespective of the radio
roperties of the BCG. Only when the BCG hosts a strong BL Lac
ucleus contributing to the total X-ray flux of the cluster does our
election fa v our a system with a bright radio source (see Green et al.
017 , for a full discussion of this). 
From the full ROSAT sample of 726 clusters, we selected systems

n which the BCG hosted a radio source brighter than 50 mJy (at
he time of selection) at 15 GHz and were either known to be core-
ominated (Hogan 2014 ) or had a radio SED consistent with a Giga-
ertz peaked spectrum (GPS). 
In addition, we added two clusters missed in the original

CS selection because they fell below the X-ray flux limit,
XCJ1350.3 + 0940 ( z = 0.13) and RXCJ1603.5 + 1554 ( z =
.109). These were mis-identified as being AGN-dominated due
o their BCG containing a strong, flat-spectrum radio source. Four
lusters with a powerful radio source in their BCG were also
dded: 4C + 55.16 (Iw asaw a et al. 1999 ), A2270 (Green et al.
016 ), RGB1745 + 398/RXCJ1745.6 + 3951 (Green et al. 2017 ), and
XCJ2341.1 + 0018 (Green et al. 2016 ). Although the monitored

ample now consists of 20 sources, it should be noted that because
everal of them are more recent additions, they have been observed
 v er a shorter timespan. 
We have also obtained multivisit Korean VLBI Network (KVN),

RAM-30m NIKA2, ALMA, and JCMT SCUBA-2 observations
 v er the period 2015 to 2021 to determine the spectral variability of
his sample in the 15–353 GHz range. Additional higher frequency
ata were obtained for a further 13 BCGs below the Owens Valley
adio Observatory (OVRO) declination limit of −20 ◦, or which were

oo faint at 15 GHz. These results are presented in supplementary
nline material for completeness (Appendices C and E). 
NRAS 509, 2869–2884 (2022) 
Details of the observations obtained with each observatory are
rovided in the following subsections. 

.1 OVRO 

VRO, based in California, has carried out a 15 GHz monitoring
ampaign of more than 1500 radio sources since 2007 using its 40-
 Telescope. Most of its targets are blazar Fermi-LAT gamma-ray

andidates, the full sample of which can be seen in Richards et al.
 2011 ). Table 1 lists the subsample of 20 BCGs from this surv e y
hose variability is analysed in this paper, and gives the main details
f the observations. 
Of the 20 BCGs, five have been included in the OVRO campaign

rom its beginning. In 2013 January, 11 more were added, followed
y several others at various times since. Observations of the entire
VRO sample (including the 20 BCGs this paper focuses on)
ere carried out each week, so the median time interval between
bservations is 7 d. The mean time interval is slightly higher at 10 d
ue to occasional poor weather, telescope maintenance, and other
bserving issues. 
The OVRO 40-m Telescope uses off-axis dual-beam optics and a

ryogenic receiver with 2 GHz equi v alent noise bandwidth centred
t 15 GHz. The observations are conducted in an ON-ON fashion so
hat one of the beams is al w ays pointed on the source. This double
witching technique is used to remo v e gain fluctuations as well as
tmospheric and ground contributions (Readhead et al. 1989 ). 

The two beams were rapidly alternated using a Dicke switch until
014 May. In 2014 May, a new pseudo-correlation receiver replaced
he old receiver and a 180 degree phase switch has been used since.
he change of the receiver resulted in a significant reduction in the
bservational noise that is reflected in the light curve uncertainty
stimates. 

Relative calibration is obtained with a temperature-stable noise
iode to compensate for gain drifts. The primary flux density
alibrator is 3C 286 with an assumed value of 3.44 Jy (Baars et al.
977 ), DR21 is used as secondary calibrator source. Details of the
bservation and data reduction schemes are given in Richards et al.
 2011 ). 

.2 NIKA2 

ollowing the success of the IRAM-30m GISMO observations
resented in Hogan et al. ( 2015a ), we obtained data with the NIKA2
olometer camera on the IRAM-30m that co v ers both 2 and 1.2
m bands simultaneously (Perotto et al. 2020 ). These observations
ere o v er two pooled campaigns in 2019 and 2020 and maps
ere made with the resulting data to optimize for faint, unresolved

ources. 
The flux density measurements obtained with NIKA2 are given in

ppendix C. For each NIKA2 measurement, the table also provides
he nearest OVRO flux, and the spectral indices calculated with these

easurements. 

.3 KVN 

s an additional constraint on the flux density of the core component
f our sources we also obtained KVN observations at 22 and 43 GHz
 v er 5 semesters between 2018 and 2020. The three telescope
nterferometry provided by the KVN delivers an angular resolution
f 6 mas at 22 GHz and 3 mas at 43 GHz. Therefore, the compact
ore component that will dominate any variability is preferentially
etected and the more extended, non-variable emission is resolved
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Table 1. The BCGs monitored by the OVRO 40-m Telescope and the main details of the observations. The data below are for the light curves after they have 
been masked according to the criteria given in Section 3.1, and have had their extended emission subtracted according to the process described in Section 3.3. 
Header clarifications: ‘Obs. / day’ is the total number of observ ations di vided by the time range o v er which the y were taken, and the ‘Detectable variability’ is 
defined as the mean flux density error divided by the mean flux. 

Source RA Dec. Redshift Start date Timespan Obs. Mean 15 GHz flux Detectable 

MJD ( ISO ) / yr / day density / mJy 
variability / per 

cent 

3C 286 – Calibrator 13:31:08.400 30:30:33 .120 0 .8493 54474 (2008-01-09) 13 .7 0 .42 3437 1 .2 
DR21 – Calibrator 20:39:01.200 42:19:32 .880 0 .0 54473 (2008-01-08) 13 .7 0 .46 19079 1 .0 
RXJ0132.6 −0804 01:32:41.112 − 8:04:05 .880 0 .1489 56352 (2013-03-01) 8 .5 0 .08 102 4 .5 
J0439 + 0520 04:39:02.256 05:20:43 .080 0 .208 54476 (2008-01-11) 13 .6 0 .12 319 3 .7 
A646 08:22:09.600 47:05:52 .800 0 .1268 56323 (2013-01-31) 8 .6 0 .09 59 6 .8 
4C55.16 08:34:54.960 55:34:22 .080 0 .2411 56342 (2013-02-19) 8 .6 0 .11 519 4 .1 
A1348 11:41:24.240 − 12:16:37 .560 0 .1195 56336 (2013-02-13) 8 .6 0 .07 44 9 .4 
3C 264/NGC 3862 11:45:05.016 19:36:22 .680 0 .0217 58432 (2018-11-10) 2 .8 0 .12 126 8 .2 
A1644 12:57:11.592 − 17:24:34 .200 0 .0475 58459 (2018-12-07) 2 .8 0 .04 200 1 .9 
J1350 + 0940 13:50:22.080 09:40:09 .840 0 .13 54476 (2008-01-11) 13 .6 0 .1 131 7 .4 
J1459 −1810/S780 14:59:28.800 − 18:10:45 .120 0 .2357 54910 (2009-03-20) 12 .4 0 .08 134 6 .7 
A2052 15:16:44.640 07:01:18 .120 0 .0351 56324 (2013-02-01) 8 .6 0 .09 100 5 .9 
A2055 15:18:46.560 06:13:58 .080 0 .1019 56319 (2013-01-27) 8 .6 0 .09 36 15 .5 
J1558 −1409 15:58:21.840 − 14:09:59 .040 0 .097 54477 (2008-01-12) 13 .6 0 .09 152 7 .5 
J1603 + 1554 16:03:38.160 15:54:02 .160 0 .109 54761 (2008-10-22) 12 .8 0 .11 236 4 .1 
J1727 + 5510/A2270 17:27:23.520 55:10:53 .040 0 .24747 54480 (2008-01-15) 13 .5 0 .11 236 4 .1 
Z8276 17:44:14.400 32:59:29 .400 0 .075 56326 (2013-02-03) 8 .6 0 .08 76 5 .8 
J1745 + 398 17:45:37.752 39:51:20 .880 0 .267 58428 (2018-11-06) 2 .8 0 .07 39 6 .6 
A2390 21:53:36.720 17:41:44 .880 0 .228 56340 (2013-02-17) 8 .5 0 .12 49 9 .0 
A2415 22:05:38.640 − 5:35:33 .720 0 .0573 56327 (2013-02-04) 8 .6 0 .1 132 2 .9 
A2627 23:36:42.720 23:55:23 .880 0 .127 56348 (2013-02-25) 8 .5 0 .11 41 10 .6 
RXJ2341.1 + 0018 23:41:06.960 00:18:33 .480 0 .2768 56328 (2013-02-05) 8 .6 0 .11 98 4 .5 
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ut. The data were calibrated using AIPS following a standard 
eduction procedure, and imaged using DIFMAP . In order to push
he detection limit down to 50 mJy or less, we applied source phase
eferencing and/or frequency phase transfer techniques at both bands 
Rioja & Dodson 2011 ; Algaba et al. 2015 ). Our targets are mostly
nresolved or slightly resolved within the KVN synthesized beam, 
ence we use the peak flux density in further analysis. 

The flux density measurements obtained with KVN are given in 
ppendix D. The table also provides the spectral indices calculated 
ith these measurements. 

.4 JCMT SCUBA2 

CMT SCUBA2 353 GHz photometry for all 20 OVRO targets and 7
outhern or fainter sources was obtained o v er fiv e semesters between
019 and 2021. The data were reduced using the standard SMURF
eduction package and the observatory derived calibrations. All the 
re vious observ ations for the objects were reduced in the same way,
o the photometry now supersedes that in Hogan et al. ( 2015a ) and
heale et al. ( 2019 ). 
The flux density measurements obtained with SCUBA2 are given 

n Appendix E. For each measurement, the table also provides the 
earest OVRO flux, and the spectral indices calculated with these 
easurements. 

.5 ALMA 

 or sev en of the OVRO targets we hav e single epoch observations
ith ALMA at frequencies close to either CO(1-0) or CO(2-1) 

n the rest frame of the target – from the absorption line surv e y
f Rose et al. ( 2019b ), or observations of extended molecular
mission (Russell et al. 2019 ). These mm observations can be 
ompared to the other high frequency data, and are listed in
ppendix F. 

 L I G H T  C U RV E S  

5 GHz light curves of the 20 BCGs, obtained with the OVRO 40-m
elescope, are shown in Figs 1 , 2 , 3 , and 4 . These have been masked
ccording to the procedure outlined in Section 3.1 and had their
xtended emission subtracted as described in Section 3.3. We also 
nclude the KVN 22 GHz flux densities for comparison. 

Spectral indices are sho wn belo w the light curves, calculated with
i) contemporaneous 22 and 43 GHz KVN observations, (ii) 15 GHz
VRO and 150 GHz SCUBA2 observations, (iii) 15 GHz OVRO 

nd 353 GHz NIKA2 observations, and (iv) 15 GHz OVRO and
100 GHz ALMA observations. These pairs of observations are 

eparated by less than 10 d in the majority of cases – a time interval
ignificantly shorter than that on which variability is seen in all of
he sources (as is shown later in Section 5). 

.1 Masking 

he OVRO light curves contain a small but significant number of
purious data points. These either have errors significantly larger 
han their neighbours, or are implausible measurements. To prevent 
his affecting the analysis, any observation, i, with flux density, F i ,
nd error, σ i , which meets one or both of the following conditions is
asked: 

i > 3 ̄σ (1) ∣∣∣∣F i − F i−2 + F i−1 + F i+ 1 + F i+ 2 

4 

∣∣∣∣ > 3 ̄σ . (2) 
MNRAS 509, 2869–2884 (2022) 
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Figure 1. 15 GHz light curves (blue points) of our sample of cool-core BCGs obtained with the OVRO 40-m telescope. The data have been masked according 
to the procedure given in Section 3.1 and extended emission has been removed from several sources as described in Section 3.3. The Y-axes are scaled to each 
light curve’s mean flux density to allow for easier comparison of the relative strength of the variability. The plots also include 22 GHz KVN flux densities (red 
points), and spectral indices calculated o v er the course of the observations. Continued in Figs 2 , 3 , and 4 . 
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Figure 2. Continued from Fig. 1 . Continued in Figs 3 and 4 . 
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he first condition remo v es measurements with particularly large 
rrors, while the second remo v es those which are significantly 
ifferent to their neighbours. Re-inspection of the masked light 
urves, which are shown in Figs 1 , 2 , 3 , and 4 , shows a large reduction
n the number of spurious measurements (the unmasked spectra can 
e seen in Appendix A). We find that this level of masking provides a
ood balance – more conserv ati ve masking removes good data, while
ess strict masking leaves implausible measurements unmasked. 
MNRAS 509, 2869–2884 (2022) 
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Figure 3. Continued from Figs 1 and 2 . Continued in Fig. 4 . 
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.2 2014 blip in light cur v es 

 spurious dimming and brightening appears in some of the light
urves in 2014/15, most notably in the calibrator source DR21. This is
isible in Fig. 1 , and a similar feature can also be seen in J0439 + 0520.
N  

NRAS 509, 2869–2884 (2022) 
his effect coincides with the installation of a new receiver on the
VRO 40-m telescope in 2014 May. 
The effect is not so apparent in any of the other sources, and

s generally within the 5 per cent absolute calibration uncertainty.
evertheless, to assess its impact, we applied the variability detection

art/stab3217_f3.eps
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Figure 4. Continued from Figs 1 , 2 , and 3 . 
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arameters to all the light curves with and without this period (MJD
6750 to 57400) being masked. In all cases the difference in the
tatistics is less than the rounding error, except for the calibrator 
ource DR21. In the following analysis, we therefore mask this region 
or DR21, but leave it unmasked for all other sources. 

.3 Correction for extended emission 

he OVRO 40-m Telescope with which the 15 GHz light curves were
btained is a single-dish instrument, so its measurements are of low 

ngular resolution. As a result, the flux densities may incorporate both 
he radio core and more extended radio lobe components. In cases 
here the radio lobes – which do not vary on human time-scales –

re particularly strong, they can dilute the apparent variability of the 
adio core. 

Between around the end of 2018 and the end of 2020, each source
as observed by KVN at 22 and 43 GHz. KVN is a very long baseline

rray, and is able to resolve out the extended emission. 
We use these higher resolution observations to correct for the 

xtended emission in many of the OVRO 15 GHz flux densities. To
o this, we use the mean 22 and 43 GHz flux densities to estimate the
pectral index over the observed period. This spectral index is then 
sed to predict the 15 GHz flux density. Table 2 gives the 15 GHz flux
ensities predicted by KVN, and the values obtained o v er the same
eriod by OVRO. The table also includes the difference between the
wo and the implied fraction of the emission which is extended. 

In many cases, the predicted 15 GHz flux density is significantly
ower than that found by OVRO due to the extended emission. Since
e are only interested in the variability of the core component, we

ubtract this difference from every point on the 15 GHz OVRO light
urves. Ho we ver, we only do this for sources where the implied
xtended emission is more than 25 per cent of the total flux density
easured by OVRO. This strikes a balance between removing 

ignificant amounts of extended emission, and overcorrecting in 
ases with a non-uniform spectral inde x o v er the 15 to 43 GHz
ange. The correction applied to each light curve can be found in
able 2 . 

 VARI ABI LI TY  DETECTI ON  A N D  

UANTI FI CATI ON  PA R A M E T E R S  

o characterize the variability in the 15 GHz light curves, we
se a range of numerical parameters. Each has advantages and 
isadv antages, and se veral are required to gi ve a reliable impression
f a source’s variability. We therefore use a combination of four
o analyse the variability of the observed sources. Each of them
MNRAS 509, 2869–2884 (2022) 
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Table 2. The 15 GHz flux densities predicted by 22 and 43 GHz KVN observations between the end of 2018 and the end of 2020, the 
mean value obtained with the single dish OVRO 40-m telescope o v er the same period, and the resulting correction that has been applied 
to the spectra in Figs 1 , 2 , 3 , and 4 . 

Source 15 GHz flux density 15 GHz OVRO flux Difference Implied extended Correction Applied 
predicted by KVN / mJy density / mJy / mJy emission / per cent / mJy 

RXJ0132.6–0804 95 149 54 36 54 
J0439 + 0520 381 336 −45 −13 0 
A646 57 55 −2 −3 0 
4C55.16 514 1571 1057 67 1057 
A1348 – 40 – – 0 
3C 264 125 733 608 82 608 
A1644 250 200 −50 −25 0 
J1350 + 0940 130 134 4 2 0 
J1459–1810 140 136 −4 −2 0 
A2052 78 230 152 66 152 
A2055 33 116 83 71 83 
J1558–1409 148 204 56 27 56 
J1603 + 1554 373 306 −67 −21 0 
J1727 + 5510 381 323 −58 −17 0 
Z8276 73 74 1 1 0 
RGBJ1745 + 398 39 126 87 69 87 
A2390 50 89 39 43 39 
A2415 146 130 −16 −12 0 
A2627 42 99 57 57 57 
RXJ2341.1 + 0018 93 146 53 36 53 
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s described in the following subsections. Many other methods for
uantifying variability in photometric time-series data exist, though
hey are often less ef fecti ve when applied to AGN, or require many
undreds or thousands of observations to act as robust parameters
Sokolo vsk y et al. 2017 ). The four applied here are the ones we find
o be most helpful when applied to our data. 

.1 Reduced χ2 test 

 χ2 test can assess the null hypothesis that a light curve is from
 non-varying source, and therefore does not change in brightness.
ith a flat light-curve model, the reduced χ2 of the null hypothesis

s defined as 

2 
r = 

1 

N 

N ∑ 

i= 1 

(
F i − F̄ 

σi 

)2 

, (3) 

here N is the number of measurements of the source’s flux density,
 i , and σ i is the measurement error. If the true light curve of the
ource is flat, this test gives the probability of observing a light
urve with an apparent level of variability greater than or equal to
hat which is detected, assuming measurement errors are estimated
orrectly. 

.2 Variability index 

he variability index, VI, is defined as 

 I = 

√ ∑ N 

i= 1 

(
F i − F̄ 

)2 − ∑ N 

i= 1 σ
2 
i 

N 

, (4) 

here N is the number of measurements, F i is the flux density, and
i is the associated error. If the discriminant of the variability index

s ne gativ e, the variability inde x is calculated with the modulus of
he discriminant and given a negative sign. Such a result indicates
hat there is no variability between the two measurements. A variable
NRAS 509, 2869–2884 (2022) 
ource is expected to have a VI greater than zero, with larger positive
alues corresponding to stronger variability. 

The most notable advantage of the variability index is that it can be
sed with as few as two flux density measurements. Since our OVRO
bservations have a median separation of 7 d, this test can be used to
ssess variability on approximately week long time-scales. Ho we ver,
s pre viously stated, v ariability cannot take place on time-scales less
han a source’s light crossing time, so week-to-week variability is not
 xpected. Nev ertheless, we analyse the spectra on these time-scales
or completeness. 

.3 Variability amplitude 

he variability amplitude, VA, is used to quantify the magnitude of
he peak-to-trough variability in a source’s light curve. It is defined
s (Heidt & Wagner 1996 ): 

 A ( per cent ) = 

100 

F̄ 

√ 

( F max − F min ) 2 − 2 σ̄ 2 , (5) 

here 

¯2 = 

1 

N 

N ∑ 

i= 1 

σ̄ 2 
i . (6) 

ere, F represents the observed flux densities and σ the associated
rrors. The variability amplitude indicates the size of the peak-to-
rough variability, and is often calculated with only the single largest
nd smallest flux density measurements (i.e. N = 2). 

Ho we ver, where a light curve has a large number of data points,
 max and F min can be replaced e.g. by the mean of the several

argest and smallest flux densities. This makes it less prone to
electing outlying data points and o v erstating the variability in a
ight curve, particularly where the variability is small compared with
he measurement error. 
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.4 Interquartile range 

he interquartile range (IQR) of a light curve is found by splitting
he data into two halves about the median, then taking the difference
etween the median value of the upper and lower halv es. F or a normal
istribution, IQR = 1.35 σ . The IQR is one of the most robust
arameters for quantifying variability due to its lo w sensiti vity to
utlying data points. Ho we ver, to be robust the IQR requires at least
everal tens of measurements, so with our 15 GHz data it is only
seful for multiyear to decade long time-scales (Sokolo vsk y et al.
017 ). 

.5 Mock light cur v es 

he apparent variability in a source’s light curve is a product of
ts true variability and the observational errors, which cannot be 
nown precisely. For some of the weaker sources in our sample, the
bservational errors are clearly significant. For example, in A2055 
f Fig. 3 , the single largest and smallest flux density measurements
ould suggest a peak-to-trough change in flux density of around 
00 per cent in approximately 3 yr, despite its light curve being
elatively flat. 

To estimate the true level of variability of each source, we create
ock light curves for each source based on a flat light-curve model.
y applying the variability detection and quantification parameters 
escribed abo v e to the real and mock light curves, we can more
onfidently determine the level of variability in each source. 

For each of the 20 sources with OVRO 15 GHz observations, 
000 mock light curves are created. These can then be used to find
he values given by the variability parameters for a truly flat light
urve with similar flux density errors. By calculating how often the 
ock data result in variability greater than or equal to that of the true

ight curves, the probability that the observed variability has arisen 
s a result of only noise, rather than intrinsic source variability, can
e found. 
The mock light curves are created in the following way: 

(i) The real OVRO observations are split in two at MJD = 56800,
he approximate date at which the new phase calibrator was intro-
uced and there was a large reduction in the observational errors.
his is done after masking bad data and the removal of extended
mission. 

(ii) The mean flux density, F̄ , and flux density error, σ̄F , of these
wo parts of the data are calculated. 

(iii) Mock flux densities are drawn for the two parts from a 
aussian distribution, centred on F̄ and with a standard deviation of 
F̄ . Each mock flux density is given an error of σ̄F . One mock flux
ensity is drawn for each date at which there was a real observation.

In Appendix B, we show one mock spectrum for each source for
llustrative purposes. 

 APPLICATION  O F  VARIABILITY  

ETECTION  A N D  QUANTIFICATION  

he numerical parameters described in the previous section each 
ave their own strengths and weaknesses, and all have a particular 
se when applied to the data. As such, we use: 

(i) the reduced χ2 test to determine whether or not each light curve 
s consistent with that of a non-varying source 

(ii) the variability index, VI, to detect variability on short to 
edium term time-scales (weeks to years) 
(iii) the variability amplitude, VA, to show the peak-to-trough 
hanges in the light curv es o v er medium to long-term time-scales
year to multiyear) 

(iv) the interquartile range, IQR, to categorize each source’s 
ariability as undetectable, weak, moderate, strong, or very strong 
 v er the full timespan on which it has been observed. 

Results from the application of the variability detection parameters 
o the real and mock light curves are described in the following
ubsections. 

.1 Reduced χ2 test – determining consistency with a flat 
ight-cur v e model 

he reduced χ2 and a corresponding p-value are calculated using 
he full extent of each source’s light curve (after masking and the
emoval of extended emission), and the resulting values are shown 
n Table 3 . This p-value does not give the probability that a source is
on-varying o v er the observ ed period. Instead, it giv es the probability
f obtaining a light curve at least this discrepant from the flat light
urve model, assuming the model is true and the errors are accurately
stimated. 

If the p-value is < 5 per cent, we consider the light curve to
e inconsistent with the flat light-curve model. According to this 
riterion, 15 of the sources are inconsistent with a flat light-curve
odel, while five are consistent. 

.2 Variability index – detecting variability on short time-scales 

he VI is useful in cases where there are a small number of
ata points, and can be used even with just two flux density
easurements. We use it to indicate whether each source shows 

ariability on approximately week to year long time-scales. To do 
his, the parameter is calculated at e very av ailable 10, 30, 100, and
00 d timespan within the observations. For example, for the 10 d
imespan, the VI is calculated with measurements from between days 
 and 10, 2 and 11, 3 and 12, etc. of the observations, assuming there
s a unique set of at least two observations within those time periods.

The percentage of the 1000 mock light curves for which the median
I at 10, 30, 100, and 300 d exceeds that of the real light curves is

hen used as a threshold to determine whether or not variability is
resent. If 5 per cent or fewer of the mock light curves result in a
I larger than that of the real light curves, the source is classed as
ariable. 

The percentage of the mock light curves for which the VI at 10,
0, 100, and 300 d exceeds that of the real light curves is shown in
able 3 . These VI tests suggest that no sources vary on 10 or 30 d

ime-scales, four vary on 100 d time-scales, and 13/20 sources vary
n 300 d time-scales. 

.3 Variability amplitude – peak-to-trough variability 

e use the VA to determine the magnitude of the peak-to-trough
hanges in the light curves over time-scales of 100 to 3000 d. Due to
he large number of observations, in our calculations we follow the
xample of Hogan et al. ( 2015a ) and use the mean of the five largest
nd smallest flux densities in place of F max and F min , rather than the
ingle largest and smallest values. This approach provides a good 
ompromise between reducing the effect of outlying flux densities, 
nd the inclusion of more flux densities with less extreme separation
educing the apparent VA. 
MNRAS 509, 2869–2884 (2022) 
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Table 3. Results from the four variability detection techniques applied to the 15 GHz OVRO light curves. Bold typeface is used for values 
indicating variability. 1(a) The p-value given by the χ2 test using a flat light-curve model. 2(a–d) The percentage of mock light curves for which 
the median VI at 10, 30, 100, and 300 d exceeds that of the real spectra. 3(a–d) The percentage of mock light curves for which the median VA 

at 100, 300, 1000, and 3000 d exceeds that of the real spectra. 4(a) The percentage of mock light curv es for which the IQR (calculated o v er the 
full timespan of the light curve) exceeds that of the real spectra. 4(b) The IQR of each real light curve divided by the mean flux density. 4(c) The 
variability classification of each source. This is determined by comparing the IQR/ ̄F value to that of the calibrator sources (see Section 5). 

(1) χ2 test (2) VI (3) VA (4) IQR 

Source 
(a) p-value 
/ per cent (a) 10 (b) 30 (c) 100 (d) 300 (a) 300 (b) 1000 (c) 3000 (a) t max (b) / ̄F (c) Classification 

3C 286 – Calibrator 11.1 67.4 58.7 29.9 1.8 0.3 < 0.1 < 0.1 < 0.1 0.02 negligible 
DR21 – Calibrator 12.9 50.5 22.5 3.1 < 0.1 0.2 < 0.1 < 0.1 < 0.1 0.02 negligible 
RXJ0132.6 −0804 1.1 22.9 33.8 4.6 < 0.1 < 0.1 < 0.1 < 0.1 < 0.1 0.13 moderate 
J0439 + 0520 0.6 46.4 74.4 47.7 0.3 1.4 < 0.1 < 0.1 < 0.1 0.08 weak 
A646 0.1 30.7 50.4 4.2 < 0.1 0.2 < 0.1 < 0.1 < 0.1 0.17 strong 
4C55.16 2.5 42.3 69.6 33.6 0.2 1.8 < 0.1 < 0.1 < 0.1 0.1 weak 
A1348 4.8 19.5 50.4 66.5 44.7 38.5 0.15 < 0.1 < 0.1 0.22 strong 
3C 264 0.8 22.4 27.2 5.9 < 0.1 < 0.1 < 0.1 < 0.1 < 0.1 0.24 strong 
A1644 < 0.1 6.0 8.8 < 0.1 < 0.1 < 0.1 < 0.1 < 0.1 < 0.1 0.12 moderate 
J1350 + 0940 24.7 57.0 79.7 79.2 94.2 99.6 100.0 87.9 16.0 0.06 weak 
J1459 −1810 13.1 95.3 71.7 44.8 9.3 33.2 1.6 < 0.1 < 0.1 0.07 weak 
A2052 < 0.1 23.0 61.5 64.9 81.0 64.3 < 0.1 < 0.1 < 0.1 0.3 very strong 
A2055 3.0 16.2 27.4 13.8 6.8 10.2 < 0.1 < 0.1 < 0.1 0.26 very strong 
J1558 −1409 < 0.1 41.7 63.3 60.4 72.8 64.2 99.2 < 0.1 < 0.1 0.14 moderate 
J1603 + 1554 < 0.1 59.1 85.6 98.0 84.9 100.0 < 0.1 < 0.1 < 0.1 0.15 strong 
J1727 + 5510 < 0.1 100.0 79.5 49.8 0.7 73.5 < 0.1 < 0.1 < 0.1 0.42 very strong 
Z8276 < 0.1 23.4 49.9 16.1 0.6 0.73 < 0.1 < 0.1 < 0.1 0.26 very strong 
RGBJ1745 + 398 9.5 18.7 15.3 0.5 < 0.1 < 0.1 < 0.1 < 0.1 < 0.1 0.14 moderate 
A2390 16.1 32.2 63.0 30.4 1.6 < 0.1 < 0.1 < 0.1 < 0.1 0.11 moderate 
A2415 < 0.1 35.2 52.2 42.6 18.3 30.2 < 0.1 < 0.1 < 0.1 0.24 strong 
A2627 5.0 32.5 37.0 6.7 < 0.1 < 0.1 < 0.1 < 0.1 < 0.1 0.19 strong 
RXJ2341.1 + 0018 4.6 25.7 53.9 49.5 < 0.1 0.14 < 0.1 < 0.1 < 0.1 0.09 weak 
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The percentage of the mock light curves for which the VA at 300,
000, and 3000 d exceeds that of the real light curves is shown
n Table 3 . Excluding calibrator sources, and with a threshold of
 per cent, this suggests that 11/20 sources typically vary on 300 d
ime-scales, 18/20 vary on 1000 d time-scales, and 19/20 typically
ary on 3000 d time-scales. 1 

Figs 5 and 6 also show the VA for timespans between approxi-
ately 150 and 3600 d for both the real spectra, and the mock light

urves. As was the case for the variability index, the parameter is
alculated at every available timespan within the observations. For
xample, for the 150 d timespan, the VA is calculated between days
 and 150, days 2 and 151, days 3 and 152, etc. 
The dark blue lines in Figs 5 and 6 represent the median VA of

he real spectra, while the edges of the shaded blue regions mark the
aximum and minimum VA seen within the observations. Similarly,

he red lines represent the mock light curves. These red lines show
hat observational errors are responsible for a significant fraction of
he apparent VA in many sources, particularly on shorter timespans.
o we v er, the e xcess VA (i.e. the gap between the red and blue lines)

s also a clear indicator of variability in many sources. 
The width of the shaded regions also indicates how consistent

 source’s variability is. For example, the range in the VA values
alculated for the calibrator source 3C 286, which has a consistently
at light curve, is very narrow . Similarly , the range of VAs calculated
or A2052 is narrow across all timespans because the source varies at
 Three sources (3C 264, A1644, and RGBJ1745 + 398) only have observa- 
ions spanning 2.8 yr, so the VA values calculated at 1000 and 3000 d are 
o wer limits. Ho we ver, these still meet the v ariability threshold, in spite of 
he shorter timespan of the observations. 

f
 

t  

o  

v  

l
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 close to constant rate throughout the whole period of observations.
n the other hand, the light curve of e.g. A646 contains some periods

hat are much less variable than others, resulting in the wide range
f VAs shown by the blue shaded region in Fig. 5 . 

.4 Interquartile range – quantifying variability over the 
ongest available time-scales 

he IQR is perhaps the most robust parameter for detecting vari-
bility, but is only reliable with several tens of flux measurements
Sokolo vsk y et al. 2017 ). Over the full period in which each source
as observed, we therefore use the IQR to categorize each source

s having variability which is negligible, weak, moderate, strong,
r very strong. In most cases, the observations span several years
r more, and in this way we are able to classify the strength of the
ariability seen in each source based on the entirety of the available
ata. 
Where the value of IQR / ̄F is less than three times the value of

he calibrator sources, i.e. < 0.06, the variability is described as
egligible. Otherwise, if IQR / ̄F is in the range 0.06–0.10 (i.e. three to
ix times that of the calibrator sources), it is labelled as weak, 0.10–
.15 as moderate, 0.15–0.25 as strong, and > 0.25 as very strong.
he IQR and variability classification for each source’s light curve
re shown in Table 3 (as well as the percentage of the mock spectra
or which the IQR exceeds that of the real light curves). 

According to this variability characterization parameter, we find
hat no source has negligible levels of variability over the full
bservation timespan, while 5/20 sources show weak levels of
 ariability, 5/20 sho w moderate le vels of v ariability, 6/20 sho w strong
evels of variability, and 4/20 show very strong levels of variability. 
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.1 Ov erall v ariability and implications for the 
unyaev–Zel’dovich Effect 

he precursor to this work, Hogan et al. ( 2015b ), studied the high
adio frequency variability of 16 BCGs on time-scales of between
.5 and 6.5 yr. The size and high temporal sampling presented here
s a significant impro v ement on this, so it is now possible to draw
NRAS 509, 2869–2884 (2022) 
ider conclusions about the magnitude and ubiquity of variability in
CG cores. 
Fig. 7 shows the fraction of sources that vary by between 10 and

0 per cent o v er a range of timespans from 100 to 2500 d. All sources
ppear to show 10 per cent peak-to-trough variability on 18 months
ime-scales. Ho we ver, due to noise, the same is true of the mock light
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urves and so at this lev el an y true variability cannot be separated
rom the apparent variability caused by observational errors. 

F or stronger lev els of variability, it is easier to disentangle the true
ariability from the noise of the spectra. Peak-to-trough changes of 
0 per cent are seen in all sources on 3 yr time-scales versus half of
he mock light curves, so moderate levels of variability are a feature
f at least half these sources. Similarly, at least a third of the sources
ary at the 60 per cent level on 6 yr time-scales. This is important
ecause studies of Sun yaev–Zel’do vich Effect in the radio/sub-mm 

ften involve the subtraction of the radio/sub-mm continuum source 
rom the BCG. This subtraction is often made by extrapolating from
 lower frequency radio flux density made at least a few years
efore the Sun yaev-Zel’do vich observations. The comple x spectral 
ature of these radio sources and their intrinsic variability means 
hat these estimates of flux density will be far less certain than
ssumed. 

The OVRO light curv es themselv es show significant changes 
n variability o v er the 3–12 yr co v ered. F or instance, A2415 and
1558 −1409 show 3–4 yr ‘outbursts’ and several other sources 
ransition from declining to rising o v er the full light curve. 

In addition to the sources with OVRO 40-m monitoring, we also 
ave multiple high frequency observations of a number of additional 
ources that were either too far south to be observed with the OVRO
0-m telescope (dec < −20 ◦) or too faint ( < 100 mJy at 15 GHz), but
ignificant variability is implied. The most notable are (i) A3581, the 
rightest source detected with SCUBA2, which shows an 80 per cent 
ncrease in flux density at 363 GHz between 2013 and 2021, and (ii)
w8193, which has brightened by a factor of 2 at 150 GHz between
011 and 2020. The seven other sources with multiple observations 
o not vary by more than 30 per cent at any frequency. This includes
XJ1745 + 39, E1821 + 644, and RXJ1832 + 68, which have limited
ets ̈ahovi 37 GHz monitoring between 2002 and the present day, but

he upper limits obtained are consistent with no significantly brighter 
mission in the recent past for these sources (L ̈ahteenm ̈aki, pri v ate
ommunication). This proportion is consistent with the fraction of 
ources (2 of 9) expected from Fig. 7 for the largest amplitude of
ariability. 

.2 Variability and spectral index 

he only radio core in a BCG that has a light curve with better long-
erm sampling than the OVRO BCG sample presented here is NGC
275/3C 264 in the Perseus cluster. This source has varied by o v er a
actor of 10 at 30–90 GHz o v er the 50 yr since its first detection at
hese frequencies (Dutson et al. 2013 ). The o v erall variation of peaks
n activity with a 30–40 yr spacing, short-term ‘flares’ during these
eaks and then long periods of decline after a peak are consistent
ith the variety, time-scale and amplitude of the variability seen in

his sample. Importantly, Dutson et al. ( 2013 ) show that the high
requency spectral index of the core changes significantly o v er this
ycle of activity. As would be expected, the spectral index above
0 GHz is relatively flat when the activity is high and the source is
ncreasing in brightness, then is steeper as it fades. 

This dramatic change in the high frequency spectral index also 
irrors the gamma-ray emission in NGC 1275. Dutson et al. ( 2013 )

ote the lack of observable gamma-ray emission from NGC 1275 
n the 1990s with EGRET on Compton when the source was in
trong decline but very clearly detected in the 1980s with COS-B and
fter 2008 with Fermi . Six of our OVRO sample have a significant
MNRAS 509, 2869–2884 (2022) 
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ermi 4FGL detection in the first 8 yr of data: 3C 264/NGC 3862,
XJ0132 −08, A2055, RXJ1558 −14, RXJ1745 + 39, and A2627

Abdollahi et al. 2020 ). There are also three other BCGs in our
arent X-ray sample with a 4FGL counterpart: A3112, A3392, and
3880. Using our mean OVRO 15 GHz flux density and literature
alues for the three additional sources and NGC 1275 we can plot
he core radio flux density at 15 GHz against the 4FGL photon flux
Fig. 8 ). There are few data points, but there is a clear correlation
etween these flux densities indicating that these other BCGs show
imilar radio to gamma-ray emission scaling as NGC 1275. 

With this link to the gamma-ray and the long time-scale behaviour
f NGC 1275 in mind, we now consider the connection between
ariability and spectral index for our sample in more detail. Fig. 9
hows the spectral index between 15 GHz and our higher frequency
VN, SCUBA2, NIKA2, and ALMA photometry plotted against the

xcess amount that the source varies over the mock light curves in
he subsequent 2 yr (i.e. the median VA of the real light curve minus
he median VA of the mock light curves). While the correlation is
nly moderate to low – with a Pearson’s correlation coefficient of
.30 ± 0.02 – there is an o v erall trend that the spectral indices
re flatter as sources increase in brightness. A strict correlation
NRAS 509, 2869–2884 (2022) 
etween the variability and spectral index is not necessarily expected
ue to the intricacies of AGN accretion and feedback mechanisms.
 or e xample, the link may be somewhat broken by the complex
ature of the formation, expulsion, and breakdown of radio jets, and
ynchrotron opacity effects within the core. 

The sources with a Fermi 4FGL detection are plotted as stars and
hese are almost e xclusiv ely found in the upper part of the plot with
 flatter spectral index but not al w ays brightening. This is consistent
ith the behaviour of NGC 1275 where the gamma-ray emission
ersists o v er the shorter term variability on year long time-scales
nd only during the long decline, when the high frequency spectral
ndex steepens, does the gamma-ray emission drop appreciably. The
eneral lack of Fermi detections of sources with steep high frequency
pectral indices – despite having a 15 GHz flux density comparable
o the sources with a 4FGL detection – suggests that these are sources
n the low activity part of a cycle similar to that seen in NGC 1275. 

Hogan et al. ( 2015a ) use archi v al data for two sources, 4C + 55.16
nd RXCJ1558 −14, to show that at least some of our sample
ave been brighter in the period since the start of radio astronomy.
o we ver, sources that have brightened and should enter the sample
ill continue to be o v erlooked until we enter the era of regular, high

requenc y radio surv e ys (the notable e xception is the AT20G surv e y
hat selected all the sources in the equatorial o v erlap area between
TCA and OVRO between declinations of −20 and + 0 ◦; Murphy
t al. 2010 ). 

The variation seen in NGC 1275 on longer time-scales than
ampled here suggests that some of the sources in this sample will
ade below the OVRO detection limit and other sources will brighten
ufficiently to be monitored o v er the ne xt 3–5 yr (Dutson et al.
014 ). This makes it worth noting that because of the amplitude of
he variability seen, a complete sample of sources for a study like this
ould be impossible since there will be sources continually rising

bo v e and fading below the radio flux density limit. However, we
elieve that our selection is representative and the properties of these
ources can be used to constrain the duty cycle of activity in BCGs
n general and act as a comparison for gamma-ray detected radio
alaxies more widely. 

 C O N C L U S I O N S  

he high radio frequency variability of BCGs provides important
lues about the nature of fuelling and feedback cycles in galaxy
lusters, but this behaviour is not well understood due to a lack of
bservational data. 
To address this, we have carried out the most comprehensive high

adio frequency monitoring of BCGs to date. This has primarily been
one using the OVRO 40-m telescope at 15 GHz, with additional
bservations from KVN at 22 and 43 GHz, NIKA2 at 150 GHz,
CUBA2 at 353 GHz, and ALMA at ∼100 GHz. 
A range of variability detection and quantification parameters

how significant levels of variability in most sources. Over the
ull timespan on which observations have so far been carried out,
ypically 8–13 yr, 15/20 are inconsistent with a flat light-curve model.
ariability index and variability amplitude tests show that no sources
ary on time-scales of 10 or 30 d, while 4/20 vary on time-scales of
00 d. At 300 d, 12-13/20 sources sho w e vidence of v ariability, and
t 18-19/20 sources vary on time-scales of 1000 d. 

At least a third of our sample display 60 per cent variability on 6 yr
ime-scales. This is important to studies of the Sun yaev–Zel’do vich
ffect in the radio/sub-mm, which frequently involve the subtraction
f the radio/sub-mm continuum source from the BCG. This is often
one by extrapolating from a lower frequency radio flux density made
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everal years before the Sunyaev-Zel’dovich observations. Due to 
he complex spectral nature of these radio sources and their intrinsic
ariability, estimates of flux density at higher frequencies will be far
ess certain than assumed. 

We find a weak link between variability and spectral index changes 
n our sample, with the two being positively correlated. This is
articularly true for sources with the strongest levels of variability, 
here spectral indices tend to be much flatter. This weak trend is

imilar to that seen in NGC 1275, where fading periods are associated
ith steep spectral indices, and outbursts with flatter spectral indices 

Dutson et al. 2013 ). 
Many of the sources have gone through phases in which they 

ave varied significantly on periods of around 3 yr, before returning 
o a relatively constant state (e.g. J0439 + 0520, J1558 −1409, and
1727 + 5510). This behaviour confirms the compact nature of the 
ontinuum sources, and can be used as an upper limit on their physical 
ize because variability cannot take place on time-scales shorter than 
he light-crossing time. Simply observing the minimum time-scale 
n which each source typically displays variability (see Table 3 )
ives an upper limit of 1–3 ly (0.3–1 pc) in most cases. The ‘on-off’
ature of the variability is also consistent with models of clumpy 
ccretion (e.g. Pizzolato & Soker 2005 ; Gaspari et al. 2018 ) and with
bservations of parsec scale clouds in the cores of massive galaxies 
ike those studied here (David et al. 2014 ; Tremblay et al. 2016 ;
uffa et al. 2019 ; Rose et al. 2019a , b , 2020 ). 
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Figure A1 : The 15 GHz OVRO spectra shown in Fig. 1 , with masked 
data shown in green. 
Figure A2 : The 15 GHz OVRO spectra shown in Fig. 2 , with masked 
data shown in green. 
Figure A3 : The 15 GHz OVRO spectra shown in Fig. 3 , with masked 
data shown in green. 
Figure A4 : The 15 GHz OVRO spectra shown in Fig. 4 , with masked 
data shown in green. 
Figure B1 : Example mock light curves produced along the lines 
described in Section 4.5. 
Figure B2 : Example mock light curves produced along the lines 
described in Section 4.5. 
Figure B3 : Example mock light curves produced along the lines 
described in Section 4.5. 
Figure B4 : Example mock light curves produced along the lines 
described in Section 4.5. 
Table C1 : 150 GHz NIKA2 flux densities, and the spectral indices 
calculated with the nearest 15 GHz OVRO 40-m observations. 
Table D1 : Contemporaneous 22 and 43 GHz KVN flux densities and 
their spectral indices. 
Table E1 : 353 GHz SCUBA2 flux densities, and the spectral indices 
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Please note: Oxford University Press is not responsible for the content 
or functionality of any supporting materials supplied by the authors. 
Any queries (other than missing material) should be directed to the 
corresponding author for the article. 

This paper has been typeset from a T E 

X/L 

A T E 

X file prepared by the author. 

M

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/509/2/2869/6424954 by U
n

lavacek-Larrondo J., Fabian A. C., Edge A. C., Ebeling H., Sanders J. S.,
Hogan M. T., Taylor G. B., 2012, MNRAS , 421, 1360 

ogan M. T. et al., 2015a, MNRAS , 453, 1201 
ogan M. T. et al., 2015b, MNRAS , 453, 1223 
ogan M. T., 2014, PhD thesis, Durham University 
unter J. D., 2007, Comput. Sci. Eng. , 9, 90 

w asaw a K., Allen S. W., Fabian A. C., Edge A. C., Ettori S., 1999, MNRAS ,
306, 467 

ones E., Oliphant T., Peterson P., 2011, SciPy Open Source Scientific Tools
for Python, www .scipy .org 

ellermann K. I., Condon J. J., Kimball A. E., Perley R. A., Ivezi ́c Ž., 2016,
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