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1 Introduction

1.1 A quick summary

A powerful feature of supersymmetric localisation is the ability to introduce exact defor-
mations and scaling limits that lead to different mathematical representations of the same
partition function. In the case of 3d A/ = 2 supersymmetric gauge theories, the localisation
schemes used in the literature fall into two broad classes:

e In Coulomb branch localisation, the path integral localises onto configurations where
the vectormultiplet scalar is non-zero and the gauge group is broken to a maximal
torus. This expresses the partition function as a contour integral of special functions,
for example, as in the first supersymmetric localisation computations on S° [1-3].

e In Higgs branch localisation, the path integral localises instead onto configurations
solving vortex-like equations. This expresses the path integral in terms of integrals of
characteristic classes over moduli spaces of vortices, which may often be reduced to
isolated fixed points by turning on mass parameters for flavour symmetries [4, 5].

In many cases, the individual residues of the contour integral in Coulomb branch localisation
reproduce the isolated fixed point contributions in Higgs branch localisation. Further
background on localisation in three dimensions can be found in the reviews [6, 7].

In this paper, we focus on the twisted index of 3d N' = 2 supersymmetric gauge
theories on S x 3, where ¥ is a closed Riemann surface of genus g [8-10]. This is a rich
observable amenable to supersymmetric localisation and has important applications to exact
microstate counting for supersymmetric black holes in AdSy [11-14] and the Bethe/gauge
correspondence [15-17]. The aim is to expand upon and generalise the geometric interpre-
tation of the twisted index as the Witten index of an effective supersymmetric quantum
mechanics [18-20].

The route to such a geometric interpretation of the twisted index is through a Higgs
branch localisation scheme and for large classes of theories the twisted index is a generating
function of enumerative invariants associated to moduli spaces of vortices on the Riemann
surface 3. However, Higgs branch localisation of the twisted index of a generic 3d N = 2
gauge theory leads to additional saddle points beyond vortex configurations. For a U(1)
gauge theory, these additional saddle points are characterised by

1. All chiral multiplets vanish ® = 0;
2. The vectormultiplet scalar is fixed o = oy;

3. The gauge symmetry is unbroken.

Such “topological” saddle points exist whenever the effective U(1) Chern-Simons level in
asymptotic regions of the Coulomb branch is non-zero. We compute the contributions of
topological saddle points to the twisted index and show that they reproduce the contributions
from residues at infinity in Coulomb branch localisation. These contributions are crucial
for the consistency of the geometric interpretation of the twisted index and wall-crossing
phenomena studied in [20] in more general classes of theories.



1.2 Some more details

Let us first summarise the Coulomb branch localisation scheme for the twisted index of 3d
N = 2 gauge theories on S! x ¥, which was introduced for g = 0 in [8] and extended to
g > 0in [9, 10]. For a U(1) gauge theory this leads to a representation of the twisted index

as a contour integral
dx
I= m/ I(z,m), 1.1
S [ rem )

mez

where each summand is the contribution from configurations with m units of flux on .
The integrand receives contributions from a one-loop determinant and an integral over
gaugino zero modes. The contour is a Jeffrey-Kirwan residue prescription, building on
computations of the elliptic genus of 2d N' = (2, 2) gauge theories [21, 22]. However, a novel
feature in three dimensions is the existence of poles at ! — 0. The contour prescription
for these poles is determined by the effective Chern-Simons levels kgcﬂ in asymptotic regions
of the Coulomb branch.

Here we introduce an exact deformation of the lagrangian depending on a real parame-
ter 7. This can be understood as a 1d Fayet-Iliopoulos parameter from the perspective of
supersymmetric quantum mechanics on S'. In Coulomb branch localisation, it modifies the
contour prescription T' for the poles at 2*! — 0 in (1.1) when the corresponding effective
Chern-Simons level vanishes, k:j% = (0. This has two important consequences:

o Away from walls in the parameter space of 7, the contour I' is always well-defined for
each individual flux m, before summing over m € Z. This feature is necessary for a
hamiltonian interpretation of the twisted index as counting supersymmetric ground
states and in particular for compatibility with any Higgs branch localisation scheme.

o It leads to interesting wall-crossing phenomenon in 7 [20], via the same mechanism as
supersymmetric quantum mechanics [23].

Indeed, in the presence of the 1d Fayet-Iliopoulos parameter 7, it is possible to consider
an alternative scaling limit in the path integral that leads to a Higgs branch localisation
scheme. This provides a representation of the twisted index in the form

=% ¢ / A(My) ch(F), (1.2)
mez
where My, denotes the moduli space of supersymmetric saddle points with flux m and
ch(F) is the contribution of massive fluctuations and Chern-Simons terms. Each summand
in (1.2) is the contribution from an effective supersymmetric quantum mechanics in the
topologically distinct sector labelled by the flux m. The moduli space My, in general has
contributions from two types of saddle points:

1. Vortex Saddles
Vortex saddles are solutions of abelian vortex equations on 3 depending on 7. In
the presence of generic mass parameters for flavour symmetries, their contribution

1We assume there are no monopole operators in the superpotential so there is a U(1) topological symmetry.



to the moduli space M, has a concrete description as a disjoint union of symmetric
products of X. We show that their contribution to (1.2) reproduces residues of the
contour integral (1.1) at poles at finite values of x.

2. Topological Saddles
Topological saddles are configurations where all chiral multiplets vanish, ¢ has a fixed
expectation value, and the U(1) gauge symmetry is unbroken. Topological saddles only
exist if an effective Chern-Simons level is non-vanishing, keiﬁ # 0. Their contribution
to the moduli space My, is roughly the Picard variety parametrising holomorphic
line bundles on ¥ of degree m. We show that their contribution to (1.2) reproduces
residues of (1.1) at poles at 2*! — 0.

The existence of both vortex and topological saddle points depends on 7 and the moduli
space My, may jump as this parameter crosses walls proportional to the flux m. Taking this
into account, we show that equation (1.2) exactly reproduces the Coulomb branch residue
prescription in the presence of 7 for a broad class of U(1) gauge theories.

Finally, the twisted index has a hamiltonian interpretation as a Witten index

=3 "Tey, (—1)F, (13)
mez

where H,, is the space of supersymmetric ground states with flux m on 3. It is therefore
natural to identify the supersymmetric ground states with some form of cohomology of the
moduli spaces of vortex and topological saddle points contributing to My, [18]. However,
the twisted index exhibits cancelations between contributions from residues at finite x and
x* — co. This indicates the presence of instanton corrections between perturbative ground
states associated to vortex and topological vacua. We hope to return to this phenomenon

in the future.

1.3 Outline

The outline of the paper is as follows. In section 2 we review the Coulomb branch localisation
of the twisted index of U(1) gauge theories. In section 3 we introduce an alternative Higgs
branch localisation scheme and discuss general features of vortex and topological saddles. In
sections 4 and 5 we evaluate the contribution of vortex and topological saddles respectively
to the twisted index. In section 6 we evaluate these contributions explicitly in examples with
a single chiral multiplet. Finally, in section 7 we perform a preliminary investigation of an
SU(2) gauge theory deformed by a 1d Fayet-Iliopoulos parameter for the Cartan subalgebra.

2 Background

2.1 Abelian theories

We consider a 3d N = 2 gauge theory with G = U(1) and N chiral multiplets ®; of charge
Q; and R-charge r; € Z. We will restrict attention to the cases where |Q;| = 1. We



introduce a supersymmetric Chern-Simons term at level k for the gauge group and a mixed
gauge-R symmetry Chern-Simons term kg. The quantisation condition requires

1 N
k+ = 2ez
+2;Q1 ez,
~ (2.1)

The latter condition implies that the R-symmetry line bundle that we use for the topological
twisting is well-defined. In this paper, we set the superpotential to vanish.

There is a global topological symmetry U(1); with associated real Fayet-Iliopoulos
parameter { € R. In some cases, this is enhanced to a non-abelian symmetry in the infrared.
In addition, there is a global flavour symmetry Gy with maximal torus

N

[Tu@);

J=1

T} = JuQ), (2.2)

where U(1); rotates ®; with charge +1 and the quotient is by the gauge group. Correspond-
ingly, we introduce real mass parameters m; such that the total mass of ®; is m; + Q;o
where o is the real scalar in the vectormultiplet. The real masses are defined up to a
constant shift m; — m; + @Qjc, which can be absorbed by o — o — c.

Integrating out chiral multiplets in the presence of generic real masses generates effective
supersymmetric gauge and mixed gauge-R symmetry Chern-Simons levels

N

Fenlo) = k+ 3 > Q3 sign(m; + Qo).
j=1

(2.3)

1 .
krew(0) = kr+ 5 > Q;(rj — 1) sign(m; + Qj0),
j=1

which are piece-wise constant in o. The quantisation condition (2.1) ensures that the
constant values are integers. It is also useful to define

. 1
kE = Uggwkeﬁzkiﬁ:cgj@ﬂ, (2.4)
3=1

which controls the gauge charges of monopole operators with U(1); topological charge +1.
Similarly, the asymptotic values of the effective mixed Chern-Simons level controls of the
R-charge of the same monopole operators.

2.2 The twisted index

Following [8-10], we consider the twisted index on S! x ¥ with a closed orientable Riemann
surface ¥ of genus g. The twist is performed using the unbroken R-symmetry, which
preserves an A/ = (0,2) quantum mechanics on S with a pair of supercharges Q, Q.



The twisted index has a hamiltonian interpretation as counting supersymmetric ground
states on S' x ¥ annihilated by Q, Q. The space of supersymmetric ground states
transforms as a representation space of the global symmetry U(1); x Gy and the index is

N
J.
T ="Tey(-1)"¢" [Ty, (2.5)
Jj=1

where J; and J; denote the Cartan generators of U(1); and U(1); respectively, and ¢ and
y; are the fugacities. A basic assumption is that H is locally finitely graded, meaning that
the coefficient of a given monomial in ¢ and y; is a finite integer.

2.3 Supersymmetric Lagrangians

The twisted index can also be computed using supersymmetric localisation applied to the
path integral construction [8-10]. We now briefly summarise the various lagrangians used
in supersymmetric localisation.

First, the vectormultiplet Yang-Mills lagrangian Ly and the chiral multiplet lagrangian
Lg are exact with respect to both supercharges @, Q. In supersymmetric localisation, their
coefficients are typically sent to infinity so that the saddle point approximation is exact.

The Fayet-Iliopoulos and mass parameter lagrangians Lgr and L, are not exact and the
twisted index depends on these parameters. These parameters are naturally complexified by
Wilson lines around S! for the associated global symmetries. In particular, we can identify
the fugacities in the hamiltonian definition (2.5) of the twisted index as

— o 2mBCHIAY) y  o—2mB(mAiAD (2.6)

q
where Ay and Ar denote the constant background connections for U(1); and Tt respectively.
The twisted index is a meromorphic function of ¢ and y with poles at loci where non-compact
massless degrees of freedom appear and the spectrum is no longer gapped.

The supersymmetric Chern-Simons lagrangian Lcg is not exact and the index depends
on the level k.
Following [20], we introduce an additional exact term
T

Ly = 5(Q+ QA+ A) = —irDa, (2.7)

where

Diq:=D —2F (2.8)

and 7 is a real parameter valued in the Lie algebra of the topological symmetry U(1);. This
is interpreted as a 1d Fayet-Iliopoulos parameter since the combination D14 is the auxiliary
field in the N = (0,2) quantum mechanics vectormultiplet. Unlike the 3d Fayet-Iliopoulos
parameter (, it cannot be complexified. As this parameter is real and exact, the twisted
index depends in a piecewise constant manner on 7 but may jump accross walls.



2.4 Contour integral formula

We now briefly review the derivation of the contour integral formula for the twisted index
using supersymmetric localisation.
First, the localisation scheme used in [8-10] starts from the lagragian

1 1
L= *QLYM + 7[@ + Les + Ly . (2.9)
€ g

2 - 0 and ¢> — 0 in a careful way as

Schematically, localisation is done by sending e
described in [8-10]. Following computations of the elliptic genus of supersymmetric gauge
theories in two dimensions [21, 22], a more precise analysis leads to a Jeffrey-Kirwan
residue integral.

The contour integral takes the form

I=> ¢"—

mezZ

1

dx 9
— 74 H(z)?Z(2,m), (2.10)

where the contour C is in the complexified maximal torus of G = U(1) parameterised by x
and the summation is over the magnetic flux m € Z. The integrand is constructed from the
supersymmetric Chern-Simons term and one-loop contributions

sz+ (9 1) (7'1 )

Qi
_ .k 1k €z yz)
(0, m) = gt Dhn H L and (2.11)
and the hessian factor
N .
1 SUQ]y
_ 224 2 "9)
x)_k+Z:QJ <2+1_ij%> , (2.12)
7j=1
which arises from integration over gaugino zero modes.
The contour is given explicitly by
1 dx dz
— ¢ —=>» JK-R 1) — 2.13
2mi ?i T ; i (@) x ( )
where d
X .
JK-Res(Q,n)— := 0(Qn) sign(Q) (2.14)

and n # 0 is an auxiliary real parameter. The sum is over poles of the integrand and Q.
denotes the Jeffrey-Kirwan charge associated to a pole at x = x,. The poles at solutions of
x%y; =1 arise from the elementary chiral multiplet ®; and their Jeffrey-Kirwan charge is
simply the gauge charge @Q);. The Jeffrey-Kirwan charges assigned to the poles at x = 0 and
T = 00 are

r=0: Q4=- eff )

(2.15)
r=00: Q_=+kg,

which are the gauge charges of monopole operators of U(1); charges +1.



This result is manifestly independent of the auxiliary parameter 7 if all Jeffrey-Kirwan
charges are non-vanishing. However, if a monopole operator is gauge neutral, when Qo = 0
or Qoo = 0, then the Jeffrey-Kirwan residue operation requires further specification. In
such cases, [8-10] introduce an additional term in the lagrangian as a regulator with the
result that the residue at z = 0 or x = oo should not be taken in such cases. This leads to
a meaningful result that is independent of n after summing over magnetic flux m € Z.

In reference [20], the 1d Fayet-Iliopoulos parameter 7 was introduced to ensure a
meaningful result for each individual flux m € Z. This feature is necessary if we want to
unambiguously interpret the coefficient of ¢™ as counting the supersymmetric ground states
with U(1); charge m, as in the hamiltonian definition (2.5). The starting point is now
the lagrangian

1 /1 1
L= 2 (eQLYM + LT) + ?L¢ + Los + Lgt, (2.16)

and the localisation proceeds as in supersymmetric quantum mechanics by taking the limit
t2 — 0 with e? finite [23]. This leads to an identical contour integral formula but with a
different assignment of Jeffrey-Kirwan charges to the poles.

For the poles associated to chiral multiplets ®; the Jeffrey-Kirwan charge is again
Q;. For the poles associated to monopole operators, the Jeffrey-Kirwan charges are now
assigned according to

—kly if kil #0
m-—rT otherwise
+k g it kg#0

Q- z{ - an (2.17b)
m-—rT otherwise

where 7 is re-scaled as
2vol(2

7= V;T( )7 (2.18)

The contribution from each magnetic flux m € Z is now separately independent of the
auxiliary parameter 1 provided 7/ # m. However, the twisted index may now jump accross
the wall 7/ = m according to

dx

I(r'=m+e) —IZ(r'=m—¢€) = q" | §,+ , Res + 6, - o Res ?H(a:)gZ(x,m), (2.19)

eff” =0 eff’

where € — 0.

In what follows, we therefore require 7’ ¢ Z. This ensures the Jeffrey-Kirwan charges
are always non-vanishing and the contribution to the twisted index from each flux m € Z
is meaningful.

Finally, the contour prescription used in [8-10] is recovered by sending 7" — +o00 with
n > 0 or 7 — —oo with < 0. That this is independent of the auxiliary parameter 7 is
equivalent to the statement that sum of (2.19) over m € Z is proportional to a formal delta
function at ¢ = 1.



3 Alternative localisation scheme

3.1 Motivation

The hamiltonian definition of the twisted index (2.5) can be viewed as the Witten index of
an effective V' = (0,2) supersymmetric quantum mechanics obtained by twisting on S* x ¥.
Based on the general structure of supersymmetric quantum mechanics of this type we can
expect a geometric construction of the twisted index in the form

=% ¢ / AM) ch(En) - (3.1)

mez

In such an expression, M, denotes a moduli space parametrising saddle points of the
localised path integral with magnetic flux m € Z, while &, is schematically a complex of
vector bundles arising from the massive fluctuations of chiral multiplets and supersymmetric
Chern-Simons terms. The integral should be understood equivariantly with respect to the
flavour symmetry 7%, leading to the dependence on the parameters ;.

For such an interpretation to be meaningful, it is necessary for the contribution to the
twisted index from each individual flux m € Z to be unambiguous. This necessitates the
introduction of the 1d Fayet-Iliopoulos parameter 7. The wall-crossing phenomena in 7 are
then reflected in jumps in the structure of the moduli spaces 91, and complexes .

This general expectation was verified in previous work [19, 20] for a special class of
theories (for example those with A/ = 4 supersymmetry) where for generic 7 # m the moduli
spaces My, exclusively parametrise vortex-like configurations on ¥ where the gauge group
is completely broken. The purpose of this paper is to extend the geometric interpretation
to theories with “topological” saddle points, where there is an unbroken gauge symmetry
and the moduli spaces M, must be described as quotient stacks.

There is an important distinction between saddle points where the unbroken gauge
symmetry is the whole G = U(1) or a discrete subgroup. The latter involves a relatively mild
extension of [20] to deal with moduli spaces with orbifold singularities and our constraint
|Q;] = 1 is designed to avoid such cases. We therefore consider theories with topological
saddle points where G = U(1) is fully unbroken and the moduli space 9, has a component
that is the Picard stack parametrising degree m holomorphic line bundles on 3.

3.2 Localising action

To arrive at such a geometric interpretation we introduce an alternative supersymmetric
localisation for the twisted index [20], which is similar to the Higgs branch localisation
schemes for 2d N = (2, 2) theories [24-26] and for 3d N = 2 theories [4, 5|. However, in
addition to the usual vortex-like saddle points, here there will be additional topological
saddle points where the matter fields vanish and the gauge group is unbroken.

The starting point is to consider the same lagrangian from equation (2.16) including
the 1d Fayet-Iliopoulos parameter 7 but first set g = t to obtain

1 /1
L= t72 (€2LYM + LT + Lq>> + LCS + LFI . (3.2)



The second step is to consider the limit t> — 0 while keeping e? finite. The supersymmetric
saddle points are then solutions to the following set of equations,

LBt Y Qo — 2@ (3.30)
e? = T o ’

dac =0, 0ag;i =0, (3.3b)

(mi-l-QiU)@':O Vi=1,...,N, (3.30)

where F4 is the curvature of the gauge connection A, and * is the Hodge star operator on
Y. In writing these equations, ¢; should be understood as a section of K’ g /2 ® L9 where
K, is the canonical bundle on ¥ and L is the holomorphic gauge bundle on X.

Note that the dependence on the 3d Fayet-Iliopoulos parameter £ has dropped out
but the equations depend critically on the 1d Fayet-Iliopoulos parameter 7. We keep the
contribution proportional to the effective Chern-Simons term in the limit 2 — 0 to capture
potential saddle points where |o| — co with og := t?¢ finite.

3.3 Saddle points

The solutions to equations (3.3) fall into topologically distinct sectors labelled by the flux

1
= — F 7. 4
m 27T/E € (3.4)

A constraint on the existence of saddle points with a given flux m is found by integrating
equation (3.3a) over the Riemann surface X to give

2 (s N
(' m) + I (o) = 3 Q6. (35)
j=1
where )
511 i= 5= [ 85 x5 (3.6)

. 2
is a positive definite inner product on sections of K;f ® LY and 7/ = %}r@)

T is the
normalised 1d Fayet-Iliopoulos parameter defined in (2.18).
Assuming the 1d Fayet-Iliopoulos parameter is generic, meaning 7/ # m, there are two

classes of solutions with a given magnetic flux m € Z. They can be described as follows:

1. Vortex Saddles

Vortex saddle points are solutions where ¢ remains finite in the limit t> — 0 and
the term proportional the effective Chern-Simon level keg in equation (3.3a) can be
ignored. The remaining equations are the vortex equations

1 N _
?*FA+ZQj|¢j|2:Ta 040i =0, (m; +Qio)d; =0. (3.7)
j=1



For generic mass parameters myq,...,my, the space of solutions decomposes as a
disjoint union of components where a single ¢; is non-vanishing and o = —m;/Q;.
From the constraint (3.5), a component of the moduli space where ¢; is non-vanishing
exists if

sign(7’ —m) = sign(Q;) . (3.8)

2. Topological Saddles

Topological saddle points are solutions where |o| — oo in the limit 2 — 0, such that

the combination oy := t?c remains finite and has a unique non-vanishing solution.

This requires ¢; = 0 for all j =1,..., N and therefore the constraint (3.5) becomes
, e2vol(X%)

T —m= —4771_20'0]{?:% . (39)

A unique solution with +o¢ > 0 exists if keiﬁ # 0 and
sign(7’ —m) = sign(Q+) . (3.10)

In addition, if k:eiff = 0 then a non-compact Coulomb branch parametrised by o9 > 0
appears at 7/ = m, which is responsible for the wall-crossing phenomena in equation (2.19).
These three classes are analogous to the trichotomy of flat space supersymmetric vacua
in [27].

If we align the auxiliary parameter

sign(r’ —m) = sign(n), (3.11)

components of the moduli space of saddles with flux m are in one-to-one correspondence
with the poles selected by the contour prescription in section 2. There is a component of
the vortex moduli space with ¢; # 0 when the pole at 29iy; = 1 is selected. Similarly, there
is a topological saddle point with +0¢ > 0 whenever the residue at ' — 0 is selected.
The purpose of sections 4 and 5 is to reproduce the residues at these poles.

4 Vortex saddles

4.1 Moduli space

The moduli space of vortex saddle points consists of solutions to

(4.1)

1 N
eﬁ*FA+Zle‘¢j‘2 =7,
J

5Ad)j20, (ijerU)gZ)j:O,

for all j =1,..., N, modulo gauge transformations. The moduli space is a disjoint union
of topologically distinct components M, labelled by the magnetic lux m € Z. The
entire moduli space is realised as an infinite-dimensional Kéhler quotient and under our
assumptions each component My, is a finite-dimensional smooth Kéahler manifold.

~10 -



For generic mass parameters m;, the moduli space further decomposes as a disjoint union
of components My, ; where a single chiral multiplet ¢; is non-vanishing and o = —m;/Q;.
Each component parametrises solutions to the abelian vortex equations

1 B
g*FAJer‘!@P:T, 0ag; =0, (4.2)

where ¢; transforms as a section of K;f/ > ® L. A small modification of the standard
analysis applies and each component is either a symmetric product of the curve 3 or empty,

Edi if 7 >m
Qi=+1: Mpy,;= o
0 if 7 <m

(4.3)
0 if 7/ >
Qi=-1: Mn;= Lrom
Edi if 7 <m
where
di = sz + 'r’i(g — 1) (4.4)

is the degree of K. g/ > ® L9 and Y4 := Sym?Y with the understanding that this is empty
for d < 0. The symmetric product ¥, parametrises the positions of the vortices. The
assumption |@;| = 1 is important to get a symmetric product, otherwise the moduli space
has orbifold singularities where a discrete gauge subgroup is unbroken.

Note that if the auxiliary parameter 7 is aligned with 7/ — m, meaning

sign(t/ — m) = sign(n), (4.5)

then the component M, ; of the moduli space is non-empty whenever the Jeffrey-Kirwan
residue prescription selects the pole at #%iy; = 1 from the chiral multiplet ®;. The task in
the remainder of this section is to reproduce the residue at this pole from supersymmetric
localisation.

It is useful to use an algebraic description of moduli spaces of abelian vortices in terms
of holomorphic pairs. Let us assume sign(7’ — m) = sign(Q;) so that the vortex moduli
space My, ; is non-empty. Then the Hitchin-Kobayashi correspondence says that there is
an algebraic description parametrising pairs (L, ¢;) where L is a holomorphic line bundle
of degree m and ¢; is a non-zero section of Kg/ > ® L@. The symmetric product g4, in
equation (4.3) parametrises the zeros of the section ¢;.

4.2 Contributions to index
The contribution to the twisted index from a component My, ; of the vortex moduli space is
A€)
e(&)

ch(LF @ L)
ch(A®E)

T = / AMu) 2 en(ck @ chm)
(4.6)

- / AMas)

- 11 -



where £ is a perfect complex of sheaves encoding the massive fluctuations of chiral multiplets
around vortex configurations, and £, L are holomorphic line bundles arising from the
gauge and mixed gauge-R symmetry Chern-Simons terms respectively. We omit the labels
m, ¢ from the bundles for brevity.

This integral should be understood equivariantly with respect to the flavour symmetry
Tt with parameters y;. It can be evaluated using intersection theory on symmetric products
and converted into a contour integral following [28, 29]. This extends a computation
performed in [19] to a wider class of theories.

For simplicity and to avoid a profusion of signs at intermediate steps in the calculation,
we set @; = +1 with 7 > m. A similar computation applies to Q; = —1 and the final result
is presented in a uniform way for both cases.

4.2.1 Tangent directions

We first consider the contribution from the tangent directions to My ;, which is the
symmetric product ¥4, when 7/ > m and otherwise empty.

Let us briefly summarise some notation for the intersection theory on a symmetric
product. There are standard generators (g, (, € H?(Xq) with a =1,...g and n € H%(%,)
arising from cohomology classes on ¥.. We then define 0, := ¢, A {, and 6 := > b,

From reference [28], the Chern character of the tangent bundle is

ch(T34,)=(g—1)+ ((d; =29+ 1) — )"

g 4.7
:(g—1)+(di—2g—|—1)e"+Zen_0‘L. .7
a=1
From here we can evaluate the fl—genus as follows
Ay di—g+1 0 n_ \TEEE 0 — b
Amay=en(- 5 g) ()
dz_g"_l 9) ( n >d¢29+1 g ,r]_ea
=exp| — + -
p( 2 173 )\1 e £1—e*n(1+9a)
B di—g+1 6 n )dizgﬂ n—0,
_eXp< 2 "+2> (1—en aE[l(l—e*’?)—e "0,
-1
di—g+1 6 7 )di_29+1 1N — 0, e
= - e 1 —
eXp( 2 ”+2> (1—e—n al;[ll—e—’i I—en®
3 di—g+1 0 n \ETHLS g 0. e
_eXp<_ 2 ”+2><1—e—n> al;[ll—e—’i Ly Tt
di—g+1 0 n )di_gﬂ g 1 e "
= - e 0. | —=
eXP( 5 77+2> (1—6’7 al;[lexp o T}+1—e*’7
_ di—g+1 _
ne="/2 1 1 e "
= (1_6_17) expl& <2—77 T ]| (4.8)
where we have made repeated use of #2 =0 forany a =1,...,g



4.2.2 Index bundle

We now consider the fluctuations of each of the remaining massive chiral multiplets ®; with
J # 1 around configurations in My, ;.

At a point (L, ¢;) on the moduli space My, ;, each chiral multiplet ®; with j # 4
generates 1d AV = (0,2) chiral and Fermi multiplet fluctuations valued in the following

vector spaces

o Chiral multiplets: E? = HY (E’ L9 ® K;j/Q) 7

o Fermi multiplets: Ej1 = H! (E,LQJ' ® K;J'/Q) )

If we move around in the moduli space My, ; the dimensions of these vector spaces may
jump. But by the Riemann-Roch theorem the difference of their dimensions is constant,

dim EY — dim E} = (L% © Kg'?) — h'(L% © K3'?)
=Qm+(g—1)(r; —1) (4.9)
= dj —g+1.

We can therefore formally regard the difference of these vector spaces as the fibre of a
holomorphic vector bundle on the moduli space My, ; of rank d; — g + 1, or at least this
will define a reasonable K-theory class for use in the computation of the twisted index.

To make this more precise, we recall the construction of the universal bundle on a
symmetric product. We consider the pair of projection maps

EdixE

/ XL : (4.10)

Y. ¥

(3

There is a unique universal line bundle £ on g4, x ¥ with the property that its restriction
to a point (L, ¢;) on the symmetric product is the holomorphic line bundle L on . We
also define K := p* K> to be the pull-back of the canonical bundle on the curve. With this
in hand, the fluctuations of ®; transform in a perfect complex of sheaves on ¥, defined by
the derived push-forward

£ == R*m (LY ® K"1/?%). (4.11)

The stalks of 8; over a point (L, ¢;) on the symmetric product are the vector spaces E3.
We can extract the Chern roots of £ following standard computations [29]. The
starting point is the Chern character of the universal bundle

ch (L‘Qj) = Wi (1 + Qjmns + Qv — Q?Uﬁ) (4.12)

and
ch(K™/2) =1+ r;(g—1)ns. (4.13)

Here we abuse notation and identify the cohomology classes n, 8 with their pull-backs by .
In a similar way, 775, denotes the class of a point on ¥ and its pullback by p. Finally, ~ is
built from the pull-back of 1-form generators and will not play a role in what follows.
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An application of the Groethendiek-Riemann-Roch theorem to 7 gives
ch(£9) = m {ch(£Y @ K7/?) d(3g,) |

— ¢Qin ((dj —g+1)— Q?H) . (4.14)

On vortex saddle points parametrised by the moduli space My, ;, the real vectormultiplet
scalar is fixed to o = —m; and the real mass of ®; fluctuations is m; — Q;m;. We therefore
promote this result to a Ty-equivariant Chern character

ch(£7) = 2e%7 ((d; — g +1) - Q30) , (4.15)
where
2 =Yy (4.16)

The fluctuations from all the massive chiral multiplets is encoded in

E=QE;. (4.17)
i#i

The equivariant Chern roots have a similar structure to those in (4.7) and the contribution
of these fluctuations to the twisted index can be evaluated in a similar way, with the result

N _0. 1\ dj—g+l1 —Q;
Al€) = H ((e QJan)Q > exp [Q?@ (1 + L . Q]nzj )] . (4.18)

e(€) e N e~ Qinz; 2 1—e Qg

4.2.3 Chern-Simons terms

The supersymmetric Chern-Simons terms generate holomorphic line bundles on the moduli
space My ; = X4, according to the general mechanism in [30]. A careful translation into
the algebraic framework of this paper leads to the conclusion that the Chern-Simons levels
k, kr generate holomorphic line bundles £¥, E’;{R with

c(L)=60—mn,
1(£) n (4.19)
ci(Lr) = —(9—1)n.
The contribution to the integrand of equation (4.6) is therefore
ch(LF @ E%R) = FO=—mn) g—krlg=1)n (4.20)

This result passes a consistency check. It is compatible with the contribution (4.18) from
massive fluctuations of chiral multiplets and the fact that integrating out a massive chiral
multiplet of charge @); and R-charge r; with real mass m; — F-oo shifts

2
k—k+ =L,
2 (4.21)
Qj
kR — ]CRZ'I 7(7’j — 1)

~ 14 -



4.3 Evaluation of Witten index

Collecting the contributions from the tangent directions to the moduli space, the fluc-
tuations of massive chiral multiplets and the supersymmetric Chern-Simons terms, the
contribution (4.6) to the twisted index from the component My, ; of the vortex moduli
space is

—n/2 \ 4i—9t1 1 1 e "
Toi = k(0—mn) ,—~kp(g—1)n [ 1€ T gl = — =
m, /Ed'e e T exp 5 77+1—e—’7

7

i—g+1
J 2 - J
< I <1 — anzj exp Q50 5t T oy, P s
J#i

provided 7/ > m, and vanishes otherwise.

, (4.22)

The final step is to convert the integration over the symmetric product into a contour
integral using the following useful result [31],

A(n)eQB(n) _ j{ dﬁ A(U) [1 + UB(U)]g ) (4'23)

—0 U ud

D3P

The integral in equation (4.22) has precisely this form with

_ /2 di—g+1 _an ] % dj_g""]-
_ _—kmn_—kgr(g—1)n [ "€ ! (6 ZJ)
A(n) =€ e " (1 — e H 1 — e~ @Qiny, ’ (424)
J#i J
1 1 e " 1 e~ Qiny.
B =k — - = 2z — 4.25
(n) +<2 U+1—6_”>+§QJ <2+1—6_Qj”zj> ’ (4.25)
and therefore we find
_ di—g+1 N Yy 1 qdj—g+1
" u=0 1—e ¥ i 1-— e*quzj
g
1 /(1+e™™ N Q2 1+ e @ivgy,
k+ = 4 ——X 4.26
+2<1—e“>+; 2 1—6’Qj“zj ( )
1\ di—g+1 N 1 qdj—g+1
:j{ djkaJrkR(g—l) (zyi)2 H (xQ’yj)Q ’
o=y 1 T 1 —zy; i 1-— inyj
g
1 1+a?y¢> N Q2 (14 2%y;
k+ = —_— , 4.27
+2(1—:cy,~ +§2 1—;1:Qﬂy] ( )

where the substitution e™ = xy; has been made in the second line. A similar calculation
can be performed in the case Q); = —1.

The final result, under the assumption that |@Q;| = 1 is that the contribution to the
twisted index from vortex saddle points parameterised by My, ; is

1 9y
B+ Q3 <2+yﬂ. )]
j=1

1-— :UQJyj

di—g+1
(2Qiy )1 im9t

_ dac phmtkr(g—1)
Im,z—ji 71/Q1 T H 1_1.Q]y

(4.28)
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when sign(7/ —m) = sign(Q;), and zero otherwise. This exactly reproduces the contribution
to the twisted index from the pole at 2% y; = 1 when the auxiliary parameter 71 is chosen
such that sign(n) = sign(7’ — m).

5 Topological saddles

5.1 Moduli space

Topological saddle points are configurations where ¢; = 0 for all j =1,..., N and there is
a unique finite expectation value for oq := t?¢ that solves the equation
e?vol(X)

in the region +0y > 0. Topological saddle points exist provided kgg # 0 and sign(7’ —m) =
sign(Q+). If we choose the auxiliary parameter such that sign(n) = sign(7’ — m), there are
topological saddle points with £o¢ > 0 whenever the Jeffrey-Kirwan residue prescription

+1 5 0. The task in this section is to reproduce the residues at

selects the poles at =
these poles.

The only massless bosonic fluctuations around a topological saddle are those of the
gauge connection A. Topological saddle points with flux m € Z are therefore parametrised

by connections A on a principle U(1) bundle satisfying

2

7\/01(2)111, (5.2)

Fa=
modulo gauge transformations on . As for vortex saddle points, the contribution to
the twisted index is expected to be the Witten index of a supersymmetric quantum
mechanics whose target is the moduli space of solutions to these equations. However, gauge
transformations act trivially on F4 and o0p, so the U(1) gauge symmetry is unbroken and
the quantum mechanics is gauged.

To describe the supersymmetric quantum mechanics concretely, we use the algebraic de-
scription of solutions to (5.2) as holomorphic line bundle L of degree ¢;(L) = m. We then ex-
pect a supersymmetric sigma model to the Picard variety Pic™(X), parametrised by the com-
plex structure d4 which transforms as a chiral multiplet under A" = (0,2) supersymmetry.

However, any holomorphic line bundle has a C* worth of automorphisms, corresponding
to unbroken complexified gauge transformations. It is therefore more appropriate to describe
the supersymmetric quantum mechanics as a sigma model to the Picard stack,

My = Pic™() . (5.3)

We can make this more concrete at the cost of introducing an auxiliary base point p € X.
Decomposing complex gauge transformations into those trivial at p and constant gauge

transformations, we have

M = Mu % [pt/C*], (5.4)

where

m = Pic™(2) ~ T% . (5.5)

~16 —



In this way, the supersymmetric quantum mechanics is a hybrid of a non-linear sigma model
with target space 729 and a U(1) gauge theory.

The supersymmetric quantum mechanics is not, however, a product due to the massive
fluctuations of the chiral multiplets ®;. They transform in a perfect complex on My
generated by fluctuations annihilated by d4. Choosing an auxiliary base point as above,
this becomes a C*-equivariant complex on My,. So the fluctuations roughly transform as
sections of a holomorphic vector bundle on the target space 729 of the sigma model and
are also charged under the unbroken U(1) gauge symmetry.

5.2 Contributions to index

The contributions to the twisted index from topological saddle points can be expressed in
the same form as vortex saddle points,

J Acen h(L' e Lif). (5.6)
ch(A"E)

where £ is a perfect complex arising from fluctuations of the massive chiral multiplet, and

L, Lg are holomorphic line bundles arising from the gauge and mixed gauge-R symmetry

Chern-Simons terms.

To make this more precise, we choose an auxiliary base point on ¥ and decompose the
moduli stack My, = My X [pt/C*]. The characteristic classes in equation (5.6) are then
to be understood as C*-equivariant classes on My,. The integral over the moduli stack
decomposes into two parts:

o A regular integral over the moduli space My, = Pic™ (). This is the usual contribution
from an N = (0, 2) supersymmetric non-linear sigma model.

e A contour integral
1 dx

omi Jo x
where z is the Chern character of the trivial C*-equivariant holomorphic vector bundle
with weight +1. This is the contribution due to the unbroken U(1) gauge symmetry.

The purpose of the contour integral is of course to project onto gauge invariant contributions.
This is not meaningful as it stands because the integrals of C*-equivariant classes in
equation (5.6) over the moduli space My, produce rational functions of z. It is therefore
necessary to specify whether the integrand should be expanded inside or outside the unit
circle, which correspond to the residues at x = 0 or x = oo respectively.

Our prescription will be guided by physical intuition. First, note that the path integral
construction identifies z = e 2780 +i4) where o is the real vectormultiplet scalar and A is
a constant gauge connection around the circle. Topological saddle points with oy > 0 are
therefore associated with the region x — 0, while those with oy < 0 are associated with
x — oo. The natural expectation for the contour C is therefore

1 d
wo0i L[ &
T

271 Jyp—0

1 d (5.7)
meo: L[

2T Jr—oo X

17 -



This gains further support from the hamiltonian interpretation of the twisted index as
counting supersymmetric ground states. The supersymmetric ground states depend on the
sign of the real mass of fluctuations, which is dominated by o as |o| — oco. For example,
the ground state wavefunctions of a 1d chiral multiplet of charge +1 are

o>0: ¢e o’ n>o0,

_ _ (5.8)
oc<0: ¢"67”|¢|2¢, n>0
with contributions to the index
2 ].
c>0: l4+zx+=x —i—---:l )
—x
1 (5.9)
0<0: —zl—z?24...=
11—z
So projecting onto uncharged states at the level of the index is equivalent to
1 de 1
71” =0 fix _1”“’ (5.10)
c<0: — — =0,

271 Jr=co T 1 —

which select the coefficient of z° in the expansions around z = 0 and = = oo respectively.
The general prescription (5.7) is basically a broad generalisation of this observation.

In summary, we have two contributions from potential topological vacua with gg > 0
and op < 0 are given by the following integrals

1 ch(LF @ £hr)
=5 A m T L Aeoy
2m'/a; / M) ch(A%E)

1 de [ . ch(LF @ £hr)
Ioo = — — [ AMp)————E
27 /r:oo T (M) ch(A°E)

(5.11)

where we interpret £ and £, L as C*-equivariant objects on the moduli space My, = T2%9,
In the next section we evaluate these explicitly and show that they reproduce the appropriate
contributions to the twisted index according to the contour prescription (2.17).

5.2.1 Tangent directions

Let us first summarise some notation for intersection theory on the Picard variety M, ~ T29.
The cohomology ring is generated by classes ¢, € H"0(T29,7) and {, € H*'(T?9,7) with
a=1,...9. We define 6, := (4 A, and 0 := 9_, 6, with normalisation

09
/ng gt (5.12)

The tangent bundle is flat and therefore A(My) = 1.
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5.2.2 Index bundle

We now consider the massive fluctuations arising from each of the chiral multiplets ®;. At
a point on the moduli space corresponding to a holomorphic line bundle L, each chiral
multiplet generates chiral and Fermi multiplet fluctuations solving

dad; =0, 0anj =0, (5.13)

where ¢; and 7; transform as 0-form and 1-form sections of L% ® K;j /2 respectively. The
fluctuations of ®; around this point therefore generate the vector spaces

o Chiral multiplets: E;-) = HY (2, L9 ® K;j/Q) :

o Fermi multiplets: E]1 = H! (E,LQJ' ® K;J'/Q) )

As L varies in Pic™(X) the dimensions of these vector spaces may jump, but by the
Riemann-Roch theorem the difference is constant and equal to

dim Ej — dim Ej = Q;m+ (g — 1)(r; — 1) (5.14)
=dj—g+1. (5.15)

This means the difference behave like the fibre of a holomorphic vector bundle on Pic™(X%)
for the purpose of K-theoretic computations involved in the twisted index.

To make this more precise, it is again useful to consider a universal construction. This
is canonical for the moduli stack but for concreteness we pick a base point p € ¥ and pass
the moduli space My,. There is a corresponding diagram

Mp X 2

/ K (5.16)

My by

and universal line bundle £ such that on restriction to a point on M, corresponding to a
holomorphic line bundle L, L[, ~ L. The universal line bundle is not unique: due to C*
automorphisms there is the possibility to transform £ — £ ® 7*N. However, this can be
fixed by demanding £ is trivial on restriction to p.2 We also define K = p* K.

The massive fluctuations of the chiral multiplet ®; generate a perfect complex & of
sheaves defined by the derived push-forward

£ = R'm. (LY @ K/?) (5.17)

The stalks of 8]9 at L € My are the vector spaces E? considered above. The class

ch (5; ) = ch(SJQ) - Ch(é’}) makes sense in equivariant K-theory and the complex behaves
like a vector bundle of rank d; — g + 1 for the purpose of such computations.

To compute the contribution to the twisted index, we begin by computing the Chern
character of £7. This is a small modification of a standard argument presented in [29]. In

2There is a unique universal line bundle on M, x 3 without such a choice.
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what follows, we again abuse notation and identify the class 6 with its pull-back via 7.
Similarly 7y, denotes the class of a point on ¥ and its pull-back via p.
First, the Chern class of the universal line bundle is

a1 (L) =mns + 7, (5.18)
where 72 = —2n.60. We therefore find

Qi) _ Qic1(L)
ch (ﬁ ) =e

2
=1+ Qmns + Qv+ @ ~?

2
=1+ Qimns + Qiy — Q?nzﬁ- (5.19)
Similarly, from
c1(K) = (29 = 2)ns, (5.20)
we find
ch (]er/Q) _ e%q(lC)
— ¢rilg=)ns
=14ri(g—1Lns. (5.21)
Combining these results
ch (z% ® /c5> — 1t djns + Qpy — Q2nef). (5.22)
We can now compute the Chern character of £ using the Groethendiek-Riemann-Roch
theorem,
ch (&) = 7. [ch <£Qf QK > TA(Pic™S: x z)} (5.23)
= [ch (EQZ®/C2) g—1) 772)}
= 7 [1+ (dj — g+ 1)ns + Qiy — Qb
=(dj—g+1)— Q70 (5.24)
g
= (dj—2g+ 1)+ e %0, (5.25)
a=1

where in the final line we have expressed the result in such a way that the Chern roots are
manifest. This is promoted to an equivariant Chern character

g
ch (£7) = 2%y, ((dj —20+1)+ Y eQ?9a> . (5.26)
a=1

The contribution to the twisted index is now given by the equivariant fl—genus of the
complex £7. This is straightforward to compute from the equivariant Chern roots by a now
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familiar set of manipulations,

CIPRES T |
6(5;) J 1 — 2%y ol — iny-eQiea
dj—g+1 2 dj—2g+1 ¢
=) T ey)  Uiayaia
1 —a%iy; ooy L= 2%y (1+ Q30,)
d;—g+1 2 dj—g+1 ¢ )
_ (ij Eat L (RN IT(1+ "y )
b 1—aQiy, asi 1 —a@iy; =
., d 1
e e YO e,
= (2%y; e exp
1 — 2%y, 1 —a@iy; 7
S 1 di—gtl .
(x@iy;)2 1 29y, 2
— e -t — 9 s 527
<1—ijyj PAl2 T T2y, @ (5.27)

where we have made repeated use of 2 = 0.

5.2.3 Chern-Simons term

The supersymmetric Chern-Simons again induce holomorphic line bundles over the moduli
space My = T29. In the algebraic framework the Chern-Simons levels k, kr induce
holomorphic line bundle £*, E%R with

Cl(ﬁ) == (9,

e (Lr) =0, (5.28)

and transform equivariantly with weights m and (g — 1) respectively. The equivariant Chern

characters are therefore
Ch(ﬁk) — (:L,meﬁ)k: — kaee ’

ch(.CIER) = ghrl9=D)
This is compatible with the contribution (5.27) from fluctuations of ®; and the fact

(5.29)

that integrating out a massive chiral multiplet of charge (); and R-charge R; shifts the
supersymmetric Chern-Simons levels as in equation (4.21).

5.3 Evaluation of Witten index

Combining all these contributions, the contribution to the integrand from the integration
over the moduli space My, = Pic™(X) = T% is

(z@y;)2 4o+l 1 29y,
km k6 _kr(g—1) j i 29
/Pic"‘(E)x o H (1—93Q1yg> exp<<2+1—fﬂijj>Qj )
d;j—g+1
Q. % j N 1 Qjo,.
km+kR (g—1) € y]) / ex k + 2| = + u 0
H (1 — a9y, Pic™ (%) ’ ; “ 2 1-a%y;
N , g
1 29y,
2

k+Y Q (2 + J)] : (5.30)

1-— xQJyj
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The contributions from topological saddle points therefore exactly reproduce the potential
residues at x = 0 and = = oo in the Jeffrey-Kirwan residue prescription with 7 aligned
with 7/ — m.

6 Examples

We consider a U(1) Chern-Simons theory at level k € % + Z>o with one chiral multiplet ®
of R-charge » = 1 and charge Q = +1. The flavour symmetry 7Tt is trivial and there are no
real mass parameters. The effective Chern-Simons level coupling is

1
keg(o) = k + 3 sign(o) (6.1)
and so .
ki =k+ 5 (6.2)

The cases k = % and k > % are quite different. The former has a neutral monopole operator
and is mirror to a free chiral multiplet. This difference is reflected in the structure of the
saddle points in our computation of the twisted index and therefore we treat the two cases
separately. We also restrict attention to the twisted index with g > 0.

6.1 U(l)% + 1 chiral

First consider k = . In this case keg(c) = 3(1+sign(c)) and therefore kfz = 1 and kz = 0.
There is a neutral monopole operator and the theory is mirror to a free chiral multiplet,
together with specific background mixed Chern-Simons couplings.

The contour integral for the twisted index is

B (=)™ [ dz ™
1= mze:Z 270 ]{: z (1— )™’ (6:3)

where we have shifted ¢ — —g compared to above. In the presence of a 1d Fayet-Iliopoulos
parameter 7, the contour is a Jeffrey-Kirwan residue prescription with charges

Q-‘r:_]-) Q1:17 Q—:m_T/' (64)

Note that the charge (J_ associated to the residue at * = oo now depends on the 1d
Fayet-Iliopoulos parameter 7 according to equation (2.17) since k_g = 0.

For g > 0 the residue at x = oo vanishes and there is no wall-crossing phenomena. The
twisted index is given by computing the residue at =1 ( > 0) or equivalently minus the
residue at = 0 (n < 0), with the result

T =(-1)%"9(1—q)9 ", (6.5)

While the twisted index is non-zero only for fluxes 1 — ¢ < m < 0, there are in fact
supersymmetric ground states for all m > 1 — g [18].
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We now reproduce this result by evaluating the contributions from vortex and topological
saddle points. The existence of vortex and topological saddle points is constrained by
equation (3.5), which becomes

e? vol(X
(7' —m) + Llj’rg()ookeff(a) = [lg]1?, (6.6)

together with the equation o0¢ = 0. The existence of solutions depends on the sign of 7/ —m.

e When 7 — m > 0, there are vortex saddle points with 0y = 0. The moduli space of
vortex solutions with flux m is the symmetric product 9%, = 3 where d =m+ g — 1.
Following the computations in section 4, the contribution to the twisted index is

N NI B N Y R
/EdA(TZd) h(L£Y?) /Zd <1_e—77> p[9<1 n+1—€_">] (6.7)

1 dj ™

C2mi Jumg ¢ (1 — )ty

e When 7/ — m < 0, there are topological saddle points with

472

—m(f’ —m) > 0. (6.8)

¢:07 g0 =

The moduli space of topological solutions with flux m is the Picard variety 9t,, = Pic™X.
Following the computations in section 5, the contribution to the twisted index is

A 1 dz z \" 1
sy e =L [ 2 () ()1
gd( a) ch(L77) 278 Je—0 * Jpicny \1—x eXP 1—=x

L e
27 Jumo (1 — )™t

where the residue at z = 0 is taken since o > 0.

(6.9)

A Coulomb branch of solutions with o9 < 0 opens at 7 — m = 0 so there is the potential
for wall-crossing. However, the vanishing of the residue at = oo means that the twisted
index is independent of 7. This reproduces the Jeffrey-Kirwan residue prescription with
charges (6.4) and sign(n) = sign(7’ — m). The result is independent of 7 for each flux m by

construction.

6.2 U(1)r + 1 chiral

Now consider k > % such that k:ej[lclr =k+ % > (. There are no gauge neutral monopole

operators and the structure of the twisted index differs considerably.

The contour integral for the twisted index is now

_,\m d 172 \™ 11 g
7= (Q).j[%’“m . (k+ +x> : (6.10)
2wt Jo x 1—=x 21—«
mezZ
where the contour is a Jeffrey-Kirwan residue prescription with charges
1 1
Q+:—]{3—§<0, lel, Q_:k—§>0 (611)
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The index is now manifestly independent of 7 and there is no wall-crossing. We therefore
enumerate the residues at x = 1 and z = oo (1 > 0) or equivalently minus the residues at
x=0(n<0).

In this case it is illuminating to spell out the contributions from individual residues.
For example, with ¢ =2 and k& = % we find

1
_10:7_4a
q
1 1—4g+T—14
Ti= o —3-g-2 =50’ = Mg = qzq 1 (6.12)
1—4g—/1—14
To=—14+q+2¢* +5¢° +14¢* + - = q2q 1

Notice that the contributions 7Z; and Z,, are not rational function of ¢ and so cannot
individually reproduce a reasonable index. In fact they do not count honest supersymmetric
ground states but only perturbative ground states. These are subject to instanton corrections
that remove pairs of perturbative ground states corresponding to cancelations in the sum
Il + 7 = —I(].

We can reproduce these contributions from an analysis of vortex and topological saddle
points. The saddle points are again constrained by

2
(' —m) + 2 (o) = 101 (6.13)

and depend on the sign of 7/ — m.

e When 7/ — m > 0, there are both vortex saddle points and topological saddle points
with g9 < 0. The contributions from these saddle points reproduce the residues at
x =1 and z = oo respectively.

e When 7/ —m < 0, there are topological saddle points with o¢ > 0, whose contribution
reproduces the residue at x = 0.

There is no Coulomb branch at 7/ — m = 0 and the twisted index is independent of 7.
This reproduces precisely the Jeffrey-Kirwan residue prescription with charges (6.11) and
sign(n) = sign(7’ — m). The result is independent of 7 for each flux m by construction.

7 An exploration of SU(2)

In this section, we briefly explore the extensions of our results to G = SU(2) Chern-Simons
matter theories, highlighting some novelties and difficulties compared to G = U(1). For
simplicity, we focus on SU(2) Chern-Simons theory at level k coupled to N fundamental
chiral multiplets.?

3The quantisation condition requires k + % € Z. In this section, we will assume N € 2Z and k € Z.
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7.1 The twisted index

The contour integral formula reads
1 dx
7= — ¢ — Hx)9Z 1
m}gjzzmﬁ = H(2)Z(2,m), (7.1

where

1 Ly~ Lym—(g-1)(ri-1)

Z(x,m) = 5 p2mk (1 _ x2> 1-g (1 B $72>1—g ﬁ (1—z71y;
i=1

(1 — zy; Hym+lg-Dri=1)

(7.2)

with m valued in the co-character lattice of G = SU(2). We also have

N —-1,—1
1—|—xy 14+27y,
2k + E L + L . 7.3
( 2(1 —ay; ) 2(1951%1)) (73

The factor (1 — x?)79(1 — :L‘*2)1*9 in equation (7.2) originates from the W-bosons in
breaking the gauge group from SU(2) to U(1). The corresponding poles for g > 1 lead
to subtleties in the derivation of the Jeffrey-Kirwan residue prescription. The standard
approach in the literature is to omit these poles from the contour I" [9, 10]. For the remaining
poles, the same prescription as in (2.14) applies. The poles at ! — 0 are assigned charges
according to the effective Chern-Simons levels

Q+ = _k:ff,U(l) = —2k,
Q- =kegyua) = 2k,

and the contour encloses poles whose charges are of the same sign of the auxiliary pa-

(7.4)

rameter 7. This prescription becomes ambiguous when £ = 0. This appears compatible
with the geometric interpretation discussed in the remainder of this section, which may
provide some further justification for this prescription, but we are unable to provide a
systematic explanation.

7.2 Geometric interpretation

In analogy to the U(1) theories discussed above, we now study the saddle point equation in
order to interpret the index geometrically. The supersymmetric saddle points are determined
by the equations

Lt oo o) g, (7.50)
=1

dgo =0, s =0, (7.5b)

(0 +m;)¢i =0, (7.5¢)

where 0 = 0%T"®. For each 4, the chiral multiplet ¢; transforms as a section of the vector
bundle K g/ *QE!. Suppose that the mass m; is generic. The SU(2) gauge group is unbroken
only at o = 0, where the effective level keﬁr is given by

kegsue) =k + 5 ZTQ i )sign(m;) . (7.6)

For o # 0, the gauge group is broken to U(1) and the effective levels are given by (7.4).
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These equations exhibit the same types of solutions as their abelian counterparts:
vortex and topological saddles. For general k, there is an important subtlety due to the
existence of topological saddles with both o = 0 and ¢ = 0. The SU(2) gauge symmetry
is unbroken and the relevant moduli space is that of SU(2) flat connections on . They
are not topologically disjoint from vortex and topological saddles where the gauge group is
broken to U(1).

In order to circumvent this issue, in the discussion below, we deform the moduli space
by turning on a small 1d Fayet-Iliopoulos parameter 7 € R that explicitly breaks SU(2) to
U(1). This modifies (7.5a) to

l*F +§:¢T¢~—t2 k(o) _ 1 (7.7)
= A,;lil o— — =1L .

For convenience, we take the normalised 7 defined in (2.18) to be
17| <1, (7.8)

although in principle any value of 7’ is allowed.

For k # 0, unless 7 ¢ Z, the topological saddles with SU(2) unbroken are removed and
the twisted index is well-defined and independent of 7. For k = 0, there exist a non-compact
Coulomb branch parametrised by constant o := t?c and therefore the twisted index may
jump as we vary 7’ across integer values.

7.2.1 Vortex saddles

Vortex saddles are solutions with ¢; # 0 for some 7. Equation (7.5¢) implies that ' = 02 =0
and 0% = +m;. This equation breaks the gauge group SU(2) — U(1) by itself. Accordingly,
the vector bundle decomposes into a sum of line bundles, whose i-th summand is

Ei=L,oL;'. (7.9)

We denote by ¢1; and ¢ ; the sections of L; and L; ! respectively. In the limit ¢ — 0 and
in the presence of generic mass parameters m;, the moduli space of vortex saddles is a

union of disjoint components /\/lnti and M
that satisfy

mi» Which are parametrised by solutions (4, ¢)

1 1

2 Fa+ §’¢1,i|2 =7, 0a01,=0 (7.10)
and

1 1,

2 Fy— §|¢2,i| =7, 0ap2;=0 (7.11)

respectively. Here A is a connection on the line bundle L; of degree m. We then have

by if m<7/ P if m>7
hi= at 5 My = K ) (7.12)
’ 1) if m>71' ' 0 if m<7!
with
df :=4m+ri(g—1). (7.13)
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The contribution to the twisted index from the vortex saddles can be studied in the
same way as in section 4.2. Each component contributes

+ it ch(L?)
7 / ( m,z) Ch(/\ 5) ( )
Here the index bundle £ is the contribution from the fluctuation of the chiral and vector
multiplets:
£= 8V®®5;]®®€_J, (7.15)
J#i

where Ei,j is the contribution from the chiral multiplets ¢ ; and ¢2;:

£ =R (Lr@K/?). (7.16)

The first term &, is the contribution from fluctuations of W-bosons. This decomposes into
1d N = (0,2) chiaral and Fermi multiplets

o Chiral multiplets (a., A,): B}, := H)(S, L?> & L™?),
o Fermi multiplets (o,\): EY := HY(X,L? & L™?%),
which can be written in terms of the universal bundle as
&y = R'm.(L2P@L7?). (7.17)
From this we can compute
= (e7" — eM)IMIFL (N — o)~ Im—gH]

n 1/2 d —g+1 N n.,. 1/2 d;*g+1
% H (e7z;) H (e"25) - 18
1—e Mz 1—enz; (7.18)

=1

ez
X exp [0;( 1—e nz>+ﬂz< 1—6772j>]’
VE)

where we defined z; = y;/y; with y; = e~ 2™ a5 before.
Finally, the SU(2) Chern-Simons term at level k generates a holomorphic line bundle

£2k on the moduli space M ., which contributes

m, 27
ch(ﬁ?nlfi) = 2k(6—mn) (7.19)

By the same manipulations that follow (4.22), we get an agreement of the integrand
with (7.1). The integration picks the poles of the chiral multiplets according to the
alignment of n and 7 — m, which for m # 0 and 7’ chosen as in (7.8) is the same as —m.
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7.2.2 Topological saddles

Topological saddles are characterised by ¢; = 0 for all ¢&. With 7 turned on, we only
have solutions with ¢ # 0 and the vector bundle decomposed into a sum of line bundles
E=LeL 14

The BPS equations in the limit ¢ — 0 have solutions of this type in the region
lo| — oo with 09 = t?0 kept finite. The equations uniquely determine the value of o.
Therefore this component of the moduli space is parametrised by connections A of the U(1)
bundle L satisfying

2w
Fp= —— 2
A= o™ (7.20)
where deg(L) = m. The low-energy theory is described by the U(1) Chern-Simons the-
ory with
+
kv = 2k (7.21)

The geometric description of the twisted index can be given in the same way as in
section 5. Algebraically, this topological saddles can be described by the Picard stack

My = Pic™(2), (7.22)

which contributes to the twisted index as

/ Ay S0 (7.23)

ch(62%)
ch(A®E)

As discussed in section 5.2, this integral decomposes into an integral over the moduli space
M, and a contour integral around x = 0, 00 that projects onto C*-invariant contributions.

The factor ch(A®E)~! is the contribution from fluctuations of chiral and vector multiplets
on NMy,. Following the discussion in section 5.2, we find

_ (mfl _ x)mengl(x _ x71)72mfg+1

al (xyi)1/2 m+(g—1)(ri—1) (x_lyi)1/2 —m4(g—1)(r;—1)
U= T-a 1y, (7.24)

X e ﬁv:@(lJr Ui >+9 L 7y
X = —+—.
P — 21—y 21—z ly

The effective U(1) CS coupling contributes

ch(©?F) = g2kl g2hm (7.25)

The result agrees once again with (7.1). Projecting onto C*-invariant configuration is

—2mo

done by taking residues at ¢ — +00 where x = ¢ as usual. Poles are then picked up

“In the limit 7 — 0, the moduli space of flat SU(2) connections appears, as we discussed above.
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according to the assignment of charges (2.17), which we rewrite for convenience:

0 —2k if K#0 (7.268)

_ 7 .26a
0 m—17 otherwise
+2k if K#£0

o = , 7 . (7.26D)
m-—T otherwise

The final answer for the index computation may or may not depend on 7, depending
on the presence of vectormultiplet poles and on whether the level k vanishes. We conclude
by studying some examples on P! at level k # 0, which are immune of these problems.

7.3 Example

At genus g = 0, all holomorphic vector bundles split as a sum of holomorphic line bundles
by the Birkhoff-Groethendieck theorem. Therefore, the topological vacua that preserve full
SU(2) gauge group are absent and the subtleties described in the paragraph below (7.6)
do not arise. This is reflected in the fact that there are no vectormulitplet poles in the
integrand of the contour formula. The SU(2) theory can then be viewed as a 1d U(1) theory
prior to the insertion of the regulator. For k # 0, we do not expect a dependence of the
result on the regulator 7.

Let us consider the example of G = SU(2);, theory with N = 2 fundamental chiral
multiplets. The holomorphic vector bundle E decomposes into a sum of line bundle
E = L& L~ with deg(L) = m € Z. The D-term equation reduces to

> — o,

2
2) - 22k g (7.27)

1 13
— % F Z .

We find that the solutions of the BPS equations exists in the following regions, depending
on sign of m:?
e For m > 0, we have vortex solutions at ¢ = m; and topological solutions at ¢ — oo;
e For m < 0, we have vortex solutions at ¢ = —m; and topological solutions at ¢ — —o0;
e For m = 0, we have

7 > 0 : vortex solutions at ¢ = —m,; and topological solution at ¢ — —o0;
7 < 0 : vortex solutions at ¢ = m; and topological solutions at ¢ — oo.

On the other hand, the Jeffrey-Kirwan charges for the poles at infinities are assigned as

Let @+ be the collection of positive U(1) charges at 0 = —m;, and @)— be the negative
U(1) charges at 0 = m,;. Suppose n > 0. The Jeffrey-Kirwan residue integral then picks up
the poles that corresponds to charges (@1 and () for all values of m € Z and 7. By the
residue theorem, we find that this prescription agrees with the geometric interpretation of
the indices at each flux sector.

5For convenience, we take the regulator to be small.

~ 99 —



Acknowledgments

MB gratefully acknowledges support from the EPSRC Early Career Fellowship

EP/T004746/1 “Supersymmetric Gauge Theory and Enumerative Geometry”.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

1]

[2]

[10]

[11]

[12]

[13]

[14]

[15]

A. Kapustin, B. Willett and I. Yaakov, Fzact Results for Wilson Loops in Superconformal
Chern-Simons Theories with Matter, JHEP 03 (2010) 089 [arXiv:0909.4559] [INSPIRE].

N. Hama, K. Hosomichi and S. Lee, SUSY Gauge Theories on Squashed Three-Spheres, JHEP
05 (2011) 014 [arXiv:1102.4716] [INSPIRE].

N. Hama, K. Hosomichi and S. Lee, Notes on SUSY Gauge Theories on Three-Sphere, JHEP
03 (2011) 127 [arXiv:1012.3512] [INSPIRE].

M. Fujitsuka, M. Honda and Y. Yoshida, Higgs branch localization of 8d N = 2 theories,
PTEP 2014 (2014) 123B02 [arXiv:1312.3627] [INSPIRE].

F. Benini and W. Peelaers, Higgs branch localization in three dimensions, JHEP 05 (2014) 030
[arXiv:1312.6078] [INSPIRE].

B. Willett, Localization on three-dimensional manifolds, J. Phys. A 50 (2017) 443006
[arXiv:1608.02958] [INSPIRE].

C. Closset and H. Kim, Three-dimensional N' = 2 supersymmetric gauge theories and partition
functions on Seifert manifolds: A review, Int. J. Mod. Phys. A 34 (2019) 1930011
[arXiv:1908.08875] [iNSPIRE].

F. Benini and A. Zaffaroni, A topologically twisted index for three-dimensional supersymmetric
theories, JHEP 07 (2015) 127 [arXiv:1504.03698] [INSPIRE].

F. Benini and A. Zaffaroni, Supersymmetric partition functions on Riemann surfaces, Proc.
Symp. Pure Math. 96 (2017) 13 [arXiv:1605.06120] [INSPIRE].

C. Closset and H. Kim, Comments on twisted indices in 3d supersymmetric gauge theories,
JHEP 08 (2016) 059 [arXiv:1605.06531] [INSPIRE].

F. Benini, K. Hristov and A. Zaffaroni, Black hole microstates in AdSy from supersymmetric
localization, JHEP 05 (2016) 054 [arXiv:1511.04085] [INSPIRE].

S.M. Hosseini and A. Zaffaroni, Large N matriz models for 3d N' = 2 theories: twisted index,
free energy and black holes, JHEP 08 (2016) 064 [arXiv:1604.03122] [INSPIRE].

F. Benini, K. Hristov and A. Zaffaroni, Ezact microstate counting for dyonic black holes in
AdS4, Phys. Lett. B 771 (2017) 462 [arXiv:1608.07294] [INSPIRE].

A. Zaffaroni, AdS black holes, holography and localization, Living Rev. Rel. 23 (2020) 2
[arXiv:1902.07176] [iNSPIRE].

N.A. Nekrasov and S.L. Shatashvili, Bethe/Gauge correspondence on curved spaces, JHEP 01
(2015) 100 [arXiv:1405.6046] [INSPIRE].

— 30 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/JHEP03(2010)089
https://arxiv.org/abs/0909.4559
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0909.4559
https://doi.org/10.1007/JHEP05(2011)014
https://doi.org/10.1007/JHEP05(2011)014
https://arxiv.org/abs/1102.4716
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1102.4716
https://doi.org/10.1007/JHEP03(2011)127
https://doi.org/10.1007/JHEP03(2011)127
https://arxiv.org/abs/1012.3512
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1012.3512
https://doi.org/10.1093/ptep/ptu158
https://arxiv.org/abs/1312.3627
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1312.3627
https://doi.org/10.1007/JHEP05(2014)030
https://arxiv.org/abs/1312.6078
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1312.6078
https://doi.org/10.1088/1751-8121/aa612f
https://arxiv.org/abs/1608.02958
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1608.02958
https://doi.org/10.1142/S0217751X19300114
https://arxiv.org/abs/1908.08875
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1908.08875
https://doi.org/10.1007/JHEP07(2015)127
https://arxiv.org/abs/1504.03698
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1504.03698
https://arxiv.org/abs/1605.06120
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1605.06120
https://doi.org/10.1007/JHEP08(2016)059
https://arxiv.org/abs/1605.06531
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1605.06531
https://doi.org/10.1007/JHEP05(2016)054
https://arxiv.org/abs/1511.04085
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1511.04085
https://doi.org/10.1007/JHEP08(2016)064
https://arxiv.org/abs/1604.03122
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1604.03122
https://doi.org/10.1016/j.physletb.2017.05.076
https://arxiv.org/abs/1608.07294
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1608.07294
https://doi.org/10.1007/s41114-020-00027-8
https://arxiv.org/abs/1902.07176
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1902.07176
https://doi.org/10.1007/JHEP01(2015)100
https://doi.org/10.1007/JHEP01(2015)100
https://arxiv.org/abs/1405.6046
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1405.6046

[16]

H.-J. Chung and Y. Yoshida, Topologically Twisted SUSY Gauge Theory, Gauge Bethe
Correspondence and Quantum Cohomology, JHEP 02 (2019) 052 [arXiv:1605.07165]
[INSPIRE].

H. Kanno, K. Sugiyama and Y. Yoshida, Equivariant U(N) Verlinde algebra from
Bethe/Gauge correspondence, JHEP 02 (2019) 097 [arXiv:1806.03039] [INSPIRE].

M. Bullimore and A. Ferrari, Twisted Hilbert Spaces of 3d Supersymmetric Gauge Theories,
JHEP 08 (2018) 018 [arXiv:1802.10120] [iNSPIRE].

M. Bullimore, A. Ferrari and H. Kim, Twisted Indices of 3d N' = 4 Gauge Theories and
Enumerative Geometry of Quasi-Maps, JHEP 07 (2019) 014 [arXiv:1812.05567] InSPIRE].

M. Bullimore, A.E.V. Ferrari and H. Kim, The 3d Twisted Index and Wall-Crossing,
arXiv:1912.09591 [INSPIRE].

F. Benini, R. Eager, K. Hori and Y. Tachikawa, Elliptic genera of two-dimensional N = 2
gauge theories with rank-one gauge groups, Lett. Math. Phys. 104 (2014) 465
[arXiv:1305.0533] [INSPIRE].

F. Benini, R. Eager, K. Hori and Y. Tachikawa, Elliptic Genera of 2d N'= 2 Gauge Theories,
Commun. Math. Phys. 333 (2015) 1241 [arXiv:1308.4896] [INSPIRE].

K. Hori, H. Kim and P. Yi, Witten Index and Wall Crossing, JHEP 01 (2015) 124
[arXiv:1407.2567] [INSPIRE].

F. Benini and S. Cremonesi, Partition Functions of N' = (2,2) Gauge Theories on S* and
Vortices, Commun. Math. Phys. 334 (2015) 1483 [arXiv:1206.2356] [INSPIRE].

N. Doroud, J. Gomis, B. Le Floch and S. Lee, Fxact Results in D = 2 Supersymmetric Gauge
Theories, JHEP 05 (2013) 093 [arXiv:1206.2606] [INSPIRE].

C. Closset, S. Cremonesi and D.S. Park, The equivariant A-twist and gauged linear sigma
models on the two-sphere, JHEP 06 (2015) 076 [arXiv:1504.06308] [INSPIRE].

K. Intriligator and N. Seiberg, Aspects of 3d N = 2 Chern-Simons-Matter Theories, JHEP 07
(2013) 079 [arXiv:1305.1633] [INSPIRE].

I.G. MacDonald, Symmetric products of an algebraic curve, Topology 1 (1962) 319.

E. Arbarello, Geometry of algebraic curves, v. 1 in Grundlehren der mathematischen
Wissenschaften. Springer-Verlag, Germany (1985).

B. Collie and D. Tong, The Dynamics of Chern-Simons Vortices, Phys. Rev. D 78 (2008)
065013 [arXiv:0805.0602] [INSPIRE].

M. Thaddeus, Stable pairs, linear systems and the verlinde formula, Invent. Math. 117 (1994)
317.

~ 31—


https://doi.org/10.1007/JHEP02(2019)052
https://arxiv.org/abs/1605.07165
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1605.07165
https://doi.org/10.1007/JHEP02(2019)097
https://arxiv.org/abs/1806.03039
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1806.03039
https://doi.org/10.1007/JHEP08(2018)018
https://arxiv.org/abs/1802.10120
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1802.10120
https://doi.org/10.1007/JHEP07(2019)014
https://arxiv.org/abs/1812.05567
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1812.05567
https://arxiv.org/abs/1912.09591
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.09591
https://doi.org/10.1007/s11005-013-0673-y
https://arxiv.org/abs/1305.0533
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1305.0533
https://doi.org/10.1007/s00220-014-2210-y
https://arxiv.org/abs/1308.4896
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1308.4896
https://doi.org/10.1007/JHEP01(2015)124
https://arxiv.org/abs/1407.2567
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1407.2567
https://doi.org/10.1007/s00220-014-2112-z
https://arxiv.org/abs/1206.2356
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1206.2356
https://doi.org/10.1007/JHEP05(2013)093
https://arxiv.org/abs/1206.2606
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1206.2606
https://doi.org/10.1007/JHEP06(2015)076
https://arxiv.org/abs/1504.06308
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1504.06308
https://doi.org/10.1007/JHEP07(2013)079
https://doi.org/10.1007/JHEP07(2013)079
https://arxiv.org/abs/1305.1633
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1305.1633
https://doi.org/10.1103/PhysRevD.78.065013
https://doi.org/10.1103/PhysRevD.78.065013
https://arxiv.org/abs/0805.0602
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0805.0602
https://doi.org/10.1007/bf01232244
https://doi.org/10.1007/bf01232244

	Introduction
	A quick summary
	Some more details
	Outline

	Background
	Abelian theories
	The twisted index
	Supersymmetric Lagrangians
	Contour integral formula

	Alternative localisation scheme
	Motivation
	Localising action
	Saddle points

	Vortex saddles
	Moduli space
	Contributions to index
	Tangent directions
	Index bundle
	Chern-Simons terms

	Evaluation of Witten index

	Topological saddles
	Moduli space
	Contributions to index
	Tangent directions
	Index bundle
	Chern-Simons term

	Evaluation of Witten index

	Examples
	U(1)(1/2) + 1 chiral
	U(1)(k) + 1 chiral

	An exploration of SU(2)
	The twisted index
	Geometric interpretation
	Vortex saddles
	Topological saddles

	Example


