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We construct Seiberg-like dualities of 3DN ¼ 2 general quiver gauge theories with unitary, symplectic,
and orthogonal gauge groups coupled to fundamental and bifundamental matter fields. We illustrate this
with several examples of linear, circular, and star-shaped quiver gauge theories. We examine the local
operators in the theories by computing supersymmetric indices and also find precise matching for the
proposed dualities as strong evidence. We also generalize the dualities in the presence of a boundary on
which the theories obey N ¼ ð0; 2Þ chiral half-BPS boundary conditions and check the matching of
half-indices.
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I. INTRODUCTION AND CONCLUSIONS

There exist various dualities in 3D N ¼ 2 supersym-
metric field theories. One of the dualities which is called
Seiberg-like duality states that two or more different
ultraviolet (UV) gauge theories flow to an exactly same
infrared (IR) fixed point. Unlike Seiberg duality [1] of 4D
N ¼ 1 gauge theories, Seiberg-like duality of 3D N ¼ 2
gauge theories is available even for the cases without matter
field if big enough Chern-Simons coupling is turned on.
This adds spice to the 3D dualities. Since 1997 numerous
Seiberg-like dualities have been reported (see e.g., [2–27]).
Although most of the investigations of Seiberg-like duality
had been centered on gauge theories with a single factor of
gauge group, those of quiver gauge theories with a product
of two gauge nodes consisting of classical groups coupled
to matter in the vector and rank-2 representations have been
recently proposed in [28] by performing Seiberg-like
duality on one of the two gauge nodes. Similar techniques
of dualizing a node within a quiver have been performed
[26,29–32] for the related monopole duality on nodes
within quivers. It has also recently been demonstrated that

various 3D IR dualities can be understood through reduc-
tion of 5D superconformal field theories (SCFTs) [33,34].
In addition, the story becomes more interesting in the

presence of a boundary. The 3D N ¼ 2 supersymmetric
field theories with a Lagrangian description can preserve
supersymmetry at a boundary by specifying appropriate
UV boundary conditions of bulk fields [35]. Half-BPS
boundary conditions can preserve either N ¼ ð1; 1Þ which
have been described in [35,36], or N ¼ ð0; 2Þ which we
focus here. In particular, N ¼ ð0; 2Þ half-BPS chiral UV
boundary conditions preserving the Uð1ÞR symmetry lead
to various applications [35,37–47]. For pairs of UV
boundary conditions, there exist dual boundary conditions
which flow to the same IR boundary conditions. Abelian
dualities of N ¼ ð0; 2Þ half-BPS boundary conditions in
3D N ¼ 2 gauge theories were proposed in [35]. Seiberg-
like dualities of the N ¼ ð0; 2Þ half-BPS boundary con-
ditions in 3D N ¼ 2 gauge theories are found in [40] for
the unitary gauge theories coupled to chiral multiplets in
the vector representation and in [48] for the orthogonal and
symplectic gauge theories with chiral multiplets in the
vector representation.
In this paper we obtain Seiberg-like dualities of generic

linear, circular and star-shaped quiver gauge theories with
symplectic, orthogonal and unitary gauge groups coupled
to chiral multiplets in the fundamental and bifundamental
representations by generalizing the dualities of quivers with
two gauge nodes in [28]. As strong evidence we find that
supersymmetric full-indices [49–54] computed as S1 × S2

partition functions precisely agree with each other for the
proposed dual theories. Also we propose dualities of the
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N ¼ ð0; 2Þ half-BPS boundary conditions in these quiver
gauge theories. We support our claim by checking that half-
indices [37–40] computed as S1 ×HS2 partition functions
(also see [55,56]) which count boundary local operators
precisely coincide for the proposed dualities whereHS2 is a
hemisphere. By expanding the full- and half-indices we
check the operator mapping across the bulk and boundary
dualities.

A. Structure

The structure of this paper is as follows. In Sec. II we
generalize the dualities of quiver gauge theories with two
nodes of symplectic gauge groups by introducing Chern-
Simons couplings and analyzing three gauge nodes. We
also propose the dualities of the N ¼ ð0; 2Þ half-BPS
boundary conditions in these theories. In Sec. III we extend
the dualities of quivers of orthogonal gauge groups to the
case with more than two SO gauge nodes and with other
orthogonal gauge groups, O�, Spin, and Pin�. In Sec. IV
we further extend the dualities to the quivers consisting of
both orthogonal and symplectic gauge nodes. In Sec. VI we
argue for Seiberg-like dualities of general linear quivers
including circular quivers and linear quivers of arbitrary
lengths. In Sec. VII we propose that a star-shaped quiver
gauge theory is dual to a polygonal bipyramid quiver gauge
theory. We also argue that the nodes we are not dualizing
can have arbitrary additional matter including coupling to
other gauge nodes. In this way the star-shaped quiver can
be embedded in an arbitrary quiver and this shows that in
such cases we can dualize any gauge node which has only
fundamental and bifundamental matter.

B. Open questions

There are several interesting open problems which we
leave for future works.

(i) It would be nice to elucidate general rules of
mapping of the (bare and dressed) BPS monopole
operators under the proposed Seiberg-like dualities,
to study the moduli spaces of supersymmetric vacua
and to provide further tests of the dualities by
computing other protected quantities, including a
sphere partition function [57–59], a squashed sphere
partition function [60] and a twisted index [61–65].

(ii) It would be interesting to study in more detail quivers
with Chern-Simons couplings, including the monop-
ole operators, the relevant level-rank dualities and
emergence or enhancement of supersymmetry in the
bulk [66] and at the boundary [67]. This could include
examples with N > 2 supersymmetry [68–71].

(iii) While the proposed Seiberg-like dualities are field
theory phenomena, the brane constructions of 3D
N ¼ 2 gauge theories [3,72,73] would be useful to
generalize our results. The N ¼ ð0; 2Þ boundary
conditions should be studied by tilting the 5-branes

of the brane configurations in [74] with the cross-
determinant Fermi at the NS5-NS5 junction [75,76]
or taking the T-dual of the brane configurations
in [77].

(iv) In the presence of the BPS Wilson and vortex line
operators, the full- and half-indices can be evaluated
[40,54,78]. It would be interesting to compute the
indices to extend the dualities by introducing the line
operators.

(v) Mutations on quivers in the cluster algebras [79,80]
have been argued to play several roles in Seiberg-
like dualities [81–87] (See also [88,89] for the
relation between certain 3D N ¼ 2 Abelian
Chern-Simons matter theories and the cluster alge-
bra). It would be intriguing to explore the relation
between the proposed dualities and the mutations.

(vi) Some identities of indices resulting from the Abelian
dualities of 3D N ¼ 2 theories are demonstrated
e.g., in [40,90,91] showed that many exact results,
including for UðNÞ Aharony dualities, could be
proven using a vortex partition function identity.
While we have checked the matching of indices as
strong evidence of the dualities, analytic proof of the
various identities of indices presented in this paper is
desirable. Also the half-index which involves the 3D
bulk degrees of freedom can exhibit interesting
properties under modular transformations [44,92].

(vii) The Seiberg-like dualities in 3D N ¼ 2 gauge
theories are obtained from 4D dualities by compac-
tifying 4DN ¼ 1 gauge theories on a circle [10,93].
It would be interesting to explore 4D uplifts of the
proposed dualities.

(viii) Inclusion of boundary N ¼ ð0; 2Þ charged chiral
multiplets and gauge multiplets should generalize
the web of dualities of the N ¼ ð0; 2Þ boundary
conditions. In the presence of 2D bosonic fields the
Neumann half-index would be computed by follow-
ing the Jeffrey-Kirwan (JK) residue prescription
[94–96] which picks the contour around poles
associated to the bosonic fields of positive (or
negative) charge as evaluated for N ¼ ð0; 4Þ boun-
dary conditions in [97].

(ix) The N ¼ ð0; 2Þ half-BPS boundary conditions in
3D N ¼ 2 field theories are compatible with the
holomorphic twist. They define the boundary vertex
operator algebra (VOA) [42] (see also [47]) which
conjecturally reproduces the bulk operator algebra.
It would be nice to categorify the proposed dualities
to equivalences of algebras or modules.

(x) The 3D N ¼ 2 UðNÞ gauge theory coupled to a
chiral multiplet in the adjoint representation plays
an important role in the 3D-3D correspondence
[54,98–102]. As our proposed duality can provide
us with dual description of the theory T½Lðk; 1Þ�
[100] as a special case, it would be interesting to
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explore further applications and to extend the de-
scription of dualities to include quivers with rank-2
tensor matter, especially as such matter appears in the
quivers after dualizing one gauge node. Further
generalizations to include multiple adjoint chirals
for a gauge node are also interesting [17].

(xi) We proposed the dualities of star-shaped quiver
gauge theories. The 3D N ¼ 4 star-shaped quiver
gauge theories arise from the compactifications of
the 6D (2, 0) theory [103–105] which are related to
4DN ¼ 2 theories of class S [106,107]. In addition,
the 3D N ¼ 2 star-shaped quiver-type theory has
been argued to appear from certain compactifica-
tions of 6D or 5D SCFTs [108]. It would be
interesting to further study the details of theories
including moduli spaces and the boundary condi-
tions in the star-shaped quiver gauge theories.

II. SYMPLECTIC LINEAR QUIVERS

We describe dualities with symplectic gauge groups. We
present examples of linear quivers with two and three gauge

nodes. The description in the case of two gauge nodes
without boundary was first presented in [28].

A. U Spð2N1Þ × U Spð2N2Þ− ½2Nf �
We start by reviewing the triality of 3D N ¼ 2 quiver

gauge theories with two gauge nodes and one flavor node
proposed in [28]. Theory A is a U Spð2N1Þ ×U Spð2N2Þ
gauge theorywith bifundamental chiralsB in the ð2N1; 2N2Þ
representation, as well as 2Nf chirals Q in the fundamental
representation of U Spð2N2Þ. Theory A has three kinds of
bare monopole operators v�;0A , v0;�A , and v�;�A where the ith
superscript stands for the GNO flux for the ith gauge group
and we denote by � an arbitrary nonzero flux. The bare
monopole v�;�A with fluxes on both nodes can be dressed by
polynomials in TrðBBÞ, resulting in the dressed monopole
operators v�;�A TrððBBÞkÞ, k ¼ 1;…; N1. The Chern-Simons
levels and superpotential vanish.
Provided Ñ1 ≡ N2 − N1 − 1 ≥ 0 there exists a dual

theory B given by Seiberg-like duality on the U Spð2N1Þ
gauge factor. The result is aU Spð2Ñ1Þ ×U Spð2N2Þ gauge
theory with bifundamental chirals b in the ð2Ñ1; 2N2Þ

FIG. 1. Triality of U Sp × U Sp quivers where Ñ1 ¼ N2 − N1 − 1 and Ñ2 ¼ N1 þ Nf − N2 − 1. Note that ϕb, ϕc and M are in
antisymmetric rank-2 representations.
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representation, an antisymmetric rank-2 chiral ϕb of
U Spð2N2Þ, as well as 2Nf chirals Q in the fundamental
representation of U Spð2N2Þ. We also have a gauge singlet
σB which is dual to a monopole v�;0A in theory A. While the
Chern-Simons levels vanish, we have a superpotential

WB ¼ σBv
�;0
B þ TrðbϕbbÞ: ð2:1Þ

The first term requires the monopole operators v�;0B to vanish
and the second term sets bb to zero so that the bare
monopoles v�;�B are not dressed by TrðbbÞ. On the other
hand, the bare monopoles v0;�B can be dressed by monomials
in the antisymmetric chiral ϕk

b, k ¼ 1;…; N2 [109], as
explained in general in [110]. Consequently theory B
contains two kinds of monopole operators v0;�B ϕk

b and v�;�B
in the chiral ring.
Provided Ñ2 ≡ N1 − N2 þ Nf − 1 ≥ 0 there can be a

dual theory C given by Seiberg-like duality on the
U Spð2N2Þ gauge factor. The result is a U Spð2N1Þ ×
U Spð2Ñ2Þ gauge theory with bifundamental chirals c in
the ð2N1; 2Ñ2Þ representation, an antisymmetric rank-2

chiral ϕc of U Spð2N1Þ, as well as 2Nf chirals p and q in
the fundamental representations of U Spð2N1Þ and
U Spð2Ñ2Þ. Again we have a gauge singlet σC which is
dual to a monopole v0;�A in theory A, but now also additional
singletsM in the rank-2 antisymmetric representation of the
flavor symmetry group SUð2NfÞ. Whereas the Chern-
Simons levels is turned off, theory C has a superpotential

WC ¼ σCv
0;�
C þ TrðcϕccÞ þ TrðcpqÞ þ TrðqMqÞ: ð2:2Þ

The first term sets the monopoles v0;�C to zero and the second
term gets rid of cc. As a consequence, there are two types of
monopole operators v�;0C ϕk

c and v�;�C in the chiral ring.
The triality of the U Sp ×U Sp quivers is shown

in Fig. 1.
The continuous global symmetry groups of the theories

are given by a SUð2NfÞ flavor symmetry, two axial
symmetries Uð1Þa1 × Uð1Þa2 , and the Uð1ÞR R-symmetry.
The following table lists the charges and representations of
the fields in each theory.

SUð2NfÞ Uð1Þa1 Uð1Þa2 Uð1ÞR
B 1 1 0 rB
Q 2Nf 0 1 rQ
b 1 −1 0 1 − rB
ϕb 1 2 0 2rB
Q 2Nf 0 1 rQ
σB 1 −2N2 0 2N2ð1 − rBÞ − 2N1

c 1 −1 0 1 − rB
ϕc 1 2 0 2rB
p 2Nf 1 1 rB þ rQ
M Nfð2Nf − 1Þ 0 2 2rQ
q 2Nf 0 −1 1 − rQ
σC 1 −2N1 −2Nf 2N1ð1 − rBÞ þ 2Nfð1 − rQÞ − 2N2

: ð2:3Þ

The operator map across the triality is summarized as

A B C

TrðQQÞ TrðQQÞ M

TrðQðBBÞkQÞ TrðQϕk
bQÞ Trðpϕk−1

c pÞ
TrððBBÞkÞ Trðϕk

bÞ Trðϕk
cÞ

v�;0
A σB v�;�

C

v0;�A v�;�
B σC

v�;�
A v0;�B v�;0

C

: ð2:4Þ

The monopole operators above are gauge invariant so
can be dressed by gauge invariant combinations of the

chiral multiplets, with the mapping between theories
following the pattern indicated in the first three lines of
the table. Note that there can be restrictions on the allowed
dressed monopoles as noted in this context in [28]. These
follow from the condition that the fields dressing the
monopole must be “massless” [110], as well as requiring
gauge invariance and that all F-term constraints are
satisfied. This massless condition is that ρðm⃗Þ ¼ 0 where
ρ is the weight of the field under the gauge group and m⃗
represents all fluxes of the monopole. Since the monopole
flux breaks the gauge group, each field must be decom-
posed into irreducible representations of the broken gauge
group and then we can determine which (if any) of these
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components remain massless in the given monopole back-
ground. We comment on this in some of the examples we
give later.

B. Supersymmetric indices for symplectic
gauge theories

The supersymmetric full-indices [49–54,111] for
theories A, B, and C with symplectic gauge groups are

IA ¼ ZUSp1
gaugeZ

USp2
gaugeZmatterA; ð2:5Þ

IB ¼ Z
fUSp1
gaugeZ

USp2
gaugeZmatterB; ð2:6Þ

IC ¼ ZUSp1
gaugeZ

fUSp2
gaugeZmatterC; ð2:7Þ

where Zgauge and Zmatter � are the contributions from the
vector and chiral multiplets with U SpI referring to gauge
node U SpðNIÞ and ˜U SpI referring to gauge node
U SpðÑIÞ. Above we have included Chern-Simons levels
k1 for U Spð2N�Þ but for now we take these levels to all
vanish.

The gauge contributions are given by

ZUSpI
gauge¼

X

mðIÞ
i ∈Z

1

2NINI!

I �YNI

i¼1

dsðIÞi

2πisðIÞi

ð−sðIÞi ÞkImðIÞ
i

�

×q−
P

NI
i¼1

jmðIÞ
i j−

P
NI
i<j

jmðIÞ
i �mðIÞ

j j=2
�YNI

i¼1

ð1−qjm
ðIÞ
i jsðIÞ�2

i

�

×
YNI

i<j

ð1−qjm
ðIÞ
i �mðIÞ

j j=2sðIÞj sðIÞ�j Þ

×ð1−qj−m
ðIÞ
i �mðIÞ

j j=2sðIÞ−1i sðIÞ�j Þ: ð2:8Þ

The contributions from the chiral multiplet are

ZmatterA ¼ ZBZ
Nf

Q ; ð2:9Þ

ZmatterB ¼ ZbZϕb
Z
Nf

Q ZσB ; ð2:10Þ

ZmatterC ¼ ZcZϕc
Z
Nf
p Z

Nf

M Z
Nf
q ZσC : ð2:11Þ

These can be calculated using the general expressions

ZBiFundU SpI−U SpJ
ðr; aÞ ¼ ðq1−r

2 a−1Þ
P

NI
i¼1

P
NJ
j¼1

jmðIÞ
i �mðJÞ

j j

×
YNI

i¼1

YNJ

j¼1

ðq1−r
2
þ

jmðIÞ
i

−mðJÞ
j

j
2 a−1sðIÞ∓i sðJÞ�j ; qÞ∞ðq1−r

2
þ

jmðIÞ
i

þm
ðJÞ
j

j
2 a−1sðIÞ�i sðJÞ�j ; qÞ∞

ðqr
2
þ

jmðIÞ
i

−mðJÞ
j

j
2 asðIÞ�i sðJÞ∓j ; qÞ∞ðqr

2
þ

jmðIÞ
i

þm
ðJÞ
j

j
2 asðIÞ�i sðJÞ�j ; qÞ∞

; ð2:12Þ

ZNF FundU SpI
ðr; aÞ ¼ ðq1−r

2 a−1ÞNF

P
NI
i¼1

jmðIÞ
i j YNF

α¼1

YNI

i¼1

ðq1−r
2
þjmðIÞ

i
j

2 a−1sðIÞj
∓x−1α ; qÞ∞

ðqr
2
þjmðIÞ

i
j

2 asðIÞi
�xα; qÞ∞

; ð2:13Þ

ZAntisymU SpI
ðr; aÞ ¼ ðq1−2r

2 a−1Þ
P

NI
i<j

jmðIÞ
i �mðIÞ

j j

0
B@

YNI

i;j¼1

ðq1−rþ
jmðIÞ

i
−mðIÞ

j
j

2 a−1sðIÞi
−1sðIÞj ; qÞ∞

ðqrþ
jmðIÞ

i
−mðIÞ

j
j

2 asðIÞi sðIÞj
−1
; qÞ∞

1
CA

×

0
B@
YNI

i<j

ðq1−rþ
jmðIÞ

i
þm

ðIÞ
j

j
2 a−1sðIÞi

∓sðIÞj
∓
; qÞ∞

ðqrþ
jmðIÞ

i
þm

ðIÞ
j

j
2 asðIÞi

�sðIÞj
�
; qÞ∞

1
CA; ð2:14Þ

ZAntisym SUðNFÞðr; aÞ ¼
YNF

α<β

ðq1−ra−1x−1α x−1β ;qÞ∞
ðqraxαxβ; qÞ∞

; ð2:15Þ

ZSingletðr; aÞ ¼
ðq1−r

2a−1; qÞ∞
ðqr

2a; qÞ∞
: ð2:16Þ
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In particular, we have

ZB ¼ ZBiFundU SpI−U SpJ
ðrB; a1Þ; ð2:17Þ

Z
Nf

Q ¼ Z2Nf Fund IðrQ; a2Þ; ð2:18Þ

Zb ¼ ZBiFundU SpI−U SpJ
ð1 − rB; a−11 Þ; ð2:19Þ

Zϕb
¼ ZAntisymU SpI

ð2rB; a21Þ; ð2:20Þ

ZσB ¼ ZSingletðrσB ; a−2N2

1 Þ; ð2:21Þ

Zc ¼ ZBiFundU SpI−U SpJ
ð1 − rB; a−11 Þ; ð2:22Þ

Zϕc
¼ ZAntisymU SpI

ð2rB; a21Þ; ð2:23Þ

Z
Nf
p ¼ ZBiFundU SpI−U SpJ

ðrB þ rQ; a1a2Þ; ð2:24Þ

Z
Nf

M ¼ ZAntisym SUðNFÞð2rQ; a22Þ; ð2:25Þ

Z
Nf
q ¼ ZBiFundU SpI−U SpJ

ð1 − rQ; a−12 Þ; ð2:26Þ

ZσC ¼ ZSingletðrσC ; a−2N1

1 a
−2Nf

2 Þ; ð2:27Þ

where rσB ≡ 2ð1 − rBÞN2 − 2N1 and rσC ≡ 2ð1 − rBÞN1 þ
2ð1 − rQÞNf − 2N2.

C. Boundary ’t Hooft anomalies

When we include N ¼ ð0; 2Þ half-BPS boundary con-
ditions, we need to calculate the anomaly polynomial for
the 2D boundary theory. We must ensure that the gauge
anomalies cancel and for proposed dualities we must have
matching boundary ’t Hooft anomaly polynomials. In the
case of Dirichlet boundary conditions for gauge fields we
also need the anomaly polynomial to calculate the effective
Chern-Simons coupling which enters the half-index [40].
For the multiplets we have discussed the contributions to

the anomaly polynomial are given by the following
expressions [40,48] if we have Dirichlet boundary con-
ditions. For Neumann boundary conditions we just take the
opposite sign. Taking the multiplets to have R-charge qR
and a vector of Uð1Þai charges q we have

AV MU SpI
¼ −ðNI þ 1ÞTrðsI2Þ −

NIð2NI þ 1Þ
2

r2; ð2:28Þ

A2Nf FundUSpI
ðqR;qÞ¼NITrðx2ÞþNfTrðsI2Þ

þ2NINfðq ·aþðqR−1ÞrÞ2; ð2:29Þ

ABiFundUSpI−USpJ
ðqR;qÞ

¼ NITrðsJ2Þ þNJTrðsI2Þ þ 2NINJðq · aþ ðqR − 1ÞrÞ2;
ð2:30Þ

AAntisymUSpI
ðqR; qÞ

¼ ðNI − 1ÞTrðsI2Þ þ
NIð2NI − 1Þ

2
ðq · aþ ðqR − 1ÞrÞ2;

ð2:31Þ

AAntisym SUðNfÞðqR; qÞ

¼ Nf − 2

2
Trðx2Þ þ NfðNf − 1Þ

4
ðq · aþ ðqR − 1ÞrÞ2;

ð2:32Þ

ASingletðqR; qÞ ¼
1

2
ðq · aþ ðqR − 1ÞrÞ2: ð2:33Þ

In this notation sI is the U Spð2NIÞ field strength, a is a
vector of Uð1Þai field strengths and r is the Uð1ÞR field
strength. We use x for the SUð2NfÞ flavor symmetry field
strength and the expressions for fundamental matter and the
antisymmetric multiplet M are given by the above expres-
sions for bifundamental and antisymmetric multiplets by
replacing an appropriate sI with x. Also, we use the
notation Ĩ in the above expressions to refer to the dual
U Spð2ÑIÞ gauge group with field strength s̃I .
We propose a triality of the following sets of boundary

conditions:
(i) ðN ;N ; N; NÞ for ðVM1;VM2; B;QÞ in theory A.
(ii) ðD;N ; D; N;N;DÞ for ð ˜VM1;VM2; b;ϕb; Q; σBÞ in

theory B.
(iii) ðN ;D; D; N;N;N;D;DÞ for ðVM1; ˜VM2; c;ϕc; p;

M; q; σCÞ in theory C.
We will see that with suitable additional 2D boundary
multiplets, we can cancel the gauge anomalies for the gauge
group factors with Neumann boundary conditions, and
match the anomalies. We can then check the matching of
the half-indices.
Explicitly, we find the following anomaly polynomials

for the bulk fields.

AABulk
N ;N ;N;N ¼ −2N1N2a21 − 2N2Nfa22 þ 4N1N2ð1 − rBÞa1rþ 4N2Nfð1 − rQÞa2r

þ
�
ðN1 − N2Þ2 þ 2N1N2rBð2 − rBÞ − 2N2Nfð1 − rQÞ2 þ

1

2
ðN1 þ N2Þ

�
r2

þ ðN1 − N2 þ 1ÞTrðs21Þ þ ð1 − N1 þ N2 − NfÞTrðs22Þ − N2Trðx2Þ; ð2:34Þ
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ABBulk
D;N ;D;N;N;D ¼ −2N1N2a21 − 2N2Nfa22 þ 4N1N2ð1 − rBÞa1rþ 4N2Nfð1 − rQÞa2r

þ
�
ðN1 − N2Þ2 þ 2N1N2rBð2 − rBÞ − 2N2Nfð1 − rQÞ2 þ

1

2
ðN1 þ N2Þ

�
r2

− ðN1 þ Nf − N2 − 1ÞTrðs22Þ þ N1Trðs̃21Þ − N2Trðx2Þ; ð2:35Þ

ACBulk
N ;D;D;N;N;N;D;D ¼ −2N1N2a21 − 2N2Nfa22 þ 4N1N2ð1 − rBÞa1rþ 4N2Nfð1 − rQÞa2r

þ
�
ðN1 − N2Þ2 þ 2N1N2rBð2 − rBÞ − 2N2Nfð1 − rQÞ2 þ

1

2
ðN1 þ N2Þ

�
r2

− ðN2 − N1 − 1ÞTrðs21Þ þ N2Trðs̃22Þ − N2Trðx2Þ: ð2:36Þ

Recalling that Ñ1 ¼ N2 − N1 − 1 and Ñ2 ¼ N1 − N2 þ Nf − 1, and that due to the D boundary conditions U Spð2Ñ1Þ
and U Spð2Ñ2Þ are global symmetries on the boundary, whereas U Spð2N1Þ and U Spð2N2Þ are gauge symmetries due to
the N boundary conditions, we can cancel all gauge anomalies with the following 2D multiplets.

U Spð2N1Þ U Spð2N2Þ U Spð2Ñ1Þ U Spð2Ñ2Þ
Fermi Γ1 2N1 1 2Ñ1 1

Fermi Γ2 1 2N2 1 2Ñ2

ð2:37Þ

In particular, we need to include
(i) Γ1, Γ2 in theory A.
(ii) Γ2 in theory B.
(iii) Γ1 in theory C.
Including the contribution of those 2D multiplets in each

theory all gauge anomalies are cancelled and the resulting
anomaly polynomials match

ATotal ¼ −2N1N2a21 − 2N2Nfa22 þ 4N1N2ð1 − rBÞa1r
þ 4N2Nfð1 − rQÞa2r

þ
�
ðN1 − N2Þ2 þ 2N1N2rBð2 − rBÞ

− 2N2Nfð1 − rQÞ2 þ
1

2
ðN1 þ N2Þ

�
r2

þ N1Trðs̃21Þ þ N2Trðs̃22Þ − N2Trðx2Þ: ð2:38Þ

It is possible to consider other boundary conditions. The
obvious case is to switch all boundary conditions so we
have all Dirichlet in theory A. This will simply change the
sign of the bulk contribution to the anomaly polynomial
and it is easy to see that all gauge anomalies will be
cancelled and the anomalies will match if we include 2D
Fermi multiplets

(i) None in theory A.
(ii) Γ1 in theory B.
(iii) Γ2 in theory C.
We will focus on examples with all Neumann boundary

conditions for theory A, but we believe the same dualities

will hold with all boundary conditions reversed along with
the above 2D Fermi multiplets. Such dualities have been
checked for the case of a single gauge node for unitary
gauge groups [40], and for symplectic and orthogonal
gauge groups [48].

D. Half-indices

We now give the expressions for the half-indices with the
previously chosen boundary conditions. For the three
theories we have

IIAN ;N ;N;N ¼ IIV MU Sp1

N IIV MU Sp2

N IIBNII
Q
N; ð2:39Þ

IIBD;N ;D;N;N;D ¼ IIV MU Sp1̃

D IIV MU Sp2

N IIbDII
ϕb
N IIQNII

σB
D ; ð2:40Þ

IICN ;D;D;N;N;N;D;D¼ IIVMUSp1

N IIVMUSp2̃

D IIcDII
ϕc
N IIpNII

M
N II

q
DII

σC
D ;

ð2:41Þ

where

IIV MU SpI
N ¼ ðqÞNI

∞
2NINI!

�YNI

i¼1

I
dsðIÞi

2πisðIÞi

��YNI

i≠j
ðsðIÞi sðIÞ−1j ; qÞ∞

�

×

�Y
i≤j

ðsðIÞ�i sðIÞ�j ; qÞ∞
�
; ð2:42Þ
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IIV MU SpI
D ¼ 1

ðqÞNI
∞

X

mðIÞ
i ∈ZNI

q
keff I
2

P
NI
i¼1

mðIÞ
i

2ðQNI
i uðIÞi

keff Im
ðIÞ
i Þ

QÑ1

i≠jðq1þmðIÞ
i −mðIÞ

j uðIÞi uðIÞj
−1
;qÞ∞

Q
i≤jðq1�ðmðIÞ

i þmðIÞ
j ÞuðIÞ�i uðIÞ�j ; qÞ∞

; ð2:43Þ

keff I ¼ 2ÑI; ð2:44Þ

recalling that NĨ ¼ ÑI so ÑĨ ¼ NI . We also have the
prescription that for Dirichlet boundary conditions for the

vector multiplet we make the replacement sðIÞi → qm
ðIÞ
i uðIÞi

in the following matter contributions.
The 3D matter contributions are given, for either

Dirichlet or Neumann boundary conditions by

IIB ¼ IIBiFundU SpI−U SpJðrB; a1Þ; ð2:45Þ

IIQ ¼ II2Nf FundU SpIðrQ; a2Þ; ð2:46Þ

IIb ¼ IIBiFundU SpI−U SpJð1 − rB; a−11 Þ; ð2:47Þ

IIϕb ¼ IIAntisymU SpIð2rB; a21Þ; ð2:48Þ

IIσB ¼ IISingletðrσB ; a−2N2

1 Þ; ð2:49Þ

IIc ¼ IIBiFundU SpI−U SpJð1 − rB; a−11 Þ; ð2:50Þ

IIϕc ¼ IIAntisymU SpIð2rB; a21Þ; ð2:51Þ

IIp ¼ IIBiFundU SpI−U SpJðrB þ rQ; a1a2Þ; ð2:52Þ

IIM ¼ IIAntisym SUðNFÞð2rQ; a22Þ; ð2:53Þ

IIq ¼ IIBiFundU SpI−U SpJð1 − rQ; a−12 Þ; ð2:54Þ

IIσC ¼ IISingletðrσC ; a−2N1

1 a
−2Nf

2 Þ: ð2:55Þ

For Neumann boundary conditions the 3D matter con-
tributions are

IIBiFundU SpI−U SpJ
N ðr; aÞ ¼

YNI

i¼1

YNJ

j¼1

1

ðqr
2asðIÞ�i sðJÞj

∓
; qÞ∞ðqr

2asðIÞ�i sðJÞj
�
; qÞ∞

; ð2:56Þ

IINF FundU SpI
N ðr; aÞ ¼

YNI

i¼1

YNF

α¼1

1

ðqr
2asðIÞi

�xα; qÞ∞
; ð2:57Þ

IIAntisymU SpI
N ðr; aÞ ¼

�YNI

i;j¼1

1

ðqr
2asðIÞi sðIÞj

−1
; qÞ∞

��YN2

j<l

1

ðqr
2asðIÞi

�sðIÞj
�
; qÞ∞

�
; ð2:58Þ

IISingletN ðr; aÞ ¼ 1

ðqr
2a; qÞ∞

; ð2:59Þ

IIAntisymSUðNFÞ
N ðr; aÞ ¼

YNF

α<β

1

ðqr
2axαxβ; qÞ∞

; ð2:60Þ

while for Dirichlet boundary conditions the 3D matter contributions are

IIBiFundU SpI−U SpJ
D ðr; aÞ ¼

YNI

i¼1

YNJ

j¼1

ðq1−r
2a−1sðIÞ�i sðJÞj

∓
; qÞ∞ðq1−r

2a−1sðIÞ�i sðJÞj
�
; qÞ∞; ð2:61Þ

IINF FundU SpI
D ðr; aÞ ¼

YNI

i¼1

YNF

α¼1

ðq1−r
2a−1sðIÞi

�x−1α ; qÞ∞; ð2:62Þ

IIAntisymU SpI
D ðr; aÞ ¼

�YNI

i;j¼1

ðq1−r
2a−1sðIÞi sðIÞj

−1
; qÞ∞

��YNI

i<j

ðq1−r
2a−1sðIÞi

�sðIÞj
�
; qÞ∞

�
; ð2:63Þ
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IISingletD ðr; aÞ ¼ ðq1−r
2a−1; qÞ∞; ð2:64Þ

IIAntisymSUðNFÞ
D ðr; aÞ ¼

YNF

α<β

ðq1−r
2a−1xαxβ; qÞ∞: ð2:65Þ

Finally, the contributions from the 2D matter multiplets are

IΓI ¼
YNI

i¼1

YÑI

j¼1

ðq1
2sðIÞ�i uðIÞ�j ;qÞ∞ðq1

2sðIÞ�i uðIÞ∓j ; qÞ∞: ð2:66Þ

E. U Spð2Þ × U Spð6Þ− ½8� ðN1 = 1, N2 = 3, Nf = 4Þ
For simplicity we set the global SUð2NfÞ flavor fugacities xα ¼ 1. Here we show the expansion of the indices for Ñ1 ¼ 1

and Ñ2 ¼ 1.
For rB ¼ 2=5, rQ ¼ 2=7, the full-indices which perfectly match for theory A, B, and C are1

IA ¼ IB ¼ IC

¼ 1þ 28a22q
2=7

|fflfflfflfflffl{zfflfflfflfflffl}
TrðQQÞ

þ a21q
2=5

|fflffl{zfflffl}
TrðBBÞ

þ q16=35

a21a
8
2|fflffl{zfflffl}

v0;�A

þ 406a42q
4=7

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
TrðQQÞ2

þ q23=35

a61a
8
2|fflffl{zfflffl}

v�;�
A

þ 56a21a
2
2q

24=35

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
TrðQðBBÞQÞ;
TrðQQÞTrðBBÞ

þ 28q26=35

a21a
6
2|fflfflfflffl{zfflfflfflffl}

v0;�A TrðQQÞ

þ
�

a41|{z}
TrðBBÞ2

þ 1

a61|{z}
v�;0
A

�
q4=5 þ

�
4060a62|fflfflffl{zfflfflffl}
TrðQQÞ3

þ 1

a82|{z}
v0;�TrðBBÞ

�
q6=7 þ q32=35

a41a
16
2|fflffl{zfflffl}

v0;�2
A

þ 28q33=35

a61a
6
2|fflfflfflffl{zfflfflfflffl}

v�;�
A TrðQQÞ

þ 1190a21a
4
2q

34=35

|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
TrðQQÞ2TrðBBÞ;

TrðQQÞTrðQðBBÞQÞ

− 65q|{z}
TrðQψQÞ;
TrðBψBÞ

þ 406q36=35

a21a
4
2|fflfflfflfflffl{zfflfflfflfflffl}

v0;�A TrðQQÞ2

þ q37=35

a41a
8
2|fflffl{zfflffl}

v�;�
A TrðBBÞ

þ 28ð 2a41|{z}
TrðQðBBÞ2QÞ

þ a−61|{z}
v�;0
A TrðQQÞ

Þa22q38=35 þ
q39=35

a81a
16
2|fflffl{zfflffl}

v�;�2
A

þ 8ð3933a82|fflfflffl{zfflfflffl}
TrðQQÞ4

þ 7a−62|ffl{zffl}
v0;�A TrðQðBBÞQÞ;
v0;�A TrðQQÞTrðBBÞ

Þq8=7 þ
�

a61|{z}
TrðBBÞ3

þ 28

a41a
14
2|fflffl{zfflffl}

v0;�2
A TrðQQÞ

�
q6=5 þ � � � ð2:67Þ

In theory A the term 28a22q
2=7 counts the meson TrðQiQjÞ

whose coefficient 8·7
2
¼ 28 implies the antisymmetric rep-

resentation under the SUð8Þ flavor symmetry, as expected
due to the contraction of theU Spð6Þ indices. Then the term
406a42q

4=7 counts the operator TrðQiQjÞTrðQkQlÞ which
gives 28 for each trace and the product of traces is
symmetric so the number is 28 · 29=2 ¼ 406. Similarly
for TrðQQÞ3 the counting is 28 · 29 · 30=3! ¼ 4060. For
TrðQQÞ4 it is naively 28 · 29 · 30 · 31=4! ¼ 31465 but we
see that the coefficient in the index is 31464 indicating that

there is one linear relation amongst these 31465 expres-
sions. Indeed, there is a single linear relation between the
105 expressions formed by contracting pairs of U Spð4Þ
indices on Q1Q2…Q8. The term 56a21a

2
2q

26=35 corresponds
to the dressed meson TrðQiðBBÞQjÞ whose number is
8 · 7=2 ¼ 28, with another 28 from TrðQiQjÞTrðBBÞ.
The term 28a−21 a−62 q26=35 corresponds to the operator
v0;�A TrðQiQjÞ. We note that the monopole operators can
be dressed by TrðQQÞ or TrðBBÞ provided at least one
component of Q or B remains massless [110] in the
monopole background. To the order of our expansion we
see that all monopoles can be dressed by TrðQQÞ or
TrðBBÞ except for v�;0a which cannot be dressed by
TrðBBÞ—this would appear in the index as q6=5=a41 but
we can see it is absent above. However, we note that v0;�a

1Here we fix the R-charges as in [28]. Note that in order to
check the dualities, it is sufficient to pick any choice of the
R-charges which gives a well defined (convergent) index for all
theories.
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can be dressed by TrðBBÞ. The asymmetry is because if we
only turn on the flux for U Spð2Þ there is no component of
the bifundamental [or any field in a nontrivial representa-
tion of U Spð2Þ, although in the case of multiple fluxes
some components can be massless due to cancellations
allowing ρðm⃗Þ ¼ 0] that can satisfy the massless condition
ρðm⃗Þ ¼ 0 [110]. However, turning on only one of the fluxes

for U Spð6Þ the component of B which is in the bifunda-
mental representation of U Spð2Þ ×U Spð4Þ [with this
being the original U Spð2Þ and with U Spð4Þ ⊂
U Spð6Þ] remains massless.
As we conjecture, the half-indices for theories A, B, and

C agree perfectly with each other. With the same R-charge
assignment as the full-indices, they are given by

IIAN ;N ¼ IIBD;N ¼ IICN ;D ¼ 1þ 28a22q
2=7

|fflfflfflfflffl{zfflfflfflfflffl}
TrðQQÞ

þ a21q
2=5

|fflffl{zfflffl}
TrðBBÞ

þ 406a42q
4=7

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
TrðQQÞ2

−
8q9=14ða2ðw2 þ 1ÞÞ

w|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
TrðQΓ2Þ

þ 56a21a
2
2q

24=35

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
TrðQðBBÞQÞ

þ a41q
4=5

|fflffl{zfflffl}
TrðBBÞ2

−
8q59=70ða1a2ðu2 þ 1ÞÞ

u|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
TrðQBΓ1Þ

þ 4060a62q
6=7

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
TrðQQÞ3

−
224q13=14ða32ðw2 þ 1ÞÞ

w|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
TrðQQÞTrðQΓ2Þ

þ 1190a21a
4
2q

34=35

|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
TrðQQÞ2TrðBBÞ

þ q

�
u2 þ 1

u2
þ w2 þ 1

w2
þ 2

�

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
TrðΓ1Γ1Þ;TrðΓ2Γ2Þ

þ � � � ; ð2:68Þ

where u and w are the fugacities forU Spð2Ñ1Þ ¼ U Spð2Þ
and U Spð2Ñ2Þ ¼ U Spð2Þ. Since in theory A the both
vector multiplets obey the Neumann boundary condition
there is no monopole operator at the boundary.
The boundary operator map of across the proposed

triality is given by

A B C

TrðQΓ2Þ TrðQΓ2Þ ψq

TrðQBΓ1Þ TrðQψbÞ TrðqcΓ1Þ
ð2:69Þ

where ψq is the fermion in the q multiplet with Dirichlet
boundary conditions which is charged under the global
SUð2NfÞ and U Spð2Ñ2Þ symmetries, and similarly ψb is
the fermion in the b multiplet.

F. Chern-Simons levels

As is well known, we can also generate nonzero Chern-
Simons levels by giving large positive or negative masses to
the chiralsQ as first demonstrated for symplectic groups by
taking a limit of the partition function in [112]. In the
simplest case we start with 2Nf ¼ N̂f þ 2jkj fundamental
and antifundamental chirals and give masses (of the same

sign) to 2jkj ∈ Z of them to leave N̂f fundamental chirals.
This generates a Chern-Simons level k for the U Spð2N2Þ
gauge node in theories A and B with k > 0 by sending the
masses to þ∞ and k < 0 by sending the masses to −∞.
There are no other changes to theories A and B so the result
is that the duality holds for arbitrary Chern-Simons level k
for U Spð2N2Þ. However, the effect on theory C is more
involved. In the case where we send the masses of 2jkj
multiplets Q to �∞, in theory C we must also send the
masses of 2jkj multiplets q and of σC to ∓∞ while also
sending the masses of 2jkj multiplets p to �∞. This
modifies theory C by having Ñ2 ¼ N1 − N2 þ N̂f=2þ
jkj − 1 while having N̂f flavors, removing the σC multiplet,
and giving gauge group with Chern-Simons levels
U Spð2N1Þk ×U Spð2Ñ2Þ−k.

G. U Spð2Þ × U Spð6Þ2k − ½2ð4− jkjÞ� ðN1 = 1, N2 = 3,
Nf = 4− jkjÞ

Here we have Ñ1 ¼ 1 and Ñ2 ¼ 1, with Chern-Simons
level satisfying jkj ∈ f1

2
, 1, 3

2
, 2, 5

2
, 3, 7

2
, 4g.

We have checked the matching of supersymmetric
indices and for k ¼ 1=2, rB ¼ 2=5 and rQ ¼ 2=7 the full
indices are given by
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IA ¼ IB ¼ IC

¼ 1þ 21a22q
2=7

|fflfflfflfflffl{zfflfflfflfflffl}
TrðQQÞ

þ a21q
2=5

|fflffl{zfflffl}
TrðBBÞ

þ 231a42q
4=7

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
TrðQQÞ2

þ 42a21a
2
2q

24=35

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
TrðQQÞTrðBBÞ;
TrðQðBBÞQÞ

þ
�

a41|{z}
TrðBBÞ2

þ 1

a61|{z}
v�;0
A

�
q4=5 þ 1771a62q

6=7

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
TrðQQÞ3

þ 672a21a
4
2q

34=35

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
TrðQQÞ2TrðBBÞ;

TrðQQÞTrðQðBBÞQÞ

− 50q|{z}
TrðQψQÞ;
TrðBψBÞ

þ 21ð 2a41|{z}
TrðQQÞTrðBBÞ2;
TrðQðBBÞ2QÞ

þ a−61|{z}
v�;0
A TrðQQÞ

Þa22q38=35 þ 10626a82q
8=7

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
TrðQQÞ4

þ � � � : ð2:70Þ

We see that the monopole operators with the charge ð0; �Þ
are removed due to the nonzero Chern-Simons level for the
second gauge node. In fact, in [113] it is argued2 that the
Chern-Simons terms allow monopole operators to carry an
electric charge given by the Chern-Simons level. In order to
form a gauge invariant operator they must be dressed by
charged fields. However, typically even the candidate
minimal gauge invariant dressed monopole operator is
not chiral so does not contribute to the index, with the
lowest order dressed chiral monopole operators having
even higher dimension [113] if there even are any chiral

monopoles in the theory. Therefore, not surprisingly, we do
not see contributions from any monopole operators charged
under U Spð6Þ to the order we expand. However, the
charge ð�; 0Þ monopole operators and dressed versions
survive as the U Spð2Þ gauge node has vanishing Chern-
Simons level.
Note that in this example there are some features specific

to the chosen gauge groups. For example, TrðBBÞ2 and
TrðBBBBÞ are not distinct operators since the first gauge
node is U Spð2Þ.
The half-indices for k ¼ − 1

2
are given by

IIAN ;N ¼ IIBD;N ¼ IICN ;D ¼ 1þ 21a22q
2=7

|fflfflfflfflffl{zfflfflfflfflffl}
TrðQQÞ

þ a21q
2=5

|fflffl{zfflffl}
TrðBBÞ

þ 231a42q
4=7

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
TrðQQÞ2

−
7q9=14ða2ðw2 þ 1ÞÞ

w|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
TrðQΓ2Þ

þ 42a21a
2
2q

24=35

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
TrðQQÞTrðBBÞ;
TrðQðBBÞQÞ

þ a41q
4=5

|fflffl{zfflffl}
TrðBBÞ2

−
7q59=70ða1a2ðu2 þ 1ÞÞ

u|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
TrðQBΓ1Þ

þ 1771a62q
6=7

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
TrðQQÞ3

−
147q13=14ða32ðw2 þ 1ÞÞ

w|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
TrðQQÞTrðQΓ2Þ

þ 672a21a
4
2q

34=35

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
TrðQQÞ2TrðBBÞ;

TrðQQÞTrðQðBBÞQÞ

þ q

�
u2 þ 1

u2
þ w2 þ 1

w2
þ 2

�

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
TrðΓ1Γ1Þ;TrðΓ2Γ2Þ

þ � � � : ð2:71Þ

H. U Spð2N1Þ × U Spð2N2Þ− ½2Nf � × U Spð2N3Þ
Here we would like to propose a quadrality of quiver

gauge theories with three nodes of symplectic gauge groups
U Spð2N1Þ, U Spð2N2Þ and U Spð2N3Þ. Let us call the

original theory A. Dualizing the U Spð2N1Þ or U SpðN3Þ
lead to a theories B or D which are easily obtained from the
previous discussion.
Another interesting theory arises when we take the

Seiberg-like dual of the U Spð2N2Þ gauge node. We
propose that it gives a dual theory C with U Spð2Ñ2Þ
where Ñ2 ¼ N1 þ N3 þ Nf − N2 − 1 gauge node. The
three gauge nodes U Spð2N1Þ, U Spð2Ñ2Þ, and
U Spð2N3Þ are coupled to 2Nf chiral multiplets p1, q,
and p2. There are antisymmetric rank-2 chirals ϕ1

c for
U Spð2N1Þ and ϕ2

c forU Spð2N3Þ, and a singlet chiralM in
the antisymmetric rank-2 representation of the flavor
symmetry SUð2NfÞ. It has a superpotential

2The detailed analysis in [113] is for UðNÞ gauge groups, but
we expect a similar results for other gauge groups—see also
[18,114] for SUðNÞ theories. It is an important issue to under-
stand the spectrum of chiral monopole operators for symplectic
and orthogonal groups, even in the case of a single gauge node.
We leave this for future work and in this paper simply comment
on ‘missing’ monopole operator contributions in some examples.
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WC ¼ σCv
0;�;0
C þ Trðc1ϕ1

cc1Þ þ Trðc2ϕ2
cc2Þ

þ Trðc1p1qÞ þ Trðc2p2qÞ þ Trðc1c2c3Þ
þ TrðqMqÞ: ð2:72Þ

The first term replaces the bare monopole operator v0;�;0
C

with the singlet σC while the second and third terms replace

c1c1 and c2c2 with ϕ1
c and ϕ2

c. The final term replaces qq
with M. The other terms can be viewed as replacing c1q
with p1, c2q with p2, and c1c2 with c3.
The proposed quadrality of the U Sp ×U Sp ×U Sp

gauge theories is shown in Fig. 2.
The operator map across the proposed quadrality is

given by

FIG. 2. Quadrality of U Spð2N1Þ × U Spð2N2Þ − ½2Nf� × U Spð2N3Þ quiver where Ñ1 ¼ N2 − N1 − 1, Ñ2 ¼ N1 þ Ñ1 þ Nf −
N2 − 1 and Ñ3 ¼ N2 − N3 − 1. All chirals ϕb, ϕ1

c, ϕ2
c, ϕd, and M are in antisymmetric rank-2 representations.
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A B C D

TrðQQÞ TrðQQÞ M TrðQQÞ
TrðB1ðB2B2ÞkB1Þ TrðϕbðB2B2ÞkÞ Trðc3c3ðϕ2

cÞk−1Þ TrððϕdÞkB1B1Þ
TrðB2ðB1B1ÞkB2Þ TrððϕbÞkB2B2Þ Trðc3c3ðϕ1

cÞk−1Þ TrðϕdðB1B1ÞkÞ
TrðQðB1B1ÞkQÞ TrðQϕk

bQÞ Trðp1ðϕ1
cÞk−1p1Þ TrðQðB1B1ÞkQÞ

TrðQðB2B2ÞkQÞ TrðQðB2B2ÞkQÞ Trðp2ðϕ2
cÞk−1p2Þ TrðQϕk

dQÞ
TrðB1B1Þk Trðϕk

bÞ Trðϕ1
cÞk TrðB1B1Þk

TrðB2B2Þk TrðB2B2Þk Trðϕ2
cÞk Trðϕk

dÞ
v�;0;0
A σB v�;�;0

C v�;0;0
D

v0;0;�A v0;0;�B v0;�;�
C σD

v0;�;0
A v�;�;0

B σC v0;�;�
D

v�;�;0
A v0;�;0

B v�;0;0
C v�;�;�

D

v0;�;�
A v�;�;�

B v0;0;�C v0;�;0
D

v�;0;�
A v�;0;�

B v�;0;�
C v�;0;�

D

v�;�;�
A v0;�;�

B v�;�;�
C v�;�;0

D

ð2:73Þ

The monopole operators above are gauge invariant so can
be dressed by gauge invariant combinations of the chiral
multiplets, with the mapping between theories following the
pattern indicated in the first seven lines of the table. As for
the case of two gauge nodes there will be restrictions on the
allowed dressed monopole operators [110] and we comment
on this in the example we include next.

I. U Spð2Þ × U Spð6Þ− ½6� × U Spð2Þ
ðN1 = 1;N2 = 3;N3 = 1;Nf = 3Þ

We have confirmed that the four supersymmetric indices
perfectly match. With rB ¼ 2=5 and rQ ¼ 2=7 the full
indices are given by

IA ¼ IB ¼ IC ¼ ID

¼ 1þ 15a22q
2=7

|fflfflfflfflffl{zfflfflfflfflffl}
TrðQQÞ

þ q12=35

a21a
6
2a

2
3|fflfflffl{zfflfflffl}

v0;�;0
A

þ q2=5ð a21|{z}
TrðB1B1Þ

þ a23|{z}
TrðB2B2Þ

Þ þ q19=35

a61a
6
2a

6
3

ð a41|{z}
v0;�;�
A

þ a43|{z}
v�;�;0
A

Þ þ 120a42q
4=7

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
TrðQQÞ2

þ 15q22=35

a21a
4
2a

2
3|fflfflfflffl{zfflfflfflffl}

v0;�;0
A TrðQQÞ

þ q24=35
�

1

a41a
12
2 a43|fflfflfflffl{zfflfflfflffl}

v0;�2;0
A

þ 30a21a
2
2|fflfflffl{zfflfflffl}

TrðQQÞTrðB1B1Þ;
TrðQðB1B1ÞQÞ

þ 30a22a
2
3|fflfflffl{zfflfflffl}

TrðQQÞTrðB2B2Þ;
TrðQðB2B2ÞQÞ

�

þ q26=35
�

1

a62a
2
3|ffl{zffl}

v0;�;0
A B1B1

þ 1

a21a
6
2|ffl{zffl}

v0;�;0
A B2B2

þ 1

a61a
6
2a

6
3|fflfflffl{zfflfflffl}

v�;�;�
A

�
þ q4=5

�
2a21a

2
3|fflffl{zfflffl}

TrðB1B1ÞTrðB2B2Þ
TrðB1B2B2B1Þ

þ a41|{z}
TrðB1B1Þ2

þ 1

a61|{z}
v�;0;0
A

þ a43|{z}
TrðB2B2Þ2

þ 1

a63|{z}
v0;0;�A

�

þ 15q29=35
�

1

a21a
4
2a

6
3|fflfflffl{zfflfflffl}

v�;�;0
A TrðQQÞ

þ 1

a61a
4
2a

2
3|fflfflffl{zfflfflffl}

v0;�;�
A TrðQQÞ

�
þ 680a62q

6=7

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
TrðQQÞ3

þ q31=35
�

1

a61a
12
2 a63|fflfflfflffl{zfflfflfflffl}

v�;��;�
A

þ 1

a41a
12
2 a83|fflfflfflffl{zfflfflfflffl}

v0;�2;�
A

þ 1

a81a
12
2 a43|fflfflfflffl{zfflfflfflffl}

v�;�2;0
A

�

þ 120q32=35

a21a
2
2a

2
3|fflfflfflfflffl{zfflfflfflfflffl}

v0;�;0
A TrðQQÞ2

þ q33=35
�

1

a21a
6
2a

4
3|fflfflffl{zfflfflffl}

v�;�;0
A B2B2

þ 1

a41a
6
2a

2
3|fflfflffl{zfflfflffl}

v0;�;�
A B1B1

þ 1

a62a
6
3|ffl{zffl}

v�;�;0
A B1B1

þ 1

a61a
6
2|ffl{zffl}

v0;�;�
A B2B2

�
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þ q34=35
�

15

a41a
10
2 a43|fflfflfflffl{zfflfflfflffl}

v0;�2;0
A TrðQQÞ

þ 345a21a
4
2|fflfflfflffl{zfflfflfflffl}

TrðQQÞ2TrðB1B1Þ;
TrðQQÞTrðQðB1B1ÞQÞ

þ 345a42a
2
3|fflfflfflffl{zfflfflfflffl}

TrðQQÞ2TrðB2B2Þ;
TrðQQÞTrðQðB2B2ÞQÞ

�
− 38q|{z}

TrðQψQÞ;
TrðB1ψB1

Þ;TrðB2ψB2
Þ

þ � � �

þ q8=7
�

1

a41a
6
2a

6
3|fflfflffl{zfflfflffl}

v�;�;�
A B1B1

þ 1

a61a
6
2a

4
3|fflfflffl{zfflfflffl}

v�;�;�
A B2B2

þ 3060a82|fflfflffl{zfflfflffl}
TrðQQÞ4

þ � � �
�
þ q6=5

�
a23
a61|{z}

v�;0;0
A B2B2

þ a21
a63|{z}

v0;0;�A B1B1

þ � � �
�
þ � � � ð2:74Þ

Note that unlike the U Spð2Þ × U Spð6Þ − ½8� example,
here we get the naively expected coefficient for the q8=7a82
term, in this case 3060 ¼ 15 · 16 · 17 · 18=4! for TrðQQÞ4.
We see several bare monopole operators and at higher

order they are dressed with gauge invariant combinations of
the other operators. However, some terms are missing. The
first occurs at order q6=5 where we do not see the terms
q6=5=a41 or q

6=5=a43 which would be the contributions from
v�;0;0
A dressed by B1B1 and v

0;0;�
A dressed by B2B2. We have

checked the index to higher order than presented here and
we see no contributions which would correspond to v�;0;0

A
dressed by any operators containing B1 operators (or, of
course by symmetry, v0;0;�A dressed by any operators
containing B2 operators). This is entirely as expected since
with only flux for one of the U Spð2Þ gauge nodes, and
fields in nontrivial representations of that U Spð2Þ group
cannot obey the massless condition ρðm⃗Þ ¼ 0, and this
clearly applies to B1 and B2 in these backgrounds.

One point to note is that for symplectic gauge groups we
have no topological fugacities in the index to keep track of
monopole contributions.3 This means that some coeffi-
cients can arise from contributions from different sectors.
One example at higher order is the coefficient of
q8=5=ða61a63Þ which is found to be 680. This can receive
contributions from the gauge invariant bare monopole
operator v�;0;�

A and from v�;�;�
A dressed by TrðQQÞ3.

Naively, TrðQQÞ3 gives contribution 15 · 16 · 17=3! ¼
680 so at first it appears as though the v�;0;�

A monopole
is missing. However, in the v�;�;�

A monopole background
the massless part of Q transforms in the fundamental
representation of the U Spð4Þ gauge group and a
careful check reveals a linear relation amongst the 15
naively independent gauge invariant contraction of
Q1Q2Q3Q4Q5Q6.
The half-indices are given by

IIAN ;N ;N ¼ IIBD;N ;N ¼ IICN ;D;N ¼ IIDN ;N ;D

¼ 1þ 15a22q
2=7

|fflfflfflfflffl{zfflfflfflfflffl}
TrðQQÞ

þ q2=5ð a21|{z}
TrðB1B1Þ

þ a23|{z}
TrðB2B2Þ

Þ þ 120a42q
4=7

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
TrðQQÞ2

−
6q9=14ða2ðw2 þ 1ÞÞ

w|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
TrðQΓ2Þ

þ 30a22q
24=35

�
a21|{z}

TrðQQÞTrðB1B1Þ;
TrðQðB1B1ÞQÞ

þ a23|{z}
TrðQQÞTrðB2B2Þ;
TrðQðB2B2ÞQÞ

�
þ q4=5

�
2a21a

2
3|fflffl{zfflffl}

TrðB1B1ÞTrðB2B2Þ
TrðB1B2B2B1Þ

þ a41|{z}
TrðB1B1Þ2

þ a43|{z}
TrðB2B2Þ2

�

−
6q59=70ða2ða1uðv2 þ 1Þ þ a3ðu2 þ 1ÞvÞÞ

uv|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
TrðQB1Γ1Þ;TrðQB3Γ3Þ

þ 680a62q
6=7

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
TrðQQÞ3

−
90q13=14ða32ðw2 þ 1ÞÞ

w|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
TrðQΓ2ÞTrðQQÞ

þ 345a42q
34=35

�
a21|{z}

TrðQQÞ2TrðB1B1Þ;
TrðQQÞTrðQðB1B1ÞQÞ

þ a23|{z}
TrðQQÞ2TrðB2B2Þ;

TrðQQÞTrðQðB2B2ÞQÞ

�
þ � � � ; ð2:75Þ

3Although we can of course calculate the contribution to the index for each choice of magnetic fluxes.
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where v, w, u are the fugacities for U Spð2Ñ1Þ;
U Spð2Ñ2Þ; U Spð2Ñ3Þ and ΓI is the Fermi in the bifun-
damental representation of U Spð2NIÞ × U Spð2ÑI which
is included in the theories for Neumann boundary con-
ditions for the U Spð2NIÞ vector multiplet.

III. ORTHOGONAL LINEAR QUIVERS

We now discuss similar dualities where we have
orthogonal rather than symplectic gauge groups. We
present examples with two and three gauge nodes.

A. SOðN1Þ × SOðN2Þ− ½Nf �
There are distinct orthogonal gauge groups SOðNcÞ,

OðNcÞ�, SpinðNcÞ and PinðNcÞ� for the Lie algebra
soðNcÞ. The minimal gauge group is SOðNcÞ and other
gauge groups can be obtained by gauging two zero-form
global symmetries, the charge conjugation symmetryZC

2 and
the magnetic symmetry ZM

2 . In the indices and half-indices
we have discrete fugacities χ for ZC

2 and ζ for ZM
2 . We first

review the triality of the SO × SO quiver gauge theories
proposed in [28] and mostly consider only the cases where
these discrete fugacities are set to one, i.e., so the gauge
groups are SO. However, we expect all dualities to be
generalizable to other orthogonal groups as for the single
gauge node cases without [93] or with boundaries [48].
The structure of the SO × SO quivers take the similar

form as theU Sp ×U Sp quivers in Sec. II A. Theory A is a
SOðN1Þ × SOðN2Þ gauge theory with bifundamental chi-
rals B in the ðN1;N2Þ representation, Nf chirals Q in the
fundamental representation under the SOðN2Þ. In these
theories there can exist three types of baryonic operators

ϵ1ϵ2BN1QN2−N1 ¼ ϵa1���aN1
ϵb1���bN2Ba1

b1
� � �BaN1

bN1

Qi1
bN1þ1

� � �

×Q
iN2−N1

bN2

;

ϵ1BN1QN1 ¼ ϵa1���aN1Bb1
a1 � � �B

bN1
aN1

Qi1
b1
� � �QiN1

bN1

;

ϵ2QN2 ¼ ϵb1���bN2Qi1
b1
� � �QiN2

bN2

; ð3:1Þ

where ai, bj, and ik are the SOðN1Þ, SOðN2Þ, and SUðNfÞ
indices. Since they are antisymmetric in the flavor indices,
the second and third types exist only when Nf ≥ N1 or
Nf ≥ N2 respectively. The first type exists when
Nf ≥ N2 − N1 ≥ 0. The dualities we discuss are also valid
for N2 < N1

4 but in those cases we have no baryonic
operators of the first type since the analogous constructions
contracting bifundamentals using the antisymmetric tensors
would have an excess of SOðN1Þ indices and we have no

flavors in the fundamental of SOðN1Þ to contract these
indices.
For a single gauge node with Nc ≥ 2

5 there are two types
of monopole operators vþ and v−, which are even and odd
under the charge conjugation symmetry ZC

2 [93]. The
monopole operators break the gauge group SOðNcÞ down
to SðOðNc − 2Þ ×Oð2ÞÞ. For the product gauge group
SOðN1Þ × SOðN2Þ the even monopole operators are

vþ;0
A ; v0;þA ; vþ;þ

A : ð3:2Þ

They are gauge invariant and can be dressed with gauge
invariant combinations of B and Q.
The odd monopole operators are not gauge invariant for

Nc > 2. However, they can form gauge invariant operators
dressed by B and Q in baryonic combinations [28]

v−;0A ϵ1BN1−2QN1−2;

v−;0A ϵ1ϵ2BN1−2QN2−N1þ2;

v−;þA ϵ1BN1−2QN1−2;

v0;−A ϵ2QN2−2;

v0;−A ϵ1ϵ2BN1QN2−N1−2;

vþ;−
A ϵ2QN2−2;

v−;−A ϵ1ϵ2BN1−2QN2−N1 ; ð3:3Þ

where in any cases where the exponent would indicate an
negative power, that type of operator is not present. In the
case of zero exponent that component is not present and
this includes the special cases whereN1 ¼ 2 and/or N2 ¼ 2
where some of the combinations above reduce to gauge
invariant bare monopoles.
Theory B has the dualized SOðÑ1 ¼ N2 − N1 þ 2ÞÞ

gauge node and introduces a rank-2 symmetric chiral for
SOðN2Þ. Dualizing the SOðN2Þ gauge node gives theory C
which has Nf flavors for both gauge nodes and rank-2
symmetric chirals for SOðN1Þ and the global flavor
symmetry SUðNfÞ.
In general, under Seiberg-like duality of a gauge node

SOðNIÞ with discrete fugacities χI and ζI , the dual gauge
node SOðÑIÞ has discrete fugacities χ̃I ¼ ζIχI and ζ̃I ¼ ζI .
For each gauge node SOðNJÞ connected to SOðNIÞ in the
quiver diagram we also have the mapping ζJ → ζIζJ under
duality of gauge node SOðNIÞ.
The triality of SO × SO quiver gauge theories is depicted

in Fig. 3.
The mapping of monopole operators is quite involved for

orthogonal gauge groups so we refer to [28] for details. The
mapping of the other operators (and their R-charge

4Specifically, for both dualities discussed in this section to be
valid we need N1 − 2 ≤ N2 ≤ N1 þ Nf þ 2.

5There are additional monopoles which we do not discuss here
in the case where Nc ≥ 4 [93] while for Nc < 2 we have no
monopoles.
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assignment) is similar to the case with symplectic gauge
groups so we do not list that again.

B. Supersymmetric indices for orthogonal
gauge theories

Writing NI ¼ 2nI þ ϵI for nI ∈ Z and ϵI ∈ f0; 1g, the
supersymmetric full-indices [49–54] for theories A, B, and
C with orthogonal gauge groups can be constructed by
generalizing the expressions for a single gauge node
[7,93,115] and are given by

IA ¼ ZSO1
gaugeZ

SO2
gaugeZmatterA; ð3:4Þ

IB ¼ Z
eSO1
gaugeZ

SO2
gaugeZmatterB; ð3:5Þ

IC ¼ ZSO1
gaugeZ

eSO2
gaugeZmatterC; ð3:6Þ

where Zgauge and Zmatter � are the contributions from the
vector and chiral multiplets with SOI referring to gauge
node SOðNIÞ and fSOI referring to gauge node SOðÑIÞ.
The gauge contributions are given by

ZSOI
gauge ¼

X

mðIÞ
i ∈Z

ζ

P
i
mðIÞ

i
I

2nIþϵI−1nI!

I �YnI
i¼1

dsðIÞi

2πisðIÞi

ð−sðIÞi ÞkImðIÞ
i

�
q−

P
nI
i¼1

ϵI jmðIÞ
i j=2−

P
nI
i<j

jmðIÞ
i �mðIÞ

j j=2
�YnI

i¼1

ð1 − χIqjm
ðIÞ
i j=2sðIÞ�i

�ϵI

×
YnI
i<j

ð1 − qjm
ðIÞ
i �mðIÞ

j j=2sðIÞj sðIÞ�j Þð1 − qj−m
ðIÞ
i �mðIÞ

j j=2sðIÞ−1i sðIÞ�j Þ; ð3:7Þ

except for the case where χI ¼ −1 and ϵI ¼ 0 where instead

FIG. 3. Triality of SO × SO quivers where Ñ1 ¼ N2 − N1 þ 2 and Ñ2 ¼ N1 þ Nf − N2 þ 2. All chirals ϕb, ϕc and M are in
symmetric rank-2 representations.
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ZSOI
gauge ¼

X

mðIÞ
i ∈Z

ζ

P
i
mðIÞ

i
I

2nI−1ðnI − 1Þ!
I �YnI−1

i¼1

dsðIÞi

2πisðIÞi

ð−sðIÞi ÞkImðIÞ
i

�
q−

P
nI−1
i¼1

jmðIÞ
i j−

P
nI
i<j

jmðIÞ
i �mðIÞ

j j=2
�YnI−1

i¼1

ð1 − qjm
ðIÞ
i jsðIÞ�2

i

�

×
YnI−1

i<j

ð1 − qjm
ðIÞ
i �mðIÞ

j j=2sðIÞj sðIÞ�j Þð1 − qj−m
ðIÞ
i �mðIÞ

j j=2sðIÞ−1i sðIÞ�j Þ: ð3:8Þ

Above we have included Chern-Simons levels kI for SOðNIÞ but for now we take these levels to all vanish.
As for the symplectic case the contributions from the chiral multiplets are

ZmatterA ¼ ZBZ
Nf

Q ; ð3:9Þ

ZmatterB ¼ ZbZϕb
Z
Nf

Q ZσB ; ð3:10Þ

ZmatterC ¼ ZcZϕc
Z
Nf
p Z

Nf

M Z
Nf
q ZσC ; ð3:11Þ

where

ZBiFund SOI−SOJ
ðr; aÞ ¼ ðq1−r

2 a−1Þ
P

NI
i¼1

P
NJ
j¼1

jmðIÞ
i �mðJÞ

j jYnI
i¼1

YnJ
j¼1

ðq1−r
2
þ

jmðIÞ
i

−mðJÞ
j

j
2 a−1sðIÞ∓i sðJÞ�j ; qÞ∞ðq1−r

2
þ

jmðIÞ
i

þm
ðJÞ
j

j
2 a−1sðIÞ�i sðJÞ�j ; qÞ∞

ðqr
2
þ

jmðIÞ
i

−mðJÞ
j

j
2 asðIÞ�i sðJÞ∓j ; qÞ∞ðqr

2
þ

jmðIÞ
i

þm
ðJÞ
j

j
2 asðIÞ�i sðJÞ�j ; qÞ∞

×

0
B@
YnI
I¼1

ðq1−r
2
þjmðIÞ

i
j

2 a−1sðIÞ�i χJ; qÞ∞
ðqr

2
þjmðIÞ

i
j

2 asðIÞ∓i χJ; qÞ∞

1
CA

ϵJ
0
B@
YnJ
j¼1

ðq1−r
2
þ

jmðJÞ
j

j
2 a−1χIs

ðJÞ�
j ; qÞ∞

ðqr
2
þ

jmðJÞ
j

j
2 aχIs

ðJÞ∓
j ;qÞ∞

1
CA

ϵI

×

�YnI
I¼1

ðq1−r
2a−1χIχJ; qÞ∞

ðqr
2aχIχJ; qÞ∞

�ϵIϵJ

; ð3:12Þ

ZNF FundSOI
ðr; aÞ ¼ ðq1−r

2 a−1ÞNF

P
NI
i¼1

jmðIÞ
i j YNF

α¼1

0
B@
YnI
i¼1

ðq1−r
2
þjmðIÞ

i
j

2 a−1sðIÞj
∓x−1α ;qÞ∞

ðqr
2
þjmðIÞ

i
j

2 asðIÞi
�xα; qÞ∞

1
CA
�ðq1−r

2a−1χIx−1α ; qÞ∞
ðqr

2aχIxα; qÞ∞

�
ϵI
; ð3:13Þ

ZSym SOI
ðr; aÞ ¼ ðq1−2r

2 a−1Þ
P

NI
i<j

jmðIÞ
i �mðIÞ

j jYnI
i≤j

0
B@ðq1−rþ

jmðIÞ
i

−mðIÞ
j

j
2 a−1sðIÞi

�sðIÞj
∓
; qÞ∞

ðqrþ
jmðIÞ

i
−mðIÞ

j
j

2 asðIÞi
�sðIÞj

∓
; qÞ∞

ðq1−rþ
jmðIÞ

i
þm

ðIÞ
j

j
2 a−1sðIÞi

∓sðIÞj
∓
; qÞ∞

ðqrþ
jmðIÞ

i
þm

ðIÞ
j

j
2 asðIÞi

�sðIÞj
�
; qÞ∞

1
CA

×

0
B@

0
B@
YnI
i¼1

ðq1−rþ
jmðIÞ

i
j

2 a−1χIs
ðIÞ
i

�
; qÞ∞

ðqrþ
jmðIÞ

i
j

2 aχIs
ðIÞ
i

�
; qÞ∞

1
CA ðq1−ra−1; qÞ∞

ðqra; qÞ∞

1
CA

ϵI

; ð3:14Þ

ZSymSUðNFÞðr; aÞ ¼
YNF

α≤β

ðq1−ra−1x−1α x−1β ;qÞ∞
ðqraxαxβ; qÞ∞

; ð3:15Þ

with the prescription that for the case of χI ¼ −1 and ϵI ¼ 0 we must replace every occurrence of sðIÞ�nI with simply�1 and

set mðIÞ
nI ¼ 0.6 So in particular we have

6See [93] for full details and discussion of how to describe various orthogonal groups with different global structure.
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ZB ¼ ZBiFund SOI−SOJ
ðrB; a1Þ; ð3:16Þ

Z
Nf

Q ¼ ZNf Fund IðrQ; a2Þ; ð3:17Þ

Zb ¼ ZBiFund SOI−SOJ
ð1 − rB; a−11 Þ; ð3:18Þ

Zϕb
¼ ZSym SOI

ð2rB; a21Þ; ð3:19Þ

ZσB ¼ ZSingletðrσB ; a−N2

1 Þ; ð3:20Þ

Zc ¼ ZBiFundSOI−SOJ
ð1 − rB; a−11 Þ; ð3:21Þ

Zϕc
¼ ZSymSOI

ð2rB; a21Þ; ð3:22Þ

Z
Nf
p ¼ ZBiFund SOI−SOJ

ðrB þ rQ; a1a2Þ; ð3:23Þ

Z
Nf

M ¼ ZSymSUðNFÞð2rQ; a22Þ; ð3:24Þ

Z
Nf
q ¼ ZBiFundSOI−SOJ

ð1 − rQ; a−12 Þ; ð3:25Þ

ZσC ¼ ZSingletðrσC ; a−N1

1 a
−Nf

2 Þ; ð3:26Þ

where now rσB ≡ ð1 − rBÞN2 − ðN1 − 2Þ and rσC ≡
ð1 − rBÞN1 þ ð1 − rQÞNf − ðN2 − 2Þ.

C. Boundary ’t Hooft anomalies

The gauge anomaly cancellation and anomaly matching
works in a similar way to the symplectic gauge theories.
For the multiplets we have discussed the contributions to
the anomaly polynomial are given by the following
expressions [40,48] if we have Dirichlet boundary con-
ditions. For Neumann boundary conditions we just take the
opposite sign. Taking the multiplets to have R-charge qR
and a vector of Uð1Þai charges q we have

AV M SOI
¼ −ðNI − 2ÞTrðsI2Þ −

NIðNI − 1Þ
4

r2; ð3:27Þ

ANf FundSOI
ðqR; qÞ ¼

NI

2
Trðx2Þ þ NfTrðsI2Þ

þ NINf

2
ðq · aþ ðqR − 1ÞrÞ2; ð3:28Þ

ABiFundSOI−SOJ
ðqR;qÞ¼NITrðsJ2ÞþNJTrðsI2Þ

þNINJ

2
ðq ·aþðqR−1ÞrÞ2; ð3:29Þ

ASymSUðNfÞðqR; qÞ

¼ Nf þ 2

2
Trðx2Þ þ NfðNf þ 1Þ

4
ðq · aþ ðqR − 1ÞrÞ2;

ð3:30Þ

ASymSOI
ðqR;qÞ¼ðNIþ2ÞTrðsI2Þ

þNIðNIþ1Þ
4

ðq ·aþðqR−1ÞrÞ2; ð3:31Þ

where here sI is the SOðNIÞ field strength.
We propose a triality of the following sets of boundary

conditions:
(i) ðN ;N ; N; NÞ for ðVM1;VM2; B;QÞ in theory A.
(ii) ðD;N ; D; N;N;DÞ for ðgVM1;VM2; b;ϕb; Q; σBÞ in

theory B.
(iii) ðN ;D; D; N;N;N;D;DÞ for ðVM1;gVM2; c;ϕc; p;

M; q; σCÞ in theory C.
We will see that with suitable additional 2D boundary
multiplets, we can cancel the gauge anomalies for the gauge
group factors with Neumann boundary conditions, and
match the anomalies. We can then check the matching of
the half-indices.
Explicitly, we find the following anomaly polynomials

for the bulk fields,

AABulk
N ;N ;N;N ¼ −

1

2
N1N2a21 −

1

2
N2Nfa22 þ N1N2ð1 − rBÞa1rþ N2Nfð1 − rQÞa2r

þ 1

4
ððN1 − N2Þ2 þ 2N1N2rBð2 − rBÞ − 2N2Nfð1 − rQÞ2 − ðN1 þ N2ÞÞr2

− ðN2 − N1 þ 2ÞTrðs21Þ − ðN1 þ Nf − N2 þ 2ÞTrðs22Þ −
1

2
N2Trðx2Þ; ð3:32Þ

ABBulk
D;N ;D;N;N;D ¼ −

1

2
N1N2a21 −

1

2
N2Nfa22 þ N1N2ð1 − rBÞa1rþ N2Nfð1 − rQÞa2r

þ 1

4
ððN1 − N2Þ2 þ 2N1N2rBð2 − rBÞ − 2N2Nfð1 − rQÞ2 − ðN1 þ N2ÞÞr2

− ðN1 þ Nf − N2 þ 2ÞTrðs22Þ þ N1Trðs̃21Þ −
1

2
N2Trðx2Þ; ð3:33Þ
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ACBulk
N ;D;D;N;N;N;D;D ¼ −

1

2
N1N2a21 −

1

2
N2Nfa22 þ N1N2ð1 − rBÞa1rþ N2Nfð1 − rQÞa2r

þ 1

4
ððN1 − N2Þ2 þ 2N1N2rBð2 − rBÞ − 2N2Nfð1 − rQÞ2 − ðN1 þ N2ÞÞr2

− ðN2 − N1 þ 2ÞTrðs21Þ þ N2Trðs̃22Þ −
1

2
N2Trðx2Þ: ð3:34Þ

Recalling that Ñ1 ¼ N2 − N1 þ 2 and Ñ2 ¼ N1 − N2 þ Nf þ 2, and that due to theD boundary conditions SOðÑ1Þ and
SOðÑ2Þ are global symmetries on the boundary, whereas SOðN1Þ and SOðN2Þ are gauge symmetries due to the N
boundary conditions, we can cancel all gauge anomalies with the following 2D multiplets.

SOðN1Þ SOðN2Þ SOðÑ1Þ SOðÑ2Þ
Fermi Γ1 N1 1 Ñ1 1

Fermi Γ2 1 N2 1 Ñ2

ð3:35Þ

In particular, we need to include
(i) Γ1, Γ2 in theory A.
(ii) Γ2 in theory B.
(iii) Γ1 in theory C.
Including the contribution of those 2D multiplets in each

theory all gauge anomalies are cancelled and the resulting
anomaly polynomials match

ATotal ¼ −
1

2
N1N2a21 −

1

2
N2Nfa22

þ N1N2ð1 − rBÞa1rþ N2Nfð1 − rQÞa2r

þ 1

4
ððN1 − N2Þ2 þ 2N1N2rBð2 − rBÞ

− 2N2Nfð1 − rQÞ2 − ðN1 þ N2ÞÞr2

þ N1Trðs̃21Þ þ N2Trðs̃22Þ −
1

2
N2Trðx2Þ: ð3:36Þ

It is possible to consider other boundary conditions. The
obvious case is to switch all boundary conditions so we
have all Dirichlet in theory A. As noted for the symplectic
case, this will simply change the sign of the bulk con-
tribution to the anomaly polynomial and it is easy to see
that all gauge anomalies will be cancelled and the anoma-
lies will match if we include 2D Fermi multiplets

(i) None in theory A.
(ii) Γ1 in theory B.
(iii) Γ2 in theory C.

Again, we do not present any examples of these boundary
conditions but the dualities should hold for these boundary
conditions as was found for theories with a single gauge
node with orthogonal group [48].

D. Half-indices

We now give the expressions for the half-indices with the
previously chosen boundary conditions following from all
Neumann in theory A. For the three theories we have

IIAN ;N ;N;N ¼ IIV M SO1

N IIV M SO2

N IIBNII
Q
N; ð3:37Þ

IIBD;N ;D;N;N;D ¼ IIV M SO1̃

D IIV MSO2

N IIbDII
ϕb
N IIQNII

σB
D ; ð3:38Þ

IICN ;D;D;N;N;N;D;D ¼ IIV M SO1

N IIVM SO2̃

D IIcDII
ϕc
N IIpNII

M
N II

q
DII

σC
D ;

ð3:39Þ

where

IIV M SOI
N ¼ ðqÞnI∞

2nIþϵI−1nI!

�YnI
i¼1

I
dsðIÞi

2πisðIÞi

��YnI
i≠j

ðsðIÞi sðIÞ−1j ; qÞ∞
��YnI

i<j

ðsðIÞ�i sðIÞ�j ; qÞ∞
��YnI

i¼1

ðχIsðIÞ�i ; qÞ∞
�ϵI

; ð3:40Þ

IIV M SOI
D ¼ 1

ðqÞnI∞
X

mðIÞ
i ∈ZnI

ð−1Þkeff I
P

nI
i¼1

mðIÞ
i ðζIχIÞ

P
nI
i¼1

mðIÞ
i q

keff I
2

P
nI
i¼1

mðIÞ
i

2ðQnI
i uðIÞi

keff Im
ðIÞ
i Þ

ðQn1
i≠jðq1þmðIÞ

i −mðIÞ
j uðIÞi uðIÞj

−1
; qÞ∞Þð

Q
i<jðq1�ðmðIÞ

i þmðIÞ
j ÞuðIÞ�i uðIÞ�j ; qÞ∞Þ

×
1

ðQn1
i¼1ðq1�mðIÞ

i χIu
ðIÞ
i

�
; qÞ∞ÞϵI

; ð3:41Þ
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keff I ¼ ÑI; ð3:42Þ

except for the case of χI ¼ −1 and ϵI ¼ 0 when instead

IIV M SOI
N ¼ ðqÞnI−1∞ ð−q; qÞ∞

2nI−1ðnI − 1Þ!
�YnI−1

i¼1

I
dsðIÞi

2πisðIÞi

��YnI−1

i≠j
ðsðIÞi sðIÞ−1j ; qÞ∞

�

×

�YnI−1

i<j

ðsðIÞ�i sðIÞ�j ; qÞ∞
��YnI−1

i¼1

ðsðIÞ�i ; qÞ∞ð−sðIÞ�i ; qÞ∞
�
; ð3:43Þ

IIVM SOI
D ¼ 1

ðqÞnI−1∞ ð−q; qÞ∞
X

mðIÞ
i ∈ZnI−1

1

ðQn1
i¼1ðq1�mðIÞ

i uðIÞi
�
; qÞ∞ð−q1�mðIÞ

i uðIÞi
�
; qÞ∞Þ

×
ð−1Þðkeff Iþ1Þ

P
nI−1
i¼1

mðIÞ
i ζ

P
nI−1
i¼1

mðIÞ
i

I q
keff I
2

P
nI
i¼1

mðIÞ
i

2ðQnI
i uðIÞi

keff Im
ðIÞ
i Þ

ðQn1
i≠jðq1þmðIÞ

i −mðIÞ
j uðIÞi uðIÞj

−1
; qÞ∞Þð

Q
i<jðq1�ðmðIÞ

i þmðIÞ
j ÞuðIÞ�i uðIÞ�j ; qÞ∞Þ

: ð3:44Þ

Note that NĨ ¼ ÑI so ÑĨ ¼ NI. We also have the pre-
scription that for Dirichlet boundary conditions for the

vector multiplet we make the replacement sðIÞi → qm
ðIÞ
i uðIÞi

in the following matter contributions.
The 3D matter contributions are given, for either

Dirichlet or Neumann boundary conditions by

IIB ¼ IIBiFund SOI−SOJðrB; a1Þ; ð3:45Þ

IIQ ¼ IINf FundSOIðrQ; a2Þ; ð3:46Þ

IIb ¼ IIBiFundSOI−SOJð1 − rB; a−11 Þ; ð3:47Þ

IIϕb ¼ IISymSOIð2rB; a21Þ; ð3:48Þ

IIσB ¼ IISingletðrσB ; a−N2

1 Þ; ð3:49Þ

IIc ¼ IIBiFundSOI−SOJð1 − rB; a−11 Þ; ð3:50Þ

IIϕc ¼ IISymSOIð2rB; a21Þ ð3:51Þ

IIp ¼ IIBiFund SOI−SOJðrB þ rQ; a1a2Þ; ð3:52Þ

IIM ¼ IISym SUðNFÞð2rQ; a22Þ; ð3:53Þ

IIq ¼ IIBiFundSOI−SOJð1 − rQ; a−12 Þ; ð3:54Þ

IIσC ¼ IISingletðrσC ; a−N1

1 a
−Nf

2 Þ: ð3:55Þ

For Neumann boundary conditions the 3D matter con-
tributions are

IIBiFundSOI−SOJ
N ðr;aÞ¼

�YnI
i¼1

YnJ
j¼1

1

ðqr
2asðIÞ�i sðJÞj

∓
;qÞ∞ðqr

2asðIÞ�i sðJÞj
�
;qÞ∞

��YnJ
j¼1

1

ðqr
2aχIs

ðJÞ
j

�
;qÞ∞

�ϵI
�YnI

i¼1

1

ðqr
2aχJs

ðIÞ
i

�
;qÞ∞

�ϵJ

×

�
1

ðqr
2aχIχJ;qÞ∞

�
ϵIϵJ

; ð3:56Þ

II
Nf FundSOI

N ðr; aÞ ¼
YNf

α¼1

�YnI
i¼1

1

ðqr
2asðIÞi

�xα; qÞ∞

��
1

ðqr
2aχIxα; qÞ∞

�
ϵI
; ð3:57Þ

IISym SOI
N ðr; aÞ ¼

�YnI
i;j¼1

1

ðqr
2asðIÞi sðIÞj

−1
; qÞ∞

��YnI
i≤j

1

ðqr
2asðIÞi

�sðIÞj
�
; qÞ∞

��
1

ðqr
2a; qÞ∞

QnI
i¼1ðq

r
2aχIs

ðIÞ
i

�
; qÞ∞

�
ϵI
; ð3:58Þ

II
SymSUðNfÞ
N ðr; aÞ ¼

YNf

α≤β

1

ðqr
2axαxβ; qÞ∞

: ð3:59Þ
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while for Dirichlet boundary conditions the 3D matter contributions are

IIBiFundSOI−SOJ
D ðr; aÞ ¼

�YnI
i¼1

YnJ
j¼1

ðq1−r
2a−1sðIÞ�i sðJÞj

∓
; qÞ∞ðq1−r

2a−1sðIÞ�i sðJÞj
�
; qÞ∞

��YnJ
j¼1

ðq1−r
2a−1χIs

ðJÞ
j

�
; qÞ∞

�ϵI

×

�YnI
i¼1

ðq1−r
2a−1χJs

ðIÞ
i

�
; qÞ∞

�ϵJ

ðq1−r
2a−1χIχJ; qÞϵIϵJ∞ ; ð3:60Þ

II
Nf FundSOI

D ðr; aÞ ¼
YNf

α¼1

�YnI
i¼1

ðq1−r
2a−1sðIÞi

�xα; qÞ∞
�
ððq1−r

2a−1χIxα; qÞ∞ÞϵI ; ð3:61Þ

IISym SOI
D ðr; aÞ ¼

�YnI
i;j¼1

ðq1−r
2a−1sðIÞi sðIÞj

−1
; qÞ∞

��YnI
i≤j

ðq1−r
2a−1sðIÞi

�sðIÞj
�
;qÞ∞

�

×

�
ðq1−r

2a−1; qÞ∞
YnI
i¼1

ðq1−r
2a−1χIs

ðIÞ
i

�
; qÞ∞

�ϵI

; ð3:62Þ

II
SymSUðNfÞ
D ðr; aÞ ¼

YNf

α≤β
ðq1−r

2a−1xαxβ; qÞ∞: ð3:63Þ

Finally, the contributions from the 2D matter multiplets are

IΓI ¼
�YnI

i¼1

ỸnI
j¼1

ðq1
2sðIÞ�i uðIÞ�j ;qÞ∞ðq1

2sðIÞ�i uðIÞ∓j ;qÞ∞
��ỸnI

j¼1

ðq1
2χ̃Iu

ðIÞ�
j ;qÞ∞

�ϵĨ�YnI
i¼1

ðq1
2χIs

ðIÞ�
i ;qÞ∞

�ϵI

ðq1
2χI χ̃I;qÞϵIϵĨ∞ ; ð3:64Þ

and we recall that χ̃I ¼ χIζI .
As for the full indices, all the above 3D and 2D matter contributions are modified in the case of χI ¼ −1 and

ϵI ¼ 0 by replacing every occurrence of sðIÞ�nI with simply �1, and similarly for the dual group in the case of the
2D Fermi.

E. SOð3Þ × SOð4Þ− ½3� ðN1 = 3;N2 = 4;Nf = 3Þ
Here Ñ1 ¼ 3 and Ñ2 ¼ 4 so both dual theories also have gauge group SOð3Þ × SOð4Þ.
The indices for the dual pair actually coincide. For rB ¼ 1=2 and rQ ¼ 1=3 we have the full-indices7

IA ¼ IB ¼ IC

¼ 1þ 6a22q
1=3

|fflfflfflffl{zfflfflfflffl}
TrðQQÞ

þ
�

a21|{z}
TrðBBÞ

þ 1

a41|{z}
vþ;0
A

�
q1=2 þ 21a42q

2=3

|fflfflfflfflffl{zfflfflfflfflffl}
TrðQQÞ2

þ
�

1

a31a
3
2|ffl{zffl}

v0;þA

þ 1

a51a
3
2|ffl{zffl}

vþ;þ
A

�
q3=4 þ 6

�
2a21|{z}

TrðQQÞTrðBBÞ;
TrðQðBBÞQÞ

þ 1

a41|{z}
vþ;0
A TrðQQÞ

�
a22q

5=6

þ 3

�
a31|{z}

ϵ1ϵ2B3Q

þ 1

a31|{z}
v−;0A ϵ1BQ

�
a2q11=12 þ q

�
2a41|{z}

TrðBBÞ2;
TrðBBBBÞ

þ 1

a21|{z}
vþ;0
A TrðBBÞ

þ 1

a81|{z}
v�2;0
A

þ 56a62|ffl{zffl}
TrðQQÞ3

− 10|{z}
TrðQψQÞ
TrðBψBÞ

�

7This example is also presented in [28] but we include a complete identification of the operators counted by the indices.
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þ 9

�
1

a31a2|ffl{zffl}
v0;þA TrðQQÞ;
v0;−A ϵ2Q2

þ 1

a51a2|ffl{zffl}
vþ;þ
A TrðQQÞ;
vþ;−
A ϵ2Q2

�
q13=12 þ q7=6

�
3

�
20a21a

4
2|fflfflffl{zfflfflffl}

TrðQQÞ2TrðBBÞ;
TrðQQÞTrðQðBBÞQÞ;
ðϵ2BQQQÞTrðBQÞ

þ 7a42
a41|{z}

vþ;0
A TrðQQÞ2

�
þ 6

a41a
2
2|ffl{zffl}

v−;þA ϵ1BQ;

v−;−A ϵ1ϵ2BQ

�

þ q5=4
�

19a31a
3
2|fflfflffl{zfflfflffl}

ðϵ1ϵ2BBBQÞTrðQQÞ;
ϵ1TrðBQÞ3

þ 1

a31a
3
2

�
19a62|ffl{zffl}

v−;0A ϵ1BQTrðQQÞ;
v−;0A ϵ1ϵ2BQ3

þ 2|{z}
vþ;þ
A TrðBBÞ

�
þ 1

a1a32|ffl{zffl}
v0;þA TrðBBÞ

þ 1

a91a
3
2|ffl{zffl}

vþ2;þ
A

�
þ � � � ð3:65Þ

We note the coefficient 2 of the q5=4=ða31a32Þ term. This
arises from the contributions of two different dressed
monopole operators schematically written vþ;þ

A TrðBBÞ.
The main point is that for each SOðNÞ group the monopole
flux breaks the gauge symmetry so that (loosely speaking) a
fundamental splits into a “massive” fundamental of SOð2Þ
due to the flux and a “massless” SOðN − 2Þ fundamental
following the description in [110]. For a bifundamental of
SOðN1Þ × SOðN2Þwewill get a massless bifundamental of
SOðN1 − 2Þ × SOðN2 − 2Þ. However, in the case where
the monopole has equal magnitude fluxes for both groups,
we can also get a massless bifundamental of SOð2Þ ×
SOð2Þ due to cancellation of the flux contributions to the

mass. Hence, in the vþ;þ
A background there are two distinct

gauge invariant operators by dressing the monopole with
the traces of the squares of these two massless bifunda-
mentals arising from B after symmetry breaking.8

Above we have taken the discrete fugacities ζI ¼ 1 and
χI ¼ 1. The duality holds for other values and the indices
have a similar expansion and identification of operators.
For example, if we take ζ1 ¼ −1 the effect is simply to
include a factor −1 with each of the monopole operators
with flux � for the SOð3Þ gauge node. For simplicity here
and in the following examples we list only the results with
all discrete fugacities set to 1.
The half-indices are given by

IIAN ;N ¼ IIBD;N ¼ IICN ;D ¼ 1þ 6a22q
1=3

|fflfflfflffl{zfflfflfflffl}
TrðQQÞ

þ a21q
1=2

|fflffl{zfflffl}
TrðBBÞ

þ q2=3
�

21a42|ffl{zffl}
TrðQQÞ2

− 3a2

�
w1 þ

1

w1

þ w2 þ
1

w2

�

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
QΓ2

�
þ 12a21a

2
2q

5=6

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
TrðQQÞTrðBBÞ;
TrðQðBBÞQÞ

þ q11=12
�
3a31a2|fflffl{zfflffl}
ϵ1ϵ2B3Q

− 3a1a2

�
vþ 1

v
þ 1

�

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
QBΓ1

�
þ q

�
2a41|{z}

TrðBBÞ2
− 19a32

�
w1 þ

1

w1

þ w2 −
1

w2

�

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
TrðQQÞQΓ2;ϵ2QQQΓ2

þ 56a62|ffl{zffl}
TrðQQÞ3

þ vþ 1

v
þ w1w2 þ

w2

w1

þ w1

w2

þ 1

w1w2

þ 3

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Γ1Γ1;Γ2Γ2

�
þ � � � ð3:66Þ

F. SOðN1Þ × SOðN2Þ− ½Nf � × SOðN3Þ
Now consider the case with three gauge nodes. Dualizing

either left or right gauge node leads to the ones discussed in
Sec. III AThe Seiberg-like dual of the SOðN2Þ gauge node
gives a SOðÑ2 ¼ N1 þ N3 þ Nf − N2 þ 2Þ gauge node,
all three gauge nodes have Nf flavors, there are bifunda-
mental chirals for each pair of gauge nodes, there are
symmetric rank-2 chirals for SOðN1Þ and SOðN3Þ, and a

singlet chiral in the symmetric rank-2 representation of the
flavor symmetry SUðNfÞ.
We propose the quadrality of the SO × SO × SO quivers

in Fig. 4. The monopole operators can be understood by
generalizing the results for the case of two gauge nodes. We
now have possible fluxes for each of the three gauge nodes.
Monopole operators without any negative fluxes are gauge
invariant so will contribute to the index and can be dressed
with any gauge invariant operator. A monopole with flux
−1 for gauge node I must be combined with a baryonic
combination of operators, specifically it will have a con-
traction with the antisymmetric tensor ϵI and dressed with8We thank Stefano Cremonesi for explaining this point.
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an operator with NI − 2 indices. In addition there are
monopoles with more than one flux. E.g. for any gauge
node SOðNÞwith N ≥ 4 there are monopole operators with
two nonzero fluxes for that node which need to be
contracted with the antisymmetric tensor and dressed with
an operator with N − 4 free indices [28]. The mapping of
monopole operators also generalizes naturally from the two

gauge nodes case. As there are many options we do not list
everything explicitly here.

G. SOð2Þ × SOð4Þ− ½1�− SOð2Þ
ðN1 = 2;N2 = 4;N3 = 2;Nf = 1Þ

Here Ñ2 ¼ 3 so the dual theory has gauge group
SOð2Þ × SOð3Þ × SOð2Þ.

FIG. 4. Quadrality of SOðN1Þ × SOðN2Þ − ½Nf� × SOðN3Þ quiver where Ñ1 ¼ N2 − N1 þ 2, 2Ñ2 ¼ N1 þ N3 þ Nf − 2N2 þ 2 and
Ñ3 ¼ N2 − N3 þ 2. All chirals ϕb, ϕ1

c, ϕ2
c, ϕd and M are in symmetric rank-2 representations.
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As we conjecture, the supersymmetric indices precisely agree with each other. For rB ¼ rC ¼ 2=5 and rQ ¼ 2=7 we get
the following full indices,

IA¼ IB¼ IC¼ ID

¼1þa22q
2=7

|fflffl{zfflffl}
TrðQQÞ

þq2=5ð a21|{z}
TrðB1B1Þ

þ a23|{z}
TrðB2B2Þ

Þþ q39=70

a21a2a
2
3|fflfflffl{zfflfflffl}

v0;þ;0
A

þa42q
4=7

|fflffl{zfflffl}
TrðQQÞ2

þ2a22q
24=35ð a21|{z}

TrðQQÞTrðB1B1Þ
TrðQB1B1QÞ

þ a23|{z}
TrðQQÞTrðB2B2Þ
TrðQB2B2QÞ

Þ

þ2q4=5ð a41|{z}
TrðB1B1Þ2

TrðB1B1B1B1Þ

þ 2a21a
2
3|fflffl{zfflffl}

TrðB1B1ÞTrðB2B2Þ
TrðB1B2B2B1Þ

ϵ1ϵ3ðB1B2ÞðB1B2Þ
ϵ1ϵ3ðB1B1ÞðB2B2Þ

þ a43|{z}
TrðB2B2Þ2

TrðB2B2B2B2Þ2

Þþ a2q59=70

a21a
2
3|fflfflfflffl{zfflfflfflffl}

v0;þ;0
A TrðQQÞ

þa62q
6=7

|fflffl{zfflffl}
TrðQQÞ3

þ2q67=70
�

1

a2a23|ffl{zffl}
v0;þ;0
A B1B1;

v0;−;0A ϵ1B1B1

þ 1

a2a21|ffl{zffl}
v0;þ;0
A B2B2;

v0;−;0A ϵ3B2B2

�
þ2a42q

34=35ð a21|{z}
TrðQQÞ2TrðB1B1Þ

TrðQQÞTrðQB1B1QÞ

þ a23|{z}
TrðQQÞ2TrðB2B2Þ

TrðQQÞTrðQB2B2QÞ

Þ

− 5q|{z}
TrðQψQÞ

TrðB1ψB1
Þ;ϵ1B1ψB1

TrðB2ψB2
Þ;ϵ1B2ψB2

þa22q
38=35ð 13a21a

2
3|fflfflffl{zfflfflffl}

TrðQQÞTrðB1B1ÞTrðB2B2Þ;
� ��

þ 5a41|{z}
TrðQQÞTrðB1B1Þ2;

TrðQQÞTrðB1B1B1B1Þ;
TrðQB1B1QÞTrðB1B1Þ;
TrðQB1B1B1B1QÞ;

ðQB1Þϵ1ðB1B1Þϵ1ðB1QÞ

þ 5a43|{z}
TrðQQÞTrðB2B2Þ2;

TrðQQÞTrðB2B2B2B2Þ;
TrðQB2B2QÞTrðB2B2Þ;
TrðQB2B2B2B2QÞ;

ðQB2Þϵ3ðB2B2Þϵ3ðB2QÞ

Þ

þ q39=35

a41a
2
2a

4
3|fflfflffl{zfflfflffl}

v0;þ2;0
A

þ a32q
79=70

a21a
2
3|fflfflfflffl{zfflfflfflffl}

v0;þ;0
A TrðQQÞ2

þa82q
8=7

|fflffl{zfflffl}
TrðQQÞ4

þ���; ð3:67Þ

where the counting can get a bit tedious, e.g., ðϵ1B1B1Þ2 is a linear combination of TrðB1B1Þ2 and TrðB1B1B1B1Þ, and we
have not explicitly listed the 13 different gauge invariant combinations of the QQB1B1B2B2 operators. Note that we only
see monopole operators of the form v0;�;0A to this order but others will contribute at higher order.
The half-indices are given by

IIAN ;N ;N ¼ IIBD;N ;N ¼ IICN ;D;N ¼ IIDN ;N ;D

¼ 1þa22q
2=7

|fflffl{zfflffl}
TrðQQÞ

þq2=5ð a21|{z}
TrðB1B1Þ

þ a23|{z}
TrðB2B2Þ

Þþa42q
4=7

|fflffl{zfflffl}
TrðQQÞ2

−
a2q9=14ðw2þwþ1Þ

w|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
QΓ2

þ2a22q
24=35ð a21|{z}

TrðQQÞTrðB1B1Þ
TrðQB1B1QÞ

þ a23|{z}
TrðQQÞTrðB2B2Þ
TrðQB2B2QÞ

Þþ2q4=5ð a41|{z}
TrðB1B1Þ2
ðϵ1B1B1Þ2

þ 2a21a
2
3|fflffl{zfflffl}

TrðB1B1ÞTrðB2B2Þ
TrðB1B2B2B1Þ

ϵ1ϵ2ðB1B2ÞðB1B2Þ
ϵ1ϵ2ðB1B1ÞðB2B2Þ

þ a43|{z}
TrðB2B2Þ2
ðϵ2B2B2Þ2

Þ
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− 2q59=70
�ða2a1ðv21v2 þ v1v22 þ v1 þ v2ÞÞ

v1v2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
QB1Γ1

þ ða2a3ðu21u2 þ u1u22 þ u1 þ u2ÞÞ
u1u2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
QB2Γ3

�

þ a62q
6=7

|fflffl{zfflffl}
TrðQQÞ3

−
a32q

13=14ðw2 þ wþ 1Þ
w|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

TrðQQÞQΓ2

þ 2a42q
34=35ð a21|{z}

TrðQQÞ2TrðB1B1Þ
TrðQQÞTrðQB1B1QÞ

þ a23|{z}
TrðQQÞ2TrðB2B2Þ

TrðQQÞTrðQB2B2QÞ

Þ þ � � � ; ð3:68Þ

IV. ORTHOSYMPLECTIC LINEAR QUIVERS

In this section we study the quiver gauge theories with both orthogonal and symplectic gauge groups.

A. SOðN1Þ × U Spð2N2Þ
The triality of SO × U Sp quiver is depicted in Fig. 5.
The required details for the full indices, half-indices and anomalies are mostly covered in the previous section for

symplectic and orthogonal groups. The extra ingredients required here are

FIG. 5. Triality of SOðN1Þ × U Spð2N2Þ quiver where Ñ1 ¼ 2N2 − N1 þ 2 and 2Ñ2 ¼ N1 þ Nf − 2N2 − 2. Here ϕb is in the rank-2
symmetric representation while ϕc and M are in antisymmetric representations. Note also that for consistency we must have
N1 þ Nf even.
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ZBiFundSOI−USpJ
ðr;aÞ¼ ðq1−r

2 a−1Þ
P

nI
i¼1

P
NJ
j¼1

jmðIÞ
i �mðJÞ

j jYnI
i¼1

YNJ

j¼1

ðq1−r
2
þ

jmðIÞ
i

−mðJÞ
j

j
2 a−1sðIÞ∓i sðJÞ�j ;qÞ∞ðq1−r

2
þ

jmðIÞ
i

þm
ðJÞ
j

j
2 a−1sðIÞ�i sðJÞ�j ;qÞ∞

ðqr
2
þ

jmðIÞ
i

−mðJÞ
j

j
2 asðIÞ�i sðJÞ∓j ;qÞ∞ðqr

2
þ

jmðIÞ
i

þm
ðJÞ
j

j
2 asðIÞ�i sðJÞ�j ;qÞ∞

×

�YNJ

j¼1

ðq1−r
2
þ

jmðJÞ
j

j
2 a−1χIs

ðJÞ�
j ;qÞ∞

ðqr
2
þ

jmðJÞ
j

j
2 aχIs

ðJÞ∓
j ;qÞ∞

�ϵI

; ð4:1Þ

ZSymU SpI
ðr; aÞ ¼ ðq1−2r

2 a−1Þ
P

NI
i≤j

jmðIÞ
i �mðIÞ

j j

×

�YNI

i;j¼1

ðq1−rþ
jmðIÞ

i
−mðIÞ

j
j

2 a−1sðIÞi
−1sðIÞj ; qÞ∞

ðqrþ
jmðIÞ

i
−mðIÞ

j
j

2 asðIÞi sðIÞj
−1
; qÞ∞

��YNI

i≤j

ðq1−rþ
jmðIÞ

i
þm

ðIÞ
j

j
2 a−1sðIÞi

∓sðIÞj
∓
;qÞ∞

ðqrþ
jmðIÞ

i
þm

ðIÞ
j

j
2 asðIÞi

�sðIÞj
�
; qÞ∞

�
; ð4:2Þ

ZAntisym SOI
ðr; aÞ ¼ ðq1−2r

2 a−1Þ
P

NI
i<j

jmðIÞ
i �mðIÞ

j j
�YnI

i;j¼1

ðq1−rþ
jmðIÞ

i
−mðIÞ

j
j

2 a−1sðIÞi
−1sðIÞj ; qÞ∞

ðqrþ
jmðIÞ

i
−mðIÞ

j
j

2 asðIÞi sðIÞj
−1
; qÞ∞

�

×

�YnI
i<j

ðq1−rþ
jmðIÞ

i
þm

ðIÞ
j

j
2 a−1sðIÞi

∓sðIÞj
∓
; qÞ∞

ðqrþ
jmðIÞ

i
þm

ðIÞ
j

j
2 asðIÞi

�sðIÞj
�
; qÞ∞

��YnI
i¼1

ðq1−rþ
jmðIÞ

i
j

2 a−1χIs
ðIÞ
i

�
; qÞ∞

ðqrþ
jmðIÞ

i
j

2 aχIs
ðIÞ
i

�
; qÞ∞

�ϵI

; ð4:3Þ

for the full indices and

IIBiFundSOI−U SpJ
N ðr; aÞ ¼

�YnI
i¼1

YNJ

j¼1

1

ðqr
2asðIÞ�i sðJÞj

∓
; qÞ∞ðqr

2asðIÞ�i sðJÞj
�
; qÞ∞

��YnJ
j¼1

1

ðqr
2aχIs

ðJÞ
j

�
; qÞ∞

�ϵI

; ð4:4Þ

IIAntisymSOI
N ðr; aÞ ¼

�YnI
i;j¼1

1

ðqr
2asðIÞi sðIÞj

−1
; qÞ∞

��YnI
i<j

1

ðqr
2asðIÞi

�sðIÞj
�
; qÞ∞

��
1QnI

i¼1ðq
r
2aχIs

ðIÞ
i

�
; qÞ∞

�
ϵI
; ð4:5Þ

IISymU SpI
N ðr; aÞ ¼

�YNI

i;j¼1

1

ðqr
2asðIÞi sðIÞj

−1
; qÞ∞

��YN2

j≤l

1

ðqr
2asðIÞi

�sðIÞj
�
; qÞ∞

�
; ð4:6Þ

IIBiFundSOI−U SpJ
D ðr; aÞ ¼

�YnI
i¼1

YnJ
j¼1

ðq1−r
2a−1sðIÞ�i sðJÞj

∓
; qÞ∞ðq1−r

2a−1sðIÞ�i sðJÞj
�
; qÞ∞

��YnJ
j¼1

ðq1−r
2a−1χIs

ðJÞ
j

�
; qÞ∞

�ϵI

; ð4:7Þ

IIAntisym SOI
D ðr; aÞ ¼

�YnI
i;j¼1

ðq1−r
2a−1sðIÞi sðIÞj

−1
; qÞ∞

��YnI
i<j

ðq1−r
2a−1sðIÞi

�sðIÞj
�
; qÞ∞

��YnI
i¼1

ðq1−r
2a−1χIs

ðIÞ
i

�
; qÞ∞

�ϵI

; ð4:8Þ

IISymU SpI
D ðr; aÞ ¼

�YNI

i;j¼1

ðq1−r
2a−1sðIÞi sðIÞj

−1
; qÞ∞

��YNI

i≤j
ðq1−r

2a−1sðIÞi
�sðIÞj

�
; qÞ∞

�
; ð4:9Þ

for the half-indices. Again, for the orthogonal groups if χI ¼ −1 and ϵI ¼ 0 we must replace sðIÞ�i with �1.
The new contributions to the anomaly polynomials are given by

ABiFundSOI−U SpJ
ðqR; qÞ ¼

NI

2
TrðsJ2Þ þ 2NJTrðsI2Þ þ NINJðq · aþ ðqR − 1ÞrÞ2; ð4:10Þ
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AAntisym SOI
ðqR; qÞ ¼ ðNI − 2ÞTrðsI2Þ þ

NIðNI − 1Þ
4

ðq · aþ ðqR − 1ÞrÞ2; ð4:11Þ

ASymU SpI
ðqR; qÞ ¼ðNI þ 1ÞTrðsI2Þ þ

NIð2NI þ 1Þ
2

ðq · aþ ðqR − 1ÞrÞ2: ð4:12Þ

B. SOð3Þ × U Spð4Þ− ½7� ðN1 = 3;N2 = 2;Nf = 7Þ
Here we have Ñ1 ¼ 3 and Ñ2 ¼ 2 so the gauge group for theories A, B and C is SOð3Þ × U Spð4Þ.
The supersymmetric indices agree with each other. For rB ¼ 2=5 and rQ ¼ 1=2 the expansions of full-indices are9

IA ¼ IB ¼ IC ¼ 1þ 21a22q
1=2

|fflfflfflfflffl{zfflfflfflfflffl}
TrðQQÞ

þ q13=20

a31a
7
2|fflffl{zfflffl}

v0;�A

þ q7=10

a41|ffl{zffl}
vþ;0
A

þ q3=4

a51a
7
2|ffl{zffl}

vþ;�
A

þ a41q
4=5

|fflffl{zfflffl}
TrðBBÞ2

þ 7a31a2q
17=20

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
ϵBBBQ

þ 28a21a
2
2q

9=10

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
TrðQðBBÞQÞ

þ ð231a42|fflffl{zfflffl}
TrðQQÞ2

− 50|{z}
TrðQΨQÞ
TrðBψBÞ

Þqþ
�

7
a2
a31|{z}

v−;0A BN1−2Q

þ 21
1

a31a
5
2|fflfflfflffl{zfflfflfflffl}

v0;�A TrðQQÞ

þ 1

a31a
7
2|ffl{zffl}

vþ;�
A TrðBBÞ

�
q23=20 þ

�
21

a22
a41|ffl{zffl}

vþ;0
A TrðQQÞ

þ 7

a41a
6
2|ffl{zffl}

v−;�A BN1−2Q

�
q6=5

þ 21q5=4

a51a
5
2|fflfflffl{zfflfflffl}

vþ;�
A TrðQQÞ

þ q13=10
�

42a41a
2
2|fflfflffl{zfflfflffl}

TrðQQÞTrðBBÞ2;
TrðBBÞTrðQðBBÞQÞ

þ 1

a61a
14
2|fflffl{zfflffl}

v0;�2
A

�
þ � � � ð4:13Þ

The half-indices are given by

IIAN ;N ¼ IIBD;N ¼ IICN ;D ¼ 1þ 21a22q
1=2

|fflfflfflfflffl{zfflfflfflfflffl}
TrðQQÞ

−
7q3=4ða2ðw2

1w2 þ w1w2
2 þ w1 þ w2ÞÞ

w1w2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
QΓ2

þ a41q
4=5

|fflffl{zfflffl}
TrðBBÞ2

þ 7a31a2q
17=20

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
ϵBBBQ

þ a21q
9=10

�
− 28a22|ffl{zffl}
TrðQðBBÞQÞ

þ vþ 1

v
þ 1

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
ϵBBΓ1

�
−
7q19=20ða1a2ðv2 þ vþ 1ÞÞ

v|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
QBΓ1

þ q

�
231a42|fflffl{zfflffl}
TrðQQÞ2

þ vþ 1

v
þ w2

1 þ
1

w2
1

þ w1w2 þ
w2

w1

þ w1

w2

þ 1

w1w2

þ w2
2 þ

1

w2
2

þ 3

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Γ1Γ1;Γ2Γ2

�
þ � � � ð4:14Þ

C. U Spð2N1Þ × U Spð2N2Þ− ½Nf � × SOðN3Þ
For consistency we need N3 þ Nf to be even. The dualization of the U Spð2N2Þ gauge node gives a U Spð2Ñ2 ¼

2N1 þ N3 þ Nf − 2N2 − 2Þ gauge node, all three gauge nodes have Nf flavors, there are antisymmetric rank-2 chirals for
U Spð2N1Þ and SOðN3Þ, and a singlet chiral in the antisymmetric rank-2 representation of the flavor symmetry SUðNfÞ.
We propose the quadrality in Fig. 6.

D. U Spð2Þ × U Spð6Þ− ½5� × SOð3Þ ðN1 = 1;N2 = 3;N3 = 3;Nf = 5Þ
Here Ñ2 ¼ 1 so the dual theory has gauge group U Spð2Þ × U Spð2Þ × SOð3Þ.

9See also [28].
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FIG. 6. Quadrality ofU Spð2N1Þ × U Spð2N2Þ − ½Nf� × SOðN3Þ quiver where Ñ1 ¼ N2 − N1 − 1, 2Ñ2 ¼ 2N1 þ N3 þ Nf − 2N2 −
2 and Ñ3 ¼ 2N2 − N3 þ 2, and we need N3 þ Nf to be even. Note that ϕb, ϕ1

c, ϕ2
c, and M are in antisymmetric rank-2 representations

while ϕd is in the symmetric representation.
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The full indices are given by

IA ¼ IB ¼ IC ¼ ID ¼ 1þ q2=7
�

1

a21a
5
2a

3
3

þ 10a22

�
þ a21q

2=5 þ q17=35

a61a
5
2a

3
3

þ q4=7
�

10

a21a
3
2a

3
3

þ 1

a41a
10
2 a63

þ 55a42

�

þ q24=35
�
20a21a

2
2 þ 15a22a

2
3 þ

1

a52a
3
3

�
þ 5a2a33q

26=35 þ q27=35ð10a21a72a33 þ 1Þ
a81a

10
2 a63

þ q4=5
�
a41 þ

1

a61
þ a43

�
þ q6=7

�
10

a41a
8
2a

6
3

þ 1

a61a
15
2 a93

þ 55

a21a2a
3
3

þ 220a62

�
þ � � � ð4:15Þ

The half-indices are given by

IIAN ;N ;N ¼ IIBD;N ;N ¼ IICN ;D;N ¼ IIDN ;N ;D

¼ 1þ 10a22q
2=7 þ a21q

2=5 þ 55a42q
4=7 −

5q9=14ða2ðw2 þ 1ÞÞ
w

þ 5a22q
24=35ð4a21 þ 3a23Þ

þ 5a2a33q
26=35 þ q4=5ða41 þ a43Þ −

5q59=70ða2a3ðv21v2 þ v1ðv22 þ v2 þ 1Þ þ v2ÞÞ
v1v2

þ 220a62q
6=7 −

a23q
9=10ðv21v2 þ v1ðv22 þ v2 þ 1Þ þ v2Þ

v1v2
−
50q13=14ða32ðw2 þ 1ÞÞ

w
þ � � � ð4:16Þ

For these indices and half-indices we do not write the
explicit operators contribution to each term as these can
easily be understood from the previous discussions.

E. U Spð2N1Þ × SOðN2Þ− ½Nf � × SOðN3Þ
Here we need N2 to be even. Dualizing the SOðN2Þ

gauge node leads to an SOðÑ2 ¼ 2N1 þ N3 þ Nf − N2 þ
2Þ gauge node and all three gauge nodes have Nf flavors,
there are bifundamental chirals for each pair of gauge
nodes, there are symmetric rank-2 chirals for U Spð2N1Þ

and SOðN3Þ, and a singlet chiral in the symmetric rank-2
representation of the flavor symmetry SUðNfÞ.
The proposed quadrality of the U Sp × SO × SO quiver

is illustrated in Fig. 7.

F. U Spð2Þ × SOð4Þ− ½1�− SOð2Þ
ðN1 = 1;N2 = 4;N3 = 2;Nf = 1Þ

Here Ñ2 ¼ 3 so the dual theory has gauge group
U Spð2Þ × SOð3Þ × SOð2Þ.
The full indices of theory A and theory C perfectly

match. They are

IA ¼ IB ¼ IC ¼ ID ¼ 1þ q11=70

a41a2a
2
3

þ q1=5

a41
þ a22q

2=7 þ q11=35

a81a
2
2a

4
3

þ q5=14

a81a2a
2
3

þ q2=5
�
1

a81
þ a23

�
þ a2q31=70

a41a
2
3

þ q33=70

a121 a32a
6
3

þ a22q
17=35

a41
þ q18=35

a121 a22a
4
3

þ q39=70ð2a81a23 þ 2a101 þ 1Þ
a121 a2a23

þ a42q
4=7 þ q3=5

�
a23
a41

þ 1

a81a
4
3

þ 1

a121

�

þ q22=35

a161 a42a
8
3

þ a2q9=14

a81a
2
3

þ q47=70

a161 a32a
6
3

þ a22q
24=35

�
1

a81
þ 2a23

�
þ � � � ð4:17Þ

The half-indices are given by

IIAN ;N ;N ¼ IIBD;N ;N ¼ IICN ;D;N ¼ IIDN ;N ;D ¼ 1þ a22q
2=7 þ a23q

2=5 þ a42q
4=7 −

a2q9=14ðw2 þ wþ 1Þ
w

þ 2a22a
2
3q

24=35

þ q4=5ð2a21a23 þ a41 þ 2a43Þ −
2q59=70ða2a3ðv21v2 þ v1v22 þ v1 þ v2ÞÞ

v1v2
þ a62q

6=7

−
a32q

13=14ðw2 þ wþ 1Þ
w

þ 2a42a
2
3q

34=35 þ � � � ð4:18Þ
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Again, for these indices and half-indices we do not write
the explicit operators contribution to each term as these can
easily be understood from the previous discussions.

V. UNITARY LINEAR QUIVERS

We now come to the case of unitary gauge groups.
Again, for two gauge nodes the general description of these

bulk dualities was given in [28]. We will generalize this to
include Chern-Simons levels (see also Ref. [26]) and to
cases with additional gauge nodes. As we will discuss, we
expect the duality extends to the case with boundary in a
similar way to the symplectic and orthogonal cases, but it
appears we need to include 2D charged chiral multiplets
(not just Fermis) to cancel gauge anomalies and match
’t Hooft anomalies. This complicates the evaluation of the

FIG. 7. Quadrality of U Spð2N1Þ × SOðN2Þ − ½Nf� × SOðN3Þ quiver with even N2 where 2Ñ1 ¼ N2 − 2N1 − 2, Ñ2 ¼ 2N1 þ N3 þ
Nf − N2 þ 2 and Ñ3 ¼ N2 − N3 þ 2. Note that ϕd, ϕ1

c, ϕ2
c and M are in symmetric rank-2 representations while ϕb is in the

antisymmetric representation.
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half-indices by requiring use of the JK residue prescription
which we leave to future work. Here we discuss the
anomaly cancellation and matching, and simply conjecture
the dualities with boundaries.

A. UðN1Þ × UðN2Þ− ½Nf �
We summarize the case with two gauge nodes which was

presented in [28]. We start with theory A, and UðN1Þ ×
UðN2Þ gauge theory with bifundamental chirals B and B̃ in
the ðN1; N2Þ and ðN̄1; N2Þ representations, as well as Nf

chirals Q in the fundamental representation of UðN2Þ, and
Na chirals Q̃ in the antifundamental representation of
UðN2Þ. For now we fix Na ¼ Nf and consider cases with
Na ≠ Nf to arise from integrating out some fundamental or
antifundamental chirals. The Chern-Simons levels vanish
(but can be generated by integrating out fundamental and/or
antifundamental chirals) but in comparison to orthogonal
and symplectic gauge groups we have Uð1Þ topological
symmetries and background Fayet-Iliopoulos (FI) terms.
Theory A has vanishing superpotential.
Provided Ñ1 ≡ N2 − N1 ≥ 0 there is a dual theoryBgiven

by Seiberg-like duality on theUðN1Þ gauge factor. The result
is a UðÑ1Þ ×UðN2Þ gauge theory with bifundamental
chirals b and b̃ in the ðÑ1; N̄2Þ and ð ¯̃N1; N2Þ representations,
an adjoint chiral ϕb ofUðN2Þ, as well asNf chiralsQ in the
fundamental representation of UðN2Þ, and Na chirals Q̃ in
the antifundamental representation of UðN2Þ. We also have
gauge singlets σ�B which are dual to monopoles in theory A.

The Chern-Simons levels vanish but we again have back-
ground FI terms. The superpotential is given by

W ¼ σ�Bv
�;0
B þ Trðb̃ϕbbÞ: ð5:1Þ

Provided Ñ2 ≡ N1 − N2 þ Nf ≥ 0 there is a dual theory
C given by Seiberg-like duality on the UðN2Þ gauge factor.
The result is a UðN1Þ ×UðÑ2Þ gauge theory with bifunda-
mental chirals c and c̃ in the ðN1;

¯̃N2Þ and ðN̄1; Ñ2Þ
representations, an adjoint chiral ϕc of UðN1Þ, as well as
Nf chirals p and q in the fundamental representations of
UðN1Þ and UðÑ2Þ, and Na chirals p̃ and q̃ in the anti-
fundamental representations ofUðN1Þ andUðÑ2Þ. Againwe
have gauge singlets σ�B which are dual to monopoles in
theory A, but now also an additional Nf × Na matrix of
singlets. The Chern-Simons levels vanish but we again have
background FI terms. The superpotential is given by

W ¼ σ�Cv
0;�
C þ Trðc̃ϕccÞ þ TrðqcpÞ þ Trðq̃ c̃ p̃Þ

þ TrðqMq̃Þ: ð5:2Þ

The triality of the U × U quivers is shown in Fig. 8.
The global symmetry group is given by a SUðNfÞ ×

SUðNaÞ flavor symmetry, two axial symmetries Uð1Þa1×
Uð1Þa2 , two topological symmetries Uð1Þy1 ×Uð1Þy2 and
theUð1ÞR R-symmetry. The following table lists the charges
and representations of the fields in each theory (for simplicity
still restricted to the case Na ¼ Nf).

SUðNfÞ SUðNaÞ Uð1Þy1 Uð1Þy2 Uð1Þa1 Uð1Þa2 Uð1ÞR
B; B̃ 1 1 0 0 1 0 rB
Q Nf 1 0 0 0 1 rQ
Q̃ 1 Na 0 0 0 1 rQ
b; b̃ 1 1 0 0 −1 0 1 − rB
ϕb 1 1 0 0 2 0 2rB
Q N̄f 1 0 0 0 1 rQ
Q̃ 1 Na 0 0 0 1 rQ
σ�B 1 1 �1 0 −N2 0 N2ð1 − rBÞ − ðN1 − 1Þ
c; c̃ 1 1 0 0 −1 0 1 − rB
ϕc 1 1 0 0 2 0 2rB
p N̄f 1 0 0 1 1 rB þ rQ
p̃ 1 Na 0 0 1 1 rB þ rQ
M Nf N̄a 0 0 0 2 2rQ
q N̄f 1 0 0 0 −1 1 − rQ
q̃ 1 Na 0 0 0 −1 1 − rQ
σ�C 1 1 0 �1 −N1 −Nf N1ð1 − rBÞ þ Nfð1 − rQÞ − ðN2 − 1Þ

ð5:3Þ
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B. Supersymmetric indices for unitary
gauge theories

Our notation for the indices [49–54] for the unitary cases
is similar to that for other gauge groups. However, we now
have separate fugacities x and x̃ for the SUðNfÞ and
SUðNaÞ flavor symmetries and we introduce fugacities
z1, z2 for the topological symmetries.
The superconformal indices for theories A, B, and C are

IA ¼ ZU1
gaugeZ

U2
gaugeZmatterA; ð5:4Þ

IB ¼ ZŨ1
gaugeZ

U2
gaugeZmatterB; ð5:5Þ

IC ¼ ZU1
gaugeZ

Ũ2
gaugeZmatterC; ð5:6Þ

where

ZUI
gauge¼

X

mðIÞ
i ∈Z

1

NI!

I �YNI

i¼1

dsðIÞi

2πisðIÞi

ð−sðIÞi ÞkImðIÞ
i z

mðIÞ
i

I

�

×q−
P

NI
i<j

jmðIÞ
i −mðIÞ

j j=2YNI

i≠j
ð1−qjm

ðIÞ
i −mðIÞ

j j=2sðIÞi sðIÞ−1j Þ;

ð5:7Þ

and

ZmatterA ¼ ZB;B̃Z
Nf

Q ZNa

Q̃
; ð5:8Þ

ZmatterB ¼ Zb;b̃Zϕb
Z
Nf

Q ZNa

Q̃
ZσþB

Zσ−B
; ð5:9Þ

ZmatterC ¼ Zc;c̃Zϕc
Z
Nf
p ZNa

p̃ Z
NfNa

M Z
Nf
q ZNa

q̃ ZσþC
Zσ−C

: ð5:10Þ

Abovewe have included Chern-Simons levels k1 forUðN1Þ
etc., but for now we take these levels to all vanish. Note also
that for ŨI ¼ UðÑIÞ the topological symmetry is the same
as forUI ¼ UðNIÞ so in both cases we label the fugacity zI.
There can be a nontrivial mapping of topological fugacities

FIG. 8. Triality of U × U quivers where Ñ1 ¼ N2 − N1 and Ñ2 ¼ N1 þ Nf − N2.
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under Seiberg-like duality. Specifically, while the fugacities
in theory B are the same as those in theory A, in theory C
the matching requires the replacement of z2 → 1=z2 and
z1 → z1z2. Indeed, this mapping for theory C is to be
expected from the mapping of FI terms as seen from
analysis of contact terms in similar contexts of Seiberg
duality [30,85,91,116] and it was observed explicitly in this
context in [28].10 The reason the mapping is trivial when
the gauge node being dualized is only attached to other
gauge nodes, i.e., has no flavors, is not entirely clear.
However, the explanation seems to be that the same
mapping holds11 but is a symmetry exchanging some
monopole operators. This can be seen explicitly in the
examples later in this section. Note also that for a single
gauge node the index is symmetric under the inversion of
the topological fugacity z → 1=z so this mapping of
topological fugacities also cannot be observed in those
indices.
The matter contributions are given by

ZB;B̃ ¼ ZBiFundU1−U2
ðrB; a1Þ; ð5:11Þ

Z
Nf

Q ¼ ZNf FundU2
ðrQ; a2Þ; ð5:12Þ

ZNa

Q̃
¼ ZNa AntiFundU2

ðrQ; a2Þ; ð5:13Þ

Zb;b̃ ¼ ZBiFundU1−U2
ð1 − rB; a−11 Þ; ð5:14Þ

Zϕb
¼ ZAdjU1

ð2rB; a22Þ; ð5:15Þ

Zσ�B
¼ ZSingletðrσB ; z�1 a−2N2

1 Þ; ð5:16Þ

Zc ¼ ZBiFundUI−UJ
ð1 − rB; a−11 Þ; ð5:17Þ

Zϕc
¼ ZAdjUI

ð2rB; a21Þ; ð5:18Þ

Z
Nf
p ¼ Z FundU1

ðrB þ rQ; a1a2Þ; ð5:19Þ

Z
Nf

p̃ ¼ ZAntiFundU1
ðrB þ rQ; a1a2Þ; ð5:20Þ

Z
Nf
q ¼ Z FundU2

ð1 − rQ; a−12 Þ; ð5:21Þ

Z
Nf

q̃ ¼ Z FundU2
ð1 − rQ; a−12 Þ; ð5:22Þ

Zσ�C
¼ ZSingletðrσC ; z�2 a−2N1

1 a
−2Nf

2 Þ; ð5:23Þ

where rσB≡ð1−rBÞN2−ðN1−1Þ and rσC ≡ ð1 − rBÞN1þ
ð1 − rQÞNf − ðN2 − 1Þ and

ZBiFundUI−UJ
ðr;aÞ¼

YNI

i¼1

YNJ

j¼1

ðq1−ra−2ÞðjmðIÞ
i −mðJÞ

j jÞ=2

×
ðq1þðjmðIÞ

i −mðJÞ
j j−rÞ=2a−1sðIÞ∓i sðJÞ�j ;qÞ∞

ðqðjmðIÞ
i −mðJÞ

j jþrÞ=2asðIÞ�i sðJÞ∓j ;qÞ∞
;

ð5:24Þ

Z
Nf

FundUI
¼

YNf

α¼1

YNI

i¼1

ðq1−ra−2ðsðIÞi Þ−2ÞjmðIÞ
i j=4

×
ðq1þðjmðIÞ

i j−rÞ=2a−1ðsðIÞi Þ−1x−1α ; qÞ∞
ðqðjmðIÞ

i jþrÞ=2asðIÞi xα; qÞ∞
; ð5:25Þ

ZNa
AntiFundUI

¼
YNa

α¼1

YNI

i¼1

ðq1−ra−2ðsðIÞi Þ2ÞjmðIÞ
i j=4

×
ðq1þðjmðIÞ

i j−rÞ=2a−1sðIÞi x̃−1α ; qÞ∞
ðqðjmðIÞ

i jþrÞ=2aðsðIÞi Þ−1x̃α; qÞ∞
; ð5:26Þ

ZAdjUI
¼

YNI

i;j¼1

ðq1−ra−2ÞjmðIÞ
i −mðIÞ

j j=4

×
ðq1þðjmðIÞ

i −mðIÞ
j j−rÞ=2a−1ðsðIÞi Þ−1sðIÞj ; qÞ∞

ðqðjmðIÞ
i −mðIÞ

j jþrÞ=2asðIÞi ðsðIÞj Þ−1; qÞ∞
; ð5:27Þ

Z
NfNa

M ¼
YNf

α¼1

YNa

β¼1

ðq1−rQa−22 x−1α x̃β;qÞ∞
ðqrQa22xαx̃−1β ; qÞ∞

: ð5:28Þ

C. Boundary ’t Hooft anomalies

Initially, we focus on the following sets of boundary
conditions:

(i) ðN ;N ; N; N; N;NÞ for ðVM1;VM2; B; B̃; Q; Q̃Þ in
theory A.

(ii) ðD;N ; D;D;N;N;N;DÞ for ðVM3;VM2; b; b̃;ϕb;
Q; Q̃; σ�B Þ in theory B.

(iii) ðN ;D; D;D;N;N;N;N;D;D;DÞ for ðVM1;VM4;
c; c̃;ϕc; p; p̃;M; q; q̃; σ�CÞ in theory C.

We will see that with suitable additional 2D boundary
multiplets, we can cancel the gauge anomalies for the gauge
group factors with Neumann boundary conditions, and
match the anomalies.
For the multiplets we have discussed the contributions to

the anomaly polynomial are given by the following
expressions [40,48] if we have Dirichlet boundary con-
ditions. For Neumann boundary conditions we just take the
opposite sign. Taking the multiplets to have R-charge qR, a
vector of Uð1Þai charges q we have

AVMUI
¼ −NITrðsI2Þ þ TrðsIÞ2 −

N2
I

2
r2; ð5:29Þ

10The mapping given in [28] differs by exchanging the indices
1 ↔ 2 on the topological fugacities but this appears to be a typo.

11i.e., specifically z1 → 1=z1 and z2 → z1z2 for the map to
theory B.
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ANf FundUI
ðqR; qÞ ¼

NI

2
Trðx2Þ þ Nf

2
TrðsI2Þ þ 2NfTrðsIÞðq · aþ ðqR − 1ÞrÞ þ NINfðq · aþ ðqR − 1ÞrÞ2;

ANa AntiFundUI
ðqR; qÞ ¼

NI

2
Trðx̃2Þ þ Na

2
TrðsI2Þ − 2NaTrðsIÞðq · aþ ðqR − 1ÞrÞ þ NINaðq · aþ ðqR − 1ÞrÞ2;

ABiFundUI−UJ
ðqR; qÞ ¼

NI

2
TrðsJ2Þ þ

NJ

2
TrðsI2Þ þ NINJðq · aþ ðqR − 1ÞrÞ2;

þ ðNJTrðsIÞ − NITrðsJÞÞðq · aþ ðqR − 1ÞrÞ; ð5:30Þ

AAdjUI
ðqR; qÞ ¼ NITrðsI2Þ − TrðsIÞ2 þ

N2
I

2
ðq · aþ ðqR − 1ÞrÞ2: ð5:31Þ

In this notation sI is the UðNIÞ field strength, a is a vector of Uð1Þai field strengths.
We then find for Na ¼ Nf the following anomaly polynomials for the bulk fields, including FI contributions 2sIyI or

2s̃IyI for each UðNIÞ or UðÑIÞ gauge group factor where yI are the topological Uð1ÞyI field strengths

AABulk
N ;N ;N;N;N;N ¼ N1N2a21 − N2Nfa22 þ 2N1N2ð1 − rBÞa1rþ 2N2Nfð1 − rBÞa2r

þ
�
1

2
ðN1 − N2Þ2 þ N1N2rBð2 − rBÞ − N2Nfð1 − rQÞ2

�
r2 þ Trðs1Þ2 þ ðN1 − N2ÞTrðs21Þ

− Trðs2Þ2 þ ð−N1 þ N2 − NfÞTrðs22Þ þ 2y1Trðs1Þ þ 2y2Trðs2Þ −
1

2
N2ðTrðx2

fÞ þ Trðx2
aÞÞ; ð5:32Þ

ABBulk
D;N ;D;D;N;N;N;D ¼ N1N2a21 − N2Nfa22 þ 2N1N2ð1 − rBÞa1rþ 2N2Nfð1 − rBÞa2r

þ
�
1

2
ðN1 − N2Þ2 þ N1N2rBð2 − rBÞ − N2Nfð1 − rQÞ2

�
r2 þ ð−N1 þ N2 − NfÞTrðs22Þ

þ Trðs̃1Þ2 þ N1Trðs̃21Þ þ 2y1Trðs̃1Þ þ y21 þ 2y2Trðs2Þ −
1

2
N2ðTrðx2

fÞ þ Trðx2
aÞÞ; ð5:33Þ

ACBulk
N ;D;D;D;N;N;N;N;D;D;D ¼ N1N2a21 − N2Nfa22 þ 2N1N2ð1 − rBÞa1rþ 2N2Nfð1 − rBÞa2r

þ
�
1

2
ðN1 − N2Þ2 þ N1N2rBð2 − rBÞ − N2Nfð1 − rQÞ2

�
r2 þ ðN1 − N2ÞTrðs21Þ

þ Trðs̃2Þ2 þ N2Trðs̃22Þ þ 2y1Trðs1Þ þ 2y2Trðs̃2Þ þ y22 −
1

2
N2ðTrðx2

fÞ þ Trðx2
aÞÞ: ð5:34Þ

Recalling that Ñ1 ¼ N2 − N1 and Ñ2 ¼ N1 − N2 þ Nf, and that due to theD boundary conditionsUðÑ1Þ andUðÑ2Þ are
global symmetries on the boundary, whereas UðN1Þ and UðN2Þ are gauge symmetries due to the N boundary conditions,
we can cancel all gauge anomalies with the following 2D multiplets.

UðN1Þ UðN2Þ UðÑ1Þ UðÑ2Þ Uð1Þy1 Uð1Þy2
Fermi η1 det 1 det−1 1 −1 0

Fermi η2 1 det 1 det−1 0 −1
Fermi Γ1 N1 1 Ñ1 1 0 0

Fermi Γ2 1 N2 1 Ñ2 0 0

Chiral χ1 det 1 1 1 0 0

Chiral χ2 1 det 1 1 0 0

ð5:35Þ

In particular, subject the ambiguity described below, we need to include
(i) η1, η2, Γ1, Γ2 in theory A.
(ii) η2, Γ2, χ2 in theory B.
(iii) η1, Γ1, χ1 in theory C.
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Including the contribution of those 2D multiplets in each theory all gauge anomalies are cancelled and the resulting
anomaly polynomials match

ATotal ¼ N1N2a21 − N2Nfa22 þ 2N1N2ð1 − rBÞa1rþ 2N2Nfð1 − rBÞa2r

þ
�
1

2
ðN1 − N2Þ2 þ N1N2rBð2 − rBÞ − N2Nfð1 − rQÞ2

�
r2 þ Trðs̃1Þ2 þ N1Trðs̃21Þ þ Trðs̃2Þ2 þ N2Trðs̃22Þ

þ 2y1Trðs̃1Þ þ y21 þ 2y2Trðs̃2Þ þ y22 −
1

2
N2ðTrðx2

fÞ þ Trðx2
aÞÞ: ð5:36Þ

It should be noted that conjugate representations give the
same contribution to the anomaly polynomial, so we cannot
distinguish between them here. For Fermi multiplets this is
not important as conjugate representations also give the
same contribution to the half-index. However, for 2D
chirals the contributions are not quite the same, so we
should also consider the possibility that the chirals χI are in
the det−1 representations.
While the theory A half-indices can be straightforwardly

evaluated, due to the presence of 2D chiral multiplets the
theory B and C half-indices cannot be evaluated simply by
taking a contour around the origin. Instead it is necessary to
use the JK residue prescription [94–96]. This involves some
computational complexity so we do not evaluate these in
this article, leaving the issue of checking the matching of
half-indices to future work.
We could also consider the case with all boundary

conditions reversed. As for the symplectic and orthogonal

groups we can cancel the gauge anomalies and match the
global anomalies by rearranging the bifundamental Fermis,
but now we also need to change the sign of the topological
charges of the bideterminant Fermis. As there are fewer
constraints from canceling gauge anomalies in this case,
there are two obvious ways to include the determinant
representation 2D matter to match anomalies. In particular
we find either

(i) χ1, χ2 in theory A.
(ii) η01, Γ1, χ1 in theory B.
(iii) η02, Γ2, χ2 in theory C.

or
(iv) None in theory A.
(v) η01, Γ1, χ̃2 in theory B.
(vi) η02, Γ2, χ̃1 in theory C.

where we have defined the following additional 2D matter
multiplets

UðN1Þ UðN2Þ UðÑ1Þ UðÑ2Þ Uð1Þy1 Uð1Þy2
Fermi η01 det 1 det−1 1 1 0

Fermi η02 1 det 1 det−1 0 1

Fermi χ̃1 det 1 1 1 0 0

Fermi χ̃2 1 det 1 1 0 0

ð5:37Þ

D. Uð1Þ × Uð2Þ− ½2� ðN1 = 1;N2 = 2;Nf =Na = 2Þ
We have checked that the three supersymmetric indices coincide. For rB ¼ 1=5, rQ ¼ 3=8 we find the full indices

IA ¼ IB ¼ IC ¼ 1þ a21q
1=5

|fflffl{zfflffl}
TrðBB̃Þ

þ 4a22q
3=8

|fflfflfflffl{zfflfflfflffl}
TrðQ̃QÞ

þ a41q
2=5

|fflffl{zfflffl}
TrðBB̃Þ2

þ q21=40

a1a22
ðz1z2 þ z−11 z−12|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

v�;�
A

þ z2 þ z−12|fflfflfflffl{zfflfflfflffl}
v0;�A

Þ þ 8a21a
2
2q

23=40

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
TrðQ̃QÞTrðBB̃Þ;
TrðQ̃BB̃QÞ

þ a61q
3=5

|fflffl{zfflffl}
TrðBB̃Þ3

þ a1q29=40

a22
ðz1z2 þ z−11 z−12|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

v�;�
A TrðBB̃Þ

þ z2 þ z−12|fflfflfflffl{zfflfflfflffl}
v0;�A TrðBB̃Þ

Þ þ 10a42q
3=4

|fflfflfflfflffl{zfflfflfflfflffl}
TrðQ̃QÞ2

þ 8a41a
2
2q

31=40

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
TrðQ̃QÞTrðBB̃Þ2;
TrðQ̃BB̃QÞTrðBB̃Þ

þ q4=5
�

a81|{z}
TrðBB̃Þ4

þ 1

a21
ðz1 þ z−11 Þ

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
v�;0
A

�
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þ 4q9=10

a1
ðz1z2 þ z−11 z−12|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

v�;�
A TrðQ̃QÞ

þ z2 þ z−12|fflfflfflffl{zfflfflfflffl}
v0;�A TrðQ̃QÞ

Þ þ a31q
37=40

a22
ðz1z2 þ z−11 z−12|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

v�;�
A TrðBB̃Þ2

þ z2 þ z−12|fflfflfflffl{zfflfflfflffl}
v0;�A TrðBB̃Þ2

Þ

þ 25a21a
4
2q

19=20

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
TrðQ̃QÞ2TrðBB̃Þ;
TrðQ̃QÞTrðQ̃BB̃QÞ

þ 8a61a
2
2q

39=40

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
TrðQ̃QÞTrðBB̃Þ3;

TrðQ̃BB̃QÞTrðBB̃Þ3

þ ð a101|{z}
TrðBB̃Þ5

− 10|{z}
Bψ B̃;B̃ψB;Qψ Q̃;Q̃ψQ

Þqþ � � � : ð5:38Þ

To this order we have identified all the operators in
theory A which contribute. Note that the contribution at
order q19=20 would naively have a coefficient 26 from
TrðQ̃QÞ2 TrðBB̃Þ giving a contribution 10 to the coefficient
and TrðQ̃QÞ TrðQ̃BB̃QÞ giving a contribution 16.
However, noting the particular gauge groups involved, it
turns out that there is one linear relation between the 6
operators which would generically be formed in these ways
from Q1; Q2; Q̃1; Q̃2; B; B̃. Therefore, the coefficient is in
fact expected to be 25, in agreement with the index
calculations.
While the identification of operators above is given for

theory A, we can make the identification in theories B and
C too. The details of the operator map are given in [28] and
are similar to the maps for the symplectic and orthogonal
gauge groups so we do not repeat them here.

E. Chern-Simons levels

As is well known, we can also generate nonzero Chern-
Simons levels by giving large positive or negative masses to
the chirals Q as first derived for unitary groups by taking a
limit of the partition function in [112], following the
original proposal using brane constructions in [3]. We
can also generate nonzero Chern-Simons levels by giving
large positive or negative masses to the chirals Q and Q̃. In
the simplest case we start with Nf ¼ Na ¼ N̂f þ jkj
fundamental and antifundamental chirals and give masses
(of the same sign) to jkj of them to leave Nf ¼ Na ¼ N̂f

fundamental and antifundamental chirals. This generates a
Chern-Simons level k for the UðN2Þ gauge node in theories
A and B with k > 0 by sending the masses to þ∞ and
k < 0 by sending the masses to −∞. There are no other
changes to theories A and B so the result is that the duality
holds for arbitrary Chern-Simons level k for UðN2Þ.
However, the effect on theory C is more involved. In the
case where we send the masses of jkj multipletsQ and Q̃ to
�∞, in theory C we must also send the masses of jkj
multiplets q and q̃ and of σþC and σ−C to ∓ ∞ while also
sending the masses of jkj multiplets p and p̃ to �∞. This
modifies theory C by having Ñ2 ¼ N1 − N2 þ N̂f þ jkj
while having N̂f flavors, removing the σ�C multiplets,
and giving gauge group with Chern-Simons levels
UðN1Þk ×UðÑ2Þ−k.

F. Uð1Þ × Uð2Þk − ½2− jkj� ðN1 = 1;N2 = 2; N̂f = 2− jkj)
By sending some or all chiral flavor masses to infinity for

the example given in section V D, we can produce
examples with k ¼ �1 or k ¼ �2 where theory A has
gauge group Uð1Þ ×Uð2Þk with 2 − jkj flavors, theory B
has gauge group Uð1Þ × Uð2Þk with 2 − jkj flavors, and
theory C has gauge group Uð1Þk × Uð1Þ−k with 2 − jkj
flavors and no σ�C multiplets.
For k ¼ 2 we have removed all flavors and we find

agreement of the full indices given by

IA ¼ IB ¼ IC ¼ 1þa21q
1=5þa41q

2=5þa61q
3=5þ

q4=5ða101 þ z1þ 1
z1
Þ

a21
þða101 − 2Þqþa121 q6=5

þa141 q7=5þq8=5ða201 z21þ z41þ 1Þ
a41z

2
1

þ
�
a181 þ 1

a21

�
q9=5þða201 − 3Þq2þa21ða201 − 2Þq11=5

þq12=5ða301 z31þ z61þ 1Þ
a61z

3
1

þa261 q13=5þða301 þ 2Þq14=5
a21

þq3
�
a301 þ z1þ

1

z1

�

þ
q16=5ða401 − 4a101 þ z41þ 1

z4
1

Þ
a81

þa41ða301 − 2Þq17=5þa361 q18=5þq19=5ða401 z1− 2z21þ z1− 2Þ
a21z1

þ�� � ð5:39Þ
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We can see that, at least to order q, the indices agree with
the results for the k ¼ 0 case given in equation (5.38)
subject to the removal of all terms (in the theory A
interpretation) involving the fundamental chiral multiplets
(containingQ and ψQ) or any monopole operators with flux
in the Uð2Þ gauge group—monopoles with flux only in
Uð1Þ survive.

G. UðN1Þ × UðN2Þ− ½Nf � × UðN3Þ
As for the previous gauge groups, we can easily general-

ize to a linear quiver with three gauge nodes, with a theory
D corresponding to dualizing theUðN3Þ gauge node. These
theories are described by the quiver diagrams in Fig. 9. The
structure of theory D is the same as of theory B while, up to
some notational differences, theories A and B are the same

FIG. 9. Quadrality of UðN1Þ × UðN2Þ − ½Nf� × UðN3Þ quiver where Ñ1 ¼ N2 − N1, Ñ2 ¼ N1 þ N3 þ Nf − N2 and Ñ3 ¼ N2 − N3.
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as for the case of two gauge nodes other than the
additional UðN3Þ gauge node and bifundamental matter
connecting gauge nodes 2 and 3. The generalization of
theory C to the case of three gauge nodes is a little more
involved but still straightforward. The theory C super-
potential is given by

W¼ σ�Cv
0;�;0
C þ

X2

I¼1

ðTrðc̃IϕI
ccIÞþTrðqcIpIÞþTrðq̃c̃Ip̃IÞÞ

þTrðc1c2c3ÞþTrðc̃1c̃2c̃3ÞþTrðqMq̃Þ: ð5:40Þ

The topological fugacities are mapped nontrivially but in a
generalization of the result for the case of two gauge nodes
so that in theory C (assuming Nf ≠ 0) we need to replace
z1 → z1z2, z2 → 1=z2 and z3 → z2z3.

H. Uð1Þ × Uð2Þ− ½2� × Uð1Þ
Theory A and its dual theory C, by dualizing the Uð2Þ

gauge node, are given by the quivers in Fig. 9. We have
confirmed that the full indices match. For rB ¼ 2=5 and
rQ ¼ 2=7 they are given by

IA ¼ IB ¼ IC ¼ ID ¼ 1þ 4a22q
2=7 þ q2=5ða21 þ a23Þ þ 10a42q

4=7 þ q3=5
�z1 þ 1

z1

a21
þ z23 þ 1

a23z3

�
þ 8a22q

24=35ða21 þ a23Þ

þ q4=5ða21 þ a23Þ2 þ
q57=70ðz1 þ 1Þðz3 þ 1Þðz1z22z3 þ 1Þ

a1a22a3z1z2z3
þ 20a62q

6=7

þ 4a22q
31=35

�z1 þ 1
z1

a21
þ z23 þ 1

a23z3

�
þ 25a42q

34=35ða21 þ a23Þ þ � � � ð5:41Þ

VI. CIRCULAR LINEAR QUIVERS

As we have confirmed Seiberg-like dualities of linear
quivers, we generalize the dualities to circular quiver gauge
theories. This is very straightforward. We just introduce an
extra bifundamental multiplet to connect the two gauge
nodes at the ends of the linear quiver. Dualizing any interior
gauge node is the same with the additional bifundamental

present in the original and dual theory, and the super-
potential is not altered by the presence of this additional
bifundamental. dualizing the end nodes is changed, but
now they dualize in the same way as all the other nodes. We
illustrate with some examples with three gauge nodes and
due to the symmetry we focus only on the dualization of
what was the middle node (i.e., to theory C).

FIG. 10. Circular quiver with gauge group U Spð2Þ ×U Spð6Þ ×U Spð2Þ and its dual circular quiver with gauge group
U Spð2Þ × U Spð2Þ × U Spð2Þ. All chirals ϕ1

c, ϕ2
c, and M are in antisymmetric rank-2 representations.
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A. Circular U Spð2Þ × U Spð6Þ− ½6� × U Spð2Þ
These theories have the same field content as the linear

quivers described in Sec. II H, with the specific example in
Sec. II I, with the addition of a bifundamental chiral for the
two U Spð2Þ gauge nodes with an additional Uð1Þa4 axial

symmetry with fugacity a4. Theories A and C are sum-
marized in the quiver diagram in Fig. 10.
The full-indices match for theory A and C. For

rB ¼ rC ¼ 2
5
, rQ ¼ 2

7
we have

1þ 15a22q
2=7 þ q12=35

a21a
6
2a

2
3

þ q2=5ða21 þ a23 þ a24Þ þ 120a42q
4=7 þ a1a3a4q3=5 þ

15q22=35

a21a
4
2a

2
3

þ q24=35
�

1

a41a
12
2 a43

þ 30a21a
2
2 þ 15a22ð2a23 þ a24Þ

�
þ q26=35ða21 þ a23 þ a24Þ

a21a
6
2a

2
3

þ q4=5ða21ð2a23 þ a24Þ þ a41 þ a23a
2
4 þ a43 þ a44Þ þ 680a62q

6=7 þ 51a1a22a3a4q
31=35

þ 120q32=35

a21a
2
2a

2
3

þ a4q33=35

a1a62a3
þ q34=35

�
15

a41a
10
2 a43

þ 345a21a
4
2 þ 15a42ð23a23 þ 8a24Þ

�

þ qða31a3a4 þ a1a3a4ða23 þ a24Þ − 39Þ þ
q36=35ð15a142 a4

3
ð2a2

3
þa2

4
Þ

a2
1

þ 1
a6
1

þ 30a142 a43Þ
a182 a63

þ q38=35ð6a61a142 a43ð16a23 þ 5a24Þ þ 15a41a
14
2 a43ð2a23a24 þ 2a43 þ a44Þ þ 30a81a

14
2 a43 þ a21 þ a23 þ a24Þ

a41a
12
2 a43

þ q8=7ða61a43a24ðð3060a142 þ 2Þa23 þ a24Þ þ a81a
4
3a

2
4 þ a41ða83a24 þ a63a

4
4 þ a43a

6
4 þ 1Þ þ a43Þ

a61a
6
2a

6
3a

2
4

þ 660a1a42a3a4q
41=35 þ q6=5ða41ð2a23 þ a24Þ þ a21ð3a23a24 þ 2a43 þ a44Þ þ

679

a21a
2
3

þa61 −
a1ða23 þ a24Þ

a3a4
−
a3a4
a1

þ a23a
4
4 þ a43a

2
4 þ a63 þ a64Þ þ

51a4q43=35

a1a42a3
þ � � � ð6:1Þ

FIG. 11. Circular quiver with gauge group SOð2Þ × SOð4Þ × SOð2Þ and its dual circular quiver with gauge group
SOð2Þ × SOð3Þ × SOð2Þ. All chirals ϕb, ϕ1

c, ϕ2
c, ϕd, and M are in symmetric rank-2 representations.
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Compared to the noncircular linear quiver with the same
gauge group for theories A and C we see that there are
obvious additional terms arising from the new gauge
invariant operators constructed using the new U Spð2Þ ×
U Spð2Þ bifundamental fields B3. For example, we have
TrðB3B3Þ contributing q2=5a24 and TrðB1B2B3Þ contribut-
ing q3=5a1a3a4. Also, due to the circular quiver structure,
monopole operators with fluxes for either U Spð2Þ gauge
node have larger R-charge. For example the v0;�;�

A and
v�;�;0
A bare monopole operator contributions now appear at

order q8=7 with fugacities 1=ða21a62a63a24Þ and 1=ða61a62a23a24Þ.

The half-indices will similarly match and can be under-
stood in term of the noncircular quiver with the additional
terms involving B3. We do not list the half-indices here, but
we do give an example in the next section with a circular
quiver with orthogonal gauge groups.

B. Circular SOð2Þ × SOð4Þ− ½1� × SOð2Þ
The theories are similar to the linear quivers in Sec. III F.

Inthisexample,summarized inFig.11,wehavethedualgauge
theory whose gauge group is SOð2Þ × SOð3Þ × SOð2Þ.
The full indices are given by

IA ¼ IB ¼ IC ¼ ID ¼ 1þ 2a24q
1=4 þ a22q

2=7 þ q2=5ða21 þ a23Þ þ 3a44q
1=2 þ 4a1a3a4q21=40 þ 2a22a

2
4q

15=28

þ q39=70

a21a2a
2
3

þ a42q
4=7 þ 4a24q

13=20ða21 þ a23Þ þ 2a22q
24=35ða21 þ a23Þ þ 4a64q

3=4

þ 8a1a3a34q
31=40 þ 3a22a

4
4q

11=14 þ 2q4=5ða21 þ a23Þ2 þ
2a24q

113=140

a21a2a
2
3

þ 8a1a22a3a4q
227=280

þ 2a42a
2
4q

23=28 þ a2q59=70

a21a
2
3

þ a62q
6=7 þ 7a44q

9=10ðv2ða21 þ a23Þ þ 8a1a3a4q37=40ða21 þ a23Þ

þ 8a22a
2
4q

131=140ða21 þ a23Þ þ
2q67=70ða21 þ a23Þ

a21a2a
2
3

þ 2a42q
34=35ða21 þ a23Þ þ � � � ð6:2Þ

The half-indices are given by

IIAN ;N ;N ¼ IICD;N ;N ¼ IICN ;D;N ¼ IIDN ;N ;D

¼ 1þ 2a24q
1=4 þ a22q

2=7 þ q2=5ða21 þ a23Þ þ 3a44q
1=2 þ 4a1a3a4q21=40 þ 2a22a

2
4q

15=28

þ a42q
4=7 −

a2q9=14ðw2 þ wþ 1Þ
w

þ 4a24q
13=20ða21 þ a23Þ þ 2a22q

24=35ða21 þ a23Þ þ 4a64q
3=4

þ 8a1a3a34q
31=40 þ 3a22a

4
4q

11=14 þ 2q4=5ða21 þ a23Þ2 þ 8a1a22a3a4q
227=280 þ 2a42a

2
4q

23=28

−
2q59=70a1a2ðv21v2v3 þ v1ðv22v3 þ v2v23 þ v2 þ v3Þ þ v2v3Þ

v1v2v3

−
2q59=70a2a3ðu21u2u3 þ u1ðu22u3 þ u2u23 þ u2 þ u3Þ þ u2u3Þ

u1u2u3
þ a62q

6=7 þ � � � ð6:3Þ

The full index and the half-index can easily be compared
to the linear noncircular example in Sec. III G. In the
circular case here the full index is the same with the
addition of gauge invariant operators which can be con-
structed using the bifundamental B3 linking the first and
third nodes in the quiver. Note that there are some specific
features arising from the fact that in this example the first
and third gauge groups are SOð2Þ. For example, the a24q

1=4

term has coefficient 2 since we can construct two inde-
pendent gauge-invariant operators from B3B3. These are
TrðB2B3Þ of course, but also ϵ1ϵ3B3B3. The a1a2a3q21=40

term illustrates the circular nature of the quiver, getting a

contribution from TrðB1B2B3Þ. The coefficient 4 is due to
the fact we can replace the contraction of either or both
SOð2Þ index contractions with ϵ1 and/or ϵ3. The story is
similar for the half-index, with the additional point that the
Fermis Γ1 and Γ3 are different from the noncircular case.
Here they are in bifundamental representations of SOð2Þ ×
SOð6Þ rather than SOð2Þ × SOð4Þ as the circular nature of
the quiver modified the dual group for the end nodes.

C. Summary

It is now straightforward to generalize to linear quiver
gauge theories with n gauge nodes. Let Gi, i ¼ 1; 2;…; n
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be a classical gauge group of the vector multiplet of ith
node which is coupled to Fi fundamental chiral multiplets
Qi and bifundamental chiral multiplets Bi−1;i and Bi;iþ1

which are also coupled to (i − 1)th node and (iþ 1)th
gauge nodes.
One can find n dual theories by taking the Seiberg-like

dual of n distinct gauge nodes. When the ith gauge node of
gauge group Gi is dualized, the resulting theory has similar
fundamental chirals qi and bifundamental chirals bi−1;i,
bi;iþ1 with modified charges as well as additional bifunda-
mental chirals bi−1;iþ1 between the adjacent gauge nodes
Gi−1 and Giþ1, Fi chirals pi−1;i transforming as the
fundamental representation under the Gi−1, Fi chirals
piþ1;i transforming as the fundamental representation under
the Gi, chirals ϕi−1 transforming in a rank-2 representation
under the Gi−1, chirals ϕiþ1 transforming in a rank-2
representation under the, Giþ1, and gauge singlets Mi in
a rank-2 representation of the flavor symmetry group, and
σi (see Fig. 12). The specific rank-2 representation depends
on the group Gi being dualized. In particular, it is
antisymmetric if Gi is symplectic and symmetric if Gi is
orthogonal.
Note that while we can dualize any of the gauge nodes,

once we have dualized one of them we cannot then
immediately dualize either of the neighboring gauge nodes
as they now have a different matter content, specifically a
rank-2 tensor. It is known how to dualize such 3d theories
but we do not pursue this in this article. We also leave for
future work the question of how to dualize such cases with
a boundary as this is not a straightforward problem.

VII. STAR-SHAPED QUIVERS

We now state our general conjecture for Seiberg-like
duals of quivers with fundamental and bifundamental
matter which contains star-shaped quiver gauge theories.
We describe this in terms of Seiberg-like duality of a gauge
node G connected with bifundamentals to arbitrary gauge

nodesGI and with F fundamental flavors. We then give one
specific example involving a total of four gauge nodes.

A. G− ½F�− Q
I GI

Consider a gauge node with gauge groupGwhich can be
a unitary, orthogonal or symplectic gauge group. We allow
fundamental (Q) and bifundamental (BI)

12 matter with R-
charges rQ and rBI

for G, with the bifundamental chirals
coupling to other gauge nodes with gauge groups GI . Each
of these chirals is charged under a separate axial Uð1Þ
group.13 Again we assume eachGI is unitary, orthogonal or
symplectic. This gives a star-shaped quiver with centre G.
However, this may be embedded in a larger quiver diagram
where we allow the gauge nodesGI to have arbitrary matter
content and couplings to any gauge nodes other than G,
including other GI nodes.
The Seiberg-like duality ofG then produces a dual gauge

node G̃ determined in the usual way by the gauge group G
and the total number of fundamental and bifundamental
chirals for G. The node G̃ is at the centre of the quiver with
the same star-shape but now the fundamental (q) and
bifundamental (bI) chirals have R-charges 1 − rQ and 1 −
rBI

and the signs of the axial charges are reversed. In
addition all the gauge nodesGI now gain (in addition to any
flavors they already had) the same number of flavors (pI) as
G, a rank-2 representation chiral (ϕIÞ and a bifundamental
chiral (bIJ ≡ bJI) for each pair GI, GJ. There is also a rank-
2 flavor symmetry chiral M. If G is orthogonal/symplectic,

FIG. 12. Dualization on the ith node of gauge group Gi in linear or circular quivers.

12We also have the conjugate representations for unitary gauge
groups.

13For the cases involving a unitary group the chirals are paired,
although for unitary G we can also consider conjugate repre-
sentations and the two members of each pair of chirals have the
same charge under the same axial Uð1Þ. For unitary G we can
also consider the case with different numbers of fundamental and
antifundamental flavors, but they still have the same axial charge.

WEB OF SEIBERG-LIKE DUALITIES FOR 3D … PHYS. REV. D 105, 086023 (2022)

086023-41



M and all ϕI are symmetric/antisymmetric. Finally, there is
also a singlet chiral σ, or two singlets σ� if G is unitary.
The general structure of this duality is to map the star-

shaped quiver to a bipyramidal shaped quiver as illustrated
in Fig. 13.
Clearly the dual quiver now has additional closed

triangles, and for each of them we get a cubic contribution
to the superpotential. Also each rank-2 chiral together with
the (bi)fundamental chirals for G gives a cubic term in the
superpotential. The final ingredient in the superpotential is
a quadratic term coupling σ to the monopole v with
minimal flux for G̃ and no flux for any other gauge
node—for the unitary case σ� couples to v� which are
the minimal positive and negative flux monopoles. The
resulting superpotential is of the form

W ¼ σvþ TrðqMqÞ þ
X
I

ðTrðbIϕIbIÞ þ qbIpIÞ

þ
X
I<J

TrðbIbIJbJÞ; ð7:1Þ

with obvious modification to the case with unitary groups
to include appropriate additional or replacement terms with
antifundamental operators and replacing σv with σ�v�.
This fully determines the charges of the chirals M, ϕI , and
bIJ as follows:

Uð1ÞaI Uð1ÞaJ Uð1ÞaF Uð1ÞR
BI 1 0 0 rBI

Q 0 0 1 rQ
bI −1 0 0 1 − rBI

bIJ 1 1 0 rBI
þ rBJ

ϕI 2 0 0 2rBI

pI 1 0 1 rBI
þ rQ

M 0 0 2 2rQ
q 0 0 −1 1 − rQ

ð7:2Þ

with the charges of σ similarly determined by the charges of
the monopole v.
In the case of unitary gauge groups we also need to map

the topological fugacities. We expect that when dualizing a
gauge group G ¼ UðNÞ with topological fugacity z and a
nonzero number of flavors, the dual theory has topological
fugacity 1=z for gauge node G̃. Also, for all the gauge
nodes GI ¼ UðNIÞ connected to G in the quiver having
topological fugacities zI , in the dual theory they have
topological fugacities zzI. However, if G has no flavors, the
mapping of topological fugacities is trivial.

FIG. 13. A star-shaped quiver with a single G gauge node coupled to k adjacent gauge nodes and its dual k-gonal bipyramid quiver.
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In terms of matching indices, the conjectures here,
allowing arbitrary extensions of the basic star-shaped
quiver, are equivalent to conjecturing that the duality holds
if we take the minimal star-shaped quiver (i.e., not includ-
ing any fields not defined above) and also remove the
vector multiplets for every GI (i.e., consider these as global
symmetries) but still keep the dependence on the magnetic

chargesmðIÞ
i in the contributions from the chirals coupled to

GI . In the case of a boundary, the conjecture for the half-
indices is similarly equivalent to an identity without the
vector multiplet and any 2D matter contributions associated
to the GI nodes. In this sense it is possible to check the
matching of half-indices without knowing the details of the
matter coupled to the GI nodes. However, while this would
be the approach for any attempt to analytically demonstrate
the exact matching of indices and half-indices, it is rather
challenging for direct checking of the expansion to a given
order in q due to the very large number of terms in the
expansion. Indeed, in the examples we have presented we
have set the flavor fugacities to one for precisely this
reason.

B. Chern-Simons levels

It is also possible to derive dualities with nonvanishing
Chern-Simons levels for some or all gauge nodes. We do
this simply by considering the duality with Chern-Simons
levels zero but including additional fundamental chirals for
each gauge node. Turning on masses for these additional
flavors and integrating them out gives rise to a Chern-
Simons level for each gauge node as in the case of a single
gauge node [3,112]. For a unitary or symplectic gauge node
we shift the Chern-Simons level by 1=2 for each funda-
mental (or antifundamental) chiral integrated out, with the
sign correlated with taking the mass to�∞. For orthogonal
gauge groups the shift is by 1 for each fundamental flavor.
If we consider such a limit for some chirals Q to generate
Chern-Simons level k for gauge node G, then in the dual
theory we need to remove the same number of chirals q
which are flavors for G̃. However, in the dual theory this
also requires removing the same number of flavors pI for
each gauge node GI which is connected to G̃ in the dual
quiver (equivalently, to G in the original quiver). In the
indices and half-indices this limit can be taken by send a
combination of axial and flavor fugacities to either 0 or ∞.
As the chirals q have opposite charges to Q this means the
dual gauge node G̃ will have Chern-Simons level −k.
However, the gauge nodes GI will get a shift in the Chern-
Simons level by k (or 2k if GI is orthogonal andG is not, or
k=2 ifG is orthogonal andGI is not) since pI have opposite

relevant charges to q due to the superpotential term
TrðqbIpIÞ. In all cases the singlet(s) σ (σ�) are removed
in this limit.

C. Boundary conditions

We further conjecture that with a boundary these theories
are dual with the boundary conditions being all Neumann
in the original theory, while in the dual all boundary
conditions are Neumann except for the G̃ vector multiplet
and the chirals bI, q and σ which all have Dirichlet
boundary conditions. For anomaly matching and to cancel
gauge anomalies we need to include for each gauge node in
the original theory a Fermi which is bifundamental under
the gauge group and its Seiberg-like dual. Note that to
specify these bifundamental Fermis for gauge nodes GI
requires details of the matter content of these gauge nodes,
i.e. knowledge of additional parts of the quiver diagram. In
the dual theory we need the same Fermis for eachGI but no
Fermis for G̃. In the case of unitary gauge groups we also
need a bideterminant Fermi for each unitary bifundamental
Fermi, and for all unitaryGI (but not G̃) in the dual theory a
determinant 2D chiral—however, we remind the reader that
we have not been able to check examples of dualities with
boundaries for unitary groups due to the presence of these
2D chirals.
Alternatively we expect the duality with boundaries to

hold if we swap all Neumann and Dirichlet boundary
conditions and then we need a bifundamental Fermi only
for G̃. Again, for unitary groups we will need additional 2D
matter in determinant representations.
We now present one example to illustrate the generali-

zation to a star-shaped quiver with the central node
connected to three other gauge nodes.

D. U Spð4Þ− ½1� × SOð2Þ⊗3

Let us consider a star-shaped quiver with gauge group
U Spð4Þ × SOð2Þ⊗3 and bifundamental chiral multiplets
betweenU Spð4Þ and each of the SOð2Þ gauge nodes while
there are two U Spð4Þ flavors. Taking the Seiberg-like dual
of theU Spð4Þ gauge node gives a theory with gauge group
U Spð2Þ × SOð2Þ⊗3, bifundamental chirals for each pair of
gauge nodes and 2 flavors for each gauge node. The dual
theory can be described as a triangular bipyramid quiver
(see Fig. 14).
As we conjecture, the full-indices of the proposed dual

theories beautifully agree with each other! In the following
we show the indices for rQ ¼ 1=14 and all rBI

¼ 1=5
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IstarU Spð4Þ−SOð2Þ⊗3 ¼ IbipyramidU Spð2Þ−SOð2Þ⊗3

¼ 1þ a24q
1=7 þ a44q

2=7 þ 3a2q2=5 þ a64q
3=7 þ 15a2a24q

19=35 þ a84q
4=7 þ q23=35

a6a24
þ 15a2a44q

24=35

þ a104 q5=7 þ
�
12a4 þ 1

a6

�
q4=5 þ 15a2a64q

29=35 þ a124 q6=7 þ ð93a10 þ 1Þa24q33=35
a6

þ 15a2a84q
34=35

þ ða144 − 10Þqþ 3q37=35

a4a24
þ ð168a10 þ 1Þa44q38=35

a6
þ 15a2a104 q39=35 þ a24ða144 − 30Þq8=7

þ
�
35a6 þ 18

a4

�
q6=5 þ ð168a10 þ 1Þa64q43=35

a6
þ q44=35

�
15a2a124 þ 6

a8a24

�

þ a44ða144 − 30Þq9=7 þ q46=35

a12a44
þ � � � ð7:3Þ
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FIG. 14. A star-shaped quiver with a single U Spð4Þ gauge node coupled to SOð2Þ⊗3 gauge nodes and its dual triangular bipyramid
quiver with a single U Spð2Þ gauge node coupled to SOð2Þ⊗3.
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