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1 Introduction and summary

Classifying the phases of quantum field theory (QFT) is of paramount importance to both
high energy and condensed matter physics. Among the landscape of QFT, 4-dimensional
asymptotically free chiral gauge theories stand out as one of the most difficult tasks in
this endeavor. In addition to their intractably strong coupling at long distances, this in
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part stems from the fact that putting these theories on a lattice and taking the continuum
limit, hoping to learn about their infrared (IR) phases, is still far from being straightforward
(see [1] for a review).

’t Hooft anomaly matching conditions [2] (see also [3, 4]), or ’t Hooft anomalies for
short, is among a very few tools available that can shed light on the aforementioned class of
theories. It has played a pivotal role in revealing many properties of QFT such as Seiberg
dualities [5, 6] (see [7] for a review) and preons [8] since it was introduced in the 80’s.

Given a global symmetry G of QFT, we may try to introduce a background gauge field
of G. If the symmetry is obstructed, i.e., it becomes anomalous, we say that the theory
has an ’t Hooft anomaly. Anomalies are renormalization group invariants, and thus, they
have to be matched between the ultraviolet (UV) and IR, which imposes constraints on the
IR phases of asymptotically free gauge theories. The anomalies of continuous symmetries
are matched in the IR either by breaking the symmetries spontaneously or by composite
massless fermions. In both cases the anomalies are matched by a massless spectrum.
Anomalies of discrete symmetries, on the other hand, are matched by breaking the discrete
symmetry and forming domain walls, by gapless modes, or by symmetry-preserving TQFT.
Another scenario that can match all anomalies is that the theory flows to a conformal field
theory (CFT) in the IR. Thus, a trivially gapped vacuum is always excluded in a theory
with ’t Hooft anomalies.

It was realized in [9] that the symmetries and their anomalies can be generalized in a
non-trivial way. The authors of [9] introduced the concept of generalized global symmetries
(GGS). These are p-form global symmetries that act on p-dimensional objects. Like 0-form
symmetries, GGS have Ward identities, organize the spectrum of a theory into representa-
tions of the symmetry, and may become anomalous if one tries to gauge them. Therefore,
they can be used to impose additional constraints on the IR spectrum of gauge theories.
One of the first applications of the new anomalies was the study of pure SU(N) Yang-Mills
theory at θ = π [10]. This theory enjoys a 1-form Z(1)

N center symmetry that acts on Wilson
line operators. In addition, at θ = π the theory is time-reversal invariant. It was shown
in [10] that for N even there is a mixed ’t Hooft anomaly between the 1-form center and
time-reversal symmetries. The matching of this anomaly in the IR means that either the
theory breaks the time-reversal symmetry, flows to a Coulomb phase, or that the theory
admits a time-reversal preserving TQFT.

This example illustrates the power of ’t Hooft anomalies in imposing tight constraints
on the IR phases of strongly-coupled phenomena. Yet, it also shows that the matching
conditions allow for a few scenarios rather than pinning down the unique behavior of a
given theory. Therefore, it is desirable to have as many anomalies as the theory may possess
and as many obstruction conditions in matching those anomalies as possible, hoping that
they form sufficiently severe constraints and ultimately lead to a unique possibility for the
IR phase.

The higher-form anomalies, anomalies associated with higher-form symmetries, were
taken seriously by many authors, which led to a plethora of papers that examined different
aspects of QFT (see [11–28] for a non-comprehensive list). In particular, generalizing the
1-form anomalies to also include anomalies of the center of flavors or baryon number was
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attempted in [11, 19]. The most general anomalies that involve the color center, flavor cen-
ter, and baryon number for vector-like theories with fermions in arbitrary representations
were studied in [29–32]. These anomalies were dubbed the baryon number-flavor-color
(BCF) anomalies, and can be envisaged by examining the action of a 0-form symmetry on
the fermion content in the presence of 2-form background fields of the centers of the color,
flavor, and U(1)B baryon number. In ref. [33], the BCF anomalies were further examined
in a systematic way on nonspin manifolds. One of the consequences of the BCF anomalies,
on spin or nonspin manifolds, is to exclude the possibility that anomalies are saturated in
the IR entirely by a set of composite fermions. Either the composites do not form or if
they form, then they have to be accompanied by the breaking of discrete chiral symmetries
and/or symmetry-preserving TQFTs.

Another development that has been made is the possibility of anomaly matching by
means of symmetry-preserving TQFT [34–39]. The question is if finite order anomalies,
e.g. Zn anomalies, can be saturated by a TQFT when the symmetry is not spontaneously
broken. For instance, it was shown in [38] that the mixed anomaly between the 1-form
center and 0-form time-reversal symmetries of pure SU(N) Yang-Mills theory at θ = π

(for N even) cannot possibly be reproduced by a TQFT since such a TQFT is either not
consistent with reflection positivity or does not preserve the symmetry. Likewise, certain
exotic phases proposed for 4d adjoint QCD [40] were excluded by the absence of the required
TQFT [37, 38].

Chiral gauge theories were examined recently in the light of the traditional (0-form) and
higher-form anomalies by various authors [41–48] (see also [49, 50] for another new direction
to study phases of chiral gauge theories). Apparently, these works did not make use of the
most general setup introduced in [29, 33], and therefore, new anomalies were missed.

In this paper, we scrutinize a certain class of bosonic chiral gauge theories: these are
theories with fermions in the 2-index symmetric and 2-index anti-symmetric representations
of SU(N), with all gauge invariant operators being bosonic. These theories enjoy various
continuous and discrete symmetries which make them a prefect playground to examine the
interplay between the traditional and newly discovered anomalies. The interplay between
the various anomalies as well as the obstruction to symmetry-preserving TQFTs enable us
to make nontrivial statements about the IR phases. We summarize our findings below.

• We restrict our discussion to the case N = 4Z. This choice guarantees that all
gauge-invariant operators are bosonic, i.e., the fermion number (−1)F is gauged.
The absence of composite massless fermions plays an important role in limiting the
IR options. These theories admit continuous and discrete chiral symmetries. For
the purpose of this summary, and to elucidate subsequent points, we especially point
out to the axial U(1)A and discrete chiral Zdχp symmetries. In addition, this class of
theories enjoys a Z(1)

2 1-form center symmetry that acts on Wilson lines.

• We find new ‘t Hooft anomalies that have been long missed. While the theory has
a Z(1)

2 1-form color center, we show that the mere activation of the corresponding
background flux by itself does not guarantee a mixed 0-form/1-form anomaly. It is
necessary to turn on more refined 1-form symmetry backgrounds, which we achieve
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by exciting combinations of the color center, flavor center and center of U(1)A sym-
metries. We call them CFU backgrounds and the associated anomalies the CFU
anomalies. These anomalies can be found on both spin and nonspin manifolds.

• The mixed Zdχp [CFU] anomaly places extra constraints on the allowed vacuum oper-
ators of the confining phase. This anomaly can be matched either by breaking Zdχp
or by a Zdχp -preserving TQFT. The latter option is shown to be excluded on a spin
manifold.

• A given vacuum condensate will generally break U(1)A down to a discrete subgroup
Zq ⊂ U(1)A. If Zq is anomalous, the anomaly has to be matched by symmetry-
preserving TQFT, which, again is shown to be excluded on a spin manifold.

• In addition to U(1)A and Zdχp , the theory enjoys various continuous symmetries. Since
fermions are absent in the IR, the vacuum must break such continuous symmetries to
non-anomalous subgroups. This requirement puts further constraints on the possible
condensates. As a byproduct, we also show that the Wess-Zumino-Witten action [51,
52], which saturates the anomalies of continuous symmetries, will also match the
mixed U(1)A anomaly in the CFU background.

• Applying the above procedure to the entire space of vacuum operators, we show that
only a few choices of the operators (mostly of large scaling dimensions) are admitted
as viable candidates.

• There are only a finite number of bosonic chiral theories of the kind we consider
here (see section 2.3). In this work, we consider two examples and present a detailed
discussion. In a forthcoming work [53], we will discuss the rest of cases. The first
example discussed in section 4 is SU(8) theory with a single fermion ψ in the 2-
index symmetric representation and three fermions χ in the complex conjugate 2-
index antisymmetric representation. We show that if the theory confines, a single
condensate that matches Zdχp [CFU] and Zq ⊂ U(1)A anomalies must have a large
scaling dimension. Alternatively, anomalies can be matched by the fermion bilinear,
provided that it is accompanied by another higher dimensional condensate. In the
latter case, we show that the IR phase is described by a non-linear sigma model
associated with the symmetry breaking (SU(3) × U(1))/(Z4 × Z3) → SU(2) and
domain walls from Zdχ2 -breaking.

• The second example is discussed in section 5. It is an SU(8) theory with two ψ’s and
six χ’s. Anomaly matching conditions leave the vacuum operator O ∼ ψ4χ8 as the
lowest dimensional admissible operator. Its large scaling dimension suggests that the
theory may not confine. Interestingly, the 3-loop perturbative analysis also suggests
that the theory flows to an IR fixed point.

The rest of the paper is organized as follows. In sections 2.1 and 2.2 we study the
UV theory and determine its discrete and continuous symmetries. Then in section 2.3, we
formulate the theory on spin manifolds and turn on the most general color, flavor, and
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U(1)A (CFU) background fluxes. This will enable us to find the faithful global symmetry
that acts on fermions. Next, in section 2.3.2 we list the conventional anomalies the theory
admits and we use the CFU background to detect new ’t Hooft anomalies. The next logical
step, in section 2.4, is to put the theory on a nonspin manifold and, again, turn on the
CFU fluxes. This has to be done in a way that renders the fermions well-defined on such
manifolds. We, then, show that new anomalies can be detected on nonspin manifolds. In
section 3, we discuss the IR matching of the UV anomalies. In particular, we show that
theories with N = 4`, for some integer `, are bosonic, and thus, gauge-invariant fermion
operators are not available to match the anomalies. We also comment on theorems regard-
ing symmetry-preserving TQFTs and describe a universal TQFT that matches anomalies
of broken discrete symmetries. Finally, in section 4 and 5 we discuss the candidate phases
of the bosonic theories and present the two examples mentioned above. A few points that
intrude the discussion in the bulk of the paper are presented in appendices A to D.

Throughout the paper we use lower-case letters to denote the dynamical (color) field,
e.g., ac1, f c2 to denote the 1-form gauge field and the 2-form field strength. While we use
upper-case letters to denote nondynamical (background) field, e.g., F f2 for the 2-form flavor
background field.

2 Chiral gauge theories with 2-index fermions

In this section we describe a class of chiral gauge theories whose fermion content consists of
2-index symmetric and 2-index anti-symmetric representations of the gauge group SU(N).
We discuss the global symmetries of the theory in detail and carefully identify the most
general possible background fields that can be turned on. The latter will be used to identify
the faithful global symmetry and will lead to an additional set of ‘t Hooft anomalies. This
provides a refined probe of the theory and results in extra constraints on the allowed IR
phases.

2.1 The UV theory

We consider SU(N) gauge theory with nψ flavors of left-handed Weyl fermions ψ in the two-
index symmetric ( ) representation and nχ flavors of left-handed Weyl fermions χ in the
complex conjugate two-index anti-symmetric ( ) representation. The classical Lagrangian is

L = − 1
4g2 f

cA
µν f

cAµν − iψ̄σ̄µDµψ − iχ̄σ̄µDµχ+ θ

32π2 ε
µνρλf cAµν f

cA
ρλ (2.1)

where A is the index of SU(N) and we have suppressed the gauge, spinor and flavor indices
for fermions. For future reference, ψ carries two upper color indices and χ carries N − 2
upper indices. The latter is equivalent to having 2 lower indices. Recalling that the anomaly
coefficients of the 2-index fermions are given by A = N + 4 and A = −(N − 4), we find
that the number of fermions species is constrained to be

nψ = N − 4
k

, nχ = N + 4
k

(2.2)
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where k is a common divisor of (N − 4, N + 4) and we take N ≥ 5. This class of theories is
asymptotically free provided 11N− 2(N2−8)

k > 0 (note that it does not admit large-N limit).
These conditions single out the following set of asymptotically free 2-index chiral theories:

N 5 6 8 10 12 16 20 28 36 44
k 1 1, 2 2, 4 2 4, 8 4 4, 8 8 8 8

. (2.3)

The θ-term appears in the path integral in the form

Z =
∑
n

einθZn (2.4)

where Zn is the partition function with a fixed instanton number n

n = 1
8π2

∫
M4

tr� (f c2 ∧ f c2) = 1
32π2

∫
d4x εµνρλf cAµν f

cA
ρλ . (2.5)

where the trace is taken over the defining representation of the color group with the nor-
malization tr �

[
tatb

]
= δab where ta refers to the Lie-algebra generators. The particular

form of eq. (2.4) is required by locality (cluster decomposition) and unitarity. While in the
presence of massless fermion we may use a chiral rotation to remove the θ-angle term, it is
nonetheless useful to keep it for the discussion of symmetries.

2.2 Symmetries

In this subsection, we discuss the global symmetries of the theory. We primarily focus on
identifying the global symmetries without paying attention to possible refinements. The
correct faithful global symmetry that acts on fermions will be discussed in the next section.

We start with the continuous flavor symmetries. The theory admits the flavor sym-
metry of U(nψ) × U(nχ) (' SU(nψ) × SU(nχ) × U(1)ψ × U(1)χ) that acts on ψ and χ,
respectively. ψ (χ) transforms in the defining (anti-defining) representation of SU(nψ)
(SU(nχ)). Of two classical 0-form U(1) symmetries, U(1)ψ ×U(1)χ, only one linear combi-
nation survives as a good symmetry at the quantum level. We shall call this anomaly-free
U(1) symmetry the axial U(1)A. The other combination is broken down to a discrete sub-
group by the color instantons (i.e. the ABJ anomaly). Assuming that ψ (χ) carries the
U(1)A charge qψ (qχ), the U(1)A rotation by an angle α shifts the θ-angle by

θ → θ + (Nψqψ +Nχqχ)α, (2.6)

where Nψ = nψTψ and Nχ = nχTχ with Dynkin indices, Tψ = T = N + 2 and Tχ = T =
N − 2. The anomaly-free condition is achieved for the minimal coprime U(1)A-charges

qψ = −Nχ

r
, qχ = Nψ

r
, where r = gcd(Nψ, Nχ) , (2.7)

or any (common) integral multiples of them.
We next move onto the discrete symmetry of the theory. As mentioned above, any

linear combinations of U(1)ψ × U(1)χ other than the direction defined by eq. (2.7) are
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explicitly broken by the ABJ anomaly. Let us consider U(1) with (ψ, χ)-charges equal to
(1, 1). Under this U(1) transformations, θ is shifted by

θ → θ + (Nψ +Nχ)α , (2.8)

implying that U(1) is broken down to ZNψ+Nχ . In appendix A we show that some of
ZNψ+Nχ generators are redundant since they can be absorbed in a U(1)A transformation.
The independent symmetry is shown to be

U(1)A × ZNψ+Nχ

Z(Nψ+Nχ)/r
. (2.9)

Hence, there are only r independent discrete generators.1 The independent discrete rota-
tions can conveniently be represented as a Zr transformation that acts solely2 on χ:

(ψ, χ)→ (ψ, ei
2π`
r χ) ` = 0, 1, 2, . . . , r − 1 , (2.10)

and we refer the reader to appendix A for a derivation. However, we must stress that
the ultimate genuine discrete chiral symmetry can be a proper subgroup Zdχp ⊂ Zr and is
pinned down by taking into account any further redundancies. In particular, a combination
of the generators of the abelian subgroups of the theory, i.e. a combination of the 0-form
center of the color group (see below for a further discussion), center of flavor SU(nf ), and
ZL

2 Lorentz, can reproduce a subset of the generators of Zr. We check this possibility for the
examples we study in sections 4 and 5. The correct identification of the genuine discrete
symmetry is crucial because only then one obtains the correct number of degenerate vacua
(assuming the vacuum breaks the discrete symmetry).

In addition, the theory has several 0-form discrete symmetries. First of all, there is a
0-form color center3 ZN/gcd(N,n) (n = 2 is the N -ality of fermions) that acts on ψ and χ as a
phase rotation. Likewise, there are 0-form centers of the flavor groups, Z (SU(nψ)) = Znψ
and Z (SU(nχ)) = Znχ , that act on ψ and χ, respectively. There is also a ZL

2 ≡ (−1)F
discrete subgroup of the Lorentz group, which is simply a 2π-rotation, and thus, it is
contained in the connected part of the group. It, nonetheless, can play an important role
when we discuss background fields on nonspin manifolds.

Finally, the theory has a Z(1)
gcd(N,n) 1-form symmetry that acts on the Wilson line op-

erators. For N even we have Z(1)
2 1-form symmetry which acts on the Wilson operator in

the fundamental representation, while for N odd we do not have any 1-form symmetry.
We summarize the above discussion by giving the (naive) global symmetry (not in-

cluding spacetime symmetry):

G = SU(nψ)× SU(nχ)×U(1)A × Zr × Z(1)
gcd(N,2) , (2.11)

where SU(nψ) × SU(nχ) × U(1)A × Zr act on the fermions, while Z(1)
gcd(N,2) acts on the

fundamental Wilson lines. We emphasize that this expression is still rather imprecise (as
there may be additional redundancies) and it will be further refined in the next section.

1Importantly, this is insensitive to the U(1)A charge assignment. This means that multiplying the U(1)A
charges of ψ and χ by a common integer cannot alter the number of independent generators.

2Alternatively, we could choose Zr to act on ψ.
3In fact, this is a gauge redundancy rather than a global symmetry.
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2.3 Theory on spin manifolds

Now, we discuss the most general background fluxes of SU(N)×SU(nψ)×SU(nχ)×U(1)A
that can be activated on a spin manifold. This procedure enables us to determine the
faithful group that acts on the matter fields and, at the same time, gives rise to the most
stringent set of ’t Hooft anomalies that must be matched between the UV and IR.

2.3.1 Background gauge fields: color-flavor-U(1) (CFU) fluxes

Consider a group G with a non-trivial center Z(G). We want to turn on a background
gauge field of G/Z(G). To this end, consider a gauge theory on a closed four-dimensional
manifold M4, and let φ be a matter field transforming under G in a representation R.
Then, define a G-bundle on M4. Given coordinate charts {Ui} of the base manifold M4

and sections φi on Ui, the matter fields on the double overlap Uij = Ui ∩Uj are related by

φi = R(gij)φj , gij : Uij → G , (2.12)

where the transition function R(g) denotes the group element g inR. On the triple overlap,
Uijk = Ui ∩ Uj ∩ Uk, the cocycle condition (which is a compatibility condition) should be
satisfied:

R(gij) ◦ R(gjk) ◦ R(gki) = R(1G) , (2.13)

where 1G is the identity operator in G. For the gauge field A, the compatibility condition
on a double overlap is given by

Ai = gij (Aj − id) g−1
ij , (2.14)

where Ai denotes the gauge field on the chart Ui and gij is a G-valued function on Uij , in
the defining representation of G, with the property gji = g−1

ij . The cocycle condition on
the triple overlaps is

gij ◦ gjk ◦ gki = 1G . (2.15)

This cocycle condition is stronger4 than (2.13). As we will see momentarily, (2.15) can be
relaxed when we consider G/Z(G) instead of G bundle.

Now, we are in a position to construct the principal bundle of G/Z(G). As an inter-
mediate step, however, we introduce Ĝ ≡ G×U(1)

Z(G) as an auxiliary bundle. The principal
bundle associated with Ĝ satisfies a modified compatibility condition. The identification
by the center Z(G) means the following. Let (g, u) ∈ G × U(1). Then, elements of Ĝ are
defined up to an equivalence relation

(g, u) ∼ (gz, z−1u), z ∈ Z(G) . (2.16)

Therefore, the Ĝ-bundle is defined by

(g, u)ij ◦ (g, u)jk ◦ (g, u)ki = (z, z−1) ∼ (1, 1) . (2.17)

4According to our discussion, the condition (2.15) can be relaxed to gij ◦gjk ◦gki = ei2π
nijk
N , for integers

nijk, in the case of pure su(N) Yang-Mills theory or Yang-Mills theory with adjoint fermions. This cocycle
condition describes the SU(N)/ZN bundle. This fact was first realized by ’t Hooft [54].
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We observe that the G- and U(1)-bundles are not well-defined independently (in fact,
gij ◦gji ◦gki = z ∈ Z(G) shows that the center Z(G) is gauged [55]). Only the combination
defines a sensible structure, the Ĝ-bundle.

We can go one step further and finally construct the G/Z(G)-bundle by projecting the
U(1) onto the Z(G) direction, which often can be achieved by imposing a 1-form gauge
symmetry. Let us consider G = SU(N) (with Z(SU(N)) = ZN ) to demonstrate this idea.5
We first promote G→ Ĝ = SU(N)×U(1)

ZN = U(N). Denoting the U(N) 1-form gauge field as
â1 and its 2-form field strength as f̂2, we want to study

S = 1
g2

∫
tr
(
f̂2 ∧ ?f̂2

)
+ i

2π

∫
F2 ∧ tr

(
f̂2
)

+ iθ

8π2

∫
tr
(
f̂2 ∧ f̂2

)
. (2.18)

We have introduced a 2-form Lagrange multiplier F2 in order to project out the trace part
of the U(N) field. While this successfully removes one local degree of freedom (recall U(N)
has one more local degree of freedom than SU(N) or SU(N)/ZN ), it does not yield the
desired theory, SU(N)/ZN . The issue is that while the ‘t Hooft flux of SU(N)/ZN takes
values in H2(X,ZN ), that of U(N) theory is H2(X,Z)-valued. This problem can be fixed
by postulating a 1-form gauge symmetry that acts on â1 as:

â1 → â1 − λ11 , (2.19)

where the 1-form gauge symmetry parameter λ1 itself is a U(1) gauge field. Writing
â1 = a1 + 1

N Â11 with a1 and Â1 being the SU(N) and U(1) gauge fields, respectively, the
1-form gauge transformation may be restated as

a1 → a1, Â1 → Â1 −Nλ1 . (2.20)

The U(N) field strength is given by f̂2 = f2 + 1
N dÂ11 and transforms as f̂2 → f̂2 − dλ11.

This shows that the above action is not invariant. To remedy the problem, we introduce a
2-form gauge field B2 which shifts under the 1-form transformation as B2 → B2−dλ1. It is
then clear that the combination f̂2−B21 is invariant under the 1-form gauge transformation.
Hence, the invariant action is given by

S = 1
g2

∫
tr
[(
f̂2 −B21

)
∧
(
f̂2 −B21

)]
+ i

2π

∫
F2 ∧ tr

(
f̂2 −B21

)
+ iθ

8π2

∫
tr
[(
f̂2 −B21

)
∧
(
f̂2 −B21

)]
.

(2.21)

Let us now show that the instanton number of this theory is indeed ZN -valued. To see
this, one notes that tr(f̂2) = dÂ1 ≡ F̂2. Using this expression, the Lagrange multiplier
term becomes

i

2π

∫
F2 ∧

(
dÂ1 −NB2

)
. (2.22)

5Again, this is the example of pure Yang-Mills theory or Yang-Mills theory with adjoint fermions.
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One recognizes that this is just the BF theory describing a ZN gauge theory. It imposes
the constraint B2 = 1

N dÂ1. Then, the θ-term can be arranged into a form

Sθ = iθ

8π2

∫
tr
(
f̂2 ∧ f̂2

)
−NB2 ∧B2

= iθ

8π2

∫
tr
(
f̂2 ∧ f̂2

)
− tr

(
f̂2
)
∧ tr

(
f̂2
)

+ iθ

8π2

∫
N − 1
N

F̂2 ∧ F̂2

= iθnSU(N) + iθ

(
N − 1

2N

)∫
w2 ∧ w2 ,

(2.23)

where F̂2 = dÂ1 and nSU(N) is the SU(N) instanton number introduced in eq. (2.5), which
is integer valued. In the last line of eq. (2.5), we defined w2 = F̂2

2π = N B2
2π . One notes that∫

w2 ∧ w2 ∈ 2Z on a spin-manifold. The last form of the presentation makes it especially
clear that the second term describes a fractional ‘t Hooft flux valued in H2(X,ZN ) and
the resulting theory is that of SU(N)/ZN . In what follows, we will use this result directly
when we consider our chiral theory and turn on background fluxes of the centers of the
color and flavor groups.

We also discuss turning on the center background field of a U(1) theory since it will
play an important role in chiral gauge theories. A U(1) theory has electric 1-form and
magnetic 1-form symmetries (both are U(1) 1-form symmetries with a mixed anomaly).
Here, we turn on the background field for the electric 1-form center (see Footnote 15 for
an example and further explanation of this point.). An invariant topological term under a
1-form gauge transformation A1 → A1 + αλ1 (α ∈ R and

∮
γ1

λ1
2π ∈ Z) can be written as

iθ

8π2

∫
(F2 −B2) ∧ (F2 −B2) . (2.24)

Invariance under the 1-form gauge transformation requires that the 2-form center back-
ground gauge field transforms as B2 → B2 +αdλ1. While the U(1) instanton term vanishes
on S4 (since π3(U(1)) = 0, there are no U(1) instantons), it can nonetheless be non-zero
when the manifold supports non-trivial 2-cycles.

Using all the ingredients discussed above, we can discuss the most general background
fluxes that can be activated in our chiral theory. We take M4 to be a spin manifold, or
it admits a spin structure such that the spinors ψ and χ are well-defined on M4. We also
define a principal bundle of the continuous part of the global symmetry G (see eq. (2.11))
on M4 and take the transition functions of G to act on fibers by left multiplication. Spinors
are sections of the bundle and we use the notations ψi and χi for their values on a local
patch Ui. We denote the transition functions of the color SU(N), (non-abelian) flavor, and
U(1)A group as g, f , and u, respectively, along with the proper superscript to distinguish
those of ψ and χ.

On the double overlap Uij = Ui ∩ Uj we have

ψi = (gψ, fψ, uψ)ij ψj , χi = (gχ, fχ, uχ)ij χj . (2.25)

The exact form of the cocycle condition on the triple overlap depends on the allowed
background gauge fields (similar to the Ĝ-bundle in eq. (2.17)). We turn on background
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gauge fields for centers of the gauge, flavor, and U(1)A groups and determine the most
general combination compatible with the cocycle condition. With non-trivial center fluxes,
the resulting form of the cocycle conditions is(

gψ, fψ, uψ
)
ij
◦
(
gψ, fψ, uψ

)
jk
◦
(
gψ, fψ, uψ

)
ki

= (zc, zf , zu) with zczfzu = 1 , (2.26)

where z’s refer to the center elements: zc ∈ ZN/gcd(N,2), zf ∈ Znψ , and zu ∈ U(1)A. The
condition zczfzu = 1 is required for the equivalence relation,6

(zc, zf , zu) ∼ (1, 1, 1) , (2.27)

which is needed to obtain the correct compatibility condition. Similar expressions hold for
the cocycle condition of χ. The possible background fields are therefore determined by
solving the following consistency equations:

ψ : ei2π
2m
N︸ ︷︷ ︸

zc

ei2π
pk
N−4︸ ︷︷ ︸
zf

e−i2πs
(N+4)(N−2)

kr︸ ︷︷ ︸
zu

= 1 , (2.28)

χ : e−i2π
2m
N︸ ︷︷ ︸

zc

e−i2π
p′k
N+4︸ ︷︷ ︸

zf

ei2πs
(N−4)(N+2)

kr︸ ︷︷ ︸
zu

= 1 , (2.29)

where m ∈ ZN/gcd(N,2), p ∈ ZN−4
k

, p′ ∈ ZN+4
k

and s is a U(1)A parameter. The factor of
2 that appears in zc is the N -ality of ψ and χ, and we have written the number of flavors
nψ and nχ explicitly in the zf factors. We shall call the background fluxes associated with
the non-trivial solutions of eqs. (2.28) and (2.29) the Color-Flavor-U(1) ‘t Hooft fluxes, or
CFU fluxes for short.

There exist multiple solutions to the CFU consistency equations. As we show below,
the class of solutions forms a discrete group (or a direct product of discrete groups), which
can be used to single out the faithful global symmetry that acts on fermions. We also
note that while the sole activation of the Z2 color-center is always possible for N even as a
special solution, this background may not lead to new or the most refined anomalies. On
the contrary, as will be discussed in section 4 and 5, the discrete chiral symmetry Zdχp ⊂ Zr
exhibits a non-trivial anomaly in more general CFU-backgrounds, an effect that is absent
if we turn on only the color-center background.

Once a non-trivial solution is found, we can calculate the topological charges associated
with center fluxes. For this we note that the effect of a center flux is to modify the instanton
number. Using Q with proper subscript to denote the fractional instanton number (or
topological charges), from eqs. (2.23) and (2.24), we have

Qc =
(

1− 1
N

)∫
w2(c) ∧ w2(c)

2 = m1m2

(
1− 1

N

)
, (2.30)

6For given group elements (g, f, u) ∈ SU(N)× SU(Nf )×U(1), this is equivalent to

(g, f, u) ∼ (zcg, zff, zuu).
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Qψ =
(

1− 1
nψ

)∫
w2(ψ) ∧ w2(ψ)

2 = p1p2

(
1− k

N − 4

)
, (2.31)

Qχ =
(

1− 1
nχ

)∫
w2(χ) ∧ w2(χ)

2 = p′1p
′
2

(
1− k

N + 4

)
. (2.32)

Qu = 1
8π2

∫
(F2 −B2) ∧ (F2 −B2) = (n1 − s1)(n2 − s2), n1, n2 ∈ Z . (2.33)

We used the notation w2(i), i = c, ψ, χ to represent the center background 2-form fields
for the color group, ψ-flavor-center group and χ-flavor-center group, respectively.7 B2
is the U(1)A center background fields. Let us explain the meaning of the integers
m1,m2, p1, p2, p

′
1, p
′
2. Consider the 4d spin manifold M4 = M2 × M′2 with M2 and M′2

are either S2 or T2. For SU(n) centers (SU(n) account for either color or flavor groups),
we consider a background configuration which is a sum of a units of fluxes piercing M2

with zero flux through M′2 and zero flux through M2 with b units of fluxes piercing M′2,
i.e. w2 = a(M2)× 0(M′2) + 0(M2)× b(M′2). This leads to∫

M2×M′2
w2 ∧ w2 = 2ab , (2.35)

and hence eqs. (2.30)–(2.32). For U(1)A we repeat the same exercise: we take the back-
ground field to be the sum of two terms, each term having a non-zero flux piercing either
M2 or M′2. Then, n1, n2 are integer-valued fluxes of F2 on M2 and M′2, respectively,
i.e.

∫ F2
2π = n1,2. Similarly, s1, s2 are the fractional U(1)A fluxes of B2 along M2 and M′2.

As a consistency check on our construction, we can also calculate the Dirac-index of
both ψ and χ:

Iψ = nψTψQc + dimψQψ + dimψnψq
2
ψQu , (2.36)

Iχ = nχTχQc + dimχQχ + dimχnχq
2
χQu , (2.37)

where dimψ = N(N+1)
2 and dimχ = N(N−1)

2 are the dimensions of the fermion representa-
tions under SU(N). The Dirac-index counts the number of the Weyl zero modes in the

7The same results can also be obtained by explicit construction of center background gauge fields. As
a concrete example, we take M4 to be a symmetric four-torus T4, with a cycle length L, and turn on
background CFU-fluxes (’t Hooft fluxes) along two independent cycles. For example, we can turn on fields
in the x1x2 and x3x4 planes of T4 as follows (see [29] for details):

Ac1 =
(2πm1

L2 Hc · νc
)
x2 , Ac2 = 0 , Aψ1 =

(2πp1

L2 Hψ · νψ
)
x2 , Aψ2 = 0 ,

Aχ1 =
(

2πp′1
L2 Hχ · νχ

)
x2 , Aχ2 = 0 , Au1 = 2πs1

L2 x2 , Au2 = 0 ,
(2.34)

where H are the Cartan generators (for example, Hc for color group is a vector matrix with N − 1
components) and ν are the weights, both are taken in the defining representations of the respective groups.
Similar expressions hold for the fields in the x3x4 planes after replacing 1 → 3 and 2 → 4, including the
integersm, p, p′ and the U(1) parameter s. Notice thatm, p, p′, s in the x1x2 and x3x4 planes need not be the
same. Yet, both sets must solve the consistency equations (2.28) and (2.29). Using the fluxes (2.34), one can
readily calculate the topological charges Q = 1

8π2

∫
T4 tr� [F ∧ F ], which in fact agree with eqs. (2.30)–(2.33),

as expected.
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background of the topological charges eqs. (2.30)–(2.33). Hence, the consistency of our
construction demands the integrality of the index. This can be explicitly checked for any
solutions to eqs. (2.28) and (2.29).

Finally, we answer the question that pertains to the faithful group that acts on the
fermions in our theory. Finding the faithful group amounts to identifying the elements
that are common to the color, flavor, and U(1)A groups. This identification is exactly
the equivalence relation (2.27), which in turn leads to the consistency equations (2.28)
and (2.29). First, we discuss the identification of an element of the center of the color
group and an element of U(1)A. If we can find a solution of the consistency equations (2.28)
and (2.29) for m 6= 0 (mod N) and s 6= 0, setting p = p′ = 0, then the faithful 0-form
global symmetry acting on fermions should be modded by ZN/gcd(N,2). We can obtain an
algorithmic generalization of this finding as follows. We search for the complete set of
solutions to eqs. (2.28) and (2.29) and pin down the discrete group (or the direct product
of discrete groups) that generate the full set of solution. Modding the continuous part
of (2.11) by this discrete group gives the faithful global symmetry that acts on fermions.
For example, if solutions to eqs. (2.28) and (2.29) exits for all independent integers m ∈
ZN/gcd(N,2), p ∈ ZN−4

k
, and p′ ∈ ZN+4

k
, then the faithful global symmetry is given by8 (we

do not include the spacetime symmetry group)

SU
(
N−4
k

)
ψ
× SU

(
N+4
k

)
χ
×U(1)A

ZN/gcd(N,2) × Z(N−4)/k × Z(N+4)/k
× Zr × Z(1)

gcd(N,2) . (2.38)

However, when not all values of m, p, p′ satisfy eqs. (2.28) and (2.29), the group we mod
by is reduced to a subgroup of ZN/gcd(N,2) × Z(N−4)/k × Z(N+4)/k. As we discussed before,
the discrete symmetry Zr is also reduced to the genuine Zdχp ⊂ Zr discrete chiral symmetry
in case that generators of Zr are redundant to those of the color and flavor center groups,.
This needs to be checked on a case by case basis.

2.3.2 ‘t Hooft anomalies: old and new

‘t Hooft anomalies are probed by performing global symmetry transformations in the pres-
ence of background gauge fields of the global symmetries, and are characterized by the
non-trivial phases of the partition function Z under such transformations. While those
phases vanish when background fields are turned off (hence the presence of those anomaly
phases do not signal inconsistency of the theory) they nevertheless form an important set
of consistency conditions on the IR phase. In addition to the standard ‘t Hooft anoma-
lies such as SU(nψ)3, SU(nχ)3, U(1)3

A, and so on, we acquire one completely new ‘t Hooft
anomaly as well as several modified anomaly phases, thanks to the non-trivial center fluxes.
We start with the standard ‘t Hooft anomalies.

8Here, we are being sloppy to avoid clutter. What we write as U(1)A × Zr must be understood as

U(1)A × ZNψ+Nχ

Z(Nψ+Nχ)/r
.
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(I) Perturbative [SU(nψ)]3 and [SU(nχ)]3 anomalies: these are the traditional
’t Hooft anomalies associated to the 0-form symmetries. Anomaly inflow from 5 → 4
dimensions, see, e.g., [56–58], provides a particularly elegant way to describe anomalies.
See appendix B for a detailed account of the descend procedure and counter terms one can
add in order to get rid of non genuine anomalies. Then, the anomaly inflow is captured by
5d Chern-Simons actions

[SU(nψ)]3 : ei
∫
M5 κψ3ω5(Aψ) ,

[SU(nχ)]3 : ei
∫
M5 κχ3ω5(Aχ) ,

(2.39)

where the anomaly coefficients are

κψ3 = dimψ , κχ3 = dimχ . (2.40)

The 5d Chern-Simons action ω5(Af ) (with f = ψ, χ) is defined through the descent equation

dω5(Af ) = 2π
3! tr�

(
− i

2π
(
F̂ f2 −B

f
2 1
))3

, (2.41)

where F̂ f2 is the U(nf ) field strength and Bf
2 is the center background field, see appendix C

for details. The 4d anomaly phase is obtained through the standard step: δαω5(Af ) =
dω

(1)
4 (Af , αf ), where αf is the gauge transformation parameter. We remind the reader

that the anomaly and associated inflow action are defined up to local counter terms.

(II) Gravitational anomalies: the mixed U(1)A-gravitational and Zdχp -gravitational
anomalies are described by the following anomaly inflow actions:

U(1)A[grav]2 : ei
∫
M5
−κug

24 A1∧p1(M5) , (2.42)

Zdχp [grav]2 : ei
∫
M5
−κzg

24 z∧p1(M5) , (2.43)

where the anomaly coefficients are

κug = qψdimψnψ + qχdimχnχ , κzg = dimχnχ . (2.44)

A1 and z are U(1)A and Zdχp ⊆ Zr gauge fields, respectively, and p1(M5) = − 1
8π2 tr(R∧R) is

the first Pontryagin class of the tangent bundle where R is the curvature 2-form. One notes
that

∫
M4 p1(M4) ∈ 48Z on a spin-manifold. So, there are two gravitational zero modes per

Weyl fermion according to the index theorem and the Dirac index is I = 2κug. It is easily
seen that, under the U(1)A transformation A1 → A1 + dα, the anomaly inflow action
eq. (2.42) correctly reproduces the mixed gravitational-U(1)A anomaly on the spacetime
manifold M4 = ∂M5. Likewise, the mixed gravitational-Zdχp anomaly is correctly captured
under z → z+ 2π

p kp, kp ∈ Zp. One way to think about the discrete symmetry in this case is
to embed Zp into a U(1) group and then restrict the group parameters z to a Zdχp subgroup
of U(1).

The existence/absence of the mixed gravitational-Zdχp anomaly plays an important role
in the anomaly matching when Zdχp is not completely broken by a vacuum condensate. As
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we discuss in sections 3.1 and 3.2, if the theory does not admit composite fermions and
the vacuum leaves an unbroken subgroup of the discrete chiral symmetry (with a non-
vanishing mixed gravitational anomaly) on spin manifold, the vacuum condensate is ruled
out. Similarly, if the condensate breaks U(1)A to a discrete subgroup Zq ⊂ U(1)A, the
anomaly Zq [grav]2 must vanish mod q. If this is not the case, the condensate is ruled out,
see section 3.2 for more detail.

(III) (0-form)-(1-form) mixed anomalies (CFU anomalies): these are new anoma-
lies that we identify in this paper for the first time. The mixed (0-form)-(1-form) anomalies
in the CFU-background (we call them CFU-anomalies) are found by performing a global
transformations of U(1)A × Zdχp in the background of the CFU fluxes. Non-trivial CFU
anomalies show up as non-trivial phases of the partition function Z upon performing the
corresponding global transformation:

U(1)A [CFU] : Z → ei2πα[qψIψ+qχIχ]Z , (2.45)

Zdχp [CFU] : Z → e
i 2π
p
IχZ , (2.46)

where the Dirac indices are given by eqs. (2.36) and (2.37). While the expression of the
Dirac index in the U(1)A [CFU] anomaly includes the contribution from SU(N), it nonethe-
less vanishes because the associated anomaly coefficient is identically zero (remember that
U(1)A is a good symmetry in the background of SU(N) fluxes). On the contrary, this is
not true for the Zdχp [CFU]-anomaly due to the discrete nature of the anomaly.

The anomaly inflow action for the U(1)A [CFU]-anomaly is (notice that the color fluxes
do not contribute)

exp i
∫
M5
A1 ∧

[ ∑
f=ψ, χ

κuf2

(
c2(f) + nf − 1

2nf
w2(f) ∧ w2(f)

)

+ κu3

24π2 (F2 −B2) ∧ (F2 −B2)
]
,

(2.47)

where A1 is the 1-form gauge field for U(1)A, and c2(f = ψ, χ) = 1
8π2 tr

(
F f2 ∧ F

f
2

)
∈ Z is

the second Chern class of SU(nf ). The anomaly coefficients in eq. (2.47) are given by

κuψ2 = qψdimψ , κuχ2 = qχdimχ , κu3 = q3
ψnψdimψ + q3

χnχdimχ . (2.48)

The sum of the c2-term and the fractional instanton is nothing but the instanton number
in the presence of the center background field. The last term in eq. (2.47) is the U(1)A
contribution with its center background field B2. It is straightforward to check that the
U(1)A transformation A1 → A1 +dα of the anomaly inflow action eq. (2.47) reproduces the
anomaly eq. (2.45) on the boundary ∂M5 = M4. One notes that the U(1)A [CFU] anomaly
includes the traditional anomalies U(1)A [SU(nψ)]2, U(1)A [SU(nχ)]2, and [U(1)A]3 as a
subset. This can be seen by switching off the fractional fluxes in eq. (2.47) and keeping
only the second Chern Classes.

The U(1)A [CFU] anomaly plays an important role, similar to the mixed U(1)A [grav]2

anomaly, when we consider anomaly matching in the IR. If a given condensate breaks
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U(1)A to a nontrivial discrete subgroup Zq ⊂ U(1)A in a bosonic theory, the anomaly
Zq [CFU] must evaluate to 0 mod q. If this is not the case, we argue in section 3.2 that
such condensate is ruled out. Similarly, the inflow action for the Zdχp [CFU] anomaly can
be written as (contrary to the U(1)A [CFU]-anomaly, the color fluxes do contribute here)

exp i
∫
M5
z ∧

[
κzc2

(
c2(c) + N − 1

2N w2(c) ∧ w2(c)
)

(2.49)

+
∑
f=ψ,χ

κzf2

(
c2(f) + nf − 1

2nf
w2(f) ∧ w2(f)

)
+ κzu2

8π2 (F2 −B2) ∧ (F2 −B2)
]
,

where z is the background gauge field of Zdχp and c2(c) is the second Chern class of SU(N).
The anomaly coefficients in eq. (2.49) are given by

κzc2 = Tψnψ + Tχnχ , κzχ2 = dimχ , κzψ2 = dimψ ,

κzu2 = q2
ψnψdimψ + q2

χnχdimχ .
(2.50)

It is understood that when Zdχp is represented to act only on χ, we simply drop the ψ-
contributions. Under a Zdχp transformation z → z + 2π

p kp, kp ∈ Zp, the anomaly inflow
action in eq. (2.49) generates the correct Zdχp anomaly (see eq. (2.46)) in the CFU back-
ground. In particular, this anomaly inflow action contains a new (0-form)-(1-form) mixed
anomaly which is absent when no CFU-background is activated. Interestingly, in many
cases, turning on only the Z2 color-center is not enough to guarantee a new anomaly, and
it is crucial to activate more general CFU backgrounds, which yields a refined probe of the
theory. We discuss this aspect in detail in section 4 and 5 with explicit examples. Again,
the Zdχp [CFU] anomaly plays a pivotal role in ruling out vacuum condensates if they fail
to break Zdχp completely.

(IV) Non-perturbative anomalies: finally, let us briefly mention that in addition to
all the above perturbative anomalies, the theory may also have nonperturbative ones. For
example, if the theory admits an SU(2)ψ or SU(2)χ global symmetries, it has a Witten
anomaly if dimψ or dimχ is odd. However, a simple arguement can be invoked to show
that there exists no Witten anomaly in bosonic chiral gauge theory. Explicitly, we remind
that for bosonic theory we have N = 4Z and from this it is quick to see that both dimψ

or dimχ are even. This may also be seen by realizing that the fermion number (−1)F is
gauged in bosonic theory and no fermion states are available to match Witten anomaly.

The theory may also possess [Zdχp ]3 and U(1)A[Zdχp ]2 nonperturbative anomalies if the
corresponding bordism group has a nonvanishing torsion. We do not discuss this type of
anomalies in our work.

2.4 Theory on nonspin manifolds

In this section, we consider turning the CFU fluxes on nonspin manifolds, which may lead
to additional constraints on the IR dynamics. Naively, a nonspin manifold does not admit
fermions in the sense that there is an obstruction in lifting the SO(4) bundle to a Spin(4)
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bundle on a 4d manifold. On a nonspin manifold the Dirac index I = 1
192π2

∫
M4 tr [R ∧R]

is no longer an integer. However, since the signature of the manifold, which is defined
as 1

24π2
∫
M4 tr [R ∧R], is always an integer, we can deduce that I ∈ Z

8 . This point can
also be seen by reminding that for an orientable vector bundle πE : E → M4 (E is the
tangent bundle TM of M4), a spin structure exists on E if and only if the second Stiefel-
Whitney class w2(M4) ∈ H2(M4,Z2) vanishes. If w2(M4) does not vanish, the triple overlap
condition is not satisfied.

In Spinc manifold, a simple example of a nonspin manifold, this obstruction is remedied
by exciting a U(1) background flux F2 with non-integral Chern class. Specifically, one
demands

∫
F2 ∈ π(2Z + 1) on 2-cycles, and thus,

∫
M4 F2 ∧ F2 ∈ Z

8 . While the cocycle
conditions are failed for individual Spin(4)/Z2 = SO(4) and U(1) bundles, one nonetheless
can obtain a consistent structure:

Spinc(4) = Spin(4)×U(1)
Z2

, (2.51)

where the quotient is with respect to the normal Z2. Simply put, the transition function
is the product of Spin(4) and U(1), and while each factor alone does not satisfy the triple
overlap condition, the total transition function does: denoting (G, u) ∈ Spin(4) × U(1),
we have

(G, u)ij ◦ (G, u)jk ◦ (G, u)ki = (−1,−1) ∼ (1, 1) . (2.52)

Turning on the F2 flux guarantees the integrality of the Dirac index.
A similar construction was discussed in the context of SU(2) gauge theory with adjoint

fermions in [59, 60], and there the relevant structure is described by:

Spin(4)× SU(2)
Z2

. (2.53)

The modding by Z2 implies that the second Stiefel-Whitney classes of the two factor groups
are identified: w2(M4) = w2(SU(2)).

We shall activate general CFU-background fluxes that enable us to add fermions on
a nonspin manifold. As we will see through the examples in section 5, general CFU-
backgrounds include the case of Spinc structure when only U(1)A center flux is turned on,
and it also includes the case with Z2 center flux of either the gauge group or non-abelian
flavor group. The latter is a generalization of the situation appearing in adjoint SU(2)
theory mentioned above. We find that the most refined background fluxes with non-trivial
additional ‘t Hooft anomaly in general require excitation of full color, non-abelian flavor,
and U(1) center fluxes.

The canonical example of a nonspin manifold is CP2. It has a single 2-cycle CP1 ⊂ CP2

that supports the U(1) background flux. Putting fermions on CP2 in the background of
CFU-fluxes was pursued in [33] where we refer the reader for the details. Here, it is enough
to state that we can use combinations of color, non-abelian flavor, and U(1)A center fluxes
to render the fermions well-defined on CP2. We can repeat the discussion of section 2.3.1,
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and it leads to the following modified consistency equations:

ψ : ei2π
2m
N︸ ︷︷ ︸

zc

ei2π
pk
N−4︸ ︷︷ ︸
zf

e−i2πs
(N+4)(N−2)

kr︸ ︷︷ ︸
zu

= −1 , (2.54)

χ : e−i2π
2m
N︸ ︷︷ ︸

zc

e−i2π
p′k
N+4︸ ︷︷ ︸

zf

ei2πs
(N−4)(N+2)

kr︸ ︷︷ ︸
zu

= −1 , (2.55)

where m ∈ ZN/gcd(N,2), p ∈ ZN−4
k

, p′ ∈ ZN+4
k

and s is a U(1)A parameter. The minus sign
on the right hand side compensates for the minus sign arising from parallel transporting
the spinor fields around appropriate closed paths in CP2 (see eq. (2.52) and the discussion
in [33]). Assuming that a solution to eqs. (2.54) and (2.55) can be found, the topological
charges corresponding to the CFU fluxes and gravity are given by9

Qc = m2

2

(
1− 1

N

)
, Qψ = p2

2

(
1− k

N − 4

)
,

Qχ = p′2

2

(
1− k

N + 4

)
, Qu = 1

2s
2 , Qg = −1

8 .

(2.56)

Given the above topological charges, the Dirac-indices of both ψ and χ are given by

ICP
2

ψ = nψTψQc + dimψQψ + dimψnψ
(
q2
ψQu +Qg

)
, (2.57)

ICP
2

χ = nχTχQc + dimχQχ + dimχnχ
(
q2
χQu +Qg

)
, (2.58)

which is always an integer, as can be easily checked for all the cases in this work. We use
this information to calculate both U(1)A and Zdχp anomalies in the CFU background:

U(1)A [CFU]CP2 : Z → e
i2πα

[
qψICP

2
ψ +qχICP

2
χ

]
Z , (2.59)

Zp [CFU]CP2 : Z → e
i 2π
p
ICP2
χ Z . (2.60)

It is important to realize that we can have a theory with no CFU-anomaly on a spin
manifold, but then the theory displays a non-trivial CFU-anomaly once it is placed on a
nonspin manifold. We present one such example in section 5.

3 Matching the anomalies in the IR

In this section, we discuss matching of ‘t Hooft anomalies in the IR [2]. Our strategy
is to assume that the theory confines10 and examine whether all UV ‘t Hooft anomalies
are matched in the IR.11 To this end, the standard method is to survey possible vacuum

9The factor of 1
2 is due to that the Pontryagin square is not an even integer on a nonspin manifold.

10It follows that when N is even, the fundamental Wilson line operator obeys the area law, or equivalently,
the 1-form Z(1)

2 center symmetry is unbroken.
11In this work we mainly test if a theory can confine in the IR satisfying all the anomaly matching

conditions, and assume it flows to an IR CFT as the most plausible possibility when the theory is unlikely
to confine. However, we note that it is nevertheless possible for the theory to flow to a more exotic phase
such as a Coulomb phase. In this case, the IR phase may be described by some IR free gauge group with
fermions charged under it, and these fermions may saturate the anomalies seen in UV theory. We leave this
possibility for future investigation.
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condensates and check their symmetry breaking pattern, mostly focusing only on a vacuum
operator with the smallest scaling dimension. However, we show that the combination of
all anomalies, continuous vs discrete, and their matching enable us to check the entire space
of candidate vacuum operators. In section 4, this procedure eliminates many condensates
and may point out to the most-likely IR scenario. For the theory discussed in section 5,
our procedure suggests that it is likely that the theory flows to an IR CFT.

The symmetry breaking pattern G → H ⊂ G is determined by the existence/absence
of allowed gapless modes and/or TQFTs that match the UV anomalies.

A UV theory can have both continuous and discrete symmetries G = Gc×Zdχp (here we
are not concerned with the global structure of the symmetry discussed around eq. (2.38)),
which are spontaneously broken down to H = Hc × Hd by a given vacuum condensate.
One notes that Hd is not necessarily a subgroup of Zdχp , for instance, U(1)A may as well
be broken to a discrete subgroup.

The following general remarks are in order.

(i) If Hc has non-trivial ‘t Hooft anomalies, they can be matched by composite
fermions [3, 4]. If the theory does not admit composite fermions, as in the case
N = 4Z (see section 3.1), these anomalies cannot be matched in a confining theory.

(ii) If Hd is anomalous, those anomalies must be matched by either massless fermions
or Hd-preserving TQFT. In the absence of composite fermions, the only means of
achieving anomaly matching is via a TQFT. One may use the results of [34–39] to
check whether a symmetry preserving and unitary TQFT may exist.

(iii) In theories with no composite fermions, a combination of (i) and (ii) above puts
a strong constraint on the IR phase. If no vacuum operators exist such that Hc is
anomaly-free and eitherHd = ∅ or a TQFT exists, we conclude that the theory cannot
confine and generate a mass gap. In this situation, the most reasonable candidate
for the IR phase is an (interacting) conformal field theory.

(iv) The anomaly associated with the broken part of Gc is matched by a Wess-Zumino-
Witten (WZW) term of Goldstone bosons. It will be discussed in section 3.3.

(v) For anomalies that involve the discrete chiral symmetry Zdχp , the matching can be
achieved by the full breaking of Zdχp (and the formation of domain walls), a symmetry-
preserving TQFT, or a partial breaking of Zdχp accompanied by a TQFT. The match-
ing of these anomalies by domain walls is discussed in section 3.4.

3.1 Absence of composite fermions

Interestingly, most of chiral gauge theories considered in this work do not admit gauge
invariant composite fermion operators. We show below that composite fermion operators
in the 2-index chiral gauge theory are prohibited when N = 4` (` ∈ Z). Combined with
the obstruction of a symmetry-preserving TQFT, this leads to a severe limitation on the
confinement as an allowed IR phase of the theory.
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Any gauge-invariant composite fermion operator can be written as

Ofermion ∼ εa1ψa2χa3(f c)a4 , (3.1)

where ε is the antisymmetric Levi-Civita symbol. ψ carries two upper indices and χ carries
(N − 2) upper indices, while f c represents the color field strength with one upper and one
lower indices. The powers a1, a2, a3, a4 denote the number of insertions of the corresponding
object. In general, we need to insert powers of the color field f c to guarantee that Ofermion
does not vanish because of symmetry reasons. Demanding that Ofermion is a color singlet
and fermionic operator give the two conditions 2a2 +(N−2)a3 = a1N and a2 +a3 = 2k+1
(k ∈ Z), respectively. Notice that f c carries one upper and one lower color indices, and
thus, insertions of f c in Ofermion does not affect the counting of indices and a4 does not
appear in the two conditions. Combing the conditions give

(N − 4)a3 − a1N + 4k + 2 = 0 . (3.2)

For N = 4` (` ∈ Z), eq. (3.2) reduces to 2 (`a1 + (1− `)a3 − k) = 1, which has no solution.
Therefore, 2-index SU(4`) chiral gauge theories do not admit composite fermions. This
includes all but N = 5, 6, and 10 cases in table (2.3).

There is a simple alternative explanation to the above finding. We first recall that
the theory has the 0-form color center ZN/gcd(N,2). Then, it is sufficient to realize that for
N = 4`, ` ∈ Z, the 0-form color center symmetry is Z2` which includes ZL

2, the fermion
number (−1)F of the Poincaré group, as a subgroup. In other words, this particular
choice of the gauge group and fermion representations has an effect of gauging the fermion
number, resulting in every gauge-invariant operator being bosonic. To show that this is
the only choice of N that leads to a bosonic theory, we simply note that for N = 2`+1 and
N = 4`+ 2, the 0-form color center is Z2`+1 and so the fermion number is left ungauged.

3.2 Unbroken discrete symmetry: TQFTs and obstructions

In principle, anomalies of unbroken discrete symmetries Hd, either from Gc or Zdχp , can
be matched by composite fermions or symmetry-preserving TQFTs. However, in a theory
with no composite fermions, these anomalies must be saturated by a TQFT. A criteria for
the obstruction of such TQFTs has been proposed by the authors of [38, 39]. Here, we give
a succinct summary of these results.

Obstruction from mixed gravitational anomalies. We consider a mixed anomaly
of a discrete symmetry Zn (this can be unbroken subgroup of U(1)A or Zdχp ) and Poincaré
symmetry. Assuming that the theory on a compact smooth spin 4-manifold M4 has k
fermions charged under Zn, there are 2k fermion zero modes if the Pontryagin number∫
M4 p1(M4) is 48 (this is the minimal number of zero modes in the background of a spin
gravitational instanton). The Zn anomaly is then described by a (4 + 1)d anomaly inflow
action, or SPT (symmetry-protected topological order). It is known that if n is a divisor
of 2k (the number of fermion zero modes in gravitational instanton background), then the
SPT admits a symmetry-preserving gapped boundary. On the other hand, the authors
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of [39] showed that if n is not a divisor of 2k, then no such TQFT exists. The argument
of [39] is based on the observation that while a symmetry-preserving boundary theory B
implies a vanishing partition function ZB[M4] = 0, the partition function of any unitary
spin TQFT on a simply connected smooth spin 4-manifold with a unique state on S3 cannot
be zero.

In short, given Zn with a non-trivial gravitational anomaly we check the condition
n|2k. If not satisfied, then a symmetry-preserving TQFT is excluded.

Obstruction from mixed anomalies in the CFU background. Next, we consider
the mixed anomaly of a discrete symmetry Zn (this can be unbroken subgroup of U(1)A
or Zdχp ) and some other internal symmetry. In particular, we are interested in the mixed
anomaly between 0-form discrete Zn and 1-form symmetry, i.e. CFU backgrounds. The
corresponding anomaly inflow action is schematically given by∫

ω5(A) ∼
∫
z ∧ w2 ∧ w2 (3.3)

where z represents the Zn discrete gauge field and the part w2 ∧ w2 represents the CFU
fluxes. If the theory does not admit gauge invariant fermionic operators, the only hope for
anomaly matching is via a Zn-preserving TQFT. The existence of such TQFT has been
investigated in [34–39]. We follow the criteria of [38] to judge the presence/absence of such
TQFT. We put the theory on the spin manifold M4 = S2 × S2 and turn on the 1-form
background fluxes, which pierce both spheres. If the anomaly inflow action evaluated on
the mapping torus manifold N5 ≡ S1 ×M4 is non-trivial, that is,

e2πi
∫
N5 ω5(A) 6= 1 (3.4)

there exists no unitary symmetry-preserving TQFT on M4. We immediately conclude that
a nontrivial Zn anomaly in the CFU background cannot be matched by a spin TQFT.

3.3 Broken continuous symmetries: the Wess-Zumnio-Witten term

We discuss the anomaly matching of the spontaneously broken continuous symmetry via
goldstone bosons emphasizing that the Wess-Zumnio-Witten (WZW) term will always
match anomalies for the broken continuous symmetry even after turning on the fractional
’t Hooft fluxes.

Consider a continuous symmetry G broken down to an anomaly-free group H. We
write the gauge field for G as A and gauge field for H as Ah. Non-abelian anomaly
satisfying the Wess-Zumino consistency condition is obtained via Stora-Zumino descent
procedure and the WZW action is better understood in this language (see [61, 62] for a
modern perspective). It takes the form

SWZW =
∫
M5

(
ω̃

(0)
5 (Ah, A)− ω̃(0)

5 ((AU−1)h, AU
−1)
)
, (3.5)

where the shifted Chern-Simons action ω̃(0)
5 (Ah, A) is given by

ω̃
(0)
5 (Ah, A) =

∫ 1

0
ds tr

[
(A−Ah)F 2

s

]
, Fs = dAs +A2

s, As = sA+ (1− s)Ah . (3.6)
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One nice property of the shifted Chern-Simons action ω̃
(0)
5 is that it is invariant when

the two arguments A and Ah transform the same way. It implies that ω̃(0)
5 (Ah, A) is

invariant under any H ⊂ G transformations provided the Lie algebra is reductive and
symmetric.12 If H is anomaly-free, the shifted Chern-Simons action is just a modification
of the canonical CS action by a local counter term in such a way that H is free of mixed
anomalies with G (see [63] for a review). U in the WZW action in eq. (3.5) is the Goldstone
field parametrizing the coset G/H and it is understood that a proper extension to M5 is
perfomed. For the spacetime manifold M4 = S4, the 5d manifold is taken to be 5-disk D5,
but we consider a more general M4 and associated M5 such that ∂M5 = M4. Also, AU−1

is the Maurer-Cartan 1-form:

AU
−1 ≡ U−1AU + U−1dU , (3.7)

which satisfies the Maurer-Cartan structure equation

dAU
−1 +AU

−1 ∧AU−1 = U−1FU . (3.8)

These are just gauge transformation of A by U−1 and its field strength F . By construction,
the WZW action satisfies the following three conditions which are necessary to guarantee
that the Goldstone bosons match the UV anomaly: (1) it solves the anomalous ward
identity, (2) it vanishes as U → 1, and thus, background gauge fields cannot solely solve
the anomalous ward identity, and (3) it is a function of the boundary values of A and U , i.e.,
it manifestly depends only on fields defined on M4 and does not depend on the extension to
5 dimensions. The latter condition is easily seen by noting that d

(
ω̃

(0)
5 (AU−1)− ω̃(0)

5 (A)
)

=
Ω6(AU−1) − Ω6(A) = 0 by the gauge invariance of the 6d anomaly polynomial Ω6. This
last property is what makes the WZW action an intrinsically 4d local action,13 although
its symmetry property manifests better in its 5d representation.

Regarding the anomaly matching, it is sufficient to mention that A→ gAg−1 + gdg−1

and U → g Ugh(U, g) under g ∈ G transformation. From this, it can be shown that, under
a global g ∈ G, AU−1 transforms as

AU
−1 → h(U, g)AU−1

h−1(U, g) + h(U, g)dh−1(U, g) , (3.9)

that is, AU−1 transforms as a particular local gauge transformation (note that U has space-
time dependence), and in particular as if it is a gauge connection of H. This fact can be
combined with the invariance of the shifted CS action under simultaneous transformation
of the two arguments to conclude that the second term in eq. (3.5) is invariant under any G
transformation. Recalling that the first term in eq. (3.5) is just the anomaly inflow action,
it matches the anomaly of the UV theory. The first term in eq. (3.5) is also invariant under
H transformation, hence is SWZW. This implies that the WZW action does not capture

12Writing the algebra for H as h and that for coset G/H as k, the Lie algebra is reductive if [h, k] ⊂ k
and further is symmetric if [k, k] ⊂ h, where h ∈ h and k ∈ k.

13Due to the closedness, (at least locally)
(
ω̃

(0)
5 (AU

−1
)− ω̃(0)

5 (A)
)

= dΓ4 and we get SWZW =
∫
M4 Γ4. In

fact, SWZW is independent of the way the extension M4 → M5 is made provided it satisfies a quantization
condition [52].
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any anomaly associated with the unbroken H. If the anomaly of H does not vanish in
the UV, it needs to be matched by massless composite fermions or TQFT (for discrete
subgroups). H can be a semi-simple or a direct product of semi-simple groups, continuous
or discrete.

The same procedure can be repeated in the presence of the CFU fluxes. The most
general field strength including center background fields of color (c), flavor (f) and U(1)
groups is written as

F2 = (f̂ c2 −Bc
21c,N )⊗ 1f + 1c ⊗ (F̂ f2 −B

f
2 1f ) + 1c ⊗ 1f ⊗ (F2 −B2) , (3.10)

where the field strength F̂ f is valued in U(nf ), etc. 1f , 1c, 1c,N are unit matrices of di-
mensions nf , dimR, and N , respectively. See appendix C for details. The associated gauge
fields may be defined in the standard manner. Starting with the 6d anomaly polynomial

Ω6(A) = 2π
3!
∑
Weyl

trR
(−iF2

2π

)3
, (3.11)

virtually identical steps can be taken to arrive at anomaly inflow actions for various anoma-
lies, including 0-form and 1-form mixed anomaly, and the WZW action for continuous
G→ H (now including fractional center fluxes) can be constructed. We remark that in the
discussion of spontaneously broken continuous symmetry, the color-part (the first term in
eq. (3.10)) can be dropped since its anomaly coefficient vanishes identically. Thus, the first
term of the WZW action (3.5) will generate the U(1)A anomaly in the CFU background
flux, while the second term stays invariant per the discussion above; the full WZW action
reproduces the U(1)A[CFU] anomaly (when U(1)A is broken). In particular, we note that
when U(1)A is broken down to a discrete subgroup Zq ⊂ U(1)A, we need to check that the
Zq anomaly in the CFU background flux vanishes in the UV. If this were not the case,
then the IR phase has to match this anomaly either by composite fermions or a TQFT.
A detailed discussion of the descend procedure in the absence/presence of CFU fluxes,
anomaly inflow action, and issue of counter terms is provided in appendices B and C.

Finally, we also mention that we can write down a WZW action that matches the
U(1)A[grav]2 anomaly by simply replacing ω̃(0)

5 by a mixed Chern-Simons term A1∧p1(M5),
where A1 is the U(1)A gauge field:

− 1
24

∫
M5

(
A1 −AU

−1
1

)
∧ p1(M5) , (3.12)

and AU−1
1 is the “gauge transformation” of A1 by the goldstone field.

3.4 Broken discrete symmetries: TQFT and domain walls

For broken Zdχp , the Zdχp anomaly in CFU background can be matched by a TQFT that
describes multiple vacua separated by domain walls [9, 30, 32, 55]. We first discuss a
universal TQFT that matches the anomaly of broken q-form Z(q)

n . We then specialize to
the mixed anomaly between 0-form Zdχp and CFU background. The final result eq. (3.20)
matches those in [30, 32].
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Consider a Zn gauge theory in d spacetime dimension described by a BF theory.

S = in

2π

∫
aq ∧ dbd−q−1 . (3.13)

In addition to (q − 1)-form and (d − q − 2)-form gauge symmetries, the theory has two
higher-form global symmetries which are q-form and (d− q − 1)-form Zn symmetries:

Z(q)
n : aq → aq + 1

n
εq (3.14)

Z(d−q−1)
n : bd−q−1 → bd−q−1 + 1

n
εd−q−1 , (3.15)

where εq and εd−q−1 are closed and have integral periods:
∫
εq,
∫
εd−q−1 ∈ 2πZ. These

two higher-form symmetries have mixed anomalies. This may be seen by first coupling the
theory to background gauge fields Ad−q and Bq+1 of these global symmetries.

S → S̃ = in

2π

∫
aq ∧ (dbd−q−1 −Ad−q)−Bq+1 ∧ bd−q−1 . (3.16)

We have combined two terms to make the theory manifestly invariant under Z(d−q−1)
n . It

also shows clearly that the relevant symmetry is non-linearly realized. Note that we could
have exchanged the role of the two and make instead Z(q)

n -invariance (and its non-linear
realization) manifest. Under Z(q)

n transformation, however, S̃ shifts as

S̃ → S̃ + i

2π

∫
εq ∧ (dbd−q−1 −Ad−q) . (3.17)

While the first term is consistent (note that it is 2πZ-valued), the second non-invariant
term cannot be removed by any local counter terms, showing that the theory has a
mixed anomaly:

Z(q)
n : δS̃ = − i

2π

∫
εq ∧Ad−q . (3.18)

This mixed anomaly may be described by an anomaly inflow action

Sinflow = in

2π

∫
Ad−q ∧Bq+1 . (3.19)

The TQFT S̃ matches the anomaly of the spontaneously broken Z(q)
n .

Now we specialize to our case by setting q = 0, d = 4, n = p, and writing a0 = φ:

S = ip

2π

∫
M4
φdb3 −

ip

2π

∫
M4
φA4 −

ip

2π

∫
M4
b3 ∧B1 , (3.20)

with associated anomaly inflow action

Sinflow = ip

2π

∫
M5
B1 ∧A4 , (3.21)

where B1 = z is the Zdχp gauge field and A4 is the CFU background fluxes. The exact
matching can be obtained by comparing eqs. (2.49) and (3.20). We obtain∫

p

2πA4 = κzc2Qc + κzχ2Qχ + κzψ2Qψ + κzu2Qu , (3.22)

where Qψ needs to be dropped if we choose Zdχp to act only on χ.
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The first term in eq. (3.20) describes domain wall of broken Zdχp . Specifically, 〈eiφ〉
is the order parameter for the Zdχp breaking: 〈eiφ〉 = e

i2πk
p , k = 0, · · · (p − 1) labels the

degenerate vacua. Also, ei
∮
b3 describes domain walls separating those vacua. The second

term then reproduces anomaly of the UV theory.

4 Confinement with chiral symmetry breaking

In this section, we analyze the bosonic chiral gauge theory SU(8) with k = 4 and discuss its
possible IR phases in detail. The theory may confine through the dimension-five fermion
bilinear vacuum operator supplemented with another vacuum condensate e.g. O ∼ χ4, and
its IR phase is described by a (SU(3)×U(1))/(Z4 × Z3)→ SU(2) non-linear sigma model
and Zdχ2 -breaking domain walls. If, however, vacuum operators decouple along the RG
trajectory, the theory will most likely run into an IR fixed point.

4.1 SU(8) with k = 4 (nψ = 1, nχ = 3)

The symmetries of this theory and the charges of the fermions are summarized in the
following table:

SU(3)χ U(1)A Zdχ2 Zc4 Zχ3 ZL
2

ψ 1 −9 0 1 0 1
χ � 5 1 −1 −1 1

(4.1)

The theory enjoys a genuine discrete chiral symmetry Zdχ
r=gcd(18,10)=2, which cannot be

absorbed in the color or flavor centers. This symmetry acts on fermions as (ψ, χ) →
(ψ,−χ), which is equivalent to (ψ, χ)→ (−ψ, χ) using a ZL

2 transformation.14 In order to
determine the faithful global symmetry, we solve the consistency equations in eqs. (2.28)
and (2.29). There exists a solution for every m ∈ Zc4 and p′ ∈ Zχ3 , and hence, the solutions
form the group Z4 × Z3. Following the discussion around eq. (2.38), the faithful global
symmetry is

SU(3)χ ×U(1)A
Z4 × Z3

× Zdχ2 × Z(1)
2 , (4.2)

and the 1-form center symmetry is understood to act on fundamental Wilson lines.

4.2 Anomalies on spin manifold

Here, we list all the anomalies on spin manifold, including the new CFU anomalies. The
fact that there exists multiple solutions to the consistency equations (2.28) and (2.29)
means that we can turn on CFU fluxes, which will be used to find ’t Hooft anomalies. It is
instructive to consider three distinct solutions corresponding to three distinct fluxes. They
are given by

(m, p′, s) = (4, 0, 0) , (1, 0, 1/4) , (1, 1,−1/12 ) . (4.3)
14A ZL

2 transformation acts on the fermions as (ψ, χ)→ (−ψ,−χ).
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Notice that these solutions are not independent, and only two of them yield a constraint
on the IR phase, as we shall explain. Yet, we choose to consider all three of them for
pedagogical reasons. The first solution corresponds to activating only the Z(1)

2 color center,
while the second corresponds to activating both Z(1)

4 color center together with the Z(1)
4

subgroup of U(1)(1) center. Finally, the last one is turning on all three fluxes: Z(1)
4 color

flux, Z(1)
3 flavor center, and Z(1)

12 ⊂ U(1)(1) fluxes.15 Below, we summarize the topological
charges and Dirac indices (setting n1 = n2 = 0) for each solution.

(4, 0, 0) (1, 0, 1
4) (1, 1,− 1

12)

Qc 14 7
8

7
8

Qχ 0 0 2
3

Qu n1n2
(
− 1

4 + n1
)(
− 1

4 + n2
) ( 1

12 + n1
)( 1

12 + n2
)

Iψ 140 191 29

Iχ 252 147 49

. (4.4)

The UV theory has the following ‘t Hooft anomalies:

• [SU(3)χ]3 anomaly: κχ3 = 28. Unless the vacuum breaks SU(3)χ to an anomaly-free
subgroup, essentially there is obstruction for the theory to confine in the IR.

• mixed gravitational anomalies:

– mixed U(1)A-gravity anomaly : κug = 96. When U(1)A is broken to a discrete
subgroup Zq, either q should be a divisor of 192 (remember that there is a
minimum of 2 zero modes in the background of a gravitational instanton) in
order for Zq to be free of gravitational anomaly. If q is not a divisor of 192
(i.e. Zq is anomalous), a suitable TQFT must exist to saturate the anomaly.
However, as we discussed in section 3.2, if q - 2κug, then no such TQFT exists
on a spin manifold.

– mixed Zdχ2 -gravity anomaly : κzg = 84 and is trivial.

• U(1)A [SU(3)χ]2 anomaly: κuχ2 = 140.

• [U(1)A]3 anomaly: κu3 = −15744. This anomaly is milder than the mixed U(1)A-
gravity anomaly since 15744 divides 192. If U(1)A is broken to Zq, with q a divisor
of 192, the [Zq]3 anomaly will be automatically satisfied.

15U(1)(1) is the one-form global symmetry that is associated to gauging U(1)A. Indeed, we cannot gauge
the full U(1)A since it is anomalous. However, a discrete subgroup of it can be gauged, which gives rise
to a 1-form global symmetry. This is guaranteed to be the case if the background flux of U(1)A that we
excite satisfies the consistency conditions (2.28) and (2.29). In the current example, we see that there is
a Z(1)

12 1-form global symmetry associated with turning on a Z12 ⊂ U(1)A flux. In fact, one can construct
a Wilson line W1 that is charged under the Z(1)

12 1-form symmetry, such that W1 → e−i
2π
12 W1 under this

symmetry. W1 is not a genuine line operator (topological) on its own. However, the combination of (i) W1,
(ii) the color Wilson line Wc, which transforms as Wc → ei

2π
4 Wc, and (iii) the flavor Wilson line Wχ, which

transforms as Wχ → ei
2π
3 Wχ is topological. In other words, the Wilson line W defined as W ≡ W1WcWχ

cannot be screened by a dynamical fermion, and thus, W is topological.
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• U(1)A [CFU] anomaly. For a general solution (m, p′, s) and setting n1 = n2 = 0 we
obtain the phase:

e
i2πα

[
280p′

3 −15744s2
]
. (4.5)

As we emphasized above, this anomaly does not depend on the color flux. For the
three background fluxes we consider

(4, 0, 0) (1, 0, 1
4) (1, 1,− 1

12)

Anomaly Phase 1 e−i2πα(984) ei2πα(−16)
. (4.6)

If the vacuum breaks U(1)A to Zq, we must have 280p′
3 − 15744s2 = 0 mod q since

there is no unitary Zq-preserving TQFT on a spin manifold. This anomaly is stronger
than the mixed U(1)A-gravity anomaly.

• Zdχ2 [SU(3)χ]2 anomaly: κzχ2 = 28, and is trivial.

• Zdχ2 [U(1)A]2 anomaly: κzu2 = 2100, and is trivial.

• Zdχ2 [CFU] anomaly:

(4, 0, 0) (1, 0, 1
4) (1, 1,− 1

12)

Anomaly Phase 1 eiπ eiπ
. (4.7)

Zdχ2 [CFU] anomaly is the only non-trivial discrete anomaly of the theory. Interestingly,
turning on only the Z(1)

2 color center flux is not sufficient to see it (this is why this anomaly
was missed in [43]). We must activate more general CFU-background in order to detect it.
This can also be inferred from the Dirac index of each of the three solutions: it is even for
the (4, 0, 0)-background but odd for (1, 0, 1/4) and (1, 1,−1/12) (see table 4.4).

4.3 CFU anomalies on nonspin manifold

We discuss the CFU-fluxes that can be activated on a nonspin manifold. We consider three
solutions to the cocycle conditions eqs. (2.54) and (2.55).

(m, p′, s) = (2, 0, 0) , (0, 0, 1/2) , (1, 2, 1/12) . (4.8)

In the first case we turn on only the Z(1)
2 color center, which amounts to imposing the

condition w2(M4) = w2(c). The second solution activates a Spinc structure, while the
third solution activates all three centers. Below, we summarize the topological charges and
Dirac indices for each solution.

(2, 0, 0) (0, 0, 1
2) (1, 2, 1

12)
Qc

7
4 0 7

16

Qχ 0 0 4
3

Qu 0 1
8

1
288

Iψ 13 360 10
Iχ 21 252 42

. (4.9)
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The UV theory has the following CFU anomalies

• U(1)A [CFU]CP2 anomaly:

(2, 0, 0) (0, 0, 1
2) (1, 2, 1

12)
Anomaly Phase 1 ei2πα(−1980) ei2πα(120)

. (4.10)

• Zdχ2 [CFU]CP2 anomaly:

(2, 0, 0) (0, 0, 1
2) (1, 2, 1

12)
Anomaly Phase eiπ 1 1

. (4.11)

Notice that turning on the Z(1)
2 center flux on a nonspin manifold is capable of

detecting a non-trivial Z2 phase, unlike the case on a spin manifold. In fact, we can
match the Z2 phase on a nonspin manifold using a Z2-preserving TQFT [38].

4.4 Vacuum condensates and IR phase

We discuss anomaly matching in the IR assuming that the theory confines.

Fermion bilinear condensate. The lowest dimensional condensate is the dimension-
five fermion bilinear operator

Oa1 = εi1ji3i4i5i6i7i8ψ
(i1i2)χa[i3i4i5i6i7i8]

(
f cµν

)j
i2
σµν , (4.12)

where i1,··· ,8 are the color indices while a denotes the SU(3)χ flavor index. The dressed
gluon field

(
f cµν

)i2
j
ensures the non-vanishing of the condensate because of statistics reasons.

The expectation value of Oa1 breaks the symmetry SU(3)χ×U(1)A×Zdχ2 down to SU(2)×
U(1)× Z2.

The breaking of SU(3) down to SU(2) is understood by Oa1 ∝ δa1 using the SU(3)
transformation (i.e., the SU(2) subgroup of SU(3) can be embedded in the lower right
corner of the defining SU(3) matrix). To understand the unbroken U(1) × Z2, notice the
transformations, χ→ −χ, ψ → ψ under Zdχ2 and χ→ ei10παχ, ψ → e−i18παψ under U(1)A
(for a continuous parameter α) which implies Oa1 → e−i8πα+inπOa1 under U(1)A × Zdχ2
with n = 0, 1. Additionally, one of the SU(3) Cartan generators can be taken to be
diag

(
ei4πβ , e−i2πβ , e−i2πβ

)
for a continuous parameter β (the other Cartan generator acts

only on the SU(2) subspace and is irrelevant for our discussion below). Therefore, Oa1
transforms as Oa1 → ei4πβ−i8πα+inπOa1 under SU(3)χ × U(1)A × Zdχ2 . The direction β =
2α , n = 0 remains unbroken by the condensate signaling an unbroken U(1) symmetry. The
direction α = 1

8 , β = 0 , n = 1 remains unbroken showing an unbroken Z2 symmetry.16

The unbroken U(1) inherits the UV mixed U(1)-gravitational anomaly, while the un-
broken Z2 inherits the UV Zdχ2 [CFU] anomaly. We conclude that the bilinear condensate
cannot solely match all the UV anomalies.

16We thank an anonymous referee for pointing out an issue regarding the symmetry breaking pattern in
our original discussion.
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Higher-dimensional condensate. Is it plausible to have a scenario with identically
vanishing fermion bilinear operator while having a unique non-zero higher-dimensional
condensate? We argue that such a possibility is unlikely. We restrict our discussion to a
spin manifold where there exists no unitary TQFT that matches discrete anomalies.

A vacuum operator takes the form (up to the proper insertions of f cµν)

O ∼ εaψbχc , (4.13)

where 2b + 6c = 8a to ensure gauge invariance and b + c = 2k (k ∈ Z) to be a bosonic
operator. These two conditions can be combined into

k + c = 2a . (4.14)

We organize the solutions to eq. (4.14) according to the number of fermion insertions.
Notice that solution exists only for (k, c) = (even, even) or (odd, odd). For c even, the
discrete chiral symmetry Zdχ2 is unbroken, and Zdχ2 [CFU] anomaly cannot be matched.
Therefore, solutions with c even are not acceptable. This leaves us with only those operators
with odd number of both χ and ψ, or c = (2`+1) and b = (2m+1) (with `, m non-negative
integers).

We note that the vacuum operator in eq. (4.13) has a U(1)A charge q = −9b + 5c,
which can be shown to be a multiple of 4. This signals the breaking U(1)A → Zq. The
unbroken Zq needs to be anomaly-free because there exists no TQFT that can match the
anomaly. We need to check that the anomalies [Zq]3 (descendent from [U(1)A]3 anomaly),
Zq- [grav]2, Zq- [CFU] give 0 mod q. This leaves us with Zq being Z4 or its subgroups. The
possible condensates (up to the proper insertions of f cµν) are

O ∼ ψ1χ1, ψ9χ17, ψ11χ19, ψ19χ35, · · · (4.15)

All these operators have charge 4 under U(1)A. The first operator is the fermion bilinear
we discussed above. We note that there exists a very large dimensional gap between the
fermion bilinear and the next higher-order operator ψ9χ17, which has dimension 39 (without
any additional insertions of gluon fields). Once the requirement on the SU(3)χ anomaly
matching is also included, which requires an explicit analysis of the flavor group, some
of these superficially allowed operators might potentially be eliminated. Also, any extra
insertions of the field strength tensor will ever increase the dimension of the operator.

Mixed condensates. Our analysis shows that the fermion bilinear cannot solely match
all the UV anomalies. This calls for the possibility that two or more condensates are
necessary to satisfy the matching conditions. Assuming that the bilinear condensate
does not vanish, which breaks SU(3)χ × U(1)A × Zdχ2 down to SU(2) × U(1) × Z2, we
need at least one more condensate to match the anomalies. One immediate candidate is
Od2 = εabcχ

aχbχcχd, which transforms as Od2 → ei40πα+i4πβOd2 under SU(3)χ×U(1)A×Zdχ2
(notice that O2 is fundamental under SU(3), and therefore, it leaves an unbroken com-
bination of U(1)A and SU(3) Cartan generator). A non-vanishing O2 condensate breaks
the residual U(1) and matches the mixed U(1)-gravitational anomaly. It also breaks the
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direction α = 1
8 , β = 0 , n = 1, which can be easily seen by putting α = 1

8 , β = 0 in the
transformation factor ei40πα+i4πβ (i.e., we find Od2 → −Od2 .) Therefore, a combination of
the two condensates O1 (the fermion bilinear (4.12)) and O2 will break the residual Z2 and
saturates the Z2[CFU] anomaly.

Instead of O2, one wonders whether another type of condensates, that accompanies
the fermion bilinear, could match the anomalies. The answer is affirmative. Interestingly,
as we shall see momentarily, the Z2[CFU] anomaly imposes constraints on the condensates
more stringent than those required by the ordinary ’t Hooft anomalies. Here, instead
of determining all allowed operators, we simply present an example that demonstrates the
extra constraint coming from the CFU anomaly. We consider O ∼ εa1ψa2χa3 (with possible
insertions of gluon fields). We further take O to be singlet under SU(3)χ. This makes the
analysis particularly simple. Otherwise, one needs to study the possibility of having an
unbroken U(1) direction, a combination of U(1)A and a Cartan generator of SU(3)χ. Since
O is bosonic, we require a2 + a3 = 2k1 for some integer k1. We also require O to be
a color-singlet, i.e., 2a2 + 6a3 = 8k2 for some integer k2. Then, under U(1)A × Zdχ2 we
have O → ei2πα(−9a2+5a3)+iπna3O. Matching both U(1)-gravitational and Z2[CFU] mixed
anomalies demands that a combination of O1 and O breaks the residual U(1) × Z2. We
immediately find, for example, that a2 = a3 = 3 leaves the direction α = 1

8 , β = 0 , n = 1
intact, and thus, although the condensates O1 and O ∼ εabcψ

3χaχbχc match the mixed
U(1)-gravitational anomaly, they fail to match the new Z2[CFU] anomaly.

Conformal fixed point. Alternatively, the theory may flow to a fixed point in the IR.
We searched for a perturbative IR fixed point using the 2-loop and 3-loop β-function, see
appendix D. The 2-loop analysis does not indicate a fixed point. While the 3-loop analysis
shows a fixed point with αIR ∼ 2.8, its value is well beyond being perturbative and not
reliable. Thus, one cannot trust the robustness of the fixed point. This, however, cannot
exclude the possibility of a strongly-coupled CFT.

5 Flow to an IR Conformal Field Theory

In this section, we analyze the chiral gauge theory SU(8) with k = 2 and discuss its possible
IR phases. We argue that this theory is likely to flow to an (interacting) IR CFT by showing
that the lowest dimensional vacuum condensate consistent with anomaly matching has
dimension � 4. In addition, we show that both the 2-loop and 3-loop β-functions exhibit
a (semi) perturbative fixed point, providing extra support to our conjecture.

5.1 SU(8) with k = 2 (nψ = 2, nχ = 6)

We first find the genuine discrete chiral symmetry of this theory. Since gcd(Nψ, Nχ) = 4,
one may naively conclude that the discrete symmetry is Z4. Yet, two elements of Z4 are
identified with elements in Z2 ⊂ Z6, where Z6 is the center of SU(6)χ. This leaves us with
Zdχ2 as the genuine discrete group, which we take to act solely on χ. The symmetries of
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this theory and the charges of the fermions are summarized in the following table:

SU(2)ψ SU(6)χ U(1)A Zdχ2 Zc4 Zψ2 Zχ6 ZL
2

ψ � 1 −9 0 1 1 0 1
χ 1 � 5 1 −1 0 −1 1

. (5.1)

In order to determine the faithful global group, we need to find the solutions to the cocycle
conditions (2.28) and (2.29). There exists solutions for every m ∈ Z4 with the condition
p+p′ ∈ 2Z mod 6. This condition reduces the group elements identification (see eq. (2.38))
from Z4 × Z2 × Z6 to Z4×Z2×Z6

Z2
∼ Z4 × Z6. The faithful global group is, then, given by

SU(2)ψ × SU(6)χ ×U(1)A
Z4 × Z6

× Zdχ2 × Z(1)
2 . (5.2)

5.2 Anomalies on spin manifold

Let us discuss the possible background center (CFU) fluxes we can activate on spin mani-
fold. As we just mentioned, there are multiple solutions to the cocycle conditions eqs. (2.28)
and (2.29) and here we report four of them:

(m, p, p′, s) = (4, 0, 0, 0) , (3, 1, 3, 1/4) , (2, 1, 3, 0) , (1, 1, 1, 1/12) . (5.3)

The first solution is effectively turning on only the Z(1)
2 color center, and the last one

corresponds to the most refined background flux among all four. Below, we summarize the
topological charges and Dirac indices (setting n1 = n2 = 0) for each solution.

(4, 0, 0, 0) (3, 1, 3, 1
4) (2, 1, 3, 0) (1, 1, 1, 1

12)
Qc 14 63

8
7
2

7
8

Qψ 0 1
2

1
2

1
2

Qχ 0 15
2

15
2

5
6

Qu 0 1
16 0 1

144

Iψ 280 540 88 76
Iχ 504 756 336 84

. (5.4)

The UV theory has the following ‘t Hooft anomalies:

• [SU(6)χ]3 anomaly: κχ3 = 28. Unless the vacuum breaks SU(6)χ down to an anomaly-
free group, essentially there is an obstruction for the theory to confine in the IR.

• Mixed gravitational anomalies:

– Mixed U(1)A-gravity anomaly: κug = 192.
– Mixed Zdχ2 -gravity anomaly: κzg = 168 and is trivial.

• U(1)A [SU(6)χ]2 anomaly: κuχ2 = 140.
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• U(1)A [SU(2)ψ]2 anomaly: κuψ2 = −324.

• [U(1)A]3 anomaly: κu3 = −31488

• U(1)A [CFU] anomaly (setting n1 = n2 = 0):

(4, 0, 0, 0) (3, 1, 3, 1
4) (2, 1, 3, 0) (1, 1, 1, 1

12)
Anomaly Phase 1 ei2πα(−1080) ei2πα(888) ei2πα(−264)

. (5.5)

• Zdχ2 [SU(6)χ]2 anomaly: κzχ2 = 28, and is trivial.

• Zdχ2 [U(1)A]2 anomaly: κzu2 = 4200, so is trivial.

• Zdχ2 [CFU] anomaly:

(4, 0, 0, 0) (3, 1, 3, 1
4) (2, 1, 3, 0) (1, 1, 1, 1

12)
Anomaly Phase 1 1 1 1

. (5.6)

We see that there is no non-trivial Zdχ2 [CFU] anomaly on spin manifold. In order to
find a non-trivial discrete anomaly, we need to activate even more refined background
fluxes, and the only remaining option is to place the theory on a nonspin manifold.

All our comments from the previous section still apply when we consider the breaking
of U(1)A to a discrete group in the gravitational or CFU backgrounds.

5.3 CFU anomalies on nonspin manifold

We discuss possible background center (CFU) fluxes we can activate on nonspin manifold.
There are multiple solutions to the cocycle conditions in eqs. (2.54) and (2.55) and here
we report four of them:

(m, p, p′, s) = (2, 0, 0, 0) , (0, 0, 0, 1/2) , (0, 1, 3, 0) , (1, 1, 1,−5/12) . (5.7)

The first solution is effectively turning on only Z(1)
2 color center with the condition

w2(M4) = w2(c), and the second configuration is nothing but Spinc manifold. The third
configuration may be viewed as a generalization of non-spin manifold case occurred in SU(2)
adjoint QCD. Here, w2(M4) of the tangent bundle is balanced by a combination of two
center fluxes of the flavor groups SU(2)ψ × SU(6)χ. Below, we summarize the topological
charges and Dirac indices for each solution.

(2, 0, 0, 0) (0, 0, 0, 1/2) (0, 1, 3, 0) (1, 1, 1,−5/12)
Qc

7
4 0 0 7

16

Qψ 0 0 1
4

1
4

Qχ 0 0 15
4

5
12

Qu 0 1
8 0 25

288

Qg −1
8 −1

8 −1
8 −1

8

Iψ 26 720 0 515
Iχ 42 504 84 371

. (5.8)
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The UV theory has the following CFU anomalies.
• U(1)A [CFU]CP2 anomaly (with n1 = n2 = 0):

(2, 0, 0, 0) (0, 0, 0, 1
2) (0, 1, 3, 0) (1, 1, 1,− 5

12)
Anomaly Phase ei2πα(−24) ei2πα(−3960) ei2πα(420) ei2πα(−2780)

. (5.9)

• Zdχ2 [CFU]CP2 anomaly:

(2, 0, 0, 0) (0, 0, 0, 1
2) (0, 1, 3, 0) (1, 1, 1,− 5

12)
Anomaly Phase 1 1 1 eiπ

. (5.10)

There is now a non-trivial Zdχ2 [CFU]CP2 anomaly in the background of the CFU configu-
ration (m, p, p′, s) = (1, 1, 1,− 5

12).

5.4 Vacuum condensates and IR phase

We finally discuss anomaly matching in the IR assuming the theory confines.

Fermion bilnear condensate. The lowest dimensional color-singlet condensate is

OAa = εi1ji3i4i5i6i7i8ψ
A(i1i2)χ[i3i4i5i6i7i8]

a

(
f cµν

)j
i2
σµν , (5.11)

where a = 1, 2, . . . , 6 are SU(6)χ and A = 1, 2 are SU(2)ψ flavor indices. This condensate
breaks Z2 → 1 (remember that Z2 is chosen to act solely on χ), which is sufficient to
match the Zdχ2 [CFU]CP2 anomaly. The condensate, however, exhibits a sever problem that
excludes it as a possible IR scenario. Since OAa transforms in the defining representation of
SU(6)χ× SU(2)ψ, it breaks it down to either H ⊃ SU(5)×U(1) or H ⊃ SU(4)× SU(2) (in
the second case, SU(2) is a vector-like group; see [64]). Both choices of H are not anomaly
free, as can be easily seen. A traditional way out of this problem would be the formation of
composite massless fermions in the IR that are charged under H. This solution is excluded,
thanks to the fact that the theory at hand does not admit fermions in its spectrum.

Higher-dimensional condensates. We can repeat the analysis presented in section 4.4,
with a sole difference that the vacuum operator needs not break Zdχ2 . The reason is the
following. First, we have shown that there is no non-trivial mixed Zdχ2 [CFU] anomaly on
spin manifold, removing the requirement of anomaly matching. Then, on nonspin manifold,
while there is a Zdχ2 [CFU]CP2 anomaly, it needs not be matched by breaking Zdχ2 since a
Z2-preserving TQFT exists on CP2.

Relaxing the requirement of Zdχ2 breaking, we again find that the general vacuum op-
erator has U(1)A charge of multiples of 4. In addition, the maximal anomaly-free subgroup
of U(1)A is shown to be Z4 on both spin and non-spin manifolds. The allowed condensates
are given by

O ∼ ψ1χ1, ψ4χ8, ψ6χ10, ψ9χ17, ψ11χ19, ψ14χ26, · · · . (5.12)

As anticipated, this time we have solutions with even number of χ’s in addition to the ones
listed in eq. (4.15). We first recall that the leading operator O ∼ ψχ is what we studied
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above and we showed that it is ruled out by anomaly matching of continuous symmetries.
This means that the lowest dimensional vacuum condensate consistent with U(1)A anomaly
matching is a 12-fermion operator (possibly with additional f cµν insertions). We also need
to check if this operator can saturate the continuous anomaly of SU(6)χ. If this is the case,
then the operator ψ4χ8 might have a nonvanishing expectation value and be accompanied
by a Z2 TQFT. However, given that this operator has a scaling dimension of at least 18
(zero insertions of f cµν), we conjecture that there is some chance for this theory to avoid
confinement and flow to a CFT. Rather surprisingly, this conclusion is in fact consistent
with the 2-loop and 3-loop β-function calculations. The 2-loop calculations yield a value
of the fixed-point coupling constant αIR = 64π

659 ≈ 0.305, while the 3-loop calculations yield
αIR = 0.181, see appendix D.1.

However, this is a speculative conclusion rather than one based on firm calculations;
after all, we are discussing a strongly-coupled theory. Some caveats against a CFT are
as follows:

1. It is well known that certain supersymmetric field theories with a number of funda-
mental chiral fields and chiral adjoint field X with superpotential W = trXk+1, and
k very large, can exhibit symmetry breaking and non-trivial IR dynamics, see [65].
Such operators are said to be dangerously irrelevant since they receive non-vanishing
vacuum expectation values irrespective of their large scaling dimensions. However,
this class of theories fundamentally differs from the theories we discuss here, thanks
to the extra scalars and, above all, the holomorphy of supersymmetry.

2. One may argue that a set of operators ∼ ψχf c, ψχ (f c)2 , ψχ (f c)3, etc. may break
SU(6)χ × SU(2)ψ × U(1)A to an anomaly-free subgroup. We cannot exclude this
possibility. However, given the large scaling dimension of these operators and the fact
that all of them are aligned in flavor space, we find that such scenario is less likely.

3. As we pointed out in the previous section, multiple condensates that are not aligned
in flavor space may break the symmetries to an anomaly-free subgroup. The anal-
ysis of the multi-condensates, however, is more involved and beyond the scope
of this paper. For example, the condensate ψχ will break the global symmetry
SU(6)χ × SU(2)ψ ×U(1)A down to either H ⊃ SU(5)×U(1) or H ⊃ SU(4)× SU(2).
Both of these symmetry breaking patterns are anomalous. However, the condensate
χχχχ might further break one of them to an anomaly-free subgroup. The operator
χχχχ transforms in the 4-index symmetric representation and it is not immediately
clear how it may break the original group SU(6) or one of the unbroken subgroups
SU(5) or SU(4) to anomaly-free parts. A future work should address such interest-
ing possibility.
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A The independent discrete symmetry

In this appendix we show that the global structure of U(1)A × ZNψ+Nχ is given by
U(1)A × ZNψ+Nχ
Z(Nψ+Nχ)/r

, r = gcd(Nψ, Nχ) , (A.1)

hence showing that there are r independent discrete symmetry generators.
We recall that the symmetry ZNψ+Nχ acts simultaneously on both ψ and χ with

common charge 1. Then, we notice that the action of ZNψ+Nχ on ψ can be undone by
appropriately choosing the parameter of the U(1)A. Thus, under the action of U(1)A ×
ZNψ+Nχ we have

ψ = ei2παaqχe
i 2π`
Nψ+Nχ ψ , (A.2)

for ` = 1, 2, . . . , Nψ + Nχ. Here, qψ = −Nχ/r and we have included the charge scaling
factor a, which we use to show that the global structure (and the number of independent
generator) is insensitive to the charge assignment. This yields the solution

α = − `

aqχ(Nψ +Nχ) + k1
aqχ

, (A.3)

and k1 ∈ Z. Next, we use the parameter α to find the action of U(1)A × ZNψ+Nχ on χ:

χ→ ei2πaqχαe
i 2π`
Nψ+Nχ = e

i2π
(`−k1Nψ)

Nχ χ , (A.4)

where qχ = Nψ/r. We note that a-dependence is completely dropped out, and the results
obtained below are therefore insensitive to the charge assignment. Now, any integer ` can
be written as ` = m1 +m2r for m2 ∈ Z and m1 = 1, 2, · · · , r−1. Thus, the transformation
on χ becomes

χ→ e
i2π

(m1+m2r−k1Nψ)
Nχ χ . (A.5)

Next we use Bezout’s identity, which states that there exists an integer k2 such that

m2 gcd(Nψ, Nχ) = k1Nψ + k2Nχ , (A.6)

which immediately yields

χ→ e
i2πm1

Nχ χ , (A.7)

with generators m1 = 1, 2 · · · , r − 1. Thus, there are only r = gcd(Nψ, Nχ) independent
generators, including the identity generator, that faithfully act on χ. In other words, there
are Zr orbits inside

U(1)A×ZNψ+Nχ
Z(Nψ+Nχ)/r

. The action of Zr on χ is then represented as

χ→ ei2π
m
r χ , m = 0, 1, . . . , r − 1 . (A.8)
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B The descend procedure, reducible anomalies, and counter terms

In this appendix we describe the descend procedure that produces the anomalies as we
descend from 6 to 4 dimensions as well as the possibility of adding counter terms whenever
we have a reducible anomaly . As an example, consider a theory with nχ flavors of fermions
χ and a single flavor nψ = 1 of fermion ψ. The choice nψ = 1 is made in order to
reduce clutter.17 Otherwise, generalizing the treatment to a general number of flavors is a
straightforward task. The theory admits the following classical symmetry

G = SU(N)× SU(nχ)×U(1)1 ×U(1)2 , (B.1)

and we take the actions of U(1)1 and U(1)2 on ψ and χ to be

U(1)1 : ψ → eiα1ψ , χ→ eiβ1χ ,

U(1)2 : ψ → eiα2ψ , χ→ eiβ2χ . (B.2)

First, we would like to determine the nonanomalous part of G. To this end, we turn on
background flux fields f c2 , F

f
2 , F

u1
2 , and F u2

2 of SU(N), SU(nf = nχ), U(1)1, and U(1)2,
respectively. Then, we write down the anomaly polynomial in 6 dimensions as:

Ω6 = 2π
3!

(
−iF t2

2π

)3

, (B.3)

where F t2 is a superposition of all background fields:

F t2 = f c2 ⊗ 1f + 1c ⊗ F f2 + 1c ⊗ 1f ⊗ (F u1
2 + F u2

2 ) . (B.4)

Notice that we kept traces over non-abelian fields implicit. Substituting (B.4) into (B.3),
keeping all possible terms that account for both pure and mixed anomalies, we find:

Ω6 = 1
(2π)2

[ 1
3!κc3f

c
2 ∧ f c2 ∧ f c2 + 1

2!κu1c2F
u1
2 ∧ f

c
2 ∧ f c2 + 1

2!κu2c2F
u2
2 ∧ f

c
2 ∧ f c2

+ 1
2!κu1f2F u1

2 ∧ F
f
2 ∧ F

f
2 + 1

2!κu2f2F u2
2 ∧ F

f
2 ∧ F

f
2 + 1

2!κu1u2
2
F u1

2 ∧ F
u2
2 ∧ F

u2
2

+ 1
2!κu2u2

1
F u2

2 ∧ F
u1
2 ∧ F

u1
2 + 1

3!κu3
1
F u1

2 ∧ F
u1
2 ∧ F

u1
2

+ 1
3!κu3

2
F u2

2 ∧ F
u2
2 ∧ F

u2
2 + 1

3!κf3F f2 ∧ F
f
2 ∧ F

f
2

]
. (B.5)

Notice that terms like f c2 ∧ F u1
2 ∧ F u1

2 are zero by construction since tr[ta] = 0 for the
non-abelian Lie-algebra generators ta.

Next, recall that an anomaly Ωred
d+2 is said to be reducible if we can write Ωred

d+2 as

Ωred
d+2 = Jp ∧ Kd+2−p , (B.6)

17This prototype example is the case SU(8) with k = 4.
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and Jp, Kd+2−p satisfy

dJp = 0 , dKd+2−p = 0 . (B.7)

Then, we write Ωred
d+2, at least locally, as

Ωred
d+2 = dωred

d+1 , (B.8)

where

ωred
d+1 = Jp−1 ∧ Kd+2−p + sd (Jp−1 ∧ Kd+1−p) , s ∈ R (B.9)

and Jp, Kd+2−p satisfy Jp = dJp−1, Kd+2−p = dKd+1−p, respectively. The last term
in (B.9) is a counter term, which can always be added as we descend from 6 to 5 dimensions.

All mixed anomalies in (B.5) are reducible. Consider, as an example, the term

1
2!κu1c2F

u1
2 ∧ f

c
2 ∧ f c2 . (B.10)

Then, we can identify J2 and K4 as

J2 = F u1
2 , K4 = f c2 ∧ f c2 (B.11)

since

dF u1
2 = ddAu1

1 = 0 ,

d [f c2 ∧ f c2 ] = ddCS(ac1) = dd

[
ac1 ∧ dac1 + 2

3a
c
1 ∧ ac1 ∧ ac1

]
= 0 .

Thus, we immediately conclude

J1 = Au1
1 , K3 = CS(ac1) ≡ ac1 ∧ dac1 + 2

3a
c
1 ∧ ac1 ∧ ac1 . (B.12)

Then, upon descending from 6 to 5 dimensions we obtain:
1
2!κu1c2F

u1
2 ∧ f

c
2 ∧ f c2 −→

1
2!κu1c2A

u1
1 ∧ f

c
2 ∧ f c2

+ s d
[
Au1 ∧ CS(ac1)

]
.

(B.13)

We can apply the same analysis to all the mixed terms in (B.5). The final 5d anomaly
polynomial is

(2π)2ω5 = 1
2!κu1c2A

u1
1 ∧ f

c
2 ∧ f c2 + s1d

[
Au1

1 ∧ CS(ac1)
]

+ 1
2!κu2c2A

u2
1 ∧ f

c
2 ∧ f c2

+s2d
[
Au2

1 ∧ CS(ac1)
]

+ 1
2!κu1f2Au1

1 ∧ F
f
2 ∧ F

f
2 + r1d

[
Au1

1 ∧ CS(Af1)
]

+ 1
2!κu2f2Au2

1 ∧ F
f
2 ∧ F

f
2 + r2d

[
Au2

1 ∧ CS(Af1)
]

+ 1
2!κu1u2

2
Au1

1 ∧ F
u2
2 ∧ F

u2
2

+t1d
[
Au1

1 ∧A
u2
1 ∧ F

u2
2

]
+ 1

2!κu2u2
1
Au2

1 ∧ F
u1
2 ∧ F

u1
2 + t2d

[
Au2

1 ∧A
u1
1 ∧ F

u1
2

]
+ 1

3!κc3Q
c
5 + 1

3!κf3Qf5 + 1
3!κu3

1
Qu1

5 + 1
3!κu3

2
Qu2

5 , (B.14)
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where Q5 = A1 ∧F2 ∧F2−
A3

1∧F2
2 + A5

1
10 for the non-abelian fields and Q5 = A1 ∧F 2

2 for the
abelian fields. We perform the gauge transformations Au1

1 → Au1
1 +dλu1

0 , Au2
1 → Au2

1 +dλu2
0 ,

CS(ac1)→ CS(ac1) + d (λc0dac1), CS(Af1)→ CS(Af1) + d(λf0dA
f
1), and Q5 → Q5 + dQ4, where

Q4 = λ0d(A1∧dA1+A3
1/2) for the non-abelian fields and Q4 = λ0d(A1∧dA1) for the abelian

fields. We also assume that the gauge parameters λu1
0 , λu2

0 , λc0, and λ
f
0 have local supports

on a closed 4-dimensional manifold M4. This procedure produces all the 4-dimensional
anomalies including the counter terms:18

Ac = i

4π2

∫
M4
λc0

[
κc3

3! d
(
ac1 ∧ dac1 + (ac1)3

2

)
+ s1F

u1
2 ∧ da

c
1 + s2F

u2
2 ∧ da

c
1

]
,

Af = i

4π2

∫
M4
λf0

[
κf3

3! d
(
Af1 ∧ dA

f
1 + (Af1)3

2

)
+ r1F

u1
2 ∧ dA

f
1 + r2F

u2
2 ∧ dA

f
1

]
,

Au1 = i

4π2

∫
M4
λu1

0

[κu3
1

3! F
u1
2 ∧ F

u1
2 +

(
κu1c2

2! − s1

)
f c2 ∧ f c2

+
(
κu1f2

2! − r1

)
F f2 ∧ F

f
2 +

(κu1u2
2

2! − t1
)
F u2

2 ∧ F
u2
2 + t2F

u1
2 ∧ F

u2
2

]
,

Au2 = i

4π2

∫
M4
λu2

0

[κu3
2

3! F
u2
2 ∧ F

u2
2 +

(
κu2c2

2! − s2

)
f c2 ∧ f c2

+
(
κu2f2

2! − r2

)
F f2 ∧ F

f
2 +

(κu2u2
1

2! − t2
)
F u1

2 ∧ F
u1
2 + t1F

u1
2 ∧ F

u2
2

]
.

(B.15)

Since we are gauging SU(N), the anomaly Ac has to vanish identically. This is achieved
by having an appropriate number of Weyl fermions ψ and χ and, at the same time, by
setting the counter terms s1 and s2 to zero. The rest of the counter terms r1, r2, t1, t2
can be chosen arbitrarily. This has the effect of shuffling the mixed anomalies around. A
canonical choice is to set r1 = r2 = t1 = t2 = 0. This leaves us with the anomalies:

Af = i

4π2

∫
M4
λf0

[
κf3

3! d
(
Af1 ∧ dA

f
1 + (Af1)3

2

)]
,

Au1 = i

4π2

∫
M4
λu1

0

[κu3
1

3! F
u1
2 ∧ F

u1
2 + κu1c2

2! f c2 ∧ f c2 +
κu1f2

2! F f2 ∧ F
f
2 +

κu1u2
2

2! F u2
2 ∧ F

u2
2

]
,

Au2 = i

4π2

∫
M4
λu2

0

[κu3
2

3! F
u2
2 ∧ F

u2
2 + κu2c2

2! f c2 ∧ f c2 +
κu2f2

2! F f2 ∧ F
f
2 +

κu2u2
1

2! F u1
2 ∧ F

u1
2

]
,

where the anomaly coefficients are given by

κf3 = dimχ , κu3
1

= α1dimψ + nχβ1dimχ , κu3
2

= α2dimψ + nχβ2dimχ ,

κu1c2 = α1Tψ + nχβ1Tχ , κu2c2 = α2Tψ + nχβ2Tχ ,

κu1f2 = β1dimχ , κu2f2 = α2dimχ .

(B.16)

In particular, we can find a combination of the gauge parameters α1, α2, β1, and β2 that
leaves U(1)1 anomaly free in the color instanton background. We call this symmetry the
axial U(1)A:

U(1)A : ψ → e−i2π
nχTχ
r ψ , χ→ ei2π

Tψ
r χ , (B.17)

18Notice that this procedure gives the consistent anomaly.
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and r = gcd(nχTχ, Tψ). We can also find special values of α2 and β2 that leaves a discrete
subgroup of U(1)2 invariant in the color background. This is ZnχTχ+Tψ that acts on the
fermions as

ZnχTχ+Tψ : ψ → e
i2π `

nχTχ+Tψ ψ , χ→ e
i2π `

nχTχ+Tψ χ , (B.18)

where ` = 0, 1, . . . , nχTχ+Tψ−1. However, as we discussed in the bulk of the paper and in
appendix A, only a discrete subgroup Zgcd(nχTχ,Tψ) ⊂ ZnχTχ+Tψ acts faithfully on fermions.

Now, we may restore the general number of flavors nψ. We recall that the U(1)A
charges are given by qψ = −nχTχ

r and qχ = nψTψ
r , where r = gcd(nχTχ, nψTψ). Then, the

following is the set of complete traditional (perturbative) ’t Hooft anomalies:

Anomaly Phase

[U(1)A]3 dimψnψq
3
ψ + dimχnχq

3
χ

[SU(nψ)]3 dimψ

[SU(nχ)]3 dimχ

Anomaly Phase

U(1)A [SU(nψ)]2 qψdimψ

U(1)A [SU(nχ)]2 qχdimχ

U(1)A [grav]2 2 (qψdimψnψ + qχdimχnχ)

Anomaly Phase

Zr [SU(nψ)]2 dimψ mod r

Zr [SU(nχ)]2 dimχ mod r

Zr [U(1)A]2 q2
ψdimψnψ + q2

χdimχnχ mod r

Zr [grav]2 2 (dimψnψ + dimχnχ) mod r

, (B.19)

Notice that if some generators of Zr are redundant (i.e., they can be absorbed in a com-
bination of the color, flavor, and Lorentz centers) such that only Zdχp ⊂ Zr is the genuine
discrere chiral symmetry, then we should make the replacement r → p in the above tables.

C Descending in the CFU background fluxes

We can also calculate the discrete anomaly in the CFU background using the Stora-Zumino
chain of descent procedure. In the following, we assume that we already singled out the
good global symmetry that acts on the fermions. In particular, we use the results of
appendix B to read the good part of U(1)1 × U(1)2 symmetry that survives the quantum
corrections: the remaining symmetry is U(1)A × Zr (modulo global structure given in
eq. (A.1)). Also, we use the results of appendix B to read the U(1)A charges of the fermions.
Moreover, we choose to make use of the canonical counter terms, as in appendix B.

We start as before by writing the anomaly polynomial in 6 dimensions:

Ω6 = 2π
3!
∑
Weyl

trR
(−iF2

2π

)3
, (C.1)

where F2 is the combined background field strengths of the color and global symmetries
and the sum and the trace is taken over every left-handed Weyl fermion transforming in a
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general representation R. The explicit form of F2 is given in eq. (C.3) below. Integrating
the anomaly polynomial over a 6-dimensional manifold M6 gives the phase:

ei2πη = e
i 2π
48π3

∑
Weyl

∫
M6 trR[F2∧F2∧F2]

, (C.2)

which reproduces the 4-dimensional anomaly via the descend procedure.19 In the following
we compute the contribution from a single Weyl fermion to η, while the contribution from
other fermion species follows the exact same procedure. In order to reduce notational
clutter, we take the flavor group to be SU(nf ), the fermion charge under the axial U(1)A
to be q, and the discrete symmetry to be Zr. The calligraphic field strength F2 is a
superposition of the color f c2 , flavor F

f
2 , axial F2, and discrete FZr

2 gauge fields:

F2 = f c2 ⊗ 1f + 1c ⊗ F f2 + 1c ⊗ 1f ⊗
(
qF2 + FZr

2

)
, (C.3)

where 1c and 1f are unit matrices of dimensions dimR and nf , respectively.
In our construction we introduce the gauge field AZr

1 , which can be thought of an
abelian U(1) gauge field along with a charge-r periodic scalar φ satisfying the constraint
dφ = rAZr

1 , and hence, rdAZr
1 = rFZr

2 = 0 mod r, while the integral of dφ over a 1-cycle
is 2π periodic

∮
dφ ∈ 2πZ, and hence,

∮
AZr

1 ∈ 2π
r Z. The constraint dφ = rAZr

1 is also
invariant under the large gauge transformation φ→ φ+ rζ and AZr

1 → AZr
1 + dζ such that∮

dζ ∈ 2πZ.
One also needs to turn on fluxes in the centers of the color, flavor, and U(1)A directions.

Here, we follow exactly the discussion in the bulk of this paper, which we reproduce here in
a slightly modified fashion. Let us take the color direction as an example, whereas turning
on a center flux in the flavor direction follows the same steps. To this end, we consider a
pair of 1-form and 2-form fields (Bc

2, B
c
2) such that the constraint dBc

1 = NBc
2 is obeyed

and dBc1
2π over 2-cycles has integral period:

∮
dBc

1 ∈ 2πZ, and therefore,
∮
Bc

2 ∈ 2π
N Z. Next,

we enlarge SU(N) to U(N) and embed Bc
1 into the U(1) factor of U(N). The U(N) field

strength is f̂ c2 = f c2 + 1
N dB

c
11c,N (notice that the unit matrix 1c,N has dimension N) and

it satisfies tr �f̂
c
2 = dBc

1. In fact, enlarging the gauge group introduces a spurious extra
degree of freedom, which can be eliminated by postulating the following invariance under
a 1-form gauge field λc1: f̂ c2 → f̂ c + dλc1. Subsequently, the pair (Bc

1, B
c
2) transforms as

Bc
2 → Bc

2 + dλc1 and Bc
1 → Bc

1 + Nλc1, which leaves the constraint dBc
1 = NBc

2 intact.
Therefore, we demand that all gauge-invariant quantities are functions of the combination
f̂ c2 −Bc

21c,N , which is left invariant under the postulated 1-form gauge field.
Similarly, we introduce the pair

(
Bf

1 , B
f
2

)
with

∮
Bf

2 ∈ 2π
nf

Z in order to turn on a
fractional flux in the flavor group. Then, the total field strength is written as:

F =
[
f̂ c2 − Bc

21c,N
]
⊗ 1f + 1c ⊗

[
F̂ f2 −B

f
2 1f

]
+ 1c ⊗ 1f ⊗

(
q(F2 −B2) + FZr

)
, (C.4)

keeping in mind that FZr = 0 mod r and the U(1)A background field B2 has to be cho-
sen such that the cocycle conditions are satisfied, see eqs. (2.28) and (2.29). Next, we

19The alert reader will recognize that we chose the Greek letter η to denote the phase since this is exactly
the η-invariant of the Atiyah-Patodi-Singer index theorem [66].
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substitute (C.4) into (C.2) and take the trace in R. In doing so, we first note that there
will be a cubic color term ∑

Weyl trR
[
f̂ c2 − 1

N dB
c
11c,N

]3
∼
∑

Weyl trR
[
T aT bT c

]
, where T a

are the Lie-algebra generators of the color group. This term is zero by construction since
our UV theory is gauge-anomaly free. In addition, there is a mixed term between U(1)A
axial and the color fields: ∑Weyl q(F2−B2)trR

[
f̂ c2 − 1

N dB
c
11c,N

]2
∼
∑

Weyl qTR, where TR
is the Dynkin index of the color group. Again, this term vanishes on group-theoretical
grounds since U(1)A is a good symmetry in the color background. This leaves us with the
following terms:

2πη = 1
24π2

∑
Weyl

∫
M6

{
3 dimR

(
q(F2 −B2) + FZr

2

)
∧
[
tr�

(
F̂ f2 ∧ F̂

f
2

)
− nfBf

2 ∧B
f
2

]
+3nfTRFZr

2 ∧
[
tr�

(
f̂ c2 ∧ f̂ c2

)
−NBc

2 ∧Bc
2

]
+ 3nf dimRFZr

2 ∧ (q(F2 −B2))2

+nf dimR [q(F2 −B2)]3 + dimRtr�
[
F̂ f2 − fB

f
2

]3}
. (C.5)

Now, we descend from 6 to 5 dimensions. For convenience, we define the topological
charge densities:

qc = 1
8π2

[
tr�

(
f̂ c2 ∧ f̂ c2

)
−NBc

2 ∧Bc
2

]
,

qf = 1
8π2

[
tr�

(
F̂ f2 ∧ F̂

f
2

)
− nfBf

2 ∧B
f
2

]
, (C.6)

qu = 1
8π2 (F2 −B2)2 .

Notice, as a side note, that by using the integrality of the second Chern character on a
4-manifold, e.g.,

1
8π2

∫
M4

{
tr�

(
f̂ c2 ∧ f̂ c2

)
− tr�

(
f̂ c2

)
∧ tr�

(
f̂ c2

)}
∈ Z , (C.7)

we recover the fractional topological charges eqs. (2.30) to (2.33).
Then, we can read the mixed anomalies directly from (C.5). Let us consider, for

example, the mixed anomaly of Zr in the CFU background. Collecting the FZr terms and
descending from 6 to 5 dimensions we find:20

2πη ⊃
∑
Weyl

∫
M5
AZr

1 ∧
[
dimR qf + nfTRqc + q2nf dimRqu

]
. (C.8)

This is exactly the anomaly inflow action (2.49). Now, as we flow from 5 to 4 dimensions
we obtain the anomaly

e
i 2π
r

∑
Weyl[dimRQf+nfTRQc+nf dimRq2Qu] , (C.9)

20In fact, upon descending from 6 to 5 dimensions we can also add Bardeen counter terms. Potentially,
these terms can be used to eliminate non genuine anomalies. As we checked in appendix B, these counter
terms can be set to 0 as a canonical choice.
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where

Qc = m1m2

(
1− 1

N

)
, Qf = p1p2

(
1− 1

nf

)
, Qu = (n1 − s1)(n2 − s2) , (C.10)

where n1,2 ∈ Z, m1,2 ∈ ZN/gcd(N,2), p1,2 ∈ Znf , and s1,2 denote U(1)A background fluxes
that satisfies the cocycle conditions. The expression between brakets is the 4-dimensional
Dirac index in the CFU flux background, and thus, we immediately recover the Zr [CFU]
mixed anomaly. Since Zr is a good symmetry of the theory, one might be tempted to
conclude that ∑Weyl nfTR = 0 on group-theoretical grounds, and thus, slash out the term
that multiplies Qc. However, one simply cannot do that in the case of the discrete symmetry
Zr since this anomaly is matched mod r.

Similarly, we can collect the q(F2 −B2) terms to obtain the anomaly inflow action

2πη ⊃
∑
Weyl

∫
M5
qA1 ∧

[
dimR qf + q2nf dimRqu

]
− q3nf dimR

3
∑
Weyl

∫
M5
A1 ∧ qu . (C.11)

The first term in the above expression gives the U(1)A [CFU] mixed anomaly of (2.47),
while the second term accounts for the fact that descending from 6 to 4 dimensions gives
the consistent cubic anomaly, which is accompanied by an extra factor of 1

3 compared
to the covariant anomaly. We must emphasize, however, that anomaly matching works
irrespective of whether we are computing the consistent or covariant anomalies.

One important difference between (C.8) and (C.11) is that the color sector contributes
a fractional flux to the discrete anomaly, while the continuous anomaly, as we pointed
above, is totally blind to the color sector. This observation plays a pivotal role in matching
the anomalies in the IR, as we discussed in the bulk.

D The 3-loop β-function and IR fixed points

The 3-loop β function is given by (see [67–69])

β(g) = − β0
g3

(4π)2 − β1
g5

(4π)4 − β2
g7

(4π)6 ,

β0 = 11
6 C2(G)−

∑
R

1
3TRnR ,

β1 = 34
12C

2
2 (G)−

∑
R

{5
6nRC2(G)TR + nR

2 C2(R)TR
}
,

β2 = 2857
432 C

3
2 (G)−

∑
R

nRTR
4

[
−C

2
2 (R)
2 + 205C2(G)C2(R)

36 + 1415C2
2 (G)

108

]

+
∑
R,R′

nRn
′
RTRTR′

16

[44C2(R)
18 + 158C2(G)

54

]
,

(D.1)

where G denotes the adjoint representation and nR is the number of the Weyl flavors in
representationR. The quadratic Casimir operator of representation R, C2(R), is defined as

taRt
a
R = C2(R)1R , (D.2)
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and C2(G) is the quadratic Casimir of the adjoint representation. TR is the Dynkin index
in the same representation which is defined by

tr
[
taRt

b
R

]
= TRδ

ab . (D.3)

From eqs. (D.2) and (D.3) we easily obtain the useful relation

TRdimG = C2(R)dimR , (D.4)

where dimR is the dimension of R.
In particular, we have C2(G) = 2N , dimG = N2 − 1, Tψ = N + 2, dimψ = N(N+1)

2 ,
C2(ψ) = 2(N+2)(N−1)

N , Tχ = N−2, dimχ = N(N−1)
2 , C2(χ) = 2(N−2)(N+1)

N . Then, the values
of β0 to β2 are

β0 = 1
3

[
11N − 2

k
(N2 − 8)

]
,

β1 = 2
(
−48 + 76N2 + 17kN3 − 8N4)

3kN ,

β2 = 1
54k2N2

[
2857k2N5 +N(−8448 + 12448N2 − 2584N4 + 145N6)

− 2k(864 + 3948N2 − 8945N4 + 988N6)
]
.

(D.5)

Assuming that β0 > 0 and β1 < 0, then the theory develops an IR fixed point to 2-loops.
The value of the coupling constant at the fixed point is

αIR ≡
g2

IR

4π = −4πβ0
β1

= 2πN
(
16 + 11kN − 2N2)

48− 76N2 − 17kN3 + 8N4 . (D.6)

The robustness of this fixed point can be checked by finding the roots of the β-function
after including the 3-loop term.
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