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Abstract

In this paper, we first study the connection between mass-conserving SPDEs on a bounded domain and 
backward doubly stochastic differential equations, which is a new extension of nonlinear Feynman-Kac 
formula to mass-conserving SPDEs. Then the infinite horizon mass-conserving SPDEs and their stationary 
solutions are considered without monotonic conditions, while the Poincare inequality plays an important 
role. Finally, the existence and the stationarity to solutions of non-Lipschitz mass-conserving stochastic 
Allen-Cahn equations are obtained.
© 2022 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In this paper, we study a mass-conserving stochastic partial differential equations (SPDEs) on 
the domain D:
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⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dv(t, x) = [ 1
2�v(t, x) + f

(
t, x, v(t, x)

)− ∫
D

f
(
t, ξ, v(t, ξ)

)
ρ(dξ)]dt

−g(t, x)dBt t ∈ (0, T ], x ∈ D

v(0, x) = h(x) x ∈ D
∂v
∂n (t, x) = 0 t ∈ (0, T ], x ∈ ∂D.

(1.1)

Here D is an open connected bounded subset with C2 boundary, with normal derivative pointing 
towards the interior of D, D is the closure of D, ρ is the invariant probability measure of Brow-
nian motion in D reflected on its boundary ∂D (see (2.2)), ρ(∂D) = 0, and {Bt : t ∈ R} is a Q-
Wiener process with values in a separable Hilbert space U on a probability space (�B, FB, P B).

Denote by {ei}+∞
i=1 the countable basis of U . Then Q ∈ L(U) is a symmetric nonnegative 

trace class operator such that Qei = λiei and 
+∞∑
i=1

λi < +∞. The coefficients h : � × D −→ R; 

f : [0, T ] × D × R −→ R and v �→ f (·, ·, v) is a locally Lipschitz continuous function; 
g : [0, T ] × D −→ L2

U0
(R) is a Lipschitz continuous Hilbert-Schmidt operator and satisfies ∫

D
g(t, x)ρ(dx) = 0 for any t ∈ [0, T ]. Here U0 = Q

1
2 (U) ⊂ U is a separable Hilbert space 

with the norm < u, v >U0=< Q− 1
2 u, Q− 1

2 v >U and the complete orthonormal base {√λiei}+∞
i=1

and L2
U0

(R) is the space of all Hilbert-Schmidt operators from U0 to R with the Hilbert-Schmidt 
norm. It is easy to see that under the above setup the solution of SPDE (1.1), if exists, satisfies a 
mass-conservative condition, i.e., 

∫
D

v(t, x)ρ(dx) = ∫
D

h(x)ρ(dx) remains as a constant.
Mass-conservation phenomenon occurs often in reality. For example, in physics the concen-

tration of one type of metal in an alloy where the dynamics is constrained to have constant total 
magnetization or mass, the evolution of the rescaled concentration could be a mass-conservation 
dynamics. As indicated in Antonopoulou, Bates, Blömker and Karali [1], as the average concen-
tration is close to being a pure state, a phase separation begins by nucleation. In the case of the 
mass being close to zero, when the two components are roughly equal, as with the Cahn-Hilliard 
equation, the total mass of each component of the mixture is also conserved but separation from 
a nearly homogeneous state occurs during spinodal decomposition. Mass-conservation of incom-
pressive flow is another example as described by Navier-Stokes equations.

However, there are only very few mathematical works concerning with mass-conservation 
phenomena of stochastic Allen-Cahn equation. Recently, deterministic mass-conserving Allen-
Cahn equations in global dynamics of boundary droplets was studied in Bates and Jin [5]. For the 
more complicated case under random forcing, stochastic mass-conserving Allen-Cahn equations 
were discussed in Antonopoulou, Bates, Blömker and Karali [1] and the metastable dynamics of a 
discretized version of mass-conserving stochastic Allen-Cahn equations was studied in Berglund 
and Dutercq [6]. As far as we know, this is a first result for the existence of stationary solutions 
and invariant measures of stochastic mass-conserving Allen-Cahn equations.

In this paper, we concern with the solvability of a kind of mass-conserving SPDEs with lo-
cally Lipschitz coefficients such as mass-conserving stochastic Allen-Cahn equation. We connect 
mass-conserving SPDEs with backward doubly stochastic differential equations (BDSDEs). The 
connection is an extension of nonlinear Feynman-Kac formula explored in Peng [17] to the 
SPDEs case. An extension was initialed by Pardoux and Peng [15] for parabolic SPDEs with 
Lipschitz coefficients. Then the connection for SPDE with non-smooth or even non-Lipschitz 
coefficients was further studied in Bally and Matoussi [4], Buckdahn and Ma [9], Zhang and 
Zhao [18–20], to name but a few. The nonlinear Feynman-Kac formula is first extended to repre-
sent viscosity solution of PDE with Neumann condition in Pardoux and Zhang [16] and then to 
2
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stochastic viscosity solution of SPDEs in Boufoussi, Casteren and Mrhardy [7]. But there is an 
essential difficulty to represent weak solution of PDE or SPDE with Neumann condition due to 
the lack of regularities of stochastic flows. To overcome this, we use the invariant measure of the 
reflected Brownian motion on a bounded domain.

Moreover, 
∫
D

f
(
t, ξ, v(t, ξ)

)
ρ(dξ) in the drift term of SPDE (1.1) can also be regarded as a 

mean-filed integral with respect to the spacial variables. There are existing results e.g. Buckdahn, 
Li and Peng [8] to study the correspondence between mean-field BSDE and PDE, in which the 
mean-field term is the mean over random samples given by the integration with respect to the 
probability measure. As far as we know, there do not exist results for BSDEs or BDSDEs with a 
space variable mean term, which gives the mass-conservation along almost every sample path.

To study the stationary solution of the mass-conserving SPDE, we first investigate the cor-
responding infinite horizon mass-conserving BDSDE with Lipschitz coefficient. We take the 
advantage of the Poincare inequality to control the first variable of BDSDE by the second vari-
able. This method also works for non-Lipschitz weakly dissipative mass-conserving stochastic 
Allen-Cahn equations, where f

(
t, x, v(t, x)

) = −vp(t, x) + v(t, x) in (1.1), with p > 1 being 
an odd integer. In this way, we remove the assumption of monotonic condition required in all the 
earlier work of infinite horizon BSDEs/BDSDEs. As far as we know, this is the first time that 
Poincare inequality is applied in the study of BSDE/BDSDE which allows to deal with weakly 
dissipative generator. The stationary solution gives the equilibrium of the stochastic systems in 
terms of SPDEs or BDSDEs which represents the large time limit and infinite horizon mass-
conserving dynamics in the pathwise sense. This is of interests to real world physical situations. 
Needless to say, as the law of stationary solution is an invariant measure which is an equilibrium 
of the stochastic systems in the statistical sense. So we automatically obtain the existence of the 
invariant measure. It is worth mentioning here that our result is stronger than the existence of in-
variant measure result as merely the latter does not imply the result of this paper on the existence 
of a pathwise stationary path.

The rest of this paper is organized as follows. In Section 2, the existence and uniqueness of 
finite horizon mass-conserving SPDEs with Lipschitz coefficients and their corresponding BDS-
DEs are proved. The infinite horizon mass-conserving SPDEs and BDSDEs are then considered 
in Section 3. In Section 4, the stationary solutions of mass-conserving SPDEs are constructed. 
Finally, mass-conserving stochastic Allen-Cahn equation is studied in Section 5, where the lo-
cally Lipschitz coefficient is approximated by a sequence of Lipschitz coefficients and the crucial 
analysis of passing limit is carried out.

2. Finite horizon BDSDEs and SPDEs

Let (�, F , P) be a complete probability space, {B̂t : t ∈ R} and {Wt : t ∈ R} be mutu-
ally independent a Q-Wiener process valued on U and a standard Brownian motion on Rd on 
(�, F , P). Since we will construct a metric dynamical system to study the stationarity of mass-
conserving SPDEs and BDSDEs, so both Brownian motions B̂ and W used in this paper are 
defined on the time interval (−∞, +∞). See Arnold [2] for more details about the Brownian 
motion on the negative horizon as an independent copy of a Brownian motion on the positive 
horizon. Two parameter filtration of probability space with two sided Wiener precess was stud-
ied in [2]. We outline here for completeness. Let θ be the shift of Brownian motions as defined 
in (4.10) later and then (�, F , P, {θt : t ∈ R}) is a metric dynamical system. For η = B̂ or W , 
let F η− and F η+ be two sub-σ -algebras (representing “past” and “future”, respectively) both 
containing all P -null sets of F such that
3
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θ−1
t F η− ⊂ F η− for all t ≤ 0 and θ−1

t F η+ ⊂ F η+ for all t ≥ 0.

Define

F
η
−∞,s = θ−1

s F η−, F
η
t,+∞ = θ−1

t F η+, F
η
t,s = F

η
−∞,s ∧ F

η
t,+∞ for t ≤ s.

It is easy to see that θ−1
r F

η
t,s = F

η
t+r,s+r . Set now

Ft,T = F B̂
t,T ∨ FW

0,t for 0 ≤ t ≤ T and Ft = F B̂
t,+∞ ∨ FW

0,t for t ≥ 0.

We first study the following backward SPDE

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

du(t, x) = −[ 1
2�u(t, x) + f

(
t, x, u(t, x)

)− ∫
D

f
(
t, ξ, u(t, ξ)

)
ρ(dξ)]dt

+g(t, x)d†B̂t t ∈ [0, T ), x ∈ D

u(T ,x) = h(x) x ∈ D
∂u
∂n (t, x) = 0 t ∈ [0, T ) x ∈ ∂D.

(2.1)

Here D is an open connected bounded subset in Rd , which is defined as D = {φ > 0}, ∂D =
{φ = 0}, and normal |∇φ(x)| = 1 when x ∈ ∂D for a function φ ∈ C2

b(Rd), D is the closure of 
D, h : � ×D −→ R, f : [0, T ] ×D ×R −→ R and g : [0, T ] ×D −→ L2

U0
(R) are measurable. 

The stochastic integral with d†B̂s is a backward stochastic integral which is a particular case 
of Itô-Skorohod integral. See Nualart and Pardoux [14] for more details. If we take Brownian 
motion B̂t = BT ′−t −BT ′ , where B is as in equation (1.1), then backward and forward stochastic 
integrals are connected in the following way ([18]): for any stochastic process G with values in 
L2

U0
(R) such that G(s) is Fs -measurable for all s ∈ [t, T ] and locally square integrable,

T∫
t

G(s)d+B̂s = −
T ′−t∫

T ′−T

G(T ′ − s)dBs.

Define (Xt,x
s , Kt,x

s ) to be the solution of the following stochastic differential equations for any 
given t ≥ 0 and x ∈Rd :

{
X

t,x
s = x + Ws − Wt + ∫ s

t
∇φ(X

t,x
r )dK

t,x
r , s ≥ t,

K
t,x
s = ∫ s

t
I{Xt,x

r ∈∂D}dK
t,x
r , Kt,x· is increasing.

(2.2)

Here {Wt : t ∈ R} is a Brownian motion on Rd on a probability space (�W, FW, P W), and by 
EW we denote the expectation with respect to P W . For the existence of invariant measure ρ for 
Xt,x· in D we refer the reader to [12].

We will consider the infinite horizon SPDEs and BSDEs and their solutions give the equilib-
rium of corresponding SPDEs. They are stationary paths and random fixed points which can be 
regarded as the solutions of the initial /terminal value problems for forward/backward SPDEs 
(1.1)/(2.1), where the initial/terminal values are in the stationary paths at a different realization. 
See e.g. (4.10) and (5.20) for details. Thus we study SPDE (1.1) and SPDE (2.1) with h being a 
4
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random variable. Here h is assumed to be measurable with respect to the filtration generated by 
driven Brownian motions. The exact measurability will be made in Condition (H.1) later.

Under our assumption on φ following equation (2.1) at the beginning of this section, it is well-
known that SDE (2.2) has a unique continuous and adapted solution (Xt,x

s , Kt,x
s ) with values in 

D for s ∈ [t, +∞) (Lions and Sznitman [13]).
Denote by L2

ρ(D; R) the space of measurable functions l : D −→ R such that 
∫
D

l2(x)ρ(dx) <
+∞. Define the inner product by

〈l1, l2〉 =
∫
D

l1(x)l2(x)ρ(dx), l1, l2 ∈ L2
ρ(D;R),

then L2
ρ(D; R) is a Hilbert space. Similarly, we denote by Lk

ρ(D; R), k ≥ 2, the weighted Lk

space with the norm ||l||Lk
ρ(D) =

(∫
D

|l(x)|kρ(dx)

) 1
k

.

Definition 2.1. ([18]) Let S be a separable Banach space with norm ‖ · ‖S and Borel σ -field S
and q ≥ 2, K > 0. We denote by Mq,−K([t, +∞); S) the set of B([t, +∞)) ⊗F/S measurable 
random processes {φ(s)}s≥t with values in S satisfying

(i) ψ(s) : � −→ S is Fs measurable for s ≥ t ;
(ii) E[∫ +∞

t
e−Ks‖ψ(s)‖q

Sds] < +∞.

Also we denote by Sq,−K([t, +∞); S) the set of B([t, +∞)) ⊗ F/S measurable random pro-
cesses {ψ(s)}s≥t with values in S satisfying

(i) ψ(s) : � −→ S is Fs measurable for s ≥ t and ψ(·, ω) is continuous a.s.;
(ii) E[sups≥t e−Ks‖ψ(s)‖q

S] < +∞.

If we replace time interval [t, +∞) by [t, T ] in the above definition, we denote the spaces by 
Mq,0([t, T ]; S) and Sq,0([t, T ]; S), respectively. Note that here e−Ks does not play any role as T
is finite, so we can always take K = 0. When we consider the probability space (�B̂, F B̂ , P B̂)

and natural filtration {F B̂
t : t ∈R}, we denote the above spaces by M ·,·

B̂
(·; ·) and S·,·

B̂
(·; ·), respec-

tively.

Definition 2.2. A process u is called a weak solution of SPDE (2.1) if (u, ∇u) ∈ M
2,0
B̂

([0, T ];
L2

ρ(D; R)) × M
2,0
B̂

([0, T ]; L2
ρ(D; Rd)) and for an arbitrary ϕ ∈ C∞(D; R),

∫
D

u(t, x)ϕ(x)ρ(dx) −
∫
D

h(x)ϕ(x)ρ(dx) − 1

2

T∫
t

∫
D

∇u(s, x)∇ϕ(x)ρ(dx)ds

=
T∫ ∫

[f (s, x,u(s, x)
)− ∫ f

(
s, ξ, u(s, ξ)

)
ρ(dξ)]ϕ(x)ρ(dx)ds
t D D

5
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−
T∫

t

∫
D

g(s, x)ϕ(x)ρ(dx)d†B̂s P − a.s. (2.3)

The BDSDE associated with SPDE (2.1) is

Y t,x
s = h(X

t,x
T ) +

T∫
s

[f (r,Xt,x
r , Y t,x

r ) −
∫
D

f (r, ξ, Y r,ξ
r )ρ(dξ)]dr

−
T∫

s

g(r,Xt,x
r )d†B̂r −

T∫
s

Zt,x
r dWr, 0 ≤ t ≤ s ≤ T . (2.4)

Definition 2.3. A pair of processes (Y t,·· , Zt,·· ) ∈ S2,0([t, T ); L2
ρ(D; R)) × M2,0([t, T );

L2
ρ(D; Rd)) is called a solution of BDSDE (2.4) if (Y t,x

s , Zt,x
s ) satisfies (2.4) for all t ≤ s ≤ T

a.a. x ∈ D a.s.

Assume the following conditions:

(H.1). The function h is F B̂
T ,+∞ × BD measurable and E[∫

D
|h(x)|2ρ(dx)] < +∞.

(H.2). The functions f (·, ·, 0) and g(·, ·) satisfy 
∫ T

0

∫
D

(|f (s, x, 0)|2 + ‖g(s, x)‖2)ρ(dx)ds <

+∞.
(H.3). There exists a constant L ≥ 0 such that for any s ∈ [0, +∞), x ∈ D, y1, y2 ∈ R,

|f (s, x, y1) − f (s, x, y2)| ≤ L|y1 − y2|.
(H.4). For any given s ∈ [0, +∞), g(s, ·) ∈ C2(D; L2

U0
(R)) and 

∫
D

g(s, x)ρ(dx) = 0.

Remark 2.4. We start from SPDE (2.1) to have

∫
D

u(t, x)ρ(dx) =
∫
D

h(x)ρ(dx) +
T∫

t

∫
D

[1

2
�u(s, x) + f

(
s, x,u(s, x)

)

−
∫
D

f
(
s, ξ, u(s, ξ)

)
ρ(dξ)]ρ(dx)ds −

∫
D

T∫
t

g(s, x)d†B̂sρ(dx)

=
∫
D

h(x)ρ(dx) +
T∫

t

∫
D

1

2
�u(s, x)ρ(dx)ds.

That is to say

d

dt

∫
u(t, x)ρ(dx) = −

∫
1

2
�u(t, x)ρ(dx) = 0,
D D

6
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by Stoke’s theorem. So there exists a F B̂
T ,+∞ measurable random variable c(ω) on (�B, FB, P B)

such that for all t ∈ [0, T ] and ω ∈ �,

∫
D

u(t, x)ρ(dx) =
∫
D

h(x)ρ(dx) = c(ω). (2.5)

Hence, in view of the invariant measure, the solution of finite horizon BDSDE (2.4) also satisfies

EW [
∫
D

Y t,x
s ρ(dx)] = c(ω) for all s ≥ t . (2.6)

Theorem 2.5. Under Conditions (H.1)–(H.4), BDSDE (2.4) has a unique solution (Y t,·· , Zt,·· ).

Proof. We define a sequence of BDSDEs,

Y t,x,n
s = h(X

t,x
T ) +

T∫
s

[f (r,Xt,x
r , Y t,x,n−1

r ) −
∫
D

f (r, ξ, Y r,ξ,n−1
r )ρ(dξ)]dr

−
T∫

s

g(r,Xt,x
r )d†B̂r −

T∫
s

Zt,x,n
r dWr, 0 ≤ t ≤ s ≤ T , n ∈N, (2.7)

and (Y t,x,0· , Zt,x,0· ) = (0, 0).
For a given Y t,x,n−1· ∈ S2,0([t, T ]; L2

ρ(D; R)), from Conditions (H.2) and (H.3), we know 
that

E[
T∫

t

∫
D

|f (r,Xt,x
r , Y t,x,n−1

r ) −
∫
D

f (r, ξ, Y r,ξ,n−1
r )ρ(dξ)|2ρ(dx)dr] < +∞.

So by applying the result in [18], there exists (Y t,x,n· , Zt,x,n· ) ∈ S2,0([t, T ]; L2
ρ(D; R)) ×

M2,0([t, T ]; L2
ρ(D; Rd)) for (2.7). We need to prove that the sequence of (Y t,x,n· , Zt,x,n· ) is a 

Cauchy sequence in this space. For this, we apply Itô’s formula to eKr |Y t,x,n
r − Y

t,x,n−1
r |2 to 

have

eKs |Y t,x,n
r − Y t,x,n−1

r |2 + K

T∫
s

eKr |Y t,x,n
r − Y t,x,n−1

r |2dr +
T∫

s

eKr |Zt,x,n
r − Zt,x,n−1

r |2dr

= 2

T∫
s

eKr(Y t,x,n
r − Y t,x,n−1

r )[f (r,Xt,x
r , Y t,x,n−1

r ) − f (r,Xt,x
r , Y t,x,n−2

r )]dr

−2

T∫
eKr(Y t,x,n

r − Y t,x,n−1
r )

∫
[f (r, ξ, Y r,ξ,n−1

r ) − f (r, ξ, Y r,ξ,n−2
r )]ρ(dξ)dr
s D

7
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−2

T∫
s

eKr(Y t,x,n
r − Y t,x,n−1

r )(Zt,x,n
r − Zt,x,n−1

r )dWr

≤ 2L

T∫
s

eKr |Y t,x,n
r − Y t,x,n−1

r ||Y t,x,n−1
r − Y t,x,n−2

r |dr

+2L

T∫
s

eKr |Y t,x,n
r − Y t,x,n−1

r |
∫
D

|Y r,ξ,n−1
r − Y r,ξ,n−2

r |ρ(dξ)dr

−2

T∫
s

eKr(Y t,x,n
r − Y t,x,n−1

r )(Zt,x,n
r − Zt,x,n−1

r )dWr

≤ 4L2

T∫
s

eKr |Y t,x,n
r − Y t,x,n−1

r |2dr + 1

4

T∫
s

eKr |Y t,x,n−1
r − Y t,x,n−2

r |2dr

+4L2

T∫
s

eKr |Y t,x,n
r − Y t,x,n−1

r |2dr + 1

4

T∫
s

eKr

∫
D

|Y r,ξ,n−1
r − Y r,ξ,n−2

r |2ρ(dξ)dr

−2

T∫
s

eKr(Y t,x,n
r − Y t,x,n−1

r )(Zt,x,n
r − Zt,x,n−1

r )dWr.

Taking integration in D, by stochastic Fubini theorem we have

∫
D

eKs |Y t,x,n
r − Y t,x,n−1

r |2ρ(dx) + K

T∫
s

∫
D

eKr |Y t,x,n
r − Y t,x,n−1

r |2ρ(dx)dr

+
T∫

s

∫
D

eKr |Zt,x,n
r − Zt,x,n−1

r |2ρ(dx)dr

≤ 8L2

T∫
s

∫
D

eKr |Y t,x,n
r − Y t,x,n−1

r |2ρ(dx)dr + 1

2

T∫
s

∫
D

eKr |Y t,x,n−1
r − Y t,x,n−2

r |2ρ(dx)dr

−2

T∫
s

∫
D

eKr(Y t,x,n
r − Y t,x,n−1

r )(Zt,x,n
r − Zt,x,n−1

r )ρ(dx)dWr. (2.8)

Next taking expectations leads to
8
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E[
∫
D

eKs |Y t,x,n
r − Y t,x,n−1

r |2ρ(dx)] + (K − 8L2)E[
T∫

s

∫
D

eKr |Y t,x,n
r − Y t,x,n−1

r |2ρ(dx)dr]

+E[
T∫

s

∫
D

eKr |Zt,x,n
r − Zt,x,n−1

r |2ρ(dx)dr]

≤ 1

2
E[

T∫
s

∫
D

eKr |Y t,x,n−1
r − Y t,x,n−2

r |2ρ(dx)dr].

Setting K = 8L2 + 1, it follows that

E[
T∫

s

∫
D

eKr(|Y t,x,n
r − Y t,x,n−1

r |2 + |Zt,x,n
r − Zt,x,n−1

r |2)ρ(dx)dr]

≤ 1

2
E[

T∫
s

∫
D

eKr(|Y t,x,n−1
r − Y t,x,n−2

r |2 + |Zt,x,n−1
r − Zt,x,n−2

r |2)ρ(dx)dr]. (2.9)

From the contraction principle, we know that the mapping (2.7) has a pair of fixed point 
(Y t,·· , Zt,·· ) which is the limit of the Cauchy sequence {(Y t,·,n· ,Zt,·,n· )}+∞

n=1 in M2,K([t, T ];
L2

ρ(D; R)) × M2,K([t, T ]; L2
ρ(D; Rd)). We now prove that Y t,·· is also the limit of Y t,·,n· in 

S2,K([t, T ]; L2
ρ(D; R)) as n → +∞. For this, we only need to prove that {Y t,·,n· }+∞

n=1 is a 
Cauchy sequence in S2,K([t, T ]; L2

ρ(D; R)). Noticing (2.8) again, by B-D-G inequality, Cauchy-
Schwarz inequality and Young’s inequality we have

E[ sup
t≤s≤T

∫
D

eKs |Y t,x,n
r − Y t,x,n−1

r |2ρ(dx)]

≤ CE[
T∫

s

∫
D

eKr |Y t,x,n
r − Y t,x,n−1

r |2ρ(dx)dr] + CE[
T∫

s

∫
D

eKr |Y t,x,n−1
r − Y t,x,n−2

r |2ρ(dx)dr]

+CE[

√√√√√ T∫
s

⎛
⎝∫

D

eKr(Y
t,x,n
r − Y

t,x,n−1
r )(Z

t,x,n
r − Z

t,x,n−1
r )ρ(dx)

⎞
⎠

2

dr]

≤ CE[
T∫

s

∫
D

eKr |Y t,x,n
r − Y t,x,n−1

r |2ρ(dx)dr] + CE[
T∫

s

∫
D

eKr |Y t,x,n−1
r − Y t,x,n−2

r |2ρ(dx)dr]

+CE[

√√√√√
T∫
[
∫

eKr |Y t,x,n
r − Y

t,x,n−1
r |2ρ(dx)

∫
eKr |Zt,x,n

r − Z
t,x,n−1
r |2ρ(dx)]dr]
s D D

9
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≤ CE[
T∫

s

∫
D

eKr |Y t,x,n
r − Y t,x,n−1

r |2ρ(dx)dr] + CE[
T∫

s

∫
D

eKr |Y t,x,n−1
r − Y t,x,n−2

r |2ρ(dx)dr]

+1

2
E[ sup

t≤s≤T

∫
D

eKs |Y t,x,n
r − Y t,x,n−1

r |2ρ(dx)] + CE[
T∫

s

∫
D

eKr |Zt,x,n
r − Zt,x,n−1

r |2ρ(dx)dr].

Here and in the rest of this paper, C is a constant whose values depend on given parameters and 
may change from line by line. Hence

E[ sup
t≤s≤T

∫
D

eKs |Y t,x,n
r − Y t,x,n−1

r |2ρ(dx)]

≤ C̃
{
E[

T∫
s

∫
D

eKr |Y t,x,n
r − Y t,x,n−1

r |2ρ(dx)dr] + E[
T∫

s

∫
D

eKr |Y t,x,n−1
r − Y t,x,n−2

r |2ρ(dx)dr]

+E[
T∫

s

∫
D

eKr |Zt,x,n
r − Zt,x,n−1

r |2ρ(dx)dr]}, (2.10)

where C̃ is a constant depending only on |μ|, K and the fixed constant in the B-D-G inequality. 
Thus for any m, n ∈ N , without loss of any generality assuming m ≥ n, by (2.9) and (2.10) we 
have √√√√E[ sup

t≤s≤T

∫
D

eKs |Y t,x,m
r − Y

t,x,n
r |2ρ(dx)]

≤
m∑

i=n+1

√√√√E[ sup
t≤s≤T

∫
D

eKs |Y t,x,i
r − Y

t,x,i−1
r |2ρ(dx)]

≤
m∑

i=n+1

(
C̃
{
E[

T∫
s

∫
D

eKr |Y t,x,i
r − Y t,x,i−1

r |2ρ(dx)dr]

+E[
T∫

s

∫
D

eKr |Y t,x,i−1
r − Y t,x,i−2

r |2ρ(dx)dr]

+E[
T∫

s

∫
D

eKr |Zt,x,i
r − Zt,x,i−1

r |2ρ(dx)dr]}) 1
2

≤
m∑

i=n+1

√√√√√3

2
C̃E[

T∫ ∫
eKr(|Y t,x,i−1

r − Y
t,x,i−2
r |2 + |Zt,x,i−1

r − Z
t,x,i−2
r |2)ρ(dx)dr]
s D

10
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≤
+∞∑

i=n+1

√
(
1

2
)i−2

√√√√√3

2
C̃E[

T∫
s

∫
D

eKr(|Y t,x,1
r |2 + |Zt,x,1

r |2)ρ(dx)dr] → 0,

as m, n → +∞. So {(Y t,·,n· ,Zt,·,n· )}+∞
n=1 converges to (Y t,·· , Zt,·· ) in S2,K([t, T ]; L2

ρ(D; R)) ×
M2,K([t, T ]; L2

ρ(D; Rd)). Due to the equivalence of the norms in S2,K([t, T ]; L2
ρ(D; R)) ×

M2,K([t, T ]; L2
ρ(D; Rd)) and in S2,0([t, T ]; L2

ρ(D; R)) × M2,0([t, T ]; L2
ρ(D; Rd)), the con-

vergence still holds in the latter space. Then taking the strong limit on both sides of (2.7) in 
L2(� × D; R), we see that (Y t,·· , Zt,·· ) is a solution to BDSDE (2.4).

The uniqueness of solution can be proved by Itô’s formula, and we leave it to the reader. �

Remark 2.6. On the interval [0, t], BDSDE (2.4) has a form below

Yx
s = Y

t,x
t +

t∫
s

[f (r, x,Y x
r ) −

∫
D

f (r, x,Y x
r )ρ(dx)]dr −

t∫
s

g(r, x)d†B̂r −
t∫

s

Zx
r dWr. (2.11)

Note that Y t,x
t satisfies Condition (H.1). By Theorem 2.5 we can obtain (Y ·· , Z··) ∈ S2,0([0, t];

L2
ρ(D; R)) × M2,0([0, t]; L2

ρ(D; Rd)) as the unique solution of BDSDE (2.11). To unify the 
notation, we define (Y t,x

s , Zt,x
s ) = (Y x

s , Zx
s ) when s ∈ [0, t). Thus (Y t,·· , Zt,·· ) ∈ S2,0([0, T ];

L2
ρ(D; R)) × M2,0([0, T ]; L2

ρ(D; Rd)).

Theorem 2.7. Assume Conditions (H.1)–(H.4) and let (Y t,·· , Zt,·· ) be the solution of BDSDE (2.4). 
Then u(t, x) = Y

t,x
t is the unique weak solution of SPDE (2.1). Moreover, u(s, Xt,x

s ) = Y
t,x
s and 

∇u(s, Xt,x
s ) = Z

t,x
s for a.a. s ∈ [t, T ], a.a. x ∈ D, a.s.

Proof. We first consider the affine SPDE (2.1) when f (t, x, y) is independent of y. Then SPDE 
(2.1) becomes to a linear equation:

⎧⎪⎨
⎪⎩

du(t, x) = −[ 1
2�u(t, x) + F(t, x)]dt + g(t, x)d†B̂t , t ∈ [0, T ), x ∈ D,

u(T , x) = h(x), x ∈ D,
∂u
∂n (t, x) = 0, t ∈ [0, T ), x ∈ ∂D,

(2.12)

where

F(t, x) = f (t, x) −
∫
D

f (t, ξ)ρ(dξ).

By Theorem 5.4 in [11], the mild solution of SPDE (2.12) exists and can be represented by

u(t, x) = S(T − t)h(x) +
T −t∫
0

S(T − t − s)F (s, x)ds +
T −t∫
0

S(T − t − s)g(s, x)dBs, (2.13)

where S(t), 0 ≤ t ≤ T , is the semigroup generated by 1
2� and the stochastic integral is forward 

Itô’s integral. On the other hand, from Theorem 2.10 and Remark 2.11 in [10] we know that 
11
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a unique classical solution of the linear PDE when g(t, x) = 0 in (2.12) exists, i.e. the first two 
terms in (2.13) are C1,2([0, T ] ×D). For the solution of SPDE (2.12), since the stochastic integral 
in (2.13) is additive, by Theorem 5.15 in [11], it has the same regularity with respect to x as the 
PDE.

Then taking t ≤ s = t0 < t1 < t2 < · · · < tm = T , by Itô’s formula, we have

m−1∑
i=0

[u(ti ,X
t,x
ti

) − u(ti+1,X
t,x
ti+1

)]

=
m−1∑
i=0

[u(ti ,X
t,x
ti

) − u(ti ,X
t,x
ti+1

)] +
m−1∑
i=0

[u(ti ,X
t,x
ti+1

) − u(ti+1,X
t,x
ti+1

)]

=
m−1∑
i=0

(−
ti+1∫
ti

1

2
�u(ti ,X

t,x
r )dr −

ti+1∫
ti

∇u(ti ,X
t,x
r )dWr −

ti+1∫
ti

∇u(ti ,X
t,x
r )∇φ(Xt,x

r )dKt,x
r

)

+
m−1∑
i=0

( ti+1∫
ti

1

2
�u(r,X

t,x
ti+1

)dr +
ti+1∫
ti

F (r,X
t,x
ti+1

)dr −
ti+1∫
ti

g(r,X
t,x
ti+1

)dB̂r

)
.

Note that the Neumann condition implies

ti+1∫
ti

∇u(ti,X
t,x
r )∇φ(Xt,x

r )dKt,x
r =

ti+1∫
ti

∂u

∂n
(ti ,X

t,x
r )dKt,x

r = 0.

Hence, by a similar argument as in [15], taking m → +∞ we have

u(s,Xt,x
s ) = u(T ,X

t,x
T ) +

T∫
s

F (r,Xt,x
r )dr −

T∫
s

g(r,Xt,x
r )dB̂r −

T∫
s

∇u(r,Xt,x
r )dWr.

By the uniqueness of solution of above linear BDSDE, it follows that

u(s,Xt,x
s ) = Y t,x

s and ∇u(s,Xt,x
s ) = Zt,x

s for a.a. s ∈ [t, T ], a.a. x ∈ D, a.s.

Moreover, the continuity of u(s, x) with respect to (s, x), together with the continuity of Xt,x
s

with respect to s, leads to u(s, Xt,x
s ) = Y

t,x
s for all s ∈ [t, T ], a.a. x ∈ D, a.s.

For the semi-linear case that f (t, x, y) depending on y, define a sequence of SPDEs with 
u0 = 0, and un(t, x) defined iteratively by SPDE (2.1), but with f

(
t, x, u(t, x)

)
replaced by 

f
(
t, x, un−1(t, x)

)
. By the correspondence in the linear case, we have un(s, Xt,x

s ) = Y
t,x,n
s for 

all s ∈ [t, T ], a.a. x ∈ D, a.s. and ∇un(s, Xt,x
s ) = Z

t,x,n
s for a.a. s ∈ [t, T ], a.a. x ∈ D, a.s. Fur-

thermore, due to the uniqueness of solution of BDSDE (2.4), Y t,x
s = Y

s,X
t,x
s

s and Zt,x
s = Z

s,X
t,x
s

s . 
Define u(s, x) � Y

s,x
s , then

u(s,Xt,x
s ) = Y s,X

t,x
s

s = Y t,x
s . (2.14)
12
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By using the invariant measure ρ of X0,·
s ,

lim
n→+∞E[

T∫
0

∫
D

|un(s, x) − u(s, x)|2ρ(dx)ds]

= lim
n→+∞E[

T∫
0

∫
D

|un(s,X0,x
s ) − u(s,X0,x

s )|2ρ(dx)ds]

= lim
n→+∞E[

T∫
0

∫
D

|Y 0,x,n
s − Y 0,x

s |2ρ(dx)ds] = 0. (2.15)

On the other hand, by using the invariant measure ρ again, for m, n → +∞,

lim
n→+∞E[

T∫
0

∫
D

(
|um(s, x) − un(s, x)|2 + |∇um(s, x) − ∇un(s, x)|2

)
ρ(dx)ds]

= lim
n→+∞E[

T∫
0

∫
D

(
|um(s,X0,x

s ) − un(s,X0,x
s )|2 + |∇um(s,X0,x

s ) − ∇un(s,X0,x
s )|2

)
ρ(dx)ds]

= lim
n→+∞E[

T∫
0

∫
D

(
|Y 0,x,m

s − Y 0,x,n
s |2 + |Z0,x,m

s − Z0,x,n
s |2

)
ρ(dx)ds] = 0.

That is to say {un}+n=1∞ is a Cauchy sequence in L2(0, T ; W 1,2
ρ (D; R)) and we denote its limit 

by ũ. Noticing (2.15), we know that un converges strongly to u in L2(0, T ; L2
ρ(D; R)), which 

implies u(s, x) = ũ(s, x) for a.a. s ∈ [0, T ], a.a. x ∈ D, a.s. If we regard u as an indistinguish-
able version of ũ, u ∈ L2(0, T ; W 1,2

ρ (D; R)) and un converges to u in L2(0, T ; W 1,2
ρ (D; R)). 

Actually, u is a weak solution of SPDE (2.1). For this, first note that for an arbitrary ϕ ∈
C1,∞([0, T ] × D; R),

∫
D

un+1(t, x)ϕ(x)ρ(dx) −
∫
D

h(x)ϕ(x)ρ(dx) − 1

2

T∫
t

∫
D

∇un+1(s, x)∇ϕ(x)ρ(dx)ds

=
T∫

t

∫
D

[f (s, x,un(s, x)
)− ∫

D

f
(
s, ξ, un(s, ξ)

)
ρ(dξ)]ϕ(x)ρ(dx)ds

−
T∫ ∫

g(s, x)ϕ(x)ρ(dx)d†B̂s P − a.s. (2.16)
t D

13
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We need to verify that each term in (2.16) converges to the corresponding term in (2.3) in the 
space L1(�; R) as n → +∞ due to the strong convergence of un to u in L2(0, T ; W 1,2

ρ (D; R)). 
We only show the convergence of two terms and the convergence of other terms can be similarly 
deduced. Firstly,

lim
n

E[|
∫
D

(
un+1(t, x) − u(t, x)

)
ϕ(x)ρ(dx)|2]

≤ lim
n

CE[
∫
D

|un+1(t,X
0,x
t ) − u(t,X

0,x
t )|2ρ(dx)]

= lim
n

CE[
∫
D

|Y 0,x,n+1
t − Y

0,x
t |2ρ(dx)]

≤ lim
n

CE[ sup
0≤t≤T

∫
D

|Y 0,x,n+1
t − Y

0,x
t |2ρ(dx)] = 0.

Secondly,

lim
n

E[|
T∫

t

∫
D

(∫
D

f
(
s, ξ, un(s, ξ)

)
ρ(dξ) − f

(
s, ξ, u(s, ξ)

)
ρ(dξ)

)
ϕ(x)ρ(dx)ds|2]

≤ lim
n

CE[
T∫

t

∫
D

∣∣∣∣
∫
D

(
f
(
s, ξ, un(s, ξ)

)− f
(
s, ξ, u(s, ξ)

))
ρ(dξ)

∣∣∣∣
2

ρ(dx)ds]

≤ lim
n

CE[
T∫

t

∫
D

|f (s, x,un(s, x)
)− f

(
s, x,u(s, x)

)|2ρ(dx)ds]

≤ lim
n

CE[
T∫

t

∫
D

|un(s, x) − u(s, x)|2ρ(dx)ds] = 0.

In this way we proved that u(t, x) defined by Y t,x
t is the weak solution of SPDE (2.1). Moreover, 

due to (2.14), u(s, Xt,x
s ) = Y

t,x
s for a.a. s ∈ [t, T ], a.a. x ∈ D, a.s. As for ∇u(s, Xt,x

s ) = Z
t,x
s for 

a.a. s ∈ [t, T ], a.a. x ∈ D, a.s., we see from

lim
n→+∞E[

T∫
0

∫
D

|∇u(s,Xt,x
s ) − Zt,x

s |2ρ(dx)ds]

≤ lim
n→+∞ 2E[

T∫ ∫
|∇u(s,Xt,x

s ) − ∇un(s,X0,x
s )|2ρ(dx)ds]
0 D

14
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+ lim
n→+∞ 2E[

T∫
0

∫
D

|∇un(s,X0,x
s ) − Zt,x

s |2ρ(dx)ds]

≤ lim
n→+∞CE[

T∫
0

∫
D

|∇u(s, x) − ∇un(s, x)|2ρ(dx)ds]

+ lim
n→+∞ 2E[

T∫
0

∫
D

|Zt,x,n
s − Zt,x

s |2ρ(dx)ds] = 0.

For the uniqueness of SPDE (2.1), the proof is similar to Theorem 3.1 in [4]. �

Proposition 2.8. Assume Conditions (H.1)–(H.4). The solution of SPDE (2.1) has an a.s. contin-
uous version.

Proof. Noting that the solution of SPDE (2.1) exists in L2(0, T ; W 1,2
ρ (D; R)), we regard 

SPDE (2.1) as a linear SPDE with Neumann condition by setting F(t, x) � f
(
t, x, u(t, x)

) −∫
D

f
(
t, ξ, u(t, ξ)

)
ρ(dξ). Since

E[
T∫

0

∫
D

|F(t, x)|2ρ(dx)dt]

= E[
T∫

0

∫
D

|f (t, x, u(t, x)
)− ∫

D

f
(
t, ξ, u(t, ξ)

)
ρ(dξ)|2ρ(dx)dt]

≤ 2E[
T∫

0

∫
D

|f (t, x, u(t, x)
)|2ρ(dx)dt] + 2E[

T∫
0

∫
D

|
∫
D

f
(
t, ξ, u(t, ξ)

)
ρ(dξ)|2ρ(dx)dt]

≤ 2E[
T∫

0

∫
D

|f (t, x, u(t, x)
)|2ρ(dx)dt] + 2E[

T∫
0

∫
D

|f (t, x, u(t, x)
)|2ρ(dx)dt]

≤ 8E[
T∫

0

∫
D

(|f (t, x, u(t, x)
)− f (t, x,0)|2 + |f (t, x,0)|2)ρ(dx)dt]

≤ 8E[
T∫

0

∫
D

(
C2|u(t, x)|2 + |f (t, x,0)|2)ρ(dx)dt] < +∞,

by a similar argument as (2.13) again, we know that u(t, x) has an a.s. continuous version. �
15
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Remark 2.9. Since the solution of SPDE (2.1) has an a.s. continuous version by Proposition 2.8, 
following the result of Theorem 2.7 we further have u(s, Xt,x

s ) = Y
t,x
s for all s ∈ [t, T ], a.a. 

x ∈ D, a.s.

3. Infinite horizon BDSDEs

For a given K > 0, we consider the infinite horizon BDSDE with f and g being independent 
of the time variable:

e−KsY t,x
s =

+∞∫
s

e−Kr [f (Xt,x
r , Y t,x

r ) −
∫
D

f (ξ,Y r,ξ
r )ρ(dξ)]dr +

+∞∫
s

Ke−KrY t,x
r dr

−
+∞∫
s

e−Krg(Xt,x
r )d†B̂r −

+∞∫
s

e−KrZt,x
r dWr, (3.1)

together with the condition (2.6) satisfied by Y ·,·· .

Definition 3.1. A pair of processes (Y t,·· , Zt,·· ) ∈ S2,−K
⋂

M2,−K([0, +∞); L2
ρ(D; R)) ×

M2,−K([0, +∞); L2
ρ(D; Rd)) is called a solution of BDSDE (3.1) if (Y t,x

s , Zt,x
s ) satisfies (2.6)

and (3.1) for all s ≥ 0 a.a. x ∈ D a.s.

In fact, in the next section, we will show that for the infinite horizon BDSDE (3.1), any 
stationary solution with mass conservation condition (2.6) must imply c(ω) in condition (2.6)
being a constant for almost all ω ∈ �. As this section is devoted to finding the solution of BDSDE 
(3.1) with mass conservation condition, in the rest part of this section, we assume c(ω) = c being 
a constant a.s.

We need some more conditions for infinite horizon BDSDE.

(H.5). Denote by M the reciprocal of the first eigenvalue of � on D, 16M2L < 1.
(H.6). The functions f (·, 0) and g(·) satisfy 

∫
D

(|f (x, 0)|2 + ‖g(x)‖2)ρ(dx) < +∞.

Lemma 3.2. Let u be the solution of SPDE (2.1) and (Y, Z) be the solution of corresponding 
BDSDE (2.4). Then

E[
∫
D

|Zt,x
s |2ρ(dx)] ≥ 1

2M2 E[
∫
D

|Y t,x
s |2ρ(dx)] − E[| ∫

D
u(s, x)ρ(dx)|2]

M2 . (3.2)

Proof. By the Poincare inequality, it follows that

∣∣∣
√√√√∫

D

|u(s, x)|2ρ(dx) −
√√√√∫

D

|
∫
D

u(s, ξ)ρ(dξ)|2ρ(dx)

∣∣∣

≤
√√√√∫ |u(s, x) −

∫
u(s, ξ)ρ(dξ)|2ρ(dx)
D D
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≤ M

√√√√∫
D

|∇u(s, x)|2ρ(dx).

Hence ∫
D

|u(s, x)|2ρ(dx) ≤ 2M2
∫
D

|∇u(s, x)|2ρ(dx) + 2|
∫
D

u(s, x)ρ(dx)|2.

Noticing that ρ is an invariant measure for Xt,x· in D, we have

E[
∫
D

|∇u(s,Xt,x
s )|2ρ(dx)] ≥ 1

2M2 E[
∫
D

|u(s,Xt,x
s )|2ρ(dx)] − E[| ∫

D
u(s, x)ρ(dx)|2]

M2 ,

which implies (3.2). �

Theorem 3.3. Under Conditions (H.3)–(H.6), for a given sufficiently small K > 0 and a given 
constant c, BDSDE (3.1) has a unique solution (Y t,·· , Zt,·· ) satisfying

EW [
∫
D

Y t,x
s ρ(dx)] = c. (3.3)

Proof. For each n ∈ N , we define a sequence of BDSDEs by setting h(x) = c and T = n in 
BDSDE (2.4):

Y t,x,n
s = c +

n∫
s

[f (Xt,x
r , Y t,x,n

r ) −
∫
D

f (ξ,Y r,ξ,n
r )ρ(dξ)]dr −

n∫
s

g(Xt,x
r )d†B̂r −

n∫
s

Zt,x,n
r dWr.

(3.4)
Equivalently,

e−KsY t,x,n
s = e−Knc +

n∫
s

e−Kr [f (Xt,x
r , Y t,x,n

r ) −
∫
D

f (ξ,Y r,ξ,n
r )ρ(dξ)]dr

+
n∫

s

Ke−KrY t,x,n
r dr −

n∫
s

e−Krg(Xt,x
r )d†B̂r −

n∫
s

e−KrZt,x,n
r dWr. (3.5)

It is easy to verify that BDSDE (3.4) satisfies conditions of Theorem 2.5. Hence, for each 
n, by Theorem 2.5 and Remark 2.6 there exists (Y t,·,n· , Zt,·,n· ) ∈ S2,−K([0, n]; L2

ρ(D; R)) ×
M2,−K([0, n]; L2

ρ(D; Rd)) as the unique solution of BDSDE (3.4). Let (Y t,x,n
s , Zt,x,n

s )s>n =
(c, 0). Then (Y t,·,n· , Zt,·,n· ) ∈ S2,−K

⋂
M2,−K([0, +∞); L2

ρ(D; R)) × M2,−K([0, +∞);
L2 (D; Rd)).
ρ

17



Q. Zhang and H. Zhao Journal of Differential Equations 331 (2022) 1–49
We will prove (Y t,x,n
s , Zt,x,n

s ), n = 1, 2, · · · , is a Cauchy sequence. For this, let (Y t,x,m
s , Zt,x,m

s )

and (Y t,x,n
s , Zt,x,n

s ) be the solutions of Eq. (3.4) with the terminal time m and n, respectively. 
Without losing any generality, assume that m ≥ n, and define for s ≥ t ,

Ȳ t,x,m,n
s = Y t,x,m

s − Y t,x,n
s , Z̄t,x,m,n

s = Zt,x,m
s − Zt,x,n

s ,

f̄ t,m,n(s, x) = f (Xt,x
s , Y t,x,m

s ) − f (Xt,x
s , Y t,x,n

s ).

Consider two cases:
(i) When n ≤ s ≤ m, Ȳ t,x,m,n

s = Y
t,x,m
s − c and we have for any m ∈N ,

{
dȲ

t,x,m,n
s = −[f (X

t,x
s , Y

t,x,m
s ) − ∫

D
f (ξ,Y

s,ξ,m
s )ρ(dξ)]ds + g(X

t,x
s )d†B̂s + Z

t,x,m
s dWs

Ȳ
t,x,m,n
m = 0, for s ∈ [n,m), a.a. x ∈ D, a.s.

Applying Itô’s formula to e−Kr |Ȳ t,x,m,n
r |2 for a.a. x ∈ D and taking integration over D, we 

have

∫
D

e−Ks |Ȳ t,x,m,n
s |2ρ(dx) − K

m∫
s

∫
D

e−Kr |Ȳ t,x,m,n
r |2ρ(dx)dr +

m∫
s

∫
D

e−Kr |Zt,x,m
r |2ρ(dx)dr

= 2

m∫
s

∫
D

e−Kr Ȳ t,x,m,n
r [f (Xt,x

r , Y t,x,m
r ) −

∫
D

f (ξ,Y r,ξ,m
r )ρ(dξ)]ρ(dx)dr

+
m∫

s

∫
D

e−Kr‖g(Xt,x
r )‖2ρ(dx)dr − 2

m∫
s

∫
D

e−Kr Ȳ t,x,m,n
r g(Xt,x

r )ρ(dx)d†B̂r

−2

m∫
s

∫
D

e−Kr Ȳ t,x,m,n
r Zt,x,m

r ρ(dx)dWr

≤ 2L

m∫
s

∫
D

e−Kr |Ȳ t,x,m,n
r |2ρ(dx)dr + 1

L

m∫
s

∫
D

e−Kr |f (Xt,x
r , Y t,x,m

r )|2ρ(dx)dr

+ 1

L

m∫
s

∫
D

e−Kr |f (x,Y r,x,m
r )|2ρ(dx)dr +

m∫
s

∫
D

e−Kr‖g(Xt,x
r )‖2ρ(dx)dr

−2

m∫
s

∫
D

e−Kr Ȳ t,x,m,n
r g(Xt,x

r )ρ(dx)d†B̂r − 2

m∫
s

∫
D

e−Kr Ȳ t,x,m,n
r Zt,x,m

r ρ(dx)dWr

≤ 2L

m∫ ∫
e−Kr |Ȳ t,x,m,n

r |2ρ(dx)dr + 4L

m∫ ∫
e−Kr |Y t,x,m

r |2ρ(dx)dr
s D s D
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+ 2

L

m∫
s

∫
D

e−Kr |f (Xt,x
r ,0)|2ρ(dx)dr + 2

L

m∫
s

∫
D

e−Kr |f (x,0)|2ρ(dx)dr

+
m∫

s

∫
D

e−Kr‖g(Xt,x
r )‖2ρ(dx)dr − 2

m∫
s

∫
D

e−Kr Ȳ t,x,m,n
r g(Xt,x

r )ρ(dx)d†B̂r

−2

m∫
s

∫
D

e−Kr Ȳ t,x,m,n
r Zt,x,m

r ρ(dx)dWr. (3.6)

Taking expectation, we have

E[
∫
D

e−Ks |Ȳ t,x,m,n
s |2ρ(dx)] − (2K + 8L)E[

m∫
s

∫
D

e−Kr |Y t,x,m
r |2ρ(dx)dr]

−2

m∫
s

e−Krc2]dr + E[
m∫

s

∫
D

e−Kr |Zt,x,m
r |2ρ(dx)dr] (3.7)

≤ E[
∫
D

e−Ks |Ȳ t,x,m,n
s |2ρ(dx)] − (K + 2L)E[

m∫
s

∫
D

e−Kr |Ȳ t,x,m,n
r |2ρ(dx)dr]

−4LE[
m∫

s

∫
D

e−Kr |Y t,x,m
r |2ρ(dx)dr] + E[

m∫
s

∫
D

e−Kr |Zt,x,m
r |2ρ(dx)dr]

≤ 4

L
E[

m∫
s

∫
D

e−Kr |f (Xt,x
r ,0)|2ρ(dx)dr] + E[

m∫
s

∫
D

e−Kr‖g(Xt,x
r )‖2ρ(dx)dr].

In the following, we apply Lemma 3.2 to um as the solution of SPDE (2.1) with the terminal 
time m and the terminal value c. Applying this estimate to (3.7), we have

E[
∫
D

e−Ks |Ȳ t,x,m,n
s |2ρ(dx)] + ( 1

2M2 − (2K + 8L)
)
E[

m∫
s

∫
D

e−Kr |Y t,x,m
r |2ρ(dx)dr]

≤ 1

K
(2 + 1

M2 )(e−Ks − e−Km)c2 + 4

L
E

m∫
s

∫
D

e−Kr |f (Xt,x
r ,0)|2ρ(dx)dr]

+E[
m∫

s

∫
D

e−Kr‖g(Xt,x
r )‖2ρ(dx)dr].

Noticing 1
2 − (2K + 8L) > 0, as m, n → +∞, we have
2M
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E[
∫
D

e−Ks |Ȳ t,x,m,n
s |2ρ(dx)] + E[

m∫
n

∫
D

e−Kr |Y t,x,m
r |2ρ(dx)dr] (3.8)

≤ C
(
e−Kn + e−Kn

∫
D

|f (x,0)|2ρ(dx) + e−Kn

∫
D

‖g(x)‖2ρ(dx)
)−→ 0.

Then, (3.7) together with (3.8) leads to that as m, n → +∞,

E[
m∫

n

∫
D

e−Kr |Ȳ t,x,m,n
r |2ρ(dx)dr] + E[

m∫
n

∫
D

e−Kr |Z̄t,x,m,n
r |2ρ(dx)dr] (3.9)

≤ 2E[
m∫

n

∫
D

e−Kr |Y t,x,m
r |2ρ(dx)dr] + 2

m∫
n

e−Krc2dr + E[
m∫

n

∫
D

e−Kr |Zt,x,m
r |2ρ(dx)dr]

≤ Ce−Kn + Ce−Kn

∫
D

|f (x,0)|2ρ(dx) + Ce−Kn

∫
D

‖g(x)‖2ρ(dx) −→ 0.

Using the B-D-G inequality to deal with (3.6) on the interval [n, m], by (3.8) and (3.9), as n, 
m → +∞ we have

E[ sup
n≤s≤m

∫
D

e−Ks |Ȳ t,x,m,n
s |2ρ(dx)]

≤ Ce−Kn + Ce−Kn

∫
D

|f (x,0)|2ρ(dx) + Ce−Kn

∫
D

‖g(x)‖2ρ(dx)

+CE[
m∫

n

∫
D

e−Kr |Y t,x,m
r |2ρ(dx)dr]

+CE[
m∫

n

∫
D

e−Kr |Zt,x,m
r |2ρ(dx)dr] + CE[

m∫
n

∫
D

e−Kr |Ȳ t,x,m,n
r |2ρ(dx)dr]

−→ 0. (3.10)

(ii) When 0 ≤ s ≤ n ≤ m,

Ȳ t,x,m,n
s = Y t,x,m

n − c +
n∫

s

[f̄ t,m,n(r, x) −
∫
D

f̄ r,m,n(r, ξ)ρ(dξ)]dr −
n∫

s

Z̄t,x,m,n
r dWr.

Applying Itô’s formula to e−Kr |Ȳ t,x,m,n
r |2 for a.a. x ∈ Rd and using Lipschitz condition and 

Young inequality, we have
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∫
D

e−Ks |Ȳ t,x,m,n
s |2ρ(dx) − K

n∫
s

∫
D

e−Kr |Ȳ t,x,m,n
r |2ρ(dx)dxdr

+
n∫

s

∫
D

e−Kr |Z̄t,x,m,n
r |2ρ(dx)dr

=
∫
D

e−Kn|Y t,x,m
n − c|2ρ(dx) + 2

n∫
s

∫
D

e−Kr Ȳ t,x,m,n
r [f̄ t,m,n(r, x)

−
∫
D

f̄ r,m,n(r, ξ)ρ(dξ)]ρ(dx)dr − 2

n∫
s

∫
D

e−Kr Ȳ t,x,m,n
r Z̄t,x,m,n

r ρ(dx)dWr.

≤ 2
∫
D

e−Kn|Y t,x,m
n |2ρ(dx) + 2e−Kn|c|2 + 3L

n∫
s

∫
D

e−Kr |Ȳ t,x,m,n
r |2ρ(dx)dr

+L

n∫
s

∫
D

e−Kr |Ȳ r,x,m,n
r |2ρ(dx)dr − 2

n∫
s

∫
D

e−Kr Ȳ t,x,m,n
r Z̄t,x,m,n

r ρ(dx)dWr. (3.11)

Note

E[
∫
D

e−Kr |Ȳ r,x,m,n
r |2ρ(dx)] = E[

∫
D

e−Kr |Ȳ r,X
t,x
r ,m,n

r |2ρ(dx)] = E[
∫
D

e−Kr |Ȳ t,x,m,n
r |2ρ(dx)].

Taking expectation, we have

E[
∫
D

e−Ks |Ȳ t,x,m,n
s |2ρ(dx)] − (K + 4L)E[

m∫
s

∫
D

e−Kr |Ȳ t,x,m,n
r |2ρ(dx)dr]

+E[
m∫

s

∫
D

e−Kr |Z̄t,x,m,n
r |2ρ(dx)dr]

≤ 2E[
∫
D

e−Kn|Y t,x,m
n |2ρ(dx)] + 2e−Knc2. (3.12)

For s ≥ 0, define

ūm,n(s, x) � um(s, x) − un(s, x) = Y s,x,m
s − Y s,x,n

s .

Obviously, ūm,n satisfies the following random PDE:
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⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

dūm,n(t, x) = −[ 1
2�ūm,n(t, x) +

(
f
(
x,um(t, x)

)− f
(
x,un(t, x)

))
− ∫

D

(
f
(
ξ,um(t, ξ)

)− f
(
ξ,un(t, ξ)

))
ρ(dξ)]dt, t ∈ [0, T ), x ∈ D,

ūm,n(n, x) = um(n, x) − c, x ∈ D,
∂ūm,n

∂n (t, x) = 0, t ∈ [0, n), x ∈ ∂D.

This PDE is also mass-conservative and for all t ∈ [0, n] and ω ∈ �,

∫
D

ūm,n(t, x)ρ(dx) =
∫
D

(
um(n, x) − c

)
ρ(dx) = 0.

This is due to that um(n, x) satisfies SPDE (2.1) with the terminal time m and the terminal value 
c, i.e. 

∫
D

um(n, x)ρ(dx) = c. Applying Lemma 3.2 to ūm,n, we have

E[
∫
D

|Z̄t,x,m,n
s |2ρ(dx)] = E[

∫
D

|∇ūm,n(s,Xt,x
s )|2ρ(dx)] = E[

∫
D

|∇ūm,n(s, x)|2ρ(dx)]

≥ 1

2M2 E[
∫
D

|ūm,n(s, x)|2ρ(dx)] = 1

2M2 E[
∫
D

|ūm,n(s,Xt,x
s )|2ρ(dx)]

= 1

2M2 E[
∫
D

|Ȳ t,x,m,n
s |2ρ(dx)].

Inserting above estimate into (3.12), we have

E[
∫
D

e−Ks |Ȳ t,x,m,n
s |2ρ(dx)] + ( 1

2M2 − (K + 4L)
)
E[

n∫
s

∫
D

e−Kr |Ȳ t,x,m,n
r |2ρ(dx)dr]

≤ E[
∫
D

e−Kn|Y t,x,m
n |2ρ(dx)] + 2e−Knc2.

As n, m → +∞, using (3.10) we have

E[
n∫

0

∫
D

e−Kr |Ȳ t,x,m,n
r |2ρ(dx)dr] ≤ CE[ sup

n≤s≤m

∫
D

e−Ks |Y t,x,m
s |2ρ(dx)] + Ce−Knc2 −→ 0.

(3.13)
Then, as m, n → +∞ it follows from (3.10), (3.12) and (3.13) that

E[
n∫

0

∫
D

e−Kr |Z̄t,x,m,n
r |2ρ(dx)dr]

≤ CE[ sup
n≤s≤m

∫
e−Ks |Y t,x,m

s |2ρ(dx)] + Ce−Knc2
D
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+CE[
n∫

0

∫
D

e−Kr |Ȳ t,x,m,n
r |2ρ(dx)dr] −→ 0. (3.14)

Also by the B-D-G inequality, (3.10)–(3.11) and (3.13)–(3.14), as n, m → +∞, we have

E[ sup
0≤s≤n

∫
D

e−Ks |Ȳ t,x,m,n
s |2ρ(dx)]

≤ CE[ sup
n≤s≤m

∫
D

e−Ks |Y t,x,m
s |2ρ(dx)] + Ce−Knc2

+CE[
n∫

0

∫
D

e−Kr |Ȳ t,x,m,n
r |2ρ(dx)dr] + CE[

n∫
0

∫
D

e−Kr |Z̄t,x,m,n
r |2ρ(dx)dr] −→ 0.

Therefore taking a combination of cases (i) and (ii), as n, m → +∞, we have

E[sup
s≥0

∫
D

e−Ks |Ȳ t,x,m,n
s |2ρ(dx)] + E[

+∞∫
0

∫
D

e−Kr |Ȳ t,x,m,n
r |2ρ(dx)dr]

+E[
+∞∫
0

∫
D

e−Kr |Z̄t,x,m,n
r |2ρ(dx)dr] −→ 0.

That is to say (Y t,x,n
s , Zt,x,n

s ) is a Cauchy sequence in the space S2,−K
⋂

M2,−K([0, +∞);
L2

ρ(D; R)) ×M2,−K([0, +∞); L2
ρ(D; Rd)). Take (Y t,x

s , Zt,x
s ) as the limit of (Y t,x,n

s , Zt,x,n
s ) and 

we will show that (Y t,x
s , Zt,x

s ) is the solution of BDSDE (3.1). For this, we take the strong limit 
on both sides of (3.5) in L2(� × D; R), then the claim that (Y t,·· , Zt,·· ) is a solution to BDSDE 
(3.1) follows. We only take for example the convergence of the terms involving f . Firstly,

lim
n→+∞E[

∫
D

|
n∫

s

e−Krf (Xt,x
r , Y t,x,n

r )dr −
+∞∫
s

e−Krf (Xt,x
r , Y t,x

r )dr|2ρ(dx)]

≤ lim
n→+∞CE[

n∫
s

∫
D

e−Kr |Y t,x,n
r − Y t,x

r |2ρ(dx)dr]

+ lim
n→+∞CE[

+∞∫
n

∫
D

e−Kr
(
1 + |Y t,x

r |2 + |f (x,0)|2)ρ(dx)dr] = 0.

For the other term, similarly
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lim
n→+∞E[

∫
D

|
n∫

s

e−Kr

∫
D

f (ξ,Y r,ξ,n
r )ρ(dξ)dr −

+∞∫
s

e−Kr

∫
D

f (ξ,Y r,ξ
r )ρ(dξ)dr|2ρ(dx)]

≤ lim
n→+∞CE[

n∫
s

∫
D

e−Kr |Y r,x,n
r − Y r,x

r |2ρ(dx)dr]

+ lim
n→+∞CE[

+∞∫
n

∫
D

e−Kr
(
1 + |Y r,x

r |2 + |f (x,0)|2)ρ(dx)dr] = 0.

After verifying the convergence of each term, the existence of solution to BDSDE (3.1) is proved.
For the uniqueness of solution, let (Y t,x

s , Zt,x
s ) and (Ŷ t,x

s , Ẑt,x
s ) be two solutions of BDSDE 

(3.1). Define

Ȳ t,x
s = Ŷ t,x

s − Y t,x
s , Z̄t,x

s = Ẑt,x
s − Zt,x

s , f̄ t (s, x) = f (Xt,x
s , Ŷ t,x

s ) − f (Xt,x
s , Y t,x

s ), s ≥ 0.

Then for s ≥ 0 and a.a. x ∈Rd , (Y t,x
s , Zt,x

s ) and (Ŷ t,x
s , Ẑt,x

s ) satisfy

e−KsȲ t,x
s =

+∞∫
s

e−Kr [f̄ t (r, x) −
∫
D

f̄ r(r, ξ)ρ(dξ)]dr +
+∞∫
s

Ke−Kr Ȳ t,x
r dr −

+∞∫
s

e−KrZ̄t,x
r dWr.

For an arbitrary interval [0, T ],

Ȳ t,x
s = Ȳ

t,x
T +

T∫
s

[f̄ t (r, x) −
∫
D

f̄ r(r, ξ)ρ(dξ)]dr −
T∫

s

Z̄t,x
r dWr,

where Ȳ
t,x
T = Ŷ

t,x
T − Y

t,x
T = Ŷ

T ,X
t,x
T

T − Y
T,X

t,x
T

T satisfies Condition (H.1) and f̄ t (s, x) =
f (X

t,x
s , Ŷ t,x

s ) − f (X
t,x
s , Y t,x

s ) = f (X
t,x
s , Ŷ s,X

t,x
s

s ) − f (X
t,x
s , Y s,X

t,x
s

s ) can be regarded as a given 
function. Moreover,

lim
T →+∞ e−KT Ȳ

t,x
T = 0. (3.15)

Similar to (3.12), applying Itô’s formula to e−Kr |Ȳ t,x
r |2 for a.a. x ∈ Rd , we have

E[
∫
D

e−Ks |Ȳ t,x
s |2ρ(dx)] − (K + 4L)E[

T∫
s

∫
D

e−Kr |Ȳ t,x
r |2ρ(dx)dr]

+E[
T∫ ∫

e−Kr |Z̄t,x
r |2ρ(dx)dr] ≤ E[

∫
e−KT |Ȳ t,x

T |2ρ(dx)]. (3.16)
s D D
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On the other hand, by Theorem 2.5, we know that ū(s, x) � Ȳ
s,x
s is a weak solution to the 

following mass-conservative random PDE:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

dū(t, x) = −[ 1
2�ū(t, x) +

(
f
(
x, û(t, x)

)− f
(
x,u(t, x)

))
− ∫

D

(
f
(
ξ, û(t, ξ)

)− f
(
ξ,u(t, ξ)

))
ρ(dξ)]dt, t ∈ [0, T ), x ∈ D,

ū(T , x) = Ȳ
T ,x
T , x ∈ D,

∂ū
∂n (t, x) = 0, t ∈ [0, T ), x ∈ ∂D.

So, for all t ∈ [0, T ] and ω ∈ �, in view of the invariant measure and (2.6),

∫
D

ū(t, x)ρ(dx) =
∫
D

Ȳ
t,x
t ρ(dx) = EW

∫
D

Ȳ t,x
s ρ(dx) = 0.

Applying Lemma 3.2 to ū, we have

E[
∫
D

|Z̄t,x
s |2ρ(dx)] ≥ 1

2M2 E[
∫
D

|Ȳ t,x
s |2ρ(dx)].

Putting above inequality into (3.16), we have

E[
∫
D

e−Ks |Ȳ t,x
s |2ρ(dx)] + ( 1

2M2 − (K + 4L)
)
E[

T∫
s

∫
D

e−Kr |Ȳ t,x
r |2ρ(dx)dr]

≤ E[
∫
D

e−KT |Ȳ t,x
T |2ρ(dx)]. (3.17)

Taking K ′ > K such that K ′ satisfies the condition to K as well, we can see that (3.17) remains 
true with K replaced by K ′. In particular,

E[
∫
Rd

e−K ′s |Ȳ t,x
s |2ρ(dx)] ≤ E[

∫
Rd

e−K ′T |Ȳ t,x
T |2ρ(dx)].

Therefore, we have that

E[
∫
Rd

e−K ′s |Ȳ t,x
s |2ρ−1(x)dx] ≤ e−(K ′−K)T E[

∫
Rd

e−KT |Ȳ t,x
T |2ρ−1(x)dx]. (3.18)

Since Ŷ t,x
s , Y t,x

s ∈ S2,−K
⋂

M2,−K([0, +∞); L2
ρ(D; R)),

sup
T ≥0

E[
∫
d

e−KT |Ȳ t,x
T |2ρ(dx)] ≤ E[sup

T ≥0

∫
d

e−KT (2|Ŷ t,x
T |2 + 2|Y t,x

T |2)ρ(dx)] < +∞.
R R
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Therefore, taking the limit as T → +∞ in (3.18), we have

E[
∫
Rd

e−K ′s |Ȳ t,x
s |2ρ(dx)] = 0.

The uniqueness follows. �

Remark 3.4. If f and g in (3.1) depend on the time variable, we can also prove the existence 
and uniqueness theorem of SPDE (3.1) by replacing (H.6) with the following condition:

(H.6)*. There exists K > 0 such that 
∫ +∞

0

∫
D

e−Ks(|f (s, x, 0)|2 + ‖g(s, x)‖2)ρ(dx)ds < +∞
and 4M2(K + 4L) < 1.

4. Stationary solutions of SPDEs

In this section we consider the stationary solution of the following SPDE with time variable 
independent coefficients f and g

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dv(t, x) = [ 1
2�v(t, x) + f

(
x, v(t, x)

)− ∫
D

f
(
ξ, v(t, ξ)

)
ρ(dξ)]dt

+g(x)dBt t ∈ (0,+∞), x ∈ D
∂v
∂n (t, x) = 0 t ∈ (0,+∞), x ∈ ∂D∫
D

v(t, x)ρ(dx) = c f or a given constant c.

(4.1)

For this, we need to study the initial value problem of SPDE (1.1) where f and g are time variable 
independent. Denote 

(
�(t)h

)
(x) = v(t, x, h). We utilize the connection between BDSDEs and 

SPDEs. In this connection, corresponding to a BDSDE, the SPDE should be of backward type 
equation (2.1) with backward Itô stochastic integral of B̂ which is the time reversal process of 
Brownian motion B . Thus, as in Section 2, the noise of the corresponding BDSDE should be the 
time reversal B̂ . In particular, B̂t = BT ′−t − BT ′ for a fixed T ′ > 0 and −∞ < t ≤ T ′. In fact, 
the choice of T ′ can be arbitrary. It is obvious that B̂t is a Brownian motion with B̂0 = 0.

We first construct a measurable metric dynamical system through defining a measurable and 
probability preserving shift operator. Let θ̃t = θ̂t ◦ θ̌t , t ≥ 0, where θ̂t , θ̌t : � −→ � are measur-
able mappings on (�, F , P) defined by

θ̂t

(
B̂

W

)
(s) =

(
B̂s+t − B̂t

Ws

)
, θ̌t

(
B̂

W

)
(s) =

(
B̂s

Ws+t − Wt

)
.

Then for any s, t ≥ 0, (i). P = θ̃tP ; (ii). θ̃0 = I , where I is the identity transformation on �; 
(iii). θ̃s ◦ θ̃t = θ̃s+t . Also for an arbitrary F measurable φ and t ≥ 0, set

θ̃t ◦ φ(ω) = φ
(
θ̃t (ω)

)
.

For any r ≥ 0, applying θ̃r to SDE (2.2),
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{
θ̃r ◦ X

t,x
s = x + Ws+r − Wt+r + ∫ s+r

t+r
∇φ(θ̃r ◦ X

t,x
u−r )d(θ̃r ◦ K

t,x
u−r ), s ≥ t,

θ̃r ◦ K
t,x
s = ∫ s+r

t+r
I{θ̃r◦Xt,x

u−r∈∂D}d(θ̃r ◦ K
t,x
u−r ), θ̃r ◦ Kt,x· is increasing.

Compare the above equation with the following equation:

{
X

t+r,x
s+r = x + Ws+r − Wt+r + ∫ s+r

t+r
∇φ(X

t+r,x
u )dK

t+r,x
u , s ≥ t,

K
t+r,x
s+r = ∫ s+r

t+r
I{Xt+r,x

u ∈∂D}dK
t+r,x
u , Kt+r,x· is increasing.

By the uniqueness of the solution and a perfection procedure (cf. Arnold [2]), we have

θ̃r ◦ Xt,·
s = θ̌r ◦ Xt,·

s = X
t+r,·
s+r for all r, s, t ≥ 0 a.s.

Firstly, we consider the stationary solution of a time independent version of BDSDE (3.1)
with EW [∫

D
Y

t,x
s ρ(dx)] = c(ω), s ≥ t . So EW [∫

D
θ̃rY

t,x
s ρ(dx)] = c(θ̂rω) for r ≥ 0. Then if we 

look for a stationary solution satisfying θ̃rY
t,x
s = Y

t+r,x
s+r , we need to impose c(θ̂rω) = c(ω). But 

θ̂· as a measure preserving dynamical system on (�B, FB, P B) is ergodic, thus c has to be a 
constant.

Theorem 4.1. Under Conditions (H.3)–(H.6), let (Y t,x
s , Zt,x

s ) be the solution of BDSDE (3.1)
satisfying EW [∫

D
Y

t,x
s ρ(dx)] = c, s ≥ t ≥ 0, where c is a given mass-constant. Then (Y t,·· , Zt,·· )

satisfies for any t ≥ 0,

θ̃r ◦ Y t,·
s = Y

t+r,·
s+r , θ̃r ◦ Zt,·

s = Z
t+r,·
s+r for s ≥ t, r ≥ 0, a.s.

In particular, for any t ≥ 0,

θ̂r ◦ Y
t,·
t = Y

t+r,·
t+r for r ≥ 0, a.s. (4.2)

Proof. First note that BDSDE (3.1) is equivalent to the following equation

{
Y

t,x
s = Y

t,x
T + ∫ T

s
[f (X

t,x
r , Y

t,x
r ) − ∫

D
f (ξ,Y

r,ξ
r )ρ(dξ)]dr − ∫ T

s
g(X

t,x
r )d†B̂r − ∫ T

s
Z

t,x
r dWr

limT →+∞ e−KT Y
t,x
T = 0 a.s.

(4.3)
For r ≥ 0, applying θ̂r on Bu, we have

θ̂r ◦ Bu = θ̂r ◦ (B̂T ′−u − B̂T ′) = B̂T ′−u+r − B̂T ′+r

= (B̂T ′−u+r − B̂T ′) − (B̂T ′+r − B̂ ′
T ) = Bu−r − B−r .

So for 0 ≤ s ≤ T ≤ T ′ and {h(u, ·)}u≥0 being a Fu-measurable and locally square integrable 
stochastic process, we have the relationship between the forward integral and backward Itô inte-
gral (cf. [18])

T∫
h(u, ·)d†Bu = −

T ′−s∫
′

h(T ′ − u, ·)dBu a.s.
s T −T
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and for arbitrary T ≥ 0, 0 ≤ s ≤ T ,

θ̃r ◦
T∫

s

h(u, ·)d†B̂u =
T +r∫

s+r

θ̃r ◦ h(u − r, ·)d†B̂u. (4.4)

Therefore for a.e. x ∈ Rd ,

θ̃r ◦
T∫

s

h(u, x)d†B̂u =
T +r∫

s+r

θ̃r ◦ h(u − r, x)d†B̂u.

Since g(Xt,·· ) is locally square integrable, by (4.3) and (4.4), for a.e. x ∈Rd

θ̃r ◦
T∫

s

g(Xt,x
u )d†B̂u = θ̃r ◦

T +r∫
s+r

g(X
t,x
u−r )d

†B̂u =
T +r∫

s+r

g(Xt+r,x
u )d†B̂u. (4.5)

Now applying the operator θ̃r on both sides of (4.3), by (4.5) we know that θ̃r ◦ Y
t,x
s satisfies 

EW [∫
D

θ̃r ◦ Y
t,x
s ρ(dx)] = c and the following equation

⎧⎪⎨
⎪⎩

θ̃r ◦ Y
t,x
s = θ̃r ◦ Y

t,x
T + ∫ T +r

s+r
[f (X

t+r,x
u , θ̃r ◦ Y

t,x
u−r ) − ∫

D
f (ξ, θ̃r ◦ Y

u−r,ξ
u−r )ρ(dξ)]du

− ∫ T +r

s+r
g(X

t+r,x
u )d†B̂u − ∫ T +r

s+r
θ̃r ◦ Z

t,x
u−rdWu

limT →+∞ e−K(T +r)(θ̃r ◦ Y
t,x
T ) = 0 a.s.

(4.6)

On the other hand, from the assumption in Theorem 4.1 it follows that EW [∫
D

Y
t+r,x
s+r ρ(dx)] = c

and ⎧⎪⎨
⎪⎩

Y
t+r,x
s+r = Y

t+r,x
T +r + ∫ T +r

s+r
[f (X

t+r,x
u , Y

t+r,x
u ) − ∫

D
f (ξ,Y

u,ξ
u )ρ(dξ)]du

− ∫ T +r

s+r
g(X

t+r,x
u )d†B̂u − ∫ T +r

s+r
Z

t+r,x
u dWu

limT →+∞ e−K(T +r)Y
t+r,x
T +r = 0 a.s.

(4.7)

Let Ỹ t,·· = θ̃r ◦ Y
t−r,·
·−r , Z̃t,·· = θ̃r ◦ Z

t−r,·
·−r . By the uniqueness of the solution of BDSDE (3.1) with 

the given c in the space S2,−K
⋂

M2,−K([0, +∞); L2
ρ(D; R)) ×M2,−K([0, +∞); L2

ρ(D; Rd)), 
it follows from comparing (4.6) with (4.7) that for any t ≥ 0, in the space L2

ρ(D; R) ×
L2

ρ(D; Rd),

θ̃r ◦ Y t,·
s = Ỹ

t+r,·
s+r = Y

t+r,·
s+r , θ̃r ◦ Zt,·

s = Z̃
t+r,·
s+r = Z

t+r,·
s+r for all s ≥ t a.s.

Then by the perfection procedure ([2], [3]), we can prove above identities are true for all s ≥ t , 
but fixed t ≥ 0 a.s. In particular, for any t ≥ 0, in the space L2

ρ(D; R) × L2
ρ(D; Rd),

θ̂r ◦ Y
t,·
t = Y

t+r,·
t+r a.s. (4.8)

The proof is finished. �
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If we regard Y t,·
t as a function of t , (4.2) gives a “crude” stationary property of Y t,·

t . By 
Theorem 2.7 and Proposition 2.8, Y t,·

t is the unique weak solution of SPDE (2.1) which has a.s. 
continuous version. Hence it comes without a surprise that

Theorem 4.2. Under Conditions (H.3)–(H.6), let (Y t,x
s , Zt,x

s ) be the solution of a time indepen-
dent version of BDSDE (3.1) with the given mass-constant c. Then Y t,·

t satisfies the “perfect” 
stationary property with respect to θ̂ , i.e.

θ̂r ◦ Y
t,·
t = Y

t+r,·
t+r for all t ≥ 0, r ≥ 0, a.s. (4.9)

Consider the equivalent BDSDE (4.3) and its solution Y t,·
s on [t, T ]. We choose B̂ as the 

time reversal of B from time T , i.e. B̂s = BT −s − BT for s ≥ 0. Note that the random variable 
Y

T,·
T is F B̂

T ,+∞ measurable which is independent of FW
t . Changing variable in SPDE (4.1), 

we can deduce from the Correspondence Theorem 2.7 that v(t, ·) = u(T − t, ·) = Y
T −t,·
T −t is a 

weak solution of SPDE (4.1) on [0, T ] if YT,x
T satisfies Condition (H.1). Note Y t,x

T = Y
T,X

t,x
T

T , so 
Condition (H.1) is satisfied.

On the probability space (�, F , P), we define θt : � −→ �, t ∈ R, as the shift operator of 
Brownian motion B:

θt ◦ Bs = Bs+t − Bt ,

then θ satisfies the usual conditions: (i). P = P ◦ θt ; (ii). θ0 = I ; (iii). θs ◦ θt = θs+t . Noticing 
that B̂ is chosen as the time reversal of B at time T and B, W are independent, we can define θ̃ , 
served as the shift operator of B̂ and W , to be θ̃t � (θt )

−1 ◦ θ̌t , t ≥ 0. Actually B is a two-sided 
Brownian motion, so (θt )

−1 = θ−t is well defined (see [2]) and it is easy to see that θ̂t � (θt )
−1, 

t ∈R, is a shift operator of B̂ . We can prove a claim that v(t, ·) = Y
T −t,·
T −t does not depend on the 

choice of T using a similar proof as in [18], [19]. This can be obtained from (4.9) and the fact 
that (θ̂T −t B̂)(s) = Bt−s − Bt .

Now since v(t, ·) = u(T − t, ·) = Y
T −t,·
T −t a.s., by (4.9),

θrv(t, ·,ω) = θ̂−ru(T − t, ·, ω̂) = θ̂−r θ̂ru(T − t − r, ·, ω̂) = u(T − t − r, ·, ω̂) = v(t + r, ·,ω),

for all r ≥ 0 and T ≥ t + r a.s. In particular, let Y(·, ω) = v(0, ·, ω) = Y
T,·
T (ω̂), then the above 

formula implies:

θtY (·,ω) = Y(·, θtω) = v(t, ·,ω) = v(t, ·,ω, v(0, ·,ω)) = v(t, ·,ω,Y (·,ω)) for all t ≥ 0 a.s.
(4.10)

It turns out that v(t, ·, ω) = Y(·, θtω) = Y
T −t,·
T −t (ω̂) is a stationary solution of SPDE (4.1) with 

respect to θ . Therefore we obtain

Theorem 4.3. Under Conditions (H.3)–(H.6), for arbitrary T and t ∈ [0, T ], let v(t, ·) � Y
T −t,·
T −t , 

where (Y t,·· , Zt,·· ) is the solution of BDSDE (3.1) with B̂s = BT −s −BT for all s ≥ 0. Then v(t, ·)
is a “perfect” stationary solution of SPDE (4.1) independent of the choice of T .
29



Q. Zhang and H. Zhao Journal of Differential Equations 331 (2022) 1–49
Remark 4.4. Similar to Theorem 6.8 in [20], it is not difficult to see that in the proof of Theo-
rem 3.3, there is no need to take h = c. In fact we can consider BDSDE (3.1) with an arbitrary h
satisfying Condition (H.1) and 

∫
D

h(x)ρ(dx) = c.

Remark 4.5. Define μ(�) = P {ω : v(0, ω) ∈ �} for � ∈ B(L2
ρ(D)), where v(s, ·) is the 

value of SPDE (4.1) at time s. Note v(s, ω) = θs ◦ v(0, ω) and θ is measure preserving, so 
μ(�) = P {ω : v(0, θsω) ∈ �} = P {ω : v(s, ω) ∈ �}. Since v(s, ·) = �(s)

(
v(0, ·)), it follows 

from Markov property and some standard argument that 
∫
L2

ρ(D)
p(s, η, �)μ(dη) = μ(�). Here 

p(s, η, �) = P {ω : �(s)η ∈ �}, � ∈ B(L2
ρ(D)), is the transition probability of the homogeneous 

Markov process �(s)η with initial position η. That is to say that μ is an invariant measure with 
respect to the Markov process.

5. Mass-conserving stochastic Allen-Cahn equations

In this section, for an odd integer p > 0, we aim to solve the following infinite horizon SPDE:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dv(t, x) = [ 1
2�v(t, x) − vp(t, x) + v(t, x) + ∫

D

(
vp(t, x) − v(t, x)

)
ρ(dx)]dt

−g(x)dBt , x ∈ D,
∂v
∂n (t, x) = 0, x ∈ ∂D,∫
D

v(t, x)ρ(dx) = c f or a given constant c.

(5.1)

This is a mass-conserving stochastic Allen-Cahn equation.
For this specific equation, Condition (H.6) is automatically broken. We assume the following 

Condition (H.6)′ to replace Condition (H.6):

(H.6)′. The reciprocal of the first eigenvalue of � on D satisfies 10M2 < 1.

Remark 5.1. In Condition (H.6)′, the condition on the reciprocal M of the first eigenvalue of 
Laplacian operator is in fact a requirement of the domain D. We can instead consider 1

2σ 2�, 
SDE (2.2) is accordingly changed to the following form

{
X

t,x
s = x + σWs − σWt + ∫ s

t
∇φ(X

t,x
r )dK

t,x
r , s ≥ t,

K
t,x
s = ∫ s

t
I{Xt,x

r ∈∂D}dK
t,x
r , Kt,x· is increasing.

In this case, the requirement in (H.6)′ is relieved to 10M2 < σ 2 which is a relationship of σ
and D, rather that a sole requirement of the domain. All the arguments in this section still work. 
More generally we can consider second order differential operator. Without losing generality, we 
present our results for SPDE (5.1) with Laplacian operator only.

To begin with, a sequence of BDSDEs with Lipschitz coefficients is constructed as follows. 
For each n ∈ N , define

fn(y) = −�
p
n(y) − pnp−1(y − n

y)I{|y|>n} + y = f̃n(y) + y,
|y|
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where �n(y) = inf(n,|y|)
|y| y and f̃n(y) = −�

p
n(y) − pnp−1(y − n

|y|y)I{|y|>n}. Obviously, for any 
y ∈R,

f̃n(y) −→ −yp, fn(y) −→ −yp + y, as n → +∞.

For each n, and any y1, y2 ∈R, f̃n satisfies the monotonic condition:

(y1 − y2)
(
f̃n(y1) − f̃n(y2)

)≤ 0, (5.2)

and fn satisfies the Lipschitz condition:

|fn(y1) − fn(y2)| ≤ (pnp−1 + 1)|y1 − y2|. (5.3)

We then study the BDSDE with coefficient fn and integral conserving 
∫
D

Y
t,x,n
s ρ(dx) = c for 

s ≥ t :

e−KsY t,x,n
s =

+∞∫
s

e−Kr [fn(Y
t,x,n
r ) −

∫
D

fn(Y
r,ξ,n
r )ρ(dξ)]dr +

+∞∫
s

Ke−KrY t,x,n
r dr

−
+∞∫
s

e−Krg(Xt,x
r )d†B̂r −

+∞∫
s

e−KrZt,x,n
r dWr. (5.4)

Please note that even for fixed n, when n is reasonably large, Condition (H.6) is not satisfied. 
First let’s see the following approximating finite horizon BDSDE with 

∫
D

Y
t,x,n,m
s ρ(dx) = c:

Y t,x,n,m
s = c +

m∫
s

[fn(Y
t,x,n,m
r ) −

∫
D

fn(Y
r,ξ,n,m
r )ρ(dξ)]dr

−
m∫

s

g(Xt,x
r )d†B̂r −

+∞∫
s

Zt,x,n,m
r dWr. (5.5)

Notice that the coefficients fn, g satisfy Conditions (H.1)–(H.4). Hence by Theorems 2.5 and 
2.7, we have the following proposition.

Proposition 5.2. Under Conditions (H.6)′, BDSDE (5.5) has a unique solution (Y t,x,n,m
s , Zt,x,n,m

s )

∈ S2,0([t, m]; L2
ρ(D; R)) × M2,0([t, m]; L2

ρ(D; Rd)). And un,m(t, x) = Y
t,x,n,m
t is the unique 

weak solution of the following SPDE:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dum
n (t, x) = −[ 1

2�um
n (t, x) + fn

(
um

n (t, x)
)− ∫

D
fn

(
um

n (t, ξ)
)
ρ(dξ)]dt

+g(x)d†B̂t t ∈ [0,m), x ∈ D

um
n (m,x) = c x ∈ D

∂um
n (t, x) = 0 t ∈ [0,m) x ∈ ∂D.

(5.6)
∂n
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Moreover, un,m(s, Xt,x
s ) = Y

t,x,n,m
s and ∇un,m(s, Xt,x

s ) = Z
t,x,n,m
s for a.a. s ∈ [t, T ], a.a. x ∈ D, 

a.s.

We first prove the solvability of BDSDE (5.4). Note that for the finite horizon problem, what 
we developed in Section 2 works for the approximating system. However, the results and even the 
proof we developed in Section 3 don’t work for the approximating system here as the Lipschitz 
condition in (5.2) does not have a uniform bound. Thus we need to develop some new rools to 
tackle the solution of BDSDE (5.4). This is achieved with help of the monotonicity of f̃n and the 
mass-conservation property.

Proposition 5.3. Under Conditions (H.6)′, BDSDE (5.4) has a unique solution (Y t,x,n
s , Zt,x,n

s ) ∈
S2,−K

⋂
M2,−K([t, +∞); L2

ρ(D; R)) × M2,−K([t, +∞); L2
ρ(D; Rd)), where K > 0 is a given 

sufficiently small constant.

Proof. We use the solution of BDSDE (5.5) to approximate the desired solution. Let (Y t,x,n,m
s ,

Z
t,x,n,m
s )s>m = (c, 0). Then (Y t,·,n,m· , Zt,·,n,m· ) ∈ S2,−K

⋂
M2,−K([t, +∞); L2

ρ(D; R)) ×
M2,−K([t, +∞); L2

ρ(D; Rd)).

We will prove (Y
t,x,n,m
s , Zt,x,n,m

s ), m = 1, 2, · · · , is a Cauchy sequence. For this, let 
(Y

t,x,n,l
s , Zt,x,n,l

s ) and (Y t,x,n,m
s , Zt,x,n,m

s ) be the solutions of BDSDE (5.5) with the terminal 
time l and m, respectively. Without losing any generality, assume that l ≥ m, and define for 
s ≥ t ,

Ȳ t,x,n,l,m
s = Y t,x,n,l

s − Y t,x,n,m
s , Z̄t,x,n,l,m

s = Zt,x,n,l
s − Zt,x,n,m

s ,

f̄ t,l,m
n (s, x) = fn(Y

t,x,n,l
s ) − fn(Y

t,x,n,m
s ).

Consider two cases:
(i) When m ≤ s ≤ l, Ȳ t,x,n,l,m

s = Y
t,x,n,l
s − c and we have for any m ∈N ,

{
dȲ

t,x,n,l,m
s = −[fn(Y

t,x,n,l
s ) − ∫

D
fn(Y

s,ξ,n,l
s )ρ(dξ)]ds + g(X

t,x
s )d†B̂s + Z

t,x,n,l
s dWs

Ȳ
t,x,n,l,m
l = 0, for s ∈ [m, l), a.a. x ∈ D, a.s.

Applying Itô’s formula to e−Kr |Ȳ t,x,m,n
r |2 for a.a. x ∈ D and taking integration over D, by 

the monotonicity of f̃n we have

∫
D

e−Ks |Ȳ t,x,n,l,m
s |2ρ(dx) − K

l∫
s

∫
D

e−Kr |Ȳ t,x,n,l,m
r |2ρ(dx)dr

+
l∫

s

∫
D

e−Kr |Zt,x,n,l
r |2ρ(dx)dr

= 2

l∫ ∫
e−Kr Ȳ t,x,n,l,m

r [fn(Y
t,x,n,l
r ) −

∫
fn(Y

r,ξ,n,l
r )ρ(dξ)]ρ(dx)dr
s D D
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+
l∫

s

∫
D

e−Kr‖g(Xt,x
r )‖2ρ(dx)dr − 2

l∫
s

∫
D

e−Kr Ȳ t,x,n,l,m
r g(Xt,x

r )ρ(dx)d†B̂r

−2

l∫
s

∫
D

e−Kr Ȳ t,x,n,l,m
r Zt,x,n,l

r ρ(dx)dWr

= 2

l∫
s

∫
D

e−Kr Ȳ t,x,n,l,m
r [f̃n(Y

t,x,n,l
r ) − f̃n(c)]ρ(dx)dr

+2

l∫
s

∫
D

e−Kr Ȳ t,x,n,l,m
r f̃n(c)ρ(dx)dr + 2

l∫
s

∫
D

e−Kr Ȳ t,x,n,l,m
r Y t,x,n,l

r ρ(dx)dr

−2

l∫
s

e−Kr [
∫
D

Y t,x,n,l
r ρ(dx) −

∫
D

cρ(dx)]
∫
D

fn(Y
r,ξ,n,l
r )ρ(dξ)dr

+
l∫

s

∫
D

e−Kr‖g(Xt,x
r )‖2ρ(dx)dr

−2

l∫
s

∫
D

e−Kr Ȳ t,x,n,l,m
r g(Xt,x

r )ρ(dx)d†B̂r − 2

l∫
s

∫
D

e−Kr Ȳ t,x,n,l,m
r Zt,x,n,l

r ρ(dx)dWr

≤ 2

l∫
s

∫
D

e−Kr |Ȳ t,x,n,l,m
r |2ρ(dx)dr +

l∫
s

∫
D

e−Kr |Y t,x,n,l
r |2ρ(dx)dr +

l∫
s

∫
D

e−Krc2pρ(dx)dr

+
l∫

s

∫
D

e−Kr‖g(Xt,x
r )‖2ρ(dx)dr − 2

l∫
s

e−Kr [
∫
D

Y t,x,n,l
r ρ(dx)

−
∫
D

cρ(dx)]
∫
D

fn(Y
r,ξ,n,l
r )ρ(dξ)dr

−2

l∫
s

∫
D

e−Kr Ȳ t,x,n,l,m
r g(Xt,x

r )ρ(dx)d†B̂r − 2

l∫
s

∫
D

e−Kr Ȳ t,x,n,l,m
r Zt,x,n,l

r ρ(dx)dWr. (5.7)

Taking conditional expectations EW and EB in turn, by the mass-conservation property (3.3) we 
have

E[
∫

e−Ks |Ȳ t,x,n,l,m
s |2ρ(dx)] − 2(K + 5

2
)E[

l∫ ∫
e−Kr |Y t,x,n,l

r |2ρ(dx)dr]

D s D
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−2(K + 2)

l∫
s

e−Krc2dr + E[
l∫

s

∫
D

e−Kr |Zt,x,n,l
r |2ρ(dx)dr] (5.8)

≤ E[
∫
D

e−Ks |Ȳ t,x,n,l,m
s |2ρ(dx)] − (K + 2)E[

l∫
s

∫
D

e−Kr |Ȳ t,x,n,l,m
r |2ρ(dx)dr]

−E[
l∫

s

∫
D

e−Kr |Y t,x,n,l
r |2ρ(dx)dr] + E[

l∫
s

∫
D

e−Kr |Zt,x,n,l
r |2ρ(dx)dr]

≤
l∫

s

e−Krc2pdr + E[
l∫

s

∫
D

e−Kr‖g(Xt,x
r )‖2ρ(dx)dr].

On the other hand, consider the solution un,m of SPDE (5.6), to which the solution 
(Y

t,x,n,m
s , Zt,x,n,m

s ) of BDSDE (5.5) corresponds. Applying Lemma 3.2 to un,l , we have

E[
∫
D

e−Ks |Ȳ t,x,n,l,m
s |2ρ(dx)] − 2(K + 5

2
)E[

l∫
s

∫
D

e−Kr |Y t,x,n,l
r |2ρ(dx)dr]

−2(K + 2)

l∫
s

e−Krc2dr + E[
l∫

s

∫
D

e−Kr 1

2M2 |Y t,x,n,l
r |2ρ(dx)dr]

≤
l∫

s

e−Krc2pdr + E[
l∫

s

∫
D

e−Kr‖g(Xt,x
r )‖2ρ(dx)dr].

Hence

E[
∫
D

e−Ks |Ȳ t,x,n,l,m
s |2ρ(dx)] + ( 1

2M2 − 2(K + 5

2
)
)
E[

l∫
s

∫
D

e−Kr |Y t,x,n,l
r |2ρ(dx)dr]

≤ 2(K + 2)

K
(e−Ks − e−Kl)c2 + 1

K
(e−Ks − e−Kl)c2p + E[

l∫
s

∫
D

e−Kr‖g(Xt,x
r )‖2ρ(dx)dr].

Noticing 1
2M2 − 2(K + 5

2 ) > 0, as l, m → +∞ we have

E[
∫
D

e−Ks |Ȳ t,x,n,l,m
s |2ρ(dx)] + E[

l∫
m

∫
D

e−Kr |Y t,x,n,l
r |2ρ(dx)dr] (5.9)

≤ C
(
e−Km + e−Km

∫
‖g(x)‖2ρ(dx)

)−→ 0.
D
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Then, (5.8) together with (5.9) leads to, as l, m → +∞,

E[
l∫

m

∫
D

e−Kr |Ȳ t,x,n,l,m
r |2ρ(dx)dr] + E[

l∫
m

∫
D

e−Kr |Z̄t,x,n,l,m
r |2ρ(dx)dr] (5.10)

≤ 2E[
l∫

m

∫
D

e−Kr |Y t,x,n,l
r |2ρ(dx)dr] + 2

l∫
m

e−Krc2dr + E[
l∫

m

∫
D

e−Kr |Zt,x,n,l
r |2ρ(dx)dr]

≤ C
(
e−Km + e−Km

∫
D

‖g(x)‖2ρ(dx)
)−→ 0.

Using the B-D-G inequality to deal with (5.7) on the interval [m, l], by (5.9) and (5.10), as m, 
l → +∞ we have

E[ sup
m≤s≤l

∫
D

e−Ks |Ȳ t,x,n,l,m
s |2ρ(dx)]

≤ Ce−Km + Ce−Km

∫
D

‖g(x)‖2ρ(dx) + CE[
l∫

m

∫
D

e−Kr |Zt,x,n,l
r |2ρ(dx)dr]

+CE[
l∫

m

∫
D

e−Kr |Ȳ t,x,n,l,m
r |2ρ(dx)dr] −→ 0. (5.11)

(ii) When t ≤ s ≤ m,

Ȳ t,x,n,l,m
s = Y t,x,n,l

m − c +
m∫

s

[f̄ t,m,n(r, x) −
∫
D

f̄ r,m,n(r, ξ)ρ(dξ)]dr −
m∫

s

Z̄t,x,n,l,m
r dWr.

Apply Itô’s formula to e−Kr |Ȳ t,x,n,l,m
r |2 for a.a. x ∈Rd , then

∫
D

e−Ks |Ȳ t,x,n,l,m
s |2ρ(dx) − K

m∫
s

∫
D

e−Kr |Ȳ t,x,n,l,m
r |2ρ(dx)dxdr

+
m∫

s

∫
D

e−Kr |Z̄t,x,n,l,m
r |2ρ(dx)dr

=
∫

e−Km|Y t,x,n,l
m − c|2ρ(dx) + 2

m∫ ∫
e−Kr Ȳ t,x,n,l,m

r [f̄ t,l,m
n (r, x)
D s D
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−
∫
D

f̄ r,l,m
n (r, ξ)ρ(dξ)]ρ(dx)dr − 2

m∫
s

∫
D

e−Kr Ȳ t,x,n,l,m
r Z̄t,x,n,l,m

r ρ(dx)dWr

=
∫
D

e−Km|Y t,x,n,l
m − c|2ρ(dx) + 2

m∫
s

∫
D

e−Kr Ȳ t,x,n,l,m
r (f̃n(Y

t,x,n,l
r ) − f̃n(Y

t,x,n,m
r ))ρ(dx)dr

−2

m∫
s

e−Kr [
∫
D

Y t,x,n,l
r ρ(dx) −

∫
D

Y t,x,n,m
r ρ(dx)]

∫
D

f̄ r,l,m
n (r, ξ)ρ(dξ)dr

+2

m∫
s

∫
D

e−Kr |Ȳ t,x,n,l,m
r |2ρ(dx)dr − 2

m∫
s

∫
D

e−Kr Ȳ t,x,n,l,m
r Z̄t,x,n,l,m

r ρ(dx)dWr

≤ 2
∫
D

e−Km|Y t,x,n,l
m |2ρ(dx) + 2e−Kmc2 + 2

m∫
s

∫
D

e−Kr |Ȳ t,x,n,l,m
r |2ρ(dx)dr

−2

m∫
s

e−Kr [
∫
D

Y t,x,n,l
r ρ(dx) −

∫
D

Y t,x,n,m
r ρ(dx)]

∫
D

f̄ r,l,m
n (r, ξ)ρ(dξ)dr

−2

m∫
s

∫
D

e−Kr Ȳ t,x,n,l,m
r Z̄t,x,n,l,m

r ρ(dx)dWr. (5.12)

Taking conditional expectations EW and EB in turn, by the mass-conservation property (3.3) we 
have

E[
∫
D

e−Ks |Ȳ t,x,n,l,m
s |2ρ(dx)] − (K + 2)E[

m∫
s

∫
D

e−Kr |Ȳ t,x,n,l,m
r |2ρ(dx)dxdr]

+E[
m∫

s

∫
D

e−Kr |Z̄t,x,n,l,m
r |2ρ(dx)dr]

≤ 2E[
∫
D

e−Km|Y t,x,n,l
m |2ρ(dx)] + 2e−Kmc2. (5.13)

For s ≥ 0, define

ūl,m
n (s, x) � ul

n(s, x) − um
n (s, x) = Y s,x,n,l

s − Y s,x,n,m
s .

Obviously, ūm,n satisfies the following random PDE:
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⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

dū
l,m
n (t, x) = −[ 1

2�ū
l,m
n (t, x) +

(
fn

(
ul

n(t, x)
)− fn

(
um

n (t, x)
))

− ∫
D

(
fn

(
ul

n(t, ξ)
)− fn

(
um

n (t, ξ)
))

ρ(dξ)]dt, t ∈ [0,m), x ∈ D,

ū
l,m
n (m,x) = ul

n(m,x) − c, x ∈ D,

∂ū
l,m
n

∂n (t, x) = 0, t ∈ [0,m), x ∈ ∂D.

This PDE is also mass-conservative and for all t ∈ [0, m] and ω ∈ �,

∫
D

ūl,m
n (t, x)ρ(dx) =

∫
D

(
ul

n(m,x) − c
)
ρ(dx).

Moreover, ul
n(m, x) satisfies SPDE (2.1) with the terminal time l and the terminal value c. Hence

∫
D

ul
n(m,x)ρ(dx) = c.

Consequently,

∫
D

ūl,m
n (t, x)ρ(dx) = 0.

Applying Lemma 3.2 to ūl,m
n , we have

E[
∫
D

|∇ūl,m
n (s, x)|2ρ(dx)] = E[

∫
D

|∇ūl,m
n (s,Xt,x

s )|2ρ(dx)] = E[
∫
D

|Z̄t,x,n,l,m
s |2ρ(dx)]

≥ 1

2M2 E[
∫
D

|ūl,m
n (s, x)|2ρ(dx)] = 1

2M2 E[
∫
D

|ūl,m
n (s,Xt,x

s )|2ρ(dx)]

= 1

2M2 E[
∫
D

|Ȳ t,x,n,l,m
s |2ρ(dx)].

Applying above estimate to (5.13), we have

E[
∫
D

e−Ks |Ȳ t,x,n,l,m
s |2ρ(dx)] + (

1

2M2 − K − 2)E[
m∫

s

∫
D

e−Kr |Ȳ t,x,n,l,m
r |2ρ(dx)dr]

≤ E[
∫
D

e−Km|Y t,x,n,l,m
m |2ρ(dx)] + 2e−Kmc2.

As l, m → +∞, using (5.11) we have
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E[
m∫

0

∫
D

e−Kr |Ȳ t,x,n,l,m
r |2ρ(dx)dr] ≤ CE[ sup

m≤s≤l

∫
D

e−Ks |Y t,x,n,l
s |2ρ(dx)] + Ce−Kmc2 −→ 0.

(5.14)

Then, as l, m → +∞ it follows from (5.11), (5.13) and (5.14) that

E[
m∫

0

∫
D

e−Kr |Z̄t,x,n,l,m
r |2ρ(dx)dr]

≤ CE[ sup
m≤s≤l

∫
D

e−Ks |Y t,x,n,l
s |2ρ(dx)] + Ce−Kmc2

+CE[
m∫

0

∫
D

e−Kr |Ȳ t,x,n,l,m
r |2ρ(dx)dr] −→ 0. (5.15)

Also by the B-D-G inequality, (5.11)–(5.12) and (5.14)–(5.15), as l, m → +∞, we have

E[ sup
0≤s≤m

∫
D

e−Ks |Ȳ t,x,n,l,m
s |2ρ(dx)]

≤ CE[ sup
m≤s≤l

∫
D

e−Ks |Y t,x,n,l
s |2ρ(dx)] + Ce−Kmc2

+CE[
m∫

0

∫
D

e−Kr |Ȳ t,x,n,l,m
r |2ρ(dx)dr] + CE[

m∫
0

∫
D

e−Kr |Z̄t,x,n,l,m
r |2ρ(dx)dr] −→ 0.

Therefore taking a combination of cases (i) and (ii), as l, m → +∞, we have

E[sup
s≥0

∫
D

e−Ks |Ȳ t,x,n,l,m
s |2ρ(dx)] + E[

+∞∫
0

∫
D

e−Kr |Ȳ t,x,n,l,m
r |2ρ(dx)dr]

+E[
+∞∫
0

∫
D

e−Kr |Z̄t,x,n,l,m
r |2ρ(dx)dr] −→ 0.

That is to say (Y t,x,n,m
s , Zt,x,n,m

s ) is a Cauchy sequence. Take (Y t,x,n
s , Zt,x,n

s ) as the limit 
of (Y t,x,n,m

s , Zt,x,n,m
s ) in the space S2,−K

⋂
M2,−K([0, +∞); L2

ρ(D; R)) × M2,−K([0, +∞);
L2

ρ(D; Rd)) and we will show that (Y t,x,n
s , Zt,x,n

s ) is the solution of BDSDE (5.4). For this, we 
take the strong limit on both sides of (5.5) in L2(� × D; R), then the claim that (Y t,·· , Zt,·· )

is a solution to BDSDE (5.4) follows. We only take for example the convergence of the terms 
involving f . Firstly,
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lim
m→+∞E[

∫
D

|
m∫

s

e−Krfn(Y
t,x,n,m
r )dr −

+∞∫
s

e−Krfn(Y
t,x,n
r )dr|2ρ(dx)]

≤ lim
m→+∞ 2E[

∫
D

|
m∫

s

e−Krfn(Y
t,x,n,m
r )dr −

m∫
s

e−Krfn(Y
t,x,n
r )dr|2ρ(dx)]

+ lim
m→+∞ 2E[

∫
D

|
+∞∫
m

e−Krfn(Y
t,x,n
r )dr|2ρ(dx)]

≤ lim
n→+∞CE[

m∫
s

∫
D

e−Kr |Y t,x,n,m
r − Y t,x,n

r |2ρ(dx)dr]

+ lim
m→+∞CE[

+∞∫
m

∫
D

e−Kr |Y t,x,n
r |2ρ(dx)dr] = 0.

For the other term,

lim
m→+∞E[

∫
D

|
m∫

s

e−Kr

∫
D

fn(Y
r,ξ,n,m
r )ρ(dξ)dr −

+∞∫
s

e−Kr

∫
D

fn(Y
r,ξ,n
r )ρ(dξ)dr|2ρ(dx)]

≤ lim
m→+∞ 2E[

∫
D

|
m∫

s

e−Kr

∫
D

fn(Y
r,ξ,n,m
r )ρ(dξ)dr −

m∫
s

e−Kr

∫
D

fn(Y
r,ξ,n
r )ρ(dξ)dr|2ρ(dx)]

+ lim
m→+∞ 2E[

∫
D

|
+∞∫
m

e−Kr

∫
D

fn(Y
r,ξ,n
r )ρ(dξ)dr|2ρ(dx)]

≤ lim
m→+∞CE[

m∫
s

∫
D

e−Kr |Y r,x,n,m
r − Y r,x,n

r |2ρ(dx)dr]

+ lim
m→+∞CE[

+∞∫
m

∫
D

e−Kr |Y r,x,n
r |2ρ(dx)dr] = 0.

After verifying the convergence of each term, the existence of solution to BDSDE (5.4) is proved.
For the uniqueness of solution, let (Y t,x,n

s , Zt,x,n
s ) and (Ŷ t,x,n

s , Ẑt,x,n
s ) be two solutions of 

BDSDE (5.4). Define

Ȳ t,x,n
s = Ŷ t,x,n

s − Y t,x,n
s , Z̄t,x,n

s = Ẑt,x,n
s − Zt,x,n

s ,

f̄ t
n(s, x) = fn(Ŷ

t,x,n
s ) − fn(Y

t,x,n
s ), s ≥ 0.

Then for s ≥ 0 and a.a. x ∈Rd , (Y t,x,n
s , Zt,x,n

s ) and (Ŷ t,x,n
s , Ẑt,x,n

s ) satisfy
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e−KsȲ t,x,n
s =

+∞∫
s

e−Kr [f̄ t
n(r, x) −

∫
D

f̄ r
n (r, ξ)ρ(dξ)]dr

+
+∞∫
s

Ke−Kr Ȳ t,x,n
r dr −

+∞∫
s

e−KrZ̄t,x,n
r dWr.

For an arbitrary interval [0, T ],

Ȳ t,x,n
s = Ȳ

t,x,n
T +

T∫
s

[f̄ t
n(r, x) −

∫
D

f̄ r
n (r, ξ)ρ(dξ)]dr −

T∫
s

Z̄t,x,n
r dWr,

where Ȳ t,x,n
T = Ŷ

t,x,n
T − Y

t,x,n
T = Ŷ

T ,X
t,x
T ,n

T − Y
T,X

t,x
T ,n

T satisfies Condition (H.1) and f̄ t
n(r, x) =

fn(Ŷ
t,x,n
s ) − fn(Y

t,x,n
s ) = fn(Ŷ

s,X
t,x
s ,n

s ) − fn(Y
s,X

t,x
s ,n

s ) can be regarded as a given function. 
Moreover,

lim
T →+∞ e−KT Ȳ

t,x,n
T = 0.

Similar to (3.12), applying Itô’s formula to e−Kr |Ȳ t,x,n
r |2 for a.a. x ∈Rd , we have

E[
∫
D

e−Ks |Ȳ t,x,n
s |2ρ(dx)] − KE[

T∫
s

∫
D

e−Kr |Ȳ t,x,n
r |2ρ(dx)dr]

+E[
T∫

s

∫
D

e−Kr |Z̄t,x,n
r |2ρ(dx)dr]

≤ E[
∫
D

e−KT |Y t,x,n
T |2ρ(dx)]. (5.16)

On the other hand, by Theorem 2.7, we know that ūn(s, x) � Ȳ
s,x,n
s is a weak solution to the 

following mass-conservative random PDE:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dūn(t, x) = −[ 1
2�ūn(t, x) + (fn(ûn(t, x)) − fn(un(t, x))

)
− ∫

D

(
fn(ûn(t, ξ)) − fn(un(t, ξ))

)
ρ(dξ)]dt, t ∈ [0, T ), x ∈ D,

ūn(T , x) = Ȳ
T ,x,n
T , x ∈ D,

∂ūn

∂n (t, x) = 0, t ∈ [0, T ), x ∈ ∂D.

So, for all t ∈ [0, T ] and ω ∈ �, in view of the invariant measure and (2.6),

∫
ūn(t, x)ρ(dx) =

∫
Ȳ

t,x,n
t ρ(dx) = EW

∫
Ȳ t,x,n

s ρ(dx) = 0.
D D D
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Applying Lemma 3.2 to ūn, we have

E[
∫
D

|Z̄t,x,n
s |2ρ(dx)] ≥ 1

2M2 E[
∫
D

|Ȳ t,x,n
s |2ρ(dx)].

Then putting above inequality into (5.16), we have

E[
∫
D

e−Ks |Ȳ t,x,n
s |2ρ(dx)] + (

1

2M2 − K)E[
T∫

s

∫
D

e−Kr |Ȳ t,x,n
r |2ρ(dx)dr]

≤ E[
∫
D

e−KT |Ȳ t,x,n
T |2ρ(dx)]. (5.17)

Taking K ′ > K such that K ′ satisfies the condition to K as well, we can see that (5.17) remains 
true with K replaced by K ′. In particular,

E[
∫
D

e−K ′s |Ȳ t,x,n
s |2ρ(dx)] ≤ E[

∫
D

e−K ′T |Ȳ t,x,n
T |2ρ(dx)].

Therefore, we have

E[
∫
D

e−K ′s |Ȳ t,x,n
s |2ρ−1(x)dx] ≤ e−(K ′−K)T E[

∫
D

e−KT |Ȳ t,x,n
T |2ρ−1(x)dx]. (5.18)

Since Ŷ t,x,n
s , Y t,x,n

s ∈ S2,−K
⋂

M2,−K([0, +∞); L2
ρ(D; R)),

sup
T ≥0

E[
∫
D

e−KT |Ȳ t,x,n
T |2ρ(dx)] ≤ E[sup

T ≥0

∫
D

e−KT (2|Ŷ t,x,n
T |2 + 2|Y t,x,n

T |2)ρ(dx)] < +∞.

Therefore, taking the limit as T → +∞ in (5.18), we have

E[
∫
D

e−K ′s |Ȳ t,x,n
s |2ρ(dx)] = 0.

The uniqueness of the solution is proved. �

Proposition 5.4. Under Conditions (H.6)′, for arbitrary T and t ∈ [0, T ], define vn(t, ·) �
Y

T −t,·,n
T −t , where (Y t,x,n

s , Zt,x,n
s ) is the solution of time independent version of BDSDE (5.4) with 

the mass-constant c, then vn(t, ·) is a “perfect” stationary weak solution of the following SPDE

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dvn(t, x) = [ 1
2�vn(t, x) + fn(vn(t, x)) − ∫

D
fn(vn(t, x))ρ(dx)]dt

−g(x)dBt t ∈ [0,+∞), x ∈ D,
∂vn

∂n (t, x) = 0 t ∈ [0,+∞), x ∈ ∂D,∫
v (t, x)ρ(dx) = c f or the given constant c.

(5.19)
D n
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Proof. For arbitrary T and t ∈ [0, T ], by Proposition 5.3, un(t, x) � Y
t,x,n
t satisfies the following 

SPDE

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dun(t, x) = −[ 1
2�un(t, x) + fn(un(t, x)) − ∫

D
fn(un(t, x))ρ(dx)]dt

+g(x)d†B̂t , t ∈ [0, T ), x ∈ D,

un(T , x) = Y
T,x,n
T , x ∈ D,

∂un

∂n (t, x) = 0, t ∈ [0, T ), x ∈ ∂D.

Moreover, by the uniqueness of the solution of BDSDE (5.4) we can follow Theorem 4.2 to know 
that Y t,x,n

t satisfies the “perfect” stationary property (4.9) with respect to θ̂ .
Define vn(t, x) � Y

T −t,x,n
T −t , then, by a time reversal transform it follows that vn(t, x) is a 

solution of the following SPDE

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dvn(t, x) = [ 1
2�vn(t, x) + fn(vn(t, x)) − ∫

D
fn(vn(t, x))ρ(dx)]dt

−g(x)dBt , t ∈ (0, T ], x ∈ D,

vn(0, x) = Y
T,x,n
T , x ∈ D,

∂vn

∂n (t, x) = 0, t ∈ (0, T ], x ∈ ∂D.

(5.20)

We can prove a claim that vn(t, x) does not depend on the choice of T using (4.9) and a similar 
proof as in [18], [19].

Furthermore, notice∫
D

vn(t, x)ρ(dx) =
∫
D

Y
T,x,n
T ρ(dx) =

∫
D

Y
t,x,n
T ρ(dx) = c.

As T tends to +∞, vn(t, x) satisfies an infinite horizon SPDE (5.19). Due to the “perfect” sta-
tionary property (4.9) for Y t,x,n

s with respect to θ̂ , we know that vn(t, x) is a “perfect” stationary 
solution of SPDE (5.19) with respect to θ . �

We turn back to SPDE (5.1). To pass the limits in (5.19) in some desired sense, we need that 
(Y ·,·,n· , Z·,·,n· ) are bounded in some spaces uniformly in n.

Lemma 5.5. Under Conditions (H.6)′, if (Y t,·,n· , Zt,·,n· ) is the solution of BDSDE (5.4), then we 
have

sup
n

sup
s≥t

sup
t≥0

E[
∫
D

|Y t,x,n
s |2ρ(dx)] + sup

n
sup
t≥0

E[
+∞∫
t

∫
D

|Zt,x,n
s |2ρ(dx)ds] < +∞.

Proof. Define ψM(y) = y2I{−M≤y<M} +M(2y −M)I{y≥M} −M(2y +M)I{y<−M}. Obviously, 
for any y ∈R, ψM(y) −→ y2 as M → +∞. Applying Itô formula to e−λrψM(Y

t,x,n
r ) we have

∫
e−λsψM(Y t,x,n

s )ρ(dx) +
T∫ ∫

e−λrI{−M≤Y
t,x,n
r <M}|Zt,x,n

r |2ρ(dx)dr
D s D
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−λ

T∫
s

∫
D

e−λrψM(Y t,x,n
r )2ρ(dx)dr

=
∫
D

e−λT ψM(Y
t,x,n
T )ρ(dx) +

T∫
s

∫
D

e−λrψ ′
M(Y t,x,n

r )
[
fn(Y

t,x,n
r ) −

∫
D

fn(Y
r,x,n
r )ρ(dx)

]
ρ(dx)dr

+
T∫

s

∫
D

e−λrI{−M≤Y
t,x,n
r <M}‖g(Xt,x

r )‖2ρ(dx)dr −
T∫

s

∫
D

e−λrψ ′
M(Y t,x,n

r )g(Xt,x
r )ρ(dx)d†B̂r

−
T∫

s

∫
D

e−λrψ ′
M(Y t,x,n

r )Zt,x,n
r ρ(dx)dWr. (5.21)

Since the stochastic integrals are martingales, we have

E[
∫
D

e−λs
(
ψM(Y t,x,n

s )ρ(dx)] + E[
T∫

s

∫
D

e−λrI{−M≤Y
t,x,n
r <M}|Zt,x,n

r |2ρ(dx)dr]

−λE[
T∫

s

∫
D

e−λrψM(Y t,x,n
r )2ρ(dx)dr]

= E[
∫
D

e−λT ψM(Y
t,x,n
T )ρ(dx)] + E[

T∫
s

∫
D

e−λrψ ′
M(Y t,x,n

r )
[
f̃n(Y

t,x,n
r )

−
∫
D

f̃n(Y
r,x,n
r )ρ(dx)

]
ρ(dx)dr] + E[

T∫
s

∫
D

e−λrψ ′
M(Y t,x,n

r )(Y t,x,n
r

−
∫
D

Y r,x,n
r ρ(dx))ρ(dx)dr] + E[

T∫
s

∫
D

e−λrI{−M≤Y
t,x,n
r <M}‖g(Xt,x

r )‖2ρ(dx)dr].

Taking M → +∞ we have

E[
∫
D

e−λs |Y t,x,n
s |2ρ(dx)] + E[

T∫
s

∫
D

e−λr |Zt,x,n
r |2ρ(dx)dr]

−λE[
T∫ ∫

e−λr |Y t,x,n
r |2ρ(dx)dr] − 2E[

T∫ ∫
e−λrY t,x,n

r (Y t,x,n
r −

∫
Y r,x,n

r ρ(dx))ρ(dx)dr]

s D s D D
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= E[
∫
D

e−λT |Y t,x,n
T |2ρ(dx)] + E[

T∫
s

∫
D

e−λr‖g(Xt,x
r )‖2ρ(dx)dr]

+2E[
T∫

s

∫
D

e−λrY t,x,n
r

[
f̃n(Y

t,x,n
r ) −

∫
D

f̃n(Y
r,x,n
r )ρ(dx)

]
ρ(dx)dr]. (5.22)

Actually,

2E[
T∫

s

∫
D

e−λrY t,x,n
r

[
f̃n(Y

t,x,n
r ) −

∫
D

f̃n(Y
r,x,n
r )ρ(dx)

]
ρ(dx)dr] ≤ 0. (5.23)

To see this, first note that due to the invariant measure ρ, we have

2E[
T∫

s

∫
D

e−λrY t,x,n
r

[
f̃n(Y

t,x,n
r ) −

∫
D

f̃n(Y
r,x,n
r )ρ(dx)

]
ρ(dx)dr]

= 2EB [EW [
T∫

s

∫
D

e−λrY t,x,n
r

[
f̃n(Y

t,x,n
r ) − EW [

∫
D

f̃n(Y
t,x,n
r )ρ(dx)]]ρ(dx)dr]].

We only need to prove

EW [
∫
D

Y t,x,n
r f̃n(Y

t,x,n
r )ρ(dx)] − EW [

∫
D

Y t,x,n
r ρ(dx)]EW [

∫
D

f̃n(Y
t,x,n
r )ρ(dx)] ≤ 0.

For this, we divide the left hand side into three cases by the indicator functions.
Case 1: |Y t,x,n

r | ≤ n.

EW [
∫
D

Y t,x,n
r f̃n(Y

t,x,n
r )ρ(dx)] − EW [

∫
D

Y t,x,n
r ρ(dx)]EW [

∫
D

f̃n(Y
t,x,n
r )ρ(dx)]

≤ −EW [
∫
D

|Y t,x,n
r |p+1ρ(dx)] + (EW [

∫
D

(Y t,x,n
r )p+1ρ(dx)]) 1

p+1
(
EW [

∫
D

(Y t,x,n
r )p+1ρ(dx)]) p

p+1

= 0.

Case 2: Y t,x,n
r < −n.

EW [
∫
D

Y t,x,n
r f̃n(Y

t,x,n
r )ρ(dx)] − EW [

∫
D

Y t,x,n
r ρ(dx)]EW [

∫
D

f̃n(Y
t,x,n
r )ρ(dx)]

= EW [
∫

(npY t,x,n
r − pnp−1|Y t,x,n

r |2 − pnpY t,x,n
r )ρ(dx)]
D
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−EW [
∫
D

Y t,x,n
r ρ(dx)]EW [

∫
D

(np − pnp−1Y t,x,n
r − pnp)ρ(dx)]

= −pnp−1EW [
∫
D

|Y t,x,n
r |2ρ(dx)] + pnp−1(EW [

∫
D

Y t,x,n
r ρ(dx)])2

≤ −pnp−1EW [
∫
D

|Y t,x,n
r |2ρ(dx)] + pnp−1EW [

∫
D

|Y t,x,n
r |2ρ(dx)]

= 0.

Case 3: Y t,x,n
r > n.

It is similar to Case 2.

On the other hand,

−2E[
T∫

s

∫
D

e−λrY t,x,n
r (Y t,x,n

r −
∫
D

Y r,x,n
r ρ(dx))ρ(dx)dr]

= −2E[
T∫

s

∫
D

e−λr |Y t,x,n
r |2ρ(dx)dr]

+2EB [EW [
T∫

s

∫
D

e−λrY t,x,n
r EW [

∫
D

Y t,x,n
r ρ(dx)]ρ(dx)dr]]

= −2E[
T∫

s

∫
D

e−λr |Y t,x,n
r |2ρ(dx)dr] + 2EB [

T∫
s

e−λr |EW [
∫
D

Y t,x,n
r ρ(dx)]|2dr]

≥ −2E[
T∫

s

∫
D

e−λr |Y t,x,n
r |2ρ(dx)dr]. (5.24)

Hence (5.23) and (5.24) are true, and putting them into (5.22) we have

E[
∫
D

e−λs |Y t,x,n
s |2ρ(dx)] + E[

T∫
s

∫
D

e−λr |Zt,x,n
r |2ρ(dx)dr]

−(λ + 2)E[
T∫

s

∫
D

e−λr |Y t,x,n
r |2ρ(dx)dr]

≤ E[
∫

e−λT |Y t,x,n
T |2ρ(dx)] + E[

T∫ ∫
e−λr‖g(Xt,x

r )‖2ρ(dx)dr]. (5.25)
D s D
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Similar to (3.2), we use the Poincare inequality to have

E[
∫
D

e−λs |Y t,x,n
s |2ρ(dx)] − (λ + 2)E[

T∫
s

∫
D

e−λr |Y t,x,n
r |2ρ(dx)dr]

+ 1

2M2 E[
T∫

s

∫
D

e−λr |Y t,x,n
r |2ρ(dx)dr]

≤ E[
∫
D

e−λT |Y t,x,n
T |2ρ(dx)] +

T∫
s

∫
D

e−λr‖g(x)‖2ρ(dx)dr + Kc2

M2 (e−λs − e−λT ).

Taking λ = 1
2M2 + 2, we have

E[
∫
D

|Y t,x,n
s |2ρ(dx)] (5.26)

= E[
∫
D

e−λ(T −s)|YT,x,n
T |2ρ(dx)] +

T∫
s

∫
D

e−λ(r−s)‖g(x)‖2ρ(dx)dr + Kc2

M2 (1 − e−λ(T −s)).

For any T , YT,x,n
T = θ̂T Y

0,x,n
0 . Putting this into (5.26), we have

E[
∫
D

|Y t,x,n
s |2ρ(dx)]

= e−λ(T −s)E[
∫
D

|Y 0,x,n
0 |2ρ(dx)] +

T∫
s

∫
D

e−λ(r−s)‖g(x)‖2ρ(dx)dr + Kc2

M2 (1 − e−λ(T −s)).

Taking T → +∞ in above, we have for any s ≥ t ,

sup
n

sup
s≥t

sup
t≥0

E[
∫
D

|Y t,x,n
s |2ρ(dx)] < +∞.

From (5.25), we also have that

sup
n

sup
t≥0

E[
+∞∫
t

∫
D

|Zt,x,n
s |2ρ(dx)ds] < +∞. �

Moreover, we have a bounded estimate for the solution of SPDE (5.19) in the following sense.
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Theorem 5.6. Let vn be the solution of SPDE (5.19). Under Conditions (H.6)′, there exists a full 
measure set ˜� × D ⊂ � × D with (P × ρ)[ ˜� × D] = 1 satisfying for each (ω, x) ∈ ˜� × D, ∃
N(ω, x) > 0 such that when n ≥ N(ω, x), |vn(t, x, ω)| ≤ n for each t ≥ 0.

Proof. From Lemma 5.5 we know

sup
n

sup
t≥0

E[
∫
D

|vn(t, x)|2ρ(dx)] = sup
n

sup
t≥0

E[
∫
D

|Y t,x,n
t |2ρ(dx)] < +∞.

For t ≥ 0, set At
n = {(ω, x) ∈ � × D : |vn(t, x, ω)| > n}. For arbitrary n, by Chebyshev’s 

inequality, we have

(P × ρ)[A0
n] ≤ 1

n2 E[
∫
D

|vn(0, x)|2ρ(dx)] ≤ 1

n2 sup
n

sup
t≥0

E[
∫
D

|vn(t, x)|2ρ(dx)].

Set ( ˜� × D)t = ⋃+∞
m=1
⋂+∞

n=m(At
n)

c for t ≥ 0. Then (P × ρ)[( ˜� × D)0] = 1 by the Borel-

Cantelli Lemma. Moreover, it is easy to see from definition of ( ˜� × D)0 that, for each (ω, x) ∈
( ˜� × D)0, ∃ N(ω, x) > 0 such that for all n ≥ N(ω, x), |vn(0, x)| ≤ n.

Let Q be the set of rational numbers in [0, +∞). Note that by Proposition 5.4, vn(t, x) is 
a stationary weak solution if the given mass is a constant and the function g is independent of 
the time variable t . This suggests for any t ′ ∈ Q, vn(t

′, x) = θt ′vn(0, x). Due to the probability-
preserving property of θ·,

( ˜� × D)t ′ = θt ′( ˜� × D)0 =
+∞⋃
m=1

+∞⋂
n=m

{(ω, x) ∈ � × D : |vn(0, x, θt ′ω)| ≤ n}.

Thus (P × ρ)[( ˜� × D)t ] = 1.

Define now a full-measure set ˜� × D =⋂t ′∈Q( ˜� × D)t ′ ⊂ � × D. Note

˜� × D =
⋂
t ′∈Q

+∞⋃
m=1

+∞⋂
n=m

(At ′
n )c =

+∞⋃
m=1

+∞⋂
n=m

⋂
t ′∈Q

(At ′
n )c.

Then for each (ω, x) ∈ ˜� × D, ∃ N(ω, x) > 0 such that for each n ≥ N , (ω, x) ∈⋂t ′∈Q(At ′
n )c , 

i.e. for each t ′ ∈Q, |vn(t
′, ω, x) ≤ n. Note that for each t ≥ 0, there exists a sequence tm, m ∈ Q, 

such that t = limm→+∞ tm. Hence vn(t, x) = limm→+∞ vn(tm, x) by the continuity of vn in the 
time variable t proved in Proposition 2.8. Thus for each (ω, x) ∈ ˜� × D, when n ≥ N(ω, x), 
|vn(t, x, ω)| ≤ n for each t ≥ 0. �

We denote by A the event that there exists N(ω, x) ≥ 0 such that when n ≥ N(ω, x), 
|vn(t, x, ω)| ≤ n for each t ≥ 0. By Theorem 5.6,

A holds on a full − measure set in � × D. (5.27)
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For any fixed ω ∈ �, denote by D̃(ω) the set in D such that ω happens and A holds. Obviously, 
for a.s. ω ∈ �, D̃(ω) is a full measure set in D. Otherwise, there is a subset �∗ ⊂ � with 
P [�∗] > 0 such that when ω ∈ �∗, ρ[D̃(ω)] < 1. Consider (� × D)∗ = {(ω, x) : ω ∈ �∗, x ∈(
D̃(ω)

)c} Then (P × ρ)[(� × D)∗] = ∫
�∗ ρ[(D̃(ω)

)c]P [dω] > 0 and for (ω, x) ∈ (� × D)∗, A
does not hold. This contradicts with (5.27). Therefore, for a.s. ω ∈ �, there exists N(ω) ≥ 0 such 
that when n ≥ N(ω), SPDE (5.19) satisfied by vn coincides with equation (5.1):

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dvn(t, x) = [ 1
2�vn(t, x) − v

p
n (t, x) + vn(t, x) + ∫

D

(
v

p
n (t, x) − vn(t, x)

)
ρ(dx)]dt

−g(x)dBt , x ∈ D,
∂vn

∂n (t, x) = 0, x ∈ ∂D,∫
D

vn(t, x)ρ(dx) = c f or a given constant c.

In this way, we find a stationary weak solution of SPDE (5.1) for a.s. ω ∈ �.
With the above results and following a similar argument as in Section 4, we obtain the follow-

ing result.

Theorem 5.7. Under Conditions (H.6)′, for arbitrary T and t ∈ [0, T ], define vn(t, ·) � Y
T −t,·,n
T −t , 

where (Y t,x,n
s , Zt,x,n

s ) is the solution of BDSDE (5.4), then for sufficiently large n, vn(t, ·) is a 
weak solution of SPDE (5.1). Moreover, vn(t, ·) is a “perfect” stationary solution and its law is 
the invariant measure of the Markov progress generated by SPDE (5.1).
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