T Available online at www.sciencedirect.com

ScienceDirect
PHYSICS B

ELSEVIER Nuclear Physics B 980 (2022) 115798

Check for
updates

www.elsevier.com/locate/nuclphysb

Effective Lagrangian for non-Abelian two-dimensional
topological field theory

Pongwit Srisangyingcharoen *°, Paul Mansfield **

& Centre for Particle Theory, University of Durham, Durham, DHI 3LE, United Kingdom
b The Institute for Fundamental Study, Naresuan University, Phitsanulok, 65000, Thailand

Received 7 October 2021; accepted 19 April 2022
Available online 21 April 2022
Editor: Hubert Saleur

Abstract

We develop a systematic approach to obtain an effective Lagrangian for 2D non-Abelian topological BF
theory. A general expression is presented in a diagrammatic representation containing solely scalar fields.
Expressions for the SU(2) and SU(3) effective actions are explicitly stated. In the case of SU(2), we
show that the effective action can be interpreted as a winding number. By using the SU (2) effective action,
the partition function on a sphere for SU (2) Yang-Mills theory is calculated. Moreover, we generalise the
theory to include a source term for the gauge field as well as calculate the vacuum expectation value of the
Wilson loop based on the effective theory.
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1. Introduction

Over the past few decades, the study of topological field theories has been important for both
mathematics and physics. The key feature of the theories is that observables depend only on
the global structure of the space where the theories are defined. Among the field theory models
of topological type, the BF theory is of particular interest in many area in physics. It plays an
important role as an alternative theory of gravity [1-7] and quite recently, it has gained much
attention for its topological effects in condensed matter physics [8—14].

In this paper, we will obtain the effective Lagrangian purely in terms of the scalar field ¢ for
the BF theory resulting in a theory that is both gauge and Weyl invariant. Our motivation for
constructing this model is to be able to generalise the results of [15], [16], and [17] in which
it was shown that the Wilson loop for D-dimensional Abelian gauge theories could be obtained
from a spinning string theory in which the physical degrees of freedom described by the string are
electric lines of force. The interaction in this model is not the usual splitting/joining interaction
of fundamental string theory but rather (the supersymmetrisation of) a contact interaction that is
supported on self-intersections of the string. If the string target space co-ordinates are denoted by
XH(g', £2) where &' are world-sheet parameters for an open string with fixed boundary curve C
then d XMV (&) = d?&' €1 9; X" (£) D i X* (&) is an element of area in target space and the contact
interaction takes the form

[dE‘“’(E) 8P (X () — X(€) dTun (&) ey

with a coefficient proportional to the square of the electric charge. Averaging this over fluctuating
world-sheets results in the gauge-field propagator connecting points X (§) and X (§') when they
are on the boundary C. We would like to generalise this to non-Abelian gauge theory so at the
very least we need to introduce Lie algebra-valued world-sheet degrees of freedom ¢ (§) to try
to reproduce the Lie algebra structure of Yang-Mills propagators

fdz‘”(é) 8P (X&) — X (&) dEun @) (p&) ¢ (E)) . @

As a consequence of the §-function this interaction is invariant under gauge transformations
which are functions on target-space if ¢ transforms as ¢ () — g (X (§)) ¢ (&) g 1 (X(§)). To
construct a string theory describing non-Abelian lines of force we need a Lagrangian to describe
the dynamics of ¢. This has to be gauge-invariant to preserve the space-time gauge invariance
of the contact interaction and Weyl invariant to satisfy the usual organising principle of string
theories. It also has to generate the extra interactions of non-Abelian gauge theories which are
absent from Abelian ones. A candidate for the dynamics of ¢ is the effective Lagrangian for
the BF theory we will calculate in this paper. We shall not address here the issue of whether
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the resulting theory does indeed generate the self-interactions of Yang-Mills theory but simply
concentrate on deriving the model and addressing the examples of gauge groups SU(2) and
SU (3) relevant to the Standard Model.

A BF theory is a diffeomorphism-invariant gauge theory. On a D-dimensional manifold M
(D > 2) with structure group, a Lie group G, the classical action of the non-Abelian BF theory
takes the form

S=2/tr(B/\F) 3)
M
where B is a (D — 2)-form in the fundamental representation of G. F is a curvature 2-form of
a connection 1-form A defined by F =dA + g[A, A]. The trace implies a scalar product in the
algebra. Notice that the action is topologically invariant because it is independent of the metric.
The equations of motion with respect to B and A are

F=0 and daB=0 “)

where d4 is a covariant derivative defined as d4 = d + g[A, ]. The action is invariant under
local gauge transformation with gauge parameter w as

SA =dpw and 8B =[B,w]+dan. 5)

The field n is a (D — 1)-form corresponding to the non-Abelian symmetry of the B field, namely
B symmetry which only appears when D > 3.
In the case D = 2, one can express (3) as

§=2 / d’e Vu(pFij) (6)
M
or equivalently,
Slg, Al = / d’e (l'gA[AAjB A5 pc — 23,~¢AA§‘>eif 7
M

where F;; = 9;A; — 9;A; + g[Ai, Aj] is the field-strength of the gauge field .A. Both fields ¢
and A are elements of a non-Abelian group and so can be written in terms of a set of generators
{TR} as ¢ = prTK and A= ARTR." To obtain (7), the boundary term, i.e. [ d?£d;(¢ - A;)e,
is assumed to vanish. Notice that in two dimensions, the B field is a O-form, thus, it is natural to
replace it with the scalar field ¢.

The action (6) has a close connection to the Yang-Mills action in two dimensions as they
are equivalent in the zero coupling constant limit [18,19]. This can be seen by adding a quadratic
term with coupling constant e to the action and then integrating out the field ¢ in the path integral
below using Gaussian integration

/ DAD¢ exp (2 / d’e (e”'tr(¢fij) +e2J§tr(¢¢)))
M

= / DAexp (2%2 f dzgﬁtr(ﬁjfff)). (8)
M

V(T ATE)= L1nAB and (T4, TP =if 4B - TC.
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The outline of this paper is as follows. In section two, an explicit calculation for the SU (2)
effective BF theory is shown. In section three we use the result to give a new derivation of
the known expression for the partition function on a sphere of SU (2) Yang-Mills theory. The
calculation for obtaining the effective theory is generalised for arbitrary Lie algebras in section
four. In section five, we construct a set of diagrams to represent the ingredients appearing in the
effective Lagrangian in order to aid our calculation. Using the result found in section five we
present the explicit form for the SU (3) effective Lagrangian in section six. Finally, in section
seven, we investigate the BF model with a source term for a gauge field A as well as calculate
the expectation value of the Wilson loop in the effective theory.

2. SU(2) effective BF theory

We begin our calculation with the simplest model for the non-Abelian two-dimensional topo-
logical field theory, i.e. the BF theory for SU (2). The partition function for this theory is defined
as

1
Z= / D$DA ¢ S#-Al ©9)

where S[¢, AJ is expressed in (7). The functional integral is divided by the volume of the gauge
symmetry which is denoted by Vol.

To obtain an effective theory for the scalar field ¢, the gauge field A needs to be integrated
out. For that purpose, we express all fields in terms of a set of orthonormal bases, i.e. , l:?+, and
E_, as

ot =9p*  and Al = xidp* +a EL + a7 EA. (10)

Note that these bases are &£-dependent. They are defined throughout the manifold point by point.
Obviously, we have chosen a unit vector ¢ to align in the direction of ¢ at each point. In terms
of the usual cross products, the £-dependent bases give the following relations:

dxE =E., E xE_=¢ E_xp=E_. (an

Substituting (10) into (7), the action takes the form

S[¢,A]=/d2$ (Ziggo afa; —28;pax;p” —2ai¢AajEﬁ —2ai¢Aa;Ei‘>e’7. (12)
M

To obtain the first term, the relations (11) were utilised. Note that the structure constant f ABC g
equal to €ABC for SU(2).

Rewriting all the fields using (10), the measure D.A now turns into Dx Da* Da™. Integrating
out y would generate a constraint via the Dirac delta function as

f Dy exp( / d’ 2¢3Aa,‘¢Ax‘,‘eff)=N [1 #sP0@H =N T] s%@p). 13
M VEe M VéEe M

This means ¢ (equivalently |¢|?) is constant throughout the space M.
To proceed with the path integration with respect to the field aj* with o = =, it is better to
change the spacetime coordinates &' and £ into complex coordinates which are defined by

z=§'"+ig  and  z=g'-ig (14)
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In these new coordinates, the field ai becomes complex fields b* where

1 _ 1
b = E(a‘l" —ia%) and b* = E(a‘f‘ +ia5). (15)
Therefore, the path integral (9) takes the form
- / DpDbDb ] 8@ (dg) e SI0:45) (16)
Vée M
where
S[¢, b, bl = / d*z (— b*2igpenph? + 204 EAb* — 23¢AE35“). 17)
M

We can then use the Gaussian integration formula to integrate out the complex field b,

_ , _ — [d?z(Ju(M~1)*B
/ DbDb e—fdzz(—haMaﬂbﬁ+Jaha+Jaha) :Noe J a2l " (18)
[Tdet(M)
vé
According to (17), it is not hard to see that
Myp =2igpeqp, Jo=-2004EL, and J, =20¢sEL. (19)
Using the fact that 2 €;j = 2, the inverse and the determinant of the matrix M are
(M~ P = 4—6“5, and  det(M) = —4g%¢>. (20)
8¢
Consequently, we can express the path integral as
i - A N
/ ]_[ 3<2>(a¢) exp[ /dzz—8¢A8¢B(EO‘?6“ﬂEg):|. (1)
veer ¢ JAR L
We can rewrite the term E&“e"‘ﬂ E g as
EQePEf = EYEE — EBEA = (B x E_)ce?? (22)

which can be evaluated using (11). As a result, the cross product on the right-hand side is simply
the unit vector ¢. Thus, the effective action for two-dimensional SU(2) BF theory can be written

as
d*z (23)
/ |<f)|2
M
or equivalently in the (¢!, £2) coordinates as
i .
d*E——— ;0 ¢pe” pce*PC. (24)
A[ 2elp2

Now, let us give an interpretation of the effective action (24). The effective action can be seen
as a winding number (up to a constant). To see this, it needs to be noted that the unit vector ¢ (&)

5
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maps a point on the manifold M into a point on 52, i.e. q’A: : M — §2. Furthermore, the integrand
of the action (24),

A
§8i¢A8j¢B€”¢C6ABCa (25)

is the area element on the target space S2. This can be seen as follows: the variations of the mani-
fold coordinates 8& ' and 8 correspond to two infinitesimal tangent vectors 8& ! 81¢3 and §& 282(]3
on S2. The cross product of these two vectors has direction ¢ and magnitude § A. Consequently,
the triple product, 8&'8£2(d 1$ X 0d) -, is basically an infinitesimal area on the target space S2
as claimed.

The integration over all manifold coordinates £ of the integrand (25) yields the total area of
the unit sphere times an integer corresponding to the winding number 7 as

1 A a
E/dzsaimajme%ce”c =4mn. (26)
S2
Note that the above term is proportional to the effective action (24) as the magnitude of the field
¢, |@], is constant due to the constraint (13).

3. Partition function for SU (2) Yang-Mills theory on sphere

It is well known that a general expression for partition function for SU (V) Yang-Mills theory
on a sphere is

Zym(A) =) (dr)*exp(— € AC2(R)) 27
R

where A is an area of the sphere and R is an irreducible representation of SU (N). dg and C3(R)
are the dimension and the quadratic Casimir of the representation R respectively [20]. For SU (2),
the representation R is characterised by a positive half-integer /. This yields

dg=21+1 and Ca(R)=I(+1). (28)

Therefore, the partition function takes the form

]

2
Zym(A) =Y (m+1)%exp (— %A((m + 12— 1) (29)

m=0

where [l =m /2.

Our purpose in this section is to check whether our approach agrees to the known result by
re-obtaining the partition function (29) using our effective SU (2) BF theory. To do this, we need
to be more careful in integrating out the complex b field in (16) as one may notice that ¢ in the
determinant (20) will apparently get cancelled out by the Jacobian of the measure D¢ = p*dpd Q2
with € denoting a direction of the scalar field. If the previous statement were true, we would not
get the prefactor in the formula (29). This implies that the cancellation needs to be partial. It is
due to the difference in the degrees of freedom between the scalar field and the vector field.

To put it into clearer perspective, let us evaluate the SU (2) partition function, i.e.

sziol D¢Dy Dy DbDbexp(— S[p. x, x1— Sl¢. b, b]) (30)
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where
i, x. x1 =2/d2z<;3A(a¢Ax — ™) 31
M

and S[¢, b, b] is expressed as (17). We then expand all the fields in terms of eigenfunctions of
the scalar Laplacian,

V2MA =AUy, (32)
Therefore, the expression for the real scalar field ¢ is
9= caun+ o (33)
A#£0

where the zero mode term ¢ = cou and those for the complex vector fields are

b =" e ous, b* =" &ou, (34)
A#£0 A#£0

=D frdus, X=Y_ fdus. (35)
170 A0

Note that there is no zero mode expansion for the vector fields as dugp = 0 and u, forms a
complete set of orthonormal basis satisfying

/ A6 Jgu Gy () =8 and g un @) =8P —&). (36)
)
Now, let first take a look at the integral
/DXDXCXP(—SW,X,X]) (37)
By using the basis expansions, the integral (37) takes the form
/ [ [ [dfrd frexp (2 f A’z er(dupduyy fir — 5u)\3btwfx’)> (38)
2 Y

where J; is the Jacobian determinant when changing variables from x and x to f and f;.
Therefore, it can be computed by

aomz))
Ji =det| —==— ) =det(M 39
! e(sm,fu et &9

The determinant of the matrix can be evaluated from the relation

det(M) = /det(M™M). (40)

According to (35), Sg(f(Z) = 9u, (z) and X(Z) = du,.(z). Therefore,

_ [ d*z0uzdu;
Ji= \/det( 0 fdzzau,\aux H)L @D

where (36) was utilised to obtain the last expression and the product is over the non-zero eigen-
values.
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When applying the completeness relation (36) to the exponent of (38), it is not hard to see that
the integral becomes

/1_[(—Zi)»)d(Re(f,\))d(Im(fx))CXP (4ic;AIm( f3))
A

:/Hd(Re(fA))(—47tik)8(4cM)
A
=[] VolRe(fi))(~mid(cr)). (42)
A

Similar to the expression (13), the above term provides a constraint on the theory via the Dirac
delta function §(c;) requiring the modulus of the scalar field ¢ to be constant, i.e. ¢ = ¢,
throughout the space.

The volume of the real number, Vol(Re( f;.)), can be cancelled with the volume of the gauge
symmetry in (30). To see this, let us apply a particular choice of gauge-fixing to our calculation.
We consider a gauge condition that makes the direction of the scalar field, ¢, constant everywhere
except for an infinitesimal region. After this gauge has been applied, there is left the residual
gauge symmetry which does not alter the direction <2>

Expanding an infinitesimal gauge transformation parameter  as

w=w¢<l;+w+l§++a)—EA, 43)

where all components are real, the gauge transformation of the scalar field (5) implies that the
residual symmetry has @™ = 0. Now, let us investigate the effect of this residual symmetry on
the gauge field A where A takes the form

A=x¢p+b EL+b E_. (44)

According to (5), a variation of the gauge field with respect to the residual gauge transformation
is

S A=0w+glA ]

~ ~ 1 ~ i ~
=—idw?R —iw?dR + go? (—(b+ —b)B + — (bt + b_)Bz> (45)
V2 V2
where we have re-defined the bases to be
o N N 1 - A N —i A A
R=i¢, Bi=—(EL+E_), By=—(EL—E_). (46)
VoA N

Note that these bases resemble a set of ordinary unit vectors in three-dimensional sphere in which
they obey the following algebras;

[R,Bil=Bs,  [By,RI=B;, [B1,B]=R. A7)

As a result, if the sphere is characterised by the usual polar angle « and azimuthal angle 6, the
variation (45) becomes

~ oo g ~
P A:—iaw¢R+w¢(i—sin9+— bt — b~ >B
w aZ \/5( ) 1

. 00 g O\ A
_ ol "7 S g+
o <8z ﬁ(b +b ))Bz. (48)
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Comparing the result to the actual variation of the gauge field (44), it implies that a variation of
the field y is in the residual gauge orbit when it is real. Remember that the variation of the field
X is equivalent to that of the function f; according to (35)). Consequently, Vol(Re( f;)) is the
residual gauge volume as claimed.

Moving on to the next integral to consider, the Gaussian functional integral of the vector fields
b* in the partition function (30) can be written in terms of scalar functions e, and e) according
to the Laplacian eigenfunction expansion (34) as

|2 / [ [derdereS14 (49)
A

where J, is the Jacobian determinant resulted from the change of variables from b and b into e
and e. The action S[e, €] is defined as

Sle, e =fd2z (— Zig(pOZéi‘eaﬂef,E_)u,\BuN
M MM
+2000GaEL Y €5 dup — 2000¢a £ Zé;‘ém). (50)
A s

To obtain the above action, the constraint (42) is applied making the length of ¢ constant. The
first term of the action (50) vanishes when A # A" due to the completeness relation (36) which
yields

Sle. 21 =2iggpo ¥ A& eapel

A
+2¢0/d2z(5q§AE(‘;‘Ze§8uk—BéAE(?Zéi‘Z_)uA). (51)
A A
The Jacobian determinant J5 is
8(b(2),b
b= det(M). (52)
d(ex, en)

By using the relation (40) and fact that % = 5gau »(2) and % = Sgéu ».(2), one can obtain
e e

A A

_ fd2Z5u)Lau)‘/8aﬂ )
J2 a \/det( 0 fdzzau;tauwwﬁ l—[)L (53)

where (36) was utilised and again the product is over non-zero eigenvalues.
We can then calculate the Gaussian integral (49) over the complex field e, and e, using (18).
It becomes

fl_[kzdexdéxe_s[e’é] _ exp(—Sett[po-n]) (54)
A [T, —(2g90)?
where

Settl@o, n] =1 " / d*z0¢adpppcetBC = 4nni%. (55
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Note that the effective action is related to the winding number # as shown in (26).
The last element to consider is the decomposition of the measure D¢. This can be obtained
by considering a small variation of the field ¢ as

8¢ =80¢ + 98 (56)
with
8¢ =0wTE,L +8w E_ (57)

where 8w are small variations in the tangent directions. The variations 8¢ and o™ can be
expanded in terms of the eigenfunction u, as

Sp(&) =Y Scmitm () (58)
8w (€)=Y Supmitm(€) (59)

Consequently, we can rewrite the measure as

Do = || [ [dewd i, =151 | [dend (60)
m m

where the Jacobian determinant can be computed by

AMG)
8(Cms 5, 1g)
M is the Jacobian matrix where the row index I = A, § and the column index J =m, p,q.
Again, the relation (40) is used to determine the Jacobian determinant.

A N A A
As 256 = A E)u (£) and %ﬂ = EA(&)@u (€), It is not hard to see that MM is

J =det< )Edet(M”). ©61)

0 0 (fe @ttt €)1 62)
0 (J 0% ttm it (€)) 0

where fé is a shorthand for [ ,/gd*£. Note that the objects in the parentheses are the matrix
elements in row m and column m’. We can then utilise the fact that the value of ¢ is the constant
@o throughout the space due to the constraint (42). This allows us to obtain the absolute value of
the Jacobian determinant as

1531 =] Jwo)*. (63)

It is clear that the product of (90)? in (63) cannot be completely cancelled by the one in (54)
as mentioned. The cancellation leaves a single factor of (¢p)?> behind. This remaining factor
accounts for the pre-factor of the partition function as we shall see later.

In consequence, when substituting (42), (54), (60), and (63) into (16), the gauge-fixed partition
function takes the form

o

Z:N/dq)(ndcﬁ(q))(pg Z exp(—Sefrl¢o, nl) (64)
A

n=—oo

10
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where Sefr[@o, 1] is expressed in (55).
According to (8), we can relate the BF theory to two-dimensional Yang-Mills theory by adding
a quadratic term in the scalar field. Consequently, the partition function for 2D Yang-Mills is

00 o
Z=N/§Wo22mw&ﬂmﬂ—¥/f&@f)
0 n=—oo 52
o
/ dgo Z exp ( ——”900—6 *@pA), (65)
0 n=—oo

where A is the area of the sphere. The infinite sum of the Euler exponential provides a Dirac
delta function. This discretises the possible values of ¢q in the theory as

o0

A
Z exp ( — %mpo) = §S(<pomod§). (66)

n=—0oo

Therefore, it is not hard to see that the expression (65) turns into

- (eg)?

Z~ Zexp (— ——Am?). 67
Zm exp ( 5 Am ) (67)
m=1

The result (67) is in agreement with the expression (29). They differ by the factor —1 in the
exponent which can be adjusted by a local counter term.

4. Generalisation to an arbitrary Lie algebra

In this section, we would like to generalise the approach we used in section two to an arbitrary
Lie algebra. As seen in the earlier section, one of the key elements in our calculation is to expand
the fields in terms of a set of suitable Lie bases. For a general Lie algebra, we will work in the
Cartan-Weyl basis.

We will denote the Cartan generator H¢ and Weyl generator E wherea=1,..., N — 1 and
« is a root of eigenvalue equation, adg« (E*) = a® E*. The roots o forms a vector space ®. The
generators H¢ and E“ satisfy the following algebra:

[H H"|=0,  [H E*]=adWE",

NPEHP ifa+Bed

and  [EY EP]1= .
H” ifa+ =0

(68)

where H” is defined as H* = o, H®. The Cartan generators H¢ are diagonal traceless matrices
in the adjoint representation.

Again, we start the calculation with the action (7) with the path integral defined by (9). The
calculation proceeds by expanding the fields ¢ and A; in the Cartan-Weyl basis as

¢)=¢aHa and A,; =X,-aH”+aiaE°‘. (69)

Similar to the SU(2) case, these bases are £-dependent. The Cartan generators were chosen such
that the field ¢ lies within their subalgebra.

11
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To relate Lie indices A with the Cartan and Weyl indices a and «, we introduce unit vectors
H¢$ and E€ in Lie vector space which are defined as 6% and §4 respectively. As a result, the inner
products among the vectors are

ﬁzﬁAb — nab’ EA'ZEA'Aﬁ f— naﬁ’ I:IXEACI — 0 (70)
and the completeness relation is

YA 1y DA A

HMHf + ELES =65. (71)
It is not hard to write the field ¢ and A; in terms of the unit vectors as

p"=¢*HL  and AN = x"H +a¥EL. (72)

Using the relations (72), one can find the topological field theory action (7) as

S[g. x.al= / d% (igf”%ca?af EaaEpp — 20ipa)as EL - Z(aim)x;‘ﬁf)e“ :
M
(73)

Notice that there is no contribution from diagonal components of .Af to the first term as the
Cartan subalgebra is commutative.

To obtain the effective Lagrangian of the field ¢, we need to integrate out the variables ;" and
a?. According to the action (73), integrating out x;* would provide a constraint via the Dirac-
delta function as

N-1
/ Dyja exp(2 / d*E@i¢™M xjaHye) =N T 8% (@9 AL
a=1
N-1
=N [T 8@ @u@p)H). (74)
a=1
This implies that the derivative of the field ¢, i.e. d;¢, has no H* component. This provides a
constraint on the theory as tr(¢d;¢) = 0.

This constraint (74) also implies that the square of the field ¢, i.e. ¢4 = |¢|?, is constant
throughout the space which is similar to what we found earlier in the SU(2) theory. Apart from
that, it also implies the existence of the new invariant quantity,

d*BCpappoc (75

where d48€ is a totally symmetric third rank tensor defined by
dABC = 2u({TA, TBYTC). (76)

Up to this point we have ignored a boundary in (7). We will now consider the effect of includ-
ing this term 2 | d?E0; (pa AN j)eij . It affects the constraints. To see this, let consider the case
when the manifold M has the topology of a disk. This manifold can be mapped to the upper-half
plane parameterised by Cartesian coordinates. Therefore, the boundary term takes the form

—2/d2x8(y)¢AAAx. (77)

By expanding the gauge field A as (72), this turns the theory constraints (74) into

12
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H8(2tr(3x¢)H“)5(2tr(3y¢ —3(nNP)HY). (78)

This implies that the squared of the field ¢ is no longer constant throughout the manifold M.
There is a discontinuity of |¢|? at the boundary in the y direction as

91 (x, €) = 3|p|*(x, 0). (79)

To perform the path integration with respect to the field Y, we apply the same trick we used
in the previous section. We change the spacetime coordinates £' and £ into the complex coor-
dinates z and z which were previously defined in (14). Of course, this coordinate transformation
modifies the field a7 into the complex field b* as stated in (15).

As a result, the partition function now takes form

N-1
D¢ 4 Db* Db* ]_[ 8@ 2tr((0g)H))exp(—Sl¢, b, b]) (80)
a=1

~ Vol

where the action is expressed in the complex coordinates as

S[¢.b, b1 =2 / d’z (ingBC¢cb°‘5ﬁEaAEﬁB — (0pab* — 5¢Ab“>12“£)- ®1)
D

The path integral of the complex fields b* and b resembles a Gaussian integral which can be
performed using (18). By comparing (81) with (18), one obtains

My =28ifABCppEqnEpe,  Ju=—2E20¢a,  Jo=2E20¢4. (82)

Consequently, it is not hard to find that the effective Lagrangian with respect to the scalar field ¢
is

Leir(¢) = —J W5 = —8¢Aa¢B(EA<M 5 Ef) (83)

where we used M“ﬁ = 2g1M°‘
A general expression for an inverse matrix Mg is
adj(M)* g

e N
(M) = det(A) (84)

where
adj(M)*p = SZ[Z z/n Mlzjz MlSjs M Jn
det(M) = 8/ 72 jphv, M2, M (85)

i102...0p

8{111122 lj” is a generalised Kronecker delta which is related to an anti-symmetrisation of ordinary

Kronecker deltas as

8]”2 'Jn _n'(S]l 5]2 . 8[]:] (86)

i1ip...0p [i17i2

The integer 7 is the number of Weyl generators. In the case of SU(N), n is equal to N> — N.
To obtain the adjugate matrix and the matrix determinant expressed in (85), the matrices

M j are contracted with each other depending on the permutations implicit by (86). For the ad-

jugate matrix adJ(M )* s, the contractions lead to two types of terms. First, the matrices M’

13
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j— Ea_ii.

M =EL (fABCop)E ¢

Fig. 1. Diagrammatic representation for matrix element M and Kronecker delta.

are contracted in such a way that they form a new matrix with indices « and B. This contrac-
tion generates a chain of matrix multiplications, for instance, M j, M/? ;; M/* ;, M/*g. In this
example, the matrices M j, M™ ;, M™ ;, M5 ; are contracted with ¢ 5/28/*8/*5%. Second, the
, . IR - 2703 "ig Tis B
contraction forms a trace of matrix products, i.e. tr(M - M ... M). For example, when the same
matrices M™ j, M3 j; M" ;, M's j are contracted with §;/28/°5/*8/>. However, only the latter case
3 ~ 3 714 I5 12

contributes to the matrix determinant det(M).

In addition, the trace term vanishes when the number of matrices M inside is odd. This can

be seen explicitly by considering
tr(]VI . 1\7[ .. A~4) = Maill\N/[il,‘z .. .Mik—zik_lﬁik—la
= AP g e a FPP P ncsa;5 - FUE R P nca, - (87)

We used the completeness relation (71) to obtain the last line. When we swap the first and the
third indices of each structure constant f48€ it gives an extra (—1) to the last line so the whole
expression vanishes.

The calculation of the inverse matrix (84) involves a lot of contractions corresponding to
chains of matrix multiplications. To facilitate the calculation, it is sensible to develop a set of
diagrams to represent them. These diagrams are presented in the next section.

5. Diagrammatic representation of the inverse matrix M

According to the previous section, the inverse of the matrix M is an essential ingredient of
the SU (N) effective Lagrangian (83). To compute this object, the relation (84) is used. However,
this is complicated by the large number of terms.

For this reason, we would like to develop a set of diagrams to capture the contractions between
matrix elements M® g and Kronecker deltas 8; We represent these two objects as the vertices
and lines shown in Fig. 1.

Based on this diagrammatic representation, matrix multiplication is represented by vertices
connecting by a line. Note that no more than two lines are allowed to be connected to each vertex.
This fact implies that a diagram involved in the calculation is either a strand or a loop which
corresponds to a chain of matrix multiplications and its trace respectively. Just for clarification,
we show some examples for a loop diagram and a strand diagram as well as their corresponding
matrix representations in Fig. 2.

According to (85), the adjugate matrix, adj (1\71 )% g, can be expressed diagrammatically as a
summation of all possible products between a strand diagram and loop diagrams. The diagram
includes n — 1 vertices in total where n = N2 — N for SU(N) (n is always even for N > 2).
In order to obtain all possible combinations of a strand and loops without overcounting, we can
start by listing all possible strand diagrams which simply are the strand with different numbers
of vertices ranging from 1 to n — 1. Then, for each strand, loop diagrams can be created using
the remaining vertices. Therefore, we can expand the adjugate matrix as

14
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‘OO

YRyl -2
M%M Mg =g (fABCypncn FPEF g

X WFGfGHI¢H)1§"ﬂ1

YTV T 3
MM MEI M = fABC g e FPEF gpnpg

x fOU gy f KL pxnra

Fig. 2. Examples for a strand and loop diagram representing certain matrix multiplications.

h JOROSES OO}

(n —1) terms

adj(M)* 5 = (—1)”‘1{(11

—(n—=3)!

OO0 oy

(n — 3) terms

—(n—=95)!

4

(n —5) terms

n—2

Ny _
—.-1 D x(” 1)[@—3)!
%/_/

(n —2) terms

R “

(n —2)/2 loops

(88)

There is no contribution from loops with odd vertices as they are zero as discussed previously.
The minus sign factor comes from an antisymmetric permutation of the generalised Kronecker
delta. Each time the diagram collapses to form smaller loops, an extra (-1) appears which corre-
sponds to an odd permutation of the lower indices of the Kronecker delta in (86). The numbers
in front of the diagrams count the multiplicities.

One can also see that the indices « and g8 from the adj(M )% g are embedded at the ends of the
strands corresponding to the basis EA®, Consequently, we can always factor out these bases to
write the adjugate matrix as

adj(M)*p = ESOAB Egp (89)
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or equivalently OB = E é‘ (adj (]VI )“,3)E BB Due to the above relation, it is not hard to see that
the effective Lagrangian takes the form

2i 1 AB3

Lesi(¢) = ¢ det(iD) 09A0""0¢p. (90
Unlike the adjugate matrix, only loop diagrams contribute to the matrix determinant det(M).
There are n vertices involve in the expression of the matrix determinant. Det(M) is expressed as
the sum over all product of loops. To obtain these, we can start with the biggest loop of n vertices
and then cut it down to form smaller loops. The expression for det(M) is shown in the equation
(91). To avoid overcounting, all diagrams in the squared brackets contain the same number for
fewer vertices than the loop in front of the bracket. Therefore, the general expression for the

determinant is

det(M) = (—1)"~! {(n - D! — (’;) (n—3)! x [ }
— M

n terms (n — 2) terms

~(3)a-s 0.0 [ym_@z—@@@}

(n —5) terms

_...—(ni2> x [(—1>"n;2‘1(n;2)(n;4)""'@) @ @ @”

(5!

(n —2)/2 loops
Oon

6. Explicit expressions for effective SU (2) and SU (3) Lagrangians

In this section, we show the explicit calculation to obtain the effective Lagrangians for 2D
topological field theory for SU(2) and SU (3) using the expression (90) together with the dia-
grammatic representation for adjugate matrix and matrix determinant expressed in (88) and (91)
respectively.

For SU (2), the adjugate matrix is

~ B N A
adj(i)*s = (—1) ()" =—E4e*BgcEgp (92)
where fABC = ¢ABC for SU(2). Therefore, 48 = —eACB ¢, The matrix determinant is
det(M) = (1) =—e*BChpncpePE  ppnar
=2"Pppdp =29, (93)
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Thus, when substituting the above relations into (90), we obtain
—i

glol?

which is identical to what we found earlier in the equation (23).
For SU (3), the diagrammatic expressions for the adjugate matrix and matrix determinant are

" o B
adj(M)“ﬁ=(—1)[5! DO—-D-D—D—D
- O-0-0" < () ()

CTLEFRGE) -

det(M) = (—1){5! @ 3! % x (g) @
EOOE -

According to the above expressions, one can write the effective Lagrangian in the form (90)
with

Lei($) = dpae B ppagc (94)

and

O = —SUFACF pFP e FEp FFP) 43110 (FACF o FPYFEr Fl i)

+ FAP[3UFC pFP g FEpFE ) = 3(F b FPFE rF )| 07)

and
det(M) = — SNFApFEcFC pFEpFFGFO ) +31-15 - (FARFEcFC pFP ) FEpFF )
+15(FApFENFC o FPNFE pFp) (98)

where we used the notation FAB = fACB g
We can further simplify the above terms by expanding them explicitly in the Cartan-Weyl
basis for SU (3). The generators are

01 0 0 0 0 L f1 0 0
=10 0 o], I—=|1 0 o], 13=50—10,
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0
ut=10 0 1], uv-=(0 0 0],
0 0 0 010
L (0 01 0 0 0 (1 0 0
vt==—(0 0 0], v—=|0 0 0], Yy=-{01 0 |. (99)
2\o 0 o 1 0 0 30 0 22

—_
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We can determine the structure constants by considering all matrix commutators between the
elements. The generators /° and Y are the Cartan subalgebra elements satisfying

[13,Y]1=0. (100)

The plus and minus superscripts of the generators denote the raising and lowering operators
within the three su(2) subalgebras given by

3 3
[, 1 1=21°, [U*,U’]:EY—I3, [V+,V’]=§Y+I3. (101)

Note that the Hermitian conjugation of generators switches the plus and minus superscripts of
the generators within each SU(2) subgroup, i.e. (IF) = IF, (U =UTF, (vHT=VT.
Apart from (101), the remaining non-zero commutators are

1
(13, 1% =+1%, (13, U*] =¢Eui,
1
(13, vE] = iEUi, (Y, U] =+U*,
Y, VE] = £V, (%, U*]=+Vv*E,
(I, VF=FUT, (UE, VT ==+IT. (102)

For convenience, we denote {/3,Y, [T, 1=, U, U~, Vvt V=) by {T', T?, ..., T8} respec-
tively. In this notation, the metric tensor nAB can be written as

AB __ (103)

=

|
S OO O OO O =
S OO OO oOwkO
SO OO NNO OO
SO OO OO O
S OO OO o o
SO OO OO O
NDNO OO OoO OO O
SO O OO oo

which is directly from nAB =2t (TAT?).
The field ¢ is an element of the Cartan subalgebra, i.e. ¢ = ¢1 T 4 ¢, T2. Consequently, one
can find the adjoint representation of the field ¢ as

ad(¢) =
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 —2¢ 0 0 0 0
0 0 2¢1 0 0 0 0 0
0 0 0 0 0 o1 — 2 0 0
0 0 0 0 —¢1+2¢ 0 0 0
0 0 0 0 0 0 0 —p1 —2¢»
0 0 0 0 0 0 b1+ 292 0

(104)
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where ad(¢p) =if AB Cd)g =i FAC . With this matrix (104), one can compute all loop and strand
diagrams appearing in the equations (97) and (98). Chains of matrix multiplications of the matrix
F are shown in the Appendix.

From the calculation, we can further simplify the loop terms. The loop diagram with two
vertices F4 g FB ¢ can be replaced by the absolute square of the field ¢ as

1 1
FARFB 4 = —2(¢1)% - 5 (@1 - 2¢2)* — 5 @1+ 2¢2)°

4
= —3((¢1)* + §(¢2)2) = —3lp|*. (105)

A similar pattern appears in the four-vertex loop as it is proportional to |¢|*:

1 1
FApFBcFCpFP o =2(p1)* + (@1 - 2¢0)* + g+ 2¢2)*
9

4
Z|¢| . (106)

The six-vertex loop can be expressed in terms of two invariant objects, |10 and dABCpappdc
as

_ 2o tiany? —
—4((¢>1) +3(¢2)) =

1 1
FApFBcFCpFPp FER FF 4 = —2(¢1)® — 5@ - 262)° — 5@+ 2¢2)°

__2 6 2 2 _§ 3 2
= 16|¢>| +8<2(¢1) (¢3) 9(¢2)) (107)

where the quantity inside the parenthesis is d45€ ¢ 4pppc where d4BC is the totally symmetric
third rank tensor defined in (76).
In consequence, we can rewrite the terms (97) and (98) as

27
®AB 120(FACFCD FDEFEFFFB) ISO(FACFCDFDB)|¢|2 2 FAB|¢|4
(108)
and

det(M) = — 765|¢|° — 135(d*ECpagpopc). (109)

7. The topological field action with a source term and the expectation value of the Wilson
loop

In this section we would like to generalise the action (6) further by adding a source term for
the gauge field .A. Consider the action given by

S171=2 [ @& 6Ty + TA). (110)
M

To obtain the effective Lagrangian for the field ¢, we will integrate out the gauge field A as
before. By doing so, we expand the field A in terms of the unit basis defined by (72). This gives
the partition function as

1 -
271 = o / DéaDa® Dy ja exp(—SLTD. (111)
ol
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with

S171= / a6 (igf\PC peatal BunEgn — 20160 — Tia)al B
M

—(23i¢A—$A)XjaﬁAa)6ij. (112)

It is not hard to see that the path integration of the last line leads to a constraint on the theory.
This appears in the form of a Dirac delta function

N—-1 2

[T]]sw@ae—T)H. (113)

a=1i=1

The constraint implies that the difference between 20¢ and J does not lie in the Cartan subal-
gebra.

We can proceed with the calculation as in previous sections by changing from spacetime
coordinates (¢!, £2) to the complex coordinates (z, 7). The partition function now resembles a
Gaussian path integral with respect to the complex fields b and b expressed in (15) which is

2
Z1J] = é\/ 1 / DgaDb* DB [ [8N =" (tr(20;¢ — T1)))exp(—Slg, b, b, T,  (114)

i=1

where
St.b.5.71 = [ d%2(2igs P4t Bunipn
M
— (2094 — TWb* — 8¢ — Tb" Ef ). (115)
Integrating out the b and b using (18) yields
N (N=1)
2171 = | Déa 1"[8 (@09 — TPexp( = Serr(@. 7)) (116)
with
j— _— AB —
Seit (@, J) —/ 2 i t(M)( dpa — T1)OE (2095 — Tp). (117)
Turning back to the (“;‘ € 2) coordinates, the effective action takes the form
Seft (. T) = / 2% L I derir, 22i0a — Jin)0*F 28¢5 — Tjn)e". (118)

It is known that one can relate a BF theory to 2D Yang-Mills theory by introducing the
quadratic term for the field ¢ which is

Sqd=e2/d25¢§|¢|2. (119)

As a result, the partition function for the 2D gauge theory with the gauge field source 7 can be
expressed as
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O

Fig. 3. Two-dimensional manifold M with a region D and a closed loop C.

N 2 .
21T =4 / Da [T8N D ar(@0i6 — Tdexp( — (Ser+Sya))- (120)
i=l

With a suitable choice of the source term 7, in principle we are able to compute the expecta-
tion value of a Wilson loop in 2D Yang-Mills theory based on our effective BF theory. However,
we have to deal with the issue of path-ordering.

The non-Abelian Wilson loop can be expressed as the trace of the path-ordered exponential
of a line integral of the gauge field .4 along a closed loop C,

W[C] = tr(P(e—gfc A'df)). (121)

The trace together with the path-ordering operator can be replaced by a functional integral over
a complex anti-commuting field ¢ [21,22] as

wici= [ Dy Duexp( [ druti - gduéiviTry) (122)

where the loop C is now parametrised by 7. Therefore, the expectation value of the Wilson loop
takes the form

2
1 A
wich = — / DY Dy [ [sV V(20 — TH))

i=1
x exp (—(Sett + Sqa) + / dﬂ/ﬁt'ﬁ) (123)
with

JAiE) =—¢ yg v ETAY(E)SD (& — E)ejjdE (124)
C

and the action Sefr and S,4 are expressed in (118) and (119) respectively. The term 7’ in the
denominator is a normalisation factor such that (1) =1.

However, it turns out that the solution for the equation 29;¢ — J; = 0 with the source term ex-
pressed above is not consistent as the line integral of 7; is not path independent which contradicts
to the equation itself. To deal with this, we will exploit gauge symmetry.

For simplicity, we will proceed with the calculation in the context of SU(2) theory. In this
setting, we choose the gauge fixing such that the unit vector  is constant everywhere outside a
region D. Therefore, the manifold M now consists of the region D where the value of ¢ varies
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and the rest of the manifold where the qA& is constant. We can further choose that the region D
does not intercept the loop C as depicted in the Fig. 3.
According to this gauge choice, the effective action term (118) becomes

Sett (¢, T) =/ 2 M3I¢A3J$B$CGABC6U
D
+ / dzsg | ¢|2<23¢A Jin)20j¢p — Jjp)pce el (125)
M/D

If we consider the case when the manifold M has a topology of unit sphere S2, the first term can
be related to a winding number as discussed in the earlier section. Note that || is constant due
to the absence of the source in D. Moreover, since the ¢ is constant in M /D, the non-vanishing
contribution to the second line is

ABC l]
/ d’s 3 |¢|2JAJJB¢>CG
M/D

- ] oo

The term fc fC dEdE' TSP (E — £ j counts the number of times the loop C intersects itself.
Therefore, the above term can be set to zero provided that the loop C does not have a self-
intersection. Subsequently, the effective action (125) turns into

>6<2><s £)eij |‘g|2eABc (126)

Sert(9) = §|¢|<4nn> (127)

where n is the winding number of the map d;

At this point, the appearance of the fermionic field v in the effective action Sefr has been
removed due to the gauge choice. Therefore, according to (123), the only term that is subject to
the path-ordering operation is the source term 7 in the constraint. This allows us to rewrite (123)

as
1 A .
(WIC]) = 7 / D¢Dx tr[P(eXp <§f¢)(idfl)>]
C

X exp < — (Seft + Sga) + / dzf;‘(aim)é/‘x,f”) (128)

where the Dirac delta function is replaced by the functional integral over the field x. Since the
field ¢ is constant and commutes with itself throughout the loop, the path-ordering operator P
can be dropped. Denoting the eigenvalue of 43 by A, the trace of the exponential in the first line
takes the form

Zexp( f d’t f 8P (& — &) i (§)dE' ) (129)

We then proceed with the calculation by integrating out the field . This generates a constraint
via a Dirac delta function as
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(wic / D¢ Z]‘[ (a ¢+~ yg 6@)(5—%)e,-jdéf)e—“eff”qd). (130)

It is not hard to see that the solution for the constraint,

A - ..
ai|¢|+g7y§a(2>(s —&)e;jdET =0, (131)
C
takes the form

&
A - . .
¢A—¢o=—g7< / f a<2><s/—s>eijds’ds’f), (132)
0O C

where ¢, and ¢( are the scalar fields at arbitrary point £ and a reference point O respectively.
The object in the parenthesis counts the number of oriented intersections between two curves
[23]. The solution above is independent of path, hence, it depends only on the reference point O.
If we set the point O to be outside the loop C,

—%, if € is inside the loop C (133)

$r—0= {O, otherwise.

This allow us to compute the expectation value of the Wilson loop in 2D Yang-Mills theory
(130) as

(WIch Z / dyo Z GXP[—(47TH)<P0—€ f N gok] (134)
M

n=—oo

The infinite m limit of the Dirichlet kernel, D,,(x), represents the Dirac delta function as

m
lim Dy, (x)= lim > ™ =275(x) (135)
m—00 m%OOk:_m

where x € [0, 27r]. Therefore, (134) becomes

(WIch Z/dwo Z5(p0 mod 3)

X exp [ - e2( / 4’6305 + / dz%ﬁw%)] (136)
r

M/T

In the above expression, we separate the region M into I" and M /I" where I is all the region
inside the loop C with the boundary I" = C. Denoting the surface area of the region I" and M /T
by Aj and A, subsequently together with (133), the relation (136) takes the form

4e)) ZZ [ (—)2<A1(N—A)Z+A2N2>]. (137)

A N=0

In the case of SU(2), if we consider the eigenvalues of (]3 in the fundamental representation,
A = =£1/2. This turns the expression (137) into
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]

<W[C]>=%< 3 exp[—egM(A1<N+1/2)2+A2N2>}
N=—o00
)
ror| =)
) ) 2
_ &8 ie“Ay ie"A _Ym
_2Z<z§‘< Y )—i—l)exp[ 4 Al] (138)

where we re-define the Yang-Mills coupling constant eyy as % and 9 (z; t) is the Jacobi’s third
theta function defined as
o
P(zi1)= Y exp(2wiNz+miN’T). (139)
N=—o00
In the case that M is an infinitely large sphere, i.e. Ay — 00, the vacuum expectation value
of the Wilson loop (137) turns into

g ey
(W[C]) = Eexp[— %Al} (140)

as the theta function becomes unity at this limit.

The result (140) shows that the expectation value of the Wilson loop for 2D Yang-Mills theory
obtained by the effective topological BF theory satisfies the area law. This agrees with known
results [24-26] as far as the exponent is concerned, which is the dominant piece. To compute
the prefactor would require the computing the determinants arising from the Gaussian integrals
generalising the argument given above for the SU (2) partition function.

8. Conclusions

To conclude, we constructed a gauge and Weyl invariant theory of a two-dimensional scalar
field by integrating out the gauge fields in BF theory. This model is a candidate for generalising a
string theory contact interaction that describes Abelian gauge theory to the non-Abelian case. The
calculation was implemented by expanding the fields in the Cartan-Weyl basis. By performing
a Gaussian functional integration, we obtained the effective theory with the Lagrangian (90)
together with the constraint addressed in (74). The constraint implies that the magnitude of a
scalar field, |¢|, as well as the quantity dABCpsdpdc are constant throughout the space.

__The adjugate and the determinant of the matrix M play an important part in (90) where
M is defined as (82). We developed a diagrammatic approach to represent these objects. The
diagrams are constructed from vertices connected to each other by lines. No more than two line
are allowed to connect with one vertex. There are two type of diagrams, i.e. a strand and a loop.
The adjugate matrix and the matrix determinant were expressed as summations over products of
these diagrams as in (88) and (91) respectively.

For the case of SU(2) and the manifold having the topology of a unit sphere, the effective
action (24) contains the winding number of the field qAb which maps a point on the manifold into
a point on S2. By using the SU (2) effective action and summing over this winding number, we
re-formulated the partition function on a sphere of SU (2) Yang-Mills theory.

Finally, we investigated the BF theory coupled to a source term for the gauge field. The ef-
fective generating functional of the gauge field was formulated. The result was checked via a
computation of the expectation value of the Wilson loop. We exploited the gauge symmetry to
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deal with the path-ordering of the Wilson loop. The result showed that the vacuum expectation
exhibits the area law agreeing with the well-known results [24-26].
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Appendix A. Expressions for matrix multiplications of the matrix F

The expressions for matrix multiplication of the matrix F are given as follows:

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 —2(¢1)? 0 0 0 0
0 0 —2(¢)? 0 0 0 0 0
0 0 0 0 0 S (p1 —2¢2)* 0 0
0 0 0 0 S — 2¢)? 0 0 0
0 0 0 0 0 0 0 (g1 +262)?
0 0 0 0 0 0 S (e1 +2¢2)? 0
(141)
fABJ—_'BCfCD —
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 —2i(¢)? 0 0 0 0
0 0 2i(¢g1)? 0 0 A 0 0 0
0 0 0 0 0 191 —2¢2)° 0 0
0 0 0 0 Zgr —2¢2)° 0 0 0
0 0 0 0 0 0 0 (@1 +2¢2)°
0 0 0 0 0 0 L1 +2¢2)° 0
(142)
FAFPcFCpFPE =
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 2(p1)* 0 0 0 0
0 0 2 0 0 0 0 0
0 0 0 0 0 $(@1 —2¢2)* 0 0
0 0 0 0 $(@1 —2¢2)* 0 0 0
0 0 0 0 0 0 0 F(@1+2¢2)*
0 0 0 0 0 0 L@ +2¢0)* 0
(143)
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0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 2i(¢1)° 0 0 0 0
0 0 —=2i(¢) 0 0 0 0 0
0 0 0 o0 T (61 —242)° 0 0
0 0 0 0 = (p1 — 2¢2)3 0 0 0

0 0 0 0 0 0 0 L (g1 +262)°
0 0 0 0 0 0 (@1 +2¢)° 0

(144)
fAB]:BC‘FCD-FDE‘FEF-FFG —

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 —2(¢1)° 0 0 0 0
0 0 —2(¢1) 0 0 0 0 0
0 0 0 0 L0 T (61 —2¢2)° 0 0
0 0 0 0 3 (@1 — 2¢2)° 0 0 1 0

0 0 0 0 0 0 1 0 3 (@1 +2¢2)°
0 0 0 0 0 0 3 (@1 +2¢2)° 0

(145)
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