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A B S T R A C T 

Strongly lensed quasars can provide measurements of the Hubble constant ( H 0 ) independent of any other methods. One of the key 

ingredients is exquisite high-resolution imaging data, such as Hubble Space Telescope ( HST ) imaging and adaptive-optics (AO) 
imaging from ground-based telescopes, which provide strong constraints on the mass distribution of the lensing galaxy. In this 
work, we expand on the previous analysis of three time-delay lenses with AO imaging (RX J1131 −1231, HE 0435 −1223, and 

PG 1115 + 080), and perform a joint analysis of J0924 + 0219 by using AO imaging from the Keck telescope, obtained as part of 
the Strong lensing at High Angular Resolution Program (SHARP) AO effort, with HST imaging to constrain the mass distribution 

of the lensing galaxy. Under the assumption of a flat � cold dark matter ( � CDM) model with fixed �m 

= 0.3, we show that by 

marginalizing o v er two different kinds of mass models (power-law and composite models) and their transformed mass profiles 
via a mass-sheet transformation, we obtain �t BA 

= 6 . 89 

+ 0 . 8 
−0 . 7 h 

−1 ˆ σ 2 
v d, �t CA 

= 10 . 7 

+ 1 . 6 
−1 . 2 h 

−1 ˆ σ 2 
v d, and �t DA 

= 7 . 70 

+ 1 . 0 
−0 . 9 h 

−1 ˆ σ 2 
v d, 

where h = H 0 / 100 km s −1 Mpc −1 is the dimensionless Hubble constant and ˆ σv = σ ob 
v / (280 km s −1 ) is the scaled dimensionless 

velocity dispersion. Future measurements of time delays with 10 per cent uncertainty and velocity dispersion with 5 per cent 
uncertainty would yield a H 0 constraint of ∼15 per cent precision. 

Key words: gravitational lensing: strong – instrumentation: adaptive optics – distance scale. 
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 I N T RO D U C T I O N  

easuring the Hubble constant is one of the most important tasks in
odern cosmology, especially since not only does it set the age, the

ize, and the critical density of the Universe, but also the recent direct
 0 measurements from Type Ia supernovae (SNe Ia), calibrated by 

he traditional Cepheid distance ladder (SH0ES Collaboration; Riess 
t al. 2019 ), show a 4.4 σ tension with the Planck results under
he assumption of the � cold dark matter ( � CDM) model (e.g.
omatsu et al. 2011 ; Hinshaw et al. 2013 ; Anderson et al. 2014 ;
azin et al. 2014 ; Ross et al. 2015 ; Planck Collaboration VI 2020 ).
o we ver, a recent measurement of H 0 from SNe Ia calibrated by

he tip of the red-giant branch (TRGB) by the Carnegie–Chicago 
ubble Program (CCHP) agrees with both the Planck and SH0ES 

esults within the errors (Freedman et al. 2019 , 2020 ). These results
learly demonstrate that it is crucial to test any single measurement 
y independent probes. 
 E-mail: gcfchen@astro.ucla.edu 
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Strongly lensed quasars provide an independent way to measure 
he Hubble constant (Refsdal 1964 ; Treu & Marshall 2016 ; Suyu
t al. 2017 ). With the combination of time delays, high-resolution
maging, the velocity dispersion of the lensing galaxy, and the 
escription of the mass along the line of sight [so-called external
ass-sheet transformation (MST); see details in Falco, Gorenstein & 

hapiro 1985 ; Gorenstein, Falco & Shapiro 1988 ; Fassnacht et al.
002 ; Collett et al. 2013 ; Greene et al. 2013 ; Suyu et al. 2013 ],
he Time-Delay Cosmography (TDCOSMO) 1 Collaboration (Millon 
t al. 2020 ) has shown that one can provide robust constraints on
oth the angular diameter distance to the lens ( D d ; Jee, Komatsu &
uyu 2015 ) and the time-delay distance that is a ratio of the angular
iameter distances in the system: 

 � t ≡ ( 1 + z d ) 
D d D s 

D ds 
∝ H 

−1 
0 , (1) 

here z d is the redshift of the lens, D s is the distance to the
ackground source, and D ds is the distance between the lens and
 http:// www.tdcosmo.org/ 
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Figure 1. HST and AO images of J0924 + 0219 gravitational lens systems. The solid horizontal line represents 1 arcsec scale. The foreground main lens is 
located in the centre of the lens system. The multiple lensed images and the extended arc around the lensing galaxy are from the background active galactic 
nucleus (AGN) and its host galaxy. 

Figure 2. The left-hand panel is the reconstructed AO PSF of J0924 + 0219. The right-hand panel is the comparison of the radial average intensity of the 
reconstructed PSFs from all four AO lenses from previous work (Chen et al. 2019 ). All the reconstructed PSFs show core structures and extended wings. 

Figure 3. The comparison of the radial average intensity of the reconstructed 
AO PSFs and HST PSF of J0924 + 0219. 

t  

p  

2  

e
 

p  

p  

M  

e  

(  

c  

H  

P  

o  

t
W  

c  

2

H
o

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/513/2/2349/6575038 by U
niversity of D

urham
 user on 16 June 2022
he source. These distances are used to determine cosmological
arameters (e.g. Suyu et al. 2014 ; Bonvin et al. 2016 ; Birrer et al.
019 ; Chen et al. 2019 ; Jee et al. 2019 ; Rusu et al. 2019 ; Taubenberger
t al. 2019 ; Shajib et al. 2020 ; Wong et al. 2020 ), primarily H 0 . 

A blind analysis done by Wong et al. ( 2020 ) with this technique as
art of the H0 Lenses in COSMOGRAIL’s Wellspring (H0LiCOW)
rogram (Suyu et al. 2017 ), in collaboration with the COSmological
Onitoring of GRAvItational Lenses (COSMOGRAIL; e.g. Courbin

t al. 2018 ) and Strong lensing at High Angular Resolution Program
SHARP; Chen et al. 2019 ; Fassnacht et al., in preparation) programs,
ombined the data from six gravitational lens systems, 2 and inferred
 0 = 73 . 3 + 1 . 7 

−1 . 8 km s −1 Mpc −1 , a value that w as 3.8 σ aw ay from the
lanck results. The abo v e work marginalized o v er two different kinds
f mass profiles for the lensing galaxies in order to better estimate
he uncertainties. The first description consists of a Navarro–Frenk–

hite (NFW) dark matter halo (Navarro, Frenk & White 1996 ) plus a
onstant mass-to-light (M/L) ratio stellar distribution (the ‘composite
 Except the first lens, B1608 + 656, which was not done blindly, the lenses in 
0LiCOW are analysed blindly with respect to the cosmological quantities 
f interest. 

art/stac1081_f1.eps
art/stac1081_f2.eps
art/stac1081_f3.eps
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Figure 4. J0924 + 0219 HST and AO image reconstruction of the most probable model with a source grid of 53 × 53 pixels. We use 59 × 59 pixels of the AO 

PSF and 29 × 29 pixels of the HST PSF for convolution of spatially extended images. From left column to right column: observed imaging, model imaging, 
normalized residuals, and reconstructed source. 

Table 1. Lens model parameters for power-law model. 

Description Parameter Marginalized constraints 

Lens mass distribution 
Centroid of G in θ1 (arcsec) θ1 3 . 01 + 0 . 08 

−0 . 05 

Centroid of G in θ2 (arcsec) θ2 3 . 02 + 0 . 03 
−0 . 04 

Axis ratio of G q 0.61 ± 0.01 

Position angle of G θ −0.04 ± 0.01 

Einstein radius of G (arcsec) θE 0 . 940 + 0 . 004 
−0 . 003 

Radial slope of G γ 2 . 270 + 0 . 007 
−0 . 003 

External shear strength γ
′ 

0 . 017 + 0 . 001 
−0 . 003 

External shear angle θγ ′ 4 . 24 + 0 . 01 
−0 . 03 

Note. The source pixel parameters are marginalized. The confidence interval 
represents 1 σ uncertainty. Position angle is counterclockwise from + x in 
radians. 
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3 The Keck AO imaging data are part of the SHARP (Fassnacht et al., in 
preparation). 
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odel’). The second description models the three-dimensional total 
ass density distribution, i.e. luminous plus dark matter, of the 

alaxy as a power law (Barkana 1998 ), i.e. ρ( r ) ∝ r −γ (the power-
aw model). Millon et al. ( 2020 ) later combined six lenses from
ong et al. ( 2020 ) with one additional lens analysed by Shajib et al.
 2020 ) in the STRong lensing Insights into the Dark Energy Surv e y
STRIDES) program (Treu et al. 2018 ), and showed that even if we
eparate these two descriptions of the mass distribution of the lensing
alaxy, the H 0 measurements are consistent well within 1 per cent.
n independent check by Chen et al. ( 2019 ) using ground-based
igh-resolution adaptive-optics (AO) imaging data from SHARP 

3 

ith three strongly lensed quasar also shows consistent results with 
ong et al. ( 2020 ) and is 3.5 σ away from Planck results. 
Gi ven the gro wing statistical tension between H 0 measurements, 

fforts by the TDCOSMO Collaboration have gone into studying 
otential systematic uncertainties (Gilman, Birrer & Treu 2020 ; 
illon et al. 2020 ). A crucial potential source of uncertainty is

he assumptions on the radial density profile. Birrer et al. ( 2020 )
ntroduced a flexible parametrization on the mass model that is 

aximally degenerate with H 0 through the MST (so-called internal 
ST; see also Schneider & Sluse 2013 ; Xu et al. 2016 ; Kochanek

020 , 2021 ; Chen et al. 2021b ), as a way to express departures from
MNRAS 513, 2349–2359 (2022) 

art/stac1081_f4.eps
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Table 2. Lens light model parameters for power-law model. 

Description Parameter F555W F814W F160W Keck AO 

Lens light as S ́e rsic profiles 

Centroid of S in θ1 (arcsec) θ1 , Light 3.0092 ± 0.0002 3.0092 ± 0.0002 3.0092 ± 0.0002 3.0092 ± 0.0002 

Centroid of S in θ2 (arcsec) θ2 , Light 2.9935 ± 0.0002 2.9935 ± 0.0002 2.9935 ± 0.0002 2.9935 ± 0.0002 

Axis ratio of S1 q S1 0 . 88 + 0 . 03 
−0 . 04 0 . 67 + 0 . 02 

−0 . 03 0 . 89 + 0 . 02 
−0 . 01 0.76 ± 0.03 

Position angle of S1 θS1 208 ± 23 285 ± 3 128 ± 6 107 ± 5 

Amplitude of S1 I s, S1 0.2 ± 0.2 0 . 071 + 0 . 004 
−0 . 01 0 . 669 + 0 . 005 

−0 . 007 0.41 ± 0.02 

Ef fecti ve radius of S1 (arcsec) R eff, S1 0.105 ± 0.005 0.95 ± 0.03 0.112 ± 0.001 0.96 ± 0.03 

Index of S1 n S1 0.6 ± 0.1 0.9 ± 0.1 1.25 ± 0.02 0 . 366 + 0 . 005 
−0 . 007 

Axis ratio of S2 q S2 0.93 ± 0.05 0 . 89 + 0 . 04 
−0 . 08 0.76 ± 0.05 0 . 82 + 0 . 05 

−0 . 06 

Position angle of S2 θS2 −44 ± 6 294 ± 12 −58 ± 4 172 ± 6 

Amplitude of S2 I s, S2 0 . 00632 + 0 . 00008 
−0 . 0004 2.1 ± 0.1 0 . 023 + 0 . 002 

−0 . 001 6 . 3 + 1 . 5 −2 . 2 

Ef fecti ve radius of S2 (arcsec) R eff, S2 1.3 ± 0.1 0 . 104 + 0 . 007 
−0 . 004 0 . 79 + 0 . 04 

−0 . 07 0.145 ± 0.01 

Index of S2 n S2 3 . 2 + 0 . 4 −0 . 6 1 . 1 + 0 . 1 −0 . 1 0.368 ± 0.003 0.9 ± 0.2 

Axis ratio of S3 q S3 – 0 . 52 + 0 . 08 
−0 . 04 – 0.7 ± 0.1 

Position angle of S3 θS3 – 358 ± 3 – −256 ± 12 

Amplitude of S3 I s, S3 – 0.29 ± 0.05 – 0.29 ± 0.05 

Ef fecti ve radius of S3 (arcsec) R eff, S3 – 0.27 ± 0.01 – 0.28 ± 0.01 

Index of S3 n S3 – 0 . 6 + 0 . 2 −0 . 1 – 0 . 5 + 0 . 2 −0 . 1 

Note. The lens lights of all four bands share the common centroid. The source pixel parameters are marginalized and are thus not listed. The confidence 
interval represents 1 σ uncertainty. Position angle is in degree (N → E). 
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he standard assumptions in previous work (Blum, Castorina & Si-
onovi ́c 2020 ; Shajib et al. 2021 ) and validated it with the time-delay
odelling challenge (Ding et al. 2021 ). With this parametrization, the
ain factor determining the precision of the cosmological inference

s the stellar kinematics in the lensing galaxy (see discussion by
 reu & K oopmans 2002 ; K oopmans et al. 2003 ; Birrer, Amara &
efregier 2016 ; Jee et al. 2016 ; Chen et al. 2021b ). With the MST
arametrization, the uncertainty on H 0 based on the seven lens sample
f Millon et al. ( 2020 ) goes from ∼2 per cent to ∼8 per cent , in a
tandard � CDM cosmology. 

To further constrain the H 0 value contributed from the MST and
nisotropy parameters, Birrer et al. ( 2020 ) developed a hierarchical
ayesian framework by including external data sets, assuming they
re drawn from the same parent population. When assuming that
he TDCOSMO lenses and the Sloan Lens ACS Surv e y (SLACS;
olton et al. 2004 , 2006 ; Auger et al. 2010 ) samples are drawn

rom a single stellar-orbit anisotropy distribution, Birrer et al. ( 2020 )
nferred 73 . 3 ± 5 . 8 km s −1 Mpc −1 . Assuming that TDCOSMO and
LACS are also drawn from the same population in terms of both
nisotropy and mass density profile, the inference on H 0 shifted to
7 . 4 + 4 . 1 

−3 . 2 km s −1 Mpc −1 , which statistically agrees with both Planck
nd SH0ES results. Increasing the number of the time-delay lens
ystems and using different external data sets are crucial to assess
hether the difference between SLACS and TDCOSMO is real or a

tatistical fluctuation (Birrer & Treu 2021 ). 
To expand the sample of analysed AO-observed time-delay lenses

Chen et al. 2019 ), we study the J0924 + 0219 lens system, which has
O imaging from SHARP and archi v al HST imaging. In this work,
e take into account both the internal and external MST and forecast

he time delays. Since the velocity dispersion of the lensing galaxy
s not yet measured, we predict the time delays based on the imaging
ata and an expected precision of the kinematic data. In Section 2 ,
e describe the basic information on J0924 + 0219 and describe the
ata acquisition and analysis. In Section 3 , we describe the models
e used for fitting the imaging. In Section 4 , we make a time-delay
NRAS 513, 2349–2359 (2022) 

(  
rediction based on imaging data under the assumption of a flat
 CDM model with fixed �m 

= 0.3. The conclusion is in Section 5 . 

 J 0 9 2 4  + 0 2 1 9  

he J0924 + 0219 system (J2000: 09 h 24 m 55 . s 87, 02 ◦19 ′ 24 . ′′ 9) is a
uadruply lensed quasar disco v ered by Inada et al. ( 2003 ). The main
ensing galaxy is at a redshift of z d = 0.394 ± 0.001 (Eigenbrod
t al. 2006 ), and the source redshift is z s = 1.524 ± 0.001 (Inada
t al. 2003 ). The analysis in this paper is based on new Keck AO
nd archi v al HST observ ations of J0924 + 0219. We describe the data
cquisition and analysis in Sections 2.1 and 2.2 . We show the data
rom three HST bands and one Keck AO K 

′ 
-band in Fig. 1 . 

.1 Hubble Space Telescope imaging 

e use optical and near-infrared imaging of the system obtained
rom the Hubble Space Telescope ( HST ) archive. The archival data
nclude the Near-Infrared Camera and Multi-Object Spectrometer
NICMOS) images through the F160W filter (total exposure time:
311.52 s) taken with HST on 2003 No v ember 23 and Advanced
amera for Surv e ys (A CS)/W ide Field Camera (WFC) images

hough the F814W filter (total exposure time: 2296 s) and F555W
lter (total exposure time: 2188 s) taken with HST on 2003 November
8 (PID: 9744, PI: Kochanek). We process the data using AS-
RODRIZZLE with standard settings, which remo v es the geometric
istortions, corrects for sky background variations, and flags cosmic
ays. The final drizzled HST images with a scale of 0.05 arcsec pixel −1 

re presented in Fig. 1 . 

.2 Keck adapti v e-optics imaging 

he adaptive-optics (AO) imaging was obtained at K 

′ 
-band with the

ear-Infrared Camera 2 (NIRC2), as part of the SHARP AO effort
Fassnacht et al., in preparation). The target was observed with the



J0924 mass distribution and time-delay prediction 2353 

Figur e 5. Mar ginalized mass-model parameter distributions from the J0924 + 0219 power-law lens model results. The description of the parameters is as 
follows: q is axial ratio of power-law mass profile, θ is the position angle of power-law mass profile, θE is the Einstein radius, γ is the slope, γ

′ 
is the strength 

of the external shear, and θγ ′ is the orientation of the shear strength. The contours represent the 68 . 3 per cent and 95 . 4 per cent quantiles. Position angle is 
counterclockwise from + x in radians. 
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arrow camera set-up, which provides a roughly 10 × 10 arcsec 2 field 
f view and a pixel scale of 9.942 milliarcsec (mas). There are three
xposures of 300 s on 2011 December 30, seven exposures of 300 s
n 2012 May 16, and four exposures of 300 s on 2012 May 18. The
otal exposure time was 4200 s. We follow our previous work (Chen
t al. 2016 , 2019 ) and use the SHARP PYTHON -based pipeline, which
erforms a flat-field correction, sky subtraction, correction of the 
ptical distortion in the images, and a coaddition of the e xposures. F or
he distortion correction step, the images are resampled to produce 
nal pixel scales of 10 mas pixel −1 for the narrow camera. The
arrow camera pixels samples well the AO .point spread function 
PSF), which has typical full width at half-maximum (FWHM) values 
f 60–90 mas. To impro v e the modelling efficiency for the narrow
amera data, we perform a 2 × 2 binning of the images produced by
he pipeline to obtain images that have a 20 mas pixel −1 scale. The
nal Keck AO images are presented in Fig. 1 . 

 J 0 9 2 4  + 0 2 1 9  M O D E L L I N G  

e describe the PSF models in Section 3.1 , lens modelling in
ection 3.2 , kinematics modelling in Section 3.3 , and time-delay
rediction model in Section 3.4 . 

.1 The PSF of J0924 

or the F160W band HST imaging, we use TINYTIM (Krist & Hook
997 ) to generate the PSFs with different spectral index, ˆ ηv , of a
MNRAS 513, 2349–2359 (2022) 
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Table 3. Lens mass model parameters for composite model. The baryonic 
component are described by two chameleon profiles that mimic the S ́e rsic 
profiles. Each chameleon profile is composed of two cored isothermal profiles. 
We label the two chameleon profiles as B1 and B2. 

Description Parameter 
Marginalized or 

optimized constraints 

Lens mass distribution 
Mass-to-light ratio M/L 5.4 ± 0.2 

Centroid of B1 in θ1 (arcsec) θ1 , B1 3.0096 ± 0.0002 

Centroid of B1 in θ2 (arcsec) θ2 , B1 2.9906 ± 0.0002 

Axis ratio of B1 q B1 0 . 811 + 0 . 007 
−0 . 008 

Position angle of B1 φB1 −33.05 ± 0.02 

Amplitude of B1 I s, B1 2.72 ± 0.01 

Core radius 1 of B1 r c, 1, B1 0.105 ± 0.002 

Core radius 2 of B1 r c, 2, B2 0.182 ± 0.001 

Axis ratio of B2 q B2 0.46 ± 0.01 

Position angle of B2 φB2 −34.33 ± 0.02 

Amplitude of B2 I s, B2 4.89 ± 0.01 

Core radius 1 of B2 r c, 1, B2 0.020 ± 0.001 

Core radius 2 of B2 r c, 2, B2 0.06 ± 0.02 

Centroid of NFW in θ1 (arcsec) NFW θ1 2.90 ± 0.03 

Centroid of NFW in θ2 (arcsec) NFW θ2 3 . 093 + 0 . 005 
−0 . 05 

Axis ratio of NFW NFW q 0.83 ± 0.02 

Position angle of NFW NFW θq −0 . 11 + 0 . 05 
−0 . 04 

Amplitude of NFW NFW κs 0.359 ± 0.003 

Core radius of NFW NFW r s 
(arcsec) 

11.3 ± 0.1 

External shear strength γ
′ 

0.001 ± 0.001 

External shear angle θγ ′ 4.3 ± 0.1 

Note. The source pixel parameters are marginalized and are thus not 
listed. The confidence interval represents 1 σ uncertainty. Position angle is 
counterclockwise from + x in radians. 

p  

1  

t  

t  

t  

t  

w  

o  

t  

w  

a  

s
1  

P  

t  

H

3

E  

a  

4

i
m

F  

b  

f  

s  

1  

v  

r  

o  

t  

r  

H  

(  

s  

t  

f  

2  

2  

h  

i  

m  

r  

t  

f  

fl  

p  

m  

e  

q  

r  

o  

t  

l  

H  

A  

f  

m  

N  

f  

s  

p  

i  

b  

v  

w  

t

 

c  

1  

p  

a  

–  

b  

p  

b  

g  

2  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/513/2/2349/6575038 by U
niversity of D

urham
 user on 16 June 2022
ower law from −0.4 to −2.5 and different focus values 4 from 0 to
0. Given the F160W band HST imaging, we find that the best fit to
he imaging is the PSF with focus equal to 0 and spectral index equal
o −1.3. We use this TINYTIM PSF as the initial guess and then apply
he PSF-correction method of Chen et al. ( 2016 ) while modelling
he F160W HST imaging. For the F814W and F555W bands, which
ere observed with the ACS with a larger field of view, we use one
f the nearby bright stars as the initial guess of the PSF and apply
he PSF correction until the residuals stabilized. For the AO imaging,
e follow the criteria described in section 4.4.3 of Chen et al. ( 2016 )

nd perform nine iterative steps to create the final PSF and make
ure the size of the PSF for convolution is large enough (1.18 ×
.18 arcsec 2 ) such that the results are stable. The FWHM of the AO
SF is ∼75 mas. The FWHM of the HST PSF is ∼80 mas. We show

he reconstructed AO PSF in Fig. 2 and the comparison of AO and
ST PSF in Fig. 3 . 

.2 Lens imaging modelling 

igenbrod et al. ( 2006 ) first modelled this system with HST imaging
nd suspected that the second set of bluer arcs in F814W band (see
NRAS 513, 2349–2359 (2022) 

 The flux per unit frequency interval is F ν = C ν ˆ ηv , where ̂  ηv is the power-law 

ndex and C is a constant; focus is related to the breathing of the secondary 
irror, which is between 0 and 10. 

S  

I  

5

ig. 1 ) inside and outside the area delimited by the red arcs in F160W
and could be either a second source at a different redshift or a star-
orming region in the source galaxy. We examine the possibility of a
econd source plane existing at a lower redshift than the source ( z =
.52) due to the bluer colour of the arc and find that the scenario is
ery unlikely, as the macro model determined by the red arc cannot
eproduce a reasonable source for the blue arcs given a possible range
f the source redshift from z = 0.5 to z < 1.52. In contrast, we do find
hat a star-forming region can be reconstructed at the same source
edshift. Faure et al. ( 2011 ) modelled the lens with high-resolution
 and K s imaging obtained using the European Southern Obseratory

ESO) Very Large Telescope (VLT) with AO and the laser guide star
ystem. They identified a luminous object, located ∼0.3 arcsec to
he north of the lens galaxy, but showed that it cannot be responsible
or the anomalous flux ratios. Many studies (e.g. Metcalf & Madau
001 ; Brada ̌c et al. 2002 ; Dalal & Kochanek 2002 ; Pooley et al.
012 ; Schechter et al. 2014 ; Glikman et al. 2018 ; Badole et al. 2020 )
ave shown that the macro model cannot explain the flux ratios
n this lens, which suggested the presence of microlensing or dark
atter substructures. Thus, to a v oid possible biases caused by flux

atios, we only use the lensed quasar positions and the extended arc
o constrain the mass model, which is also the standard procedure
or H 0 measurements in TDCOSMO Collaboration. Ignoring the
uxes of the lensed quasar images will not affect the constraining
ower of the imaging data, since the lensed arc emission is much
ore constraining than the lensed quasar fluxes. In addition, For the

rror budget of H 0 contributed from the uncertainties of the lensed
uasar positions, Chen et al. ( 2021a ) have showed that with high-
esolution AO imaging it is a subdominate term given configuration
f the J0924 + 0219 lens system. Gilman et al. ( 2020 ) also show
hat the presence of substructures do not bias H 0 abo v e the per cent
evel. We use GLEE , a strong lens modelling code to model (Suyu &
alkola 2010 ; Suyu et al. 2012 ) the three HST bands and one Keck
O band simultaneously. We describe the models in the following

or fitting the high-resolution imaging data. We show the imaging,
odels, normalized residuals, and reconstructed sources in Fig. 4 .
ote that since the source in F555W band has more clumpy star-

orming regions, the reconstructed source is less regular, with small-
cale structures and more noise. 5 In addition, the noise-o v erfitting
roblem is due to the fact that the outer region of the source plane
s under -regularized, b ut this effect will not affect the uncertainty
ecause the uncertainty will be dominated by the time delay and
elocity dispersion measurements. Besides, we model the imaging
ith different source resolutions and marginalize o v er them to control

he systematics. 

(i) Power-law mass model + shear + S ́ersic light model . We first
hoose the softened power-law elliptical mass (SPEMD; Barkana
998 ) density profile with a softening length close to zero – the main
arameters include the radial slope ( γ ), Einstein radius ( θE ), position
ngle ( θq ), and the axial ratio of the elliptical isodensity contours ( q )
to simultaneously model the extended arcs seen in the three HST

ands and one AO band, and reconstruct the source structure on a
ixelated grid (Suyu et al. 2006 ). The power-law model is moti v ated
y many studies that have shown that a power-law model provides a
ood description of the lensing galaxies (e.g. Koopmans et al. 2006 ,
009 ; Suyu et al. 2009 ; Auger et al. 2010 ; Barnab ̀e et al. 2011 ;
onnenfeld et al. 2013 ; Cappellari et al. 2015 ; Shajib et al. 2021 ).
n the modelling, we found that two concentric S ́e rsic profiles are
 See also the same effect in Wong et al. ( 2017 ). 
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Table 4. Lens model parameters for composite model. 

Description Parameter F555W F814W F160W Keck AO 

Lens light as S ́e rsic profiles 
Axis ratio of S1 q S1 0.92 ± 0.03 0 . 67 + 0 . 02 

−0 . 03 – 0.75 ± 0.03 

Position angle of S1 φS1 4.9 ± 0.2 6 . 55 + 0 . 02 
−0 . 06 – −9 . 11 + 0 . 07 

−0 . 08 

Amplitude of S1 I s, S1 0.158 ± 0.007 0 . 072 + 0 . 004 
−0 . 01 – 0.40 ± 0.02 

Ef fecti ve radius of S1 (arcsec) R eff, S1 0.175 ± 0.005 0 . 96 + 0 . 03 
−0 . 02 – 0 . 96 + 0 . 03 

−0 . 02 

Index of S1 n S ́e rsic , S1 1.69 ± 0.09 0 . 86 + 0 . 1 −0 . 07 – 0 . 365 + 0 . 006 
−0 . 007 

Axis ratio of S2 q S2 0.72 ± 0.04 0 . 89 + 0 . 05 
−0 . 08 – 0 . 83 + 0 . 05 

−0 . 06 

Position angle of S2 φS2 0.28 ± 0.07 6.6 ± 0.2 – −1.7 ± 0.1 

Amplitude of S2 I s, S2 0.0046 ± 0.0004 2.1 ± 0.1 – 6 . 3 + 1 . 5 −2 . 2 

Ef fecti ve radius of S2 (arcsec) R eff, S2 2 . 11 + 0 . 08 
−0 . 07 0 . 100 + 0 . 007 

−0 . 004 – 0.15 ± 0.01 

Index of S2 n S ́e rsic , S2 1.1 ± 0.1 1 . 06 + 0 . 07 
−0 . 1 – 0 . 9 + 0 . 3 −0 . 2 

Axis ratio of S3 q S3 – 0 . 52 + 0 . 08 
−0 . 04 – 0.7 ± 0.1 

Position angle of S3 φS3 – 7 . 82 + 0 . 03 
−0 . 04 – −2.8 ± 0.2 

Amplitude of S3 I s, S3 – 0.29 ± 0.04 – 0.28 ± 0.04 

Ef fecti ve radius of S3 (arcsec) R eff, S3 – 0.27 ± 0.01 – 0.27 ± 0.02 

Index of S3 n S ́e rsic , S3 – 0.6 ± 0.2 – 0 . 6 + 0 . 3 −0 . 2 

Note. The lens lights of all four bands share the common centroid. The source pixel parameters are marginalized and are thus not 
listed. S1, S2, and S3 represent three different S ́ersic profiles. The confidence interval represents 1 σ uncertainty. Position angle 
is counterclockwise from + x in radians. The lens light parameters for the F160W band are based on chameleon profiles and are 
used to describe the baryonic lens mass distribution through a constant M/L ratio. We use the F160W band because it probes the 
rest-frame near-infrared and thus should be the best tracer of stellar mass. These chameleon parameter values for F160W are listed 
in Table 3 . 
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ufficient to describe the light distribution of the lensing galaxy in the
ST F555W and HST F160W bands, while three concentric S ́e rsic
rofiles are needed for the HST F814W band and Keck AO band.
xcept for the parameters that describe the lens light centre ( θ1 , Light 

nd θ2 , Light ), which are linked together for the light profiles, the light
arameters (position angles, ellipticities, and S ́e rsic indices) are free. 
e list all parameters in Tables 1 and 2 , and show the important
arginalized mass model parameters in Fig. 5 . 
(ii) Composite mass model + shear + chameleon light profile . 
e test a composite (baryonic + dark matter) model (e.g. Suyu 

t al. 2014 ). For the dark matter component we adopt the standard
FW profile (Navarro et al. 1996 ) with the following parameters: 
alo normalization (NFW κ s ), halo scale radius (NFW r s ), halo 
inor-to-major axial ratio (NFW q ), and associated position angle 

NFW θq ). This is moti v ated by Dutton & Treu ( 2014 ), who find that
on-contracted NFW profiles are a good representation for the dark 
atter haloes of massive elliptical galaxies (see also Shajib et al. 

021 ). The baryonic component is modelled by multiplying the lens 
urface brightness distribution by a constant M/L ratio parameter. 
or computational efficiency, we model the surface brightness with 
hameleon profile. The chameleon profile is the difference of two 
sothermal profiles and is a good approximation to a S ́e rsic profile
 v er the range of interest (see details in Dutton et al. 2011 ). We link
he baryonic matter to the chameleon light profiles of the F160W 

ands because it probes the rest-frame near-infrared and thus should 
e the best tracer of stellar mass (see also Wong et al. 2017 ; Chen
t al. 2019 ). Since the de generac y between the wings of the AO
SF and lens light could bias the inferred baryonic component, we 
o not use AO lens light to infer the baryonic distribution (Chen
t al. 2019 ). Ho we ver, when combining with HST imaging, the well-
nown HST PSF can provide the information of baryonic distribution 
Chen et al. 2019 ). Future A O imaging with A O PSF reconstructed
rom telemetry data can break the de generac y and directly infer the
aryonic matter distribution without the need for HST imaging (Chen 
t al. 2021a ). We set a Gaussian prior of r s = 15.0 ± 2.0 arcsec based
n the results of Gavazzi et al. ( 2007 ) for lenses in the SLACS
ample, which encompasses the redshift of J0924 + 0219. We list all
arameters in Tables 3 and 4 , and show the important marginalized
arameters in Fig. 6 . For the composite model, we list the parameters
hat can be used for future microlensing study (e.g. Chen et al. 2018 )
n Table 5 . 

.3 Kinematic modelling 

o predict the time delays under the presence of the MST, velocity
ispersion information is required to constrain the normalization of 
he 3D deprojected mass model. For computational simplicity, we 
se spherical cases of these profiles. This assumption is sufficient for
he quality of the measured velocity dispersions (Sonnenfeld et al. 
012 ). We calculate the 3D radial velocity dispersion by numerically
ntegrating the solutions of the spherical Jeans equation (Binney & 

remaine 1987 ): 

1 

ρ∗

d 
(
ρ∗σ 2 

r 

)
d r 

+ 2 
βani σ

2 
r 

r 
= −GM ( r ) 

r 2 
, (2) 

here M ( r ) follows either the power-law mass or composite model.
or the stellar component, we assume a Hernquist profile (Hernquist 
990 ), 

∗ = 

I 0 a 

2 πr( r + a) 3 
, (3) 

here I 0 is the normalization term and the scale radius can be
elated to the ef fecti ve radius by a = 0.551 r eff . To compare with
he future data, the seeing-convolved luminosity-weighted line-of- 
ight velocity dispersion can be expressed as 

(
σ P 

v 

)2 = 

∫ 
A 

[
I ( R) σ 2 

s ∗ P 

]
d A ∫ 

A 

[ I ( R) ∗ P] d A 

, (4) 
MNRAS 513, 2349–2359 (2022) 
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M

Figur e 6. Mar ginalized parameter distributions from the J0924 + 0219 composite lens model results. NFW q is axial ratio of NFW profile, NFW θq is the 

position angle of NFW, NFW r s is the scale radius of NFW profile, γ
′ 

is the strength of the external shear, and θγ ′ is the orientation of the shear strength. The 
contours represent the 68 . 3 per cent and 95 . 4 per cent quantiles. Position angle is counterclockwise from + x in radians. 
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Table 5. Lensing parameters for microlensing study. The values of κ , γ , and 
κ∗/ κ of J0924 + 0219 are from the composite model. 

Name Img κ γ κ∗/ κ

J0924 + 0219 A 0.312 0.600 0.234 

B 0.273 0.458 0.182 

C 0.378 0.828 0.194 

D 0.347 0.765 0.191 
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here R is the projected radius, I ( R ) is the light distribution, P is
he PSF convolution kernel (Mamon & Łokas 2005 ), and A is the
perture. The streaming motions (e.g. rotation) are assumed to be
ero. The luminosity-weighted line-of-sight velocity dispersion is
iven by 

 ( R) σ 2 
s = 2 

∫ ∞ 

R 

(
1 − βani 

R 

2 

r 2 

)
ρ∗σ 2 

r r d r √ 

r 2 − R 

2 
. (5) 

The predicted velocity dispersion can be simplified and well
pproximated (Birrer et al. 2016 , 2020 ; Chen et al. 2021b ) as 

(
σ p 

v 

)2 = (1 − κext ) λint 

(
D s 

D ds 

)
c 2 J ( ηlens , ηlight , βani ) , (6) 

here J contains the angular-dependent information including the
arameters describing the 3D deprojected mass distribution, ηlens ,
he surface-brightness distribution in the lensing galaxy, ηlight , and
NRAS 513, 2349–2359 (2022) 
he stellar orbital anisotropy distribution, βani . κext and λint represent
he external MST and internal MST, respectively. 

We assume the anisotropy component has the form of an
nisotropy radius, r ani , in the Osipkov–Merritt (OM) formulation

art/stac1081_f6.eps
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Figure 7. The predicted time delays from the power-law and composite models with different number of reconstructed source pixels for the HST imaging and 
AO imaging. ‘sr35 ( HST )’ represents that we use source grid with 35 × 35 to reconstructed the background source of the HST imaging. All three bands of the 
HST imaging share the same number of reconstructed sources. 
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Osipkov 1979 ; Merritt 1985 ), 

ani = 

r 2 

r 2 ani + r 2 
, (7) 

here r ani = 0 is pure radial orbits and r ani → ∞ is isotropic with
qual radial and tangential velocity dispersions. In our models, we 
se a scaled version of the anisotropy parameter, a ani ≡ r ani / r eff , where
 eff = D d θ eff , and θ eff is the ef fecti ve radius in angular units. Note
hat since the line-of-sight velocity dispersion has a de generac y with
he anisotropy parameters (Dejonghe 1987 ), we follow Chen et al. 
 2019 ) and marginalize the sample of a ani o v er a uniform distribution
0.5, 5]. 

.4 T ime-delay pr ediction model 

he predicted time delay can be expressed as 

t = (1 − κext ) λint 
D � t 

c 
�φ( θ, β) , (8) 

here c is the speed of light and θ , β, and φ( θ ) are the image coordi-
ates, the source coordinates, and the Fermat potential (Blandford & 

arayan 1986 ) without the presence of internal or external MST,
espectively. In the case of a single-aperture velocity dispersion, we 
an replace the MST terms ( λint and κext ) with equation ( 6 ) and the
redicted time delays will directly relate to the velocity dispersion 
ia 

t = (1 + z d ) 
D d 

c 

�φ( θ, β) 

J ( ηlens , ηlight , a ani ) 

σ 2 
v 

c 2 
. (9) 

he MST related terms (i.e. κext and λint ) cancelled out in equa- 
ion ( 9 ). Thus, the uncertainty of the predicted time delays does not
epend on the uncertainty of the mass along the line of sight or
ransformed mass profile via MST, and only rely on the precision of
he velocity dispersion measurement, the redshift of the lens, and the 
ngular diameter distance to the lens (see also similar discussion in
oopmans 2006 ). In other words, once the time delay and velocity
ispersion are measured, the value of D d can be determined (Chen
t al. 2021b ). When further including environmental information 
which provides an estimate of κext ) and D s / D ds information that
omes from either external data sets or the assumption of a cosmo-
ogical model, one can further determine λint (Birrer et al. 2020 ; Chen
t al. 2021b ) and use it to further constrain H 0 with D � t from the
opulation point of view (Birrer et al. 2020 ). Note that Birrer et al.
 2020 ) use both D d and D � t information to constrain H 0 . 

 PREDI CTED  TIME  D E L AY S  IN  � C D M  

O S M O L O G Y  

ecause of the lack of velocity dispersion measurement for this 
ens, we express the observed velocity dispersion as σ ob 

v = ˆ σv ×
80 km s −1 , which is created by assuming a flat � CDM with fixed
m 

= 0.3, H 0 = 70 km s −1 Mpc −1 , and λint = 1 (i.e. no internal MST)
n the power-law model (Chen et al. 2021b ). We fold in an expected
 per cent uncertainty of the velocity dispersion measurement and 
resent time-delay predictions under the assumption of the � CDM 

odel with fixed �m 

= 0.3. For the velocity dispersion calculation, 
e assume the seeing is 1.0 arcsec and the aperture size is 1 ×
 arcsec 2 . We show the predicted time delays in Fig. 7 with
arious source resolutions. When we marginalized o v er different 
ource resolutions of the power-law model, the power-law model 
redicts �t BA = 6 . 75 + 0 . 78 

−0 . 68 h 

−1 ˆ σ 2 
v d, �t CA = 10 . 2 + 1 . 2 

−1 . 0 h 

−1 ˆ σ 2 
v d, and

t DA = 7 . 31 + 0 . 86 
−0 . 74 h 

−1 ˆ σ 2 
v d. When we marginalized o v er different

ource resolutions of the composite model, the composite model 
redicts �t BA = 6 . 99 + 0 . 81 

−0 . 71 h 

−1 ˆ σ 2 
v d, �t CA = 11 . 6 + 1 . 4 

−1 . 2 h 

−1 ˆ σ 2 
v d, and

t DA = 8 . 10 + 0 . 96 
−0 . 82 h 

−1 ˆ σ 2 
v d. When we marginalized power-law and

omposite models, we obtain �t BA = 6 . 89 + 0 . 78 
−0 . 74 h 

−1 ˆ σ 2 
v d, �t CA =

0 . 7 + 1 . 6 
−1 . 2 h 

−1 ˆ σ 2 
v d, and �t DA = 7 . 70 + 0 . 97 

−0 . 91 h 

−1 ˆ σ 2 
v d. Giv en the e xpected
MNRAS 513, 2349–2359 (2022) 
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hort time delays in this system, it will be challenging to measure the
ime delays within 10 per cent uncertainty. 

 C O N C L U S I O N S  

n this work, we use high-resolution Keck AO imaging data, collected
y the SHARP team, and deep HST Wide Field Camera 3 (WFC3)
mages through the F160W filter , HST A CS/WFC images through
555W and F814W filters to simultaneously constrain the mass
istribution of J0924 + 0219 lens system. When assuming a � CDM
odel with fixed �m 

= 0.3, we find that the power-law model predicts
t BA = 6 . 75 + 0 . 78 

−0 . 68 h 

−1 ˆ σ 2 
v d, �t CA = 10 . 2 + 1 . 2 

−1 . 0 h 

−1 ˆ σ 2 
v d, and �t DA =

 . 31 + 0 . 86 
−0 . 74 h 

−1 ˆ σ 2 
v d; the composite model [i.e. a NFW dark matter halo

Navarro et al. 1996 ) plus a constant M/L ratio stellar distribution]
redicts �t BA = 6 . 99 + 0 . 81 

−0 . 71 h 

−1 ˆ σ 2 
v d, �t CA = 11 . 6 + 1 . 4 

−1 . 2 h 

−1 ˆ σ 2 
v d, and

t DA = 8 . 10 + 0 . 96 
−0 . 82 h 

−1 ˆ σ 2 
v d. When we marginalize o v er the power-

aw and composite models, we obtain �t BA = 6 . 89 + 0 . 78 
−0 . 74 h 

−1 ˆ σ 2 
v d,

t CA = 10 . 7 + 1 . 6 
−1 . 2 h 

−1 ˆ σ 2 
v d, and �t DA = 7 . 70 + 0 . 97 

−0 . 91 h 

−1 ˆ σ 2 
v d. Future

easurements of time delays with 10 per cent uncertainty and a
elocity dispersion with 5 per cent uncertainty would yield a H 0 

onstraint of ∼15 per cent precision. 
It is important to note that our analysis is truly blind since the

ime delays and velocity dispersion are not yet measured. Once
he velocity dispersion and time delays are measured, the derived
osteriors can be used to constrain the H 0 . As part of the TDCOSMO
ffort, we are obtaining measurements of this lens in order to have
 high-quality H 0 measurement under the assumptions of standard
FW profile and fixed M/L ratio. These assumptions are in general

upported by Shajib et al. ( 2021 ) and are currently the standard in the
DCOSMO Collaboration. Future works that include varying M/L

atio, allowing for contracted/expanded NFW profiles, and adapting
xisymmetric Jeans equations are worth examining once spatially
esolved kinematics data are obtained. 
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