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Abstract

This manuscript constructs global in time solutions to master equations for po-
tential mean field games. The study concerns a class of Lagrangians and initial
data functions that are displacement convex, and so this property may be in di-
chotomy with the so-called Lasry—Lions monotonicity, widely considered in the
literature. We construct solutions to both the scalar and vectorial master equa-
tions in potential mean field games, when the underlying space is the whole space
R4, and so it is not compact. © 2022 The Authors. Communications on Pure
and Applied Mathematics published by Wiley Periodicals LLC.
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Introduction

In this manuscript, we study a Hamilton-Jacobi equation on 92,(R%), the set
of Borel probability measures on R? of finite second moments. This allows us to
make inferences on the master equation in mean field games, introduced by P.-L.
Lions in [37]]. Our study relies on a special notion of convexity, the so-called dis-
placement convexity, which is natural for functions ¥ : P, (R4 ) — R. It differs
from the classical notion of convexity on the set of measures, which corresponds
to the so-called Lasry—Lions monotonicity condition, central in most prior works
aiming to study global-in-time solutions to the master equation. A comparison be-
tween the classical notion of convexity and displacement convexity can already be
made by considering ways of interpolating Dirac masses. Given two Dirac masses
840 and 84, , the paths

[0,1] 3¢+ 0 := (1 =1)8g0 + 184, [0.1] 3¢ = 07 = 8(1—1)go+1q1 -

provide two distinct interpolations, these two elements of 22,(R%). The function
¥ is called convex in the classical sense if it is convex along classical interpolation,
which in particular implies ¢ > ¥ (0;) is a convex function on [0, 1]. The function
is called displacement convex [40] if its restriction to any W5-geodesics is convex,
which in particular means ¢ — ¥ (o;) is a convex function on [0, 1].

A blatant example which shows that convexity and displacement convexity can-
not be the same is when

29 (p) = /Rw g —q'Pr(dg)p(dq’), e PrRY).

In this case, it has long been known that ¥ is concave in the classical sense while
¥ is obviously displacement convex. However, for the purpose of our study, we
need to come up with a richer class of examples consistent with our analysis. For
instance, let us consider two functions ¢,¢p; € C 2(Rd) with bounded second
derivatives and such that ¢, is even and define

20 i= [ (20@)+ Grx@)tda). e Pa®.

Let us recall that (see Lemma the function 7 is convex in the classical sense
if and only if $ 1— the Fourier transform of ¢;—is nonnegative, independently of
whether or not additional requirements are imposed on ¢. Suppose for instance that
¢ is 2A-convex for some A > 0. If ¢p; is A-convex for some 241 € (—A, A), then
¥ is displacement convex. As discussed in Sections [4.3| and we can choose
¢1 such that $1 changes sign, so that 7" fails to be convex in the classical sense.
The theory of well-posedness of the master equation in mean field games is well
developed on the set of probability measures [[14] (for a probabilistic approach to
study such equations, we refer the reader to [[17]]) under the Lasry-Lions mono-
tonicity condition [13}35,/361/38]] for games where the individual and/or common



DISPLACEMENT CONVEX POTENTIAL MFG 3

noises are essential mechanisms governing the games. In the same setting of mono-
tone data, global solutions were also constructed in [19], where the authors can
handle even degenerate diffusions in the equations. In the same context, [42] im-
proves the regularity restrictions on the data, which need to be still monotone, and
propose a notion of weak solutions for the master equation. When the monotonic-
ity condition fails (even in the presence of the noise), only short time existence
results for the scalar master equation were achieved (in the deterministic case, we
refer to [10,/31,[39]; in the presence of noise, we refer to [[17,|19]]). For classical
mean field games systems, the smallness of the time horizon sometimes can be re-
placed by a smallness condition on the data (see, for instance, [3,/4]). Via a “lifting
procedure”, it is possible to study master equations on a Hilbert space of square
integrable random variables. The main benefit of this process is to instead use the
more familiar Fréchet derivatives on flat spaces and bypass the differential calculus
on the space of probability measures, which is a curved infinite-dimensional mani-
fold. Such analyses were carried out for a special class of mechanical Lagrangians
and for potential games, either in a deterministic setting [9] or in the presence of
individual noise in [7,/8]]. Furthermore, the authors needed to impose higher than
second-order Fréchet differentiability on the data functions. It turns out (see be-
low) that this may sometimes be a too severe restriction. Therefore, from this point
of view the Hilbert space approach has a serious drawback.

This manuscript constructs global solutions to potential mean field games master
equations, where the widely used Lasry—Lions monotonicity condition is replaced
by displacement convexity, a concept which appeared in optimal transport theory in
the early 1990s. The use of displacement convexity in mean field control problems
and mean field games goes back to 15[, where the authors study control problems
of McKean—Vlasov type. In the case of mean field game systems with common
noise, we refer the reader to [[1,[2], where their so-called weak monotonicity condi-
tion, assumed on the data, is equivalent to displacement convexity in the potential
game case. As mentioned before, in [7,/8]], this condition is used in the Hilbertian
setting. In the study of master equations arising in control problems of McKean-
Vlasov type (in the presence of individual noise), [[19] seems to be the first work
in the literature that imposed displacement convexity on their data to obtain well-
posedness of a master equation in the spirit of [[15]].

In potential mean field games, one considers smooth enough real-valued func-
tions %, .7 defined on 2, (R?). We assume that there are smooth real-valued
functions ug, f defined on RY x Wz(Rd ) that are related to %, % in the sense
that the Wasserstein gradient of % at u € 2 (R%) equals the finite-dimensional
gradient Dguo(-, u) and the Wasserstein gradient of .% at u € P5(R?) equals
the finite-dimensional gradient D, f(-, ). Given a Hamiltonian H € C 3(R29)
and a time horizon T > 0, the master equation consists in finding a real-valued
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function u defined on [0, T) x R? x 22, (R?), a solution to the nonlocal equation

deu + H(q, Dgu) + N [Dau(t,-, ), Vwult.q. )] = f(x. ),
in (0,7) x RY x 2,(R?),

u(0,-,-) = uo, in R4 x 2,(R%).

Here, .4, : L2(u) x L?(w) — R is the nonlocal operator defined as

.1 Huln8)i= [ Dy e, n(e - Beude)

Let L(g, -) be the Legendre transform of H(qg,-) and assume L is strictly convex,
and both functions have bounded second-order derivatives. Under the assumption
that % and .# are displacement convex (convex along the Wasserstein geodesics),
we construct classical solutions and weak solutions to the master equation, de-
pending on the regularity properties imposed on the data. Following [32]], the
starting point of our study relies on the point of view that the differential struc-
ture on (S, (RD), W>) is inherited from the differential structure on the flat space
H := L2((0, 1)4; R4 ), and the former space can be viewed as the quotient space
of the latter. The functions %, % are lifted to obtain functions ?Z), Z defined on
the Hilbert space I, with the property that they are rearrangement invariant. What
we mean by rearrangement invariant is that Yo (x) = U (y) whenever the push
forward of Lebesgue measure restricted to (0, 1) by x,y € M coincide. In this
case, we sometimes say that x and y have the same law. The Hamiltonian / is
used to define on the cotangent bundle 2, another Hamiltonian denoted

H(x,b) = / y H(x(w), b(w))dw — F(x).

s

The corresponding Lagrangian Z'is on H?, the tangent bundle, and is

PLlx.a) = f( y L(x (), a(w))dw + F(x).

Both the Lagrangian and the Hamiltonian are invariant under the action of the
group of bijections of (0, 1)¢ onto (0, 1)?, which preserve the Lebesgue measure.
We are interested in regularity properties of U - (0,00) x H — R, solutions to the
Hamilton—Jacobi equation

a%+%( +%) =0 in(0,00) x H,
%(0)—%0 on H.

The characteristics of this infinite-dimensional PDE and the smoothness properties
of % will play an essential role in the application of our study to mean field games.
They allow us to obtain an explicit representation formula of the solution to the
master equation for arbitrarily large times. Similar observations were made also by
P.-L. Lions during a recorded seminar talk [37]]. This lecture seems to suggest that



DISPLACEMENT CONVEX POTENTIAL MFG 5

is was not clear at all how far the displacement convexity assumptions on the data
could be used to advance the study of the global-in-time well-posedness of master
equations.

Under appropriate growth and convexity conditions on the data, the classical
theory of Hamilton—Jacobi equations on Hilbert spaces ensures that U (,-) is

of class Cloc (H). Our Hamiltonian and Lagrangian being rearrangement invari-

ant, by the uniqueness theory of Hamilton—Jacobi equation, U (t,-) is rearrange-
ment invariant. This allows us to define a function % (7, -) on %, (R?) such that
wt,u) = U (z, x) whenever x € H has y as its law. At the same time, % will
be the unique classical solution to the corresponding Hamilton—Jacobi equation set
on Z,(R9).

By Lemma | a function ¥ : Z2,(R%) — R is of class Cl ! on the Wasser-

ocC

stein space if and only if its lift ¥ H — R is of class Cor L 1 on the Hilbert space.
Since the Hilbert space theory ensures that U (¢,-)is of class Cl(l)c1 on the Hilbert
space, we obtain as a by-product that % (¢, -) is of class Cl(l)él on the Wasserstein
space. This is how far one could push the Hilbert approach in terms of regularity
theory if one would like to make useful inference in mean field games. Indeed, im-
posing that a rearrangement invariant function ¥ . H — R is of class C2 (twice
Fréchet differentiable) is too stringent for the purpose of mean field games. For
instance, if ¢ € C2° (R?), unless ¢ = 0, the function ¥ defined on H by

P(x) = /( L p)do,

H

does not belong to C?(H) (cf. Proposition . The reader should compare this
to another subtlety in [[11}, sec. 2]. Similar conclusions can be drawn on other
functionals with a local representation such as

H > x> 7(x) :=/ d(x(@1), ..., x(wn))dwy -~ don,
(O’I)Hd

when ¢ € C3(R"?) is symmetric and has bounded second- and third-order deriva-
tives (cf. Proposition [A.2). Pursuing a deeper analysis, we assume o € (0, 1],
vV e Cl(zjéa (H) is rearrangement invariant so that it is the lift of a function 7" :

P5(R%) — R. We show in Lemmathat if holds for all /2, hy € H, then
Dy (Vw 7/(u)) is a constant function on spt(it).

A final argument to support the fact that we need a new concept of higher-
order derivatives on the set of probability measures is the following: When k > 3,
making assumptions on k-order differentials of Hamiltonians A H? — R and
treating them as continuous multilinear forms on Cartesian products of H? is too
restrictive for a theory in mean field games. Indeed, frequently used Hamiltonians
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in mean field games theory are of the form

H(x,b) = My (x,b) — F(x), Hy(x,b)= f H(x(0), b(w))dw.,
(0,14
where H € C3(R29) is such that D2H is bounded. Let & € (0,1]. Even if
Clié“ (H?) is an infinite-dimensional space, its intersection with the set of functions
that have a local representation is contained in a finite-dimensional space. For
instance,

0.2)  dim(C2*(H?) N { « H € CE*(R??), D2H is bounded}) < oo.

loc loc
In this manuscript, to write a meaningful master equation, we are interested in
functions ¥ : 22, (R¢) — R that satisfy higher regularity properties than being of
Cl-'. We assume at least that their lifts % : H — R are such that V¥ is Gateaux

loc
differentiable with bounded second-order differential in a sense to be made precise.

Due to the rearrangement invariance property of ¥, V2 must have a special form.
Given x € H, there exist matrix-valued maps

Aty € L0, )4 R A%, € L((0, 1), R9*9)
such that AT, is symmetric almost everywli?re, A%, (w,0) = A%, (0, )T almost
everywhere and the operator H 3 ¢ > V27 (x){ can be written as

03 (VT00)©) = 4@ @) + /( | An.0t0)do.

s

In fact, as observed in [[11]] (cf. also [[14}/16}/17,/19,[21]]), there exists a matrix field
A1z defined on R(x), the range of x, and a matrix field A, defined on R(x)x R(x)
such that the following factorization holds:

Al (@) = Apa(x (@), A3y (w.0) = Az (x(w), x(0)).

We argue in Remark that 412 can be interpreted as Dy (Vw“//(u) (q)) and
indicate the relation between A, and the Wasserstein gradient of V, 7.

When Z C 22,(R%) is an open set, we introduce vector spaces of functions
C%%¥ (Z8) as substitutes for the spaces C>*(H). These spaces are such that
whenever ¥ € C%%% (), its restrictions

1 m
Rmd > (ql,...,qm) [ d /V(n—q qu’-)

i=1
belong to Cliéa (R™4). The precise definition of this space can be found in Def-
inition At least we require that if ¥ € C2%¥ (%), since the second-order
Giteaux differential of its lift ¥ exists, it must satisfy the property
04) [V7(1)(©@) = V7 (0)(©) = V27 (0)(@) (7 (@) = x(@))]
< C(ly@) —x(@)* + |x = »[%)
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whenever x, y € H, x pushes 24 forward to M, y pushes 4 forwardtov,

(0,1)4 (0,1)4
and || x — y|| = Wa(u, v). In fact, spaces of type C %! (2, (M)) have already been
considered in the framework of mean field models in [11], based on a construction
very similar to ours in Definition [3.13]

A discretization approach (which consists in restricting our study to the sub-
sets of 5 (R?) that are averages of Dirac masses) greatly facilitates the task to
show (0.3)), with a replaced by the solution to the Hamilton—Jacobi equation we
constructed on the Hilbert space. This helps us show that

A1z € L¥(R(x);RPY), Az € LP(R(x) x R(x);R?*)
and for ¢ € CCOO(Rd) and h := Dgox,

D27 (x)(h, h) =/( )dAlz(x(w))h(a))-h(a))da)

+ / A (r(@1). X (@2)h(@r) - h(ws)dwr dws.
(0,1)261

This allows us to make inference beyond an estimate such as
sup {|D2% (¢, x)(h,h)| < |h] < 1, x| <7} < +o0 Vr>0.
x,heH

Unlike studies of the master equation in compact settings such as the periodic set-
ting R? /Z4, the fact that the range of U is certainly unbounded is a source of
additional complications in our study,

When V.27 is Lipschitz, the characteristics of the Hamilton—Jacobi equation are
the Hamiltonian flow ¥ = (Z!, 2?) : [0, 00) x H? — H?, uniquely defined by
the solution of

SUt,-) = Vi (S(t,-)), in (0,00) x H2,
(0.5) 22(1,) = —Vy A (S(t,-)) in (0,00) x H?,
3(0,-) = idppe.

The vector field V-7 is the velocity in Eulerian coordinates for the trajectory X
on the cotangent bundle H?. We denote as

(£,7) : [0, 00) x H — H?
the restriction of X to the graph of V%, ie.,
(0.6) E.7) = 2(-, -. V%).

When . and 02/0 are convex, under appropriate standard conditions on £ and
A, differentiability propertles of % are obtained by standard methods. A strict

convexity property of 7 ensures that for any fixed t > 0, S (¢,-) is a bijection of
I onto . The trajectories

[0,¢] 55+ St [x] :=&(s,& '(r.x)) e H
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are useful to write the representation formula
U(t,x) = U(SH[x]) + /Ot Z(8[x], 855! [x])ds.
The identity
©0.7) VU (t,-) =7(t. S6)

suggests that the smoothness properties of 9 rest on the smoothness properties of
§6 and 7. While strict convexity of Z is sufficient to get that the restriction of
E(z, -)~! to appropriate finite-dimensional spaces is continuously differentiable, it
becomes much harder to show that g(t, )1 is continuous on the whole space H
unless appropriate convexity properties are imposed on the data.

Let us consider the vector field

B(tv ') = Vb%( s ﬁ(t’ §(€))a
which helps to study the second-order derivatives of % and which represents the
velocity of the flow 's' in physical space, since § = B(s, §) When % (t,-) is

twice differentiable then V2% (t,x), VB(t, x) : H?> — R are bilinear forms which
satisfy the relation

VB(t, x)(h,a) = v%z?(z,x)(a, D;,H (x, v@(z,x))h)
2 /| .
+/(O’1)d (Do, H(x, V% (t.x))a) - hdw, (Vh.a € H).

Summary of our main results

Coming back to the description of our main results, after having provided the
Clé’cl regularity for the viscosity solutions % to the corresponding Hamilton—Jacobi
equations on &, (R?), we completely abandon the setting of the Hilbert space and
via the mentioned discretization approach we show that %/ (¢, - ) is actually of class
Cligl’w. We note that our approach seems to be novel and, although similar in fla-
vor, it is completely different from the ones developed in [31},39]. It relies on fine
quantitative derivative estimates with respect to m € N on the Hamiltonian flow
for m-particles, then these in turn translate to higher-regularity estimates on % by
carefully differentiating the identity (0.7)), written for the restriction of % to the set
of averages of Dirac masses. Let us emphasize that this finite-dimensional projec-
tion of the value function solves the corresponding optimization problem but driven
by the finite-dimensional projections of the cost coefficients (see Remark [T.4); this
is in fact what allows for a preliminary analysis of the optimal trajectories of the
mean field control problem when restricting initial states of the population to uni-
form finite distributions. A key point is then to obtain regularity estimates that are
independent of the cardinality of those finite distributions. This is one crucial step
where the convexity structure plays a key role. This idea is in fact the heart of our
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analysis and works only for deterministic mean field games; the approach in this
manuscript is entirely different from the existing ones to tackle mean field games
master equations: most of them consist in working directly at the level of PDE
system of mean field games.

Having Z (¢t,) € Clgél’w (2, (R?)) allows us to obtain weak solutions (see in

Theorem ¥ [0, T] x Z2(R%) x R — R to the so-called vectorial master
equation,

30V + DgH(q. V(t.11.q)) + DgV (t. 1. q)Vp H(q. V(1. 1. q))
©8) L+ V] 1. q) = Vo F (11)(9),

VO, 1, ) = VoZ(p)(-),

where for ¥ : 2,(R%) x R? — R? we define
T VI ey = [ T s @)Dy H (b (¢ b))

This equation can be seen as a vectorial conservation law on (0, T') x £, (R%) x
R4 and be derived formally by taking the Wasserstein gradient of the Hamilton-
Jacobi equation satisfied by %/. Such a method is possible in the setting of the
Hilbert space as well (provided one has the sufficient regularity to justify the dif-
ferentiation), and this is done for instance in [[7,9] for short time and special Hamil-
tonians. Let us emphasize that there is a subtlety in this derivation and in particular
at a first glance the vectorial master equation in the setting of 22, (R%) is satisfied
pointwise only on (0, 7') x |_J e 2,(Rd) L} X spt(p). Therefore, we refer to such a
solution as a weak solution. Thus, additional effort is needed to extend the vectorial
master equation to (0, 7) x 2,(R?) x R?, and actually, this is possible through
the solution to the scalar master equation. One cannot observe this phenomenon in
the setting of Hl, because VU (¢, x), as an element of H, does not carry explicitly
the dependence on the range of x € H.

Let us stress that even though there is a deep connection between the vectorial
and scalar master equations, while formally speaking the former one is the Wasser-
stein gradient of a Hamilton—Jacobi equation, additional effort is needed to justify
the well-posedness of the latter one. In particular, this is not a simple consequence
of the well-posedness of the vectorial equation at all. In the same time, while the
vectorial master equation might have physical relevance as a vectorial conservation
law, in the theory of mean field games the scalar master equation is the one that
has profound significance. One of the reasons for this is that this equation deeply
carries the features of m-player differential games. In particular, as we can see this
in [14], it provides an important tool to prove the convergence of Nash equilib-
ria of m-player differential games to the mean field games system as m — +00.
At the same time, typically it provides quantified rates on propagation of chaos.
Therefore, such equations are very natural, and they were successfully used in the
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literature in the context of mean field limits of a large particle system (see, for
instance, in [20L41]]).

The candidate for the solution of the scalar master equation is constructed as
follows. Given ¢ € [0, T], ¢ € R?, and pu € 2»(R?), we define

t
Ut g, 1) = inf{uo(yo,oé[m) + [ (L0570 + S otiun)is
(0.9) i’ 0

y e WR2([0,1), RY), yr = q},

where the curve (0% [14])seo,¢] is the projection onto &2, (R?) of the Hamiltonian
flow. We underline the important fact that the previous formula defines u(z, - , u)
for every ¢ € R? (and not just for ¢ € spt(u)).

After obtaining the sufficient regularity of the mapping p + o [u] (using also

the fact that Z (¢,-) € Clz’l’w (2, (R?))), we show that u is of class Ckl)’c1 ([0, T] x

ocC

R? x 2,(R?)) (see Lemma 4.13)). The connection between 1 and % is that
0.10) Dau(t.-.j1) = V(1. 1)(-) o spt(y).

This is an important remark, since it means that Dgu (¢, -, ) provides the natural

Lipschitz-continuous extension for Vo, % (¢, £)(-) to R¥. By these arguments we
can prove Theorem {.19] the main theorem of this manuscript, which states that
under our standing assumptions u defined in (0.9) is the unique classical solution
to the scalar master equation which is of class Cl(l)él ([0, T] x R? x 2, (R9)).

Theorem [4.19| has several implications. First, the obtained regularity of u and
(0.10) allow us to deduce that D,u is a solution to the vectorial master equation and
(0-8) is satisfied for all (¢, 1) € (0, T)x P> (R?) and for £?-a.e. ¢ € R?. Second,
since the scalar master equation, and in particular our definition (0.9) possesses the
features of m-player differential games, we could easily deduce that u(z, -, - ), when
restricted to quRmd Mém) xspt(uém)), provides approximate solutions to a system
of Hamilton—Jacobi equations, characterizing the Nash equilibria of the associated
m-player differential game (such a construction would be similar to the ones in
[141124,125]], so we omit the details on this). At the same time, the regularity of u
would allow us to deduce the local convergence of Nash equilibria as m — +o0,
provided we know that the m-player Nash system of Hamilton—Jacobi equations
has a smooth enough classical solution. In such a fortunate scenario, the proof of
this result, even in the deterministic setting, would follow similar ideas as the ones
in [[14]], [24}25]]. However, let us emphasize that the well-posedness question of
systems of Hamilton—Jacobi equations in the deterministic setting is not a settled
issue in the literature. It’s worth mentioning the recent work [28]], which studies
this convergence question in the deterministic setting in a suitable weak sense,
without relying on the well-posedness of either the Nash system or the master
equation.
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The structure of the rest of the paper is the following. In Section[I|we provide the
first part of our standing assumptions, and we present the discretization approach
and show a direct argument that provides Cliél regularity for solutions to a class of
Hamilton-Jacobi equations set on Hilbert spaces.

Section [2| contains the important quantitative estimates with respect to m on
the Hamiltonian flows of m-particle systems and the corresponding derivative esti-
mates of the solutions to Hamilton-Jacobi equations set on R™4

In Section [3| we compare notions of convexity and regularity for functions de-
fined on &, (Rd), their lifts defined on H, and their restrictions to discrete mea-
sures. Here we also show how can we deduce regularity estimates for functions
on &, (]Rd) from precise quantitative derivative estimates on their restrictions to
discrete measures.

Sectionf]is the core of the manuscript, where we investigate the well-posedness
of both vectorial and scalar master equations. Additional assumptions need to be
imposed to establish the well-posedness of the scalar master equation. These are
listed in this section.

In Section [5] we have collected an important implication of the scalar master
equation. We use scalar master equations to improve the notion of weak solution
for the vectorial equations.

To facilitate the reading of the main text, our manuscript has several appendices.
In Appendix[A]we demonstrate the limitations of the Hilbert space approach, when
studying or assuming C 2% type regularity on rearrangement invariant functionals
having local representations.

In Appendix [B|we emphasize how our setting by imposing displacement convex-
ity of the data can replace the more standard, so-called Lasry—Lions monotonicity
assumptions imposed typically in the mean field games literature. Here we provide
examples of functionals which produce nonmonotone coupling functions in the
Lasry—Lions sense and an example of a Hamilton—Jacobi equation on &7, (RY),
for which the data have this standard monotonicity condition, yet its classical solu-
tion ceases to exist after finite time.

In Appendix [C] we have collected some standard results on Hamiltonian flows
on Hilbert spaces, and we explain how the regularity of these flows can be used to
show regularity of solutions to a Hamilton—Jacobi equations.

1 Preliminaries

We start this section with some well-known definitions in the Hilbert setting as
well as in the Wasserstein space. We denote by 2 := (0, 1)¢  R¥ the unit cube
and as Zg the Lebesgue measure restricted to €2. We sometimes refer to any Borel
map of £ to M as a random variable. We shall work on the Hilbert space

H:= L3(Q;R?),

the set of square-integrable Borel vector fields with respect to €2.
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Since it is more convenient to write M™ instead of (R )™, we shall write M in
place of R?. Letters x, y are typically used for elements of I, while elements of
M are typically denoted by g, p, v. Sometimes, we also use the notation R4 :=
[0, +-00).

Given two topological spaces S and S,, a Borel measure p on S1, and a Borel
map X : S1 — Sz, Xyu is the measure on S, defined as Xyu(B) = w(X~Y(B))
for B C S».

The canonical projections 1, 72 : Ml x M — M are defined as

7'q1,92) = q1, 7(q1,92) = q2 Vq1,q2 € M.

Given [, 1 € P2(M), we denote as I'(ug, j11) the set of Borel probability
measures Yy on M x M such that nﬁly = uo and nﬂzy = u1. We denote as

Io(po, 1) the set of y € I'(io, (1) such that
W3 (po. 1) = / 91 — ¢2*v(dq1, dg2).
R2d

The law of x € H is the Borel probability measure f{(x) := xﬁ.fg . The map f
maps H onto &7, (M), the set of Borel probability measure on M of finite second
moments. One basic result in measure theory is that as €2 has no atoms, any Borel
probability measure on R4 is the law of a Borel mapz:Q — R¥.

If w € &2,(M), the set of Borel vector fields £ : M — M that are square
integrable is denoted by LZ(u). The tangent space to &, (M) at u denoted by
TP (M) is the closure of VC2°(M) in L2(p).

If % : H — R is differentiable at x € H, we use the notations V% (x) or
Vx?/ (x) to denote its Fréchet derivative at x (as an element of H). If U is twice
differentiable at x, we use the notations V2% (x) or V2, U (x) to denote its Hes-
sian (as a bi-linear form on H x H). If u : M — R is differentiable at ¢ € M,
we use the notation Du(q) or Dgu(q) to denote its gradient at ¢. If it is twice
differentiable at g, we use the notation D?u(q) or ngu(q) to denote its Hessian
matrix at ¢.

For r > 0, we define %, to be the closed ball in (2, (M), W), centered at &g
and of radius r. B, (0) stands for the closed ball in H centered at 0 and of radius r.

For any integer m > 1 we fix (7")/L, to be a partition of €2 into Borel sets of
the same volume. Given

= (G1,---.qm), P:=(p1,..., pm) € M",

we set

m m
M= "gixgn, M™ =) (mp)yqn =mM?,
i=1 i=1

(m) Z 8gs-

1—1

(1.1)
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We set

m m
1
B = qum:m_lg qj|2§r2§, ,@ém)(M) = ;EE Sqi:qum}.
j=1

i=1
1.1 Assumptions

In this manuscript N > 1 is an integer, m«, Ao € R, and ko, A1,k3 > O.
We shall denote by « a generic constant depending on my, kg, 72,k3 > 0. Let
—00 < § <t < o00,and let m > 1 be an integer.

When S is a metric space, we denote by AC»(s,t;S) the setof S : [s,7] — S,
which are 2-absolutely continuous. When t € [s, t], when convenient, we write S
in place of S(z). We are imposing the following standing assumptions throughout
the paper.

Suppose

(H1) F Uy € CVY(H), F >0, % >ma.

and are rearrangement invariant in the sense that if x, y € H have the same law,
then .% (x) = % (y) and % (x) = % (y). Note that (HI) implies in particular that
there exists ko > 0 such that and

(1.2) Vg , V?Z) are ko-Lipschitz-continuous.
We assume
(H2) ?Z) is convex.
Let
(H3) H, LeCNTI M xRY, L >0,

such that L(q, - ) and H(q, - ) are Legendre transforms of each other for any ¢ € M.
We assume

(H4) D2, L > k3ly, D;pH > 0,
and
(H5) DH, DL are kg-Lipschitz-continuous.
We further assume
(H6) Ailvl? + Ao < L(g.v).

We set

L(x.a) = /QL(x(a)),a(a)))da) + .7 (x),

j?(x,b)=fQH(x(w),b(w))dw—§(x),

for x,a,b € H and assume

H7) Zis jointly strictly convex in both variables.
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Observe that a sufficient condtion for (H7) to be satisfied is to assume existence of
a constant k1 > 0 such that .% is k1-convex and that there exists ko > 0 such that
(1.3) D?L(g.v) (i’) : (3) > v’ Vq.3.v.7 e RY.

In this case, the strict convexity of . would follow from the fact that
2

di2

The regularity assumptions (H and will be important to derive regularity
estimates on the classical solution % to the corresponding Hamilton—Jacobi equa-
tion. At first glance these are sufficient to obtain well-known semiconcavity and
Lipschitz estimates on this solution. The convexity of .Z in and of % in
will then imply that U (¢,-) (as a value function in an optimal control problem) is
convex. Together with the previous properties this will lead to the C ! regularity
on % (t.-). To be able to achieve higher regularity estimates on U (t.-) that will
be necessary to derive the corresponding master equations, additional assumptions
will be introduced in Section[d] The combination of and ensures that the
underlying Hamiltonian flow is globally well-posed. We combine (H6) and
to obtain existence and uniqueness of solutions to the optimal control problems
associated to %/ (¢,-). Finally, the strict convexity assumptions in will help
us to deduce the invertibility of the Hamiltonian flow and by this linking it to the
optimal curve in the definition of U (t,-).

For any S € AC;(s, t; H) we set

14 L Px+ixa+ ta)‘ > 1 lx|? + kallal> ¥x.a, %7 € H.

AH(S) = /t Z(S, S)dr.
When x, y € H we set S
Clix,y) = igf{,xzzt(S) L S(0)=x,S() =y, S e AC2(s,t;H)}
and define for t > 0,
(1) Z(.y) = inf {Co(z.y) + %)
We denote as AC>(0,¢; Hy) the set of S € AC>(0,¢; H) such that JZZOI(S) < 00

and S(r) = y. Strict convexity of <! is ensured by (H7).

Remark 1.1. The following holds.

(i) Using (HS)), we obtain that |H| and |L| are bounded above by quadratic
forms.

(ii) Note that by (HI)) and (H6),
t
FES) = M / 1S12d7 + Aot + ms.
0
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This ensures a precompactness property to the sublevel sets of JZZ)I when
they are contained in AC>(0, ¢; H,) for some y € H.

(iii) The functions DL, DH, V%, and V.Z being Lipschitz, there is a constant
k such that
|IDL(g.v)| <k(jv[+|g| + 1), [DH(q. p)| =k(p[+lgq| + 1),
and [VZ% ()| + IVZ ()l < &(llx] + D.
The assumptions imposed on H and Z ensure V2 : H2 — R is Lipschitz,
and so there exists a unique Hamiltonian flow ¥ : R x H? — H? on the phase

space, a solution to the initial value problem (0.5). By Remark [I.1[(ii) there exists
a constant ¥ > k¥ depending only on k such that

(1.6) 1= x,0)| + 1 < (I, b)]| + 1)

for any ¢ > 0 and x,b € H. The restriction of X to the graph of V@Z) is the flow
map denoted by (E, 77) (defined in (0.6)) on the spatial space, with values in the
cotangent bundle. We combine (1.2) and (1.6) to find ¢s > O depending only on
ko and ||V?Z)(O)|| such that

(1.7) IE M+ 1 < es(fx] + De.

We discuss some more classical properties of the Hamiltonian flow in the setting
of Hilbert spaces in Appendix[C]

1.2 Discretization

Fix a natural number m > 1. For ¢, v, p € M we define
1 & ~
L™ (g, v) = f LM, MY)dw = —> " L(gi.vi). F™(q):=F (M),
Q@ i
and
1 m
H . p)i= [ HOM M) do = Y ().
Q m

i=1

Then we set

L™(q,v) i= L™ (q,v) + F™(q), #™(q.p) := H™(q, p)— F™(q),
U™, q):= U (1, M9).

One checks that for each j € {1,...,m}, V??(t, M4) is constant on Q;" and the
following useful identities (see, for instance, [[16},31]]) hold:

1 ~
(1.8) Dy, U™t q1.....qm) = VU (1, M)
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Note this means in particular,

(1.9) V% : {M?:q e M"} - {M?:qecM"}
We infer
- m
(1.10) VU@ M)y =m) xam Dy U™, q).
j=1
Observe

1 ~
Dy, L™ (q.v) = n—qvx-f(Mq, M?)gm.

(1.11) 1
Dujgm(q’ 'U) = Evag(Mq’ MU)|Q}”’
and so
- m
Vi LML, M?) =m Z )(Q;anj;%m(q, v),
(1.12) =
VaZ (M9 M") =m )y Do, 2™ (q. ).
j=t
Similarly,
1 ~
Dg, 7™ (q, p) = —Vx (M, M™P)|g
(1.13) m J

Dy, #™(q. p) = Vp (M, M"P)|gm.

Note that the fact that the coefficient in front of Vbe%z (M2, M™P) is not divided
by m is not a misprint. However, we have

1 ~ —_
(1.14) Dg, #™(q. DU ™ (t,q)) = va%(M’I, VU, M)lgm,
and so
1 - e m
(L15) Ve (M9 VU (1. MD) =} Dy, 2™ (g. DgU ™ (1.9) xe-
ji=1

For any natural number 7 denote by (%, %) : R x M>™ — M?™ the Hamil-
tonian flow for ™.

For x € H such that {f(x) = /,L,(Im) (i.e., x = M%), we consider the spatially
discretized flows

~ I
(1.16) §(0.9) = &lxllay, ni"(s.9) = s [xllgy
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Using the notation (§™,n) = (§7",.... &7, 01", ..., ny), these flows are uniquely
defined to satisfy

EM(s,q) = Dp, A (EM (5,0 17 (5,0)),  (5.9) € (0,00) x M™,
(1.17) i (s,q) = =D ™ (E™(5,9). 17 (5,9)),  (5.9) € (0,00) x M™,
(E™(0,9), 7™(0,9)) = (9. DaU™ (@), q € M™.

1.3 Direct arguments for Cl(l)él—regularity in Hilbert setting

Throughout this subsection, we apply (HI)-(H7). We rely on the theory of
existence of solutions to Hamilton—Jacobi equations on Hilbert spaces developed
in [2223]]. The function U defined in (I.5)) is the unique viscosity solution to

U + A (x,VU) =0 in(0,00) x H,

(1.18) ~
w(0,:) =Y on H.

In this subsection, basic analytical tools are used to verify that U is of class
Cl})’cl. We refer the reader to [33]] for the proof of the following proposition.

PROPOSITION 1.2. There exists e; € C(R4+, R4) monotone nondecreasing such
that the following hold for T > 0 and r > 0:
(i) % is ey (r(T + 1))-Lipschitz on [0, T] x B, (0).

(ii) 0Z7(t, ) is ey (r(t + 1))—semiconcave on B, (0) fort €[0,T].
PROPOSITION 1.3. There is an increasing function ¢; € C(R4,R4) such that if
t > 0 then

(1) % (t,-) is rearrangement invariant.

(ii) % (t,-) is convex, and so it is differentiable and V% (t,-) is e} (r (t + 1))-

Lipschitz on B,(0).

PROOF. (i) The invariance property imposed on @Z) and .7 implies Z sat-
isfies the invariance property

j(x,a) zj(on,aoE)

for x,a € H, E : Q@ —  such that £ preserves Lebesgue measure.

Since . is further continuous, we conclude that % (t,-) is rearrangement
invariant for ¢ > 0 (cf. [32])).

(i) The convexity of befot on AC,(0,¢; H) and yields the convexity of

U (¢,-) on H. This, together with Proposition (ii) completes the proof.

O

Remark 1.4. Let ¢ € M™. Note o +> fot L™(0,6)dt + Uo(m)(a(O)) is strictly
convex on AC(0, 1 q;Rmd), and the set of paths ¢ € ACQ(O,Z;R’””") is such
that o(¢) = ¢. Since £ is of class C? and satisfies the assumptions in Section
standard results of the calculus of variations ensure that f(; L™(o,6)dt +
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Uo(m)(a(O)) admits a unique minimizer 0™ on AC>(0,7;¢: M™). The minimizer
is completely characterized by the Euler—Lagrange equations
d
— (D, L™ (6™, 6™)) = D, L (c™,6™), o™(t)=gq,
w1 e (D" EM) = Dy LGS (0 =g
DaUs™(6™(0) = Dy (0™ (0).6™(0)).
Define

t
U™, q) = f LM, My dT + U™ (6™(0)),
0
It is well-known that U™ is the unique continuous viscosity solution to
(1.20) 8, U™+ (q, DyU™) =0 on(0,00)xM™,  U™(0,-) = U™,

Setting S := M°", we have S = M%". We use (I.I0) at t = 0, and then use
(T.12) and (I.19) to obtain
d ~ . ~ . ~ ~ .
—T(Vai”(S,S)) = VxZ(S.5). VU%(S(0)) = VaZ(5(0), 5(0)).
This means S is a critical point of szf’;’ over AC>(0,¢; ) if we set y := M9,
Since ,;zfot is convex over AC5(0, ¢; H), we conclude that § is a minimizer of Jaf({
over AC>(0,¢;H,). Thus,
(1.21) U™(t.q) = g (S) = U (. M?) = U™ (1.q).

Consequently, U™ is the unique viscosity solution to (I.20). We emphasize that
the observation (I.21)) is crucial in our consideration and in fact represents the heart
of our analysis. This is a feature of the deterministic setting, and so this approach
might not be applicable to stochastic Hamiltonian systems.

The proof of the following proposition will be provided in Appendix |C.3
PROPOSITION 1.5. There exists eg : [0, 00) — [0, 00), monotone nondecreasing,
such that the following hold:

1) If0<t; <ty <T, then

~ ~ L _ ~
Uta,y) —U(t1,y) = —/ Ay, V% (t,y))dt VyeH.

n

(ii) U is continuously differentiable on (0, 00) x Hl, and 8#27 VU are Lip-
schitz on [0, T] x B, (0).
(iii) For any y € M, there exists a unique S € AC3(0,¢;Hy) such that

U(t.y) = A3 (S) + %(S(0)).
(iv) Let S be as in (iii) and set P := Vag(S, S). Then S, P € C2(]0, ¢]; ),
S = Vp (S, P), P =V Z(S.8)=—VeH(S,P),

(1.22) g .
VU(-,S) =V, 2(5.8) onl0,1].
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In particular,
(1.23) V% (S(0) = VaZ(S(0), S(0)).
(v) We have
C(S(0). ). IS@I = eo( + DIyI).
IS < Iyl + reo((z + Dlyl) Yz e]0,17].
Remark 1.6. (i) We denote the unique S that appears in Proposition [T.5[iii) as
Sill) :=S(s.0). 0<s<t weq.

It is uniquely characterized by the equation

(1.24)

(125)  U(t,y) = /0 2(S5'y). 0s5t ) ds + Zo(SEIy]).  Sily] = ».

Defining
PIy] = Vo Z(SHy). 958201).
we have
35Sty = V2 (Silyl. Pl[y])  for (s,y) € (0.1) x H,
(1.26) 0s PLy] = =V (St[y). PL1y]) for (s.y) € (0.0) x H,
(Sty1. PEIy)) = (v, V%(y))  fory e H.

(ii) For any natural number m and g € M™, we have
~ t.m
(1.27) SHMT) = Mo 1],

where (02" [¢]) se(0,r) 1s the optimizer discussed in Remark Let us empha-
size that only in the case of deterministic Hamiltonian systems like ours, (I.27)
provides the characteristics not only for the viscosity solutions of the Hamilton—
Jacobi equation on H but also for the one on M.

(iii) When the conditions in Remark [I.6]are satisfied, we define the vector field

(1.28) B(t,-) := Vp (-, 7i(t, SE)).

which will turn out to be the velocity in Eulerian coordinates for the trajectory g

2 Regularity Estimates for HJEs and Hamiltonian Systems
for Systems of m Particles

In this section, we assume that — hold. Let ug € CN (M) be a convex
function with bounded second derivatives. Let ¥ € C (M) and L be such that
the corresponding Lagrangian action, as in (H7)), is strictly convex. We fix T > 0.
We shall show that classical solutions to Hamilton—Jacobi equations set on M™
possess higher derivative estimates that we precisely quantify in terms of m. As
we will see in the next sections, when m — + 00, these estimates will provide the
necessary regularity estimates on %/, the solution to the corresponding Hamilton—
Jacobi equation set on &2, (M).
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2.1 One-Particle Hamiltonian Flow

We study the regularity of viscosity solutions u : [0, 7] x Ml — R of Cauchy
problems of the form

3;u+H(6],Vu)—F(C])=O, (OsT)XML

(2.1
u(0,-) = uo, M.
Given ¢ € (0, T], we consider the Hamiltonian system
$(s.q) = DpH(S(5.9). P(s.9)). s €(0,1). g € M,
(22) (P(s.q) = —DqH(S(s.q). P(s.q)) + DgF(Q(s.q)), s € (0,1). g €M,
S(t.q) =q. P(0.q) = Duo(S(0.9)). q € M,

Such a flow has been considered in greater generality in Remark Recall § is
the unique optimizer in
t

(23) u(t.x):= inf{uo(y(o)) +/0 L(y(s),7(s)) + F(y(s))ds : y(1) = x¢.

Similarly, we shall use the flow

€(s.z2) = DpH(§(s,2),n(s,2)), s €(0,1), z €M,
(24) is.z2) = =DgH(E(s,2),n(s.2)) + Vg F(§(s,2)), s €(0,1), z €M,
£(0,2) = z, 1(0,z) = Duo(z2), zeM,

denoted as (£, 7) in (0.5) when our Hilbert space reduces to M.

LEMMA 2.1. Lett € [0, T].
(1) The map & : M — M is a homeomorphism Sy = &5 o g;l and Py :=
ns o &L, We have &, 1, € CN-1(M).
(2) If we further assume N > 2, then u € Cl’l([O, T] x M) is a classical

loc

solution to 1) and z v £(t,z) is a CN =1 diffeomorphism from M onto
itself.

PROOF. (1) The existence and smooth dependence on the data of the solution of
(22)) is classical, Proposition [C.2] ensures & : M — M is a homeomorphism and
S(s,-) 1= &5 07!, P(s,-) i=ns 0 &7

(2) By Proposition u € CLL([0, T]x M) and is a classical solution to 2.3).

loc

Let us show that z — &£(¢,z) is a global CV ! diffeomorphism. Recall that by
Proposition|C.2] £ is a solution to

%é(s,z) = DpH(E(s,2), Duls, £(5,2))), s € (0,0),
£(0.2) =z,

from where one has

dsD;E(s,2) = A(s,2)D;E(s,2), s €(0,1),
D;£(0,2) = 1,.
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Here we used the notation
A(s.z) == D2, H(§(s.2). Du(s, £(s. 2)))
+ D}, H(E(s,2), Du(s.£(s,2))) D?u(s. £ (s, 2)).

Since A(s, z) is locally uniformly bounded, we have that for s > 0 small enough
D;&(s, z) is invertible. Therefore, Jacobi’s formula yields

det(D;&(s,z)) = exp (/: tr(A(r, z))dr) .

Since A(z,-) € L (M), uniformly with respect to 7 € [0,7], we have that
det(D;&(s,z)) > O for all z € M, uniformly with respect to s. Therefore,
D;&(s, z) is invertible for any z € M and for any s € [0,¢]. Thus, by the fact
that £(¢,-) € CV~1(M) and that £(¢, - ) is bijective, we conclude that z > £(¢, 2)
is a global C N1 diffeomorphism of M onto itself. g

2.2 m-particles Hamiltonian flow

Throughout this subsection, we assume to be given a positive monotone non-
decreasing function Cyp : (0,00) — (0, 00). Furthermore, we impose that in the
assumption (A3) N > 2 and F™, Uém) e C3(M™).

As in Section [[.2Z] we define

1 &
0= Yt ) P = (Y8 ) va e
i=1 i=1

We also assume we are given that Uém), F™ . M™ — R satisfy Property

2) with C = Co(r). We also consider viscosity solutions U : [0, T] x
M™ — R of the Hamilton—Jacobi equation

2.5) 9, U™ (t,q) + H™ (g, DU (1,9)) — F™(g) =0 on (0,T) x M™,
' Um,.) =yl on M™,
By Remark [I.4]

U™ (t,q) = % (t,M?) V(. q) € [0,00) x M™.

Given ¢t € (0, T') we consider the m particles flows S©-™ pHm . M™ — M™,
In other words,

Si™(s.q) = DpH(S{™ (s, q), mP{™ (5,9)), (s.q) € (0.1) x M,
26 Pl™(s.q) = =L DgH(S!™ (5. q).mP!™ (5.9))
' + Dy F (S8 (s, q)), (5.9) € (0.1) x M™.

SPM(t,q) = gi, PI™(0,q) = Dg, U™ (S5™(0,q)) g € M™.

This is analogous to the flow (S*™, P*™) in Remark where we have not dis-
played the m- and z-dependence to simplify the notation. We also consider the
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m-particle flows £, 7™ : [0,00) x M — M™, similar to (2.4) (which also
correspond to the discretized flow (1.17)). They are defined as
EM(s,z) = Dp H(EM (5, 2), mn (s, 2)), s € (0,1).
Q2.7) {07(5.2) = = DgH(E (5. 2). mn (5.2)) + Dg, F™ (™ (5,2)). s € (0.1),
£"(0.2) = zi. 1(0.2) = Dy, Us™ (2),
fori e {1,...,m}, where z = (Z1,...,2Zm) € M™.

We next introduce functions on M™ and list some of their special properties
which are useful for our study.

Property 2.2. For a permutation-invariant function G/ : M™ — R we define
the following properties by assuming for each r > 0 that there is a C = C(r)
increasing in r such that the following hold:

(1) (a) G™ ¢ Clgél (M™) N C1(M™), and for every m € N and ¢ € B (0)

we have
(2.8) 1Dy, G™(q)| < Cm™!, Vi € {l,....m}.
(b) G ¢ Clg’cl (M™) N C1(M™), and for every m € N and ¢ € B™(0)
we have
m
2.9) Y m|Dg; G (g))> < C.
i=1
(2) G™ ¢ Cl(l)él (M™) N C2(M™), and for every m € N and g € B (0) we
have
Cm™Y, i=j;ief{l,...,m},
(2.10) 1D3,4,G " @)oo <

Cm™2, i#j,i,je{l,....m}.
Here for A = (A,-J-)Z’j:l, we use the notation |A4|e := max; ;) |A4jj.
(3) G™ ¢ Cé;l (M™) N C3(M™), and for every m € N and ¢ € B™(0) we

have

2.1D ‘Dgiqj‘IkG(m)(q)‘oo
Cmli=j=k ie{l,....m},
< Cm2 G =j#kor(i#j=kor(i=k#)),
Cm3,i#j#k i jkefl,. .. om,
fori, j,k €{1,...,m}. Here for A = (Aijk)?jj,kzl’ we use the notation |A|s :=
maxg, j k) |Aijkl-

We present now the main theorem of this section.
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THEOREM 2.3. Let U™ : (0, T) x M™ — R be the unique viscosity solution of
(2.5), which is constructed by the discretization approach described in Remark|[1.4]
Letr > 0. Then for all t € (0, T) there exists C(t,r) > 0 such that the following
hold for all m € N.

(1) U™ (t,-) satisfies the estimates in Property 2) in B (0) with constant
C(t,r).

(2) Further assume that Uo(m) and F satisfy Property 3) and (HI3)
takes place. Then U (¢, .) satisfies the estimates in Property 3) in
B (0) with constant C(t,r).

(3) We assume that the assumptions from (1) and (H13) take place. Then
3, UM (¢,.) satisfies the estimates in Property 1)(b) in B (0) with
constant C(t,r).

Remark 2.4. Since the proof of the previous theorem is quite technical, we summa-
rize its main ideas. First, as a consequence of the results in Section|[I] (in particular
in Proposition [1.5), U™ is actually a classical solution to (2.3)), which is of class

Ckl)’cl. Then classical results from the literature will imply that it is as smooth as

the data H, F m) and Uo(m) (cf. [12]). Therefore, it remains to obtain the precise
uniform derivative estimates as claimed in the statement of the theorem.
A key observation is the well-known representation formula for Dy U ) e,

DU ™ (t.q) = 0™ (1) 0 E™) (2.9,

where (§", ") is the Hamiltonian flow, the solution to (2.7). Therefore, the pre-
cise derivative estimates on U can be obtained by differentiating the previous
formula and relying on careful derivative estimates of the flow (§™,#™) and of
its inverse. We obtain these necessary estimates by studying the linearized system
(and its derivative) associated to (2.7). Since these computations will be quite del-
icate, we identify two simplified systems in Lemma [2.5 and Lemma [2.6] which
carry the main structure of the original linearized systems. Estimates on these sim-
pler systems will essentially be enough to deduce the estimates on the linearized
systems we are aiming for. Finally, the derivative estimates on d,;U ") are obtained
by directly differentiating the Hamilton—Jacobi equation and using the previously
established estimates on spatial derivatives of U (m),

PROOF OF THEOREM We aim to obtain precise upper bounds on expres-
sions depending on m (with respect to m when m is large). For this, we use the
standard big-O notation. For instance, if « is an integer and A(m) is a real number
depending on m, by

A(m) = O(m®)
we mean that there exists C > 0 independent of m such that |A(m)| < Cm®* for
all m large. If A(m) = (a;j(m));; is a matrix whose elements are real numbers
depending on m, by abuse of the notation, by A(m) = O(m*) we mean that there
exists a constant C > 0 independent of m such that |a;; (m)| < Cm® for all i, j.
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When A(m) = (a;j(m));; and B(m) = (b;j(m));; are matrices, by A(m) =
O(B(m)) we mean that a;;j (m) = O(b;;(m)) for all i, j. To simplify the notation,
we sometimes write A(m) ~ B(m) for A(m) = O(B(m)) and B(m) = O(A(m)).

First, let us notice that by Proposition U™ jsa Cl(l)’c1 ((0, T)xIM™) classical
solution of (2.3)); therefore in particular any point (¢, g) € (0,7) x M™ is regular
and not conjugate (by the proof of Lemma in the sense of definition 6.3.4
of [12].

Furthermore, we notice that Lemma [2.1] asserts that £”(s,-) is a CV diffeo-
morphism, and theorem 6.4.11 from [12] yields that U™ e C3((0,T) x M™).
In what follows we aim to obtain quantitative derivative estimates on U ) with
respect to the discretization parameter m.

Step 0. Basic bounds on £™ (t, z) when q := £["(z) € B (0).
By Proposition EM(s,z) = SE™[q] since ¢ = £™(r,z). By the same
proposition, fori € {1,...,m} and z € M™, we have

EM(1,2) = DpH(EM(t,2),mDg, U™ (1,€™(t,2))), 1€ (0.7),

2.12
12 emo.2) =2
and
Mt z) = Dy, U™ (¢, £M(t, 7)) = D, U™,
013 7 (t.2) ai (t.£"(t,2)) ai (t,x)

N7(0.2) = Dg, U™ (2).

By Proposition[I.5]there exists (¢, 7) > 0 (independent of m); for any g € B (0)
we have

(2.14) Sg™q) = €™ (s, z) € B, for all s € [0, £].

(t,r)

Proposition ensures 7% is locally Lipschitz on [0, o0) x H, and so there exists
C1(t,r) > 0 (depending on B(z,r)) such that |VZ (¢,£(t, M?)|| < C1(¢,r). Us-
ing the relation between V% and 7 provided by Proposition iv) we conclude

(2.15) D mlf (e, 2)? < Cit,r).

i=1
We are now well equipped to start the proof of the assertion (1) of the theorem.

Step 1. Estimates on (Dz;§;(t,-), Dz, n;i(t, -));"jzl.
CLAIM 1. There exists a constant C»(#,r) > 0 (independent of m) such that if

E(t,z) = q € B(0), then for all 7, j € {1,...,m} we have

Co(t,r), =],
Cotr) sy
zTa l # ]’
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and

Cwr) -
m Ll 1 = ,]a

G, . .
QN i)

PROOF OF CLAIM 1. By differentiating the Hamiltonian system (2.7) with re-
spect to the z;, we get

(2.16) |Dzn ()| <

atDZjE,m = Dng(§?1~m77i)Dz_/E,'rn +mD§pH(§,-m,mﬂ?1)Dz>,-flf",

91Dy " = —o (D2, H(EM™ . mni) Dy, £ + mD2, H(E™ mn;) D, ")

(2.17) + YL D2, F™E™ D, &,

lyxa, 1=, 2 (m)
Pes ) = §0dxd, i #J. Dz;ni"(0.2) = Dgq, Ug™ (2)-

atDstjm = D;;;H(E,m,mm)Dz,E,m -I-ngpH(Elmsm’I?')Dz,U:n~

atDZ_/n:'n = _% (ngH(E,m,mm)Dz,f,m +mD§qH(§,~m~m77i)DzﬂI§n)

(2.18) + YLy D2, F™(E™) Doy, €.

lyxg, i =], (m)
m _ m _ 2
D £M(0,-) = {ded, P4 Dz;m*(0.2) = Dg 4. U™ (2).

Let us set
Cy = max{[0205H(g. p)] : (q. p) € BY x RY. |a| + || = 2}.
If £™(t,z) = q € B*(0), then in the same way, there exists Co(t.r) > 0 (de-

pending on B(¢,r)) such that D;lq,,F(m) (¢1,....&n) and ngqi Uo(m)(z) satisfy

the estimate (2.10) with C»(z, r). Set
Co = Ca(t,r) := max{Cs, Ca(1,7)}.
We plan to use the bounds
| D2, HE™ mni)| . |Dp HE . mni)|, < Ca,
|(1/m)DZ, HE" mni)| < Co/m,  |mDZ,HE" . my!)| < Com,

and

Colt,rym™, i=1,
Cot.r)ym=2, i #1,
az(t,r)m_l, i =],

DG P E™) o =

D2,4,U8" (2] <

Colt,rym™2, i # .
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Thus, to obtain the precise bounds (in terms of m) on the solution to the system
(2.18)), it is enough to obtain bounds on the solution

(X (). Y (5)) = ((Xij NI =y. i 5D i—y)
to
8, X;; = CXij + mCa¥y;,
3, Vij = (Ca/m)Xi; + Co¥ij + 27;1,17&1-(62/”12))?1]',

Com™!, i=],
Com™2, i # ],

1, i=j

. Yii(0) =
0, i#] #(0)

Xi;(0) =

The constant C, > 0 can be simply factorized out from the previous system, and
since this is independent of 1, when studying the solution, without loss of gener-
ality it is enough to study the modified system with coefficients 1, instead of Co.
Thus, when writing the system in a closed form, one can clearly identify the blocks
By, ..., B4 defined in (2.25) and the system appearing in Lemma Therefore,
by the precise estimates on (X;;,Y; j);’szl in Lemma [2.6] we conclude that there
exists C > 0 (independent of m) such that Claim 1 follows by setting

Ca(t,r) = etCé(t’r).

Now, let us denote by ™ = ({7(t,+), ..., {7(t,+)) := Sy |q] the inverse of
g™ (t,-); in particular, we have that if £ (z, z) = g;, then {" (¢, q) = z;. Next, we
derive estimates for Dy, {7 (2, ).

Step 2. Estimates on (Dg, {")7"; ;.

CLAIM 2. There exists C3(t,r) > 0 (independent of m) such that for all i, j €
{1,...,m} we have

d;5i [ 0o — C;(t, ) . . m r .
= 1 #

Since £™(¢,-) : Ml — M is a diffeomorphism, we have

(2.19) D" (t,q) = (DE™(t,)) " 0 " (1, q).

Since we have a uniform lower bound on det(D;&(z,-)) in M™, we can sim-
ply study the asymptotic behavior of D,{™(,q) with respect to m via the as-
ymptotic behavior of (D £™(t,-))~'. By the previous uniform local estimates on
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D E™(¢,-) (from Claim 1), we have that there exists a constant C(¢,r) > 0 de-
pending on C»(t, r) such that

[ A Ltay Lag, o L4y
1 1 1
La, Ay Lag, - Lay
(2.20) DEM ¢ty ~Ct,r) | " " "
1 1 1
| Aa ;A A4 0 Ag

for some invertible (d x d)-blocks A,. Therefore,
(DE(t. )™ ~

-1 — -1 — -1 — -1
mrf%Ad (2m—l)nzm—l)Ad (2m—1)”(lm—1)Ad (2m—1)n('m—1)Ad
—m —1 m —1 —m —1 —m —1
1 (2m—l)(m—l)Ad m_%Ad (2m—1)(m—1)Ad (2m—1)(m—l)Ad
C(t,r)
— —1 - -1 — —1 —1
(2m—1)”(lm—1)Ad <2m_1>"§m_1>Ad (2m—1;7(lm—1)Ad m’f%Ad

and so Claim 2 follows by setting C3(¢, ) := C(t,7)7 L.
Going forward to conclude the proof of assertion (1) of the theorem, we recall
that by (2.13),
17 (.S (1.9)) = Dg, U™ (1, q).

Differentiating this expression with respect to g; yields

Dg,q:U™(t.q) = Dy, (ni(t.5™(1.9))) Dy, & (1.q)
=1

= Dg, 1 (t. 5" (t.9)) D, (2. 9)
+Dqﬂﬁn(l,é'm(l’Q))quflm(I"I)
+ D D nM(t.8(t.9)) D, L (2. q).
I#il#]

The previous estimates established in Claim 1 and Claim 2 yield assertion (1).
: 2 2
Step 3. Estimates on (DZij EM(t.-), Dz, -, ni(e, '));’jj,k=1‘
CLAIM 3. There exists a constant C4(#,r) > 0 depending on all the previous
ones, but independent of m such that if £(¢,z) = ¢ € B*(0); then for all i, j, k €
{1,...,m} we have

Ca(t,ry . . ., . :

D2 ()| <y i=jFk i A =ki=k# ]
Cy(t,7) £tk
1 J >
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and
Calt,
4( V)’ ==k
Calt. 1)
, F . . . . . .
DZ o ()| < 4m2 L i=j Ak iAj=k i=kH#]
Ca(t,1)

N
m
PROOF OF CLAIM 3. Differentiating the system (2.18]) with respect to z;, we
obtain for the first equation

9 D7, . &
= DZk‘EIm qqu(E mni)DZjEim
(2.21) +mDg, ' Dy, HE mni) Dy €

+ D, H(E" ,mn[")DZ, , &" +mDz, & Dy, HE" mni) Dy,

+m?> Dy "D, HE" . mni) Dz +mD), H(E" mn;)D?

ppP ez

together with the initial condition D Zxz) £"(0,+) = Ogxgxdq- From the differenti-
ation of the second equation with respect to z;, we obtain

3;D? ni*

zkzj

(DZ/\EZ qqu(S mr] )DZ/Sm +mDZ/\ Ui pqu(S )Dzlglm)

(2.22) (D ‘”H(E T )DZkZ/EmDZkSm + Dgqu(é ,mn;*)Dz;n; )

§\~S\~§\

(m Dy, r),Dppr(gm mn") Dz, 1 —i—mD2 H(gl,mr]l )Dzkz, n; )

+ Z Dzkéll qnqhqu(m)(Em)Dz El +2ququ(m)(Em)Dsz/§l
1,lh=1

with the initial condition
2.23) D2, M0.2) = D34, U (@),

Let us fix k, j. The asymptotic behavior of (D, 7, (1), Dz, 2,07 (2,+)),
as the solution to the system (2.21)—(2.22), can be studied in the same way as for
(2.18) in Step 1. For this, one needs to identify the precise bounds on the coefficient

matrices in (2.21)—(2.22)). Let us set
Cy 1= max{[0%08 H(q. p)| : (q.p) e R xRY, 2 < |a| +|B] < 3};

then we notice that by the assumptions on H, we have that if £”(t,z) = ¢ €
B (0), then
0208 H(EM (¢, 2).mnT (¢, 2))| < Ca.

In the same way, there exists Ca(t,r) >0 (depending on B(z, 7)) such that

3 3 (m)
Dq/\q;qu(m)(ém) and Dy, ;.q; Uy™ (@)
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satisfy the estimate (Z.11)) with C4(z, 7). Set
Ca(t.r) := max{Ca. Ca(t. 1)} max{Cy(t, 7). 1}*.

Now, system @D (2.22)) has the same structure as (2.24), where the quantities

(Dqu m Dqu n;*) play the role of (X;,Y;). The blocks By, ..., B, the coef-

ficient blocks appearing in (2.24)), can be identified in the same way as in Step 1.
It remains to study the bounds on the corresponding A;, A2, and Yy appearing in
this system, where
(Al)i = DZ};E! qqu(%'m ’nnl)DZjEm +}nDZ]\ 7’)1 pqu(sm m’l, )Dzjsm
+ ’nDZkgz qppH(El mr]z )Dz, 771 + ’nzDZk angppH(sz m’h )DZJ 7);

1
(A2)i = 7%(DZ]($I qqu(Ez mr]z )Dz_/sl +”nDZI‘ r]mDSqu(élm’mni)DZjéi )

1
- E(Dzkgmngqu(g;".mn,'.")Dz, Nt +m?Dy 0Dy, HE" mn) Dz n}")

3 ‘
. D1 D3, 41y F ™ €™)De 677
11,h=1
and we set

(m)
(Yo)i := Dqkq o U™ .

Using the obtained bounds on (D &;, Dz;7;) in Step 1 and the assumptions on

Uo(m) in (2.T1)), one checks the following asymptotic properties with respect to m.

Subclaim 3.
(D Ik = j =i then (A1)i = O(Calt.r). (A2); = O(SED), and
(Yo)i = O(SEt). i i
(2) Itk = j # i.then (4)); = O(“4ED), (4p); = 0452 and (Yo); =
0(C4(l 7”))
G Ik =i# jori=j#k (A); = OGN (4y); = 0(C&0),
and (Yo)i = O(“457).
(4) Ik # j #i,then (41); = O(EED), (4;); = O(SL), and (Yo); =
6 )
O(S45D),
Now, one considers two cases when studying the desired properties. Let us recall
that k, j are fixed.
Case 1. If k = j, (1) and (2) of Subclaim 3 can be combined with Lemma
[2.5(1) to conclude the proof of the claim.
Case 2. If k # j, (3) and (4) of Subclaim 3 can be combined with Lemma
[2.5]2) to conclude the proof of the claim.

Therefore there exists a constant C > 0 such that Claim 3 holds for C4(¢,r) :=
otC C, )
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Step 4. Estimates on (D2, Ci(t,-))"

qx4qj i,j,k=1"
CLAIM 4. There exists a constant C5(¢,r) > 0 depending on all the previous
ones but independent of m such that for all i, j, k € {1,...,m}, we have

Cs(t,r), i=j=k,

Cs(t,r) . . ., . oo
D260 <] = i=jEki# =k i=k#j B

Cs(t,r . )

511(12), i #J#k,

PROOF OF CLAIM 4. It is enough to differentiate the expression (2.19) and use
all the previous estimates on (ngzj gi)?}j,k:l and on (Dg; Zi):.’szl from Step 3
and Step 2, respectively.

We have

-1 -1
The previous writing is used for the following shorthand notation: we have

Dy, Dyt(t.q)

[(Dzs(z, )~ <Z Dz, D:£(1.) Dy, @z(z,cn)(Dzso, -))‘1} o z(z,q)},

=1

fork € {1,...,m}, and in particular for i, j € {1,...,m}, we have

(Z Dz, DE(t,-)Dg, G (1, C]))
=1

For k € {1,...,m} fixed, by the definition of A;; and by Steps 2 and 3, this last
matrix can be bounded as follows: by setting C5(¢,r) := Cq(t,r)C3(¢, r), we have

m
=Y D}, &t )Dg i(1.q) =: Aij.
ij =1

65(tar)s l:j:k,

Cst.r) o . _
|Al]|OO§ Sl(’n )s l:]#kvl#]:k,l:k#.]v

Cs(t.r) . , .

e R

Now, using the bounds on (D,&(z,-)) ! from (2.20), by setting
Cs(t,r) := Cs(t,r)C(t,7)?,
we conclude the statement of Claim 4.

Final Step. Let us recall that from (2.13)) we have

ni (1.0(t.9)) = Dg; U™ (1. 9).
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Differentiating this expression with respect to ¢; and g, we obtain

m
Dé’kqjqu(m)(l‘, ) = Z Dqk é‘lz(t’ ')Dg,zz,l ni (tv é‘(t’ '))qu‘ é‘ll (tv )
l,h=1

+ Y Dgymilt,§(t,))DG, L1,
I=1

from where by using the estimates from Steps 1-4, we obtain

‘ngqitIiU(M)(l‘ )|oo

1
< —(1Dg8iloo| Dy Giloo + 1D, Giloo)

1 m m m
+m—2( > IDalilelDgtilo+ Y 1DglilolDgliloo + Y. D24, 611c0)
1=1,14#i 1=1,l#i 1=1,1#i
1 m
+ 3 D [Daclnlool D, lhloo
I ,r=1
L##i

Using again the estimates from the previous steps, we obtain (1) and (2) of the
theorem.

The statement in (3) can be easily shown by differentiating the Hamilton—Jacobi
equation satisfied by U ™ with respect to the variable g 7 and by using the estimates
on U™ provided in (1) and (2). Indeed, we have

1
D4, 00| < 1| Dy Higj.mDy, U™)|
1
+ n—1‘DPH(qj,mejU(m))|m|D§jqu(m)‘
1
- Z E‘DpH(CIi’me[U(m))‘m‘Dt?jqz'U(m)‘ + ‘D‘ZJF(m)‘
i#]

1
‘DqH(qJ'vaqj U(m))‘ + n_,l‘DPH(qj’mDQjU(m))‘

1
<
T m

C
+E+|quF(’")|.
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Thus

m
> “m|Dg;0,U™
j=1

m m
1 1
<D —IDgH(gj,mDgU™)* + 3 —|DyH(qj,mDg; U™
Jj=1 Jj=1

m
+C+ ) m|Dy, F™)2 < C,
j=1
where we used the assumption on F (m), (H135), and the fact that since
U € CH(0, T) x 25(MD)

loc

and DpH is Lipschitz, we have Y 7| L[ DpH(qj.mDg,U™)|? < C. The

claim follows, which concludes the proof of the theorem. O

LEMMA 2.5. Let [X Y]T = [X1 ... X Y1 ... Y;m]" € R?™ be the solution of
the ODE system

X7 4 B B[X] [X(©] _ [Om
ez aly]= )+ [2 RID) 0] [%)
where A1, A2, Yo € R™, 0., € R™ is the zero vector, and the (m x m)-dimensional
blocks B; are such that

1 1 1
2 2

T % T

2 2

(2.25) By =By=1,, B =ml,, andB;=|™ " m
1. 11

m2 m2 m

Then there exists a constant C > 0 (independent of m) such that
(1) Ifforig € {1,...,m} fixed

|
(A1), =1, (A1) = . Vi #ip

and

(A2)iy = Vodig = . (A2)s = (Vo) = 3 Vi #1o,

then

e'C, i =i,
X < c
X () e ie{l,....m}, i #io
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and
el ..
T 1 =1y,
Vi) <4 "
3. iel{l,...omb i #io.
2) If for somek, j € {1,...,m} fixed, k # j, we have
1 1 C
(A1)j = Ak = —, (A1)i=— Vi#j i #k,
m m
and
1
(A2)j = (A2)k = (Yo)j = Yo)k = —,
m
1 C
(A42)i = Yo)i = —5 Vi #j, i #k,
m
then
e i=ji=k
Xi()| <
X )] = L iell..mli# )i #k
and
el
2 1 =],1 :k’
Yol <™

S ie{l...mi# i Ak

PROOF. We analyze the representation formula for (2.24) in the different cases.
Since we are only interested in the asymptotic properties of the solution with re-
spect to m, first let us study the asymptotic behavior of the exponential and the
inverse of the coefficient matrix.

| B1 B2
Let B := [33 By

Bl,n B2,n
|:B3,n B4,n:|.
CLAIM. We have the following properties for the blocks B; , for all n € N and
fori,j e{l,....,m}:
(1) (Bi,n)ii = O1), (Bin)ij = O(L),ifi # j.
(2) (B2,n)ii = O(m), (B2,n)ij = O(1),if i # j.
(3) (B3n)ii = OGy), (Ban)ij = O(5), ifi # j.
@) (Banii = O(1), (Ban)ij = O(z). ifi # J.
PROOF OF THE CLAIM. This follows from a mathematical induction argument
inn.
Since we have a characterization of the asymptotic properties in terms of m of

the elements of the powers n € N of the block matrix (which are uniform in ), the
property from the Claim will also hold true for the blocks of the matrix exponential

and for n € N, let us denote the powers of B as B” :=
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of B. Setting A := [A;'— A;]T, the representation formula for the solutions of

(2.24)) reads as

[)Y(g;] = exp(B)([0g, Yo |" + B~ A) - B~ A.

It remains to compute B! (which exists, since B is nonsingular), for which we
have the formula (using the blocks from (2.23)))

gt _ | Un—mB3)™ —m(Ipy —mB3)™!
—B3(I, —mB3)~' I, + mBs(I,, —mB3)~!

. M —-mM
- —B3M Im+mB3M ’

where we have used the notation

0 -1 —1
4 0 —1
M:=U,—mB3)" =m
—1 -1 0
s o
mm—l ml—n mml
—_ _2 —_
_ T Mot o
- - )
L e et M1

Now, in the case of (1), we have that (B_lA)i = 0ifi € {l,...,m}, and
(B~ A)mip = 55 and (B A); = L5 if i e fm +1,....2m}, i # m + io.
Furthermore, there exists a constant C > 0 (independent of /) such that

tC

e ’ l = 10,

e'C i ) )

—, 16{1,---,171},17510,
(exptB)[Oy, Yo' 1T), ~ 3 "o |

G L=m+io,

. iedmtl..om) i m .

(1) from the thesis of the lemma follows.

In the case of (2), we compute similarly (B~14); = 0ifi e {1,...,m},
(B71A); = L ifi =m+ jorj =m+k,and (B~'4); = 5 otherwise.
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Furthermore, there exists a constant C > 0 (independent of m2) such that
o<

= i=k
S . iell...mli#ji#k
(exp(tB)[Om YO] ),‘N C
Cx, i=m+j i=m+k,
f;—i, iefm+1,....2m}, i #m+j,i #m+k.

And finally, (2) from the thesis of the lemma follows. Il

LEMMA 2.6. Let X = (X;j)*;_y and Y = (Xij)]";_, be such that [X Y]T €
R2m*m s the solution of the ODE system

X| _[B1 By|[X XO) | _|Im
o alr]=[n gl Bol-[7]
where Yo € R™*™ js set to Yy := B3 and the (m x m)-dimensional blocks B; are
defined in (2.25). Then there exists C > 0 (independent of m) such that

e, i=, G g
m "’ - ]’
Xyl <{ e, and vpols{ 7
m VT S LFE
PROOF. This result is a consequence of the asymptotic behavior of the matrix
exponential exp(tB), where B := gl 22] Using the asymptotic result from
3 by
the Claim in Lemma[2.5]and from the representation formula
X(0)| _ T
) Y| = et v,
the result follows. g

3 Comparing Regularity Properties of Functions
Defined on &2,(M), H, and M™

Throughout this section, we lift any given function % : %, (M) — R to H to
obtain the function % : I — R defined as % (x) := % (§§(x)). Recall (%2 );”21 is
the Borel partition in Section[I} We set

U(g) = U (ugP) = U (M),

3.1 Semiconvex and semiconcave functions on Hilbert spaces

DEFINITION 3.1 (Semiconvexity and semiconcavity on H). Let B € I be a con-
vex open set. We say that 77 : B — R is semiconvex (or A-convex) on B, if there
exists A € R and for all x € B there exists a continuous linear form 6, on H such
that

~ ~ A
U(y) z U (x) + 0x(y —x) + Ellx—yll2 Vy eB.
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We say that a function % B — R is A-concave, if —% is (—A)-semiconvex.

Remark 3.2. The previous definition has an equivalent reformulation. Let B €
be a convex open set. Then % : B — R is A-convex if and only if

~ ~ ~ A
U((1—1)x +1y) < (1—f)?/()C)Jrf?/(y)—Et(l—t)llx—yll2
vVt €[0,1], Vx,y € B.

DEFINITION 3.3 (C1! functions). We say that % :B —RisC"! onan open set
B C M if it is Fréchet differentiable on B and its Fréchet differential is Lipschitz-
continuous; i.e., there exists C > 0 such that

IV% (x) = V% ()| < C|x — y|¥x.y €B.

Inspired by similar results on finite-dimensional smooth manifolds (see, for in-
stance, in [[27]]), we can state the following characterization of C L1 functions de-
fined on subsets of H.

Remark 3.4. Infact % : B — R is C! on a convex set B C H if and only if it is
Fréchet differentiable on B and there exists K > 0 such that

U (v) — U (x) = VU (x)(y —x)| < K|lx — y||*, V x,y €B.
3.2 Notions of convexity on (2, (M), W)

There are various notions of convexity for functionals defined on the Wasserstein
space. The concept of so-called displacement convexity [6,40] is expressed in
terms of Ws-geodesics. Recall that given pg, 1 € F»(M), for any geodesics
[0,1] 2t > us € P2(M), of constant speed connecting Lo to (1 in FPo (M) is
of the form p; = p; := (1 —)w! + tnl)ﬁy for some y € 'y (0, 1), then:

DEFINITION 3.5 (Semiconvexity and semiconcavity on (&2, (M), W3)). Let % :
PHr(M) — R.
(1-1) We say that 7% is semiconvex (or A-convex) in the classical sense if there
is A € R such that

w((1—=t)po +tpr) < (1 =% (o) + t% (1) — %t(l — W5 (1o, 1),

Yo, 1 € P2(M), vVt € [0, 1].

(1-ii)) We say that %7 : P>,(M) — R is semiconcave (or A-concave) in the
classical sense if —% is (—A)-convex. We refer to 0-convex and 0-concave
functions simply as convex and concave functions, respectively.

(2-1) Wesay % : P,(M) — R is displacement semiconvex (or displacement A-
convex) if there exists A € R such that for any [0, 1] 3 ¢ > u; € P> (M)
geodesic of constant speed connecting (1o to ;1 we have

A
U () = (1= O (o) + 1% (1) — S1(1 = DWZ (o 1)
Vi, w1 € Pr(M), YVt €0, 1].
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(2-ii) We say that 7 : &2,(M) — R is displacement semiconcave (or displace-
ment A-concave) if —%/ is displacement (—A)-convex. We refer to dis-
placement O-convex and displacement O-concave as simply displacement
convex and displacement concave, respectively.

The following results link A-convexity on the Wasserstein, the Hilbert, and the
finite-dimensional space M™. This is a generalization of proposition 5.79 in [16].

LEMMA 3.6. Let % : %2, (M) — R be a continuous function, and let U H—R
be defined as U = U o it so that U is continuous. As above, for a natural
number m consider U™ : M™ — R. Finally, fix A € R. Then the following are
equivalent.

(D) U is A-convex on H.
(2) % is displacement A-convex on (5 (M), W3).

(3) For any natural number m, we have that U m) jg A

2--convex on M™.

PROOF. (1)=-(2). Let us suppose U is A-convex, let u,v € Z(M), and let
y € Iy(it, v). Then, there exist x, y € H such that (x, y)ﬁ.i”d = y. In particular,
we have fi(x) = p, #(y) = v and Wa(p,v) = ||x — y|. For [0,1] 5 ¢ > py 1=
[( 1 -t + t712]u y is a geodesic of constant speed connecting i to v. Actually,

any geodesic between p and v has this representation. By the A-convexity of U
we have

U(jue) = % G —)x +1y]) = (1 —1)x + 1y)

~ ~ A
=0 -0%x) +1u(y) -5t —1)|x —I?

A
= (L=D% W) +1UE) = 511 =W ().

Thus, % is displacement A-convex.
(2)=(3). Let us suppose that % is displacement A-convex and we show that
U s %-convex on M™ . Let us fix (¢1,....¢m) € M™. It is enough to show

the %-convexity of U™ in a small neighborhood of this fixed point. Therefore,
let (q1....,4qp,) € M™ be such that max{|g; —¢;| : i € {1,...,m}} is small so

that sz(u((lm) M;’fz)) = LS | |gi —q}|?. By this assumption, we also have that

the constant speed geodesic connecting M((Im) to M((;fi)

[0,1] >+~ Mgm) = % Z?Z:l 5(1—t)q,-+tq,f~

in a unit time is given by
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By this construction, for ¢ € [0, 1] we have
U™ (1 ~1)q +1q")
= U (™)

A
< (=02 W) + 1% (pg”) = S04 =D Wa (. ug”)

k m
= (1 =0U™(g) +1U™(g) = ——1(1=0) ) lai — .
i=1

Therefore, the %-convexity of U in a small neighborhood of g follows.

(3)=(1) We suppose U m) ig %—convex for all natural numbers m. We plan to
show the A-convexity of % on H. Note the %—convexity of U is equivalent to
the A-convexity of the restriction of % to {M¥ : ¢ € R™4} c H. In particular,
the local Lipschitz constants of these restrictions are bounded from above by a
number that is independent of m. These finite-dimensional functions then have a
unique extension ¥ on H, which is A-convex and coincides with % on a dense

subset of H. It suffices to know that % is continuous to conclude that it is nothing
but 7. 0

3.3 CU! functions on (225(M), W) versus C -1 functions on H

Given a differentiable function % : (M) — R (cf. [6]), we denote as
Vw? the Wasserstein gradient field of % . This subsection exploits the connec-
tion between the differential of % : &, (M) — R and the differential of its lift

% H-—>R [32]]. More precisely, we have the following result.

Remark 3.7. Let x € H and set u := #(x). Then % is differentiable at y if
and only if % is differentiable at x and in this case, we have the factorization
VU(x) = V% (1) o x.

DEFINITION 3.8. Let Z C £7>(M)) be open and geodesically convex. Let o €
(0,1]. We say that % e C1*(2) if it is continuously differentiable on # and
there exists a constant C > 0 such that

(1) spt(p) 2 g1 + Vu (11)(q1) is ¢-Holder-continuous (or simply Lipschitz-
continuous if « = 1) with constant C for any u € £.

U W) — U — /W V% (11)(q1) - (92 — q1)dy(q1.q2)

< CWt%(u,v), Yu,ve B, Yy e (i, v).

2

DEFINITION 3.9. Similarly to the previous definition, let 8 C Z7,(M) be open
and geodesically convex and let K € M be a convex open set. Let o € (0, 1]. We
say that u € C1%(K x %), if it is continuously differentiable on K x % and there
exists a constant C > 0 such that
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(1) spt(p) 2 g1 — Vyu(g, n)(g1) is a-Holder continuous (or simply Lip-
schitz-continuous if @ = 1) with constant C for any (¢, u) € K x 4.

2

u(q,v) —u(q, u) — Dqu(q, 1) - (4 — q)

~ [ w0 - (@2~ a0dyar. )|

<C(Ig—q"™™ + W, T, v)).

Vqg.qg € K,u,ve B, Yy € Ty(u,v).
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Remark 3.10. (i) Let us notice that Definition [3.8(2) implies that Vy, % is ‘-
Holder- continuous’ in the following sense. We have

T i@ - v

[ o012 @1~ 4214720
<2CW, (. v),

forany p,v e Bandy € To(i,v), ¥ € To(v, ).

(i) Let us underline that the inequality in Definition [3.8(2) naturally encodes
also the fact that % is locally Lipschitz-continuous. Indeed, that inequality
implies that

% (v) — U (1)
< CWy (. v) + sz Vo ()(q)] - 192 — q11dy(q1.92)

< CWIH (. v) + Vo 2 )l 2 Wa (it v)
= (CWE G v) + IV % ()| 20) Wl v),

so the local Lipschitz property follows.
(iii) Definition 2) naturally encodes that K > g — u(q, j1) is of class C ¢,
uniformly with respect to pt.

LEMMA 3.11. % € C“Y (25 (M)) if and only if % € CV1(H).
PROOF.

Part 1. Suppose first that Y e CL! (H) so that by Remark there exists a
constant C > 0 such that

_ ~ ~ C
3.1 U (y) — U (x) = VU (x)(y —x)| < Ellx —yI* ¥x,y € H.

This implies in particular that %2 € C1(Z,(M)), and for any x € H such that
t(x) = u € P5(M), we have V% (x) = Vo % (1) 0 x.

CLAIM. For any u € 9(M), g — V% (11)(g) is Lipschitz-continuous on
spt(u) uniformly in g, with Lipschitz constant at most C.

PROOF OF THE CLAIM. Let u € £>(M) and consider x, y € H such that
f(x) = #(y) = pand ||x — y|| > 0. Since VU is Lipschitz-continuous, one has
that

IV (x) = VU (y)| < Clix =yl

This is equivalent to

(3.2) IVw % (1) (x) = Vo Z (W)l = Clix — yll.
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Suppose that spt{x) contains more than one element; otherwise the statement is
trivial. Although x is defined up to a set of measure zero, we are going to choose a
representative which is Borel. Set

Qo := {w € Q| w is aLebesgue point for x, V@V(x)} N x~Y(spt (n)).
Note that ¢ is a set of full measure in €2, and so x(2¢) is a set of full u-measure.
In fact, we do not know that x (2¢) is Borel, but we can find a Borel set A C x(2¢)
of full -measure.

We suppose that A has more than one element; otherwise the statement is trivial.
Let g1,9» € A with g1 # ¢ and let q(l),qg € Qo such that x(q?) = ¢y and
x(qg) = ¢». Let r > 0 small such that Br(q(l)) N Br(qg) = @. Set

w ifa)eQ\(Br(q?)UBr(qg ),
(3.3) Sr(@):=qw—¢% +q2 ifwe B (qY),

w— qg + q? ifwe Br(qg).
Since S, preserves & d1_Q, xand y := x o §, have the same law p. We notice
that in particular

0 0 0 0
Y = X Xw\(B, U, @9 T X 42 = a0)Xp, ) + X (- + 41— 92) X, 49)-

Since ¢, and ¢, are distinct image points of x for r > 0 sufficiently small,

eyl = [ 6@ —x(e+ad —al) a:
r\q

+/ 1x(z2) —x(z +qY —¢d))?dz > 0.
Br(q(z))
Similarly, (3.2) yields
IV (1)) = Va2 ()P
-/ [T 00(x(@) = Vu ) (x(z + 8 D) a2
r\qd

1

+f Vo % (10) (x(2)) — Vo2 () (x (2 + ¢° — q2))|* dz
Br(Qg)
SCZ(/ (@) — x(z + 8 — g Pdz

Br(q(l))

+/ |x(z)—x(z+q?—qg)|2dz)
B (q9)

Now, dividing the inequality by 2% (B, (q?)) and sending r | 0, since q? and qg
are Lebesgue points of x with x(q(l)) = ¢q and x(qg) = ¢», one obtains that

|V % (1)(q1) — V% (1)(q2)] < Clq1 — g2,

as desired. The claim follows.
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Now, let p,v € Z(M) and x,y € H such that {(x) = u, f(y) = v, and
Wa(u,v) = ||x — y||. Let us note that y := {{(x, y) € T, (i, v). We have

V@ )y —x) = fg Vol (10)(x(@)) - (7 () — x(@))dw

= [ Vo @2 —andviaran).
Thus, by (3.1))
c 2
YO -2~ [ Vo w2 - a)dyara)| < S W),

which by the arbitrariness of ., v implies the statement.

Part 2. We now need to prove the reversed implication and start by assuming
that % is C 11 (22,(M)). In particular, V,, % (1)(-) is C-Lipschitz-continuous on
spt(xt) (uniformly in @) and increasing the value of C if necessary, we assume the
inequality in Definition [3.8(2) to hold with the same constant C. Take x,y € H
and set ;= f{(x) and v := {{(y). Recall

U eCY(H) and V%(x)= V%) o x.
Lety := #i(x, y) and let yo € [',(1, v). We have

V)~ T = VU () - )|

= ‘&2/(1))—62/(M)—/M2 Vo (1)(q1) - (g2 —q1)dy(q1.92)| <

<ro)- - [ vur e @ - it

i ‘ / Vo (@) - (@2 — 41)d o — ) (d1.42)
M2

S CWZZ(H” U)

1
+ 5 [PV (1) e
- ( / a1 — a2 2d (a1, 02) + / g1 — 612|2d3/0(611,612))
M2 M2

1
< CW3(,v) + 5C (I =y + W (1, v) < 2C | — %,
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where in the penultimate line we used an inequality from lemma 3.3 in [32]. In-
deed, according to this lemma if y1, 2 € T'(u, v) and § € C2(M), then

|, Dét@ (a2 =q0dn ~ r2)(ar.a2)

1
<107l ([ a1 = aaPdtn + g ).
M2

Since V% () is the limit of (D§&,),en (Where (§,)pen € CZ°(M)) in Li(M;
R4 and V,,% (11) has a global Lipschitz-continuous extension to M, it is easy to
see that the previous inequality is still valid for D& = V,, % (1) (for which we use
its Lipschitz-continuous extension to M).

This completes the verification of the proof of the lemma. g
Remark 3.12.

(i) It seems an interesting open problem whether the equivalence in Lemma
holds for C1“ functions for « € (0, 1).

(i1) The uniform Lipschitz continuity property of ¢ + Vy, % (11)(q), from the
proof of Lemma|3.11} appeared already in [|15} lemma 3.3] and in [[16| prop.
5.36]. However, not only is our proof based on a different approach, it is
considerably shorter and will be useful in the proof of Lemmal|A.1

DEFINITION 3.13. Let Z C Z,(M) be open and geodesically convex and let
a € (0,1]. We say that % € C>%Y(B) if % € CY¥(%), and if there exist a
constant C > 0 and functions

Ao:RIx B — R, Ay :M?x B — R4,
such that
1) Ao € L¥(M;p), Ar € L¥(M? 1 ® ),

‘W%M@%MMWMOHM%M@—W
—/ Av(gr.a. (b — a)dy(a.b)
M2

< C(lg1 — 711" + Wau,v)' ).
(2) Ap and A are a-Holder continuous, i.e.,
|Ao(q1. 1) — Ao(G1. Voo < C(Ig1 — q11* + W5t (1. v))
and
[A1(q1, 92, 1) — A1(@1.G2, V)00 < Cllg1 — q1|* + g2 — @2|* + W5' (1, v)),

forany u,v € %, (q1,41). (q2.q2) € spt(i) x spt(v), and y € Ty(i, v).
We say that % € cow (P (M) if % € C*%¥(%,) forall r > 0.

loc

Remark 3.14. Let Ag and A be as above.
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By abuse of notation we write

Dy, (Vo % (1)(q1)) := Ao(q1. 1) and V3, % (1)(q1.92) = A1(q1.92. 1),

2

3)

4

(3.4)

forall p € (M) and x, y € spt(w). The bar is to recall that A is not
exactly the second Wasserstein gradient as introduced in [[21]].

Note that if we choose any matrix A(a, () such that any of its rows w
is such that V - (w) = 0 and w € LZ%(u), then the matrix defined as
Ai(g.a, ) := Ai(g,a, ) + A(a, ) also satisfies Definition 1).
We could determine A{(q, -, i) uniquely by imposing that the i™ row of
(Ao(g, 1), A1(q, -, 1)) is the unique element of minimal norm of the sub-
differential of (¢, ) = V% (1)(g). The i™ row of the element of mini-
mal norm belongs to M x 7, %7, (M), and the new matrix will be denoted
as V2 % (11). This new matrix is selected at the expense of giving up the
property that Ay is uniformly bounded. Increasing C if necessary, we can
instead ensure

[V2w? (0@, 5 < COr) Y e B, Va1 € spiu).

In the spirit of the terminology used in [21]], we refer to ﬁfvw?/ as an
“extended Wasserstein Hessian” of %/. In contrast with the assumptions
in [21]], in Definition [3.13](1), we assume slightly different conditions: the
expansion here is required only on spt(u) xspt(v), Ag and A are supposed
to be essentially bounded only on spt(it), and in addition we require the
Holder/Lipschitz property in Definition 2) to be fulfilled.

We shall now compare our definition of C,.=%" (92,(M)) regularity of %

loc

to Cliéa (H) regularity of 027(Where @V(x) = U (#(x))). If 027 c Cliéa (H),

~

then 7% is twice continuously differentiable in the Fréchet sense and for
each r > 0 there exists C = C(r) such that

INU (y) = VU (x) = V2% (x)(y — x,)|| < C|x — y||'T®
Vx,y € B,.

To heuristically compare this inequality to the setting of &2>(IM) we
proceed as follows. Let f(x) = p and f{(y) = v with | x—y|| = Wa(u,v).
Then we know (see [|32]]) that

VU (x) =V (w)ox, VUY)=VyZ(@)oy,

and

V2U (x)(h, hs) = / Dg(VuZ (W) o x h - hydw
Q

+/ V2o (1) (x (@), X (04))h(®) - hy(0x)do dwy,
92
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if £, € Ty P>(M) and h = £ o x and hy = &4 o x. Thus, (3.4) would
read as

sup
lhsl<1

fQ [Vu# (V) (y(@)) - ha(w) = Vo % (1) (x (@) - hs ()] dw

(3.5) a /Q Dg(VoZ (W) ox (y = x) - hs do

- /Q V2L U )(x(@), x(@0)(y = ¥)(©) - ha (o) do doy

< CWa(u,v)'+.

From here we see that a necessary condition to obtain inequality (1) in
Definition [3.13|is to have hold when we maximize over the set of
h such that ||«| ;1 < 1 rather than maximizing over the set of /4 such
that ||4«|| < 1. In other words, we have not been able to show that if
U e C2® (H) then % € C, z’a’w(ﬁz (MD)). Moreover, in Appendix@we

loc lgc
3a! w
Cloc

show that imposing % €
U e CLY(H).

(5) Let us point out that using an extrinsic approach, [11]] introduced spaces
of the type C2'1(2,(M)) via the differentials of their lifts on a Hilbert
space. In this work, we define C%'1% (22,(M)) in an intrinsic way, i.e.,
directly via the differential calculus on the Wasserstein space. As a result,
our derivatives are always defined on the supports of the corresponding
measures, while in [11]] the authors work with global extensions. Simi-
larly, we require essential boundedness of the Wasserstein Hessian only on
the support of the corresponding measures, while [11] requires bounded-
ness of the global extensions. The work [32]] allows us to assert that both
the intrinsic and extrinsic approaches are essentially the same. However,
C21L¥(5,(M)) has the advantage that it can be seen as an increasing
‘limit’ of the spaces C 2! (M™) when m — oo, as we show in Section
3.4 below.

(6) [11, sec. 2] constructs an example of % € C?'1(2,(M)) for which its
lifted version % fails to be twice Fréchet differentiable at any point. More
discussions can be found in [[11}/14,(16,/17,/19].

(5 (M)) in general does not imply that

3.4 Regularity of % as a by-product of regularity estimates on U ™)

This subsection implies regularity properties on functions % defined on &, (M)
from estimates on their restrictions U ™. Recall that for » > 0 B™ is a ball in
M™ while %, is a ball in &,(M). We assume that we have at hand a constant
C =C(r)>0.

LEMMA 3.15. Suppose for eachm € N fixed, U™ . M™ — Ris permutation in-
variant with respect to its m-variables and |U"™| is bounded on B by a constant
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that depends on r > 0 but is independent of m. Then there exists C = C(r) > 0
such that the followings hold true:

() If U sartisfies Property(])-(b), then for any g, b € B"*, we have
UM (@)= U™ B)] = CWa (™. 1),
(i) If U satisfies Property( 2), then for any q,b € BI"*, we have

U™ @By — U™ (q) =) Dg, U™ (q) - (b — 1)

i=1
<C W22 (M((]m), M;(Jm))-
(iii) The assumption in (ii) implies for any q,b € B
® m|Dg;U™(q) — D, U™ (b))
< C(lgi — bil + Wa(ul™ ui™)).
(b) We have
m|Dg; U™ (g) = Dg, U™ (b))

1 o,
<C (|Qi _bj| + WZ(Mém),Mgm)) + ﬁ) , 1 75 J-

(iv) Suppose that U™ satisfies Property 3). Ifi €{l,...,m}andq,b €
B, then

m
|4, U ®) = DU @) = Y D3, U @0 - )
=1

< C(lgi — bi|* + sz(ugm),ugm) ).
(v) The assumption in (iv) implies q,b € B},
(@) Ifi # j then
mz‘Dgiq/' v () = Déiq/' v (b)‘
< C(Igi — bil + lgj — byl + Wa(ui™. 1J™)).
() If G, j) # (k.1),i # j.k # 1, then

21 12 2
m ‘ququ(m)(Q) - DqquU(m)(b)‘

1
< € (I = bul o+ lgy =il + W )+ = ).
(c) We have
m‘Dgiqu(m)(q) - D;},qu(m)(b)‘

< C(Igi — bil + Wa (™, u™)).
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(d) We have
m‘Dgqu v (q) — D‘?j‘]j U(m)(b)‘

1
<C (|61i —bj|+ Wz(ll«ém)al/«zm)) + ﬁ) .

PROOF. Since U™ is permutation invariant, reordering ¢ and b if necessary,

weE may assume

l m
ym = m > Sibi € Fo(ﬂém)’“ém))‘

i=1
Below, using Taylor’s expansion, we may find £ € B’ on the line segment con-
necting ¢ to b such that (using the shorthand notation || - || oo to denote || - || 7,00 Br7))

(i) we have

U™ By — U™ () < | Y Dg, U™ E) - (bi — q1)

i=1
1 1
m 2/m oy 5
E(Zm|inU(m)|2> (ngji—bﬂz) .
i=1 i=1
Using the fact that
m , mo
Zm‘inU(’”)(q)‘ <C? and Zg|qi_bi|2:WZZ(M((Im)’Mgm))’
=1 i=1

we verify the statement in (i).
(i1) A second-order Taylor expansion yields

U™ () - U™ (g) =" D U™ (q) - (bi — 1)

i=1

M| =

M=

(b1 = 40). DG, U™ @) (b; —45))
1

((bi — i), D2, U™ (©)(bi — qi))

Il
N —
NE

i=1
1
+ 5 DM = 40). DG, U™ E) (b) — 4))
i#j
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Thus, under the assumption in (ii), we have

U™ by —U™(q) = Dg, U™ (q) - (bi — 1)

i=1
c < 1
< o 2l = bil - 3 DG g, U | olas — il
i=1 i)
1
* 4 Z ||D§iqu(m)”00|qj _bj|2
i#j
S 2dy ™ 2(,,(m)  (m)
= (34‘ Z + Z) /MZ |z — w] d)/m (z,w) = CV[/2 (qu i )

(iii)-(a) Performing again a first-order Taylor expansion, we find

Dy U™ (q) — Dy, U™ (b)
m
=" D2 U™ (@) (g —bx)
k=1

= D2, U™ E)(g —bi) + Y D2, ,,U™ ) (qr — br).
k#i

Thus using the assumptions, we find

|Dg, U™ (q) — Dg, U™ (b)]

C 3 1 3
< Zlgi =il + (3 m 1026, U™ 1%) (2 —lax — b l?)
k#i k#i
C
< —(lgi — bi| + Wz(M((]m),M;(Jm)))-

m

(iii)-(b) Without loss of generality, let us suppose thati < j. By the permutation
invariance of U™, we observe that Dy, U™ (q) = D, U™ (g") and a similar
identity holds for Dy, U m) (b) if we set

(3.6) 47 = Qi qj q1s - Gim1 Qi1 Q=15 G415 Gm)-
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Using a similar identity for Dy, U (m) (h) we obtain

Dg, U™ (q) — Dg, U™ (b)| = |Dg, U™ (g") — D, U™ (b")]

< ||Dqlqlu<'"’||oo|qi — bj|

+ Z 102, ., 01U loolqic — il

+ Z IDZ, ., 00U ™ llooldr — brl
k=i+1

+ Z ID2, 4, U™ llooldr — bil.
k=j+1

Thus,

|Dg, U™ (q) — D .U(””(b)\

m
< m|q,—b [+ — g+ 1bil) + — Z|qk—bk|

C 2r
= (|Qz —bj| + Wz(M(m),Mb )+ f)
C 1
. . (m) ,,(m)
Sn_1(|%_bj|+W2(qu7Mb ) + ﬁ)

where we have used the assumptions on D,?,, 4 U and in the last two rows we

used the facts that since g, b € B, we have that |¢;|, |bj| < r/m foralli,j €
{1,...,m}.

(iv) Similarly to the previous points, we perform a Taylor expansion (of order 2)
to obtain

Dy, U™ (b) — Dy, U™ (x) — Z D3, U™ (q)(b; —q))

1 m
=5 2 Ak =41 D4, U™ @b — ).
Jk=1
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and thus

m
Dg, U™ (b) — Dg, U™ (q) = > D2, U™ (@) (bj — q7)

Jj=1
1 1
= EHDSi‘IiQiU(m) HOO|6]i — b + EZHDSfQ;qu(m) HOOWj —b;|?
J#i
1
* 2 Z HDgququ(m) loolds —bjl - lgx — bil.

Rk

We conclude

m
Dg, U™ (b) = D U™ (q) = >~ D7, U™ (@) (bj —g))

qid;
j=1
C C I
< ._b.2 _ - '—b'2
_2m|% i +2m;m|q] ]|
C [&1 U
+% ;%Wj—bﬂ (;n—q|Qk—bk|)

C
< 5 i = b+ W2 (™. 1),
m
(v) We write again

D‘?i‘lj v (9) — D‘?i‘]j v (b)

m
=Y D240 U™ @ (ak — bo)
k=1

= D34,V @@ —90) + D3,4,4,U ™ (@) (g5 — b))
m
Y Diga V@@ a0
k=1,k#i,k#j

Thus in the case of (a) using the assumptions, we find

2 2
‘inq_/ u™g) - Dg.q; U(m)(b)‘

C i
< 30 = bil +1a; = bjD) + C 3 —5lax — byl
k=1

C
< (19 = bil + laj — byl + Wa(ug™. 1)),
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In the case of (¢), since i = j in the above expansion, we find
U™(g) — qq,U(m)(b)‘ HDq,q,q,U(m)Hoomi_bi|

+ 3 ID2 40 U™ loolar — b
k#i

< —(|q, — byl + Wa (™, ug™)).

‘Ilq

To show (b), let us suppose without loss of generality thati < j < k < [. By
the permutation invariance of U (m) we have the identities

Dtiqj U(m)(q) = qlqu( )(qvaI/’Clk q1.9)

and
Um (b) =

qA qi
]Rdx(m—4)

qquU(m)(bk bl blabj?b)

where ¢, be obtained from ¢ and b, respectively, by deleting the vec-
tors indexed by i, j, k,l. Therefore, using the local bounds on the third-order
derivatives of U (’”), we have

2
‘Dq,q U™(q) - DgaU (m)(b)‘

= |DZ,,,U™qi.qj.ax.41.9) — D%, ,,U ™ (k. q1.4i.4;.b

and so
‘D‘II‘]/ U(m)(q) - ‘II\QIU(m)(b)‘
Hunlzt]lU(m) Hoo | — bi|
+ HDqlqzqu(m) H lgj — b1l + HDCII(DC]’%U(m)HOO|qk — bi|

i—1
+ HDqlqzqle(m) H |6H b | + Z HDq1t12CIa+4U(m)Hoo|q“ B ba|

a=1
- Z HD‘IIQ2£I(1+3U(m) Hoo|%—ba|
a=i+1
+ Z ‘DQIQZQO(+2U(m) Hoo|qa _bOl|
a=j+1
+ Z HD!]1112qa+1U(m) Hoo|qot — bq|
a= k+1

+ Z HDCI1q2an(m)HOO|Qa—ba|.
a=l+1
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Thus,

(m) (m)
|Dq1q U " (q)_ q/‘q/U " (b)|

| /\

C

( bk|+|6]j_bl|)+$(|51k|+|bi|+|511|+|bj|)
C m
+ s 2 10

C 1

(m) , (m)

<< (|q, ~bul gyl W ) + )
where we have used again that since ¢, b € B, we have |gq|, |by| < C /m for all
ac{l,...,m}.

In the case of (d), we proceed similarly as for (b). Let us suppose without loss

of generality that i < j. Then, by the permutation invariance of U 0m)we use the
expression in ((3.6) to obtain

U™ (g) = D, U™ (g").

611611 qull

Using the analogous identity with ng U m) (h) we conclude

2
D50, U™ @) = Dg,q,U™ ®)
‘Dtht]lU(m)(qU) o f11t]1U(m)(b”)‘
HDqlqu]lU(m) H qi = bj| + HDqlqlqu(m)H = bil
j—1
+ ZHDQUIN]AJrz |Qk o bk| + Z HD414141\+1 H |Qk B bk|
k=i+1
- Z HunlllJA H |9k — brc|.
k=j+1
Thus,
|1D.4; U™i(g) - q,qu(m)(b)‘
C m
= Zmi —bjl+ W(Iqjl b+ 5 2 k= bl
C 1
< — (qu — byl + Waul™ ™) + ﬁ)
where we have used again that since ¢, b € B, we have |gq|, |by| < C /m for all
ac{l,...,m}. O

The following two theorems show how the quantified regularity estimates on
the restrictions of functions # : Ml x P, (M) — R and Z : P,(M) — R to
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M x M™ and M"™, respectively, will imply the corresponding regularity of the
original functions.

THEOREM 3.16. Let u : Ml x 223 (M) — R be a continuous function. Form € N,
we define u™ : M x (M)™ — R as

u™ (qo.9) := u(go. ni"*Y).

where (qo.q) = (q0.q1.- ... gm) € (MY™' and p{"TD = i o8,
Suppose that u‘™ e Clz)él (M x (M)™) and that for K C M compact and r > 0,
u™ (go. ) satisfies the estimates of Property ] )-(a) and (2) for all g9 € K,
with a constant C = C(K,r) > 0. Let us moreover assume that for any K C M
compact and r > 0, there exists C = C(K,r) > 0 such that

| Dgou™ (g0, )| < C, |D2,, 4" (g0.9)los < C,

(3.7) n
> mIDZ ,u™ (q0.9)3 = C,
i=1

and

c .. :
—, 1 =jandi >0,
m

—. 1 #Ji,]>0,
m
forany qo € K andq = (q1.....qm) € B

Then, there exists ®1 : Ml x &5 (M) x M — R4, q locally Lipschitz-continuous
function such that for any r > 0 and K C M compact, there exists

C=C(K,r)>0
such that for any qg, vo € K, any i, v € P(M), and y € Tp(i, v), u satisfies

u(yo, v) — u(qo, u) — Dgou(qo, 1) - (Yo — qo)
—f @1(qo. 1,q) - (v —q)dy(q, )
M2

< C(Iq0 = yol” + W3 (. v)) .
This implies in particular that u € Cl’l(M X P> (M), Vyu(qo, w)(-) can be

loc

obtained as the projection of ®1(qo, i1, ) onto T;, F»>(M) and

u(yo,v) —u(go, &) — Dgou(qo, 1) - (yo — qo)

— /M2 Vwu(qo. 1)(q) - (y —q)dy(q, y)‘

< C(lgo — yol> + W2, v)).
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PROOF. Our construction is inspired by [31} lemma 8.10].
For m € N we define q)(()m) : M x @ém)(M) — R4 and Cng) : M x
Upeontm oy SPUR) x (> RY as

CD((]m)(qO’ /’Lém)) = quu(m)(qo’ q)
and
" (q0.qi. ui™) := mDgu™(qo.q) Vi € {1.....m}.

Here

1 m
q = (QL---J]m) and I,Lém) = Ezgqi c L@ém)(M)
i=1
From the assumptions of this theorem, as a consequence of Lemma @ki), when

restricted to K x gzém)(M) N %, where K C M is compact and r > 0, q)ém)
is uniformly bounded and uniformly Lipschitz-continuous, with respect to m (and
the Lipschitz constant depends solely on K and r).

Let % be the collection of compact sets in VI. We assume there exists a positive
function C defined on 7" x (0, oo) such that C(K,r) < C(K’,r’) K € K’ and
r<r.

We assume to be given a family of functions

£ M x 28 (M) — R

such that for each r > 0 and each K € 7, the restriction of f m) to K x
(@ém) (M) N A,) is C(K, r)-Lipschitz. We assume there exists a compact subset
in the real line which contains all the f (0, §¢).

In what follows, we will perform Lipschitz extensions of various functions using
the Kirszbraun extension formula. For r > 0, go € M, and K € %', we define the

Kirszbraun-Valentine extension f’ Ig’? (go,-) : P2(M) - R as

1 (qo. 1)

3.8) ) ) (m)
= 1r1}f{f (go.v) + C(K, r)Wa (i, v) : v € 22, (M) N B, }.

We have that f,g"; (go.-) is C(K. r)-Lipschitz for all go € M and flg"? coincides

with £ on K x (@ém)(M) N %,). Furthermore, for any K’ € %, Ig”;)( L))
is C(K', r)-Lipschitz on K’ x 92,(M).

Let Br(0) denote the closed ball of radius R > 0, centered at the origin in M,
and let 2. (M) be the union of all the 22, (B(0)). Since P, (Bg(0)) is a compact
subset of #Z,(M), we apply the Ascoli-Arzela theorem and use a diagonalization
argument to obtain a function

&y M X Ze(M) — R



DISPLACEMENT CONVEX POTENTIAL MFG 55

such that a subsequence of ( f; [%))m converges locally uniformly to f£°. on com-
pact sets. We have that f2° (qo, ) is C(K, r)-Lipschitz on (M) for all go € M,
and f2° (-, p)is C(K’,r)-Lipschitz on K’ for € Z.(M). In fact,

(3.9) | f&5-(q0. 1) — f&5-(a0.v)| < C(K'.r)(l90 — aol + Wa(,v))

for all gg, a9 € K’ and t,v € %,.
The function f2°, admits a unique C(K, r)-Lipschitz extension to K x %y,
which we continue to denote as fz°.. Using the construction (3.8) for each coor-

dinate function of @8"1), we construct
Xk, M x 25 (M) — R,

Similarly, assume we are given a family of functions Cng) defined on

§<q,, Z%) 1q € (M)m%.

As a consequence of the assumptions and Lemma [3.15(iii)-(b), we assume for each
r>0and K € .7,

‘q’( )(610 qi, p (m)) CD( )(610 g1, M((I ))‘

1
< C(K, 1) |g0 — Gol + + Wa (™, ) + —=
< (k)10 =0l + by~ + WP +
for all go.go € K, and all ¢, g € B".
Foreachk € {1,...,d}, @Em),k and qo, g« € M, define

k
K (g0, g 1)

= inf (@] (g0, G, ") + C(K, N (1ge = @il + Walu, nd™) : 7 € B},
Note
(3.10) ‘d>§m,)<’ﬁ(qo gi. ) — o (4o, qz,ué’”))‘ < % V(q0.q) € K x BI".
As done earlier, there is a function

<I>1Kr M x M x (M) - R

and a subsequence (which we may assume to be the same as the ones above) such
that (@gmlyj)m converges locally uniformly to @Toéc »~ on compact sets. Increasing
the value of C(K’, r) if necessary, we have

(3.11) |9 (0. q1. 1) — Pk, (G0.G1.v)| < C(K'.r) (190 — Gol + |g1 — Gu| + Wa(u. )

if g0.q1.q0.q1 € K’ and u,v € %,.
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Let go,qo € M and let K C M be the closure of a bounded open set con-
taining the line segment [gg,go]. Let furthermore q,4 € BJ*. By the regularity
assumptions on u  one can write the following Taylor expansion:

™ (Go,7) —u"™ (g0, 9) — Dgou"™ (90, q) - (G0 — q0)
m
—> " Dgu"(q0.9) - G — i) =
i—l
= —(qo—qo) D2 1™ (0. 2)Go — q0)

+Z(ql gi) - D2 4™ (z0.2)(Go — 90)
i=1

1o _
+3 Y @ —4) D, 4,4 (z0.2) @ —a1)

i=1

m
> @ —a)D} . u"™ (0. 2)@ — i)
i#j=1

where (z9,2) € M x (M) is a point on the line segment connecting (go,q) to
(o.q). If g, g € B, by convexity, we also have that z € B"*. Now, using the
uniform bounds on Dzl 4™ from the assumptions of this theorem, increasing
the value of C = C(K, r) > 0 if necessary, we have

u™ (Go, 7) — u"™(q0,q) — Dgouu"™(q0,9) - @o — q0)

m
= Dgu™(q0.9) - @ — i)

i=1

(3.12) = Clgo — qol* +C|q0_q0|2\/_ q1|x/_|Dq,qo (m)|

1 1

c & c (I (I 2
= _ .12 = w412 A 412
+ _2m E lgi —qil” + ) E m|‘1] QJ| (E m|¢]z qil )

C =2 W2 (m) (m)
< C(lg0—qol* + W5 (kg™ 1z ")),
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where in the last inequality we have used a Cauchy-Schwarz and a Young inequal-
ity, i.e.,

|0 — qol

Z\/— ql|\/_|Dq qo (m)

i=1

1

m 2
— 1 _ 1
< [go — gl (Z — (3 —qz-|2) (m1 D, 4™ )2

i=1

A

1_ , C &K1 _ )

S1d0 —qo* + 5 l—21 — (i — il

Now, using the previous constructions, the first line in the chain of inequalities
(3.12) can be rewritten as

u™ (G0, 7) — u"™ (q0.q) — quu(m) (qo.9) - (o — qo0)

A

m
~ 3" Dy u™(qo.9) - @i —a1)
(3.13) i=1
= u(Go. 1I"V) — u(qo. ") — BT (g0. 15™) - Go — q0)

—/M ™ (40, ¢, ™) - (7 — )y "™ (dq, d7),

where (g;)7L, and (g;)JL, are ordered in such a way that

W2 (i, ) = Z|6]z 7il%.
1—1

S (m)
y = Ezg(m@) € T (m)’“q ).
i=1
In what follows, we pass to the limit all the terms in the previous line, keeping
in mind that only the integral term needs some additional effort. We have

| o0 en) - @ = ey de.a2)
Gy = [ o (o ef™)- @ ey ide.d)
M2
+/M (@1 (g0, €. ™) = DR (g0, €. u§™)) - @ — )y ™ (de. d?).

Let us observe that

‘/ (@ (go.e. ™) — @ (g0.e. nS™)) - @ — )y ™ (de. d?)

2rC
le —2ly™(de.de) < %

(3.15)
<
< i e
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The next step in our argument to pass to the limit in the remaining integral in
the first line of (3.13) works as follows. Fix a compact set K C M, R > 0,
go € K, and let u,v € P(Bg(0)) and y € Ty(u,v). Moreover, let x,y € H
be such that f{(x,y) = y, which implies f{(x) = u, #fi(y) = v. Form € N,
recall (Q’")’” | is the partition introduced in Section |1} Let us notice that for a.e.
w € Q, (x (a)) y(w)) € spt(y). Let (w;)7L | be Lebesgue points of (x, y) such that
w; € Q; foralli € {1,...,m}. Let us define

qi ‘= X(Cl)j), qi = y(a)i)v q:= (QI, e ’qM)’q = (617 e 767771) € B;n’
foralli € {1,...,m}. We will assume that we have chosen the Lebesgue points
such that M, — x, M;L — y as m — oo, strongly in H. We have that
{(gi.i)}7_, is contained in spt(y) and so, it is cyclical monotone. This implies
that if we define y™ := 1/m i 8(¢;.3;)- then by the monotonicity of the set
of these points, one has that

y™ € To(ui™. ud™).

Let us underline that in our construction it is very important that ¥ be an optimal
plan and a necessary and sufficient condition, for this is the cyclical monotonicity
of its support (cf. [43}/44]).

Furthermore, as the supports of the measure involved are contained in the com-
pact set Br(0), we have the following narrow convergence

y™ <y m— +oo0, lim Wz(ll,(]m),l/v): lim Wz( o, v) =0.
m—>0Q
As
AMA) = pl. §(MT) = ud®. and §(M2. MT) =y,

we have in particular
m l 3
W2 (D i) = 3 —lai = Bil> = IMf, — M|,
i=1

By the uniform Lipschitz property of QDEmI% > We have

lim (") (g0, My (@). n{") = k., (0, x(@). 1)
and
1im @) (g0, M (@), p ) = %k, (G0, ¥(@). ).
for a.e. @ in Q. Also, since for a.e. w € @, (3.10) implies
' 1 (90 M (@) u§™) = mDy,u™ (qo.q) + 01/ ).

for some i € {l,...,m}, by the assumption Property [2.21)(a), we have that
(o™ e +(qo, ML), M(m)))m is a uniformly bounded sequence. Therefore, using
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all these facts, Lebesgue’s dominated convergence theorem yields that up to pass-
ing to a suitable subsequence, that we do not relabel, we obtain

lim (|97 , (20 My 1) = 5%, (0. %, 10

m—00

= i |9UR, (qo. M7 1) ~ 055k 0.y )| = 0

m—o0

Now, using a suitable subsequence that we do not relabel, we conclude

lim [ o (q0.q.1§") - @)y (de.d?)

m—0o0 M

= lim [ & (q0. M (). ul™) - (MI(w) — M&(0))dw =

m—0o0 Q

- /Q By 1 (go. x(@). 1) - (y(@) — x(0))do>

= [ 9% 0. ) - @ ehyide. a2

We combine (3.12)) and (3.13) to obtain

u(qo, v) — u(qo, 1) — ®5°k - (qo. 1) - (G0 — qo)

- [ 0% o en) - @~ (e dd

< C(K,r) (g0 — Gol* + W3 (i, v)).

We underline that the previous inequality has only been established under the con-
dition that u, v € %, have compact support. Since u is continuous, we combine

(3.9) and (3.T1)) to conclude

u(qo. v) — u(qo, 1) — g - (qo, 1) - (Go — o)

(3.16) _/ q)?OKr(qo,e,M)-(E—e)y(de,dg)‘
M2

=< C(K’ l") (|QO - 670|2 + WZZ(H” U))

for any ¢o,go € K and u,v € %,.

Note that in (3.16), ®5% . and ®7% . depend a priori on K and r. However
since K and r are arbitrary, u is differentiable at every (go, ) € M x 2 (M).
We have that QS?K, +(qo, n) must coincide with Dgyu(qe, ;) which is uniquely
determined and so, it is independent of K and r. Furthermore, the Wasserstein
sub- and super-differentials of u#(qyg, -) at it coincide and contain a unique element
of minimal norm Vy,u(qgo, ). We do not know that ®% (4o, -, jt) equals to
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Vwu(qo, 1) (-), however, for y € Iy (e, v), (3.16) implies

u(qo, v) — u(qo, ) — Dgou(qo, 1t) - (go — qo)

(3.17) - /Mz Vwit(qo. w)(e) - @ — &)y (de. d2)

< C(K.7) (190 — o> + Wi(1,v))

for any go,q0 € K and u,v € %,. In fact, we notice that Vy,u(go, i) is the
projection of ®° _(qo., -, 1) onto T}, P5(RY). O

Using the exact same steps as in the proof of Theorem [3.16] we can show an
analogous result for functions depending on time as well. We formulate this in the
following:

COROLLARY 3.17. Letu : (0, +00)xMx &, (M) — R be a continuous function.
Form € N, we define u®™ : (0, +00) x M x (M)™ — R as

™ (19, 0. 9) = ulto. g0. ng" ).

where (q0.q) = (q0.q1.---.dm) € (MY™ ' and u{"*D = Z1L 57 (5,
Suppose that u™ e Clz)’cl ((0, +00) x M x (M)™) and that for I C (0, +00) and
K C M compacts and r > 0, u(’")(lg, qo.-) satisfies the estimates of Property
2.2[1)-(a) and (2) for all (ty.qo) € I x K, with a constant C = C(I,K,r) > 0.
We assume moreover that for any I C (0, +00) and K C Ml compacts and r > 0,
there exists C = C(I, K,r) > 0 such that

‘quu(m)(fo,qo,q)‘ =< C, ‘D§0(10u(m)(t0’q0’q)‘oo < C,

m
Zm|D§iq0M(m)(f0, 4095 < C,

3.18 =1
(3.18) c

[DGq ™ 0. 90. Do < V6
o i#j.i,j>0,

i=j i>0,

and
|94u"™ (0, g0. q)| = C. |32, u™ (t0.90.9)| < C,

(3.19) "
1010 Dgot ™ (0. 0. 9)| < C. > m|Dg; 0101 ™ (t0. g0.9)*> < C.
i=1
forany (to.qo) € I x K andq = (q1.....qm) € BJ".
Then, there exists 1 : (0, +00) x M x P (M) x M — R4 locally Lipschitz-
continuous function such that for any r > 0 and I C (0,4+00) and K C M
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compacts, there exists C = C(I, K,r) > 0 such that for any so,to € I, qo, vo €
K, any u,v € @,(M), and y € Ty(l, v), u satisfies

u(yo.v) —u(qo, &) — Dgou(qo, i)  (yo — qo)

—/ @1(q0, 4,q) - (v —q)dy(q. y)
M2

< C (Ig0 — yo* + W (i, v)).
This implies in particular that

u € Cl((0, 400) x M x P2(M)), Vayu(to. go. 1£)(-)

loc

is the projection of ®1(to, qo. it, - ) onto Ty P> (M) and
u(SOv Yo, V) - “(thCIO, /’L) - quM(IOaCIO, /’L) ° (yO - C]O)

Bugto.go. )60~ 10) ~ [ @1(t0. g0 1.0) (v = Dy(a. )

< C (Iso — tol* + Ig0 — yol* + W5 (1. v)).

THEOREM 3.18. Let % € Ckl)’cl(ﬂz(M)). Let U™ : (M)™ — R be defined as
Um(g) = %(Mf]m))for q € M such that Property 2—3) are satisfied. Then
U e Cct? (P5(M)) in the sense of Definition such that the following hold.

loc
There exist C : (0, 00) — (0, 0c0) monotone nondecreasing and

(1) there are continuous maps
Ao : M x Z2,(M) — R¥*?  and Ay : M x M x Z5(M) — R4*4
such that for p € &»(M) we have

sup [|[Ao(-. p)llLooquy,  sup [AL(. - | Leoquen) = C(r).
WEBy UEB,

(i) Let v € By andy € I'y(u,v). We have

V% (0)(@) — Vo % (1)(q) — Aolg. 11)(G — g)

(320) _ / Av(q.a. w)(b — a)dy(a.b)
M2

< C(lg =g + W5, v))
and
B2 |VuZ (1)(@) — VuZ @) < C (Ig =G| + Wa(p,v))  Yu.v € B,
forall (q,q) € spt(p) x spt(v).
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PROOF. We follow ideas similar to those presented in the proof of Theorem

Recall that for ¢ € B}, we use the notation /,L,(]m) = 1/mY i, 84 and use
a similar notation for g € B!"*. Let us define the matrix-valued functions

A(()m) : U Spt(//«((lm)) « {Mt(]m)} _, Réxd

qeB!
and
A(lm) : U ((spt(,u,((lm)) x spt(uflm))) \{(gi,qi):i=1,... .m}) X {MEI’”)} — R9xd
qgeBy”
as
AL @ 17) = D3 U ),
A (ginqj. 1) = mPDF U™(q), i # ).

Let us underline that we have not defined Agm) (i, qi. ;Lém)) fori = j. Because of
this, later we will need special care when one passes to the limit the corresponding
objects as m — +o00.

We observe that as a consequence of the assumptions and Lemma 3.15(v)-(b.d),
we have that for any r > 0, there exists a constant C = C(r) > 0 such that

_ _ 1
A (@i, n&) = ATV (@ ™| < C(Iqi — il + W™ pI) + ﬁ)

and
A @ g 1) = M @71
(m)

_ _ 1
SC(lfJi—C]ler|ka—fJ1|+W2(M((Im)»M,7 )+ﬁ)
for any ¢g.q € B}, and for any i, j.k,l € {1,...,m}, i # k, j # [. For

every coordinate function (A(()m))aﬂ, (Agm))aﬂ (a, B €{l,...,d}), we define the
extensions

(AT)ap - M x 22(M) > R and (A7) 5 : M x M x 2,(M) > R

aB
as follows. For z,21,22 € M, u € &2>(M) we set
(A5 )up (2 10) 1= f{ AT g (1. 1) + € (1 = 2] + Walpaf™. 1)}
and
(Ag',';))aﬁ (Z1, 22, 1) 1=
inf{(A{™) 5 (ai- qi 1) + Cgi — 21| + lai — 22]) + Wa(ud™. )}

where both infima are taken over ¢ € B, i,k € {1,...,m},i # k.
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Recall that A(()'T;) and Agm) are C(r)-Lipschitz, and we have

N
my . (m) m)( . (m) C m
(3.22) Mg (gi ng™) — Ay (- g )‘oofﬁ YgeB™ ic{l,....m}

and

(m) (m) C
3.23) AT (g qr. 18) = AV (g1, g 18V)| , < T
YgeB” ike{l,....m}, i #k.

ro

If R > 0, 21,22 € Bg(0), and pu is supported by Bg(0), then for all o, 8 €
{1,....d}
i .

—C < (Ag’?’r))aﬂ(zl,m,u) < C + C(|lz1] + |z2] + W2(0, 1)) = C(3R).

We obtain a similar uniform bound on (A(()r"?)m. As in the proof of Theorem (3.16
there are C-Lipschitz functions

Aoyt M x P5(M) — R4 Ay, M x M x 2,(M) — R4,

locally bounded, respectively, on M x £, (M) and M? x &,(M) by a constant

depending only on r and R. Up to a subsequence, as m — —+o00, ( Ag,"r) m

a_nd (Agmr)_)m converge to Ao, and A1y, uniformly on Bg(0) x #(Bg(0)) and
Br(0) x Br(0) x Z(Bg(0)), respectively.
Our next task is to show that
AO,F('?M) ELOO(M’/J“)’ Al,r(-,',/L)GLOO(MXM;/L(g/,L),

(3.24) !
Vu € B N P(Br(0)).

CLAIM 1. Aqp(+,-, ) € L¥(M?; 4 ® ).

PROOF OF CLAIM 1. Let 7 > 0, R > 0, and first let u € Br N P(Br(0)).
Let 21,22 € Bg(0). As we plan to let m tend to oo, there is no loss of generality
to assume R < r4/m. Since ¢ = (21,22,0,...,0) € B”, we have

—C= (A%))aﬂ (21,22, ) = (Agm))a,s (Zl,Zz,Mz(Jm))

+Cr)(lz1 — 21l + |22 — 22| + Wa(ud™. 1))
< C(r)+2rC(r).

Letting m tend to oo we conclude that ‘(Al,r)aﬁ (21,22, M)‘ < C(r) + 2rC(r)
first on M2 x Z.(M) and by continuity, this holds on M? x 22, (M).

CLAIM 2. Ag (-, ) € L=(M; p).
PROOF OF CLAIM 2. The proof is similar to but simpler than that of Claim 1.
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For g, g € B} we have the expansion

mD g, U™ (@) —mDg, U™ (q) —mDZ,, U™q) (@i — 1)

—~ D2, U™ (q)(Gk — qx)
525) mZ 710 U@ G~ a

NIS

m
Z — ) D} 4.0 U™ () @k — qx)

where z is a point on the line segment connecting g to g.

Let u,v € %,y € To(i,v), and let (q1,q1) € spt(i) x spt(v) (which is not
necessarily in spt(y)). Suppose that both spt(x) and spt(v) contain more than one
element. We choose x, y € H such that f{(x, y) = y and so, [{(x) = u, {(y) = v.
Let (Q"~ 1)1—1 be the partition of 2 introduced in Section I} We are going to

choose special values of m := 2! +1 and choose Lebesgue points w; 1 € Ql.zl such
that all the points in Qizl are kept in QZ-ZHI. We set g; = x(w;), ¢i := y(wi)
fori =2,.---,m Set

1 & 1 &
-1) ._ 1
V(m )= — § :8(%’@)’ c(Jm ) — E :ng'v
m—1 m—1-
=2 i=2
(m—1) (-
m—1) _
w i Lt
=2

Since, (gi, i);2, is cyclically monotone,

V(m—l) c FO(Mém_l) (m— 1))

g

By construction (y®~1),, converges narrowly to y. Let Mgn 1y Mgn 1y € H,
the random variables corresponding to the previously chosen points (g2, ..., ¢m)
and (g2, ..., qm), respectively. We have

Jim Wa (™, 1)
(3.26) = lim Wa(ulm=D, p) = lim Wa(ud v

= hm W (M(m 1),\)) =0.
Furthermore,
q q ( D,
Ij(]u(m 1)’M(m 1)) "

and

. q —

tim M2 x| = tim [~y =0
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Using the assumptions on D2 U™ since 7 € B, increasing the value of C

if necessary, we have

q;9k491

m
m Y (i —=x)D3 4q, U™ (@)@ — qx)
k=1

= m|D!11£]1q1 U(m)(z)|oo|q_1 - Q1|2

+m Z 1D} i U (Dol — qicllq1 — q1] +
+mZ|Dq1qlq, U™ (2)loold1 — q111@ — a1

+m Z 1D 40 U @)loolTk — qicl* +

+m Z 1= qil1D}, 400 U™ @)ook — gk
k#1=2
(|q1 a1l> + 131 — qﬂZ |qk—qk|+2 |qk—qk|2)
k= 2
C - _ _
t-3 > 1@ — aillge — gxl
k#1=2

< C(1q1 — a1 + W2l ulmD)).

Thus, this together with (3.25)) implies

m|Dg, U™ (@) — D, U™ (q) — D2, ,, U™ ()@ — q1)

Z D2, U™ (@)@ — q0)| < C(171 — q1* + W (uim=D, u "= 1Y),

Using the definition of Agm) and Agm) we read off

‘Vw%(ug"))(%)—Vw%(u,(]m))(ch)—l\(()m)(ch, (m))(611 q1)

m—1 —
327 _ . /WA(m(q1 a. u) (b — ayy™ 1>(da’db)‘

<C(Ig — il + W22(M((]m—l)’ugm 1)))’
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Now, first by the continuity of V,, %, (3.26) implies
lim V% (u{) (1) = Vo (W(@1).
Jim Vo2 (1) @) = Vo (0)@)-

Before passing to the limit in the other terms, let us further suppose that u, v €
P(Bg(0)) for some R > 0. In light of (3.22), A(()m)(ql, )) and A(m) (g1, qu ))
have the same limit. By the local uniform convergence property of Ag’r), we have

that limp,— 0o A(m) (g1, M(m)) = Ao,r(q1, 1)-
To handle the limit in the last term on the left-hand side of the inequality (3.27)),
we observe that

/Mz A (g1.a. 1) (b — @)y "D (da. db)
_ fM A (g1, a, 1) (b — ayy ™D (da, db)

+ /MZ( AT (g1 a. pi™) = AT (g1.a. pS™)) (b — @)y ™D (da. db)

and by (3.23)), increasing C if necessary, we have that

‘/Mz (A (@1 1$™) = A (a1, 1§™) ) (b — @)y ™=V (da, db)

C

< — b—aly™V(da,db

_ﬁ//Mz| aly™ " (da, db)
r

Eﬁ-

Therefore, it is enough to study the limit of

/M A (g1, a. 1p§m) (b — a)y ™V (da. db).

Since
(m) (m) ¢
\A’" (q1. M{,_ (@), ™) — AT (ql,Mgn_l)(w),u;W)\ ==
and since
A(m)(ql M(m 1)(6‘)) M(m)) A( )(CII,%, (m))
forsomei € {2,...,m} forae. w € 2, we have that

0 o A (g1 MG,y @). 1)

is uniformly bounded with respect to m € {2,3,...}. Thus by the previous con-
vergences and by Lebesgue’s dominated convergence theorem, up to passing to a
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subsequence that we do not relabel, we have that
: (m) q -
dim AT (g1, M,y ™) — A(grx )| = 0.

Thus, up to a subsequence,

lim A (g1.a. p) (b — ayy ™D (da, bb)

m—00 M2

= lim Agﬁ)( (m 1)(0)) Mq )( (m— 1)(0)) (m—l)(a)))dw:

m—00 Q

=fQAl,r<q1,x<w),m<y<w)—x(w))dw

=/ Arr(g1.a, 1)(b — a)y(da. db).
M2

We have all the ingredients to conclude that up to subsequence (3.27)) implies

‘vw%(v)@) V% (0)(@1) — Aoy (@1 )@ — 41)

—/ Avr(qr.a. )b — a)y(da.db)
M2

< C(lg1 — q1l* + Wi(p.v)).

As C is independent of R, we extend the previous inequality to all i, v € %, with-
out imposing that they lie in &(Bg(0)). We also notice that by the assumptions,
i.e., Property[2.2(3), the map g — V,, % (1)(g) is Lipschitz-continuous uniformly
with respect to © € %,. More precisely, Lemma (ii1)-(b) yields that there
exists C = C(r) > 0 such that for all u,v € %, and (q1,q1) € spt(i) x spt(v),
we have

(V% (1. 1)(q1) = Vo % (t,v)(@1)] = C(lq1 — q1] + Wa(u, v)),
so (3.21) follows. O

Remark 3.19. Note that A is a symmetric matrix, as a limit of symmetric matrices.

4 Global Well-Posedness of Master Equations

Throughout this section, we fix 7 > 0 and impose (HI)-(H7). We further
assume

(H8) %, 7 € C21Y(P5(M)) and Uém), F satisfy Property @KS).

loc

Let % be the solution obtained in Proposition and define % : [0,T7] x
Pr(M) — R as (¢, 1) : %(t x) where y = ji(x) By Lemma L the
regularity property obtained on U in Proposmonﬂ ensures that

U (t,-)is Gy (P2(MD),

loc
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We use Remark to obtain that 7 € Clé’cl ([0, T] x Z2(M))) (in the sense of

Definition [3.8), and it is a classical solution to the Hamilton—Jacobi equation

03U + A (Vo) =F(p) in(0.T)x F(M),

@.1) )
w0, 1) = U, in 22, (M).

4.1 The vectorial master equation
Let ¥ : 2,(M) x M — R¥ and define

MV VeV q) = /M Vo ¥ (t, . ) (B)Dp H (b, V (¢, 11, b)) 1(db).

We plan to obtain existence of ¥ : [0, T] x ZZo(M) x M — R4, a solution to the
so-called vectorial master equation

0V + DgH(q, V(t, 1. q)) + Dg V' (t, b ) Vp H(g, V(1. 1t 4))
(4.2) F NV VGVt . q) = Vo T (1)(q)

7/(0’ 2 ) = 7/0(/‘(’)’

as a by-product of the regularity properties of the solution to (4.1)). The lower-order
regularity results in the Hilbert setting are starting points to improve to higher-order
regularity results in the Wasserstein space. First, let us discuss the existence and
regularity of solutions of (4.T)).

THEOREM 4.1. The equation (4.1)) has a unique classical solution

U e ClH([0, T] x 22, (M))

loc

such that % (t,+) € Cligl’w (£23(M)), which has to be understood in the sense of
Definition [3.13)

PROOF. First, we notice that Proposition [I.5] asserts existence and uniqueness
of a solution % € C,\'! ([0, T] x &3 (M)). Then, Theoremwill imply that

loc
U™(t.q) :== % (t, nI™) fort € (0.7), m e N, g € (M)™,

satisfies the regularity estimates from Property [2.2|in B} (0) with constant C(z, r).
We apply Theorem to infer % (¢, ) is of class clv (P (M)). O

loc

Remark 4.2. In this subsection we discuss existence of weak solutions to (@.2).
The regularity of solutions % to the Hamilton—Jacobi equation (4.1)) established in
Theorem [4.1] are enough to differentiate this equation with respect to the measure
variable. This procedure gives us a notion of weak solution to the vectorial master
equation. Better regularity properties of this solution are subtle, and we need ad-
ditional effort to obtain these. We postpone this analysis to Section [5.1} where we
point out a deep connection between the vectorial and the scalar master equations
as well.
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DEFINITION 4.3. We say that ¥ : [0, T]XUMegz(M){M}XSPt(M) — R is a weak
solution to (.2)) if it is locally Lipschitz on its domain of definition, #'(-, u,q) is
differentiable on (0, T') for all u € &> (M), and ¢ € spt(u),

Yy e Gl Ut xspt).

WE P> (M)

Y (t, u,-) is differentiable on spt(i) for all 1 € [0, 7], and . € F>(M) and the
equation (4.2) is satisfied pointwise on [0, 71 x U ;e 2, vy 14} X SPt(14).

THEOREM 4.4. Suppose % (t,-) € cxtv (P2(M)) (in the sense of Definition

loc

B.13). Using the notation in Remark [3.14] we have assumed
Dy (V% (6. p)(+)) € L¥M: ). Vi, %t p)(+.-) € LM x M: p ® ),
Vi e P(M), and a.e. t € (0, T). Then the vector field

VAt e q) i= Vo (1, 1)(9)

defined on [0, T] x | ey (M)AHS X spt(p) solves the vectorial master equation
@.2) with initial data ¥y = V% in the sense of Definition[4.3]

PROOF OF THEOREMH.4l Let i € Z2p(M), let ¢ € C°(M) be arbitrary, and
set £ := D¢. Choose ¢ > 0 small enough such that for all s € [0, ¢], X := id+ 5§
is a diffeomorphism of M into M and |id|?/2 + s¢ is convex. For any g € spt(i)
we have

Vo (t,05)(Xs(9)) = Vo % (1, 1)(q) + sDg V% (1, 1)(q)§(9)

43) b / V2% (1. 1)(q. )E(@)p(da)
M
+ o(s).

Since
/H(z,Vw%(t,as)(z))os(dz)=f H(Xs(q). V% (t,05)(Xs(q))) (dg),
M M

(#@.3) implies

C%(O—S’ ngz/(tvas)) = L%’ﬂ(/"l" Vw%(tv ,LL))

b5 [ DaH (@ 2 . nt0)) E@ptda)
@4y T /M DpH(q. Vo (t.11)(q)) - (Dqu?/(t,u)(q)é(q))u(dq)
+5 /M2 DypH (g, Vo (1, 1)@)) - (Vo % (1. 1)@, ) (@)p(da) ) p(dg)

_F() s /M Vo Z(0(@) - E@(dg) + o(s).
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Similarly,
@45) U0y = 0 U L)+ /M DV (1. 10)(q) - E@(dg) + o(s).

Note that since % is a Ckl)él ([0, T] x P2(M)) solution to @.1), Vo, Z (-, 1)(g) is
Lipschitz-continuous on [0, 7']. Moreover, from equation (4.1) and since Z (¢,-) €
c2hw (P2 (M)), we get that 3;% (¢, -) is differentiable for all r € (0, T'). There-

loc

fore’ alvw%(tv/’l’)(q) = Vwat%(t» M)(q) for all (t’ l’L) € (O’ T) X <922(]‘\41) and

q € spt(u).
Since

3, (1,05) + H (05, V% (t,05)) =0,
@A) and @3) imply
fM (&Vw%(t, (@) + DgH (q. Vo % (1. 11)(q)) — Vwﬁz(u)(q)) ~E(@)n(dq)
4.6 + /M DpH (q, Vo (1, )(q)) - (Dqu%(t., M)(q)é(q))u(dq)
[ Do Vu (@) - (Vo 1)@ O @(da) ) a(dg) = 0.

Since we asserted in Remark that D, Vy, % (¢, 0)( ) is symmetric, {.6) can
be rewritten as

/M [0V (1, )(q) + DgH (q. Vo % (t, £)(q)) — Vo F (1)(q)] - §(q)n(dq)
+ /M DV (t. 1)(@) Dy H (¢, Vo 7 (£, 1)(q)) - £(@)(dg)

+ /M2 (Vo (t.1)(q.a)" DpH (q. Vo (t. 1)(q))) 1(dq) - E(a)u(da) = 0.
Note that
DgH(- V% (t. 1)) + Dg V% (t, W) Dp H (-, Vo % (1. 1))
= Dg(H (-, Vo (t, 1)) € Ty P> (M).
Since the rows of V2, % (¢, 11)(¢. @) belong to T), (M), so does
Vaow (t.1)(q.a) " Dy H (q. Vo % (1. 1)(q))

(as linear combinations of these rows). By the arbitrariness of £ and the previous
claims, we conclude

alvw%(tv/’l“) + DqH(',Vw%(taM)) + quw%(tvM)DpH(',Vw%(t,ll))
+ MV VE ) = Ve (),

p-almost everywhere on g € M. [
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Remark 4.5. At this point we do not know whether all the terms appearing in
(#.2) could be extended to (at least L4 ae) g € M. We have good pointwise
continuity properties of ﬁ;)rw% (,-)(-,-), but we do not know much about the
continuity properties of V;vr w (t.-)(-,-). If we knew

NV NV | . ) = AV Vo % (1. 1. q)

we could deduce that g +— ,/ZL[”I/ , V;—w% ](t, g, }t) is continuous. In the same
time, we do not know whether d; % admits a continuous extension.

As a remark, despite the fact that (¢, u, - ) itself is defined only on spt(it), we
know that it is Lipschitz-continuous there, uniformly with respect to ¢ and p. But
it is not clear at all whether any Lipschitz-continuous extension of this at the same
time would produce a valid extension for 3,7 and V) #. As highlighted before,
we revisit this question in Section[5.1] and in particular there we produce a solution
to the vectorial master equation that is defined for (Lebesgue) a.e. g € M.

4.2 The scalar master equation
In this subsection we assume there exists a function C which assigns to each

compact set K C M and each real number r > 0 a positive value C(K,r). We

assume to be given

(H9) uo, € Ciol (M x 25 (M))

such that

Vu % ()(q) = Dguol(g. jb),

Vu Z(1)(q) = Dq f(q. 1),

Since we can modify L or .# as follows,

(H10) Y(q, 1) € M x P5(M).

P(x,a) = /Q(L(x(a)),a(w)) —r|x(@)?)dw + F(x) + 7| x|?,

we learn from Proposition [B.6| that (H2)) and imply that

M 3 g — ug(q, ) is convex and MxR? 5 (g, v) —
4.7) NS
L(g,v) + f(q, p) is strictly convex Y € &> (M).

Let us remark that by the fact that uq, f € Ckl)’c1 (M x &5 (M)), we have that ug
and f are locally bounded, i.e., VK C M compactandr > 0, 3C = C(K,r) :

luo(qo. w1, | f(qo, W) < C V(qo, ) € K x %y.
We are to find a function u : [0, T] x Ml x #Z,(M) — R that satisfies the scalar

master equation
atu(tv q, /'L) + H(q’ un(tv q, I'L))

+ N[ Dgu(t, -, ). Vyu(t.q. 1)(-)] = f(q. ),

4.8) in (0, T) x M x 2,(M),

u(0,-,-) = ug in M x F,(M),
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where the nonlocal operator .4, is defined as in (0.I). We define the notion of
classical solution to (4.8) as follows.

DEFINITION 4.6. We say that u is a classical solution to (4.8)) if the following

holds. It is continuously differentiable on (0, T) x M x &2, (M), continuous up to

the initial time 0, and the PDE is satisfied pointwise. The vector field M > g

Dgu(t, q,v) is Lipschitz, uniformly with respect to (¢,v) € [0, T] x %, (r > 0).
Furthermore, for all v € &,(M) and for £! ® 24 _ge.

(s.9) € (0.7) x M. DgVypu(s.q,v)(+), VuDgu(s.q.v)(-)

exist, belong to L2(v), and satisfy additionally
@9) [ ((D4%u = TuDyJus..9))) Dy H(y. Dyus. y.»)w(dy) = 0.

Remark 4.7. The condition (4.9)) in the previous definitions needs some comments.
In Theorem we will actually show existence of the Cl(l)él ([0, T]x M x Z5(M))

solution to (4.8). Let us notice that for functions w € Cl(l)’c1 (M x P,(M)),
D4Vyw(g,v)(-) is meaningful for all v € Z7,(M) and for a.e. g € M (see Sec-
tion[5.T). But since Dy w is only Lipschitz-continuous with respect to the measure
variable, Vy, Dgw(g, v)(-) might not be meaningful in general (since Rademacher-
type theorems in (Z25(M), W) are more subtle; cf. [26]). So the C 1! regularity
in general is not enough to ensure ({£.9).

Nevertheless, as the discussion in Section [5.1] shows, the solution that we con-
struct for the master equation (#.8)) naturally satisfies (4.9). This condition in par-
ticular will imply uniqueness of the solution as well.

For m € N, we define
ug”. M x (M)™ >R, UYL F™ (M) - R
as
ug”(r.q) == o (v 1u§). fP0.9) = (),
U ) = o). ) = P (),
where for g = (g1, ..., qm) € (M), puy™ is defined as in (L1).

We impose the following hypotheses on u(()m) and f U™,

(H1D) u(()m)(y, ) f(”’)(y, -) satisfy Properties 1)(a) and (2),

locally uniformly with respect to y € M.

(H12) Dyuf)m)(y, ), Dy f™(y,-) satisty Propertyl)(a),
locally uniformly with respect to y € M.
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Notice that based on the previous assumptions, we have that Dyuf)m) and Dy f (m)
are locally uniformly bounded, i.e., Vr > 0, K C M compact,

3C = C(K.1) | Dyu§™ (3.9, | Dy f™ (v q)| < Cif (v.q) € K x B,

’

At the same time, by the assumption (H5), DL and 8; BgL (for all a, b multi-
indices with |a| + |b| = 2) are locally uniformly bounded.
We assume that there exists a constant C > 0 such that

(H13) ||3232H||L°°(Mde) < C for a, b multi-indices with |a| + || = 3.

We also assume there exists a locally bounded continuous function 6 : 2, (M) —
[0, 00) such that

(H14)

L(g.v)+ f(g. 1) = A1vP=0(w)(lg] +1)  V(g.v) € MxRY, Vi € 2,(M).

Note that it suffices to impose that f(-, u) is convex to have that (H6) implies

(HT4).

Recall that Remark [I.1] (iii) ensures there exists a constant C such that
We assume that there exists C > 0 such that

|DgH(q. p)| = C(1 +|g| + [p]) and

H15 .
I p,L(g.v) < CU+1g]+v]) Y(g. p.v) € M xR

4.3 Examples of data functions

We pause for a moment to give examples of initial data %/ and u, which satisfy
the standing assumptions of this manuscript. Similar examples can be constructed
for . and f as well.

Let ¢g, 91 : M — R be smooth bounded functions with uniformly bounded
derivatives up to order 3. For simplicity, we assume also that they are positive and
¢1 iseven. Fix A > 0 and let ¢ : M — R be defined as ¢(gq) := %|q|2 + ¢o(q)
and assume A is large enough such that D¢ + D2¢; > 0 on M. Then, let us
define % : Y2 (M) — R as

Yo(p) = /qu(q)u(dq) s /M b1 % W@Ou(dq). Do) = Uo(xp.28).

Vi € P5(M), x € H. Then % fulfills the assumptions (HI) and (H2).
Set

uo(qo, 1) = ¢(qo) + (¢1 * 1)(qo)-
Forqg := (q1.....9m) € M™ and gg € M, we have

m "
uf™ (o.9) = $(@0) + Y —1(d0 — 1)

i=1
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and
1 & 1 &
UG = — D o) + 5— D b1(ai — 4)).
m - 2m* 4
i=1 i,j=1
andsoforl <i <m,

1 1
Dy ud” (q0.9) = EDfﬁl(QO —gi) and D,?Oqiu(()m)(qo,q)) = Equbl(y — Xi).
We have
(m) o 1
Dgoug™ (q0.9) = DH(y) + D L Dé1(q0 —q1).-
i=1

>From these computations, one can easily verify that through (H12) are sat-
isfied.

Under appropriate conditions on functions Lg, /, and g, Lagrangians of the form
L(g,v) := Lo(v) +1(q,v) + g(q)
and Hamiltonians defined as H(q,-) := L*(q,-) satisfy (H3) through (H7) and
(H13) through (HI5).

We are ready now to define the candidate for the solution to the scalar master
equation. Givent € [0,T],q € M, and u € %> (M) we define

t
u(t, g, ) = inf{uo(yo,os[m) + / (LG5 3) + (a0t [u])ds :
(4.10) v 0

y e Wh2([0,¢], M), y; = q}-

Here the curve (of[])sefo,¢] is defined in (C3). Define

My(r) = sup [0+ [uo|+T(|fI+]LO,-)]), cx(r):= sup J|uol.
By (0)XZBery (r) B1(0)x %,

Remark 4.8. Letr > 0.
(i) Asuq(-,v)is convex, if Dyu(0,v) # 0, then

Dgu(0, Dgu(0,
MO(M’ v) > MO(O, v) + M . un(o’ ‘))
| Dqu(0, v)| | Dqu(0, v)|
| Dgu (0, v)[?
=ug(0,v) + ———.
| Dqu (0, v)]

Thus, if v € %4,, we conclude that
|Dgu(0,v)| < 2c4(r).

Clearly, the previous inequality still holds when Dg4u(0,v) = 0. Conse-
quently,

uo(q.v) = uo(0,v) + Dgu(0.v) - g = —cx(r)(1 + |g).
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(ii) Suppose (¢, ¢, 1) € [0, T] x B+ (0) x %B;. Then

u(tv q, /’L) S M*(r)’
and so, if y is the unique minimizer in (4.10), we use (HI14) and Remark
(ii) to obtain

My(r) > u(t.q.pn)

> —ener ()1 + 1yO)) — Mu(HT — M*(r>/0 Iylds

t
+ A1 / 7% ds.
0
We conclude there exists a constant M (r) independent of ¢ such that

ft [712ds < M(r).
Hence, ’
4.11) Ve, — VP S M@) | —1] if0<1 <1<t
(iii) By (ii), there is a constant M *(r) such that
lut,q. )| < M*(r) (t,q, ) €[0,T] x Br(0) x B,
Since

(q.v) = Ls(q.v) := L(q.v) + f(q.o5[u]). g = uolg, oplul),

are convex, we obtain that u(z, -, i) is a convex function and so as argued
above,

Dqu(t.q, 1)
[Dgult.q, Wl
LEMMA 4.9. Let (t,q, ) € [0,T] x By(0) x By and let y : [0,t] — M be the

unique optimizer in @.10). Suppose that the assumptions (H4), (H3), (H6), (HIO),
and (HT3)) take place. Then y € C1([0,1]).

|Dgu(t, 4. p)| = u(z,q ¥ ) utg ) < M)+ M),

PROOF. The proof follows the same lines as the one of [12, theorem 6.2.5]. [

PROPOSITION 4.10. Let u € P> (M) and t € [0, T]. Recall [0,t] > s +— ol[u] is
defined in (C.3) in Lemma|C.5}
(1) We have u(t,-, 1) € Cl(l)él (M)). Furthermore, there exists a unique y min-
imizer in (@10) which we denote as s — St[u](q).
() Ifw € Q, x € H, p = #(x), and g = x(w) (meaning in particular that
q € spt(p)), then S§[x](w) = S5[ul(q)-
(iii) Under the assumptions in (ii) we have Dgu(t,q, t) = Vo % (t, 1)(q).
(iv) [0,¢] > s = Dgu(s, SH{l(q), ol[n]) is Lipschitz-continuous, for all
(q. 1) € M x 2, (M).
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(v) We have that u(-,-,u) € c! ([0, T] x M), with Lipschitz constants de-

loc
pending onr > 0, where |1 € PBr.

PROOF. By Remark [4.8(iii), u(z,-, 1) is a convex function. The fact that u(z,
-, ) is locally semiconcave is a standard property. Thus, u(f,-, @) is Cléél (MD).
Since the action

t
y > Adly] = wo(vo, ob[u]) + / L (ys. 75)ds
0

is strictly convex, S![u](g) is uniquely defined.
(i) By the convexity of 4,, any critical point of A, onthe set {y € C1([0,¢], M) :
y: = ¢} is a minimizer. Set
ps = P{[1l(@).
The Hamiltonian associated to Ly, is Hs;(q, p) := H(q, p) — f(q,0ol[u]). Since
DpHs:(q, p) = DpH(q, p),
in light of Proposition [C.2[iv) we have
(4.12)  DpHy(ys. ps) = DpH (Si[x](@), P{[x](w)) = 35S} [x](w) = 7s.
By (HIO)
DqHs(q,p) = DgH(q. p) — Dq f(q,05[1]) = DgH(q, p) — Vu Z (a5 [1)(q)-
Thus, by Remark [3.7]
Dy Hs 1 (ys. ps) = DgH (S{1x](@). P{[x](@)) — VF (5{[uD (@)
= 3, P{[x](@) = —ps.
We use first (HIO), second Remark and third the last identity in (L.26)) to
obtain
Dguo(ro. o 1l) = Vu % (04[1]) (o) = VZ(SguD (@) = P[xl@)) = po.
This, together with (#.12)) and @.13)), implies y is a critical point of A; on the set
{y e C'([0.4], M) : y; = g}
Hence, y is the unique minimizer, which verifies (ii).

(iii) By the optimality property of y, the standard Hamilton—Jacobi theory en-
sures that

(4.14) Vs = DpH(ys. Dgu(s.ys.oglul)) Vs € (0.1).
First, by the strict convexity of H in the second variable, we have that
un(S’VSvO_g[M]) = DUL(J/S’ VS) VS € (Ovt)v

from where, by Lemma4.9]and by the regularity of Dy, L, one obtains that [0, ¢] >
s +> Dgu(s, ys,0l[u]) is Lipschitz-continuous. This shows (iv).
Then, by Proposition[C.2](iv),

Vs = DPH()/Sa Vw (s, Ust [l/«])()/s)),

(4.13)
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which, together with (#.14), implies

DPH(J/Sﬂvw%(S’O{‘[l‘L])(YS)) = DPH(VS7DqM(S’ YS’O;[/’L])) VS € (07 t)
Thus, by (H4)), one has

V% (s, 0g[1]) (vs) = Dqu(s. ys.o5[n]) Vs € (0.1).

Letting s increase to ¢ we verify (iii).

(v) What remains to be shown is the Lipschitz regularity of u with respect to the
variable ¢. But this follows from the dynamic programming principle and from the
time Lipschitz continuity of (ys)sefo,s] and (o [it])sefo,¢] (see Lemma ii) and
Lemma[4.9). O

Remark 4.11. (i) Let u € &,(M), t € [0, T]. Note that in Proposition SHul
is defined on the whole set M and not just on the support of . When x € H is
such that u = fi(x), Proposition [4.10] (ii) reads as

Silx] = Silul o x.
Also,

@.15) dsSslu] = DpH(S{[u]. V% (s, og[uD(SsuD)), s € (0.0),
SHul = id.

(i) It is very important to underline the fact that by Proposition 4.10{iii) we
have that for all (t, ) € (0,7) x Po(M), Dyu(t.-. ) = Vo Z (t. )(-) on
spt(u). Since Dgu(t,-, ) is defined on the whole M (and we will see below
that it is locally Lipschitz-continuous), this produces a very natural extension for
Vuw? (¢, t)(-) to the whole M. This observation will also help us to improve the
previous notion of weak solution to the vectorial master equation, as we will see in
Section[5.11

(iii) Since % is of class Ckl)’c1 (cf. Definition [16} cor. 3.38] yields the
existence of a Lipschitz-continuous extension of V,, % (¢, ;t)(+) to the whole M,
with a Lipschitz constant independent of w. This extension has the property that it
is continuous at (i, q) for g € spt(i). Our result, as described above, because of
the local Lipschitz continuity of Dgu (cf. Lemma[4.13) provides a slightly better
extension.

PROPOSITION 4.12. Forallt € [0,T] and g € M, the function u(t,q,-) is con-
tinuous on P (M).

We skip the proof of this proposition since it is obtained by standard arguments,
similar to those appearing in the proof of Proposition [C.1]

LEMMA 4.13. When (HI)—(HI13)) hold, then u defined in (4.10) is of class
CLL([0, T] x M x 22, (M)).

loc
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PROOF. We proceed by a discretization approach. Let u € Z>(M), ¢ > O,
m € N, and go € spt(u) be fixed. Moreover, given {q1,...,qgm} C spt(p) we
shall use the notation of ¢ = (g1, ...,¢gm) € (M)™. We define

l m
(m+1) _ (m+1) ._ t[,,(m+1)
qu T om+ 1 i:Zquf, o =0y [qu ]

so that o™ +1 is the solution to the continuity equation (C-4) with ,u((ImH) as

terminal condition. Note
1 m
o ng +1) — 5

w1 2 Ostugt i VS € 00
i=0

We define
wmHD D Ve VD S R, 0D 000, Ty (M) D > R

as
+1
"V (o, q0.9) = uo(vo. L"V), £ D (vo,g0,9) = f (vo. nI"D),
and
(4.16)
U(m—i—l)(S,QO,q) =Y (s, M((]m-i-l))’ u(m)(t,qo, q) = u(t, qo. /L‘(Im-i-l)).
Observe
u™(t,q0.9) = uO(QO(O-C[O.C]).U(gm+l))
t
+/(; L(Q0(5~qO~Q)~DpH(Qo(S-Clo.q).Vw%(s.os(m“))(QO(S.qO,q))))ds
t
+/ f(Qo(S,qo,q).os(’"“))ds
4.17) 0

+u§"(20(0.40.0). 00(0.40.4). 0(0.40.9)))
t
+ [ L( Q0. d0.0). Dy H(Qo(s.g0.). 01+ 1Dy U™V, Qo(5.0. ). Q.0 )) s
t
[ 10 (0065.0.). Qo(s.0-0). Q05.0.)) ds
0

where we have set

Qi(s.90.9) := S;[1d" V] (1),
Q(S, q0, q) = (Ql(sv q0, q)’ cee Qm(quo’ q))

Now our first goal is to obtain derivative estimates on u) with respect to the
‘distinguished’ variable g¢ and second, with respect to all the other variables ¢.
Finally, we also derive the necessary estimates involving the time variable ¢ as
well. It is convenient to introduce the notation

ﬁ(()m-i-l), f(m—i—l)’ ym+D o« (M)™ - R

(4.18)
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defined as
(4.19)

7 (o, ¢) = ul" (000, g0, 9), Q0(0, 90, 9), 0(0, 0, q)).

_ t
FOD (g, q) o= /0 F(Qo(s.40.4). Oo(s. d0.4). O(s. do. @))ds

t
VeD (g, q) = /0 L(Qo(s.40.4). Dy H(Qo(s. 40 q).
(m + 1)V UMV (s, 0005, 90, 9), Q5. 0. 9))))ds.

In Lemma [4.15] and Lemma [.18] below we establish the necessary derivative
estimates on these new quantities. These imply in particular that there exists a
constant C = C(T,r, K) > 0 such that for any (g9, q) € B$m+1), go € K (where
K C M is compact), and forall ¢ € [0, 7] and i, j € {0,...,m}, we have

C, i=0,
(4.20) 1Du™(t,q0.9)| <7 C
— 1 >0,
m+1
4.21)
C, i=j=0,
D24 4. Moo < | ey (=) andi>0)or (-] =0, maxii, j} > 0),
c L
W, i#j,i,j>0.
and
m
(4.22) 1Dgodu™(t.q0.q)) < C, Y (m+ 1)|Dg, d,u™ > < C,
k=1
and
(4.23) 19.:u™(t,q0.9)| < C, |92,u"™(t,90.9)| < C.

Let us notice that by definition and the assumption (HI0), u is bounded on
[0, T] x K x A, forany K € M compact and r > 0. Therefore, ™ is uniformly
bounded (with respect to m) on [0, 7] x K x B,

Now, all these properties allow us to verify the assumptions of Corollary
and conclude by this that there exists # : [0, T] x M x £,(M) — R such that
after passing to a suitable subsequence (1™),,cn converges to i in the sense as

described in Corollary [3.17] Let us notice furthermore that #(z, o, i) has to be

the limit of u(z, go, ;L,(]mH ) (since by Proposition u(t, qo,-) is continuous)

and therefore # and u must coincide. Thus, as a consequence of Corollary [3.17|
u e CLL(0, T] x M x 92, (M)). O

loc
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COROLLARY 4.14. Under the assumptions of Lemma .13 we have that the vec-
tor field M > q — Dgult,q, ) is globally Lipschitz, uniformly with respect to
(t,n) €0, T] x By forany r > 0.

PROOF. Letr > 0,7 € [0,T],and u € %By. Let g1,q2 € M. Let (ity)neN be
a sequence in %, such that W (u,, u) — 0asn — —+oo and spt(u,) = M for

all n € N. By Proposition iii) we have Dgu(t, qi, in) = Vo2 (t, iin)(qi),
i = 1,2. In light of Proposition|I.3]and Lemma there exists C = C(r,T) > 0
independent of 7 such that

|Dqu(t.q1. n) — Dqu(t. g2, pn)| = [V % (t, un)(q1) — Vo % (1, un)(q2)|
< Clg1 — q2|.

By the continuity of Dgu(z,g;,-) provided in Lemma [4.13| one can pass to the
limit with n — 400 to obtain

|Dgqu(t,q1. in) — Dgu(t. g2, un)l < Clq1 — g2
The result follows. O

LEMMA 4.15. Let ﬁgm—H), .f(m"'l), and VMtV be defined as in #@.19) and sup-
pose the assumptions of Lemmad.13|are fulfilled. Then, for T,r > 0 and K C M
compact, there exists a constant C = C(T,r, K) > 0 such that for any (qo,q) €

Bi(‘m+1) withqgo € K and i, j €{0,...,m}, we have
(D
(m+1) C, i=0,
Dg.u ,q)| < C
ai %o (qo 61)‘_ Lo,
m+1
and
- C. i =0,
|Dg, f™"V(q0.9)| =1 C .
— 1 >0
m+1
(2)
~(m+1
‘Dgiq,/u(()m—i_ )(QO’Q)‘OO
C, i=j=0,
C
<oy (@=Jandi>0or(i-j =0and maxii.j} > 0).
C

m, l#‘],l,‘]>0,
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and
|D§iqu(m+l)(q0’Q)|oo
C. i=j=0,
C . . . . . . .
< ma1 (f=jandi >0)or(i-j =0and max{i,j} > 0),
c S
m, i #j,i,j>0.
3)
D) C. ifi =0,
Dy, V" <y C
| Dy, (90.9)| < Ciiso
m+1
“4)
‘D;ﬂj V(m+1)(QO’Q)‘OO
C. i=j=0,
c o o N
<im+l (i=jandi >0)or(i-j =0and max{i,j} > 0),
c oy
Ty .
(m + 1) /

As a consequence, ulm) defined in {.17)) satisfied the estimates (4.20) and (4.21))
from Lemma[4.13]

PROOF. As the computations to obtain the corresponding estimates in the case
of 17(()m+1) and f n+1) are completely parallel, we perform these only in the case
~(m+1)
of u .

(1) In the computations below, to facilitate the reading, we will display neither
the time nor the space variables in Q;. Fori > 0, we have

~ 1
Dy g™V (0. )
4og) = Dyug" Q0. Q0. 0)Dy, Qo + D™V (Qo. Q0. Q) Dy, Qi

+ Z Dqku(()m+1)(Q0’ QOv Q)DQi Qk

k=0,k#i
Now, let us recall that by assumption (H10) we have

1
Dyuo(y. 1) = VuZ(w)(»). u™V(.q0.91.....qm) = o (y, "),

forall u € H2,(M), all y € spt(p), and all go, ¢1, ..., ¢gm € M. This implies

Dyud™V(v.q0.9) = Dyuog(y. p" V) = Vi % (") (v).
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and so

Dyud" (g1, q0.q) = Dyuo(gi, ni"+) = Vo % (u" V) (1)

4.25)
= (m+ 1) D4 U (g0, q)

foralli € {0,...,m}.
Let us notice that by (HIT)—(HI2), Lemma[4.16, and Lemma provide pre-

cise regularity estimates on the discrete flow (Q;)yL ), with a positive constant
C = C(T,r, K) such that

(m + )| Dgul"™ (00, Q0. 01..... Om)| < C.
and

1Dy u" V(0. 00. 01.... Om)| < C.

so (1) follows by combining the previous arguments with Lemma .16
(2) Differentiating (4.24)) with respect to ¢; one obtains

Dginﬁ(()m+l)(40’4) = Dy; QOD%y“(()mH)(QO’ Q0. Q) Dy; Qo

m
1
+ 2. Dy, 0k D2, ud" (0o, Q0. Q) Dy, 00 +
k=0

+ Dyu{™ (0o, Q0. 0)D2,, 0o

m
+1
+ Z Dq./' Qngkq/u(()m )(QOv QOa Q)in Qk
k=0

m
1
+ Z Dqk“gnJr )(00. Oo. Q)D,i.qj Ok.

k=0

>From (4.23) we observe again for any i € {0, ...,m},

1
D2u" (g1, q0.9) = D2uo(gi. n" V) = Dy Vi % (1" D) (g1)

= (m+ 1D, U (g0, 9).
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Thus, ifi, j > 0andi # j,

1
D2, 15" (q0.9)|

C n
< e 1 1)[DGg, Ug™ (0. Q)

+ Z 1Dg; Oklool D24, 15"V (00, Q0. Q)loo| Dg; Qolos

k=0

- C
+ (m + 1) Dg UV (00, 0)

(m + 1)

+ Z Dg; Qklool D2, 4, 46" (0, Q0. Q) ool Dy Qoo

k=0

+Z|qu Ql|00‘Dq]\q1 (m+1)(Q0 QO Q)‘ |Dq1 Qk|00
k#l

+ Z‘Dql\u(m-i-l)(Qo, Q0. Q)||D2.4. Okl

Let us recall that by our assumptions, there exists C = C(T, r, K) such that

(m+1) c (m+1)
|D3040Uo (Q0. 0)| = .| D20 (0. Q0. 0)] < pt
D2, us" (0. 00.0)|, < ’"L“’ =l
0> 0, iy C
ql‘ql o© (m+1)2’ k 7é l,
(m+1) C
|Dgug” " (Qo. Q0. Q)] < ——

and by Lemma and by the assumptions on Uémﬂ),

(m+1) C
D4, U, , < .
[DgoUp" " (Q0. O] = -

Therefore, combining the previous arguments and computations, we conclude that

m+1)
‘Dqlq] (qo q)‘oo — ( + 1)2

Similar arguments yield that if i = j, we have

~(m+1)
‘DQIQI ) (610 q)‘oo ~m+ 1

The computations and arguments given above yield that

C
1 1 .
D2, 75"V (qo.q)|, < € and D2, 75"V (qo.9)|, < k>0,

and so the thesis of the claim follows.
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(3) Let us set vg := Dp H(Qop, (m + I)VXOU(’""'D(S, Qo, O)). First, we have

Dy;vo = D2, H(Qo. (m + 1)V, U™ (s, 09, 0)) Dy; Qo

(4.26) + Dy, H(Qo. (m + 1)Vg UV (s, 00, 0))(m + 1)

m
’ Z D;quU(m"'l)(s, Qo, 0))Dy; Ok,
k=0

by using the assumptions (H3) and (H5) on H, Lemma[4.16] and the properties of

D2 UMD we obtain

C C
+
m+1 m+1

m
+m+1) Y |Dg UG5, Q. Q)| oo 1 P Okl
k=1

|D11iv0|oo =

<

c .
ifi > 0.
m+1

The same computation and arguments yield that | D4, vgleo < C.
Now, we compute

Dy, V™ (g0, )

4.27) t
=/0 (DyL(Q0.v0)Dy; Qo + Dy L(Qo. vo) Dg;vo)ds.

Using the smoothness property and the assumptions (H3)) and (H5)) on L, together
with Lemma 4.17, we have that there exists a positive constant C = C(T',r, K)
such that |Q¢(s, )| < C and |Qo(s,-)| < C forall s € (0,1), and so

|DyL(Qo,vo0)| < C and [DyL(Qo.vo)| = C.
Therefore, by combining all the previous arguments, the thesis of the claim follows.

(4) From one obtains

D2, V™ (q0.9)

t
(4.28) = /0 (Dg; QoD2, L(Qo.v0) Dy, Qo + Dy, v0D%,L(Qo.v9) Dy, Qo + DyL(Qo. vo)D,?,-qj Qo)ds
t
+ /0 (Dg; QoD3y L(Qo,v0) Dx;vo + Dy, v9 Dy, L(Q0, v9) Dg;vo + DyL(Qo,v0) Dy, 4, v0)ds.
We first notice that by the arguments from (3), we have that there exists a constant

C = C(T,r, K) such that |Qg(s, )| < C and |vg(s,-)| < C forall s € (0,¢), and
50 [ D3, L(Qo, vo)| < C, |D3,L(Qo,v0)| < C,and |D3, L(Qo.v0)| < C.
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To conclude, from (4.26) we compute

Dé,,,j vo = Dy; Q0D;,,H(Qo, (m + 1)Dygy UV (s, Q0, 0))Dyg; Qo
m

+@m+1) Y Dz, U™V (s,00,0)0)Dy; Qk Dy H(Qo, (m + 1) Dy U™ TV (s, 0, 0)) Dyx; Qo
k=0

+ D, H(Qo, (m + 1) Dy UV (s, @0, 0)) D7, Qo
m

+Dy; @D}, H(Qo, (m + 1)Dy UV (s, 00, Q) m +1) Y D7, U (s, Qo, 0))Dy; Qi
k=0
m

+ D2, H(Qo, (m + 1)Dgy U (5,00, 00(m + 1) Y. Da; 01D} 410U+ (5. Q0. 00)Dy; O
k.1=0

+ D2, H(Qo, (m + 1)Dgy U (s, 0, 0))m + 1) Z D20 U V(s, Qo,.... 0 D2, 4 Ok

>From here, using the assumptions (H5) and (HI3) on H, the estimates on the
quantities DC?OQk Um™m+D and D;;’qu qu (m+1) and Lemma , we obtain that
there exists C = C(7,r, K) > 0 such that

1DZ.4,v0(40,9)] o

C, l:] :O’
C
<dmyg  @=Jandi>0or(i-j =0and max{i.j} > 0).
C i
5 1 .
(m+1)2 g

Combining this with the previous arguments and with (4.28) the thesis of the claim
follows. O

LEMMA 4.16. Form € N and q = (qq, . ...qm) € (M), let

M‘(]m—i-l). ( " 1) 28%’ 0i(s.q) = S [ (m+1)](Qi),
and
Pi(s.q) := (lTl) &t @) 0<i<m.

We set Uém—H)(q) Yy (M(m+1)) and F™+V(q) := 9(/¢L(m+1)) Further as-
sume Uémﬂ) and Fm+1) satisfy Property 3). Then (as in Theorem for

r > 0andt > 0, there exists C = C(t,r) such that for all g € B£m+1), s € (0,1),
andi,j €{0,...,m} we have

C,
(4.29) |1Dg; Qi(s.9)lo0 =4 ¢
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and
C, i=j=k,
430) D7, Qi) < \ougny: (=) FkiFj=ki=k#]
G [ #T#k
PROOF. Let £(-,z) = (o(-,2),...,Em(-,2)) be defined as in (see also
the systems in and (2.7)). By Proposition [C.2] we first observe that
£, =S5
To facilitate the writing, as it is done in Appendix we denote & (¢,-) = £~ (. ),
and so we have
Qi(s.q) = &i(s. (1, 9)).

Thus, by differentiating and using the estimates on (&g, ..., &) and (o, ..., lm)
from Theorem by denoting |-[oo := |||l oo (gun+1y» We have that there exists

C = C(t,r) such that
|D£Ij Qi(s")|00 = Z |DZ/\-§i(s’é‘0(tv')""’é‘m(t"))|oo|qu'§k(tv')|00

k=0
= [Dz;&i (5,80 ), ... Em(t. - )oo|Dyg; 8i(t. ) oo
+ Z |DZk§i(s’§0(t")v .. -aé‘m(ta'))|oo|qu§k(t")|oo
k#£i
C, i =],
<<

Therefore, (4.29) follows. Furthermore, since

m

ngqui(Sa'): Z Dglquléi(SaCO([")a"'9€m(tv')Dqké-lz(t")qu'é‘ll(tv')

11,l,=0

+ Y Dy Ei(s Lot ) Gn (6 ) DG g Gy (1) =
11=0

= Y Dg g 65500t )s o bt ) Dy 81y (1) Dy 1y (110

Lh#Dh

+ Y D2 & (. Lot ). o Lt ) D g Gi(t. ) Dy, G (1)

=0

+ Y Dy Eils ot ) bm (DD g Gy (8,

11=0
we have that (4.30) follows. O
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LEMMA 4.17. Let us suppose that we are in the setting of Lemma [4.13| and in
particular all of its assumptions are in place. Let (Q;)7"_, be defined in [@.18)). Let
(90.9) € MY Then (0,1) 5 s — Qo(s,qo.q) is Lipschitz-continuous with a
Lipschitz constant independent of m and for all v > 0 and K C M compact. Let

us notice that (Qo(s. qo.q))se(o.r) solves @13), with data o [;L,(Jmﬂ)] and final

condition qo. Furthermore, since (o, [M,(Im+1)])se(o,t) belongs to B ry, for some

B(t,r) > 0, the velocity field
(0.0) x M 3> (s.y) > DpH (y, Vo % (5. 6L [ud"V1(y)))
is globally Lipschitz-continuous after a suitable extension of the velocity field
V% (s. o4 [nd" V] ().

Therefore, classical results in the theory of ODEs imply the thesis of the lemma,
and the bound on Qg(s,-,-) depends only on t, K, and the Lipschitz constant of
the previously mentioned velocity field (hence on r).

LEMMA 4.18. Under the assumptions of Theorem u™ defined in @10)
satisfies the estimates @.22)) and (4.23)) from Lemma4.13]

PROOF. In Lemma we showed that u™(z,-,.) € Cl(l)’c1 (M™+1) with the
corresponding derivative estimates and (4.21)), uniformly with respect to
t € [0,T]. Furthermore, since by Proposition {.10(v), u(-,q, pt) is Lipschitz-
continuous for all ¢, € M x Z2,(M), this property is inherited by u, and
therefore u™ (-, qo. ¢) is Lipschitz-continuous on [0, T] for all (g9, ) € M™*1.

Let us recall now the representation formula @.17) of u™(z, go. q). We fix K
to be the closure of a bounded open set in M and r > 0 such that /L,(]mﬂ) € Bm+L,

The regularity properties of 1) and for almost every ¢t € (0,7) and all
(go.q) € M1 yield

3:u™(t,q0,q) + Dagu™ (t,q0,q) - DpH (qo, m + 1)Dgo U™V (1,40, ))

m
@31)  + Y Dgu™(t.q0.q) - DpH(qj.(m + 1)Dg; U™V (e, 0. 9))
j=1

= L(qo, DpH(go, (m + 1) Dgo UV (t,90,9))) + £V (40, 90, 9)-
Proposition . 10{iii) and @.16) yield
(m + 1)DqOU(m+1)(t,qo,q) = Vw‘?/(t,ugm“))(%) = qu”(l,QO,MgmH))-

Now, let us notice that by the definition of u  one has the identity

1
quu(m)(t,qg,q) = quu(t,qg,u((]mﬂ)) + — lku(t,qo,u((]mﬂ))(qo).
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For an arbitrary a € M, if we set in #™+V(¢,a, g0, q) 1= u(t,a,uflmﬁ)), we
have that

(m+1)

— A(m+1)
1 Vet d0. g ) (go) = Dot 0 q0.9)|

and so
4.32)
(m + 1)Dgo U™V (t, g0, q) = Dgou(t. go. p" ")

= quu(m)(t’ q()v q) - quﬁ(m+1)(t’ C]O, qu Q)
We notice furthermore that #(+1 (with respect to the regularity and derivative

estimates) essentially behaves as ™tV (z, go. go. ¢), and in particular by (@.20)
and (4.21) there exists a constant C = C(K,r) > 0 such that

DotV (¢ g0, 90, 9)| < .
| Dy, (qOQOQ)‘_erz

All these arguments allow us to conclude that
|(m + 1)Dg U0 (1, g0,9)] < C.

Now, we differentiate (4.3T]) with respect to the spatial variables.

Differentiating with respect to go, denoting the variables of #+1 as (yq.¢o. ¢),
we find that there exists C = C(T, K, r) such that if (¢,qo,q) € [0,T] x ]Bgmﬂ)
with g¢ € K, then

‘qua[u(m)‘

= ‘Déoqou(m)HDpH(qo, (m + l)DqOU(’"H))‘
+ ‘quu(m)HDng(qo, (m + 1)Dq0U(m+1))‘

+ (n + 1| Dggu ™| D3, H(go. (m + 1) Dgo U D) DF U V)|

m

+ Z‘D;Oqju(m)HDpH(qj, (m +1)Dg, UMDY 4 T+11
=1

where

m
I:= Z‘quu(m)HszH(qj, (m + 1)quU(m+1))‘(m + 1)‘D§Oqu(m+1)‘
=1
+ ‘DQOL(qO’ DpH(qo. (m + l)DqOU(’"H)))‘

+ |DyL{go. DpH (qo. (m + 1) Dg, U™ V))|| D2, H]|
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and
11 := | DyL(go. DpH (go. (m + 1) Dg U™ VY))|| D2 H |(m + 1)| D]
+ [ Dyo £V (g0, 90.9)| + | Dgo £ ™ (q0. 0. 9).

Thus, using @20), @21)), and the estimates on U "1 from Theorem as well
as the hypotheses on the data H and £+ we have

(m+1)
q0aoU" |

|Dq03tu(m)|

1
2 m
1 2
<C+C (Zmpqoq (m)|2) (Z %‘DPH(qj’ (m + l)quU(’”“))‘ )
j=1

1
2

Jj=1
+C+Z ——/m 11Dy, Ny
i=0

mo % m 3
<C - D, r™tH12) <,
< +<§)m+l) (;(nw ) Dg, fTVP) <

This yields the first part of (4.22]), since
DpH (- VU (1. 1" V) () € L2 ("),

with an LZ(u (m+1)) -norm uniformly bounded with respect to m.

If k € {1,...,m}, completely parallel computation gives
|Dq 8tu(m)‘
< |DGeqot ™ || H(go. (m + 1) Dgy U™ V)|

+ (m + 1)|D40“(m)||D1%p (‘10 (m +1)Dy U(m+1))||DquoU(m+1)

+ Z|Dqkqj (m)||DPH(qJ" (m + 1)quU(”hLl)”
+ |Dqku(m>|w\D§pH(qk, (m + 1)Dg, U™TD)|

m
+ Z|quu(m)|(m + 1)|D2,H (qj.(m + 1)Dg, U™ V)||D2
j=1

(m+1)
quUm |

+ |DUL(quDP (610 (m + 1) Dy, U(m+1) )||D2 H|(m + 1)|Dqkqu(m+1)|
+ | Dy £V
C
u™ (m+1)
< C[Dg g™ | + (m+1)|DpH(61k,(m+l)Dqu )|+_(m+1)

+ | Dgy S,

from where, using the same arguments as for the conclusion of the first part of
@22), we find Y7, (m + 1| Dy, d,u"™)|? < C, as desired.
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To show (@.23)), we argue similarly. First, from (4.3T)) we simply have
[
< |Dgou™||DpH(qo, (m + 1) Dg, U™ V)|

m
+ Z |Dq>,~u(m)||DpH(qj, (m + 1)qu U(m-|—1))|
Jj=1

+ | L(qo. DpH(Qo, (m + I)DqOU(m+1)))| + |f(m+1)|
1

m 2 m 1 %
< C+ | Y mDgu™? > —|DpH(gj, (m + 1)Dg, Um+D)2
ji=1 J=1

SC’

where we used the previous estimates and the fact that H (go, quu(m)) and f(m+1)
are locally bounded.
Second, differentiating (4.3T)) with respect to z, we find

‘32 u(m)|
tt
< [3:Dgou™ || DpH (go. (m + 1)D gy U™ V)]
+ [Dgou™)|| D2, H|(m + 1)|3: Dg, U ™1)| +

m
+ Y |0: Dg;u™ || Dp H (qj. (m + 1) Dg, U™ HD)|
j=1

m
+ Y | Dg;u™|| D2, H (gj. (m + 1)Dg; U™ V)| n + 1)]3, Dy, U ™D
j=1
+|(m + 1) Dgo U V(D2 H|(m + 1)|9; Dgo U™ D))

1

m % m 1 2
<C+ Y m+ 03Dy u™2) [ oy Do o 1)Dg, U +D) 2

J=1

Jj=1
+ C(m + 1)]9; Dg, UMD

1

m 2
+C (Z(m + l)|8,quU(’"+1)|2) .

j=1
Let us notice that by (4.32) we have that
~ C
(m + 1)|3[Dq0U(m+1)| < |8th0M(m)| + IBIquu(m+1)| < C + ﬁ,
where we have used that Z;”:O(m + 2)[3; Dgy itV 12 < C. Relying on the
previously obtained estimates and on the fact that by Theorem[2.3]3),

m
> _(m +1D)[3; Dg, UMV < C.,
ji=1
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the claim in (4.23) follows. O

Recall that throughout this section, we have imposed that (HI)-(H7) and (HS))
hold. We are ready to state and prove the main theorem of this section.

THEOREM 4.19. Suppose the assumptions (HI) through (HI3) are satisfied. Then,
the scalar master equation (4.8) has a unique global-in-time classical solution of
class

Cioe. ([0, +00) x M x 25 (M)
in the sense of Definition[4.6]
PROOF. Let T > 0 be a fixed time horizon. Notice that Theorem {.1]yields that
u defined in is of class Cliél ([0, T] x M x Z25(M)).
Let p € (M), g € M, and ¢ € (0,T). Using the representation formula
#@.10), by the dynamic programming principle, we have that for s € (0, 1)
u(t.q.

= u(s, S5[1l(q). o3 [u])

+ / L(Sg[11(q). DpH (S:11l(@). Dgu(r, S¢[ul(9), o¢[u]))d T

t
+ [ (sl ot )

Hence,
i u(t,q. ) —u(s, SHul(g). otul)
sl—>n} [ —s
t
= lim { / L(SL[n1(q). DpH(SL{1l(q), Dgu(t. Stnl(q). oilul)))dt

+ / f(Si[ukq),o;[m)dr},

where both limits exist and are finite, due to the continuity of the integrand on the
right-hand side. Using the chain rule with respect to the measure variable (provided
in Lemma[.20), this is equivalent to

dru(t,q. ) + Dqu(t.q, ) - DpH(q, Dgu(t.q, 1))
+ /M Vatt(t,q. 1)(¥) - DpH (y. Vi 2 (s, 1) () 11(dly)

= L(q, DpH(q. Dgu(t,q. 1)) + f(q. )

Here we used that the optimal curve T > St[1](q) satisfies (@.14), while the curve

T > ol[u] solves the continuity equation (C.4).

Using that by Proposition . 10(ii)
Dou(t,-,p) = V% (t, n)(-) pn—ae.,
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one obtains
flg, ) =0wu(t,q. ) + Dgu(t,q, 1) - Dy H(q, Dgu(t,q, 1))
+ /M Vau(t, g, 1)(y) - Dy H(y, Dau(t, y, i)du(y)

— L(q. DpH(q, Dgu(t.q, 1))
= du(t,q, n) + H(g, Dqu(t.q, )

+ / Vuu(t.q. 1)(y) - Dp H(y. Dgu(t. y. w))p(dy).
M

where we have used the Legendre duality in the last equation. The arguments
in Section imply in particular that u also satisfies the condition (@.9). This
completes the existence part of the theorem.

Uniqueness. Let u € Ckl);l([O, T] x M x %2,(M)) be a solution to (4.8). Let
t€(0,7), e P(M),and z € H be fixed such that {§(z) = u. Using the vector
field Dp H (-, Dgu(-.-,-)), let (05)se(0,r) be the unique solution to the continuity
equation

0505 + V- (05Dp H(-. Dgu(s, -,05))) =0 in 2'((0.1) x M),
O = (.

Since Dgu is locally Lipschitz on [0, 7] x Ml x &7,(M) and the vector field M >
g — Dgu(t,q,v) is Lipschitz, uniformly with respect to (z,v) € [0, T] x %, the
existence and uniqueness of o above follows from standard arguments and from
the adaptation of theorem 3.3 from [30].

Then, in H we consider the ODE

Xy = DpH(xs, Dqu(s, x5,05)), s € (0,1),
Xt = Z.

(4.33)

(4.34)

This has a unique continuously differentiable solution x : (0,¢) — H.

CLAIM 1. We have that (x,) = 0.
PROOF OF CLAIM 1. Indeed, let us denote o := f(xs); we have

asas + V . (EstH(' N un(S, ',Us))) == O,

in the sense of distributions. But the vector field (s, q) — D, H(q, Dgu(s.q,0s))
induces a unique solution to the continuity equation; therefore o and ¢ must coin-
cide and the claim follows.

CLAIM 2. The unique solution x to (4.34) satisfies the Euler-Lagrange equa-
tions

DL (3. ¥4V F (1) = 0Dy, x}) and DyLx(0).X'(0)) = VZo(x(0)).

a.e.in Q2.
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PROOF OF CLAIM 2. Let us notice first that by our assumptions D, L(g, - ) and
D, H(q,-) are inverses of each other for all ¢ € M. Furthermore, we have

DqL(q. DpH(q, p)) = —DqH(q, p) Y(q.p) € M xR,
Indeed, this last equation is a consequence of the Legendre-Fenchel identity
H(q.p) = p-DpH(q, p) — L(q. DpH(q. p)).
Now, from by continuity, by (HI0), and by the fact
Vo % (05) (xs) = V().
one can deduce that
x'(0) = Dp H(x(0), Dquto(x(0). 09)) = DpH (x(0), Vi %o (00)(x(0)))
= DpH(x(0). VZ(x(0))).

which by inversion of D, H (x(0),-) is equivalent to

Dy L(x(0),x(0)) = V% (x(0)).

0
Then, from (4.34), again by inversion of D, H (xs,-) we have

Dy L(xs,x5) = Dgu(s, x5, 05).

Since u € Cl(l)’c1 ([0, T] x M x &5 (M)), for a.e. s € (0,¢) we have
(4.35)

%DUL(XS,)C;) = 05 Dqu(s, x5, 05) + ngu(s,xs,as)DpH(xs, Dgu(s, x5, 05))
+ /M Vuw Dgu(s, xs,05)(a) - DpH(a, Dgu(s,a,oy))os(da)

= 0sDqu(s, xs,05) + quu(s, Xs,05)DpH (x5, Dgu(s, xg,05))

+ fM DgVyu(s, xs,05)(a) - DpH(a, Dgu(s,a,o0s))os(da),

a.e. in €2, where we have used (4.9) in the last equation. Let us note that the
previous computation is meaningful. Indeed, by the regularity on u (see also the
arguments in Section [5.1)), we can differentiate the master equation (4.8 with re-
spect to ¢, and so for ! ® Z%-ae. (s,q) € (0,¢) x M and for all v € 25 (M)
we have

aSun(S’ qv \)) + ngu(&q, V)DPH(q’ un(sv q5 V))
(4.36) +/ Dy Vyu(s,q.v)(a)DpyH(a. Dyu(s,a.v))v(da)
M

= Dg f(q,v) — DgH(q, Dgu(s,q.v)).
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We notice that (HIO) implies that D, f(g,v) = V% (v)(¢) and so, by combining
(#.35)) and (@.36) one deduces

%DUL(xs,x;) = Dy f(xs,05) — DgH (x5, Dgu(s, x5, 05))
= Vyu F(05)(Xs) + Dy L(xs, Dgu(s, xs, 05))
= Vﬂ:(xs) + Dy L(xs, Dyu(s, xs,05)),

and so the claim follows.

CLAIM 3. Foreacht € [0,T] and u € Z»(M), u(t,-, u) is uniquely deter-
mined on spt(u).

PROOF OF CLAIM 3. By the strict convexity of the action, the previous claims
show that (xs)se(0,r) is the unique solution in the action minimization problem

(L.5) for U (t,z) Butsince U € Cklx’:l([O, T] x H) (as we showed in Proposi-
tion [I.5(ii)), we have at the same time that the optimal velocity for this curve is

Dy H(xs, V% (s, xs)), and so, by the convexity of H in the second variable, one
deduces that

Dau(s, xs(w), 05) = VU (5, x5) (),

fora.e. w € Q. This further yields that the vector field g — D4u(s, g. o) is unique
(i.e., does not depend on the solution u) on spt(oy) for all s € [0, ¢]. From here
we also deduce that for each u € &7, (M), the solution to the continuity equation
(#.33) is unique (independent of the solution u) and this corresponds to the unique
minimizer in the action minimization problem, i.e., to the solution to (C.4).

Now let g1 € spt(u) and let (¢s)se(0,r) be the unique solution to

q;‘ = DPH(qS’un(S’ qS’US))v s € (07 t)v
qr = 41.

(4.37)

It is clear that g5 € spt(os) for all s € [0, ¢]. Moreover, for each fixed g1, the curve
solving (4.37) is unique (independent of the solution u).
Using the Legendre duality, the master equation for u can be rewritten as

dsu(s.q.v) + Dqu(s.q.v) - DpH(q. Dgu(s.q,v))
—i—/ Vwu(s,q,v)(a)- DpyH(a, Dgu(s,a,v))v(da)
M
= f(q’ V) + L(q’ DPH(qv un(sv qv U))),
and replacing in (g, v) = (¢, 05) the chain rule gives us
d
(4.38) s (u(s,qs,05)) = f(gs,05) + L(Qs’ DpH(gs, Dgu(s, gs, Us)))-

Now, let u € C 1’1([0, T] x M x &(M)) be another solution to (4.8) in the

loc

sense of Definition By the previous arguments one has Dg,iu(s,q,05) =
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Dgu(s,q,05) for all s € [0,¢] and ¢ € spt(os). Then, similarly to (4.38), one
has that

d
(4.39) a (u(s.gs,05)) = f(gs,05) + L(Qs, DPH(CISv Dq“(s’%,as)))-

By defining now w : [0,¢7] — R as w(s) := u(s, ¢s,05) — U(s,qs, 0s), we have
that w’(s) = 0 (by subtracting (#.39) from (.38)) and w(0) = 0. Therefore one
must have w = 0 and so u(s, gs,05) = u(s,gs,0s). By continuity one has also
that

u(t,qr, ) = u(t,q1, ) Yqi € spt(p).

CLAIM 4. u is a unique solution to (@4.8§).

PROOF OF CLAIM 4. It remains to show that if ¥ and u are two solutions to
#@.8), one has u(t,q, ) = u(t,q, p) forall g € M \ spt(it). Suppose that u does
not have full support; otherwise there is nothing to prove. Let go € M \ spt(u). For
e > 0 let pe stand for the heat kernel centered at 0 with variance ¢ > 0, and define
Ue := W * pg. Then one obtained a fully supported smooth probability measure .
such that W (i, pte) — 0 as ¢ | 0. Therefore, we have

u(t, qo. pe) = u(t, qo, pe)-

By the continuity of both u and p, with respect to the measure variable, one can
pass to the limit as ¢ | 0 to obtain that

M(l, qo0, /’L) = ﬁ(t’ q0, I'L)v

as desired. O

Despite the fact that the velocity field v(z,-) := Dy H (-, Vyy% (1, ) appear-
ing in the continuity equation (C.4) typically does not belong to 7, Z7>(M), we
have the following chain rule (cf. [[39] in the compact setting).

LEMMA 4.20. We assume that the hypotheses of Theorem take place. Let T >
0, 10,2 € (0,T), s € (0,2), g € M, and n € P, (M) and let (0,1) > s +> ol[u]
be the solution to the continuity equation (C.4). Then

i u(fo.q. k) — u(to.q. ot [u])
m

s—t r—s

_ /M Vuu(to.q. 1)(¥) - Dy H (v, Vo2 (1. 1) (9))e(dy).
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5 Further Implications of the Scalar Master Equation
5.1 Improvements on the notion of weak solution to the vectorial master
equation

Let us recall that the first part of Theorem asserts the existence of u €
Ckl)él([O, T] x M x &7,(M)), which satisfies the scalar master equation

deu(t,q. ) + H(q, Dgu(t,q, 1))
+ /M Vwu(t,q, w)(y) - DpH(y, Dgu(t, y, w)(dy) = f(q, ).

Let us observe that all the terms in the previous equation are locally Lipschitz-
continuous with respect to the g-variable. Indeed, except the nonlocal term, the
Lipschitz continuity of the others is a consequence of the regularity of u and the
data. Setting v(z, y) := DpH(y, Vw?/(t, /L) (y)) and denoting by v(z, - ) the pro-
jection of v(z, -) onto T}, &> (M), we have that

/ Vult, g () - vt y)u(dy) = f 1 (1. g . y) - T ) (dy),
M M

where ®; is defined in Corollary This relationship holds because we have
that Vy,u(t, g, i) () is the projection of ®1(z, g, p.-) onto T, &> (M). Since

@1 € CL1(0, T] x M x 22,(M) x M),

loc

G.D

the function g + [y, ®1(z, g, 1t y) - v(t, y)pu(dy) is locally Lipschitz-continuous
and for (Lebesgue) a.e. ¢ € M, we have

/M Dy Vuwu(t,q. ) (y) - v(t. y)uldy) = /M Dy ®y(t.q, . y) - 0(t. y) pu(dy).
Therefore, we are allowed to differentiate (5.1)) for (Lebesgue) a.e. ¢ € M to obtain
1 Dqut,q. ;1) + DgH (q, Dgu(t,q, 1)) + Dju(t,q. ) DpH(q, Dgu(t,q, jv))

+ /M DgVwu(t,q. ) (y) - DpH (v, Dqu(t, y. m))u(dy) = Dq f(q. p)-
By Proposition 4.10{iii) we know that for all (¢, 1) € (0, T) x P2(M),

Dqu(t, -, u) = V% (1, u)(+) onspt(u),
where % is the unique solution to (4.1)). Since D4u is locally Lipschitz-continuous

with respect to all of its variables, it serves a natural extension for V,, Z (¢, i) ()
to the whole space, and so we have

Vo % (1, 1)(q) + DgH(q, V% (1. 1)(q))
+ Dg Vo % (t. 1)(q) Dp H (g, Vo % (1. 1)(q))
n /M DgVastu(t.q. 1)) (y) - Dy H(y. Vs (1. 1) () (dy)
= Dq fq. 1) = VwZ (1)(q),

5.2)
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forall (¢, u) € (0, T) x H2(M) and for (Lebesgue) a.e. g € M.

In Theorem we have seen that 7 := V% solves the vectorial master
equation (4.2) when the variable ¢ needs to be taken in spt(i). Since we have a
correspondence between all terms in (4.2) and (5.2)), except the nonlocal ones, we
can deduce that we must have

MV VY )
= Ml Vo Vi, % )t )

_ /M DgVou(t.q. 1)) - DpH(y. V% (¢, 1)(y))pa(dy)

for ¥4 -ae.q € M.
This fact implies furthermore that

[ PVt q. 01D, HO. Dty ppcdy)
(5.3) = /M Vu Dgu(t,q, 1)(y)DpH(y, Dgu(t, y, u))p(dy)
= /M Vow (1. 1)(q, y)DpH(y, Dgu(t, y, ) pu(dy)

for all u € (M) and for Z' ® Z%-ae. (t.q) € (0,T) x M, which shows in
particular that the function u constructed in the first part of the proof of Theorem

satisfies also (4.9).

All the previous arguments allow to formulate the following:

PROPOSITION 5.1. The weak solution V' to the vectorial master equation
provided in Theorem.4| can be extended in a Lipschitz-continuous way to [0, T X
P> (M) x M such that this extension still solves at every (t,n) € (0,T) x
P> (M) and at £%-a.e. g € M.

Remark 5.2. Relying on the very same procedure as in Theorems [2.3| and [3.16] if
we assume higher regularity properties on the data (as H, L € C* with uniformly

bounded fourth-order derivatives, .7, % € Cliél’w and fiug € Cé;l), one can

improve further the regularity of both ¥ and % (as u € Ckz);l and 7% € Clgél’w).
Such improvements would imply furthermore that one could have the vectorial
master equation satisfied for all ¢ € M (rather than £4_ae.). We do not pursue
the realistic goal of improving the regularity of u only to avoid writing a longer

paper.

Appendix A Hilbert Regularity Is Too Stringent
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for Rearrangement Invariant Functions

Let ® € C2(2,(M)) and let ® € C2(H) be such that ®(u) = P(x) if p is
the law of x. Recall that

V23 (x)(h. ) :/QDq(VwCD(M))oxirh* dw

(A.1)

—i—/ V2 0 @) (x (@), x () ) h(@) - ha(0x)dw dws
Q2

if§ ¢ Ty P (M)andh =Eoxand hy = &x 0 x.
Fork € N and g € C%(M¥), we define
a)ék)(x) = /Qk g(x(@1).....x(wx))dw;---dwx Vx € H
and

oW () = /Mk 2@ qr(dan) - p(day) Y € Py,

Let Py be the set of permutations of k letters. Replacing g by its symmetrization
~ 1
g(X1.....xp) = Il Z g(Xz(1ys - s X (k)
Te€Py

we have &)gc) = 5%“. Therefore, there no loss of generality to assume g is sym-
metric.
We do not know how to write (A.I)) for general h,hy € H\ {fox : § €

T,,27>(M)}. In some cases such as when o= &)fgk) for some smooth g, then (A.])
extends to i, hy € H\ {§ o x : § € T, F>(M)}. This can be checked by hand by
writing the Taylor expansion of second order of

g(x(w1) + h(w1). ..., x(wk) + h(wg)).

Another example is when
1
(A2 o) =6(5 [ laPud) v € 2200

and so P(x) = 6 (% ||x||2) Vx € H. Writing the second-order Taylor expansion,
we have

VB = /(5151 ).

and

~ 1 1
(A3) V2®(x)(h,h) = 9/(§IIXII2)IIhII2 + 9"(§IIXI|2)(x,h)2 Vx,h e H.
‘We conclude

(at Dy(Vun) = /(5 [ laPutdn )ia i€ 22
M



DISPLACEMENT CONVEX POTENTIAL MFG 99

and

1
V2, ®(1)(g, b) = 0”(5 [ laPutn))amp Ve 220 va.b e s

Thus, when & is of the form (A.2), continues to hold for all &, i, € H. Note
that the expression in is constant on M. In fact, we shall see this is not a
coincidence, which is the aim of these notes.

Our goal is to show that if d e (H), then Dy, (Vw @(u)) must be a constant

loc
function on spt(w). This will allow us to make inference about the dimension
of 2% (H) N {a)ék)} for any natural number k. In conclusion, the set of ® €

loc

Cliéa (H) may be too small in some sense and a theory of mean field games for

functions ® € Cliéa (H) may be too restrictive. Hence, Cl(zjéa’w (92 (M)) (cf. def.
[3.13) is a better space for a general theory.

LEMMA A.1. Let o« € (0, 1] and assume ® € Cliéa (H) is rearrangement invari-
ant so that it is the lift of a function ®. If (A.I) holds for all h,hy € H, then

Dy (Vw @(u)) is constant function on spt(iL).

PROOF. Let x € H and let i be the law of x. Fix an open ball B C H that
contains x and choose kg > 0 such that

(A5) (V2B(00) — V28(3) ) (h h) < kgl x = y]|*
forall y € B and all 4, h4 € H such that ||A]], ||h«] < 1.

Let o € CZ°(M) be a probability density function whose support is the unit ball
in R9. For Z,Z% € R4 unit vectors and for w,o0 € Q, we set

h€ =z.\/02, h§ = Z*\/Q_g, 02 (w) := e_dg(w 6_0).
Let y € H have the same law with x. We have
(V2O(y) = V2B(x)) (h€. )
:/;2(Dq(Vw(b(ﬂ))(.V(a)))*Dq(qu)(l/«))(x(w))>h(a))'/1*(0))
- /m (Viwfb(u)(y(w). Y (@4)) = Viyuy (1) (x (@), X(w*)))h(w) “hx(0x)dw dox
A6 _ /Q (D (Vw @) (+(0 + ca)) — Dy (Vu®(0)) (x(0 + €0)) )z - ze0(a)da
+ed fgz V2, ®(u)(y(0 + €a), y(0 + €b))z - zx Vo(@o(b)da db

— e / V,%WCD(;L)(X(O +ea),x(o + eb))z -zx.v/o(a)o(b)da db.
Q2
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Since @ € CL1(B), V2., ®(uw) is bounded, we use (A.6) to obtain that if o is a
Lebesgue point for (Dy Vi, ®(11)) o y and (Dg Vi, @()) o x, then

lim (V20(y) = V20(x) ) (<, hS)
= (P4 (Vu®(0)) (3(0)) = Dy (Vao ®(10)) (¥(0)) ) - 2.
This, together with (A.5) implies that if y € B then
(A7) 1Dg (Vi @(1)) © y(0) = Dg (Vi @(1)) © x(0)| < i flx — y|*.

In the spirit of the proof of Lemma[3.11] set
Qo 1= {a) € Q | w is a Lebesgue point for x, DgVy, ®(1) o x} Nx~Y(spt(w)).

Note that £2¢ is a set of full measure in €2 and so, x(£2¢) is a set of full u-measure.
In fact, we do not know that x (£2¢) is Borel, but we can find a Borel set A C x(2¢)

of full p-measure.
Assume in the sequel that 0 € 4 and set g1 := x(0). Assume we can findo € A

such that g» = x(0) # ¢g1. Let r > 0 small such that B, (o) N B;(0) = &. Set

W, ifweQ)\ (Br(o) U Br(5)),

Sr(w):=sw—0+o0, ifwe Br(o),
w—0+o0, ifwe B(0).

Since S, preserves Lebesgue measure, x and y := x o S, have the same law u.

‘We notice
lx— P = 2[ (@) — x(w + 7 — o) dz
(o

and so, for 7 small enough, y € B. By (A.7) implies
D4V ®(11))(d2) = Dy (Vuw ®(10)) 1)
= |Dg(Vu®()) 0 y(0) = Dy (Vu ®(w) 0 x(0)|

5/(3(2/ |x(z)—x(z+5—o)|2dz)
B, (0)

We let r tend to O to conclude the proof.

PROPOSITION A.2. Forany a € (0,1] and k € N, we have
dim (Cz’“(H) N{D, : g € C24MFK), | D2g||L < oo}) < 0.

loc

PROOF. We aim to use Lemma since this asserts that Dy V,, @ (1)(q) is a

constant matrix C () which depends only on p.
In particular, in the case of k = 1, we have D;Vy, ®g(1)(q) = D?g(q), and

this being constant implies that g is a polynomial of degree 2, so the claim follows.
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For k € N general we have
DeVus @ = [ D} 8.2 @) . ()

+ /Mk_l Dy 0 8@1.42, - qk—1, Qp(dqn) . .. p(dgr_y).

In fact, by [21]]
C(u) = DgVy @g(1)(q)

(A.8) =k ka1 D ,8(4.q2. .- qr)i(dq2) ... p(dgy)

(A.9) = kakl Dy 0 8(q1,q2, .. qk—1. Pp(dq1) . .. p(dgi—1),

pu-a.e. For simplicity, let us set & = 2 (the proof of the result for general k € N
follows along the same lines). Let @ € M and ¢ € Cp(M) be a fully supported
probability measure and let p. be its standard rescaled function. The measures
0¢(g — a) have the whole M as their support, and so

/M D3 4,8(q.92)0e(q2 —a)dgy = /M D3 4,,8(@.42)0e(92 —a)dgqy ¥q.q € M.
Letting € tend to 0 we conclude

Dgllhg(q’a) = Dglqlg(c_i’a)‘
In fact,
Délqlg(Q’a) = Dglqlg(q’ a) = D;zng(a7 q) = D;zng(a’ q) = C(a)
>From these arguments, one can conclude that both g1 — Dgl N g(g1.a) and
ga > Dgzng(a, g») are constants for all ¢ € M; therefore the g, +— g(g1,a)
and g2 — g(a,g>) are polynomials of degree at most 2 for all ¢ € M. By an

adaptation of the result of [18] we conclude that g needs to be a polynomial of
degree at most 2. The result follows. O

COROLLARY A.3. Similarly, for the example in (A.2), if ® € C>*(H), then by

loc

Lemma(A.1|and (B:4) we have that 6(t) = cot for some co € R.

The result from Proposition in case of k = 1 is the consequence of the
proposition below, where we show that assuming even only C? regularity (instead
of C?%) for functionals on H having local representations might result in triviali-
ties.

PROPOSITION A 4.
CH)N{D, : g € C3(M), | D?gllre < 00, [ID3gllLe < 00, D3g # 0} = 2,



102 W. GANGBO AND A. R. MESZAROS

and so
C*(H) N {®, : g € C*(M), |D?g|lL < 00, | D3gllLe < 00}
is a finite-dimensional space.

PROOF. For simplicity, let us suppose that ¢ = 1 and so = [0, 1]. The result
in higher dimensions follows from similar arguments.

For x, y € H we can write the following expansion for ®g:
(A.10)

/ g @)do — / (@) do — / ¢ (@) (@) — x(@))dw
Q Q Q

1
-5 / g"(x(@)(y(@) — x(w)*dw
Q

1,1 p1
:f / / / t2sg" (x(w) + ts1(y (@) — x (@) (¥ (@) — x(0))> dr ds dt dw.
2 Jo Jo Jo

By the assumptions on g’”, there exist constants cg, ¢, having the same sign, such

that on a bounded open interval ¢g < g”’ < ¢;. Without loss of generality, let us
suppose that this open interval is (—1, 1) and 0 < ¢g < ¢1.

CLAIM. The right-hand side of (A.10) is not of order o(||x — y||?) when x = 0.

PROOF OF THE CLAIM. Let x(w) = 0 and y,(w) = 0" forw € Q andn € N.

Then clearly |y, |?> = ﬁ — 0 asn — +o00. We write the previous expansion

for y, and x. In particular, the remainder satisfies

1 p1 p1
€ y(w)dw < / / f / 2sg" (tstyn(w)y(w)dt ds dt dw
(All) 6 Q QJO JO JO

=2 [ o
6 Ja

We easily find fol v (w)do = #_H Therefore dividing (A.T1) by ||v,||*> and
taking n — o0, we find

20 o i ! //Tfl’z "5 tyn(@)y3 @)t ds di do < -5
— im —— s sTyn(w w)dtds w < —.
18 = oo lyal2 Jao Jo Jo 108 RN 18
The claim follows and so does the thesis of the proposition. O

Appendix B Convexity Versus Displacement Convexity

B.1 Displacement convexity versus classical convexity

Using the terminology of [[14], in this section will consider weakly Fréchet con-
tinuously differentiable functions ¥ : &, (M) — R and denote their weak Fréchet
differentials as fs—z : R x P (M) — R. Let ¢p1.¢ € C2(M) be functions of
bounded second derivatives such that ¢ is even. Set

%w:;@mwwmwxue%M)
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and

P () = ) + /R $(@u(dq). e Pr(M).

Remark B.1. Recall from [14] that is monotone if and only if ¥ is convex

in the classical sense. Furthermore, the function #] is a twice weakly Fréchet
continuously differentiable function, and

¥4
S—MI(q,m (¢1 * 11)(9). —(q 1) = (@1 * (@) + ¢(q),

and

52"// 82y
1(61 Yo ) = 5 (G, y. 1) = ¢1(g — y).

LEMMA B.2. If we further assume ¢y € L1 (M), then 88_;/: is monotone if and only
if the Fourier transform ¢y is nonnegative.

PROOF. Denote the Fourier transform of ¢; by $1 Note that for any f €
LZ(M) by Young’s inequality we have ¢ * f € L2?(M), and so f(¢1 x f) €
L'(M). By the Riemann-Lebesgue lemma, q§1 € Co(M). Furthermore, (]51 is even
and has its range contained in the set of real numbers. By Remark B.1]§¥% /8 is
monotone if and only if #] is convex. Thus, using the expression of §27%; /8>
in Remark we conclude that §%'/§p is monotone if and only if for any f €

C (M) N L?(M) such that Jy f(@)dg = 0wehave 0 < [pa (1 * f)(q) f(q)dq.
Thanks to Plancherel theorem, §% /§u is monotone if and only if

0< / $1 % [(6) F*(§)dE = f 1 (&) f (&) f*(E)dE = / 1 (O f(©) dé.
R4 R4 R4

This concludes the proof of the lemma. U

LEMMA B.3. Assume A > 0, Ay € (=A/2,A/2), ¢ is A-convex, and ¢1 is A1-
convex. Then

(1) 7 is k-displacement convex, hence displacement convex, where k ;= A —
2|)Ll| > 0.

(i1) If we further assume ¢y is nonnegative, ¢1 = 1 on the unit ball, and
¢1 = 0 outside the ball of radius 2 centered at the origin, then ¥V fails to
be convex in the classical sense.

PROOF. (i) As above, denote the Fourier transform of ¢ as $1. Let us consider
o € AC5(0, 1; #23(M)) to be a geodesic such that its velocity v is not identically



104 W. GANGBO AND A. R. MESZAROS

null. Since ||v¢||o, is independent of ¢, it is then positive. We have

d_zy/(g)—/ D?¢(q)ve(q) - v:(9)o¢ (dq)
172 1) = " q)velg) - ve\q)olaq

4 / D2$1(q — w)ve (@) - ve (@) (dq)or (dw)
M2

+ [ D = w)ue(a) - ve(won(dor(du)
> Mol + AaloelZ, — Al = elvrl2,

This completes the verification of (i).

(ii) Since ¢ is even, the range of its Fourier transform is contained in the set of
real numbers (including negative ones). Assume on the contrary that the range of
651 is contained in [0, co). By the Fourier inversion theorem we have for x € M,

61(0)] = ‘ [M&(@fz”i“ds < [M BL®)dE = fM$1<s>ds=¢1<o>.

Since ¢1(x) = 1 = ¢1(0) on B(0), the ball of center 0 and radius 1, we must
have

(B.1) 1(8) cos(2mx - £) = |$1(E)] = $1(E)  V(x.£) € B1(0) x M.

Since ¢; is not the null function, $1 cannot be the null function. Choose &g such

that ¢p1 (§0) > 0, and since ¢ is continuous, we can assume without loss of gener-
ality that & # 0. By (B.I), cos(2wx - &) = 1 for all x € B;(0), which yields a
contradiction. One concludes the proof of (ii) by Lemma[B.2] U

B.2 Convexity versus displacement convexity of the action

Here we would like to emphasize the fact that imposing the joint convexity as-
sumption on the Lagrangian action, as in (H7), comes as a natural assumption
for displacement convex potential mean field games, which are considered in this
manuscript. We compare this to the more standard monotonicity assumption in
potential MFG.

Assume L, H € C'(M x R?) are such that H(q,-) and L(q, -) are Legendre
transforms of each other. We consider the actions

;z{OT (o,v) := /

0

T

([, Havetanontaa) + 7o) a
over the set of pairs (o, v) such that
(B.2) 30 +V-(ov)=0 2'((0.T) x M).

Recall that if we set V f(q, ) := Vy F(1)(g) then f monotone means .# is
convex.
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We can rewrite JZ/OT (0, v) in terms of the momentum by setting

T T dnt a
A (0,1]) = L(q. 52 @))ou(dg) + F(o0) ) dt
0 M doy
over the set of pairs (o, 1) such that || < o; and
(B.3) 3o +V-n=0 2'(0.T)xM).

In fact, for each ¢ € M we introduce the function Zq "R xRY > R U {oo},
defined as

pL(g. %) ifp>0,

(B.4) Ly(p.e):= 10 ifp=0,e=0,

+00 otherwise.
Here 0 := (0,...,0). Since L, is homogeneous of degree 1, whenever p is a prob-
ability measure and £, ..., &, are signed Borel measures, the following function

is well-defined:

[ Lo(udq).d8) if |¢] < .
M

+00 if |§] &£ p.

Let & be the set of (o,n) such that 0 € AC,(0,T; %, (M)) and t — 1n; €
M(M) x --- x A (M) is a Borel path of vector fields such that each one of its
d components is a signed Borel measure on M and

(B.5) 30 +V-n=0, Z2'((0,T)x M).

(1. §) = A(p, §) =

‘We can now extend the definition of &Z)T over ¢ to obtain

_ T
T (o.n) = /0 (A(or.ne) + F(o0)d1.

LEMMA B.4. If F is convex on P2 (M), then (i, &) +—> A(u, &)+ .F (1) is convex
(we do not assume L is jointly convex).

PROOF. It suffices to show that (u, &) +— A(u, &) is convex. The proof of this
well-known fact can be found in [43} prop. 5.18]. U

Remark B.5. (i) Note that the classical theory of potential mean field games in
which it is assumed that f is monotone and L, H € CY(M x R%) are such
that H(g,-) and L(q,-) are Legendre transforms of each other, This ensures that
(&) — A(u, &) + Z(u) is a convex function. Therefore, if we extend the defi-
nition of JZZ)T to obtain

_ T
T (0.7) = fo (A0 70) + F(00))di

over %, the action szf;T is a convex function in the variables (o, 1).
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(i) When replacing the assumption of convexity on the action by an assump-
tion of displacement convexity, as it is done in this manuscipt, it seems natural to
impose that JZ/OT (0, v) is displacement convex on the set of pairs (o, v) satisfying
(B.2). This means that

HxH>(X,V) / L(X.V)dw + .Z(X) is convex,
Q

and thus the Lagrangian L is assumed to be jointly convex on M x R4,

B.3 Convexity of f(-,u) is a consequence of the displacement convexity of

F
To study the scalar master equation, among others we have imposed the as-
sumptions and on the functions f and .#. As we have detailed in the
previous couple of lines, in our setting it is natural for the Lagrangian L to impose
joint A-convexity, and we impose that .% is displacement A-convex. We show be-
low that in this sense, imposing (4.7), i.e. that f(-, i) is A-convex, is also natural,
and it is a consequence of the displacement A-convexity of .%.

PROPOSITION B.6. Let & : P,(M) — R and f : M x P,(M) — R be of
class C? such that they are related via (HI0). We assume that F is displacement
A-convex; Mix 25(M) 3 (q. 1) = DV F(1)(q) = DZ, f(q. 1) is continuous
and that for any & C PH(M) compact, there exists C = C(#) > 0 such that

D3, 7 (W)(q1.92)| < C forany p € X and for any q1, 42 € spt(w).
Then, for any p € ZP»(M), the function spt(it) > g — f(q, 1) is A-convex,
ie.,

D2, f(x. ) = A1y ¥ q € spt(p).
PROOF. Letm € N and define F : (M)™ — R as
F(m)(ql’ i Gm) = g,/‘(u((lm)).

By the assumptions on ., we have that F ™) s twice differentiable on (M)™, and
by Lemma itis 2-convex on (M)™. This means in particular that

A
2 -(m) A m
DEFqr. - qm) =+ Ina V(q1. - qm) € (M)

or equivalently

A
a"D2F"™ (g1, ... gm)a > E|a|2md Ya € M",(g1,...,.qm) € (M)",

where | - |4 stands for the standard Euclidean norm on M™. Fori € {1,...,m},
let us choose the vector a € M such that its coordinates between the indices
d(i — 1) + 1 and di are not all zero, while all the others are zero. Then, the
previous inequality implies that

A
B6) DG F™r o dm) = —lg V(@1 gm) € (MD)™.
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We also have (see, for instance, in 21, remark 3.5(iv)] that
1
mDZ . F™(q1.....qm) = DgVe Z (1) (q:) + ;Viwﬁ(uém))(qi,qi),

Vm e N, {q1,...,qm} C spt(ug).
Let b € M. By (B.6)), one has that

1
b DV F (™) @) + —b T Vi, F (™) i 4i)b > Alb5.

Vm € N, {q1,....qm} < spt(ug'). Now let us fix u € 22,(M) and q1 € spt(p).
For m > 2 a natural number, let g; € spt(u), i € {2,...,m}, and let us build
(m) ._ m S
Mg~ =Y i1 8q;,as an approximation of ji.
We have that

1
b Dg Vi 7 (™) gk + —b Vi, F (™) 1. q0b = MBI

Since . :={ Mf]m) :m € N} U {u} is a compact set, by the assumptions we have

that V2 .7 (/L,(Im))(ql,ql) is uniformly bounded by a constant C = C(#") > 0
independently of /. By the continuity of D;V,,.#, one can pass to the limit in the
previous inequality to obtain

bT DgVu F (1) (q)b = AlbIG,

and equivalently
b D7, f(qu b = Alb|3.

By the arbitrariness of » € R? and g; € spt(u), the thesis of the proposition
follows. O

B.4 Failure of smoothness of solutions to the Hamilton-Jacobi equation for
monotone initial data

It is well-known in the theory of Hamilton—Jacobi equations on finite-dimensional
spaces that typically one cannot expect global existence of smooth solutions. This
led to the development of the notion of viscosity solution by Crandall-Lions and
Evans. We emphasize below that this phenomenon of existence of nonsmooth so-
lutions to Hamilton—Jacobi equations is also present on &, (M).

Letusconsiderd = 1. Let L : R xR — R and ¢ : R — R be defined as

v]?
L(g.v):=—. ¢(@)=—y/1+4q%

Set

W) = fR S, us(@) = $(@). L. §) = /R L(q. E@)u(dg).

Note that % is convex, and so U4 iS monotone.
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Let % : [0, 00)x % (R) be the unique viscosity solution to the Hamilton—Jacobi
equation

1
(B.7) U + 5/ Vo % ?u(dg) =0, %(0,-) = U.
R

Assume on the contrary that % is of class C'. Then % must satisfy point-
wise, and so its restriction defined as

ult,q) = U (t.54)

must be a C! function satisfying

(B.8) 8tu+%|8qu|2 =0, u(0,-)=¢
Thus,

(B.9) u(t.q) = min y - - 4 L 4():yerl.
Given ¢, the minimum in is attained by y such that
(B.10) k. SR S

t /1+y2

When ¢ = 0, (B.I0) has three solutions that are

yo=0, y1=+vt?2—1, y,=—-v2-1.
They produce in the values
t 1
-1 and —-——.
2 2t
Therefore for t > 1, we have
t 1
1,0) = —— — —.
ut.0)=-3 -7
Since fori € {1,2} we have
i —q? 1yil? |2 lq1?
u(t.q)—u(e.0) = 2L g0 = (- +o0n ) = =L+ 4

+yi/t = j:—”?_l belong to the superdifferential of u(¢,-) at ¢ = 0. Thus, u(z, -)
is not differentiable at 0.

Appendix C Hamiltonian Flows and Minimizers
of the Lagrangian Action

Most of the results of this section are expected to be known in some communi-
ties. We include them here for the sake of completeness and because of a lack of a
precise reference.
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C.1 Hamiltonian flows on the Hilbert space

Throughout this subsection, we impose (HI)—-(H6). Showing that the value func-
tion of our Hamilton—Jacobi equation is of class C1*! on the Hilbert space is the
starting point before improving the regularity property via a discretization method.
We underline that in Section using ‘direct techniques’ relying on the convex-
ity of the Lagrangian action, we have shown already that the value function U is
of class Cl})’cl. In this section, we discuss the regularity properties of the infinite-
dimensional Hamiltonian flow (0.5]), which could also be transfered to the value
function.

Let £,7 : [0,00) x H — H be given by (0.6). Using (1.6) and the last inequality
in Remark [1.1] (iii), we have

€1 JEEx. )| + 1< (V112 +R(x2 + 1) + 1)

for any t > 0 and x € H. We can formulate the following result.

PROPOSITION C.1. Lett € (0,T), u € P>(M), and q € M. Suppose (ty)n, C
[0, T] converges to t, (Jin)n C P2(M) converges to u, and (g,)n C M converges
to q. Then for every compact set K C [0,t), we have

lim |8 [1al(@n) = S5 1@ [ ¢ i) = O-

PROOF. To alleviate the notation, we set y"(s) := S¥[un](gn). It is character-
ized by the property that

tn
(C2) ultn, qn- ptn) = w0 (¥5- 05" [1tn]) + /O (LG y2)+ £ (2ot al) ),

with y! = gn.
We assume without loss of generality that there exists ¥ > 0 such that (i), C
Py and (gn) C B»(0). By Remark|[C.6|(ii)

{05 [unl :n € N,s € [0, 1n]} C Bey(r)-

In light of Remark [4.§] (ii), we may apply the Ascoli-Arzela lemma to obtain a
subsequence that we continue to denote as ("), which converges uniformly in
C([0,t — 8]; M) for every § € (0.¢). We have y € W12(0,¢; M) and may also
assume (y™), converges weakly to y in W12(0,¢; M). We use (@.I1) to obtain
that y; = ¢g. We would like to replace ¢, by ¢t — §. Since the integrand there is not
known to be nonnegative, we use to write

u(tn,CIna Mn)
tll

= wo (¥ 0" [l + /0 0(c" [al) (7] + 1)d

t"
<o+ [ (LO2) + £ 08 ua)) — 00 [ual (721 + 1))
0
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Thus, since all the integrands are nonnegative, we have
lim infu(tn, gn. in)
; t—6
. . n n . . th n
= timinfuo (7§ of lin) + limint [ 002 (ual) 2] + 1o
t—6
+ liminf | (L(y;’, i)+ f (2 ol ial) — 0 (o2 [ual)(|v2 ] + 1))d T.

We invoke the uniform convergence of (y"),, the pointwise convergence of the
curves (67 [ptn])n provided in (C.7), and the convexity of the functions in to
conclude that

liminfu (. gn. tn) = 10 (vo. oG [1])
t—§
+ /0 (L (e 7%) + £ (e 0 lu)) = 0D (el + 1)) d

t—§
+/ 0 (atlpl)(ly=| + Ddx.
0

We let § tend to O to conclude that

t
ot u(tn g i) = w0 (0,030 + [ (Llves0) + £ (et

>u(t,q, |b).

Since Proposition [d.12] asserts that u is continuous, we infer

u(t,q, i) = uo(yo.oglul) +/0 (L(yr,f/r) +f(yz,0£[u]))dr,

and so ys = S¢[ul(q).

In conclusion, we have proven that every subsequence of (S Hin] (qn))n admits
itself a subsequence which converges uniformly on every compact subset of [0, ¢).
This is enough to conclude the proof. U

PROPOSITION C.2. Lett > 0. Then the following hold:
(i) X(z,-) given in (0.3) is of class Clgél.

(ii) é} : H — H is a bijection and its inverse is §(t) For each natural number
m, Et is a homeomorphism {M4? : g € M™} onto {M? : g € M™}. This
means SE™ : MI™ — M™ is a homeomorphism.

(iii) 8! 0 &, = & and P! o &, = 7 for s € [0.1].

@iv) We have V@’Z(t, §(z, -)) = 1(¢, - ). Furthermore, the vector field B in (1.28)
is a velocity for the flow E in the sense that § = Vb%z(g, Vu (-, §))

Remark C.3. Although E} is a homeomorphism, let us underline that in Proposition

ii) we state that the image of {M? : ¢ € M"™} through 5} is not an arbitrarily
closed space but is exactly {M9? : g € M™}. Such special vector spaces are
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mapped onto themselves. Otherwise, we would not be able to conclude that the
finite-dimensional ODEs are restrictions of the infinite-dimensional ones.

PROOF OF PROPOSITION[C2L (i) Since 7 is of class C+!, ¥ is Lipschitz-
continuous. Let k* be the Lipschitz constant of V.7. We have

Lip(S(z,-)) < Lip(Z(0,-))e’™

for all + > 0. Here, Lip(X(¢, - )) stands for the Lipschitz constant of 3(z, - ).
Since  satisfies (0.3), we conclude that X is of class C:'.

loc

(ii) Surjectivity. Given any x € H. Set z := §6 [x] and define

y(s) = 8'[x],  b(s) = VoL (y(s), 7(5)).

We have that (y, b) satisfies the same system of differential equations as (5, 7) on
(0, ¢). Furthermore, y(0) = z and

b(0) = Vp-L(8;[x1. 855 [x]ls=0) = V% (2).
Thus, (), b) have the same initial conditions as (§, 7). Hence, conclude that y =
E(-.z) on [0,¢]. In particular, x = S?[x] = £(t.z) = &(t, S¥[x]). This shows the
surjectivity property.
Injectivity. The above shows that §6 is injective and §(r,-) is its inverse. To
show that g(t, -) is injective, it suffices to show that H is the range of 55 Let
Zo € H. Set xo := £(¢, zo) set

y(s) = §(s.20).  g(s) = 77(s. 20)-
Then (y, g) satisfies the same system of differential equations as
[0,£] 35 = (S!xo], P![x0]) on (0.1).
We have y(t) = xo and
g(0) = 71(0, z0) = V% (z0) = Y (y(0).
Thus, (7, £)(s) = (5[x0]. P[xo]) on [0,7]. In particular, zg = y(0) = S} [xo].
Thus, S§ is surjective.

Continuity. Since Et is a bijection of H onto H, (1.27) and the invariance of
domain theorem imply that &; is a homeomorphism of {M? : ¢ € M™} onto
{M1:q e M™}.

(iii) By (ii)

§60§t :ldego and ﬁéogt :V%(géogt)zv%:ﬁo
Since s > (S ! ogt, ﬁst ogt) and s (gs, 7)) satisfy the same system of differential
equations on (0, ¢), we obtain the assertions in (iii).
(iv) We use first Proposition[I.5](iv) and then (i) of tl_le current proposition to ob-

tain that V% (t, g(t, -)) = 7(t,-). We use the identity § = Vb,%fz (§, 7)) to conclude
the proof. U
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Remark C.4. (i) We notice that Proposition [C.I} which imposes (4.7), allows us
to improve the continuity property of §, and its inverse to the infinite-dimensional
space; i.e., this implies that §, is a homeomorphism of I onto itself.

(ii) We observe that by Proposition iv) we have that V%1 (t,-) =7, §{) [D,
and since both 7 and §6 are locally Lipschitz-continuous (by (i) of the previ-

ous proposition and Lemma respectively) we have that VU (t,-) is locally
Lipschitz-continuous, just as in Section [I.3} by a different perspective one obtains
that Z (1,-) € 11 (H).

loc
C.2 Flows on H and on &2, (M) and their properties

LEMMA C.5. Let x,y € H be such that §(x) = {(y). Then for 0 < s < 1, we
have §(St[x]) = #(SL[y]). As a consequence, given . € P2(M), the following
measures are well-defined

(€3) of[n) = B(S¢1x)
where #1(x) = U depends only on u and is independent of the choice of x.

PROOF. Since §(x) = fi(»), there exist Borel bijective maps S, : Q@ — Q such
that (cf. [13[32])

H(Sa) = §(S, ) =28, lim |ly —x o Su] =0.
Thus,
lim || §2[y] = 8%[x]o Su| = lim | [y]— 8t [x 0 Sa]| = 0.
n—>o0 n—o0

This proves
W (8(SE00). 88t ) = lim Wa(8(SEET 0 S0). 8(SED)) = 0. O

Remark C.6. The following hold.

(i) By Proposition there exists er : [0, 00) — [0, 00), monotone nonde-
creasing such that

ISt
(i) By (i)

05SsIx]| < er(lxl) Vs € [0.4],Vi € [0,T].

{ollul i€ Br0<s <t <T} C Bopir).

(iii) By Proposition again, there exists C7 : (0,00) — (0, 00) monotone
nondecreasing such that

|V (t,%)|| < Cr(r)(A + |x]),  Vx € B,(0),Vz € [0, T].

(iv) By Lemma , the regularity property obtained on U in Proposition
we have that %/ is differentiable. We use Proposition (iv) to conclude
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that (s,q) — DpH(q, Vi (s, 0l [1])(q)) is a velocity for s > o[u]. In
other words
(C4)

050 L]+ V-(Dp H (-, Vi % (5, 0§ [1]))ot[1]) = 0 in 7((0.£)xM) of[u] = p.

LEMMA C.7. Suppose 0 <t <t < T and r > 0. Then there exists a constant
C(r, T') monotone increasing in r such that the following hold.:

1) Ifx,y € B,(0) then
|S71x] = SIy1|| < €D (T —tler(x]) + lx — ) ¥s € [0,7].
and - -
IS7[x] - STIx]|| < (s — Der(r) Vs € [,7).
@Gi) If w,v € By then

(C.5) Wa(ollul,olv]) < eCCDU) (7 —tler(r) + Wa(u,v)) Vs € [0,1].
and
Wa(oZlil.ofli)) < s —ner(r) Vs €11

PROOF. (i) Let x, y € B,(0).

We have
_ T ro
| = 87| = / 0,8 1x1ds | < f |85S;Tx1]ds.
t t
We use Remark [C.6] (i) to infer
(C.6) |x = ST < [T tler (I
Set

1, ~ ~
h(s) ;= EHSSI[X] — S;[x]H Vs € [0,1].
We have

W — Sip,y ot
© = [ (- Sita)
(D (ST1x), VT (s, ST1xD) — DpH (SEx1, VT (5. SExD) ) deo.
By the fact that DH is Lipschitz, we have
|Dp H (SE1x1. VT (5, SE1xD) — Dy H (St VT (s, 5t [x]))‘2
< Kg(\S'f[x] — 8! + [VT (5. §TIx]) - VT (s, 8. [x])\z).

We use Proposition [1.5[to obtain a constant C(r, T') which increases in r and such
that
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H D, H (ST[x]. VT (s, ST[x])) — Dp H (5! [x]. VT (5. ! [x])) H
< C(r, 1)) 8E1x] = S
This implies 7/ > —2C(r, T')h, and so Gronwall’s inequality yields
h(s) < 2CODEDpy s e [0,1].
Thus,
|350x1 = S5l < “CDEI ST 1x] = 8 [x]]| = €D ST [x] - x .

This, together with (C.6), implies

(C.7) |320x] = 82 1x)]| < €D 7~ tler(|x]).
We use arguments similar to the ones above to obtain
(C8) |550x1 = S5 < eCCPENx -y Vs €0,1].

We combine (C.7)) and (C.8) to verify the first identity in (i). The second identity
follows from direct integration.

(i) Let u, v € %, and choose x, y € H such that f{(x) = p and ff(y) = v and
Wa(u,v) = llx — vl Since 8(ST(x]) = of[u] and §(S![¥]) = of ], () implies
(ii). 0
C.3 Proof of Proposition 1.5

Let y € B,(0).

(i) By Remark U™ is a viscosity solution to (T.20), and so the standard

theory of Hamilton—Jacobi equations in finite-dimensional spaces yields the point-
wise identity

U™ (13.q) — U™ (11, q) = —/

i

t

2
H™(q, DgU™ (2, q))dt

for g € M. We use (I.10) to infer

~ ~ 2 . ~
Uty, MY — Y (t1, M?) = —/ A (MINYU(x, M?))dr.

5]
By Proposition ii), whenr > 1, V% is bounded on [t1, 2] X B, (y). Observe
that V% (z, - ) is continuous when 7 € [f1, 1] and 7 is continuous. Since
{M?:qeM™, meN}

is dense in H, (i) holds.
(ii) First, one obtains a finite number c (7, T') increasing in the variables r and T
such that

(C.9) VU (t2. ) = VU (t1.y)| < 2¢(r, T)|t2 — 11].
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This together with the space Lipschitz property of VU implies VU is Lipschitz
on [0, 7] x B,(0). As a composition of locally Lipschitz functions, (z,x)
A (x, VU (7, x)) is Lipschitz on [0, T] x B, (0). Hence since by (i) we have that
3U = —%7( , V@?), we conclude 3,7 is Lipschitz on [0, T] x B, (0).

(iii)—(v) We refer the reader to [33]]. Il

Acknowledgment. The research of WG was supported by National Science
Foundation Grant DMS-1700202. Both authors acknowledge the support of U.S.
Air Force Grant FA9550-18-1-0502. The authors would like to express their grati-
tude to P. Cannarsa for the discussions and for pointing out important references on
regularity properties of solutions to Hamilton—Jacobi equations on R¥. They wish
to thank A. Swiech for the discussions on regularity of solutions to Hamilton—
Jacobi equations on Hilbert spaces. The feedback of P. Cardaliaguet on the manu-
script is also greatly appreciated. The authors wish to thank the anonymous referee
for making pertinent suggestions which improved the manuscript.

Bibliography

[1] Ahuja, S. Wellposedness of mean field games with common noise under a weak monotonicity
condition. SIAM J. Control Optim. 54 (2016), no. 1, 30-48.doi:10.1137/140974730

[2] Ahuja, S.; Ren, W.; Yang, T.-W. Forward-backward stochastic differential equations with
monotone functionals and mean field games with common noise. Stochastic Process. Appl.
129 (2019), no. 10, 3859-3892.|d0i:10.1016/}.spa.2018.11.005

[3] Ambrose, D. Existence theory for non-separable mean field games in Sobolev spaces. Indiana
Univ. Math. J. 71 (2022), no. 2, 611-647.

[4] Ambrose, D. Existence theory for a time-dependent mean field games model of household
wealth. Appl. Math. Optim. 83 (2021), no. 3, 2051-2081. |doi:10.1007/s00245-019-09619-5

[5] Ambrosio, L.; Gangbo, W. Hamiltonian ODEs in the Wasserstein space of probability measures.
Comm. Pure Appl. Math. 61 (2008), no. 1, 18-53. doi:10.1002/cpa.20188

[6] Ambrosio, L.; Gigli, N.; Savaré, G. Gradient flows in metric spaces and in the space of proba-
bility measures. Lectures in Mathematics ETH Ziirich. Birkhduser, Basel, 2008.

[7] Bensoussan, A.; Graber, P.J.; Yam, S.C.P. Stochastic control on space of random variables.
Preprint, 2019. jarXiv:1903.12602| [math.OC]

[8] Bensoussan, A.; Graber, PJ.; Yam, S.C.P. Control on Hilbert spaces and application to mean
field type control theory. Preprint, 2020. arXiv:2005.10770 [math.PR]

[9] Bensoussan, A.; Yam, S.C.P. Control problem on space of random variables and mas-
ter equation. ESAIM Control Optim. Calc. Var. 25 (2019), Paper No. 10, 36 pp.
doi:10.1051/cocv/2018034

[10] Bessi, U. Existence of solutions of the master equation in the smooth case. SIAM J. Math. Anal.
48 (2016), no. 1, 204-228./d0i:10.1137/15M 1018782

[11] Buckdahn, R.; Li, J.; Peng, S.; Rainer, C. Mean-field stochastic differential equations and asso-
ciated PDEs. Ann. Probab. 45 (2017), no. 2, 824-878.|doi1:10.1214/15-A0OP1076

[12] Cannarsa, P.; Sinestrari, C. Semiconcave functions, Hamilton—Jacobi equations and optimal
control. Progress in Nonlinear Differential Equations and their Applications, 58. Birkhduser
Boston, Boston, 2004.

[13] Cardaliaguet, P. Notes on Mean-Field Games. Lectures by P. L. Lions, College de France, 2010.

[14] Cardaliaguet, P.; Delarue, F.; Lasry, J-M.; Lions, P-L. The master equation and the convergence
problem in mean field games. Annals of Mathematics Studies, 201. Princeton University Press,
Princeton, NJ, 2019.|do1:10.2307/j.ctvckq7qt


http://dx.doi.org/doi:10.1137/140974730
http://dx.doi.org/doi:10.1016/j.spa.2018.11.005
http://dx.doi.org/doi:10.1007/s00245-019-09619-5
http://dx.doi.org/doi:10.1002/cpa.20188
http://arxiv.org/abs/1903.12602
http://arxiv.org/abs/2005.10770
http://dx.doi.org/doi:10.1051/cocv/2018034
http://dx.doi.org/doi:10.1137/15M1018782
http://dx.doi.org/doi:10.1214/15-AOP1076
http://dx.doi.org/doi:10.2307/j.ctvckq7qf

116 W. GANGBO AND A. R. MESZAROS

[15] Carmona, R.; Delarue, F. Forward-backward stochastic differential equations and controlled
McKean-Vlasov dynamics. Ann. Probab. 43 (2015), no. 5, 2647-2700. |doi:10.1214/14-
AOP946

[16] Carmona, R.; Delarue, F. Probabilistic theory of mean field games with applications. 1. Mean
field FBSDE's, control, and games. Probability Theory and Stochastic Modelling, 83. Springer,
Cham, 2018.

[17] Carmona, R.; Delarue, F. Probabilistic theory of mean field games with applications. Il. Mean
field games with common noise and master equations. Probability Theory and Stochastic Mod-
elling, 84. Springer, Cham, 2018.

[18] Carroll, F. W. A polynomial in each variable separately is a polynomial. Amer. Math. Monthly
68 (1961), 42./d0i:10.2307/2311361

[19] Chassagneux, J.-F.; Crisan, D.; Delarue, F. A probabilistic approach to classical solutions of the
master equation for large population equilibria. Mem. Amer. Math. Soc., to appear.

[20] Chassagneux, J.-F.; Szpruch, L.; Tse, A. Weak quantitative propagation of chaos via dif-
ferential calculus on the space of measures. Ann. Appl. Probab., to appear. Preprint, 2019.
arXiv:1901.02556 [math.PR]

[21] Chow, Y. T.; Gangbo, W. A partial Laplacian as an infinitesimal generator on the Wasserstein
space. J. Differential Equations 267 (2019), no. 10, 6065-6117. doi:10.1016/j.jde.2019.06.012

[22] Crandall, M. G.; Lions, P.-L. Hamilton—Jacobi equations in infinite dimensions I. Unique-
ness of viscosity solutions. J. Funct. Anal. 62 (1985), no. 3, 379-396. doi:10.1016/0022-
1236(85)90011-4

[23] Crandall, M. G.; Lions, P.-L. Hamilton—Jacobi equations in infinite dimensions II. Exis-
tence of viscosity solutions. J. Funct. Anal. 65 (1986), no. 3, 368-405. doi:10.1016/0022-
1236(86)90026-1

[24] Delarue, F.; Lacker, D.; Ramanan, K. From the master equation to mean field game limit theory:
a central limit theorem. Electron. J. Probab. 24 (2019), Paper No. 51, 54 pp. doi:10.1214/19-
EJP298

[25] Delarue, F.; Lacker, D.; Ramanan, K. From the master equation to mean field game limit the-
ory: large deviations and concentration of measure. Ann. Probab. 48 (2020), no. 1, 211-263.
doi:10.1214/19-A0P1359

[26] Dello Schiavo, L. A Rademacher-type theorem on L2-Wasserstein spaces over closed Riemann-
ian manifolds. J. Funct. Anal. 278 (2020), no. 6, 108397, 57 pp. doi:10.1016/}.jfa.2019.108397

[27] Fathi, A. Weak KAM theorem in Lagrangian dynamics.Cambridge Studies in Advanced Math-
ematics, to appear.

[28] Fischer, M.; Silva, F. J. On the asymptotic nature of first order mean field games. Appl. Math.
Optim. 84 (2021), no. 2, 2327-2357.|doi:10.1007/s00245-020-09711-1

[29] Gangbo, W.; Nguyen, T.; Tudorascu, A. Hamilton—Jacobi equations in the Wasserstein space.
Meth. Appl. Anal. 15 (2008), no. 2, 155-184.doi:10.4310/MAA.2008.v15.n2.a4

[30] Gangbo, W.; Swiech, A. Optimal transport and large number of particles. Discrete Contin. Dyn.
Syst. (2014) 34 (2014), no. 4, 1397-1441.d0i:10.3934/dcds.2014.34.1397

[31] Gangbo, W.; Swiech, A. Existence of a solution to an equation arising from the the-
ory of mean field games. J. Differential Equations 259 (2015), no. 11, 6573-6643.
doi:10.1016/j.jde.2015.08.001

[32] Gangbo, W.; Tudorascu, A. On differentiability in the Wasserstein space and well-
posedness for Hamilton—Jacobi equations. J. Math. Pures Appl. (9) 125 (2019), 119-174.
doi:10.1016/j.matpur.2018.09.003

[33] Gomes, D.; Nurbekyan, L. On the minimizers of calculus of variations problems in
Hilbert spaces. Calc. Var. Partial Differential Equations 52 (2015), no. 1-2, 65-93.
doi:10.1007/500526-013-0705-6

[34] Lasry, J.-M.; Lions, P.-L. Jeux a champ moyen. I. Le cas stationnaire. C. R. Math. Acad. Sci.
Paris 343 (2006), no. 9, 619-625. doi:10.1016/j.crma.2006.09.019


http://dx.doi.org/doi:10.1214/14-AOP946
http://dx.doi.org/doi:10.1214/14-AOP946
http://dx.doi.org/doi:10.2307/2311361
http://arxiv.org/abs/1901.02556
http://dx.doi.org/doi:10.1016/j.jde.2019.06.012
http://dx.doi.org/doi:10.1016/0022-1236(85)90011-4
http://dx.doi.org/doi:10.1016/0022-1236(85)90011-4
http://dx.doi.org/doi:10.1016/0022-1236(86)90026-1
http://dx.doi.org/doi:10.1016/0022-1236(86)90026-1
http://dx.doi.org/doi:10.1214/19-EJP298
http://dx.doi.org/doi:10.1214/19-EJP298
http://dx.doi.org/doi:10.1214/19-AOP1359
http://dx.doi.org/doi:10.1016/j.jfa.2019.108397
http://dx.doi.org/doi:10.1007/s00245-020-09711-1
http://dx.doi.org/doi:10.4310/MAA.2008.v15.n2.a4
http://dx.doi.org/doi:10.3934/dcds.2014.34.1397
http://dx.doi.org/doi:10.1016/j.jde.2015.08.001
http://dx.doi.org/doi:10.1016/j.matpur.2018.09.003
http://dx.doi.org/doi:10.1007/s00526-013-0705-6
http://dx.doi.org/doi:10.1016/j.crma.2006.09.019

DISPLACEMENT CONVEX POTENTIAL MFG 117

[35] Lasry, J.-M.; Lions, P.-L. Jeux a champ moyen. II. Horizon fini et contr6le optimal. C. R. Math.
Acad. Sci. Paris 343 (2006), no. 10, 679-684.|doi:10.1016/j.crma.2006.09.018

[36] Lasry, J.-M.; Lions, P.-L. Mean field games. Jpn. J. Math. 2 (2007), no. 1, 229-260.
doi:10.1007/s11537-007-0657-8

[37] Lions, P.-L. Lectures at College de France. 2007-2013.

[38] Lions, P.-L.; Lasry, J.-M. Large investor trading impacts on volatility. Ann. Inst. H. Poincaré
Anal. Non Linéaire 24 (2007), no. 2, 311-323. doi:10.1016/j.anihpc.2005.12.006

[39] Mayorga, S. Short time solution to the master equation of a first order mean field game. J. Dif-
ferential Equations 268 (2020), no. 10, 6251-6318. do0i:10.1016/}.jde.2019.11.031

[40] McCann, R. J. A convexity principle for interacting gases. Adv. Math. 128 (1997), no. 1, 153—
179.d0i:10.1006/aima.1997.1634

[41] Mischler, S.; Mouhot, C. Kac’s program in kinetic theory. Invent. Math. 193 (2013), no. 1,
1-147.1d0i:10.1007/s00222-012-0422-3

[42] Mou, C.; Zhang, J. Wellposedness of second order master equations for mean field games with
nonsmooth data. Preprint, 2019. arXiv:1903.09907| [math.AP]

[43] Santambrogio, F. Optimal transport for applied mathematicians. Calculus of variations, PDEs,
and modeling. Progress in Nonlinear Differential Equations and Their Applications, 87.
Birkhduser/Springer, Cham, 2015. doi:10.1007/978-3-319-20828-2

[44] Villani, C. Topics in optimal transportation. Graduate Studies in Mathematics, 58. American
Mathematical Society, Providence, RI, 2003. do1:10.1090/gsm/058


http://dx.doi.org/doi:10.1016/j.crma.2006.09.018
http://dx.doi.org/doi:10.1007/s11537-007-0657-8
http://dx.doi.org/doi:10.1016/j.anihpc.2005.12.006
http://dx.doi.org/doi:10.1016/j.jde.2019.11.031
http://dx.doi.org/doi:10.1006/aima.1997.1634
http://dx.doi.org/doi:10.1007/s00222-012-0422-3
http://arxiv.org/abs/1903.09907
http://dx.doi.org/doi:10.1007/978-3-319-20828-2
http://dx.doi.org/doi:10.1090/gsm/058

118 W. GANGBO AND A. R. MESZAROS

WILFRID GANGBO ALPAR R. MESZAROS

Department of Mathematics Department of Mathematical Sciences
UCLA Durham University

520 Portola Plaza Upper Mountjoy

Los Angeles, CA 90095 Durham DH1 3LE

USA ENGLAND

E-mail: wgangbo@math.ucla.edu E-mail: alpar.r.meszaros@

durham.ac.uk

Received April 2020.


mailto:wgangbo@math.ucla.edu
mailto:alpar.r.meszaros@\durham.ac.uk

	Introduction
	1. Preliminaries
	2. Regularity Estimates for HJEs and Hamiltonian Systems for Systems of m Particles
	3. Comparing Regularity Properties of Functions Defined on P- .4 _2(M), H, and Mm
	4. Global Well-Posedness of Master Equations
	5. Further Implications of the Scalar Master Equation
	Appendix A. Hilbert Regularity Is Too Stringent for Rearrangement Invariant Functions
	Appendix B. Convexity Versus Displacement Convexity
	Appendix C. Hamiltonian Flows and Minimizersof the Lagrangian Action
	Bibliography

