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Abstract

Carrier removal has been typically associated with wrap reduction, and its application has strongly been recommended as a
previous step to phase unwrapping. In general, the carrier signal contributes to an increase of the number of wraps, and its removal
leads to a reduction of the number of phase inconsistencies, having a positive impact on the subsequent unwrapping operation. In
this paper, we show that phase wrap reduction can be better tackled by other alternative and more effective methods that exploit
local information and attempt to also remove the signal component associated with the object’s surface. The results are analyzed
on a series of real fringe patterns and confirm the better performance of the proposed method, which leads to signals with a lesser

number of wraps than by just removing the carrier.
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1. Introduction 25

In Fringe Projection Profilometry (FPP), a sinusoidal fringe
pattern is projected onto an object surface, giving as a result a
deformed pattern that is captured with a camera. The grabbed
image can then be processed to recover a phase signal, whose ¥
value is related to the height of the surface at each point. This
is done by choosing one out of a variety of well-established
phase retrieval methods [} 2l], such as Fourier [3], wavelet [4],
FIR Hilbert transformers [3l], Shearlet transforms [6] or phase
shifting techniques [7]. %

In general, and because of the angular nature of phase val-
ues and the carrier related phase component introduced by the
projected fringe pattern, all these methods recover a signal

Pu(x,y) = W2 f(x,y) + ¢n(x, )], (H*

where ¢,(x,y) is the phase component related to the surface
height at position (x,y); f(x,y) is the carrier related term; and
W denotes the wrapping operator, which returns an angle to its
principal argument. 45

The retrieved signal ¢,,(x,y) is hence bounded in the range
(—m, 7], and discontinuities (wraps) that are due to the use
of principal arguments and should not be present on the un-
bounded height measurements appear on the result. The recov-
ery of the surface height from ¢,,(x, y) requires the cancellation
of both the effect of the wrapping operator ‘W and the carrier
related component 27 f(x, y).
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The first of these operations is achieved by using an un-
wrapping algorithm. The second one, by using a carrier re-
moval technique. Multiple unwrapping algorithms do exist,
as a consequence of a vast research on this area. They are
generally classified into global error minimization algorithms
[8, 9L [10], branch-cut methods [11, [12], quality guided tech-
niques [13l [14], region-growing approaches [15, [16]], deep
learning methods [[17, 18] and hybrid approaches [19,20]. Car-
rier removal has also been widely studied, including methods
that operate in the Fourier [21, 22| 23| 24]] and spatial do-
mains [25} 24, 126].

The carrier removal operation can take place before or af-
ter unwrapping. However, the carrier frequency translates into
a monotonically increasing (or decreasing) component in the
phase function, which makes it grow faster and hence increases
the number of wraps [24] and the complexity of phase unwrap-
ping [24} 250 27]. Therefore, it is highly recommended to use
carrier removal as a wrap reduction algorithm before unwrap-
ping. This has led to a confusion between the terms “carrier
removal” and “wrap reduction”, which have been used inter-
changeably in the literature. In fact, techniques announced as
wrap reduction methods [28, 29| [30, 23| 24} 31]] restrict them-
selves to approximate and remove a linear phase component
from the signal, and share the same computational procedures
as for eliminating the carrier. However, wrap reduction meth-
ods should just focus on subtracting any continuous component
that makes the signal easier to unwrap, and shall not restrict to
a linear function. This means that local slopes in the object sur-
face could also be subtracted, in order to produce a smoother
signal that fits into fewer (or a single) (—m, 7] cycles.

In this paper, we present a phase reduction method that ex-
ploits the local information around each phase value to remove
a phase component that includes not only the carrier, but also
part of the signal related to the surface heights. In this way,
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the method is able to deal with multiple frequencies in local re-
gions, and seamlessly adapts to them to yield a more effective
wrap reduction than typical carrier removal techniques.

2. Current wrap reduction methods

Wrap reduction/carrier removal methods aim to cancel the
27f(x,y) term from Eq. [I] in order to isolate the phase compo-
nent related to the object heights ¢,(x, y). This operation can be
either performed in Fourier or spatial domain.

Methods that operate in the frequency spectrum assume a lin-
ear carrier, and are specially suitable when Fourier methods are
used for phase retrieval. Otherwise, they require the computa-
tion of a 2D discrete Fourier transform (DFT). The assumption
of a linear carrier turns Eq. [T]into

u(x,y) = W [2nfex/C + 21 fiy/R + gu(x )], (@)

where R is the number of rows; C is the number columns; and
fx and f; are the carrier frequency in the x- and y- direction,
respectively. 100

To isolate the surface-related component, let us consider the
complex signal

U(x,y) cos(¢,,(x,¥)) + jsin(g,(x,y)) 105

= ety
= oJnfix/CH2nfy Regu(xy))

= PNIC | GPREYIR | iti(ry)
3)

and apply the 2-D DFT operator 7 (:) to it. In the frequency'°
domain, the first and second terms in the last row of Eq. E]
have a spectra with a single peak located at positions (f;, 0) and
(0, f}), respectively. Since the product in this equation becomes

a convolution in the Fourier domain, the effect of these first
two terms in the DFT is a shift (fs, f;) of the term F (e/?)),
Undoing this shift and applying an inverse Fourier transform'
yields the term e/#*), and the wrapped phase of the signal
¢n(x,y) can then be obtained as the complex argument of the
result.

The accuracy of frequency-based methods depends on the
estimate of the shift (fy, f,). Initially, methods were restricted'™
to integer values [21) 32]. In this case, carrier removal can
be computed by using Algorithm (I} where R(-) and 7(-) stand
for the real and imaginary parts of a complex number, re-
spectively. However, frequency-based methods have been re-
cently extended to support rational displacements by using zero'”
padding [22| [33]], iterative methods [23l [30], or more accurate
estimations of the 2-D fundamental frequency [31]]. In these
cases, and once the shift has been estimated, carrier removal is

directly performed in the spatial domain as
130

#,(x,7) = W[bu(x.y) = 2nfex/C = 2mfiy/R|  (4)

With regard to methods that fully operate in the spatial do-
main, some are also based on the assumption of a linear carrier

(1) build y(x,y) = e/ = cos(¢,(x,y)) + jsin(g,(x, y))

(2) compute W(u,v) = F{y(x,y)}

(3) compute f,, f, = argmax, , [¥(u,v)|

(4) compute W' (u,v) = Y(u + fr,v+ f;)

(5) compute ¢’ (x,y) = F{¥’(u, v)}

(6) compute

#,,(x,y) = arg(¥’(x, y)) = arctan 2(Z (' (x, y)) /R’ (x,¥)))

Algorithm 1: Pseudo-code for the wrap reduction algo-
rithm in the Fourier Domain [28]].

signal, and attempt to estimate the slopes m, and m, in the x-
and y- directions by using the average [25] or mode [24]] of the
first derivative values in each axis. These values are then used
instead of the frequencies f, and f,, turning Eq. into

$1,(5,7) = W[gu(x,y) = mex —my| (5)

Some other methods support the removal of non linear car-
riers, which are approximated by using series expansion [34]
or Zernike polynomials [26]. The carrier component can also
be eliminated by subtracting a reference phase signal computed
from the projection of the fringe pattern on a flat surface [3],
but this method requires the acquisition of a second indepen-
dent image.

In any case, a total removal of the wraps is by no means
guaranteed, because the signal ¢, (x,y) may still expand across
several (—m, ] cycles after carrier removal. Still, the wrap re-
duction achieved by carrier cancellation usually contributes to
simplifying the subsequent unwrapping operation.

3. Proposed method

The carrier frequency usually corresponds to the fundamental
frequency of the signal in Eq. [3] and this translates into an
added slope in the wrapped phase signal ¢,,(x,y). Although
removing the carrier-related component of the signal usually
makes the signal fit in fewer (—x, ] cycles, we can achieve a
greater reduction by subtracting a shape that also contains a
part of the surface-related component of the signal.

In essence, carrier removal attempts to separate the original
wrapped signal ¢,,(x, y) into two components that add up to the
original signal after the application of the wrapping operator
“W. The first component is the carrier, ¢.(x,y) = m.x + myy.
This is generally linear and takes the shape of a ramp with con-
stant slopes m, and m, along the x- and y- axes, respectively.
The second, component corresponds to the remainder of the
signal ¢, (x,y) = W(¢.(x,y)—d.(x,y)). If U represents the un-
wrapping operator, the unwrapped signal ¢(x,y) = U(p,(x,y))
can then obtained as U(¢; (x,y)) + ¢.(x,y), or directly by
U(P,,(x,y)) if only the surface-related component is desired.
Since the signal ¢, (x,y) usually has less wraps than the orig-
inal signal ¢,,(x,y), the unwrapping problem is generally sim-
plified. The ideal case is when carrier subtraction results in
a signal ¢/,(x,y) which does not require unwrapping, as then
the unwrapped surface-related component of the signal ¢(x,y)
can be obtained directly as ¢],(x, y). Fig. [l|shows a schematic
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diagram that describes the application of carrier removal to the
phase unwrapping problem, according to the explanation above.

4, (x,»)

ICarrier separation

9., (x.0) =W, (x.3)~4.(x.))

1Phase unwrapping

9.(x,)

Surface related component

of ¢(x, 1)

155

Figure 1: Step-by-step illustration of the carrier removal process.

Maintaining the same signal separation strategy, we elim-
inate the ramp-shaped restriction from the first phase map
o.(x,y). Instead, we allow for more flexible shapes that help
further reducing the number of wraps in the second signal com-
ponent ¢, (x,y). One basic requirement is that the ¢.(x,y) is
smooth and does not contain any discontinuities, as otherwise
they would be directly transferred into the final result. One'e
possible way to generate this surface is by locally deciding
the slopes in the x- and y- axis at each pixel, as a function of
the wrapped first differences in each direction for the surround-
ing rows and columns; and then integrating the slopes to build
the subtracted signal. To compute these local slopes, we use'®
the average slope method [25]. However, we compute it inde-
pendently for each row/column, rather than estimating a single
slope for the whole image.

The neighbourhood considered for the computation of the
slopes has a band shape, in both the horizontal an vertical axis.
The width of this band is determined by w, which is the only
parameter for the algorithm. When w = 0, only first differences
between phase values in the the same row/column and the ones
in the previous are considered, as it is shown in Figure [J[a).

More specifically, the local slopes are estimated as

Ay = 1% ity=1
T £ 28 Wgu(i,y) — ¢u(i.y — 1], otherwise
(6)
Ay =10 ifx=1
T L3 Wlgw(x,i) — ¢u(x— 1,i)], otherwise
(7

where A,(:,y) is the estimated slope in the x-direction for any
pixel located at column y; and A,(x, -) is the estimated slope in
the y-direction for any pixel located at row x.

(a) (b)

Figure 2: phase values considered on a 16 x 16 signal to compute A(x,y) and
Ay(x,y) at the pixel marked in red close to the center of the image, when w = 0
(a); and when W = 2 (b)

Once A,(-,y) and Ay(x, -) have been computed, the surface to
subtract can be obtained by integrating the first differences as

Y x
Pe6) = D AL D+ DAY @®)
i=2 i=2
and the remaining signal to be unwrapped would be:
$(x,y) = Wldw(x,y) = ¢e(x, y)] €))

The signal ¢.(x, y) will be added back to the result of unwrap-
ping ¢/,(x,y), to produce the final unwrapped result ¢(x, y); and
the surface-related component can be recovered by carrier sub-
traction on ¢(x, y).

The fact that A.(-,y) and A,(x,-) take the same value for
all pixels in the same column and row, respectively, guaran-
tees a path independent integration from the first differences
in ¢.(x,y). This can be easily understood from Fig. [3] which
shows a 2 x 2 grid, along with the phase differences between
the values in the grid. As it can be observed, the addition of
the first differences along any 2 x 2 closed path always yields a
zero value.

The computation of the slopes A.(-,y) and A(x, ) in Egs. |§|
and[7]can be easily generalized to larger values of the parameter
w, whose effect is to enlarge the band-shaped regions that are
considered in the calculation. Figure [2(b) shows an example
for w = 2. For pixels at a distance > w from the borders of
the image, the width of the band is 2(w + 1) and the number
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Figure 3: 2 x 2 pixel grid in signal ¢.(x, y)

of second differences considered for A,(:,y) is 2w + 1)C, and
2w+ DR for Ay(x, -). For pixels closer to the border, the part of
the band that falls outside the image is simply discarded from
the computation, and Eqs. [f|and[7] turn into

SRS W ) - e j— )

AGy) = : 10
(23) R (10)
A D T WG oG- L]
= (= fo+ DC b

where f, = max(l,x —w) and [, = min(C, x + w) are the first
and last columns whose first differences are considered; and
fy = max(1,y — w) and [, = min(R,y + w) are the first and last
rows whose first differences are taken into account.

The larger the value of w, the smoother the surface will be.
A wider band limits the changes between the gradients A, (i, -)
and A(i + 1,); and between A, (-, j) and A,(-, j + 1), which are
the second differences of the signal in each direction. This is
because their computation differs in just one row/column, and
the rest are shared between both calculations. This yields a
theoretical maximum change between two consecutive values
of Ay(x,-) or Ay(-,y) of 2m/(2w + 1).

Fig. @] summarizes the computation of the signal separation
described in this section, and Fig. [ illustrates the practical
application of the proposed method. The local slope estimates
generally result in a higher reduction the number of wraps, as
compared to the global estimate in the carrier removal method.
On the negative side, carrier removal does not typically cause a
global overhead on the processing pipeline, as it is a necessary
step to recover the surface-related component of ¢(x,y) and no
significant saving or overhead is caused by running it before or
after phase unwrapping. On the contrary, signal separation in
the proposed method is an added step that increases the running
time of the processing pipeline.

4. Implementation

An efficient implementation of the algorithm can be achieved
by first computing the average first wrap differences in the x- di-
rection for each column, d,[c],c = 1...C; and the average first
differences in the y- direction for each row, d_y[r],r = 1...R
These are computed according to Eqs. [T2]and [I3]as

ifec=1

0,
dylc] = {Ile Z,R:l W [¢(i,c) — ¢(i,c — 1)], otherwise (12

Compute
A, (,y) forany columny

A (x,) foranyrow x

!

Build signal ¢,(x,)) as:
$.(x.0) =D A+ A(x)
i=2 i=2

1

Build signal ¢', (x,)) as:
¢4, (x,»)=W[4,(x,)—4.(x,)]

Figure 4: Algorithm to produce the proposed signal separation.

4,(x,y)

W

Proposed separation

I ¢.(x,)

4, (x,3) =W, (x.y)-4(x)
1Phase unwrapping 4

P(x,»)

1 Carrier removal

Surface related component
of ¢(x,)

Figure 5: Step-by-step illustration of the proposed method.
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0, ifx=1
dylr] = 1 iczl W [py(r, i) — ¢(r — 1,0)], otherwise (13

c
Then, the averaged values for the band are computed from
the values of d, and d,

Ir
2 dili]
i=f.

dlel = —7

(14)

I,
> dyli]
i=f;

(lr - fr + 1)
where f, = max(1,c—w) and [, = min(C, ¢ +w) are the first and
last columns in the band considered; and f, = max(1, r—w) and
I, = min(R, r + w) are the first and last rows. This operation can
be sped up for large values of w by computing d,[c] and d,[r]
from the previously computed values le[c — 1] and Ey[r —-1].
When w = 1, d,[c] = d,[c], and d,[r] = d,[r].

After, the average first differences in d, and d_y are integrated

dy[r] = (15)

to yield the vectors 3; and &'; This is done by setting 21;[1] =
d_x[l] and d,[1] = d_y[l]; and iteratively applying the equations:

dylc] = dyfc — 1] +d,[c] (16)

dy[r] = dy[r — 11 + d,[r], (17)

starting at indexes ¢ = 2 and r = 2 and finishing at ¢ = C and
r=R.

Next, the row vector d, needs to be replicated R times across
the y-axis to build a matrix M, of size R X C; and the column
vector dy is repeated across the x-axis to build another matrix
M, also of size R x C. The sum of these two matrices yields
the signal ¢.(x, y), containing the surface to be subtracted. This
surface plays the role of the carrier in typical fringe reduction
methods based on carrier removal. Finally, the remaining signal
component ¢, (x,y) to be unwrapped is obtained by using Eq.

@

5. Results

The efficacy of the proposed carrier removal method has been
tested on a variety of phase signals of size 515 x 512, most of
them from FPP. These signals have been used to compare the
wrap reduction results with two representative methods. The
first one is the classical average slope algorithm [23]], that op-
erates in the spatial domain by subtracting the average wrapped
phase difference in each direction and has been widely used
because of its simplicity and reasonable performance. The sec-
ond technique operates in the frequency domain and it is based
on an accurate estimate of the fundamental frequency of a 2D
complex signal built from the phase ¢,, [31]], using the 2D fre-zss
quency estimation method presented in [35]]. To allow for a fair

100 200 300 400 500

(d)

Figure 6: Comparative analysis of algorithms in a noisy wrapped signal that
corresponds to a surface measurement on a human face. (a) original wrapped
signal obtained by the FFT method [3], including an integer phase shift in the
frequency domain; remaining signal component ¢/, (x, y) after (b) application of
carrier removal by the the average slope method [23]; (c) alternative FFT-based
wrap reduction method presented in [31]; and (d) the proposed approach. The
difference between the signals subtracted in (b) and (d) is illustrated in (e).

500

00

Figure 7: A 3D representation of the signal in Fig. ﬁa)

comparison and to ease the visual inspection of the results, a
convenient constant has been added to all outputs. This con-
stant minimizes the total number of differences greater than 7
between adjacent pixels across the entire signal, in an attempt
to make the resulting phase fit in a single 27 cycle. In all cases,
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Figure 8: Decomposition of ¢,,(x, y) into signals ¢/, (x,y) and ¢.(x, ), in all compared methods

we have set the smoothness parameter w for the proposed al-
gorithm to 32, which has experimentally demonstrated a good
trade-off between smoothness and wrap reduction for signals of
size 512 x 512. 270

The first signal corresponds to a noisy height measurement
of a human face (Fig. [6(a)), processed by the FFT method [3].
As in most images used in this section, a range image represen-
tation is used, using grey levels to denote phase values from —
(black) to 7 (white). Fig. [7] provides a 3D representation of the
signal, which helps the observation of inherently present noise.
In this case, the application of phase shifting in the Fourier do-
main already eliminated some of the wraps caused by the car-
rier signal, but its performance was limited by the integer shift.
The wrap reduction obtained by using the average slope andz®
Fourier methods is shown in Figs. [6{b) and [6{c). Both results
are very similar and, although a displacement of the fringes can
be observed, the algorithms have not been able to reduce the
number of wraps in the original phase map shown in Fig. [f[a).
The result for the proposed method is shown in Fig. [f[(d). Inzs
contrast to the other competing methods, most wraps have been
eliminated. Fig. [f[e) shows the difference between the signals
subtracted in Figs. [6{b) and [f[d). While a plane with a low
slope was subtracted in the former case, the phase component
subtracted in the latter case has an adaptive shape that resem-2
bles the original signal, and its effect on the number of wraps
is clearly more noticeable. Figure §]focuses on the decomposi-
tion of the original wrapped signal, and attempts to emphasize
the difference between the signals ¢, (x, y) obtained by the three
competing methods. As it can be observed, both the FFT andzss
average slope methods restrict the shape of ¢.(x,y) to a linear

275

ramp. On the contrary, the proposed method results in a more
elaborate decomposition, in which the signal ¢.(x, y) combines
the carrier with some surface-related component, which helps
reducing the remaining wraps in ¢;,(x, y).

The same comparative analysis was performed on several
other signals. The one shown in Fig. [9(a) corresponds to a
different human face and was also obtained by using the same
method as in the previous case. Again, both the average slope
and the FFT-based methods do not yield a significant reduction
of the number of wraps, as it can be observed in Figs. [0[b) and
Oc). On the contrary, the proposed method was able to signif-
icantly reduce the number of wraps in the original signal. This
was again due to the subtraction of a more convenient shape.

The wrapped phase signal in Fig. [I0[a) corresponds to the
measurement of a human mannequin torso, with part of the
head at the right-hand side of the image and an unreliable mea-
surement caused by the a shadow at the left-hand side. In this
case, no carrier removal method was applied, causing a num-
ber of fringes that extend across the x-axis of the image. Both
the FFT and average slope methods achieve a reduction of the
wraps. However, only the proposed approach is capable of re-
moving all wraps from the surface of interest, making the un-
wrapping operation unnecessary. Again, this effect is caused
by the subtraction of a phase component whose low frequen-
cies are related to those in the original signal, helping again in
achieving a more noticeable effect.

The signal in Fig. [[T(a) was obtained by measuring a porce-
lain figure of a fairy. In this case, we can see that the effect of
the FFT method is an effective carrier removal. This method
fully eliminates the wraps in the background of the image, but
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Figure 9: Comparative analysis of algorithms in a wrapped signal that corre-
sponds to a surface measurement on a second human face. (a) original wrapped
signal obtained by the FFT method [3]], including an integer phase shift in the
frequency domain; remaining signal component after (b) application of carrier
removal by the the average slope method [25]; (c) alternative FFT-based wrap
reduction method presented in [31]]; and (d) the proposed approach. The differ-
ence between the signals subtracted in (b) and (d) is illustrated in (e).

leaves a few inside the figure. The average slope method leaves
some wraps in the background, but achieves a better effect on
the more relevant regions associated with the fairy figure. Our
proposed method behaves the best and removes most wraps
from the fairy figure, despite that it leaves some wraps in the
background. When a background is present, the differences™
in behaviour between typical carrier removal methods and the
proposed technique are specially noticeable. Carrier removal
techniques tend to produce a wrap-free background, while the
proposed method focuses wrap reduction on the object’s sur-
face. The behaviour of the proposed technique is hence pre-,,,
ferred when the background location is known and the signal
can be masked to unwrap the area of interest only. When this
is not the case, the FFT or average slope methods can be seam-
lessly used to detect areas of constant value and produce such

mask. 430

Another example that clearly shows the benefits of the pro-
posed method on a measurement of an upper body mannequin
is shown in Fig. [T3[a). As in the previous case, the FFT method
works perfect at removing the effect of the carrier frequency, but

400 500

100 200

(d)

300 400

Figure 10: Comparative analysis of algorithms in a wrapped signal that corre-
sponds to a surface measurement on a human mannequin torso, including part
of the head. (a) original wrapped signal obtained by the FFT method [3]], includ-
ing an integer phase shift in the frequency domain; remaining signal component
after (b) application of carrier removal by the the average slope method [23];
(¢) alternative FFT-based wrap reduction method presented in [31]]; and (d) the
proposed approach. The difference between the signals subtracted in (b) and
(d) is illustrated in (e).

leaves some wraps in the mannequin. Again, the average slope
is more efficient at removing wraps in the most relevant part
of the image, but leaves wraps in both the mannequin and the
background. On the contrary, the propose techniques removes
most wraps from the mannequin.

The last two examples clearly show that the carrier removal
and wrap reduction objectives are not necessarily equivalent.
In fact, the FFT-based method is clearly superior at the first
task. This is generally the case when the carrier is linear and a
large part of the signal corresponds to the background. Under
such circumstances, the fundamental frequency of the signal
Y(x,y)in Eq. E]is associated with the carrier, and the FFT-based
method is able to accurately estimate it. However, the proposed
method behaves considerably better at wrap reduction, achiev-
ing a greater and more convenient effect on the areas of interest.
The more flexible shape of the signal component subtracted,
driven by a more local estimation of the slopes in each region,
yields a more intense decrease in the number of wraps.
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Figure 11: Comparative analysis of algorithms in a wrapped signal that corre-
sponds to the measurement of a porcelain figure of a fairy. (a) original wrapped
signal obtained by the FFT method [3]], including an integer phase shift in the
frequency domain; remaining signal component signal after (b) application of
carrier removal by the the average slope method [23]; (c) alternative FFT-based
wrap reduction method presented in [31]]; and (d) the proposed approach. The
difference between the signals subtracted in (b) and (d) is illustrated in (e).

6. Conclusions

Despite fundamental differences between the carrier removal
and the phase wrap reduction tasks, both terms have been indis—355
tinctly used in the literature. Although carrier removal meth-
ods generally achieve a wrap reduction on 2-D phase signals,
a better effect can be achieved by subtracting an adaptive sig-
nal computed from seamlessly estimated local slopes. In this_
paper, we have proposed an algorithm based on this principle,
and showed that such an approach improves the performance of
typical carrier removal methods at the specific task of reducing
the number of wraps.
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Figure 12: Comparative analysis of algorithms in a wrapped signal that corre-
sponds to the measurement of the upper body mannequin. (a) original wrapped
signal obtained by the FFT method [3]], including an integer phase shift in the
frequency domain; remaining signal component signal after (b) application of
carrier removal by the the average slope method [23]; (c) alternative FFT-based
wrap reduction method presented in [31]; and (d) the proposed approach. The
difference between the signals subtracted in (b) and (d) is illustrated in (e).
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