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New particles coupled to the Standard Model can equilibrate in stellar cores if they are sufficiently heavy
and strongly coupled. In this work, we investigate the astrophysical consequences of such a scenario for
massive stars by incorporating new contributions to the equation of state into a state of the art stellar
structure code. We focus on axions in the “cosmological triangle,” a region of parameter space with

<

a ~

300 keV <m

2 MeV, g4y, ~ 1075 GeV~! that is not presently excluded by other considerations. We

find that for axion masses m, ~ m,, axion production in the core drives a new stellar instability that results
in explosive nuclear burning that either drives a series of mass-shedding pulsations or completely disrupts
the star resulting in a new type of optical transient—an Axion Instability Supernova. We predict that the
upper black hole mass gap would be located at 37 My < M < 107 Mg, in these theories, a large shift down
from the standard prediction, which is disfavored by the detection of the mass gap in the LIGO/Virgo/
KAGRA GWTC-2 gravitational wave catalog beginning at 46fg7 M. Furthermore, axion-instability
supernovae are more common than pair-instability supernovae, making them excellent candidate targets for
James Webb Space Telescope. The methods presented in this work can be used to investigate the
astrophysical consequences of any theory of new physics that contains heavy bosonic particles of arbitrary

spin. We provide the tools to facilitate such studies
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I. INTRODUCTION

The observation of gravitational waves from merging
binary black holes by the LIGO/Virgo/KAGRA (LVK)
Collaboration has enabled the study of the population
statistics of astrophysical black holes [1]. The black hole
mass function (BHMF) is predominantly shaped by the
processes governing the structure, evolution, and fate of
massive stars, making it a sensitive probe of stellar structure
theory [2,3]. It is also a novel and powerful probe of new
physics beyond the Standard Model. The evolution of
massive stars can be altered by modifications of gravity that
arise in leading dark-energy theories [4], additional energy
losses from new light particles [5—7], and energy injections
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from dark matter self-annihilation [8,9], all of which
leave imprints on the BHMF that can be distinguished
with gravitational wave data from LVK [10]. New
physics process can affect both the shape of the BHMF
and the locations of features such as the upper black hole
mass gap (BHMG), which allows competing theories to be
distinguished.

The BHMG is a feature in the BHMF that refers to the
absence of astrophysical black holes with masses in the
range 50 Mgy <M < 120 Mg. The physical origin of this
feature is the so-called pair instability, a stellar instability
due to electron-positron pair production in the cores of
massive stars, which have densities and temperatures that
are sufficient to produce copious amounts of nonrelativistic
e~ e™ pairs. Small contractions of the star result in temper-
ature and density increases; a corresponding increase of
pressure would be expected to counteract the contraction,
but leads instead to an increase in the rate of e”e™
production [11]. This causes a runaway contraction that
is only halted by explosive oxygen ignition after the core
temperature and density have become sufficiently high. The
resulting explosion unbinds the star—a process referred to
as a pair-instability supernova (PISN)—Ileaving no black
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hole (BH) remnant. A recent analysis [10] of the
LVK GWTC-2 catalog has determined the location of
the lower edge of the BHMG to be Mpyyg = 467, Mg
(Mpamg = 54fg My, if GW190521, a potential outlier, is
excluded from the analysis).

In a recent publication [6], we identified the existence of
a new stellar instability triggered by heavy new particles. If
the new particle couples to the Standard Model (SM) with
sufficient strength then it can be produced in the cores of
massive stars through SM interactions. Heavy particles are
especially interesting because they cannot be produced in
well-studied stars with lower masses. If the particles are
subsequently unable to free stream out of the star, they can
come into equilibrium with the stellar plasma. Rather than
acting as a new source of energy loss, as is the case with
light particles, heavy particles alter the equation of state
(EOS) of the thermal plasma [11]. This process is analo-
gous to the e~e™ pair instability. The heavy new particles
are produced with nonrelativistic velocities, and therefore
rob the star of pressure support and act to destabilize the
star, resulting in a similar runaway contraction. In [6], we
demonstrated the existence of such an instability by
calculating the equation of state of a gas of coupled ions,
photons, electrons, positrons, and heavy new particles.
This is sufficient to determine the existence of the insta-
bility, but calculating its effect on the structure, evolution,
and fate of massive objects requires detailed stellar evo-
lution simulations.

In this paper, we present the results of incorporating
heavy new particles into the EOS of stellar matter on the
fates of massive stars. We have modified the stellar
structure code MESA [12—16] to include an additional sector
of heavy particles in the equation of state. We focus on
axions with masses m, ~ 500 keV coupled to photons with
coupling strength g, ~ 10~ GeV~". This corresponds to
the “cosmological triangle”—a small region in the
{9ayy»m,} parameter space that is not currently excluded
by other probes of axions [17,18]. We find that stars with
initial mass M 2, 48 Mg undergo explosive oxygen burn-
ing in the star’s core. The explosion is so violent that it
unbinds the entire star, leaving no BH remnant. Thus, we
predict the existence of a new optical transient: an Axion
Instability Supernova (AISN). In stars with initial masses in
the range 38 Mgy <M <48 My the instability drives a
series of mass-shedding pulsations similar to the pulsa-
tional pair-instability supernova (PPISN) process driven by
the pair instability. We therefore refer to this process and
the associated novel optical transient as a Pulsational Axion
Instability Supernova (PAISN). Stars with mass M <
38 My avoid the instability and core collapse to form
BHs with masses nearly identical to the initial mass. The
upper black hole mass gap would therefore be located at
Mgymc = 37 Mg, in stark contrast to the SM prediction
Mgpmvc = 50 Mg [3,10]. We also find that the upper edge
of the BHMG is located at 107 Mg, significantly lower

than the SM prediction of 133 M, making it more likely
that LVK can detect BHs on the far side of the gap. The
results above are robust to variations in metallicity and the
2C(a,7)'®O rate. The detection of the upper BHMG
feature in the LVK GWTC-2 gravitational wave catalog
beginning at Mgyyg = 461”617 Mg, [10] therefore disfavors
this axion mass.

This paper is organized as follows. In Sec. II we discuss the
cosmological triangle for axions coupled to photons and
demonstrate that particles in this region can equilibriate in
stellar cores. In Sec. III we describe the stellar structure code
used for our simulations, derive the equation of state for heavy
new particles, and explain its implementation into MESA. In
Sec. IV we present our results. We conclude in Sec. V.

II. EQUILIBRATION IN THE COSMOLOGICAL
TRIANGLE

The methods presented in this work can be applied to any
bosonic particle (of arbitrary multiplicity) which equilibrates
in posthelium burning stellar cores such as axions, chame-
leons, symmetrons, dilatons, or hidden photons. An impor-
tant application, to which we devote our analysis in the rest of
this paper, is axion-like particles (henceforward axions) in
the so-called cosmological triangle (see, e.g., [17,18]): an
open region in the {g,,,,m,} parameter space bordered by
constraints from beam-dump experiments, supernova cool-
ing constraints, and stellar bounds. The cosmological triangle
received its name from its shape, and the fact that cosmology-
dependent constraints can be deduced given additional
assumptions on exotic contributions to ANy [19]. This
region of parameter space has recently been criticized based
on limiting the energy deposition in the mantle and the outer
envelopes of low-energy supernovae [20,21]. These limits
are suggestive that new optical phenomena are possible in
this range of parameter space; however, until observational
signatures of this type of energy deposition are better
characterized, it is important to pursue additional probes
of this parameter space. In this subsection we show that
axions in the cosmological triangle will indeed equilibrate on
timescales relevant to massive star evolution, and in sub-
sequent sections we work out additional observational clues
to the presence of this new kind of particle.

There are two processes relevant for heavy axion
production in the mass and coupling range considered in
this work—photon conversion (the Primakoff process) and
photon coalescence [17,22,23]. The production rate for
axions by the process of photon conversion is [18,22]

r_Gan TRk [[(k+p)* + K][(k=p)* + K]
mh4 3r w 4kpk?
k 2 k2 k2_ 2\2 k 2
X1n|:( +p)2+ ;:|_( p2> ln|:( +p)2:|_1},
(k—p)” +k; 4kpks (k—p)

(1)
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where k = |k| is the photon momentum, @ its energy,
p = |p| is the axion momentum, T is the plasma temper-
ature, and k, describes plasma-screening effects:

dra p
2 _ 2
ki = T (Ye—i— g Zij), (2)
u J

where Y, is the number of electrons per baryon, Y; is the
number per baryon of nuclear species with charge Z;, and
m,, is the atomic mass unit. The production rate for axions
by the process of photon coalescence is (see e.g., [24-26])

2 — b} 2T (11— (ExP)/2T
Faﬂ/:ma 2 Ly I+—1In 6_ —7 | 3)
ma E p 1+e (E P)/ T
where the axion decay rate is given by

3
_ Yayy My and @ 4ran,

Yo =6tz P (4)

where the latter is the plasma frequency (n, is the electron
number density).

The equilibration time can be estimated as in [6] as
Teq = (>-T,,)”", where the sum runs over all processes
that allow the absorption of axions, since the rate of
absorptive processes must equal the rate of production
when in equilibrium. The rate of core temperature evolution
in our simulation can be estimated as I'.,, = T/ T where
the dot indicates a derivative with respect to time. We can
safely assume an equilibrium population of axions if
> T, > T before the onset of the PISN or PPISN.
Given that the decay rate alone, estimated as I'gecy ~ garm3,
is of order microseconds for the mass and coupling
considered in this work, this condition is satisfied in the
cores of the stars that we simulate, except possibly during
the pulsations. We therefore assume an equilibrium dis-
tribution during quasistatic stellar burning and make the
conservative choice to disable our modifications to the EOS
at the onset of the pulsational stage of evolution.

III. STELLAR MODELING

Our simulations were performed using the publicly
available stellar structure code MESA version 12778 [12—
16]. Our modifications to MESA as well as a Mathematica
code to produce equations of state for user-supplied masses
and spins are publicly available at the following URL, [27].

A. Input physics

MESA is a one-dimensional (meaning that it assumes
spherical symmetry) hydrostatic code. It is equipped with a
Harten-Lax-vanLeer-Contact hydrodynamical solver that
can be switched on to simulate departures from hydrostatic
equilibrium such as pulsations and shocks [16]. Our

simulation of the pulsations and stellar explosions due to
new particles is identical to the implementation described in
[2,4,6,16,28].

Relevant prescriptions for our simulations are as follows.
We treat convection according to the Cox prescription for
mixing-length theory [29] with efficiency parameter
oyt = 2.0. Semiconvection is modeled according to
[30] with efficiency parameter agc = 1.0. Convective over-
shooting is described using an exponential profile para-
metrized by f,, which sets the point inside the convective
boundary where overshooting begins, and f,, which
determines the scale height of the overshoot. We set f, =
0.005 and f,, = 0.01. Our prescription for mass loss due to
stellar winds follows that of [31] with the wind efficiency
parameter (clumping parameter) # fixed to 0.1. Finally, we
use the MESA default nuclear burning rates (these are a
mixture of the NACRE [32] and REACLIB [33] tables) with
the one exception of the '’C(a,y)'°O reaction. Previous
studies have found this to be the most important rate for
determining the location of the upper BHMG [2,3,34] so
we use the most recent results from [35]. In particular, we
use their median values (changing this by 16 changes the
location of the SM BHMG by £2.5M, [3,10]).

We derive the nal black hole mass by simulating he- lium
cores from the zero age helium branch (ZAHB) until either
core collapse or PISN/AISN. The black hole mass is
calculated as the mass of the layers expanding with velocity
less than the escape velocity. The inlists given in the
reproduction package for this paper are identical to those
used to generate our results.

B. Equation of State for Heavy Bosonic Particles

We assume that the new particle is bosonic with g =
2s + 1 (with s the spin) degrees of freedom and further
assume that it has no gauge quantum numbers, imply- ing
that it has zero chemical potential. This assumption can
easily be relaxed in more complicated models. The con-
tribution to the EOS can then be calculated by inte- grating
over the distribution. Here we assume a thermal equilib-
rium Bose-Einstein distribution. We leave a de- tailed study
of the thermalization processes for future work. Our
procedure for calculating the EOS for heavy new particles
and its implementation into MESA is de- scribed in the
Appendix.

We assume that all of the axions that are produced by the
process described in Eq. (1) remain trapped in the stellar
core. This is only an approximation: some of the axions
produced from photon conversion will be generated with
velocities exceeding the escape velocity from the star.
However, for the parameter values we choose, such
particles should be able to scatter with SM particles on
their way out of the star, and in doing so will on average
lose energy to the gravitationally bound stellar material,
which will lead them to eventually become trapped and
populate the thermal phase space as assumed here.
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The process by which they scatter and become bound could
lead to transport of internal stellar energy (see e.g., [23,36—
39]). The energy transport and subsequent redistribution in
the core reduces the temperature gradient and hence the
amount of convection. Convective mixing of '*C inhibits
the explosive burning of oxygen [3] so additional energy
transport by axions is likely to result in stronger pulsations
and the onset of instability at lower ZAHB mass. Full
numerical studies are needed to confirm this. For this
reason, we believe that a full, out-of-equilibrium simulation
of the dynamics of the axion population in the star will be
an interesting topic to study in greater detail in future work.
Nevertheless, our study is of value for the limiting cases of
very tightly coupled new particles or modifications of
the EOS induced by modified gravity or new couplings
between SM particles.

IV. RESULTS

We report here on the impact of an axion with mass
m, = m, = 511 keV—near the lower edge of the cosmo-
logical triangle. The effects of less-massive axions will be
even more dramatically visible than an electron-mass
axion. Intriguingly, we have verified that if the axion has
amass m, 2 2m, then stars will encounter the PISN before
the AISN, thus recovering Standard Model-like behavior
anticipated with no axion at all. Below, we comment on the
significance of these relations for LVK observations.

A. Physics of the axion instability

The inclusion of axions with masses equal to electrons
exacerbates pair instability. The temperatures and densities
where the axion instability manifests are shown in Fig. 1.
This figure demonstrates that adding a bosonic particle with
the same mass as electrons implies an extension of the

I <4/3 I <
22 1102
~ 10°F 71 S
~ PP Clgmtlon_ -
r He ignition
L T~ ====- SM ]
—SM +m, =m,
i 1
108 R TT E A N R R T IR S W R R TR S S N T 1T TR S IR A TTIT] -10
102 10* 106
-3
pe(gem™)
FIG. 1. The central temperatures and densities where the pair

instability (black dashed line) and axion instability (red solid line)
are encountered. The axion mass was taken to be equal to the
electron mass. The gray region indicates the approximate location
of typical massive star evolutionary tracks.

region with I} = 4/3, where the stellar core is unstable. We
therefore expect lower-mass objects to experience mass-
shedding pulsations (PAISN) and complete disruption
(AISN) compared with the SM prediction. We also expect
that these events will be more violent than the PPISN and
PISN predicted by the SM. For m, < 2m,, axion produc-
tion is efficient under similar conditions as e~e™ produc-
tion, such that the effects of the pair instability and axion
instability compound, resulting in a smaller value of I'; at
fixed temperature and density and therefore a stronger
inward contraction when the instability is first encountered.
This stronger contraction can only be countered by a more
violent oxygen explosion.

A second consequence of the compounding of the axion
and pair instabilities is that lighter BHs can be formed at the
upper edge of the upper black hole mass gap. The BHs
reappear at high masses (Mgy = 133 My in the SM)
because the core temperatures and densities are sufficient
for photodisintegration reactions to occur. These result in
their own independent instability because the temperature
and density increase due to small contractions further photo-
disintegrating the heavy elements rather than raising the
pressure to counteract the contraction. Photodisintegrations
compound with the pair instability to lower I'; further below
4/3 to the point where the oxygen ignition is not sufficient to
reverse the contraction and core collapse ensues. One would
therefore expect a similar phenomenon resulting from the
compounding of the axion and pair instabilities. This
compounding happens at smaller temperatures and densities
than those required for photodisintegration reactions, imply-
ing that the oxygen explosion will not be sufficient to reverse
the implosions of some lower-mass objects.

B. Location of the upper black hole mass gap

The results of our simulations are presented in Fig. 2
where we plot the BH mass as a function of initial helium

140} ,
190k o MESA result  gnp gy, —
— fit
100
80F 1

Mgu(Mg)

80 100 120 140
M; (M)

FIG. 2. The black hole mass as a function of initial mass in both
the SM and when axions with mass m, = m, are included in the
EOS. These results are for Z = 10™. Each open circle corre-
sponds to the result of an individual MESA simulation.
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First-generation black hole masses as a result of (P)AISN. (Left) Simulation results and numerical fit. (Right) Black hole mass

function found using the fit in the left panel and the assumption that the initial mass function of the stellar population is a power law with
index —2.4. It is seen that the value of Mgy is lower than the value found in the Standard Model (see [10]) by more than 10 Mg,

core mass. The metallicity was taken to be Z = 1073
corresponding to population-III stars. The qualitative
effects described above are evident. The pulsations and
total disruptions (AISN) indeed begin at lower masses
compared with the SM, and stars that would have expe-
rienced pulsations are instead totally disrupted, leaving no
BH remnant. Furthermore, the BHs reappear at smaller
masses compared with the SM. Our simulations predict
that, when electron-mass axions are included in the EOS,
the lower edge of the upper BHMG is located at 37 My and
the upper edge of the BHMG is located at ~107 Mg
(compared to Mgy = 133 Mg, in the SM). Thus, we predict
that the BHMG is narrowed from 86 Mg to 71 Mg,.

We have run additional grids with Z = Z,/10 (corre-
sponding to population-II stars) where the solar metallicity
is Zo = 0.0142 and where the rate of the '*C(a,y)'%0 is
varied by £1o¢ from its median value. In all cases we find
<4 Mg, changes in the location of the lower edge of the
BHMG. Thus, our predictions are similarly robust as the
predictions of the PISN [2].

C. Black hole population signatures

The results of our simulations are shown in the left panel
of Fig. 3. To understand the function Mgy (M;), we perform
a numerical fit to a continuous, parametric function which
can reproduce the shape of the curve: a constant, two power
laws with arbitrary coefficients to model both the BHs
unaffected by pair instability and PAISN BHs, and an
exponential falloff capturing AISN, as introduced in [10].
In the right panel, we perform a fit to the black hole mass
function introduced in [10]:

1 _
le(aHg) Mt |1+ zalelB/I-%(MBHMG — Mgy)*™! (5)
aMm & MBH a—-1/2 :

BH Mg

It is seen that the proposed mass function approximates
the shape of this MESA-fit mass function well with just

three parameters. The best-fit parameters are also given in
Fig. 3. Strikingly, it is seen that the model (5) indicates a
value of the BHMG of Mgy = 34.5 Mg for Z = 1073
(Mgumg = 31.7 Mg for Z = Z,/10). Fitting this function
to the LIGO/Virgo/KAGRA GWTC-2 catalog yields a
robust measurement of Mgy = 467 My (5478 Mg
if GW190521 is excluded from the analysis) [10], which
seemingly disfavors the possibility of AISN. However, for
axion masses m, 2 2 MeV, we have determined that stars
will encounter the PISN instead of the AISN. In this case,
the functions Mgy (M;) and dNgy(Mpgy) are the same as if
there is no axion at all. Thus, we suggest the intriguing
possibility that a spatially varying axion mass, such as
could be generated by locally varying CP violation in
different host galaxies [40], could lead to two distinct peaks
in the black hole mass population. Finding a complete,
cosmologically viable model including this physical effect
is an important target for further research.

Black holes beyond the upper edge of the upper BHMG
are currently outside the detection range of LIGO/Virgo/
KAGRA, but planned upgrades to their sensitivities and the
addition of planned future interferometers to the network
(e.g., LIGO-India) will enable the location of the upper
edge to be measured with percent-level precision [41].
Future detectors such as Cosmic Explorer, Einstein
Telescope, and LISA will also be able to measure the
location of the upper edge. It is therefore possible that the
location of the upper edge will be measured within the next
decade, at which point it could be used to place additional
bounds on heavy axions.

D. Optical signatures

Before concluding, we briefly comment on the possibility
of directly detecting AISN using optical observations. AISN
will be more common than PISN since their progenitors
have lower masses, and lowermass stars are more numerous
due to the negative slope of the stellar initial mass function.
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FIG. 4. Luminosity of AISN and PISN.

Additionally, we find that at fixed progenitor mass AISN
are brighter than PISN owing to the more violent oxygen
explosion needed to counteract the stronger contraction.
We plot the luminosity of a 52 Mg and 70 Mg AISN
alongside a 70 Mg PISN in Fig. 4. Evidently, a 52 Mg
AISN is brighter than a 70 Mg PISN, whereas the 70 Mg
AISN is brighter by more than an order of magnitude.
James Webb Space Telescope (JWST) will therefore see
more AISN than PISN, making AISN excellent targets. It
would be interesting to use population synthesis and
semianalytic N-body codes to predict the AISN rate, and
to use radiation hydrodynamics codes to predict their light
curves. Such undertakings are beyond the scope of this
work, but would provide additional detection channels.

V. SUMMARY AND OUTLOOK

In this work we have explored the effects of heavy axions
in an unconstrained region of parameter space—the cos-
mological triangle—on the structure, evolution, and fate of
massive stars. At these masses (m, ~ m,), these particles
can remain in the star and equilibrate with the stellar
plasma, leading to a new instability akin to the pair
instability. We have explored the ultimate effects of this
instability by incorporating heavy axions into the equation
of state module of the stellar structure code MESA.

Our simulations predict that the axion instability results
in a contraction that ultimately unbinds the entire star. Thus
we predict the existence of a new optical transient, an
axion-instability supernova.

We investigated the axion-instability supernovae induced
by an axion of mass m, = m,. We explored the impacts on
the upper black hole mass gap and found that both the
upper and lower edges are shifted to smaller masses. In
particular, the lower edge is located at 37 My, compared to
the SM prediction of 49 M, and the upper edge is located
at 107 Mg, compared to the SM prediction of 133 Mg, as
shown in Fig. 2. Thus, the width of the gap narrows. The
location of the lower edge is shifted to lower masses

because the axion instability manifests at higher densities
than the pair instability and can therefore be encountered by
lower-mass objects. The location of the upper edge is
shifted to lower masses because the axion and pair
instabilities compound as a result of axions in the cosmo-
logical triangle having similar masses to the electron. The
resulting contraction is stronger than in the SM and the
oxygen explosion is not sufficient to reverse it and prevent
core collapse. We have checked that these results are robust
to variations in metallicity and the '°C(a,y)'°O rate. We
also determined that axion-instability supernovae disappear
for axions of mass m, 2 2 MeV, reverting to the standard
astrophysical prediction.

We studied the signatures of AISN on black hole
populations. In the case of the lower edge, we demonstrated
that an analysis of the population statistics of BHs in the
LVK gravitational wave catalogs can distinguish between
the two models. This could provide a robust detection of
heavy axions in the cosmological triangle by fitting the BH
mass catalog to the fitting function in Eq. (5), which
enables extraction of the location of the lower edge of the
mass gap and the sharpness of the peak of the BH mass
spectrum. Although these results appear to be in tension
with current data, if there is spatial variation in the axion
mass, then this could lead to a “smearing” of the peak in the
black hole mass function, or even a mass function with
multiple peaks. Evidence in favor of this possibility will be
interesting to search for in black hole population catalogs.
Planned upgrades to the sensitivities of LVK and the
inclusion of additional detectors within the next decade
will enable a robust measurement of the location of the
upper edge, at which point independent corroborations can
be placed.

A central assumption we have made in our analysis is
that the new particles fill out the entirety of the local
thermal phase space. This is inaccurate if they are produced
with velocities greater than the escape velocity and have a
mean-free path much larger than the core size. In this case,
they would contribute to anomalous energy transport in
the star. In light of the findings here, a suite of out-of-
equilibrium, momentum-dependent simulations of such
new particles will be valuable to conduct. We have also
restricted to a single, spin-0, CP-odd degree of freedom,
motivated by the existence of the cosmological triangle for
axions, but our methods can be used to investigate the
effects of new bosons with arbitrary masses and spins.

The MESA code used to generate our results is included in
the reproduction package for this paper [27]. Also included
are the codes necessary to generate modifications to the
MESA EOS due to bosons with user-supplied masses and
spins. We encourage the use of these for further science
studies of new heavy particles coupled to the SM.

Finally, we note that it would be interesting to predict the
optical and neutrino signatures of axion-instability super-
novae. Optical signatures could be predicted by generating
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synthetic light curves using photometric evolution codes,
and neutrino signatures could be predicted using full three-
dimensional simulations of axion-instability superovae. We
found that AISN are brighter and occur more frequently
than PISN (we gave an example in Fig. 4), raising the
tantalizing possibility that they may be directly detected
by JWST.

VI. SOFTWARE

MESA version 12778, MESASDK version 20200325,
Mathematica version 12.0.
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APPENDIX: NEW PARTICLE EOS AND
IMPLEMENTATION INTO MESA

The MESA EOS module requires 16 thermodynamic
variables to be specified. Three of them—the mean
molecular weight per gas particle 4, the mean number of
free electrons per nucleon !, and the ratio of the electron
chemical potential to k37T (degeneracy parameter n)—are
not modified by the presence of new particles. The
remaining 13 are listed in Table I. In addition to these,
derivatives of each of these quantities with respect to InT
and In p must also be provided. The EOS (and derivatives)
are critical for determining the MESA time step so must be
accurate to high precision.

The default MESA EOS at temperatures and densities
relevant for post-main-sequence massive star evolution
is the HELM EOS [42]. Our procedure for including
new particles in the EOS is to first call this EOS and then
modify each of the quantities listed in Table I. The MESA
EOS uses density and temperature as input variables.
Consequentially, the contribution of new particles to
quantities defined as derivatives at constant p and 7 e.g.,
cy and g, as well as those with no derivatives e.g., pressure
can be found by calculating the corresponding quantity for
new particles and adding this to the MESA default value.
Quantities defined as derivatives with other variables held
constant e.g., I'; (which involves constant entropy) and cp
(which involves constant pressure), cannot be added in this

TABLE 1. The 13 MESA EOS variables altered by new particles. We have defined the quantities X = Py and Y = pTc,. The specific
enthalpy is & = E + P/p. The gas pressure is defined as the total of all sources of pressure except the radiation pressure Pq = aT*/3
with a the radiation constant. The total pressure is then P = P, + aT*/3. Quantities with an overbar are those returned by the MESA
default EOS and do not include DM. The formulas in the final column are those used in our modified MESA code.

uantit Definition Units in MESA Formula
Quantity
P, Gas pressure ergs/cm’ P,=P,+P,
E Specific internal energy ergs/g E=E+ %
K Specific entropy ergs/g/K s=5+sy4
cy (gi;)p ergs/g/K G, - kBC%/%zdlﬁ[,(ﬁ>
Z suel, None L,
dlnP p— d
AT TInT » None %)(T _ kBC%pﬁZ% Hd]ﬂ(/f)
&), ergs/g/K? (&), =S4 LH, (B) + H3(p)
G + L)
@), ergs/em? /g2 /K (@), -
(@), ergs/cm? /g2 &),
I 1+ gll?llf): None 1 +§
Ty (515), None Xp T ATy
Vaa (Gin)s None i
cp (%)P ergs/g/K %F]
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manner. The reason for this is that the MESA default
value is calculated at constant default quantity which,
with the exception of T and p, is altered by the presence
of new particles. In these cases, one must calculate
the relevant quantity using thermodynamic relations
when all species are included simultaneously (visible
matter and new particles). We have derived formulas that
can be used to calculate these quantities from a combi-
nation of the MESA default EOS quantities, which we
denote using overbars, and the EOS variables that can be
updated to include new particles by simply adding their
contribution. These formulas are listed in the final column
of Table I.

Our procedure is then to first calculate all of the
EOS variables that can be found by adding the
contribution from new particles, and then to use these
to calculate the remaining quantities. This mandates
that the EOS variables be calculated in a specific order
since some nonadditive EOS variables must be specified
before others can be calculated. From top to bottom, the
order in which the quantities appear in Table I reflects the
order in which they are calculated in our MESA code.
Given any single row, quantities from previous rows may
act as inputs to the formula but not quantities from
subsequent rows. The starting point for this process is
the gas pressure P, specific internal energy E, and
specific entropy s. All other quantities can be calculated
from combinations of these three and further quantities
derived therefrom.

Assuming that the new particle is a spin-s boson ¢ with
mass mg and degeneracy g, = 2s + 1 which is in thermal
equilibrium with the stellar material, these three quantities
are calculated analytically from first principles by integrat-
ing over the Bose-Einstein distribution as follows. We
begin by defining

1 md,c 3
C= ; <T> y and (A])
p(r) = MoC (A2)
 kgT’

where m is the mass of the new particle. The relevant
thermodynamic quantities are the pressure, density, internal
energy, and specific entropy given respectively by

Py(p) = m¢02C<%¢>H1 B, (A3)
pe(P) = mqﬁC(%) Hy(p), (Ad)
W) =mec(R) ). 89

kzC,
o G IR URT AT
where
mp = [ G(E)Boe)% (A7)
YT s T\ B’
© (€ de
mp - [ PLCE Y
o d
mp - [T (F)pe%. @9
TABLE II. Derivatives of the MESA EOS variables listed in

Table I with respect to log 7" at constant density (9/9InT],).
Overbars denote quantities returned by the default EOS that do
not include DM. We have defined the following quantities: X =
Pyrm Y =pTc,, Ey = uy/p, and Py = aT*/3. Some quan-
tities require a second formula for deriving the derivatives of
MESA default quantities. If this is the case, the formula is given
on the line below. We have derived analytic fitting functions for
the derivatives of the DM variables appearing in the final column
which we implement into MESA. Note that MESA uses In(P,),
In(E), and In(s) as variables, hence the logarithms in the first
three rows.

Quantity Derivative
In(P P, OlnP, | T 0P,
(Pe) P, omT T 7,01
In(E) EomE |, T 0E,
EJInT EOInT
In(s 50Ins T sy
( ) S(')lnT+YE)1nT
Cy e, PE,
ot T I 572
- oT 0P
o X1Xp + P orap
PP __ P (Oir I
dTdp — pT ([ﬂnp +}{T)(p)
2 T2 (2P | PPy
“ xr a1+ 7 (e + )
PP _ P (72 _ 5 7r
orr = 72 Ut =Xt + i)
r X 1 Oyr _ 1 Oc, 1 0P
} Y[ 1 +)(»,-(?1nT clr’)]nT+P(91nT}
P p  OInPg P,
OlnT — Pgas OlnT +T oT +4Prad
r % | X Oxr ary
! T T YamT T XT omT
V, _ Vi or, 1 0y
dd FT 01nr+r101nr
cp @l Do e %
2, OIT Ty, InT — y,dInT
2 9 (05 0254,
(OT)ﬂ JdInT (d_T) +T oT?
& d_ (35 P,
(3) 527 (&) + T o
9t 9 (OE PE,
() iy (2B) + T3t
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: (A10)

G(x) == (2= 1). (A11)
The assumption that the phase-space distribution of axions
follows its thermal equilibrium form is nontrivial, since the
production processes are athermal. Nevertheless, thermal
broadening, redshifting, and rescattering will push the
distribution towards thermalizing. Exploring the process
of thermalization in detail is an interesting topic for
future work.

The formulas for the EOS variables that we use in our
MESA code are given in Table I. The formulas for the
derivatives of these variables with respect to temperature
are given in Table II and the formula for the derivatives
with respect to density are given in Table III. The
derivatives are crucial for determining the MESA time
steps and cannot be omitted. In order to enable rapid
computation and maintain high precision we have
derived analytic fitting functions for Py, us, and sy,
and their derivatives with respect to temperature and
density. Specifically, we fit an eighth-order polynomial
in T to each formula (the p dependence is simple and
can be included analytically) and evaluate the formulas
in the final columns of the tables in MESA using these
fitting functions. A copy of the specific fitting formulas
used in this work (corresponding to a 511-keV scalar) is
included with the reproduction package for this paper
(see [27]). Our reproduction package includes a
Mathematica script that generates these fitting formulas
for arbitrary boson masses my and degeneracies g, for
immediate use.

TABLE III. Derivatives of the MESA EOS variables listed in
Table I with respect to log p at constant temperature (9/90 In p|;).
Overbars denote quantities returned by the default EOS that do not
include DM. We have defined the following quantities: X =
Pyr mY =pTc,,Ey = uy/p,and P,q = aT*/3. Some quantities
require a second formula for deriving the derivatives of MESA
default quantities. If this is the case, the formula is given on the line
below. We have derived analytic fitting functions for the deriv-
atives of the DM variables appearing in the final column which we
implement into MESA. Note that MESA uses In(P,), In(E), and
In(s) as variables, hence the logarithms in the first three rows.

Quantity Derivative
n(P) 7= (o),
n(2)
In(s) T
o (35), + P 7758
X 2o =13+ 55k
?)27};) = ;% ()_(/2) X +001)1(1/,,)
r ~xrx, + 5 i
%:pﬁr(%_'—}?T?p) B
I Flot e — L+ P e
T aal)ffp + %aaﬁ; +xr 5)11;1)
s L
cp @ Tiey _cp %
‘ %, Olnp _;(/, lnp(z)(/,ﬁlnp
?)TE; T P ?;5 +p 00;¢
= 2 o
g_';' p p% + pgTi)(/;)
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