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A B S T R A C T 

The abundance of the faintest galaxies provides insight into the nature of dark matter and the process of dwarf galaxy formation. 
In the LCDM scenario, low-mass haloes are so numerous that the efficiency of dwarf formation must decline sharply with 

decreasing halo mass in order to accommodate the relative scarcity of observed dwarfs and satellites in the Local Group. 
The nature of this decline contains important clues to the mechanisms regulating the onset of galaxy formation in the faintest 
systems. We explore here two possible models for the stellar mass ( M ∗)–halo mass ( M 200 ) relation at the faint end, moti v ated 

by some of the latest LCDM cosmological hydrodynamical simulations. One model includes a sharp mass threshold below 

which no luminous galaxies form, as expected if galaxy formation proceeds only in systems abo v e the hydrogen-cooling limit. 
In the second model, M ∗ scales as a steep power law of M 200 with no explicit cut-off, as suggested by recent semi-analytical 
work. Although both models predict satellite numbers around Milky Way-like galaxies consistent with current observations, 
they predict vastly different numbers of ultraf aint dw arfs and of satellites around isolated dwarf galaxies. Our results illustrate 
how the satellite mass function around dwarfs may be used to probe the M ∗–M 200 relation at the faint end and to elucidate the 
mechanisms that determine which low-mass haloes ‘light up’ or remain dark in the LCDM scenario. 

Key w ords: galaxies: dw arf – galaxies: haloes – galaxies: luminosity function, mass function. 
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 I N T RO D U C T I O N  

ltraf aint dw arfs, defined here as dwarf galaxies with stellar
asses M ∗ < 10 5 M � (Bullock & Boylan-Kolchin 2017 ), are 

ypically systems whose extremely low surface brightness ( μv ≥
7 mag arcsec −2 ) hinders their disco v ery and makes follow-up stud-
es extremely difficult. Indeed, although recent efforts have led to the 
isco v ery of dozens of ultrafaints in the Milky Way (MW) halo (see
imon 2019 , and references therein), it remains unclear how many 
ore of them may still lurk undetected in the vicinity of our Galaxy.
The ultrafaint population also remains largely unexplored in 

xternal galaxies, with only loose constraints available on the massive 
nd of the ultrafaint regime in M31 (see the dwarf galaxy catalogue
ompiled and maintained by McConnachie 2012 ). Identifying iso- 
ated ultrafaints in the field is even more difficult, with few, if any,
eported so far outside the Local Group. 

Because of their extreme intrinsic faintness, few bright stars 
re available for spectroscopic study in ultrafaints, even when 
sing some of the largest ground-based telescopes. This implies 
hat the characterization of some of their basic properties, such 
s their metallicity distribution, elemental abundances, or velocity 
ispersion, is subject to large uncertainty. Poorly determined velocity 
ispersions, in particular, affect our ability to estimate halo masses 
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nd to constrain the relation between stellar mass ( M ∗) and halo
irial 1 mass ( M 200 ) at the very faint end of the galaxy luminosity
unction. 

Indeed, our best constraints on the M ∗–M 200 relation at the faint
nd arguably come from abundance-matching techniques (Conroy, 
echsler & Kravtsov 2006 ; Guo et al. 2010 ; Behroozi, Wechsler &
onroy 2013 ; Moster, Naab & White 2013 ). Because the galaxy

tellar mass function around M ∗ ∼ 10 8 M � (the faintest luminosities 
or which it is well constrained; see e.g. Baldry et al. 2012 ) is
ubstantially shallower than the LCDM halo mass function in that 
egime (Springel et al. 2008 ; Boylan-Kolchin et al. 2009 ), it is
lear that galaxy formation must become increasingly inefficient 
owards decreasing halo masses. Characterizing this decline in galaxy 
ormation efficiency at the low-mass end is difficult, and there is so
ar no consensus on how steep the decline is, on what the scatter in
 ∗ at fixed M 200 might be, and on whether there is a characteristic

threshold’ halo mass below which no luminous galaxy forms in 
CDM. 
The lack of consensus concerns not only abundance-matching 

tudies, but also direct cosmological simulations of the formation 
f the faintest galaxies. For example, Local Group simulations 
 We shall use halo ‘virial’ properties defined within a radius, r 200 , enclosing 
 mean density 200 times the critical density for closure. A subscript ‘200’ 
dentifies quantities defined within or at that radius. 
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rom the APOSTLE project (Fattahi et al. 2016 ; Sawala et al.
016 ) suggest a relation with a fairly sharp cut-off at low halo
asses, where few, if any, isolated haloes with V max below ∼

5 km s −1 host a galaxy (Fattahi et al. 2018 ). At least qualita-
ively, this is the behaviour expected in scenarios where luminous
alaxy formation only proceeds in haloes with masses exceeding
he ‘hydrogen-cooling limit’ (HCL) set by the primordial abun-
ance cooling function after accounting for the presence of an
v olving, ionizing ultra violet (UV) background (see e.g. Gnedin
000 ; Okamoto, Gao & Theuns 2008 ; Benitez-Llambay & Frenk
020 ). 
On the other hand, some cosmological simulations suggest that

 ven haloes belo w the HCL may be able to form stars, so that no
lear minimum ‘threshold mass’ for galaxy formation e xists. F or
xample, FIRE-2 simulations (Wetzel et al. 2016 ; Hopkins et al.
018 ; Wheeler et al. 2019 ) seem better described by a power-law
 ∗–M 200 relation similar to that reported by Brook et al. ( 2014 ) and
hich extends well below the HCL mass. 
This argument has been strengthened by semi-analytical models

hat attempt to reproduce simultaneously the MW satellite mass
unction and its radial distribution. Because tides may, in principle,
isrupt subhaloes near the MW disc, accounting for the large number
f ultrafaint satellites disco v ered in the inner ∼40 kpc of the MW
alo has led to the suggestion that populating subhaloes well below
he HCL with luminous galaxies may be needed (Graus et al. 2019 ;
elley et al. 2019 ). 
Ho we ver, there is still substantial uncertainty about whether Galac-

ic tides are actually able to fully disrupt cuspy LCDM subhaloes (van
en Bosch et al. 2018 ; Errani & Navarro 2021 ) and no cosmological
imulation has actually reached the ultrafaint regime probed by
bservations. Despite these uncertainties, it is clear that simulation
redictions for the faintest dwarfs appear to differ, depending on
he resolution and subgrid physics adopted in the simulations (see
.g. Munshi et al. 2019 ). This is problematic, as the steep halo mass
unction in LCDM implies that even small differences in the stellar
ass–halo mass relation should result in large differences in the

xpected number of faint galaxies. 
We explore here how the abundance of ultrafaint satellites may be

sed to place constraints on the behaviour of the M ∗–M 200 relation
t the faint end. Their abundance around isolated dwarf primaries is
articularly constraining. This is because the subhalo mass function
s well approximated by a power law (Springel et al. 2008 ) and
herefore a power-law stellar mass–halo mass relation would result
n ‘self-similar’ satellite mass functions independent of primary

ass (Sales et al. 2013 ). This is a clear prediction that can be used
o gain insight into the shape of the stellar mass–halo mass relation
or primaries at the faint end. 

We explore these issues here, and argue that the ultrafaint satellites
f isolated dwarf galaxies are a promising way to elucidate how the
aintest galaxies form and populate dark haloes at the low-mass
nd. This paper is organized as follows. We begin by moti v ating in
ection 3 two particular analytical forms of the faint-end M ∗–M 200 

elation (a power law and one with an explicit lo w-mass cut-of f) based
n results from recent cosmological hydrodynamical simulations
Section 2 ). We validate the ‘cut-off’ model in Section 4.1 by
eproducing results from the APOSTLE runs. We then compare the
esults from both our models for the ultrafaint satellite population of
warf primaries spanning a wide range of stellar mass (Section 4.2 ),
nd then contrast these results with available data for the Local Group
n Section 5 . We conclude with predictions for future satellite surv e ys
f ultraf aint dw arfs around primaries such as the Large Magellanic
NRAS 515, 3685–3697 (2022) 

h

loud (LMC) in Section 5.3 and summarize our main results in
ection 6 . 

 N U M E R I C A L  M E T H O D S  

e shall use results from a number of recent cosmological hydro-
ynamical simulations of dwarf galaxy formation in LCDM. These
nclude simulations of individual galaxies from the NIHAO project
Wang et al. 2015 ; Buck et al. 2019 ), an ensemble of simulations
sing the FIRE (Hopkins et al. 2018 ; Garrison-Kimmel et al. 2019 ;
heeler et al. 2019 ) and CHANGA (Munshi et al. 2021 ) codes,

s well as simulations of constrained Local Group environments
rom the APOSTLE project (Fattahi et al. 2016 , 2018 ; Sawala et al.
016 ). Since we shall use the latter to calibrate our modelling
rocedure, we describe the APOSTLE simulations in some detail
elow. Results from the other runs are taken directly as reported
n those publications, to which we refer the interested reader for
etails. 

.1 The APOSTLE simulations 

he APOSTLE project is a set of 12 ‘zoom-in’ cosmological volumes
ailored to reproduce the main properties of the Local Group. Each
olume is selected from a large cosmological box to contain a pair
f haloes with masses, relative radial and tangential velocities, and
urrounding Hubble flow, consistent with the corresponding values
bserved for the MW–Andromeda pair (Fattahi et al. 2016 ). 
The APOSTLE runs used the EAGLE galaxy formation code

Crain et al. 2015 ; Schaye et al. 2015 ), using the so-called ref-
rence parameters. This code includes subgrid physics recipes for
adiative cooling, star formation in gas exceeding a metallicity-
ependent density threshold, stellar feedback from stellar winds,
adiation pressure and supernovae explosions, homogeneous X-
ay/UV background radiation, supermassive black hole growth, and
ctive galactic nucleus feedback (note that the latter has negli-
ible effects on dwarf galaxies and is therefore unimportant in
POSTLE). 
The EAGLE model was calibrated to approximate the observed

 = 0.1 galaxy stellar mass function in the M ∗ = 10 8 –10 12 M � range.
imulated galaxies thus roughly follow the abundance-matching M ∗–
 200 relation of Behroozi et al. ( 2013 ) and Moster et al. ( 2013 ). No

xtra calibration is made in APOSTLE, and therefore the stellar–halo
ass relation that results for fainter galaxies may be regarded as the

xtrapolation of the same subgrid physics to lower mass haloes. 
The APOSTLE volumes have been run at three different levels of

esolution. In this paper, we use the five highest resolution volumes
labelled ‘AP-L1’ in Fattahi et al. 2016 ). These runs have initial dark
atter and gas particle masses of m DM 

∼ 5 × 10 4 M � and m gas 

1 × 10 4 M �, respectively, and a gravitational softening length
f 134 pc at z = 0. The APOSTLE volume simulated at highest
esolution fully contains a sphere of radius r ∼ 3.5 Mpc from the
idpoint of the MW and M31 analogue haloes. 
The friends-of-friends (FoF) groupfinding algorithm (Davis et al.

985 ) (with linking length equal to 0.2 times the mean interparticle
eparation) and the SUBFIND halo finder (Springel et al. 2001 ;
olag et al. 2009 ) were used to identify haloes and subhaloes. We

hall refer to the galaxies formed in the most massive subhaloes of
ach FoF group as ‘centrals’, and to the rest of galaxies within the
irial radius of each FoF central as ‘satellites’. Throughout the paper,
e shall use the term ‘primary’ to refer to a central galaxy that may
ave satellites. 
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Figure 1. The subhalo velocity function (i.e. average number of subhaloes 
with ν = V max / V 200 abo v e a certain value). The solid black line shows the 
function proposed by Wang et al. ( 2012 , equation 1 ), which describes well the 
substructure mass function of LCDM haloes of all masses in the Millenium 

DM-only cosmological simulation, particularly in the 0.1 < ν < 0.5 range. 
Extrapolations of this line beyond such range are shown in dotted line style. 
The average subhalo velocity function for APOSTLE haloes with V 

pri 
200 > 40 

km s −1 is shown with a solid grey line. For comparison, thin grey dotted 
and dash–dotted lines show the average subhalo functions found for haloes 
in simulations of the Aquarius and Phoenix projects, respectively. A thick 
red line shows the ‘tide-corrected’ version of equation ( 1 ), resulting from 

statistically converting V max values to V peak as explained in Section 3 . 
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APOSTLE assumes a flat LCDM cosmological model following 
MAP-7 parameters (Komatsu et al. 2011 ): �m 

= 0.272; �� 

= 

 . 728; �bar = 0.0455; H 0 = 100 h km s −1 Mpc −1 ; σ = 0.81; h =
.704. 

 M O D E L L I N G  T H E  SATELLITE  STELLAR  

ASS  F U N C T I O N  

he satellite mass function of a primary of given stellar mass, M 

pri 
∗ ,

epends mainly on (i) the mass function of subhaloes present in the
alo of that system, on (ii) the relation between stellar mass and
ubhalo mass, and on (iii) the possible reduction of stellar mass due
o tidal stripping after infall. The first item depends mainly on the
rimary halo virial mass, or, equi v alently, on V 

pri 
200 , and has been

 xtensiv ely studied through cosmological N -body simulations. 
For the second item, which, in the case of satellites, applies before

rst infall into the primary halo, it is customary to express the stellar
ass not as a function of (sub)halo mass, but rather in terms of its
aximum circular velocity, V max , a quantity more resilient to tidal 

ffects than virial mass. 
The third item is the most difficult to treat analytically, since it

epends strongly on the pericentric distance of the orbit, the number 
f orbits completed, and the radial se gre gation of stars within each
ubhalo. Fortunately, as we shall see below, the fraction of stellar
ass lost to tides is, on average, small, and we shall neglect it in our
odelling in the interest of keeping the model as simple as possible.
We describe below the parametrizations we adopt to build an 

nalytical model for the satellite mass function of a primary of
ass M 

pri 
∗ . These parametrizations are moti v ated by the results of

osmological N -body and hydrodynamical simulations, as discussed 
n detail in the remainder of this section. We note that the two satellite

ass function models explored here differ only in the assumptions 
ade for the M ∗–V max relation. 

.1 Subhalo mass function 

he substructure mass function of LCDM haloes scales in direct 
roportion to the virial mass of the primary halo and has been shown
o be fairly well approximated by a power la w. F ollowing Wang et al.
 2012 ), the average number of subhaloes within the virial radius of
n isolated (central) LCDM halo may be expressed as 

 N sub 〉 ( > ν) = 10 . 2 ( ν/ 0 . 15) −3 . 11 , (1) 

here ν = V max /V 

pri 
200 . This function applies to all LCDM haloes

egardless of mass, and has been tested well o v er the 0.1 < ν <

.5 range. The scatter around the average number at given ν is well
pproximated by Poisson statistics. 

We compare in Fig. 1 the results of three sets of cosmological
imulations with the predictions from equation ( 1 ) (thick black line).
he simulations include the average of all MW-sized haloes of the 
quarius project (dotted black line; Springel et al. 2008 ), that of the

luster-sized haloes of the Phoenix project (dot–dashed black line; 
ao et al. 2012 ), as well as that of all haloes with V 200 > 40 km s −1 

n the APOSTLE project (solid grey line). As is clear from this
gure, equation ( 1 ) reproduces quite well the subhalo mass function
f haloes spanning a wide range of virial mass. 
Ho we ver, this function is expressed in terms of the present-day

ubhalo maximum circular velocity, V max , which may have been 
ffected by tidal stripping after infall. Since the stellar content of a
ubhalo is more closely tied to V peak , the maximum circular velocity
rior to infall, equation ( 1 ) must therefore be corrected to yield the
istribution of V peak values needed in the modelling. 
To this end, we explore the relation between V max and V peak in
POSTLE haloes. This is shown in the left-hand panel of Fig. 2 ,

caled by the virial velocity of the primary, V 200 , at z = 0. As expected,
POSTLE subhaloes had V peak values systematically larger than 
 max . The distribution of the ratio V peak / V max is shown (in cumulative

orm) in the right-hand panel of Fig. 2 , for various bins in V max / V 200 .
his panel shows that, on average, the reduction in subhalo maximum
ircular velocity that results from tides is fairly modest and largely
ndependent of subhalo mass. 

Only the most massive subhaloes (i.e. V max / V 200 > 0.3) deviate
rom this trend, and appear substantially less affected by tides than
ess massive subhaloes. The median V max / V peak is ∼0.82 for low-
ass subhaloes, but climbs to ∼0.93 at the massive end. Why do

ides seem to affect more massive haloes less? This is most likely
 result of the rapid dynamical friction-dri ven e volution of massive
aloes, which tend to merge with the primary halo quickly after
ccretion. In other words, the (fe w) very massi ve haloes present at
n y giv en time result from recent accretion ev ents where tides hav e
ot had any substantive effect yet. 
The results shown in Fig. 2 can be used to statistically correct

he distribution of V max / V 200 measured in cosmological simulations 
nd to estimate the V peak subhalo distribution of a given halo. The
esult is illustrated by the thick red line in Fig. 1 , which shows the
ide-corrected form of equation ( 1 ). We shall hereafter adopt the tide-
orrected version of equation ( 1 ) (with Poisson scatter) to model the
 peak distribution of a halo of given V 200 . 
MNRAS 515, 3685–3697 (2022) 
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M

Figure 2. V max / V 200 versus V peak / V 200 (left) and normalized cumulative distribution of V max / V peak (right) for APOSTLE subhaloes. Lines of different colours 
show results for subhaloes in different V max / V 200 bins, as indicated in the legend. 
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.2 The stellar mass–halo mass relation 

hat is the stellar mass expected for a subhalo of given V peak ?
ig. 3 moti v ates our choice of models for the stellar mass–halo mass
elation. This figure shows the M ∗–V max relation reported for central
alaxies at z = 0 selected from recent cosmological hydrodynamical
imulations, as indicated in the le gend. F or central galaxies V peak is in
eneral achieved at z = 0 (except for those centrals that have tidally
nteracted in the past, which have been removed from our sample),
nd therefore the peak maximum circular velocity coincides with the
aximum circular velocity at present-day, V max . When necessary, we

ave transformed quoted halo masses into V max assuming they follow
 Navarro–Frenk–White density profile (hereafter NFW; Navarro,
renk & White 1996 , 1997 ) with a mass–concentration relation as
iven by Ludlow et al. ( 2016 ). 
These simulations suggest two different behaviours for the M ∗–

 max relation. On the left-hand panel of Fig. 3 , we have grouped
imulations where M ∗ and V max seem better described by a simple
ower law that extends down from V max ∼ 200 km s −1 to less than
10 km s −1 , deep into the ultrafaint regime ( M ∗ ∼ 10–10 2 M �). 
Interestingly, the power law follows closely the extrapolated M ∗–

 max relation from Moster et al. ( 2013 ) (dashed red line), 

 ∗ = 

0 . 0702 

[( m 1 ) −β + ( m 1 ) γ ] 
M 200 , (2) 

here m 1 = M 200 / M 1 , M 1 = 10 11 . 59 M �, β = 1.376, and γ = 0.608.
s abo v e, M 200 in this relation can be easily transformed into V max 

ssuming an NFW density profile and a mass–concentration relation.
On the other hand, the panel on the right in Fig. 3 groups simu-

ations whose results seem better described by a rapidly steepening
elation between M ∗ and V max towards decreasing V max , suggesting
he presence of a cut-off in the relation. Following Fattahi et al.
 2018 ), this ‘cut-off’ relation may be parametrized as: 

 ∗ = ηα exp ( −ημ) M 0 , (3) 
NRAS 515, 3685–3697 (2022) 
ith η = V max /50 km s −1 , and ( M 0 , α, μ) = (3 ×
0 8 M �, 3 . 36 , −2 . 4), shown by the solid black line in Fig. 3 . 
Although those authors fitted only results for central galaxies, an

ndistinguishable fit is obtained when adding the M ∗–V peak data for
POSTLE satellites, which justifies the use of equation ( 4 ) to model

he stellar content of a satellite of giv en V peak . (F or centrals V peak ≈
 max at z = 0, by construction.) 
The ‘power-law’ and ‘cut-off’ relations between stellar mass and

eak velocity are the sole difference between the two models we
xplore in this paper. We emphasize that it is not our intention to cat-
gorize the different simulations into one or the other beha viour, b ut
nstead to moti v ate these two dif ferent analytical models that seem
o describe well the current predictions from several simulations. 

Moreo v er, both models explored here are meant to be purely
mpirical, without being strongly linked to particular choices of
ubgrid physics or numerical resolution. The fact that most of current
redictions from state-of-the-art numerical simulations align well
ith one of the two models, independent of their assumed galaxy

ormation physics and resolution, is reassuring and provides support
o the approach presented in this work. 

These two M ∗–V peak relations are plotted in both panels of Fig. 3 for
ase of comparison (red dashed curve for ‘power law’ and solid black
or ‘cut-off’). The main differences between them are the behaviour at
ow V peak and the slope of the relation at intermediate V peak , between

30 and 80 km s −1 . Because their predictions differ for systems
ike the MW, which we shall use to calibrate our models, we adopt
 single M ∗–V max relation for V max > 84 km s −1 (where the Fattahi
t al. 2018 and the Moster et al. 2013 lines cross each other). This is
hown by the power-law solid grey line depicted in Fig. 3 and may
e expressed as 

 ∗/ M � = 3 . 29 × 10 9 ( V max / 84 km s −1 ) 4 . 52 , (4) 

pplicable only for V max > 84 km s −1 . 

art/stac2057_f2.eps
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Figure 3. M ∗–V max relations for simulated ‘central’ galaxies at z = 0 from recent cosmological hydrodynamical simulations (see le gends). These hav e been 
divided into two groups, depending on whether they either roughly follow a ‘power-law’-like relation (left-hand panel), or a relation with a sharp ‘cut-off’ in M ∗
at low V max (right-hand panel) like the ones assumed in this work. The power-law results are well described by the extrapolated abundance-matching relation 
from Moster et al. ( 2013 ) (red dashed line); the cut-off results may be approximated by the fit to APOSTLE data from Fattahi et al. ( 2018 ) (black line). Open red 
star symbols indicate FIRE-HR galaxies with 1 and 15 stellar particles. Backsplash galaxies in APOSTLE are shown as smaller black points. In the right-hand 
panel, we mark all simulated galaxies from the other samples showing V max < 20 km s −1 with smaller symbols as they are likely to have been affected by tides 
as well. (Indeed, the NIHAO-UHD sample a v oids most backsplash galaxies by selecting central dwarfs outside 2.5 × r 200 of a massive primary, and shows in 
general V max > 20 km s −1 .) For reference, a dotted grey line marks the maximum total amount of baryons inside M 200 as expected from the cosmic mix, where 
f bar = �bar / �m 
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In what follows, we shall express the stellar mass–halo mass 
elation in terms of V peak , defined as the maximum circular velocity
f a satellite before infall, or, for centrals, as V max at z = 0. 

.2.1 Scatter 

s is clear from Fig. 3 , the M ∗–V peak relation has substantial scatter.
e account for this assuming that M ∗ follows, at given V peak , a

ognormal distribution with a dispersion, σM ∗ , that increases towards 
ecreasing halo masses. Following Garrison-Kimmel et al. ( 2017 ) 
nd Munshi et al. ( 2021 ), we parametrize σM ∗ as a broken power law
f V peak , as illustrated by the solid black line in the right-hand panel
f Fig. 4 , 

M ∗ = 

{
σ0 V peak > 57 km s −1 

κ log 10 ( V peak /V 0 ) V peak < 57 km s −1 (5) 

ith σ 0 = 0.24 dex, κ = −1.26, and V 0 = 88 . 6 km s −1 . These
arameters have been chosen arbitrarily but loosely guided by the 
easured scatter in APOSTLE galaxies (see open black circles in 

he right-hand panel of Fig. 4 ) and by the scatter parametrization to
HANGA galaxies in Munshi et al. ( 2021 ) (see cyan line). Note that
unshi et al. ( 2021 ) parametrize the scatter in terms of M peak instead

f V peak , but indicate that in the latter case they find a scatter floor of
.17 dex and an increasing scatter that reaches ∼1 dex at their lowest
 peak s. As an approximation, here we assume it reaches the same
catter at low V peak as it does with their M peak based model (dashed
ine). 

For simplicity, we assume that both the ‘cut-off’ and the ‘power-
a w’ model hav e the same M ∗ scatter dependence on V peak given
y equation ( 5 ). The shaded bands in the left-hand and middle
anels of Fig. 4 indicate the resulting 10 –90 percentiles in the M ∗
istribution at a given V peak assuming equation ( 5 ) in each model.
he assumed cut-off relation with scatter reproduces the APOSTLE 

esults well (see left-hand panel of Fig. 4 ). The middle panel of
ig. 4 shows that our choice, albeit arbitrary, also accommodates 
ell other simulations too, such as FIRE, which we take as further
alidation of our assumed scatter model. Note that, while at fixed
 peak the scatter in M ∗ is identical in both models, the ‘cut-off’
odel is steeper than the ‘power-law’ model at low V peak , and

herefore the shaded area is approximately constant in contrast with 
he visible increase in dispersion seen in the middle panel for the
power law’. 

We have checked that changing the details of this scatter 
odel (i.e. scatter floor, steepness of slope) makes negligible 

ifference to results with the ‘cut-off’ model, because changes 
pply to the V peak regime below the intrinsic threshold. Although 
hanges do affect somewhat results with the ‘power-law’ model, 
he final relative differences between the satellite mass func- 
ions obtained with the ‘cut-off’ and ‘power-law’ models remain 
obust. 
MNRAS 515, 3685–3697 (2022) 
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Figure 4. M ∗–V peak relations for the two models studied in this paper. Left: ‘cut-off’; Middle: ‘power law’. The ‘cut-off’ relation has been calibrated to match 
the APOSTLE simulation data for subhalo centrals at z = 0 and for subhalo satellites of MW/M31 analogue primaries before infall, when their circular velocities 
peak (black circles). We show our ‘power law’ model in comparison to FIRE simulation data (black symbols in middle panel; Hopkins et al. 2018 ; Wheeler 
et al. 2019 ). The shaded bands show the 10 –90 percentile range in M ∗ at given V peak . The scatter is assumed to be a function of V peak , following equation ( 5 ), 
which is described in the rightmost panel. Throughout this paper, we assume the same scatter model for both the ‘cut-off’ and ‘power-law’ models. The black 
line in the rightmost panel compares our assumed scatter (solid black line) to the scatter in M ∗ measured in bins of V peak for APOSTLE simulated galaxies (open 
circles) and to the model proposed by Munshi et al. ( 2021 ) after transforming their M peak parametrization to V peak (see text for more details). 

Figure 5. Stellar mass of APOSTLE satellite galaxies measured at z = 0 
versus that measured at the time when the maximum circular velocity of 
subhalo peaks, z peak . The 1:1 correspondence is marked with a dashed grey 
line. 
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.3 Stellar mass-loss 

s mentioned abo v e, our simple modelling shall neglect tidally in-
uced stellar mass-loss in subhaloes. This is clearly a simplification,
ut finds support in the results for APOSTLE satellites, which show
hat the effects of stellar mass-loss are quite modest. This is shown in
ig. 5 , where we plot the stellar mass of APOSTLE satellite galaxies
t z = 0 versus that at z peak , the redshift when its maximum circular
elocity peak ed. Unlik e V max , M ∗ changes, on average, very little
NRAS 515, 3685–3697 (2022) 
fter infall into the main halo. Half of APOSTLE satellites have lost
ess than ∼ 22 per cent of their peak mass, and only 10 per cent have
ost more than ∼ 58 per cent since infall. In the interest of simplicity,
e have decided not to include any corrections for stellar mass-loss,
 ut ha ve checked that none of our main conclusions are altered if a
orrection of the magnitude suggested by Fig. 5 , is implemented. 

.4 The cut-off and ‘power-law’ models 

he assumptions discussed abo v e allow us to compute the expected
atellite stellar mass function for a system of arbitrary virial mass.
o summarize, for a halo of given V 200 we first draw a realization
f the subhalo V peak function consistent with the tide-corrected
quation ( 1 ), assuming Poisson scatter. For each subhalo, we then
raw a stellar mass using either the ‘cut-off’ or the ‘power-law’
odels described in Section 3.2 , with scatter as given by equation ( 5 ).
nless otherwise specified, we shall al w ays show median results
btained by combining at least ∼100 independent realizations of
ach primary, together with the 10 –90 percentile range. We have
onfirmed that this number of realizations yields converged results
y running our model with up to ∼5 times more iterations with which
e find no significant differences. 

 RESULTS  

.1 The cut-off model and APOSTLE 

e start by comparing the results of the ‘cut-off’ model with satellite
ass functions from the APOSTLE simulations. We do this to check

hat our ‘cut-off’ model is able to roughly reproduce the APOSTLE
atellite stellar mass functions down to the resolution allowed by
he simulations. Indeed, while we have chosen an average ‘cut-off’
 ∗–V peak relation based on APOSTLE, it is not obvious a priori that

ur simple model can yield satellite mass functions o v erall consistent
ith APOSTLE results. 
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Figure 6. Satellite stellar mass functions of APOSTLE primaries (grey) compared to those predicted by the ‘cut-off’ model (blue). Each panel corresponds to 
results for different bins in virial velocity of the primaries, V 200 , as given in the legend. The number of APOSTLE primaries in each bin, N pri , is also indicated 
in the legend. The blue lines show results from the ‘cut-off’ model as described in Section 3 , applied to primaries with the same V 200 as APOSTLE ones in each 
bin. Solid lines show the median results and shaded areas the 10–90 percentile range. For APOSTLE, results below M ∗ < 10 5 M � are shown with a dashed 
linestyle to indicate that objects below this mass are likely not well resolved. 
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F or e xample, our analytical ‘cut-off’ model includes a fully
ndependent sampling of the subhalo mass function directly taken 
rom � CDM simulations and corrected statistically by tidal strip- 
ing, and does not use the subhalo mass functions from APOS- 
LE. A good agreement between our analytical model and the 
POSTLE results is a necessary benchmark for our analytical 
odels. 
This comparison is shown in Fig. 6 , where each panel shows, in

rey, the APOSTLE satellite mass functions for central galaxies, 
inned by halo virial velocity. The average V 200 and standard 
eviation in each bin is given in the legend of each panel. Solid
ines show the median satellite mass function in the bin, while the
haded area represents the 10–90 percentile distribution. 

Although we show mass functions down to stellar masses as low as
 ∗ > 10 2 M � we note that objects with M ∗ < 10 5 M � in APOSTLE

re resolved with fewer than 10 star particles. Therefore, below that 
ass APOSTLE results are best regarded as lower limits rather than 

ctual simulation predictions. 
By construction, the first bin (leftmost panel) includes the 10 

rimaries that are considered MW and M31 analogues in the 
POSTLE volumes. For these APOSTLE primaries ( V 200 ≈ 150 km 

 

−1 , or, equi v alently, M 200 ∼ 1 . 2 × 10 12 M �), the median number of
atellites with M ∗ > 10 5 M � is ∼ 24 . 1 + 18 . 5 

−6 . 7 , where the uncertainties
epresent the 10–90 percentile range. 

For dwarf primaries with V 200 ≈ 62 km s −1 (third panel from the
eft) the number of satellites in APOSTLE is drastically reduced by 
he cut-off in the M ∗–V peak relation, with a median of only ∼ 2 . 0 + 1 . 7 

−1 . 0 

atellites with M ∗ > 10 5 M �. Finally, the last panel shows that no
uminous satellites are found in APOSTLE around primaries with 
 200 � 35 km s −1 . 
The blue bands in Fig. 6 show the results of the ‘cut-off’ model,

pplied to a sample of primaries whose number and V 200 distribution
atches that in each APOSTLE bin. We use 10 independent realiza- 

ions of the satellite mass function of each primary to obtain robust
esults. 

There is in general good agreement between the analytical ‘cut- 
ff’ model and the simulation results, especially for satellites with 
 ∗ > 10 5 M �. Even the number of massive ( M ∗ > 10 8 M �) satellites

s well reproduced, with a median of ∼1–2 LMC or Small Magellanic
loud (SMC)-mass satellites expected around MW-mass primaries 
leftmost panel). 

This is not une xpected, giv en that we have moti v ated the model on
POSTLE results, but it provides validation for our approach. It also

llows us to predict the population of dw arfs f ainter than currently
esolved by APOSTLE and other simulations. Importantly, the ‘cut- 
ff’ model predicts a steady decline in the number of satellites
urrounding dwarfs of decreasing mass, approaching zero as the 
ass of the primary approaches the threshold mass (rightmost bin in
ig. 6 ). 

.2 Cut-off versus power-law model satellite mass functions 

e now compare the satellite stellar mass functions predicted by 
ach model, as a function of the stellar mass of the primary. This
s shown in Fig. 7 , where each panel corresponds to a different
 

pri 
∗ , given in the panel legends (cut-off in blue, power-law in red).

he most obvious difference is the large difference in the number
f faint satellites predicted by each model. Hundreds of ultrafaints 
ith M ∗ > 10 2 M � are expected in the ‘power-law’ model, even

or primaries as faint as the Magellanic Clouds, whereas ultrafaint 
umbers are much less numerous in the case of the ‘cut-off’ model. 
The difference between models is more clearly appreciated when 

omparing the normalized satellite mass functions; i.e. the satellite 
ass function expressed in terms of M 

sat 
∗ /M 

pri 
∗ . This is shown in

ig. 8 for all primary stellar mass bins in the ‘cut-off’ model (left) and
power-la w’ model (right). F or the ‘power-la w’ model the normalized 
atellite mass function changes little with primary stellar mass. In 
articular, primaries with M 

pri 
∗ < 10 9 M � would be expected to share

he same normalized satellite mass function, as shown by the o v erlap
f the red dotted and long-dash–dotted lines in the right-hand panel
f Fig. 8 . 
As discussed by Sales et al. ( 2013 ), this near ‘self-similarity’

rises because the subhalo mass function and the stellar mass–halo 
ass relation in this model are both close to power laws, and thus

cale free. This is particularly true at M ∗ < 10 9 M � (see middle
anel Fig. 4 ), which explains why lower mass bins overlap in their
ormalized satellite mass function. On the other hand, if the stellar–
alo mass relation is not scale free, as is the case for the ‘cut-
MNRAS 515, 3685–3697 (2022) 
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Figure 7. Comparison of the satellite stellar mass functions predicted by the ‘cut-off’ (blue) and ‘power-law’ (red) models. Each panel shows results assuming 
a different fixed value of the stellar mass of the primary, M 

pri 
∗ (see legend). Solid lines show median results and shaded bands the 10–90 percentile range. 

Figure 8. Scaled satellite stellar mass functions (i.e. M 

sat ∗ /M 

pri 
∗ ) predicted by the ‘cut-off’ (blue) and ‘power-law’ (red) models. Different linestyles show results 

assuming a different fixed value of the stellar mass of the primary, M 

pri 
∗ (see legend). Lines show median results and shaded bands the 10–90 percentile range. 

Note that for M 

pri 
∗ � 5 × 10 9 M � the ‘power-law’ mass function becomes independent of primary mass, as discussed by Sales et al. ( 2013 ). 
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ff’ model, the normalized satellite mass function declines with
ecreasing primary mass (see blue curves on the left-hand panel
f Fig. 8 ). The large differences between models suggest that the
atellite mass function around isolated primaries spanning a wide
ange of mass (and, in particular, including dwarfs) may be used to
nfer the shape of the stellar mass–halo mass relation at the faint
nd. 

Another, perhaps more intuitive contrast between models may be
btained by comparing the expected total number of satellites more
assive than a given stellar mass as a function of primary halo virial
ass. We show this in Fig. 9 , where different linestyles indicate

he cumulative number of satellites abo v e a given M 

sat 
∗ , as labelled

n the left-hand panel, as a function of either the virial velocity of
he host (a proxy for the primary halo mass; lower x -axis) or the
orresponding stellar mass of the primary according to each of the
wo models (upper x -axis). 
NRAS 515, 3685–3697 (2022) 
F or massiv e satellites (i.e. M 

sat 
∗ > 10 6 M �, solid line), the predic-

ions of the two models are rather similar, with ∼2.5 satellites on
verage in hosts with V 200 = 75 km s −1 and 10–30 satellites for
osts in our most massive bin, V 200 ≥ 150 km s −1 . However, the
redictions of the two models differ appreciably when considering
ainter satellites and, in particular, in the regime of ultrafaint dwarfs.

F or e xample, in the ‘power-la w’ model, a dwarf primary with
 

pri 
∗ ∼ 10 9 M � (like the LMC) is expected to host ∼70 satellites with
 

sat 
∗ ≥ 10 3 M �, ∼50 of which would be ultrafaint ( M 

sat 
∗ < 10 5 M �).

n the other hand, in the ‘cut-off’ model only eight satellites
re expected with M 

sat 
∗ ≥ 10 3 M � for the same primary. As we

ave seen before, the population of ultrafaint satellite dwarfs is
eavily suppressed in models with a sharp cut-off in the stellar
ass–halo mass relation like the one explored here. Deep imaging

nd spectroscopic surv e ys of the surroundings of isolated dwarfs
esigned to constrain the satellite population within their virial radius
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Figure 9. The cumulative number of satellites with M 

sat ∗ abo v e certain values (see legend) predicted by the ‘cut-off’ and ‘power-law’ models for primaries with 
fixed values of V 200 , as indicated in the x -axis. The corresponding M 

pri 
∗ values, according to each model, can be read from the top x -axis. Lines show median 

results and shaded bands show the 10–90 percentile range. 
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hould thus yield key insights into the stellar mass–halo mass relation 
t the faint end. 

 M O D E L S  VERSUS  OBSERVATIONS  

.1 Milky Way and M31 satellites 

he most complete available census of faint satellites is in the 
ocal Group, which provides therefore a good testbed for the ideas 
 xplored abo v e. We compare in Fig. 10 the predictions of the
heoretical models with data for MW and M31 satellites (left-hand 
nd middle panels). 2 Black symbols connected by a solid curve show 

he observational data, taken from McConnachie ( 2012 )’s updated 
ompilation of Local Group dwarfs where objects within 300 kpc of
he MW/M31 are considered satellites. 

For the models, we choose a virial velocity of V 200 = 150 km
 

−1 for the MW, and a somewhat larger V 200 = 165 km s −1 for M31,
n agreement with current available mass constraints (see e.g. Fardal 
t al. 2013 ; Sofue 2015 ; Cautun et al. 2020 ). Each virial velocity is
ampled 100 times; the resulting median and 10th–90th percentiles 
re shown in blue for the ‘cut-off’ model and in red for the ‘power-
aw’ model. 

The number of MW satellites with M 

sat 
∗ ≥ 10 6 M � is in reasonable

greement with both models (see left-hand panel in Fig. 10 ), as well
s with data from the SAGA surv e y, which targeted the bright end of
he satellite population within 300 kpc of MW-like primaries (Mao 
t al. 2021 ). We note that our models refer to satellites within the
irial radius of the assumed halo ( r 200 ∼ 215 kpc for our choice of
 200 = 150 km s −1 ) rather than the 300 kpc used in the observational
ata. The thin black line in the left-hand panel of Fig. 10 shows the
 Stellar masses for observed Local Group satellites have been estimated using 
uminosities from McConnachie ( 2012 ) and assuming appropriate mass-to- 
ight ratios according to Woo, Courteau & Dekel ( 2008 ). 

s  

t  

b  

e  

c  
nown MW satellites inside that smaller radius; the difference is 
uite small. 
Both the ‘power-law’ and the ‘cut-off’ model predict the same 

umber of satellites with M ∗ > 10 6 M � (roughly ∼18), interestingly
ell in excess of the known number of such systems orbiting

he MW. The discrepancy worsens between 10 4 and 10 6 M �,
here the MW satellite mass function appears to have a sizable

gap’. It is unclear what the significance of such gap may be,
ut it is tempting to associate it with increasing incompleteness 
n observational detections (see e.g. the discussion in Fattahi, 
avarro & Frenk 2020 ). The numbers climb rapidly in the 10 2 –
0 4 M � range, to almost match the predictions of the ‘cut-off’
odel. 
As discussed in Section 4.2 , it is in the ultrafaint regime where

he ‘power-law’ and ‘cut-off’ models can be best differentiated. For 
 aint dw arfs with M 

sat 
∗ < 10 5 M �, the ‘cut-off’ model predicts sub-

tantially fewer ultrafaints than the ‘power-law’ model. Interestingly, 
his comparison suggests that if the stellar mass–halo mass relation 
oes indeed have a low-mass cut-off, the majority of ultrafaint 
warfs in the MW might have already been disco v ered, leaving little
oom to accommodate a large missing population of ultrafaints. On 
he other hand, the ‘power-law’ model suggests the presence of a
umerous, yet undetected population of ultrafaints in the MW halo. 
pcoming surv e ys of the MW satellite population, especially those
hich account for satellites hidden behind the disc, or missing due

o the incomplete spatial and surface brightness co v erage of existing
urv e ys, should be able to distinguish clearly between the two models
roposed here. 
The middle panel of Fig. 10 compares model predictions with 

urrent estimates of the M31 satellite population. Although the 
urv e yed population in M31 does not go as deep as in the MW,
he total number of satellites with M ∗ ≥ 10 5 M � seems to fall
elow the ‘power-law’ model predictions, at least for the virial mass
xplored here. There is a hint that the observed satellite mass function
ompares more fa v ourably with the ‘cut-off’ model, which predicts
MNRAS 515, 3685–3697 (2022) 
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Figure 10. Predictions of the ‘cut-off’ (blue) and ‘power-law’ (red) models for the satellite stellar mass functions of observed host galaxies. Left: MW; Middle: 
M31; Right: LMC (note the different y -axis limits). For each case, we assume a fixed value of V 200 of the primary motivated by literature estimates (see text for 
details). Solid lines show median results and shaded bands the 10–90 percentile range. Black points show the observed satellite stellar mass function of each 
host. In the case of MW and M31, thicker lines show results for satellites within 300 kpc, while thinner lines correspond to satellites within r 200 (214 kpc for 
V 200 = 150 km s −1 , and 236 kpc for V 200 = 165 km s −1 , assuming h = 0.7). The first panel additionally shows the satellite stellar mass function of MW-mass 
analogues observed as part of the SAGA survey (Mao et al. 2021 ). For the case of the LMC, we show model results assuming V 200 = 50 (coloured, solid) as 
well as 100 (coloured, long-dashed) km s −1 , compared to likely Magellanic satellites according to Santos-Santos et al. ( 2021 ). 
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oughly half as many satellites in that mass range as the ‘power-law’
odel. 
The ‘cut-off’ model predicts at least ∼50 new ultrafaint M31

atellites in the range 10 2 < M ∗/ M � < 10 4 . 6 (the mass of And XX,
he least massive M31 satellite known), bringing the total population
o ∼90–110 total dwarfs abo v e a stellar mass 100 M �. By contrast,
he ‘power-law’ model predicts a total of ∼680–740 satellites with
 ∗ > 10 2 M �. We note that these numbers are quite sensitive to

he choice of virial mass for the M31 halo; doubling the mass (i.e.
ncreasing V 200 to 208 km s −1 ) would yield roughly twice as many
atellites for either model, although the relative differences in mass
unction shape would be preserved. 

.2 Satellites of isolated LMC-like dwarfs 

inally, the right-hand panel of Fig. 10 shows the predictions
or the satellite population of isolated dwarf galaxies with stellar
ass comparable to that of the LMC ( M ∗ ∼ 3 × 10 9 M �), or, more

recisely, dwarf primaries inhabiting haloes with V 200 in the range
0 to 100 km s −1 . This is consistent with the virial mass range
2 . 5 < M 200 / 10 10 M � < 45) of galaxies with comparable stellar
ass in the APOSTLE simulations (see e.g. Santos-Santos et al.

021 ). These authors use kinematic information to identify LMC-
ssociated dwarfs; their list of most likely LMC satellites include
even satellites: the SMC, Hydrus 1, Horologium 1, Carina 3, Tucana
, Reticulum 2, and Phoenix 2 (dashed black line). A less likely, but
till plausible association is also ascribed to Carina, Horologium 2,
rus 2, and Fornax, bringing the total to 11 (solid black line). 
In the context of the ‘cut-off’ model, these numbers seem to rule

ut a virial velocity as low as 50 km s −1 (bottom blue curve), and
uggest a virial velocity a little below 100 km s −1 (top blue curve).
n contrast, a virial velocity near the lower bound would be fa v oured
n the case of the ‘power-law’ model. An LMC halo as massive as
00 km s −1 seems quite inconsistent with the data in this case. Note
NRAS 515, 3685–3697 (2022) 
hat the predictions of the two different models differ substantially
ven for satellites with M ∗ ∼ 10 4 M �. This limit seems within reach
f what may be achie v able in future surv e ys of LMC-like primaries,
urning them into strong constraints of the stellar mass–halo mass
elation of faint galaxies, a subject we address in more detail below. 

.3 Predictions for future sur v eys 

eyond the Local Group, several ongoing (and future) observational
fforts have the potential to measure the satellite population of
solated LMC-like galaxies, and thus deliver strong constraints on the
tellar mass–halo mass relation at the faint end. To reduce fluctuations
ue to object-to-object scatter, it is desirable to surv e y sev eral
rimaries of similar stellar mass while simultaneously reaching
he ultrafaint satellite regime. This is why dwarf galaxies are the

ost promising primaries: within the Local Volume (i.e. within 10
pc from the MW) there are only eight MW-like galaxies ( M ∗ ≥

0 10 . 5 M �) outside the Local Group but there are 112 known dwarfs
ith 10 8 < M ∗/ M � < 10 9 . 5 (T ully et al. 2009 ; T ully, Courtois &
orce 2016 ). 
As an example, we provide in Fig. 11 expectations from the ‘cut-

ff’ and ‘power-law’ models for the satellite mass function of four
MC-lik e dw arfs e xpected to be surv e yed as part of the DES DELVE
ampaign (Drlica-Wagner et al. 2021 ). This includes NGC 300,
GC 55, IC 5152, and Sextans B, which span a stellar mass range
 ∗ = [0 . 5 , 3] × 10 9 M �. The model predictions are based on 100

ealizations of dwarfs with fixed virial velocity, V 200 = 75 km s −1 ,
nd are shown by the top red curves and the bottom blue curves.
Thin lines correspond to four individual realizations, to illustrate
he expected object-to-object scatter.) 

As in our earlier discussion, this figure makes clear that reaching
atellites with M ∗ ∼ 10 4 M � should be enough to differentiate
etween models, since the ‘power-law’ model predicts almost
hree times more such satellites than the ‘cut-off’ model. The differ-
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Figure 11. Satellite stellar mass functions predicted by the ‘cut-off’ (blue) 
and ‘power-law’ (red) models, assuming a fixed primary halo virial velocity 
of V 200 = 75 km s −1 . A solid line shows the median result, while the shaded 
band shows the 10–90 percentile range. In addition, the dashed lines show 

the results obtained assuming no scatter in the M ∗–V peak relation. This has a 
strong effect on the power-law results (in orange), but affects very little the cut- 
off ones. These results summarize the predictions of our two models for the 
satellite mass functions of the four DELVE Magellanic analogues NGC 300, 
NGC 55, IC5152, and SextansB, with stellar masses in the [0 . 5 , 3] × 10 9 M �
range (Drlica-Wagner et al. 2021 ). Thin individual lines show the results for 
four individual random realizations of the model (with scatter), to illustrate 
the expected object-to-object variation. 
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nce is most striking when reaching ultrafaints with M ∗ ∼ 10 2 M �,
here only 10 satellite dwarfs are expected around LMC analogues 

n the case of a cut-off whereas more than ∼160 are predicted for
he ‘power-law’ model. Should future surveys fail to discover a large 
umber of ultrafaint dwarfs around isolated LMC analogues, this 
ould be strong evidence in fa v our of some kind of cut-off in the

tellar mass–halo mass relation. 

.4 Comparison with previous work on satellites of LMC-like 
osts 

t is interesting to compare our results with previous work in the
iterature on the satellite population of LMC-like hosts. For instance, 
ssuming a power-law relation between stellar and halo mass, 
adler et al. ( 2020 ) predict 48 ± 8 satellites 3 with M ∗ ≥ 10 2 M �,

bout a factor of 3 lower than the ∼160 dwarf satellites predicted
y our ‘power-law’ model. This is not due to differences in our
ssumptions about the primary virial mass nor about the subhalo 
b undance: we ha v e e xplicitly checked that the number of subhaloes
n our LMC-like primaries is consistent with Nadler et al. ( 2020 ).
ndeed, we find 48–58 subhaloes (10th–90th percentiles) with V peak 

 10 km s −1 within the virial radius of primaries with V 200 =
 Nadler et al. ( 2020 ) quote numbers abo v e an absolute V magnitude M V = 0, 
orresponding to an M ∗ ∼ 90 M � assuming a mass-to-light ratio M / L = 1. 

e  

w  

D

5 km s −1 , in good agreement with the 52 ± 8 quoted by those
uthors. The difference must therefore be due to the way each model
opulates those subhaloes with galaxies. 
The slope in the low-mass end of the M ∗–V peak relation inferred

y Nadler et al. ( 2020 ) is some what shallo wer than the one adopted
ere ( ∼5.1 compared to ∼7.4 in our ‘power-law’ model), but we
ave identified two main factors contributing to the smaller number 
f dwarf satellites predicted by Nadler et al. ( 2020 ) compared to our
ork. One is that we model the scatter in the M ∗–V peak relation as
elocity-dependent, increasing from ∼0.22 dex for MW-like objects 
o ∼1 dex in haloes with V peak ∼ 10 km s −1 . On the other hand, fig.
 (in combination with their table 1) in Nadler et al. ( 2020 ) suggests
hat their model infers a roughly constant upper limit of ∼0.2 dex
catter in the dwarf regime in order to reproduce the completeness-
orrected number of observed MW satellites. 

The effect of the larger assumed scatter in our model is appreciable.
ndeed, assuming zero scatter in the stellar mass–velocity relation, 
he ‘power-law’ model would decrease the predicted numbers from 

160 to ∼67 satellites with M ∗ ≥ 10 2 M � (see middle dashed
range curve in Fig. 11 ), in better agreement with the 48 ± 8
redicted in Nadler et al. ( 2020 ). This is also in agreement with
he ∼70 satellites with −7 < M V < −1 predicted by Jethwa, Erkal &
elokurov ( 2016 ) via dynamical modelling of the Magellanic Cloud

atellite population. In summary, these results show qualitative 
onsistency with Munshi et al. ( 2021 ) who find that a scatter that
rows with halo mass or V peak steepens the slope of the faint end of
he resultant satellite mass function. We refer the reader to Garrison-
immel et al. ( 2017 ) for a detailed discussion of the degeneracies in

he slope/scatter of abundance-matching models and the expected 
umber of dwarfs and to Munshi et al. ( 2019 ) for an example
f ho w dif ferent sub-grid physics and resolution might impact the
lope/scatter of the stellar–halo mass relation. 

A second factor affecting the number of ultrafaints in Nadler et al.
 2020 ) is that their model infers an occupation fraction such that
elow V peak ∼ 9 km s −1 an increasing fraction of haloes with
ecreasing V peak remain dark and never host a galaxy (modelled 
ccording to their equation 3 ), while our ‘power-law’ model assumes
n occupation fraction equal to 1 at all V peak . We note that adding
n occupation fraction to a power-law M ∗–V peak relation effectively 
akes it steeper and more comparable to the ‘cut-off’ model, 

owering the total number of predicted faint satellites. 
Our predictions may also be compared with the work of Dooley

t al. ( 2017 ), who explored the satellite population of LMC-like hosts
sing (power-la w) e xtrapolations of sev eral abundance-matching 
odels, including that of Moster et al. ( 2013 ). The main difference
ith our own ‘power-law’ model is that they also include an
ccupation fraction to model the effects of reionization. As such, 
heir predictions are more similar to our ‘cut-off’ model, with ∼10–
5 (median, depending on which particular abundance-matching 
elation) dwarf satellites with M ∗ ≥ 10 2 M � within a 50 kpc radius of
heir hosts. These results are bracketed by the predictions of our ‘cut-
ff’ model, with 6–13 (10th–90th percentiles), and our ‘power-law’ 
odel, with 145–178 satellites, although our numbers are within a 

arger volume of r 200 ∼ 107 kpc (corresponding to V 200 = 75 km s −1 ).
Our predictions in Fig. 11 might also inform other satellite searches 

round LMC analogues in the field such as the LBT-SONG surv e y
r MADCASH (Carlin et al. 2021 ). At least tw o f aint satellites
ave been identified around the Magellanic dwarf NGC 628 (Davis 
t al. 2021 ) surv e ying only a fraction of its inferred virial extension
ith the Large Binocular Telescope as well as the confirmation of
DO113 as (interacting) satellite of NGC 4214. Additionally, two 
MNRAS 515, 3685–3697 (2022) 
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warfs have been confirmed as satellites of the Magellanic analogues
GC 2403 and NGC 4214 with HST data for the Hyper Suprime
am surv e y MADCASH. M ̈uller & Jerjen ( 2020 ) report, in addition,

wo candidate faint dwarfs possibly associated with NGC 24 in the
culptor group using the Dark Energy Camera. As data continue

o accumulate around dwarf primaries, the census of their satellite
opulation is starting to emerge as the most promising and ef fecti ve
ay to constrain the galaxy–halo connection at the low-mass end. 

 SUMMARY  A N D  C O N C L U S I O N S  

e have studied the effects of different stellar mass–halo mass
elations on the predicted population of faint and ultrafaint dwarf
atellites around primaries spanning a wide range of stellar mass.
he models are moti v ated by results of recent state-of-the-art cos-
ological hydrodynamical simulations, extrapolated to the ultrafaint

egime, down to M ∗ ∼ 10 2 M �. 
Tw o f aint-end stellar mass–halo mass model relations are ex-

lored: one is a ‘power law’ motivated by recent semi-analytical
esults about the abundance of satellites in the Local Group, and
y recent high-resolution simulations from the FIRE project, which
ollow closely a power-law extrapolation to the faint regime of the
bundance-matching results from Moster et al. ( 2013 ). 

A second is a ‘cut-off’ model where the stellar mass–halo mass
elation gradually steepens towards decreasing mass so that no
uminous dwarf exists beyond a minimum threshold halo virial mass
f the order of M 200 ∼ 10 9 M �. The ‘cut-off’ model is moti v ated by
esults from the APOSTLE simulations, and by analytical consider-
tions that disfa v our the formation of galaxies in haloes below the
hydrogen-cooling’ limit (see e.g. Benitez-Llambay & Frenk 2020 ,
nd references therein). We assume the same subhalo mass function
nd the same mass-dependent scatter in the M ∗–V peak relation in both
odels. 
Our main finding is that satellite mass functions of primary

alaxies spanning a wide range of mass are an excellent probe of
he shape of the stellar mass–halo mass relation at the faint end.
atellite mass functions are particularly constraining if they reach
eep into the ultrafaint re gime. F or e xample, the ‘cut-off’ model
redicts ∼9 (19) times fewer dwarfs with M ∗ ≥ 10 2 M � than the
power-law’ model for primaries with M ∗ ∼ 3 × 10 10 (3 × 10 7 )
 �. The difference becomes more marked as the stellar mass of the

rimary decreases, implying that the satellites of dwarf primaries,
n particular, provide particularly strong constraints on the stellar

ass–halo mass relation at the faintest end. 
The models also predict different normalized satellite mass

unctions, i.e. the number of satellites expressed as a function of
 

sat 
∗ /M 

pri 
∗ rather than M 

sat 
∗ . While the normalized function declines

ith decreasing primary stellar mass in the ‘cut-off’ model, it is
early independent of primary mass in the ‘power-law’ model. This
elf-similar behaviour results because the subhalo mass function is
lso a power law in LCDM, as discussed by Sales et al. ( 2013 ). 

Our findings have important implications when applied to nearby
alaxies, where the surv e ying of ultrafaint dwarfs is or will become
easible in the near future. For an MW-mass primary (i.e. V 200 ∼
50 km s −1 ), the ‘power-law’ and ‘cut-off’ models predict ∼ 612 + 35 

−25 
ersus ∼ 77 + 10 

−11 satellites above the nominal M ∗ = 10 2 M � mass cut,
espectively . Interestingly , in the MW itself the number of already
isco v ered satellite dwarfs is quite close to the ‘cut-off’ model
rediction, leaving only little room for the detection of large numbers
f new ultraf aint dw arfs. This is a prediction that should also be
estable by ongoing and future surv e ys of the satellite population
round nearby galaxies. 
NRAS 515, 3685–3697 (2022) 
LCDM predicts that dwarf galaxies should also host a number of
ainter companions. The models described abo v e may be used to
ompute the number of dwarf satellites expected around LMC-mass
ystems in the field. We find, on average, that the ‘cut-off’ model
redicts ∼3–22 satellites with M ∗ > 100 M �; the number, on the
ther hand, grows to ∼65–300 for the power-law case, where the
ange corresponds to assuming a virial velocity range between 50
nd 100 km s −1 for the LMC halo. This highlights the potential for
ltrafaint disco v eries in re gions surrounding Magellanic-lik e dw arfs
n the field, a particularly exciting prospect in light of ongoing efforts
uch as DELVE (Drlica-Wagner et al. 2021 ), MADCASH (Carlin
t al. 2021 ), or LBT-SONG (Davis et al. 2021 ), which target the
urroundings of isolated LMC-like dwarfs. 

We conclude that the satellite population of dwarf galaxies in
he field offers a powerful way to constrain the faint end of the
tellar mass–halo mass relation (see also Wheeler et al. 2015 ).
nly if the relation extends well below the HCL (as envisioned

n the ‘power-law’ model), then one would expect dwarfs to have
umerous ultrafaint companions. In the cut-off case, as the mass of
he primary approaches the cut-off, the number of satellites should
ecline rapidly. For the particular cut-off we explore in this paper,
warfs with M ∗ ∼ 3 × 10 8 M � or less should have virtually no
uminous satellites, regardless of luminosity. 

Dwarf primaries are also good probes because the galaxy mass
s, in relative terms, much smaller than that of their surrounding
alo. The galaxy’s effect on the subhalo population is therefore
roportionally reduced compared to galaxies like the MW, where
he disc is massive enough to affect noticeably the evolution and
urvi v al of subhaloes in its vicinity (Jahn et al. 2019 ). Finally, dwarf
rimaries are more abundant in the Local Volume than giant spirals
ike the MW or M31, so surv e ying a statistically meaningful sample
ecomes, in principle, more feasible. 
We conclude that the satellite mass function of dwarf galaxies

n the field represents an efficient and attractive approach for
onstraining the mapping between stars and dark matter haloes in the
ow-mass end with deliverables expected in the foreseeable future. 
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