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1 Introduction and overview

Supersymmetric quantum field theories typically admit a non-trivial moduli space M of
inequivalent vacua. One then expects the existence of an effective field theory (EFT)
encoding the physical information relevant at low energy. It would be clearly important to
have general control over these EFTs, but most of the times perturbative methods work only
in a limited region of the moduli space, in which the microscopic theory is weakly coupled.
Generically, absent extended supersymmetry or other strongly constraining symmetries,
the structure of the EFT on most of the moduli space is thus inaccessible through ordinary
quantum field theory techniques.

Superconformal field theories (SCFTs) also typically have a moduli space M of in-
equivalent vacua and an associated EFT. Along the moduli space the conformal symmetry
is spontaneously broken, but it has been recently realized [1-4] — along the lines of [5, 6],



see [7] for a review and more references — that the EFT can provide important informa-
tion on more intrinsic CF'T data beyond the spontaneously broken phase, such as scaling
dimensions and correlation functions in the superconformal vacuum. More precisely, the
EFT provides a concrete tool for investigating a sector of the CFT in which one or more
operators have large (R-) charge.

In several known examples including those considered in the present paper, the SCFT
is strongly coupled and the identification of the EFT may be problematic. For instance,
for an SCF'T arising at the IR fixed point of an ordinary UV supersymmetric field theory,
the moduli space of the SCFT is obtained by zooming in the moduli space of its parent
UV theory in a neighbourhood of its conformal invariant vacuum. In this region the UV
theory is often in its maximally strongly coupled regime and no information on the EFT
can be computed in perturbation theory at all.

Holography offers an alternative route to a direct calculation of the EFT of SCFTs
admitting a large-N expansion and a dual gravitational description. This is the approach
adopted in [8], which considered an infinite class of four-dimensional N' = 1 SCFTs ad-
mitting a dual type IIB description, the prototypical example being the Klebanov-Witten
(KW) model [9, 10]. In this paper we apply the same strategy to a large family of three-
dimensional N/ = 2 SCFTs engineered in M-theory, which generalise the more supersym-
metric ABJM model [11]. These SCFTs have a particularly rich dynamics, with peculiar
features that are absent in their four-dimensional cousins: the generic presence of fla-
vors [12-16]; the freedom to gauge or not gauge abelian symmetries [17]; the relevance
of monopole operators [11, 13, 15, 16]; the possibility to turn on internal fluxes in the
dual gravitational background [18-20]; the presence of non-perturbative corrections to the
moduli space [21].

These N' = 2 SCFTs are obtained as IR fixed points of (possibly flavored) Yang-
Mills/Chern-Simons quiver gauge theories engineered on stacks of M2-branes sitting at the
tip of conical Calabi-Yau (CY) four-folds. For concreteness we will mostly restrict to toric
models, although several results extend to more general settings. Due to the underlying
N = 2 superconformal symmetry, the SCFT moduli space M must be a conical Kéhler
manifold. As in the four-dimensional N/ = 1 models, the complex structure of M can be of-
ten understood within the field theory description — see [22] and references therein. In con-
trast, the Kéhler potential X on M, which determines the two-derivative EFT [23-25], typi-
cally receives strong quantum corrections which are hard to calculate purely in field theory.!

For all these models the moduli space M include a geometric branch which admits a
quite universal M-theory description in terms of M2-branes over resolved Calabi-Yau cones.
Our main goals will be:

a) the identification of a general method to compute the large-N EFT, henceforth
dubbed holographic EFT, at generic points of the geometric moduli space starting
from the holographic M-theory description;

!The Kahler potential is a function on M, which encodes infinitely many couplings. The models of
interest to us include a large number of moduli, which are not all Nambu-Goldstone bosons of a broken
symmetry. Therefore symmetry principles alone are generically not sufficient to fix the two-derivative
effective action in terms of a finite number of parameters, unlike for the pion Lagrangian.
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Figure 1. Superconformal vacuum as origin of the moduli space (on the left) and its dual
configuration of M2-branes at the tip of a Calabi-Yau cone, leading to an AdSy geometry in the
near-horizon limit.

b) to initiate a semiclassical investigation of the large-charge chiral spectrum of this
infinite class of SCFTs starting from their holographic EFTs, along the lines of [1-4]
— see [26-28] for other applications of the large-charge EFT approach to holographic
models;

c¢) to illustrate the general results of items a) and b) in the concrete models correspond-
ing to Calabi-Yau cones over the Sasaki-Einstein 7-folds Y'1?(P?) and Q'!!.

Since the paper is quite long and unavoidably technical, we will reserve the rest of this first
section to a qualitative description of our approach and of our main results.

1.1 Holographic EFT: the general idea

In this paper we focus on three-dimensional SCFTs whose superconformal vacuum is dual
to an AdS4 x Y background in M-theory, where Y is a Sasaki-Einstein seven-dimensional
manifold and the AdS, space supports N units of four-form flux Fy. This background can
be interpreted as the near-horizon geometry of N M2-branes at the tip of the eight-real-
dimensional Calabi-Yau cone C(Y) over Y. The superconformal vacuum corresponds to
the ‘origin’ of the moduli space, at which all operators but the identity have vanishing
VEV. Because of the superconformal symmetry, the moduli space M must be conical as
on the left-hand side of figure 1, and the superconformal vacuum sits at the tip of this cone.

Different points of the moduli space M correspond to different vacua of the SCFT, in
which some operators O with positive scaling dimension acquire a VEV (O) # 0. There
the conformal symmetry is spontaneously broken and we expect the existence of a weakly
coupled low-energy EFT for the moduli.? Holographically, moving away from the origin of
M corresponds to deforming the AdS M-theory background as in [10] for the KW model

2This EFT may break down at special points, or rather rays, of M, at which the conformal breaking
is partial, in the sense that it triggers an RG flow to another interacting SCFT, weakly coupled to some
remaining moduli through irrelevant operators.
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Figure 2. Generic vacuum on the moduli space (on the left), which spontaneously breaks the
conformal symmetry, and its dual asymptotically AdS geometry (on the right).

(see also [21, 29]), by modifying the cone C(Y) into a resolved Calabi-Yau space X and
distributing the M2-branes along X, keeping fixed the AdS asymptotics — see figure 2. In
general, the moduli space of this family of backgrounds may correspond only to a branch of
the entire SCFT moduli space. We will refer to this branch as the geometric moduli space
of the SCFT and we will ignore other possible branches.? So in this paper M denotes only
to the geometric moduli space.

The EFT of the SCF'T along M can in principle be computed from the M-theory de-
scription. One should impose appropriate boundary conditions on the M-theory fields and
expand them along the internal space in modes with different three-dimensional masses.
The massless normalizable modes are the dynamical moduli entering the EFT, the details
of which can in principle be computed by integrating out the massive modes. Working at
two-derivative level in eleven-dimensional supergravity, one can obtain the leading large- N
contribution to the two-derivative three-dimensional holographic EFT. Perturbative con-
tributions coming from higher derivative terms, Planckian M-theory states and loop correc-
tions are then expected to be suppressed by powers of 1/N. Even though in principle there
does not seem to be any conceptual obstruction to carrying out this analysis by exploiting
the weakly coupled supergravity description, this appears extremely hard at practical level.

We will therefore follow an alternative route to determine this holographic EFT: we
will obtain it from a rigid limit of the effective supergravity for warped M-theory com-
pactifications to three-dimensions derived in [30]. Indeed, one may think of the M-theory
vacua of figure 2 as local geometries of the warped compactifications introduced in [31], see
figure 3. We may think of X as cut off at some very large value of the radial coordinate
ruv and then completed into a compact space.* The M-theory modes that extend to the
compact space constitute some hidden ‘Planckian’ sector which includes gravity and cou-
ples to the dynamical sector of modes localised in the throat, and then to the SCFT, via

3Note that in other papers the notion of ‘geometric moduli space’ may assume fixed, either vanishing or
not, resolution parameters.

4We will ignore the tadpole conditions, which relate the number of M2-brane and G4 flux quanta to the
geometry of the compact space, since they are irrelevant for us.



Figure 3. The holographic theory as local geometry of a warped compactification.

1/Mp suppressed operators. The decompactification ryy — oo limit is equivalent to the
rigid Mp — oo limit which decouples the Planckian sector, thus recovering the holographic
dual to the pure SCFT.

This is the basic idea behind our derivation of the holographic EFT, which was already
applied in [8] to AdS5;/CFT4 models. By adapting the results of [8] to the AdS,/CFT3 con-
text, we will determine the Kahler potential K(¢, gz_S) which describes the large- N dynamics
of a set of chiral moduli ¢4 parametrizing the geometric moduli space M. In the M-theory
viewpoint, these include both the M2-brane positions and the bulk moduli. As we will
discuss, in the presence of (perturbative) U(1) symmetries (e.g. bulk axionic symmetries or
geometric toric symmetries) it is often convenient to adopt a dual description of the EFT
in which part of the chiral multiplets are traded for vector multiplets. In this paper we
restrict to solutions which do not support internal G4 flux, but our methods can be readily
extended to flux backgrounds. We leave the investigation of such models to future work.

If the internal space X contains compact six-cycles, that is bg(X) # 0, non-perturbative
corrections generated by Euclidean Mb5-branes instantons are expected. In particular, as al-
ready pointed out in [21], a dynamically generated superpotential in the EFT may lift (part
of) the moduli space. This aspect will be investigated in a follow-up [32], while in this paper
we will focus on the perturbative contribution and often restrict to the bg(X) = 0 case.

1.2 Chiral operators as EFT monopoles

Having derived the holographic EFT from M-theory, we will test it by computing the
spectrum of ‘heavy’ chiral operators and the corresponding large (R-) charge and scaling
dimensions. The idea of looking at sectors of operators with large quantum numbers
was introduced in the seminal papers [33, 34], which have inspired several subsequent
developments. Here we will adopt the general philosophy of [1-3], in which information
on the large R-charge sector is obtained from BPS semiclassical states of the EFT —
see also [5, 35-40] for other works on the large charge sectors of supersymmetric models
related to the EFT approach. We will show how to do so for general toric models, deriving
some universal results. In particular, we will see that the semiclassical states are more
naturally described in the dual EFT picture in which all chiral fields are traded for vector



multiplets. This dual description is related to the symplectic description of the moduli
space, which is a toric Kéhler cone itself (up to a quotient by the symmetric group) [41].
In the vector multiplet formulation of the EFT, the semiclassical states are BPS monopole
solutions which correspond, via the usual state-operator correspondence, to chiral monopole
operators. These EFT operators are in one-to-one correspondence with chiral operators
of the SCF'T, which can in turn be identified with appropriate chiral operators in the UV
quiver gauge theory. In particular, the charges of the EFT monopoles correspond to the
toric and Betti charges of the SCFT operators.

We will apply these general results to two concrete models, corresponding to the Sasaki-
Einstein spaces Y'2(P?) and Q''!. The cones over Y12(P?) and Q! admit resolutions
with explicitly known metrics [21, 42-44]. This will allow us to explicitly compute the
holographic EFT and, from it, the scaling dimensions of the scalar chiral spectrum. These
results will then be matched with expectations in the dual SCFTs, which can be identified
with IR fixed points of UV field theories obtained by applying the S operation of [17, 45]
to certain quiver Chern-Simons theories [15, 16].

The holographic derivation of these scaling dimensions is not new, of course. Indeed,
our heavy semiclassical states provide a three-dimensional low-energy description of bound
states of giant gravitons and baryonic branes. However, unlike previous treatments, not
only does our EFT approach systematically produce all such consistent brane configura-
tions with the appropriate quantised charges and scaling dimensions, but it also describes
their backreaction in a controlled low-energy regime. For instance, we will see how the
backreaction of the usual wrapped branes on AdSs x Y which are dual to baryonic-like
operators does in fact dynamically resolve the underlying cone C(Y').

We stress that the EFT framework provides a direct identification between these brane
configurations and the dual SCFT operators, which are usually linked via indirect argu-
ments. Our results then provide a novel starting point for investigating the “heavy” sector,
possibly carrying Betti charges, of the SCFTs. Indeed, even though in this paper we will
restrict to investigating the BPS sector, the EFT provides a natural starting point to study
also the non-BPS sector as in [1] and to compute correlation functions [3, 6].

Finally, we will also comment on the presence of massive %—BPS charged particles in
the holographic EFT, which can provide additional semiclassical information on the sector
of ‘spinning’ charged operators as in [46, 47].

We remark that our results can be easily adapted to the AdS;/CFT, context in type
IIB string theory. We will come back to this in future work.

1.3 Structure of the paper

The rest of the paper is organised as follows. Section 2 introduces the two field theory
models that we will use as our main examples in later sections: these are the worldvol-
ume theories on M2-branes probing the (resolved) cones over the Sasaki-Einstein 7-folds
Y12(P?) and Q'!. We discuss the field theories associated to different choices of bound-
ary conditions for the Betti multiplets in the bulk, and their spectra of chiral operators.
Section 3 discusses the holographic duals of these field theories in M-theory (or rather,
11-dimensional supergravity plus M2-branes). Section 4 describes the holographic EFT



of these supergravity backgrounds, with vanishing four-form flux. Section 5 discusses the
effect of the S operation of [17, 45] on the holographic EFT. Section 6 investigates in
more detail the holographic EFT of toric models in terms of vector and linear multiplets,
making connection with the symplectic formulation of toric varieties. Section 7 studies the
effective chiral operators of the holographic EFT, making connection with the holomorphic
description of toric varieties. In section 8 we construct semiclassical magnetically charged
solutions of the holographic EFT on R x S?, which are mapped under the state/operator
correspondence to 't Hooft monopole operators in the holographic EFT on R3. Section 9
discusses the M-theory interpretation of these states/operators, as bound states of AdSy
giant gravitons and baryonic M5-branes. The holographic EFT description fully incorpo-
rates the backreaction of these branes and realizes charge quantization directly, with no
need to geometrically quantize the classical configuration space of these branes. We also
briefly discuss charged BPS particles, which are realised as M2-branes wrapping effective
curves, from the viewpoint of the holographic EFT. Finally, in sections 10 and 11 we apply
the general theory developed in previous sections to the resolved cones over Y12(P?) and
Q' respectively, and match the chiral operators of the holographic EFT with chiral op-
erators of the microscopic SCFT on the worldvolume of M2-branes probing the geometry.
We include a number of appendices covering our conventions, a brief review of the conical
Kahler structure of the moduli space of vacua of three-dimensional N' = 2 SCFTs, and
details of geometric and field theory calculations for the Y12(P?) and Q! models.

2 A field theory appetizer

We start by introducing two three-dimensional quiver Chern-Simons theories which flow
to IR SCF'Ts with a dual eleven-dimensional supergravity description in the large- N limit.
These theories have a geometric branch of the moduli space and a corresponding EFT
which we will explicitly derive in sections 10 and 11 by applying the general results of
sections 3-9. The purpose of this section is to provide a concrete idea of the kind of SCFTs
that can be studied holographically by means of the general results derived in sections 3-9.

We will start by reviewing the parent U(N)x U(N) flavoured ABJM quivers introduced
in [15, 16]. We will actually be interested in a variation of these models obtained by applying
the S operation [17, 45] to combinations of topological and flavor U(1) symmetries. As
we will discuss in the following sections, this choice allows for additional directions in the
moduli space and corresponds, on the dual M-theory side, to the choice of specific boundary
conditions for the corresponding supergravity fields [10, 17, 21].

2.1 The alternate Y 12(P?) quiver

Let us start with the worldvolume gauge theory on N regular M2-branes probing the cone
over the Sasaki-Einstein 7-fold Y'1.2(P?) [48, 49] that was derived in [15] by reducing the
system to type ITA string theory.® It is a three-dimensional N' = 2 flavoured version of

5See [50-52] for exact tests of this duality beyond the moduli space of vacua. An alternative UV gauge
theory was proposed in [20] based on a different type IIA reduction. The two UV gauge theories are
expected to be IR dual.



Figure 4. Quiver diagram for the worldvolume theory of N M2-branes probing the cone over
Y12(P2). Coloured fields are present in an extra superpotential term, here AW = pA;q, in addition
to the standard ABJM superpotential.

the ABJM theory [11]: a U(N)3/9 x U(N)_3/2 Chern-Simons matter theory, with vector
multiplets V; and V3, bifundamental matter fields A; 2 € (N,N) and By 2 € (INV,N), and
fundamental flavours p € (N, 1) and ¢ € (1,N). See figure 4 for the associated quiver
diagram.® The matter fields interact through a superpotential

W = TI‘(AlBlAQBQ — A1B2A2B1) + pAiq. (21)

In order to make the theory weakly coupled in the UV, we can add Yang-Mills kinetic terms
—é J d20 Tr W;W; for the two U(N) vector multiplets Vi and Vs, with dimensionful Yang-
Mills couplings g;.

In the following we will make use of the topological conserved current superfield Jr
associated with the ‘baryonic’ U(1)g gauge symmetry

1 i
Jr= Y=

2T 8

Here and in the following we mostly adopt the conventions of [25], up to some minor

DDVg with Vg=TrVy —TrVh. (2.2)

differences — see appendix A for more details.

The normalization of Vg has been chosen so that the corresponding field-strength Fp
obeys the quantization condition [ Fp € 27Z.

The model that we will be interested in is obtained from the above model by “un-
gauging” (or freezing) the baryonic U(1)p through a so-called S operation [17, 45]. The S
operation is performed by first coupling the topological symmetry to a background U(1)
vector multiplet A through the supersymmetric BF-term

1 1
/ d*oJr A = 5 / d'9YpA = 5 / d*o vy, (2.3)

where ¥ = 1 DDA is the linear multiplet associated to the new vector multiplet A, and
then making A dynamical. The overall effect of this S operation is to introduce a dynamical
FI parameter for the vector multiplet V3.

50One can add a fractional M2-brane to the previous configuration: this has the effect of changing the
gauge group of the quiver to U(N +1)3/2 x U(N)_3/2 and of turning on a nontrivial torsion 4-form flux in
the gravity dual [53]. We will not consider this modification further in this paper.



Since A appears only linearly, it may be integrated out exactly. This would impose
the constraint Jp = 0, which forces Vg to be flat, leaving a global U(1)p symmetry which
is embedded in the original gauge group as follows:

¢ Uy = (71, e 27 1y) € U(N) x U(N). (2.4)

Let us denote by Jg the corresponding conserved current multiplet.

In fact, the S operation offers a natural alternative description of these quivers, which
will turn out to be more useful in the following: instead of integrating out A from the outset,
we keep it dynamical. Then the UV gauge symmetry U(N) x U(N) is preserved and is
extended by an additional U(1) 4 factor. In this alternative but equivalent formulation, the
Gauss law for the flat vector multiplet Vg implies that the conjugate conserved baryonic
current Jp is redundant and is dynamically identified with the topologically conserved
current associated to the A vector multiplet:

1
=—X. 2.5
JIB oy (2.5)
We will denote by U(1)r the topological symmetry associated to the U(1) 4 gauge symme-
try, which has conserved current %2.
It is useful to provide yet another description of the microscopic theory, which is
obtained by dualizing the linear multiplet ¥ to a chiral multiplet y. For clarity, let us add

an irrelevant kinetic term 1
4p 2
-5 / a4y (2.6)
and eventually consider the low-energy limit e — co. The dualization is then performed as
usual [23, 25, 54]. First replace the sum of (2.3) and (2.6) with

1 1

- d4922—/d40( X- — )2 2.
= / X+X =5 -VB)E, (2.7)

where Y is now an unconstrained real superfield and the chiral superfield x is a Lagrange

multiplier, whose equation of motion enforces that > is a linear superfield. To preserve
gauge invariance under Vg — Vg — i(Ag — Ap), we must accordingly shift

i
— —Agp. 2.
X7 X~ 5B (2.8)

Then e~ 2™ is a single-valued chiral superfield with (gauged) baryonic charge 1.7 Integrat-
ing out y from (2.7) gives back the original theory in terms of the vector multiplet A.
Instead, integrating out ¥ imposes the identification

2 1
Rl I VA v 2.
9= V- (+ D) (2.9
and substituting in (2.7) gives
e? 1 2
— [ d% X— 0 . 2.1
5 / <X tX oo VB) (2.10)

"Note that y has periodicity Imx ~ Imy + 1 by construction.



In this formulation the theory has an additional rigid symmetry, which shifts the imaginary
part of x by a constant and leaves all the other fields unchanged. This can be identified
with the above topological U(1)T, under which e~2™ has charge 1. From (2.9) it is clear
that in the low-energy limit e — oo one must impose Vg = 27(x + X), so that Vg is flat,
the baryonic gauge symmetry is ungauged and can be identified with U(1)p. We anticipate
that, in the dual M-theory description, the baryonic symmetry of the Y'?(P2) will be
identified with a Betti symmetry.

2.1.1 Moduli space

The quiver gauge theory introduced in the previous section flows to a strongly interacting
N = 2 SCFT with a non-trivial moduli space of vacua. This contains a ‘geometric’ branch,
whose structure can be understood from a semiclassical analysis of the above UV quiver
theory as long as the mass scale set by the VEV is much larger than the running g2 at
that scale. (This condition is not needed if one focuses on holomorphic data, which are
insensitive to the gauge coupling, as we will do in section 2.1.2.) The point of keeping %
in the UV quiver introduced above is that it naturally enters the description of the moduli
space. One can follow the semiclassical analysis of [20] almost verbatim, with the only
difference that the bare FI parameters & = —&; therein are replaced by the dynamical
scalar field o = ¥|,_z_,, up to some numerical constant. The result is as follows.

Along the geometric moduli space, the U(N) x U(N) quiver gauge symmetry is generi-
cally broken to the maximal torus U(1)" of the diagonal U(N) subgroup. Let us denote by
st (I=1,...,N) the N scalars of the low-energy U(1) vector multiplets V7. Furthermore,
p = q¢ = 0 and the bifundamental matter solving the F-flatness conditions can be written
in the form

a;l 0 ... 0 bﬂ 0 ... 0
0 a;2 ... 0 0 biQ ... 0
(Ai) = | Ba= L (2.11)
0 0 . o0 - :
0 0 ... a; N 0 0 ... biN

One still needs to impose the D-flatness conditions, which must take into account the
one-loop corrections to the effective CS levels, as in [15, 16, 20]. As a result, one gets

lai7|? + |agr|® — [bi|* + |bar|?® = & (51, 0) (2.12)
with
3 1
§ett (51,0) = =0 + 551 = 58] (2.13)

Additional directions in the moduli space are obtained by dualizing the low-energy
U(1)" photons into axions. Supersymmetrically, this corresponds to a dualization of the N
low-energy U(1) vector multiplets V; into chiral multiplets ¢7, completely analogous to the
dualization of the vector multiplet A into the chiral multiplet x discussed in subsection 2.1.
In particular, the U(l)N photons are dual to N axions ¢; = Imt; — in this paper we
sloppily use the same symbol for a chiral superfield and its lowest component — each
parametrizing a circle U(1)y. There is a residual Sy gauge symmetry which permutes the

~10 -



N sets of fields (air, bir,tr). One then obtains a double fibration. Namely, we have N
symmetrized copies of the resolved conifold times U(1) fibered over R, which are in turn
fibered over R parametrized by o. By trading ¢ = X|,_z_ for the dual Rex and adding
the dual axion Im yx, one gets the complete description of the semiclassical moduli space in
terms of chiral coordinates.

Following [15, 16, 20, 55|, each of these N copies can be identified with the Calabi-Yau
four-fold X which is obtained by resolving the cone over Y'2(IP?). This can be described
in terms of a U(1) gauged linear sigma model with five complex homogeneous coordinates
Za, A=1,...,5 (so that d = 5 in the formulas of section 6), with charges

Zy Zy Z3 Zy Zs|FI
Ul) |1 1 1 -2-1|¢ (2.14)
UD)y|0 0 1 =1 0 |s;

In the second line we have also indicated the choice of U(1)y circle action along which one
needs to reduce in order to go back to the conifold (2.12), as in [55]. In this description o
represents the resolution parameter of the fourfold, which spans the union of two Kéhler
cones, according to its sign. This is precisely the description that one gets starting from
the dual M-theory model, which will be discussed in more detail in section 10.

We emphasize that the above description is valid for vacua which are far away from
the origin of the quiver moduli space and at which the quiver does not flow to a SCFT. It
is then expected to capture only part of the information on the SCFT moduli space, which
includes its holomorphic description. In particular, it tells us that the EFT should contain
4N chiral multiplets z}, whose lowest components parametrize the position in the above
Calabi-Yau X, plus the linear multiplet ¥ (or alternatively its dual chiral multiplet). This
motivates the above UV formulation in terms of 3. On the other hand, even in the large-N
limit, we expect strong quantum corrections to the D-term sector of the EFT, which may
be obtained by integrating out the massive fields in the UV quiver. We will derive this EFT
(at the two-derivative level) from the dual M-theory description in section 10, following
the general procedure discussed in sections 3-9.

2.1.2 Chiral operators

Let us define as ‘mesonic’ the chiral operators which are neutral under the U(1) symmetry.
In the formulation with the dynamical A vector multiplet, these operators do not carry
any U(1)4 monopole charge. The VEVs of these operators parametrize the geometric
moduli space introduced in the above subsection. These operators were studied in [15,
16] in the abelian case, and in [22] in the non-abelian case. A subset of chiral mesonic
operators can be constructed by taking gauge invariant combinations of products of basic
bulding blocks A;B;. In addition there are dressed monopole operators which are invariant
under the U(N) x U(N) gauge group [15, 22]. To construct a gauge invariant non-abelian
dressed monopole operator, one starts from a bare monopole operator with equal magnetic
charges q = (q1,-..,9N;q1,---,qn) under the two gauge groups. The magnetic charge q
defines an embedding of U(1) inside the U(N) x U(N) gauge group, and a supersymmetric
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bare monopole operator is introduced by prescribing a Dirac monopole singularity for the
vector multiplet of the embedded U(1) in the path integral. The monopole boundary
condition induces an adjoint Higgsing of the gauge group to U(1)Y x U(1)Y for generic
charges, or to [[, U(ra) X [I, U(rq) if the magnetic charges ¢; are equal in blocks of size
T, leading to a gauge symmetry enhancement. Due to the Higgsing, all the fundamental
and antifundamental matter, as well as some of the bifundamentals, gain an effective mass,
so that the residual gauge theory of light modes in the monopole background is a tensor
product of decoupled U(r,) x U(r,) quivers. Integrating out the heavy modes leads to a
quantum correction to the Chern-Simons levels, which in turn contributes to the electric
charge of the bare monopole operators.

To construct chiral gauge invariant operators of the residual gauge group [[, U(rqa) %
[1, U(ra), the bare monopole operator must be dressed with some of the massless bifun-
damentals.® Finally, one averages over the action of the Weyl group Sy x Sy to form a
fully gauge invariant operator.

The geometric moduli space of the U(N) x U(N) theory on the worldvolume of N M2-
branes is the N-th symmetric product of the geometric moduli space of the U(1) x U(1)
theory on a single M2-brane, as was shown using Hilbert series in [22]. We can therefore set
N =1 first, and rely on the results of [15]. We will use lower case letters to denote bifunda-
mental fields and monopole operators in the abelian theory. The basic bare monopole opera-
tors t and # with magnetic charges q = (1;1) and (—1; —1) respectively have electric charges
(—1;1) and (2; —2) under the U(1) x U(1) gauge group, and obey the quantum relation

tt=aj . (2.15)

Since aq is generated by the bare monopole operators, one can use t, t, ag, by, ba to construct
independent gauge invariant operators. The connection with the toric description (2.14)
of the corresponding Calabi-Yau four-fold is obtained by identifying

ZlEbl, Z2Eb2, ZgEt, Z4 f, Z5Ea2. (216)

In the non-abelian theory, a convenient basis that generates the whole set of gauge
invariant monopole operators is obtained starting from the monopole operators T") and
T of magnetic charges q = +1, = ((£1)",0N="; (£1)",0¥=") for r = 1,...,N.? These
operators transform in the representations (det[ ], 1;det[ ], 1) and ((det[ ])?,1; (det[ ])2,1)

8If the magnetic charges are different (modulo permutations) for the two U(N) gauge factors, the bare
monopole operator cannot be dressed into a gauge invariant chiral operator.

9An equivalently good basis uses monopole operators of magnetic charges q = (%, 0N =L 4, ONﬁl)
with r = 1,..., N, corresponding to the operators (T™)" and (T™)" in the residual gauge theory with
gauge group (U(1) x U(N — 1))2. In the parlance of symmetric polynomials, this choice corresponds to
power sums, while the choice made in the text corresponds to ‘elementary’ symmetric polynomials. Hilbert
series calculations show that dressed power sum monopole operators and dressed elementary symmetric
polynomial monopole operators with the same quantum numbers differ by products of dressed monopole
operators of lower R-charge. This extends to any choice of basis of symmetric polynomials. All statements
about dressed monopole operators in the main text are to be considered modulo mixing with products of
lower dressed monopole operators with the same quantum numbers.
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under the residual gauge group (U(r) x U(N —r)) x (U(r) x U(N — r)), and satisfy the
quantum relation
7M7) = det, A" (2.17)

in the residual gauge theory, where Agr) denotes the block of A; in the bifundamental
representation of U(r) x U(r) and det, the determinant of an rxr matrix (we use det = dety
unless explicitly stated). Since T is charged under the gauged baryonic symmetry of
U(r) x U(r), in order to build a chiral gauge invariant operator under the residual gauge
group it must multiply an operator of opposite baryonic charge in the U(r) x U(r) residual
gauge theory, such as det,.(4)"), det,(ABA)"), det,(A)") . Tr (AB)(") etc., with arbitrary
SU(2) indices. Finally, this operator must be symmetrized with respect to the broken Weyl
group (Sn/(S; x Sn_r))? to form a fully gauge invariant operator.

It was shown in appendix A of [22] at the level of Hilbert series that the geometric
moduli space of the theory on NV M2-branes is the N-th symmetric product of the theory
on a single M2-brane.' The proof was detailed for ABJM [11], but it is a straightforward
exercise to generalise it to all flavoured ABJM theories. This result is expected from brane
considerations, but is not obvious from purely field-theoretic considerations and has not
been worked out explicitly beyond counting techniques. In particular, it implies that the
gauge invariant chiral operators of the non-abelian U(N) x U(N) gauge theory are in one-
to-one correspondence with the gauge invariant chiral operators of N copies of the gauged
linear sigma model (2.14) of the Calabi-Yau fourfold, supplemented by a discrete Sy gauge
symmetry that permutes the IV copies. We will use this crucial result in section 10 to match
chiral operators in the holographic EFT to chiral operators in the microscopic quiver gauge
theory that have been discussed in this section.

We can now consider monopole operators for the vector multiplet A. Let us first con-
sider bare monopole operators T, of magnetic charge n under the U(1) 4 gauge symmetry,
which have charge n under U(1)7. Since no matter is charged under U(1) 4, the classical
relation 7, = 7" holds for all n € Z, and the operator 7 = 7; is invertible. In the dual
description in terms of the chiral field y, we can identify 7 with e 2™ and 7,, with e 277X,
As is clear from (2.8), the bare monopole operators 7T, have charge n under the baryonic
gauge symmetry U(1)g. They must then be ‘dressed’ by other operators that have a net
charge —n under U(1)g. The simplest possibilities are

Bugm, =T [T(Nit)(dett B(t))ma,mzl”sym (mg,my >0, t=mz+my <N)
By =T"" det Ay (2.18)
Bz =72 TW)

where we used the shorthand (det B)g, 4, for the dibaryon built out of a; factors of By
and ag factors of By, which has isospin I3 = (a1 — a2)/2 under the SU(2) global symmetry
that acts on the B, bifundamentals. (We identified a; = m3 and ag = my for later
purposes.) The bare monopole operator TW=1 in the first line breaks the gauge group to

(U(N —t) x U(r))?, with the monopole charged under the centre of the U(N —t) factors and

10This assumes a conjecture of [56] that baryonic generating functions of theories on multiple D3-branes
are obtained by symmetrizing the baryonic generating functions of theories on a single D3-brane.
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the dibaryon charged under the centre of the U(t) factors, and the subscript sym denotes
the symmetrization under the (broken) Weyl group.

We note that as ms and my are varied at fixed N, the dibaryonic operators in the first
line of (2.18) span the totally symmetric rank N irreducible representation [N,0] of an
enhanced SU(3) symmetry, which contains the manifest SU(2) symmetry acting on the B
bifundamentals as well as a linear combination of the other U(1) symmetries. In the large
N limit, one can use F-extremization [52] or equivalently volume minimization [57] to find
the scaling dimensions of these operators (see also appendix A of [53]):

A(Bumg.m,) = 0.4505N A(By) ~0.4136N,  A(By) ~ 0.2349N . (2.19)

We can be more explicit about the operators if we assume that the magnetic charges
q9=1(q1,---,qn;q1,---,qn) for UN)xU(N) are generic and break it to its maximal torus.!!
This is the holomorphic counterpart of the semiclassical discussion of the geometric moduli
space in section 2.1.1. The massless modes in such a generic monopole background are
described by N copies of an effective abelian ABJM quiver with gauge group U(1) x U(1)
and effective Chern-Simons levels k™ = (1; —1) and k= = (2; —2). We label by t; and #;
the monopole operators of magnetic charge (£1;£1) of the I-th abelian ABJM quiver in
the residual gauge theory, which have electric charges —k* and —k™ respectively, and by
ai,r, az 1, bir, bz the bifundamentals in the same abelian quiver. There is a quantum
relation tt; = a1,r for all I, which can be used to eliminate products of ¢; and t7 in favour
of a1 ; and vice versa. 2

Then we can write the general chiral operators as

q larl ~ q lag|
Ogniag=T" (H [(t1)2]+2’1( I)21+21(al,l)o‘{(azl)aé(bl,I)ﬁll(bz,I)Bﬂ

I sym

(2.20)
-7 (H {(tl)%lg+a{(fl)_q;+lq21+a{(a2,l)a5(bl,I)B{(bﬂ)ﬁé]) ,
sym

where the powers o and 8! of the bifundamentals are non-negative integers which satisfy
the U(1) x U(1) gauge invariance constraint

31
of +af = B — B3 = &erlar.n) = —n+ Sar — 5 lai] (2.21)

for each I. The subscript sym denotes symmetrization over the Weyl group. The opera-
tors (2.20) are ‘mesonic’ if n = 0 and ‘baryonic’ if n # 0.

The above discussion should be adjusted if some g; are equal, leading to a non-abelian
factor in the residual gauge group. Then a product of bifundamentals charged under
the Cartan subgroup of each non-abelian factor should be replaced by an appropriate

See also appendix C.3 for a more detailed count of chiral operators according to their charges under
the toric symmetries.

12\We have assumed that non-abelian diagonal monopole operators factorize into abelian diagonal
monopole operators. This is not a general property of monopole operators, but is consistent with the
quantum numbers of diagonal monopole operators in flavoured ABJM theories.
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P1 qi
P2 q2

() (V).

B1732

Figure 5. Quiver diagram for the worldvolume theory of N M2-branes probing the cone over
Q"Y11. Coloured fields are present in extra superpotential terms, here AW = p1A1q1 + p2Aags.

dibaryonic operator for the same non-abelian factor, as explained in [22] and briefly re-
viewed in appendix C.3. For instance, t1a 1t2a1,2 should be replaced by T@) dety A§2) =
Tiaz,on 22 g8 -2y ((A1)11(A1)22 — (A1)12(A1)21) before averaging over the Weyl group.

It is expected that the baryonic operators (2.18) and (2.20) are realized holographically
by Mb-brane configurations. This identification arises quite naturally from the holographic
EFT that will be derived in the following sections. We will reproduce the microscopic
results (2.19) using the holographic EFT and provide more details about the matching of

these operators in section 10.

2.2 The alternate Q''! quiver

The Q' quiver is partly similar to the Y'2(P?) one. Hence, in the following discussion we
will be faster, omitting the details that can be easily adapted from the previous sections.
As for the Y'2(IP?) quiver, we start with an associated quiver gauge theory, whose quiver
diagram is depicted in figure 5, identified in [15, 16]. It is again a flavored version of the
ABJM theory, now with vanishing bare Chern-Simons levels, which includes two pairs of
flavor chiral fields p12,¢1,2 and a superpotential

W =Tr(A1B1AsBy — A1 Bo A1 Bo) + p1Aiqi + paAage . (2.22)

The theory we are interested in is again obtained by applying the S operation. Not
only we apply it to the topological symmetry associated with the U(1)g baryonic gauge
symmetry (2.4), as for the Y'?(P?) model, by adding a coupling of the form (2.3) to a
dynamical vector multiplet A'. We also perform an S operation for a flavor symmetry
U(1)p. There are different equivalent choices of U(1)p, related by different combinations
with the diagonal U(1) subgroup of U(N) x U(N). We choose U(1)r so that po,qs are
neutral under it, while p; and ¢; have charges +1 and —1 respectively. The second S
operation is obtained by modifying the UV Lagrangian by a minimal coupling of the flavors
to a second dynamical vector multiplet A2, which then gauges U(1)p. The resulting quiver
theory has an extended gauge group U(N) x U(N) x U(1) x U(1).
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Because of parity anomalies, in addition to (2.3) one also needs to add half-integral
mixed Chern-Simons coupling to preserve gauge invariance (see also appendix F of [22]):

1oy 1 42
- / 440 (24" — A?)Sp (2.23)

One can correspondingly define two topologically conserved current multiplets,

1 1
J=—x'" J’=_-x% (2.24)
2 2

with ¢ = iDDA“, a = 1,2. We will denote by U(1)§, a = 1,2, the corresponding
topological global symmetries.

As for the Y12(P?) model, we may now dualize A' to a chiral multiplet x;, such that
e~2™1 has charge +1 under the global U(1)% and the baryonic U(1)p gauge symmetry.
On the other hand, the dualization of .42 to a chiral field x» will be possible only in the
low-energy EFT, since in the UV quiver gauge theory A% couples to charged matter.

2.2.1 Moduli space

The semiclassical moduli space proceeds as for the Y12(PP?) model and is completely analo-
gous. It can again be described in terms of N copies of a fibered conifold (2.12), where now

1 1 1
et (S1,0) = —01+502—§\81\ — §|8[—0'2| (2.25)

where 0%, a = 1,2, are the lowest components of the linear multiplets 3¢ = iDDA“. After
dualizing the low-energy U(1)" vector multiplets to chiral multiplets ¢;, one can describe
the complete geometric moduli space as a fibration over R? parametrized by (o', 02). The
fiber is given by N symmetrized copies of the Calabi-Yau four-fold X which is obtained by
resolving the cone over Q1) with (o', 02) € R? parametrizing the Kihler moduli.

X admits a GLSM/toric description

Z1 Zy Zy Zy Zs Zg| FI
U(l);|1 1.0 0 —-1-1] ot
U(l)2/0 0 1 1 —1-1] o2
Ul)y|0 0 0 =1 1 0 |s;—0c?

(2.26)

where the second line describes the U(1), and the corresponding FI that specifies the
connection with the above description in terms of the fibered conifold (2.12).

By introducing complex coordinates z' on X, we then expect the SCFT to admit
a low-energy EFT for two vector multiplets A% = (A', A%) and N neutral symmetrized
chiral multiplets z%. The linear multiplets $¢ can be identified with current multiplets of
topological symmetries. Motivated by the M-theory perspective that we will be discussed in
the following sections, we will refer to them as Betti symmetries. At the EFT level, one may

dualize the vector multiplets (2.24) to chiral multiplets p,, such that e=27a

carry charge
+1 under the a-th Betti symmetry. The dual M-theory viewpoint will allow us to derive the

large- N holographic EFT of the SCFT and to more concretely describe such dualization.
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2.2.2 Chiral operators

The construction of gauge invariant chiral operators in the Q! model, before and after
the double S operation, follows the same logic as for the Y'12(IP?) model.

Let us first focus on the ‘mesonic’ operators, which do not carry any U(1) 4. mag-
netic charges and whose VEVs parametrize the geometric moduli space discussed in the
previous subsection, with ¢ = 0. These are ordinary mesons constructed out of the
A, B bifundamentals, and dressed monopole operators with equal magnetic charges q =
(q1,--.,9N;q1,--.,qN) under the two U(NN) gauge groups. Since the geometric moduli space
of the U(NN)xU(N) theory on the worldvolume of N M2-branes is the N-th symmetric prod-
uct of the geometric moduli space of the U(1) x U(1) theory on a single M2-brane, we will
again focus on NV = 1 first [15]. As above, we use lower case letters to denote bifundamental
fields and monopole operators in this abelian theory. The basic bare monopole operators ¢
and f with magnetic charges q = (1;1) and (—1; —1) respectively both have electric charges
(1;—1) under the U(1) x U(1) gauge group of the quiver, and obey the quantum relation

tt = ajas . (2.27)

It is useful to trivialise the quantum relation by introducing four independent variables 7,
and s, § with charges +1 and —1 under a new U(1) gauge symmetry, such that

t=rs, =73, a=*7s, ay=35r. (2.28)

This leads to the following identification with the homogeneous coordinates of the toric
description (2.26), see appendix D.1 and [15] for more details:

ZlEbl, ZgEbg, Z3E7“, Z4

T, Zs=s, Zg=§. (2.29)

The introduction of the new variables 7,7, s, § may seem formal at first sight, but it turns
out that they are needed to describe the resolution of C'(Q''!) and to express the monopole
operators of the theory obtained after the double S operation. In that case, introducing
C* valued GLSM variables X, of charge —¢? under the b-th U(1) in (2.26), one finds the
identification

Xor =tio1, Xof=too1, Xy's=too-1, Xo'5=t_10-1, Xi=to10, (2.30)

where ,,.,,1 ,2 is the abelian monopole operator of magnetic charge ¢ = (m;m) under the
U(1)? gauge group of the quiver and (n', n?) under the extra U(1)? gauge group introduced
in the double S operation. See appendix D.1 for details of how this identification comes
about. One can then express a general abelian bare monopole operator as

1,2 mylml_ mn? jm=n?| m-n? |lm—n? m |m|
btz = X1 Xy r2t2f 2 Toe st Tz g ate (2.31)

In the U(N) x U(N) theory, we may again use the bare monopole operators of mag-
netic charges q = +1,, = ((£1)",0Y="; (£1)",0V=") for » = 1,..., N, and dress them by
bifundamentals of the residual gauge theory to generate all chiral ‘mesonic’ operators. Let
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us not dwell on this, and move on instead to discussing monopole operators for the vector
multiplets A", A2, which contain the previous operators as a subcase. We first note that
no matter is charged under U(1) 41, therefore the corresponding monopole operators factor
out and obey the classical relation that a monopole operator of charge n' is the n'-th
power of a monopole operator of charge 1.

T,

nln2 =
q,n’n

1
Tq;nl,OTq;O,n2 — (7‘1)7’1 Tq;O,’nQ B (232)

where 71 = Tp.10 is invertible. In the dual description in terms of the chiral field x, we
can identify 77 with e=27X1. This factorization does not hold for monopole operators for
the vector multiplet A2, which has charged matter.

It is not hard to construct three basic sets of gauge invariant chiral ‘baryonic’ operators,
whose elements are labelled by an integer m = 0,1, ..., N, with magnetic charges (n',n?)
equal to (1,0), (0,1) and (-1, —1) respectively:'?

BY = Thi0(det B)y—mm = Ti(det B) y—mm (0<m<N)
BY =Tiiy o1 (0<m<N) (2.33)
BY =T 1y 11 =T Ty 0.1 (0<m<N).
Each of these sets of operators has the lowest dimension for baryonic operators,
; N
ABY) =5 (2.34)

and transforms in the (N + 1)-dimensional irreducible representation of the i-th SU(2)
global symmetry of the SCFT, corresponding to the SU(2)? isometries of Q1.

More general baryonic operators of higher dimension can be constructed simi-
larly. Again, we can be more explicit if we assume that the magnetic charges q =
(q1y.--,9N;q1,---,qn) for U(N) x U(N) are generic and break it to its maximal torus.
The massless modes in this monopole background are described by NN copies of an effec-
tive abelian ABJM quiver with gauge group U(1) x U(1) and effective Chern-Simons levels
kT = k= = (—1;1). We label by t; and #; the monopole operators of magnetic charge
(+1;£1) of the I-th abelian ABJM quiver in the residual gauge theory, which have electric
charges —k* and —k~ respectively, and by ai,r, az,, b1 1, ba 1 the bifundamentals in the
same abelian quiver. The quantum relations t;f; = ay,raz, for all I can be solved by
introducing new variables 71,7, sy, 1 as in (2.28). Using (2.31) for each I, we can then
write the general chiral operators as

I I I I
Oqnia,8 = Tyt 2 (H(al,l)al(az,l)az(bl,l)ﬁl (bz,l)ﬂ2>
sym

I

2 2

n qgr—n
|12|

_ ne ‘LI_FM_H)I - _MJ’_M_FQI a1 — +al (2 35)
= HXa H (rI)Q 2 2(7“[) 2 2 1(31) p) 1 .

a=1 I

lar|
x (57) 4+ el <bz,1>ﬁﬂ) ,
sym

13We will see in a later section that these choices of (nl, n?) correspond to the generators of the walls
between the three Kahler chambers of QL.
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where the powers o and 3! of the bifundamentals are non-negative integers which satisfy
the U(1) x U(1) gauge invariance constraint

n2

of b= Bl ~ = nlarm) = '+~ Dl — Slar =¥ (2.36)
for each I. Again, the subscript sym denotes symmetrization over the Weyl group. The
operators (2.20) are ‘mesonic’ if (n',n?) = 0 and ‘baryonic’ if (n',n?) # 0. If some q; are
equal, the above discussion should be corrected along the same lines as in section 2.1.2.

We will reproduce the operators (2.33) and (2.35) and their quantum numbers from
the perspective of the holographic EFT in section 11.

3 Holographic M-theory backgrounds

We now turn to the dual supergravity point of view. As explained in the introduction,
our aim is to derive the holographic (i.e. large-N) EFT and match it with field theory
expectations. Even though the models dual to the SCFTs discussed in section 2 will serve
as specific examples, the discussion will have various degrees of generality. We will start by
considering a wide class of M-theory models dual to N/ = 2 three-dimensional SCFTs which
share the same topological properties of toric models. We will then specifically restrict to
toric models, describing in more detail the structure of their holographic EFT and of the
associated semiclassical chiral ring. The models introduced in section 2 belong to this class
and will later be used to concretely apply and check our general results.

The qualitative features of M-theory backgrounds corresponding to the SCFT vacua
along the geometric moduli space have been already described in the introduction, see
figure 2. In this section we describe in more detail their precise structure (see also [10, 21, 29]
for previous work) and some of their geometric properties which will be useful in the
following sections.

3.1 The supergravity solutions

The M-theory vacua we will focus on have the general structure [31]

ds?) = H 5ds2., + 2 H3ds%

3.1
Fy = dvolgi2 AdH !, (3.1)

where fp is the 11-dimensional Planck length and in our conventions the internal line
element ds% is dimensionless.!* The AdS vacuum of figure 1 corresponds to the choice
X =0C(), ds%(y) = dr? + r?ds? and Hags = f—fj, so that ds%l,AdS = dsid&1 + 2 [2dsy,

where L% = GVOﬁy) and the AdS4 metric is

2212

r2

dr?. (3.2)

2 r 2
dSAdS4 = ﬁdSRLQ +

"Tn our conventions the M2-brane has tension/charge 27 /(3.
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For the more general vacua of figure 2, the internal Calabi-Yau metric ds% is a resolution
of the conical metric and the warp factor H is the unique solution of

N
AxH =xx Y 6F (3.3)
I=1

that vanishes asymptotically for 7 — oo. In (3.3), 6% is an 8-form with delta function
support at the position of the I-th M2-brane. The equation (3.3) is then solved by

H(y) = Gx(y;ur), (3.4)
T

where Gx (y;y') = Gx(v';y) is the Green’s function of the Laplace operator obtained from
the CY metric on X, in some real coordinates y™, m = 1,...,6. Note that Gx(y;7/) is
the unique asymptotically vanishing Green’s function, so that (3.4) is the unique solution
with asymptotically AdS behaviour:

H~—(/+... for r — oco. (3.5)

See [42] for a useful summary on the properties of Green’s functions on asymptotically
conical CY spaces. In the following we will just use the existence and uniqueness of these
Green’s functions, with no need to know their explicit form.

The moduli parametrizing these vacua are given by 4Ny9 complex dimensionless co-
ordinates z}, I =1,..., Nyg, which give the positions of the Ny = N M2-branes on X
in a complex coordinate system 2!, and ng = by(X) Kéhler moduli 0%, a = 1,...,nk,
which measure the resolution of the ambient Calabi-Yau fourfold. The latter combine with
the Cg axionic moduli into by(X) complex moduli p,, to be defined later on. By super-
symmetry, all the complex moduli are bottom components of chiral multiplets. Part of
the moduli p, may actually be considered non-dynamical: this depends on some freedom
in the choice of boundary conditions for the supergravity fields [58], which correspond to
different SCFTs [10]. We will initially consider all p, as dynamical complex coordinates on
the moduli space M. We will return to the other possibilities in the following sections.

3.2 Some geometric generalities

In order to derive the holographic EFT we first need to collect some geometric properties
of the internal Calabi-Yau four-fold X, following the three-fold case discussed in [8]. Recall
that we assume that X is a crepant resolution of the Calabi-Yau cone C(Y). It can
be proven that in each cohomology class of H?(X;R) ~ HU“!(X;R) belonging to the
Ké&hler cone there exists a unique Kéhler form Jx defining a Calabi-Yau metric which
asymptotically reduces to the conical one [59]. In H?(X;R) one can then expand

[Tx] = 5 o%lwal (3.6)
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where w,, a = 1,...,by(X), form a basis of harmonic (1, 1)-forms,'® and o are the real
Kéhler moduli of X. The %EP factor in (3.6) is introduced for later convenience and
implies that ¢ have dimension of a mass.

We choose to normalize w, so that they represent a basis of the integral cohomology
group H%(X;7Z). This is Poincaré dual to the relative homology group Hg(X,Y;Z), the
homology group of six-chains with boundary on Y. For definiteness, we require that X
shares the same topological properties of toric Calabi-Yau four-folds: X has vanishing odd
Betti numbers by 1(X) =0, k =0,...,3, no complex structure moduli, and

ba(X) = bs(X) + b2(Y), (3.7)
see for instance [21]. Correspondingly, we can split the basis of harmonic (1,1)-forms as
We = (W, Do) , (3.8)

with a, 8,... = 1,...,b¢(X) and o,7,... = 1,...,b2(Y). The &,’s define a basis of the
relative cohomology group H?(X,Y;Z): these two-forms are Poincaré dual to compact
divisors D,, which provide a basis of Hg(X;Z). On the other hand &, are Poincaré dual to
non-compact divisors D,, which have a non-trivial boundary on Y. For instance, bg(X) = 0
in both the Y12(P?) and Q'!'! models, while they have bo(Y) = 1 and ba(Y) = 2 respectively
— see sections 10 and 11 below.

The harmonic (1,1)-forms &, are La-normalizable [60]:

/ Wa N\ *Xﬁf)g < 0. (3.9)
X

On the other hand, the harmonic (1,1)-forms @, are only LJ-normalizable, meaning that
they are not Lp-normalizable but are normalizable using the warped measure: [y H @5 A
*xw, < 0o. This property crucially derives from the asymptotic AdS behaviour (3.5) of
the warping — see for instance [29] for a discussion on the analogous Calabi-Yau three-
fold case. The singularities of H, which locally diverge like the sixth inverse power of the
distance from the localised M2-brane, are integrable and do not create problems. Clearly,
Ly-normalizable forms are also Ly-normalizable, therefore in general

/ H wy A *xwy, < 00 (3.10)
D'

for any pair of harmonic (1,1) forms wg,w,. We will see below how this warped integral
appears as the kinetic matrix of the holographic EFT.
The cohomological expansion (3.6) translates into the expansion of Jx as a two-form,

‘
Jx =Jo+ iaawa, (3.11)

where Jy is an exact form. By the d0-lemma, it can be globally written as

lo 2
Jo = % 168k0 N (3.12)

'®As in [8, 21], one can argue that the harmonic (1,1)-forms w, are primitive: J.ws = 2J™" (wa)mn = 0.

On the other hand, a primitive (1,1) closed two-form is harmonic, since it is automatically co-closed.
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where ko(z,z;0) is a globally defined function, which also depends on the Kéhler moduli
o At 0% = 0 the internal space X reduces to the Calabi-Yau cone and %Ep ko to its
Kahler potential, which is %T‘Q up to Kéhler transformations.

In the following we will also need locally defined ‘potentials’ k4(z, Z;0) such that
Wq = 100K, . (3.13)

The potentials r4(z, ;o) define metrics 2™ on the line bundles O(D,) associated with

the divisors D, = (f)a, DU) introduced above. The transition functions of these line bundles

translate into o%independent hol+hol contributions to #,, which clearly preserve (3.13).
To remove some arbitrariness in k,(z, z;0) and ko(z, z; o), we impose the conditions

ako b 0/%
= - 3.14
0o 7 900 (3-14a)
Oka
ib —0 as r — oo (3.14b)
0o
ko(z,z;0 = 0) = ko) (2,2) = %73. (3.14c¢)
P
Consistently with (3.14a), we can also introduce the combination
Okx
kx =k “Kq , o = 1
x =ko+ ok K Do (3.15)

which can be identified with a rescaled Kéhler potential kx on X, normalized such that

Ap

17
2

Jx =i—00ky . (3.16)

Notice that with these normalizations kx and kg have dimensions of a mass.

The conditions (3.14) completely fix ky. On the other hand, even though the potentials
kq are only defined locally, their o®-derivatives dk, /00 are globally defined and so are the
conditions (3.14b). By combining the arguments of [8, 30], one can derive the identity

Okg Ip

== Gx () (TN T Nwa Awp)(y'), (3.17)
dob 271 Jx

where we recall that Gx(y;y’) is the Green’s function on X.

4 Holographic EFT

In section 3 we organised the fields entering the EFT in a set of n = 4Nyo + nk chiral
multiplets ¢4 = (z}, pa). (We use the same symbol for chiral superfields and for their lowest
bosonic components.) In this section we describe the two-derivative holographic EFT for
these chiral multiplets, which can be derived from M-theory.

As anticipated in the introduction, the holographic EFT can be obtained from the
rigid/decompactification limit of the three-dimensional supergravity theories of [30], sim-
ilarly to what was done in [8] for four-dimensional EFTs with type IIB holographic real-
izations. A new ingredient, absent in the IIB models of [8], is the possibility to turn on an
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internal flux Fi" — see for instance [19] for a general discussion and references to the pre-
vious literature. In this paper we assume Fi"* = 0, but the incorporation of non-vanishing
flux can be achieved without difficulties. With this restriction the M-theory vacua are
completely analogous to the type IIB vacua discussed in [8]. Hence we can adapt step by
step the rigid/decompactification limit discussed in appendix A therein to obtain a very
similar holographic EFT.

4.1 Mixed formulation with chiral and linear multiplets

Since Im p, parametrize the Cg axions, the perturbative'® holographic EFT is symmetric
under constant shifts of Im p,. This means that we can dualize the chiral multiplets p, into
a set of linear multiplets X% [54] and use the latter to describe the effective theory, see for
instance [23, 25].

The three-dimensional A" = 2 linear multiplets 3¢ satisfy by definition the constraint

D% = D*%% =0 (4.1)
which, as reviewed in appendix A, can be locally solved as follows

i 1
na iDDAOL = g + .. 561’»”907#9}70“ (42)

in terms of a set of abelian vector multiplets A%, whose real scalars ¢ coincide with the
Kéhler moduli on X, and whose vectors A% (with field strengths F* = dA%) appear in the
decomposition C5 = %E%Aa A wg + ... of the M-theory three-form C5. The holographic
EFT is completely specified by a ‘kinetic potential’ F(z, z, ) such that

S iopr = / d®zd*0 F(z,2,%)

1 4 _
-3 / Fap(do® A wdo® 4 Fo A E) — / FI dzi A «d) (4.3)
~3 (fI dzt — FL dzl> A F® + (fermionic terms),
where Fp = 835 é; 5, FL = aajg: -, etc. Here F(z, 2z, %) can be obtained by following almost

verbatim the rigid/ decompactlﬁcatlon limit of [30]. The final result is

F(z,2,%) Zk‘x 21,21, %), (4.4)

where kx (2, z; o) is the Kiihler potential of the metric ds% introduced in (3.15). Note that
kx(zr,zr; %) is only locally defined and can change as follows

kx(zr,zr;2)  —  kx(z1,Z21; %) + XRe fo(21), (4.5)

where f,(z7) are holomorphic functions, see section 3.2. Of course, the Lagrangian (4.3) is
invariant under the shift (4.5).

16Unless explicitly stated, in this paper EFT implicitly indicates the ‘perturbative’ EFT. Non-perturbative
effects will be discussed elsewhere.
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We see that the kinetic potential F is simply the sum of N contributions obtained
by evaluating the Kéhler potential (3.15) at the positions of the N mobile M2-branes
and considering the Kéhler moduli and their superpartners as dynamical. Our holographic
derivation implies therefore that the large- N EFT in the formulation with linear multiplets
is described by a sort of Hartree approximation, in which the M2-branes move indepen-
dently in a mean background which only depends on the linear multiplets 3¢.

Note that the EFT theory (4.3) is invariant under the symmetric group Sy of all the
permutations acting on the N indices I of the fields z%. Since the N M2-branes are identical,
Sx must be considered as a gauge group of the EFT. The presence of this discrete gauge
symmetry will be important in the following. The fixed points of non-trivial subgroups
of Sy correspond to configurations at which the above EFT is expected to break down
because of the appearance of some new degrees of freedom.

The result (4.4) is consistent with the intuitive idea that, if we freeze all the Ké&h-
ler moduli ¢%, the two-derivative EFT describing a number of non-coincident M2-branes
probing the Calabi-Yau geometry is just the sum of the separate non-linear sigma models
describing each M2-brane. However, we stress that the Kéhler potential (3.15), which ap-
pears in (4.5), is not an arbitray Kéhler potential associated with the Calabi-Yau metric,
since it must satisfy the conditions (3.14). It can at most change by a constant or by a shift
of the form (4.5) while, for instance, one cannot add to kx(zr,2zr;0) any real non-linear
function of the Kéhler moduli.

Let us introduce the positive definite symmetric matrix

Y4 ¢
gabE—P/HwaA*wa:——P/Hwa/\wb/\J/\J (4.6)
T Jx 21 Jx

which, recalling (3.10), is always finite. The second equality follows from the primitivity
of wy, see footnote 15. We also introduce

8/43 (Z[ 2]' 0')
I _— a y <1
A= 8—;:} , (4.7)
where r,(z, Z; o) are the potentials defined in (3.13). A%, can be regarded as a connection on
the line bundle O(D,) over the Calabi-Yau geometry probed by the I-th M2-brane. Then,
using (3.15), (3.17) and (3.4), one can show that the bosonic terms in the holographic EFT
Lagrangian (4.3) take the form
£/ _ 1 = a b Fa Fb 271' . ] *]_
HepT = T Gap(z, z,a)(da A xdo’ + A * ) - Zgij(Z], Zr; o) dzp A xdzy
. oI (4.8)
- % (.Aéidz} - fléidZD A F® + (fermionic terms),

where g;; is the Kahler metric on the Calabi-Yau manifold X. We stress that the Kahler
moduli o can be considered dynamical precisely because the kinetic matrix (4.6) is finite
thanks to the asymptotically AdS behaviour (3.5) of the warping, see (3.10).7

71f we were to undo the near-horizon limit and add an arbitrary constant to H, then only the L?-
normalizable Kéhler moduli 6% would be dynamical. It is the near-horizon limit that allows us to consider
the L?-non-normalizable modes dynamical.
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4.2 Formulation with chiral multiplets

So far we have worked with the linear multiplets X%, but we can dualize them to chiral
multiplets p, [54], see also [23, 25]. The dual formulation depends just on the real part of
the chiral multiplets, which is given by

1 0F 1
= — = - 2r: . 4.
Rep, 5 53 2;&;(21,21,2) (4.9)

This relation is obtained by unconstraining X% in (4.3), adding the term — [ d*zd*0(p, +
pa)X%, and extremizing the resulting action with respect to X*. The dual action is then of

the form
Suerr = /d3$d4916(¢7 Qg)
. _ (4.10)
=— /ICAB(gb, ¢)doa A *3d¢ s + (fermionic terms),
where KAB = 5 fjé%? and the Kahler potential K is given by the Legendre transform
B
oOF
K=F-%° I3
(4.11)

= Zko(Z], 2I; E) .
I

Here K must be considered as the function of the chiral superfields ¢4 = (2%, p,) (and
their complex conjugates) obtained by inverting (4.9) and expressing 3¢ as functions of
(28,25 pp + pp). In particular, the X%’s generically depend on all 2%’s, so the Hartree
approximation does not hold in the formulation with chiral multiplets.

In general it is not possible to obtain an explicit formula for the functions . Nev-
ertheless, by keeping the dependence of p, + pp hidden in %% one can still compute the
derivatives of L. We then obtain the Lagrangian

2 A _
T Z gi7(z1, Z1; 0)d2; A*dz]+ (fermionic terms) (4.12)

EIHEFT = - gab(Z, Z, U)Vpa/\*Vﬁb—
lp 7

where G% is the inverse of (4.6), Vp, is the covariant derivative
Voo = dp, — ALd2t (4.13)

associated with the connection (4.7), and Vp, = Vp,. Again, in these formulas we must
view o as the functions of (2%, z%, p, + pp) obtained by inverting (4.9).

This formulation in terms of chiral multiplets clarifies the complex structure of the
moduli space M: it is a fibered space, whose base is the N-th symmetric product of the
internal resolved cone X (whose I-th copy is parametrized by the four coordinates z}),
while the fibers are parametrized by chiral fields e~2™P¢  which transform as sections of
the product of N copies of the line bundle Ox(—D,). We stress that this parametrization
depends on the choice of F, which is not unique. Indeed, the effective action does not
change if we make the transformation

F(z,2,%) — Fl(2,23%) =F(2,%%) + 2Yg.(2) + G.(2)] , (4.14)
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where g,(z) depends holomorphically on the chiral fields z¢. This transformation gener-
alises (4.5) and corresponds to the holomorphic change of fiber coordinates

Pa  —  patga(2). (4.15)

As reviewed in appendix B, (spontaneously broken) superconformal symmetry requires
the Kéahler potential (4.11) to have scaling dimension one. Checking that this is the case
requires specifying the proper scaling dimensions of the chiral fields. In sections 10 and 11
we will verify that this consistency condition is explicitly satisfied by the holographic EFTs
of the Y'2(P2) and Q''' models.

4.3 Betti symmetries and non-perturbative effects

Since the harmonic two-forms split into Lo and LY normalizable as in (3.8), it is natural
to do the same for the associated linear and chiral multiplets: X% = (f]o‘,i"), Pa =
(Pa, Ps). We note that while the &, ’s span a canonical cohomology subgroup H?(X,Y;Z) C
H?(X;Z), this is not true for the @,’s, since they can mix with the &,’s as follows:

(Ba; Bg) = (@a, Bo +MmgDa), (4.16)

where m§ € Z. This freedom is reflected in the mixed redefinitions of linear and chiral
multiplets

— (2 —moxe, %), (4.17a)
= (Pas Po+mg pa). (4.17b)

This suggests that the separation into Ly and L} normalizable modes could be better

A

described by the mixed linear /chiral multiplets (X7, j,), which do not suffer from the above
ambiguity. The corresponding effective theory can be obtained from (4.3) by dualizing only
the £ linear multiplets. This gives the action

SHEFT = /d3$d49 g(Z, Z, /3’ Ea 2) ’ (418)

where

G= [ko(z1, 26,5, %) + £ (21, 2135, 9)| (4.19)
I
Here 3 must be considered as the functions of (p+p, 2, 2, i) that are obtained by inverting
Pa+bo =D Falzr, 21;6,%) . (4.20)
I
Notice that the mixed redefinition (4.17) induces the shift

G — G+ 2mEX°Rep,, (4.21)

which does not change the action (4.18) since %7 are linear and p,, chiral superfields.
The ‘naturalness’ of this formulation has a physical interpretation. As we discussed in
section 3.2, X7 are counted by by(Y'). Hence, according to the usual AdS/CFT dictionary,
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they correspond to Betti multiplets which are dual to ezact U(1) global symmetries of the
SCFT. Indeed, we can regard Jo = %f}” as the associated conserved current supermul-
tiplet. Notice that by using the description in terms of 3? and their associated vector
multiplets A%, we make these U(1) symmetries topological, in the sense that the currents
J? are conserved off-shell: D277 = D2J° = 0.

On the other hand, the bg(X) linear multiplets 32 are only associated to perturbative
U(1) global symmetries. These are expected to be broken by non-perturbative effects
generated by FEuclidean Mb5-branes wrapping the non-trivial six-cycles in X, which indeed
identify a bg(X )-dimensional lattice. The implications of these non-perturbative effects on
the our holographic EFTs will be addressed elsewhere — see [21] for previous discussions.
For the moment suffice it to say that the non-perturbative corrections to the effective theory
are weighted by an exponential factor of the form e>™"?« for some integers n® € Z. The
U(1) global symmetry associated with the current multiplet T = %f]a generates a shift
of Im p,. We then see that the holographic EFT action (4.18) is invariant under such shifts,
which are instead generically broken by non-perturbative corrections.

5 Freezing moduli by the S operation

In section 4 we saw that the low-energy spectrum includes by (Y) linear multiplets 37 which
correspond to exact global Betti U(1), symmetries of the dual SCFT, with associated
current multiplets J°7 = %f}”. For instance, in the explicit examples of section 2, these
current multiplets are those in (2.5) and (2.24) respectively. We observe that these global
symmetries are spontaneously broken along the moduli space, since they shift the imaginary
part Im p, of the dual chiral coordinates. Each p, is then the supersymmetric Goldstone
boson of a spontaneously broken U(1), symmetry.

According to the AdS/CFT correspondence, a U(1), global symmetry in the SCFT
corresponds to a ‘Betti multiplet’ in the KK-reduced theory on AdS,. Such a multiplet
contains a scalar ¢ of mass m? = —2/L? with the asymptotics ¢7(z,r) ~ @9) + ...
for r — oo. This value of the mass allows for the ‘alternate’ Neumann quantisa-
tion [10, 58] in which 7 is dual to a scalar operator J7(z) of dimension A = 1 and
VEV (J?(z)) = ¢§(x) [10]. The operator J is the moment map of the U(1), symmetry,
the lowest component of an SCFT current multiplet

T =J7 — 0y + . .. (5.1)

In our holographic EFT this is represented by Jppr = %f}” and then we are naturally

led to identify
1
(7 (@) = 567 (2) (5:2)

and ¢f ~ 67. We then see that the holographic EFTs described in section 4 precisely
correspond to the Neumann quantization of all the Betti multiplets.

On the other hand, one may use the standard Dirichlet quantisation [10, 58] in which
@7 are dual to operators O, of scaling dimension A = 2 of a different theory. In this
case @f(x) ~ ¢%(x) must be interpreted as external sources which deform the dual SCFT
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by [67(x)Oy(z). By supersymmetry, the same interpretation extends to the whole linear
multiplets 37, which should be considered as non-dynamical background multiplets of
spurionic scaling dimension Ay = 1. Hence, one should remove these linear multiplets
from the holographic EFT.

From the dual SCFT viewpoint, the two quantizations are related by the S oper-
ation [17, 45] reviewed in section 2 — see also [21, 61] for a discussion in the present
context. For instance, in the examples of section 2 we focused on modified quiver models
obtained as a result of an S operation. These models correspond holographically to the
Neumann quantization of the Betti multiplets. On the other hand, the quiver models that
we started from before applying the S operation, which have U(N) x U(N) gauge group,
correspond to Dirichlet quantizations of the Betti multiplets.

The holographic EFTs corresponding to Neumann or Dirichlet quantizations must be
related by an .S operation as well. Since applying the S operation twice returns the initial
theory with reversed sign of the current multiplet, the holographic EFT corresponding
to Dirichlet quantization can be obtained by applying the S operation with sign-reversed
current to the holographic EFTs described in section 4. More explicitly, the ‘Dirichlet’
theory can be obtained by coupling the current multiplets — 77 = —%f}” of the ‘Neumann’
holographic EFT (4.18) to dynamical external vector multiplets B,:

~ ~ 1 ~
Sl B] = SueralS] + 5 - / Brd057B, . (5.3)

We used the mixed description of section 4.3, keeping the dependence on the chiral fields
z}, Po. implicit, since they can be considered as spectators under the S operation. Since
D?¥° = D?%7 = 0 off-shell, Sp is invariant under background gauge transformations.
Furthermore the second term in (5.3) is consistent with superconformal invariance.'®

It is clear that the effect of the 7B, coupling in (5.3) is to dynamically set %7 to zero.
Hence the ‘Dirichlet’ holographic EFT is obtained simply by setting 3% = 0 in (4.18), while
the other superfields 2%, p, remain dynamical. From the M-theory geometrical viewpoint,
this corresponds to freezing the ‘Betti’” Kdhler moduli 67 to zero.

More generally, one may couple the topological currents jf = %@0, with 0, =

iDDBU, to non-dynamical external vector multiplets A?:
- ~ - 1 - 1
SHIE, B; Al = Sueer (] + o / a0 S8, — / Brd00,47. (5.4)

Now the equations of motion of B, set %7 = iDD.AU. If for instance we choose
A% = —2i00¢°, for constant £7, then we get the on-shell condition $7 = ¢7. From the
CFT viewpoint, £ correspond to FI parameters or real masses, which explicitly break
the conformal symmetry. From the geometrical M-theory viewpoint, they correspond to
non-vanishing but non-dynamical ‘Betti’ Kédhler moduli 67 = £°.

8In fact, superconformal symmetry allows the low-energy effective theory to contain additional CS
terms of the form —ﬁ

c = ZDDBU. We choose the microscopic coupling in such a way that (5.3) holds.

k7P f d32d*0 B,©, where we have introduced the background linear multiplet
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Finally, the initial ‘Neumann’ holographic EFT is obtained by performing a further S
operation, i.e. by promoting the background A% to dynamical vector multiplet. The on-
shell relation %7 = %,;DDA” obtained by integrating out B, implies that 4% is redundant
and the EFT reduces to the original Syppr[Y]. One may also apply the S operation to
any strict subset of Betti multiplets, giving a set of mixed ‘Neumann/Dirichlet’ models.

However, in the rest of the paper we will focus on purely ‘Neumann’ models.

6 Holographic EFT of toric models

Toric models in M-theory provide a large class of examples which have been extensively
studied in the literature, see [15, 19-21, 55, 62—68] for a sample of papers. In such models
the internal Calabi-Yau space admits a U(1)* group of isometries. It is then useful to
describe the internal metric ds appearing in the M-theory background (3.1) in a manifestly
toric way. We refer to [41] for a nice introduction to the aspects of the toric Kdhler geometry
that will be used in the following and more mathematical references on the subject. Note
that the following discussion can be readily adapted to other dimensions and then, for
instance, applied also to AdS5;/CFTy settings.

6.1 Symplectic formulation of the Kihler structure
One can introduce a set of complex coordinates
2t =1 i with '~ ' +1, (6.1)

such that e~2™" € C* has charge +1 under the i-th toric U(1). Then the Kéhler potential
kx appearing in (3.16) can be chosen to depend only on z° = Rez’ (and on the Kéhler
moduli 0%), so that the general toric metric ds3- takes the form

l Y L o
dsg( = —PGij(a:;a)dz’dZJ = —PGij(x;a) (dxldwj + d<pld<pj) , (6.2)
27 27
where )
1 0%kx

The toric space X is obtained by appropriately completing the dense open subset (C*)* ¢ X

—ons .
272" see below for more details.

parametrized by e
We can describe the toric space as the classical vacuum moduli space of a gauged linear
sigma model (GLSM) in terms of a set of d > 4 homogeneous coordinates Z4, which are
chiral multiplets in the GLSM. They transform under a continuous U(1)9~* gauge group
defined by the charges Q*: Z,4 — el Q4 Z 4 (no sum over A). The toric space inherits a
canonical non Ricci-flat Kéhler form J$E" = %ng‘g?n and a canonical Kahler potential A"
by symplectic reduction of the flat Kéahler form ﬁ YoadZa N dZ 4 on C%. The associated

D-flatness conditions reads
ST Q A Zal? = tro”. (6.4)

A
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The 0%’s parametrize the Kihler moduli and span the Kéhler cone Kx of X.' The Ricci-
flat Kéhler potential can then be written in the form kx = E¢" + Akx, where Aky is a
globally defined function.

The relation between toric and homogeneous coordinates is given by

e =[] 21, (6.5)
A=1
up to overall constants, where v, = (0}4, e ,vj) € Ny ~ 7Z* are d integral vectors generat-

ing the one-dimensional cones of the toric fan 7 associated with the resolved toric variety
X. In the following 7 (n) will denote the set of n-dimensional cones of 7. Hence v4 € Nz
generate the elements of 7(1). They are such that

Qv =0 Va=1,...,d—4. (6.6)

By definition, the complete gauge group of the gauged linear sigma model leaves the com-

bination appearing on the r.h.s. of (6.5) invariant. Hence g—2m"

are good gauge-invariant
coordinates on the toric variety.
In order to better understand the geometric structure of X, it proves useful to go to

the symplectic description by introducing the dual variables
10kx
2 Ozt
which define dual vectors I = (I3, ...,1l4) € Mg = Mz @ R, where My, is the lattice dual to
Ny. The corresponding dual symplectic potential is given by

I = (6.7)

Fx(l;0) = kx + 21; 2° (6.8)

where ! must be considered as the functions of I; and 0% obtained by inverting (6.7).2°
In the symplectic variables (I;, %) the Kihler form (3.16) reads Jx = g—‘; dl; Ady' and
the metric becomes

2 _ *P 347.47 - .. Y
dsk = o= (GPdldl, + Gydg'dy) | (6.9)
where the matrix 52
iy 10“Fx
(o) = — = 1
ko) = =3 ora, (610

is the inverse of Gj;.
The real variables [; take values in a Delzant polytope [41, 69, 70]

Po={le Mg: sa(l;0) =(l,va) 4+ xa >0} (6.11)

where (I,v4) =1; Uf4 is the canonical pairing between the dual vector spaces Nr and Mg,
and the xa’s satisfy
Q¥xa = 0. (6.12)

19We use a minimal GLSM description of the resolved geometry where the 0%’s are linearly independent

and the homogeneous coordinates Z# are in one-to-one correspondence with the toric divisors.
20This dualization from z* to I; is analogous to the inverse of the dualization from Rep, to %, see (4.9)
and (4.11).
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In this symplectic description, one can think of X as a T fibration over the polytope Py,
where the ‘action’ coordinates I; parametrize the base P, and the ‘angles’ ' parametrize
the T* fibers. On the A-th facet {sa(l;0) = 0} of P, the T* fibration reduces to a T3
fibration describing the toric divisor D4, since the S' parametrized by ¢'(t) = v}, with
t € [0,1] degenerates.

From the condition (6.12) we get the cohomological identity c%[w,] = xa[D?], where
the cohomology classes [D4] = Q**[w,] are Poincaré dual to the toric divisors D4 = {Z4 =
0}, and then we can identify the Kéhler class with

Ux] = 22 4 D). (6.13)
2T
This relation provides a generically redundant parametrization of the Kéhler class in terms
of the d variables y4. Indeed, from (6.6) we see that v[D4] = 0 in cohomology and
then (6.13) is unaffected by shifts of the form

XA = Xxa+i{e,va), l—ol-c, (6.14)

for some ¢ € Mg, which leave (6.11) invariant. One can use this redundancy to restrict the
XA’s to be positive [71, 72]:
xA=0. (6.15)

In order to guarantee that (6.13) stays within the closure of the Kéhler cone Kx one needs
to impose that [, J = g—fraa Jowa > 0 for any effective curve C' C X. By picking the set
of effective curves {C,} generating the Mori cone of X, the closure of the Kéahler cone is
defined by the set of conditions

niixa >0,  withnd=0C, DA, (6.16)

Notice that since v, [D4] = 0, this condition is indeed invariant under (6.14).

We can also invert the relation (6.12) between the x 4’s and the Kéhler moduli 0. Let
us choose the integral basis [w,] € H?(X;Z) dual to the basis of two-cycles C® € Hy(X;Z)
naturally associated to the toric fan (see [73] for an explicit description), that is such that
Jov wa = 62. We can then explicitly solve (6.12) by setting

XA = MAao'ay (617)

where Ma, € 7 are a set of integers such that [w,] = Ma,[D?]. Indeed, by recalling that
the charges Q%4 are identical to the intersection numbers C*- D4, we immediately conclude
that QA My = ¢ and then (6.12) is satisfied.?!

A toric crepant resolution X of a cone C(Y) corresponds to a toric fan 7 with a
maximal set of one-dimensional cones A = T (1), generated by the d vectors v4 € Nz.

21Since vi, [DA} =0, Maq is defined up to shifts Maq — Mas + raivfg, for arbitrary r.; € Z. These shifts
must be accompanied by the redefinitions l; — l; — rqic® and are of the form (6.14), with ¢ = r,0®. This
corresponds to the Kéhler transformation kx — kx + (zZ + Zi)rm-aa (while the dual symplectic potential
Fx is invariant).
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Each resolution X has its own (d —4)-dimensional Kahler cone Kx, which may be regarded
as a convex polyedral cone in

Ay (A) = {xa[D?] suchthat x4 >0}. (6.18)

By changing the triangulation of the toric fan one gets different crepant resolutions, con-
nected by one or more flops.?> Under these transitions, the Kéhler cones glue together and
form the extended Kdhler cone

Kt C AL (A) (6.19)

Note that, generically, KX* does not fill the entire A4 (A). The excluded region cor-
responds to orbifold branches with n < d — 4 Ké&hler moduli. Their inclusion allows one to
define the ‘GKZ decomposition’ of A4 (A) [74, 75].

In this paper we assume that the asymptotic Sasaki-Einstein space Y is smooth. Hence,
the only allowed orbifold branches correspond to toric diagrams with fewer internal points
and exist only if bg(X) # 0. Conversely, if bg(X) = 0 then the union of all Kéhler cones
fills the entire A4 (A), which can then be identified with the extended Kéhler cone of the
toric variety: K& = A, (A).

6.2 Superconformal symplectic structure

We would like to investigate the possible form of the symplectic potential (6.8) by imposing
compatibility with the expected superconformal invariance of the associated holographic
EFT. Recall that Fx has been obtained as the Legendre transform (6.8) of the Calabi-
Yau Kéhler potential kx. On the other hand, kx enters the definition of the EFT kinetic
function (4.4). Hence, in our holographic EFT the change to symplectic coordinates (6.7)
can be interpreted as moving from a description in terms of N chiral multiplets 2%, I =

1,..., N, to one in terms of N vector multiplets Vil with associated linear multiplets
L} ={DDV! =1l +... = {e"r0y,0F] + ... defined by
1 OF
LI=_-_=2 6.20
¢ 20Rezt’ (6.20)

where F(z,z,%) is given in (4.4). The corresponding effective Lagrangian then takes the
form [d*0F(L,¥) with

F(L,S) = F +2L{Rez; =Y Fx(L';%). (6.21)
I

In terms of the lowest superfield components, we can interpret F (I,0) as the symplectic
potential on the entire geometric (perturbative) moduli space M, in the same sense in which
Fx(l;0) (for fixed o) is the symplectic potential of X. Indeed, combining the toric and the
ba(X) (perturbative) U(1) symmetries, M can be regarded as a 4N + bo(X)-dimensional
toric Kéhler space. Actually, from its dual SCFT interpretation, we expect M to be a

22Note that in the parametrization (6.17) a shift of Ma, of the kind discussed in footnote 21 may be
necessary under a flop, since the fan changes.
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Kaéhler cone of the kind described in appendix B. We can use this observation to constrain
the possible form of the function Fx(I;0).

In analogy with our discussion on the linear multiplets X%, we may be tempted to
interpret %L{ as current supermultiplets associated with the 4N toric symmetries of our
EFT. However, one must take into account the discrete gauge group Sy, which acts by
permuting the I-indices of the linear multiplets L!. Hence, %L;’ are not good gauge-
invariant current supermultiplets or, in other words, must be identified under the Sy
gauge group. On the other hand, four physically distinct current supermultiplets can be
identified with the gauge-invariant combinations

N
T = S > L. (6.22)
2T -

They generate the toric U(1)* global symmetry of the SCFT which, at the EFT level, acts
by the simultaneously shifts % — % + ¢* with constant c'.

6.2.1 Case N =1

The symplectic potential (6.21) describes a conical toric Kahler metric for generic N if
and only if this happens for N = 1. We then first consider N = 1 and investigate the
restrictions imposed by superconformal invariance on Fy—;(l,0) = Fx(l;0), regarded as
a symplectic potential for the whole My—;.23 We can address this problem by adapting
some arguments of [57], which considers the similar issue of understanding the symplectic
potential of the (Calabi-Yau) Kéhler cones that appear as internal geometries of string/M-
theory backgrounds.

In the symplectic toric description, the Kéhler cone Mpy—; is parametrised by the
4 + bo(X) azionic fibral coordinates ¢* and ¥, = Imp, and 4 + bo(X) dual sazionic base
coordinates [;, 0% (which are dual to the sazions Rezt and Rep, respectively). The latter
parametrize a polyhedral cone Cy—; which is obtained by fibering the polytope (6.11) over
the Kéhler cone Kx. This becomes more manifest by trading the dual saxions (l;,0®) for
s4 € Ri+b2(X) as defined in (6.11), or more explicitly by s4 = vali + Myq0®. Combining
the condition (6.11) with the Ké&hler cone condition (6.16), we obtain the identification of
Cn=1 with the rational polyhedral cone:

CRoy = {sa e R0 |5, >0, ndsa >0} (6.23)

Correspondingly, we can introduce some axionic coordinates ¢ ~ ¢4 + 1 such that ¢' =
vf4<Z>A and ¥, = Ma,¢?, which are paired with the dual saxions s4.

By enlarging the Kéhler cone to the extended Kéhler cone (6.19), one obtains the entire
geometric saxionic cone C$X ;. It is interesting to observe that, under the assumption that
the base Y is smooth and bg(X) = 0 (i.e. that the toric diagram has no internal points),

we can make the identification C{t, = C5_,, where

CRoy = {sa € R0 | 50> 0} (6.24)

#3The procedure of setting N = 1 in (6.21) is only formal, since we expect (6.21) to be valid only in the
large-N limit.
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is the maximally enlarged saxionic cone, which is obtained by enlarging the extended
Kéhler cone K& to the entire A;(A). More generally we have the chain of inclusions
CR—1 CCRL, CCR-y-
In the notation of appendix B, one can identify the conical radial coordinate 7 over
M =1 with the dilaton, and the dilation generator, which is one-half of the Euler vector
field 72, with
0 0

Dn—1 = 84— = l;— a .
N=1 SAasA 8li+a gy

(6.25)

The toric metric on Mpy—; described by the symplectic potential Fy—;(l,0) is a cone if
the Hessian of F'x(l;0) (with respect to both I; and 0®) is homogenous of degree —1 under
constant rescalings of (l;,0®). Then, following [57], one can argue that the associated R-
symmetry generator (to be identified with one-half of the Reeb vector field of the Sasaki
base of My—1) takes the form

1 0 1 o, 0
Rye1 = ——P4—— = - — (b — — 6.26
Nt = e A T T ( g +p“619a) : (6:26)
where P4, b* and p, are some constants related by
b= P,  po=PAMy,. (6.27)

The symplectic potential corresponding to the (non-Ricci flat) canonical Kéhler po-
tential @™ introduced just above (6.4) can be written in the form [41, 70]

1
F{ (o) = —%ZSA(Z;O') logsa(l;o), (6.28)
A

where s4(l;0) are defined in (6.11). The symplectic potential F'$*"(l; o) is singular on the
boundary of the polytope (6.11) in exactly the correct way to lead to a smooth Kéhler
structure on the resolved space X (for fixed Kéhler moduli ¢%). On the other hand, F@"
can also be identified as a symplectic potential for the entire moduli space Mpy—1:

Fiti(l,o) = F(l;0). (6.29)

Indeed the Hessian of f]‘i,ail is homogeneous of degree —1, as required for the corresponding
metric on Mpy—; to be conical. One can also check that the corresponding R-symmetry
generator takes the form (6.26)—(6.27) with

PA =1 forany A=1,....d, (6.30)

can

so that bl,, = Y4 v% and p@* = S, Ma,. Note that F§&", can be interpreted as the
symplectic potential corresponding to a flat metric on the space M%Zl ~ C402(X) ghtained
by fibering the axionic coordinates ¢* ~ (¢%,9,) over the maximally enlarged saxionic
cone C§_, introduced in (6.24). If Y is smooth and bg(X) = 0, M45_, has a clear physical

interpretation as extended geometric moduli space: MSL | = Mf,zl ~ CAHh(Y),
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A symplectic potential corresponding to a more general R-symmetry generator (6.26)
can be obtained by adding

€ ($p.., logsp... — splogsp) (6.31)
2
to (6.28), where
sp(l;0) = PAsa(l;0) = bil; + pao® (6.32)
and then sp, = > 454. Note that the combination (6.31) is regular on the entire maxi-
mally extended cone C]%ZI ~ fgbZ(X) parametrized by the s4’s provided that

PA>0. (6.33)

Since (6.29) defines a flat metric on M5 _; ~ C*%2(X) the sum of (6.29) and (6.31) defines
a smooth metric on M%_;.

Consider now two symplectic potentials .7:"N:1(l,a) and f}V:I(l,a) having the same
R-symmetry generator (6.26). Then, as in [57] one can show that this happens if and
only if they differ by a homogeneous function fx(l,o) of degree one (up to an irrelevant
constant): fx (A, o) = Mfx(l,0). From the identification Fy—i(l,0) = Fx(l;0), we can
then write the expected most general Fx(l;0) in the form

1 1
Fx(lyo) = F{" + %Spcan logsp,, — gSp logsp + fx (6.34)

As emphasised above, the first three terms on the r.h.s. define a smooth metric over the
maximally extended space M%Zl, while fx(l,0) is at least expected to be smooth on the
interior of each Cfvle and to extend to C$Y, C Cf,zl. Hence fx should encode information
on the potential phase transitions at the Kéhler walls [76] separating the different Kéhler
chambers of My—; C M$L, connected by flops.

We stress that the form (6.34) of the symplectic potential is dictated by the expected
superconformal invariance of the associated holographic EFT. In fact, the constants P4 ~
(b', po) and the explicit form of the homogeneous function fx should be completely fixed by
the Calabi-Yau condition of the internal resolved space X, once the appropriate boundary
conditions (3.14) on the dual Kihler potential kx are imposed.?* In particular, we will see
that the constants P4 ~ (b?,p,) are related to the scaling dimensions of the chiral fields
of the dual theory. These aspects will become explicit when we discuss our examples in
sections 10 and 11. For the time being, let us just note that in the conical limit 6% — 0
Fx(l;0) reduces to the form of conical potentials F"¢(1) identified in [57] and 0. to

2m 9t
the associated Reeb vector. In this limit, r defined by
—r‘=—"b"l; 6.36
2 2r " (6.36)
can be identified with the asymptotic conical radial coordinate.
24The Kahler potential kx corresponding to (6.34) can be easily obtained from (6.8):
_ 1 a SA 1 a . 6fX
kx = o ;MAQJ log <Spcar1) 5 PaC logsp + fx lliali (6.35)

Note that p, encode the violation of homogeneity: kx (Al; Ao) = Mkx (l;0) — ﬁ (Alog A) pac®.
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6.2.2 Backto N >1

We can now go back to general N > 1. By adapting the notation introduced for the
N =1 case, the dual saxionic variables (I,0%) can take values in the chain of increasing
dual saxionic cones CX C C®* C C» obtained by fibering N copies of the polytope (6.11)
over Ky € KX C A4 (A) respectively. By fibering over CX C C™* C CA the axionic

variables (¢}, 1,) one gets the field spaces M C Mt C M” | respectively.

The EFT is expected to exists at least on each Kéhler chamber M and, up to possible
phase transition at the Kéhler walls, on M®* (which coincides with M? if bg(X) = 0 and
Y is smooth). At the leading large- N order and up to possible non-perturbative corrections
if bg(X) # 0, the holographic EFT is defined by (6.21) with Fx(l;0) of the form (6.34).
The corresponding R-symmetry generator is

1 [ 0 d
== (YL Npao- .
R 4r (b = 09} + NP 81%) ’ (6:37)

while the dilation generator is

0
D= leall—k So7 (6.38)

Furthermore, the dilaton 7 of the EFT, as defined in appendix B, is given by

1 2 1 g I a
5T = oo (b %:lz' + Np,o ) : (6.39)

which is proportional to the moment map of the R-symmetry.

Using (6.34), one can easily check that the constants P4 ~ (b%,p,) completely deter-
mine the violation of homogeneity of F(L,Y), in the sense that

FALAY) = \F(L, %) — %()\log AN sp(L1Y) (6.40)
I

Since the violation of homogeneity is due to a linear combination of linear multiplets, it
does not affect the effective Lagrangian [ d*0F(L,¥), which is then scale invariant.

Now we can go back to the chiral formulation with Kéhler potential:

_ , 1
K =F —2L{Rez; — 25"Rep, = — » _sp(L',%) (6.41)
2 7
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where L} and ¥ must be considered as the functions of Rez¢ and Rep, that are obtained
by inverting the relations

1 0F 1

i_ 1o/ Lo I
Rez] = 2001 = 47rb [logsP(L ,E)—Fl}
72 sa(L1,X) +13fX(L1,2)
dr & sh(L1%) ) T 27 oLl
107 1 (6.42)
Rep, = 3oy = 1P EI: [logsP (L', %) + 1}

sa(L1, % 1« Ofx(L1,%
()

can I

Egs. (6.39) and (6.41) are indeed in agreement with the general relation K|y 5_, = 572

The Kéhler potential (6.41) is invariant under constant shifts of the immaginary parts
of z} and p,. One may regard the %LZI as the current supermultiplets generating imaginary
shifts of the z}’s, associated with the toric structure of the Calabi-Yau space X. However,
as emphasised around (6.22), the discrete gauge symmetry group Sy reduces the actual
physical toric symmetry group to U(1)* associated with the current supermultiplets (6.22),
which shifts all 2% with fixed i and different I by the same constant. We will instead
dub the imaginary shifts of p,’s, which correspond to shifts of the M-theory gauge six-
form periods, as Betti symmetries. In fact, only bo(Y) C beo(X) = ba(Y) + bg(X) of
the Betti symmetries are exact, while the remaining bg(X ) are broken by non-perturbative
corrections. Borrowing the terminology used for the baryonic symmetries of the IIB models,
we will sometimes call the latter ‘anomalous’ Betti symmetries and the former exact or
‘non-anomalous’ Betti symmetries.

To summarize, in the symplectic/vector multiplet formulation the holographic EFT
is specified by the constants P4 ~ (b%,p,) and the homogeneous function fx(I,0). The
constants b’ can be determined without explicit knowledge of the metric by considering the
asymptotic conical structure of the metric and using the extremization principle of [57].
It would be important to have an analogous procedure to determine p,. The remaining
information on the holographic EFT would then be contained in fx(I,0). If bg(X) = 0, the
holographic EFT can be extended to the entire M2 = M®* and is expected to be exact at
leading large-N order. On the other hand, if bg(X) # 0 the holographic EFT apparently
makes sense only on M (which is a strict subset of M%) and it is certainly valid only
in some perturbative sense, because of the presence of non-perturbative effects generated
by Mb5-brane instantons.

Below we will compute these quantities in our explicit examples, both of which have
bg(X) = 0, while explicit models with bg(X) # 0 will be further studied elsewhere.

6.3 Regime of validity

The symplectic formulation allows for a more explicit characterization of the regime of
validity of the holographic EFT. As usual, this is valid for energy scales £ which are much
smaller then mass m, of the lightest massive ‘resonance’. However, by conformal invariance,
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my is not a fixed mass scale but should rather be determined by some combination of the
VEVs of the scalar operators, which determine the spontaneous breaking of the conformal
symmetry. Since m, should scale with weight one, it must be proportional to %(7'2),
which can be identified with the squared effective dilaton decay constant fgﬁc. In explicit
examples, the proportionality factor may be determined by a direct calculation, but we
will not attempt to do that. However, a simple guess of the proportionality factor may
be obtained by applying the ‘one-scale-one-coupling’ rule — see for instance [77] — which
gives my ~ g2 eQH, where g, represents the typical coupling governing the perturbative
expansion. In our case we may set g2 ~ N~ for some r > 0. Under these assumptions,
the condition E/m, < 1 translates into

E 27 EN'
3192 032 (If) + Npalo?)

An estimate of g, can be obtained by passing through the AdS, effective action. In

units L = 1, its prefactor M7 ~ N 3 may be identified with g; 2, which leads to g2 ~ N -3

and r = % It would be important to refine or confirm this estimate, but in the present

paper we will not try to do this, leaving r unspecified. When (6.43) is not satisfied higher

<1. (6.43)

derivative corrections, suppressed by negative powers of m,, may be relevant. Instead, in
the above simplified scheme, radiative corrections are proportional to positive powers of g2
and are then subleading at large-NN.

In addition to the condition (6.43), one also needs to take into account that, if two
or more M2-branes coincide at a regular point of the internal Calabi-Yau, the low-energy
theory should include a maximally supersymmetric SCFT, coupled to the rest of the EFT
by irrelevant operators. This happens at the orbifold loci of the moduli space, i.e. the fixed
points of the discrete gauge group Sy. Due to the ‘accidental’ enhanced supersymmetry of
this localised sector, we do not expect associated corrections to our two-derivative EFT. In
principle, higher derivative corrections could become relevant as soon as the energy scale
V'E becomes of the same order of the distance between two M2-branes on the internal
Calabi-Yau. However, the accidental maximal supersymmetry may protect some quantities
computed from the two-derivative EFT even if the distance between the M2-branes is not
so large. It would be important to make these qualitative arguments more precise.

7 Effective chiral operators

In this section we study the chiral operators of the toric models introduced in the previous
section. The form of the R-symmetry generator (6.37) implies that the chiral fields e~ 277
and e~2"™ e have R-charges %bi and %N Pa, Tespectively. These R-charges must equal the
corresponding scaling dimensions. Hence

i 1, 1
A(e™h) = b, A(e™0) = SNp,. (7.1)

These scaling dimensions can indeed be verified more directly by using (6.42), the
degree-one homogeneity of fx and the fact that the linear multiplets L, %% have scaling
dimension 1.

— 38 —



Note that the scaling dimensions (7.1) do not necessarily satisfy the usual positivity
bounds for the scaling dimensions of scalar operators. The point is that, generically, the
chiral fields =21 and e~2™a are not globally well defined on the moduli space and then
cannot be considered as low-energy realizations of the SCFT chiral operators. Furthermore,
good operators must be gauge invariant under the Sy discrete gauge symmetry. It is then
natural to consider chiral operators of the form:

Om,n = 6727r <m[’z1>|Sym 6727T<n,p> ] (72)

1

with (m?, z;) = mf2% and (n, p) = n%p,, where we have introduced the lattice points

m! =ml,.. . omDeMy;~7  n=@'.. . 22X e Hy(X,Y;2) ~ 720 (7.3)

In (7.2) |sym indicates the function that is obtained by symmetrizing under the exchange
of the M2-brane positions z; € Ng + iNg/Ny:

el = LSS ) - LS e D (7

" geSn " geSn

The operators (7.2) are labelled by the ‘Betti vector’ n € Hg(X,Y;Z) and the sym-
metrized lattice element

m® = (m?,...,m")g € Sym™ My, = MY /Sy (7.5)

Note that not all these quantized numbers correspond to conserved charges. First of all, as
already discussed, because of the Sy discrete gauge symmetry only a U(1)? toric symmetry
is preserved. The corresponding charges of the operators (7.2) are given by

m" ¢ =} m’ € M. (7.6)

I
Secondly, only b2(Y) C b2(X) Betti symmetries are exact, while the others bg(X) (the
‘anomalous’ ones) are conserved only at the perturbative level but are broken by non-
perturbative effects. In other words, splitting n into A = (ﬁl,...,ﬁbG(X)) and n =
(. ,ﬁb?’(y)), once the non-perturbative corrections are included only i survive as exact
conserved Betti charges which can be used to organize chiral fields. To avoid this subtlety,

from now on we restrict to ‘non-anomalous’ models, that is we assume that
bs(X) =0 (henceforth) . (7.7)

As discussed in previous sections, this condition also ensures that we can identify the
extended moduli space M®* with the maximal extension M* which, only if bs(X) = 0,
does not contain orbifold phases in the corresponding GKZ decomposition. In order to
lighten the notation, we will keep using the notation valid in the general case, e.g. writing
o® instead of more explicit 57, implicitly assuming (7.7). Most of the following discussions
can be adapted to the more general bg(X) # 0 case, which will be considered elsewhere.
One can understand the behaviour of VEVs of the operators (7.2) along the moduli
space by using (6.42). Assuming a regular enough fx, Rez} and Rep, diverge as one
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approaches the union of the sets {s4 = 0} of the extended moduli space M®*. For a
fixed choice of the Kéhler moduli %, one may reach this boundary by moving the I-
th coordinates I/ onto the A-th facet sa(I’,0) = 0 of the polytope (6.11). In the limit
sa(ll,o) — 0, (6.42) reduces to

) 1 . 1
Rez} ~ —4—1}1’4 logsa(l', o)+ (regular), Rep, =~ —4—MAa log sa(I', o)+ (regular) (7.8)
T T

Now, the chiral operators (7.2) are globally well defined on M®* only if they do not diverge
on UAJ{SA(ZI, o) = 0}. From (7.8) it follows that this condition requires

sa(ml:n) = (m! v ) + xa(n) >0 VIi=1,...,N, (7.9)

where x4(n) = Mg,n® Comparing the condition (7.9) with (6.11), it is clear that it can
be interpreted as the requirement that the integral vectors I/ = m! € My belong to the
polytope (6.11) corresponding to the quantized Kéhler moduli % = n®.

Recalling the definition (6.27) of the constants P#, the scaling dimensions of the chiral
operators (7.2) are given by

1, 1 1 A
A(Omn) = gbz Zm{ + inan“ = §PA (Z mfu% + NMAana>

AZsAm n) ZsP ;n .

(7.10)

\V] \

By taking into account (6.33), we see that the condition (7.9) ensures the positivity of the
scaling dimensions of the chiral operators (7.2).

The condition (7.9) can also be understood from a purely holomorphic perspective.
The complex coordinates z* only cover the open subset X° = X\ U, DA ~ (C*)*, where
DA are the toric divisors associated to the fan, and any function e~ 27™2) with m € My,
extends to a meromorphic function on X, whose zeros and poles are located on the divisor

div(e=?7m:2)) = (m,v,)DA. In particular, it has a pole at D4 if (m,v,4) < 0, which is

—27r(m,z)) —27r(m JZ1) |S -

possible only if div(e is not effective. Analogously, the combination e
appearing in (7.2) extends to a meromorphic function on X N with zeros and poles along
(m!,v4)D#, where D‘f C XN is the pull-back of D4 € X under the projection of XV to
the I-the copy of X.

Suppose first that n® = 0. In this case the condition (7.9) corresponds to requiring

that the divisor (m’,v4)D? is effective for any index I. Then e~27¢

m’.zp) |sym extends to a
holomorphic function with no poles on the entire XV and zeroes along <mI ,V A)Df‘. Hence
it can be regarded as a well defined operator over the entire moduli space.

Consider next the case n® # 0. Then e 2™™P) takes values in the fiber of
SymN(’)X(—n“Da), see section 4.2. But since we can choose D, = MAGDA, e~ 2m(MP) can
be considered as globally defined on the open patch ¢4° = Sym” X°, where Ox(—n®Dy,)
is trivial. On the other hand, in a different patch ¢’ which includes (part of) the divi-
sor n®D,, one must use different local coordinates e 2™ related to e=2mPe by a tran-

sition function of Sym™Ox(—D,). We can choose these local trivializations so that
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- nlzr)e , where (, is a local trivialization over of a meromor-
20(0.p) = 1) Ca(2r)e"2"™F), where ¢ local 1 U' of

ph1c section of Ox(n®D,) such that div(¢,) = xa(n)DA.?> On the local patch U, the

operator (7.2) takes the form

Omn = ¢ 2720 g T Calzr) e 2700 (7.11)
I

The prefactor is the symmetrized product of N functions

Fami (2) = Ca(2)e 2702, (7.12)

which define the divisors div(fy mr) = s A(m’;n)D4 in X. We then explicitly see that the
condition (7.9) is equivalent to requiring that div(fy, ,r) is effective. Hence each f,
defines a regular local holomorphic function vanishing over s4(m’;n)D4. Since this ar-
gument can be repeated for any other local patch U’, we see that (7.9) ensures that the
operators (7.2) are globally well defined over the entire moduli space.

Note also that the condition (7.9) implies that the class n*[D,] = xa(n)[D4] =
s4(m’;n)[D4] contains the effective toric representative s4(m’;n)D4. Hence, it requires
that n®[D,] belongs to A4 (A) as defined in (6.18). As we have discussed in section 6, in
‘non-anomalous’ models, A1 (A) = K&* is decomposed into the GKP fan of Kéhler cones.
Hence the vector n of Betti charges takes values in the closure of at least one of the Kéh-
ler cones associated with the base Y. This Kéhler cone appears so far unrelated to the
Kahler cone identified by the Kdhler moduli 6. In section 8 we will see that the portion
of moduli space corresponding to a certain Kéhler cone Kx is in fact naturally probed by
the operators Om n(x) with n € Kx. This is a physical manifestation of the Kempf-Ness
theorem, which relates holomorphic (GIT) quotients and symplectic quotients [78].

One can make the global properties of the operators (7.2) manifest by using the d
homogeneous coordinates Z 4 of the parent GLSM, see section 6.1. Let us set N = 1 for
notational simplicity (the generalization to N > 1 is obvious). We can then ‘homogenize’
the section of the line bundle O(n®D,) identified by e~27{™2) £ () into

d
[T (Za)salmm) (7.13)
A=1
This combination is not gauge invariant, having charges n® under the GLSM gauge group.
However we can add b2(Y') homogeneous coordinates X, € C* of vanishing scaling dimen-
sion and of charge —d,, under the b-th U(1) gauge group factor, and construct the gauge
invariant operator

d ba(Y') d ba(Y) d ne
[T (Za)s2) T (X)™ = T (Za)™¥2 ] |Xa H(ZA)MA“} . (7.14)
A=1 a=1 A=1 a=1 A=1

This operator can be identified with (7.2) for N =1, that is O n = e 2m(m,z) o —2m(n.p)
using (6.5) and setting

d
e 2 = X, [ (Za)Mae. (7.15)
A=1

5 Explicitly, we can set (n = HA(CA)”GMAG where ¢*(z) is a section of Ox (D?), i.e. div(¢?) = DA.
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Alternatively, since X, € C* one may gauge-fix X, = 1 and use Z4 to parametrize ML, ~

CY. In this gauge, Om,n can be identified with (7.13), with no residual gauge symmetry.

Recalling (7.10), this description allows us to interpret the constants %PA as the scaling
dimensions associated with the Z 4’s. These may be regarded as the elementary N = 1 Betti
operators corresponding to the non-compact toric divisors D4. These scaling dimensions
become %NPA once we go back to N > 1.

8 Semiclassics at large charge

As in the previous section, we will restrict ourselves to ‘non-anomalous’ models (that
is, with bg(X) = 0), whose geometric moduli space is not affected by non-perturbative
corrections. The EFT chiral operators (7.2) are then expected to correspond to chiral
operators of the microscopic SCFT. In turn, by the state-operator correspondence, they
should correspond to states in the radial quantization of the SCFT. In this section we will
construct semiclassical solutions of the holographic EFT which well describe such states
for large scaling dimensions (7.10). These semiclassical states may provide a starting point
for a systematic investigation of the SCFT structure along the lines of [1-4].

8.1 Semiclassical states in R3

We start by using the holographic EFT described in terms of chiral multiplets. In order to
lighten some of the following formulas, we will collectively denote them by?2%

ba = (Zévpa) : (8'1)

We can then interpret the holomorphic functions (7.2) as linear combinations of chiral
operators of the form

Oq4(2) = Omp(z) = e 2™ @0ED | (8.2)

where (q, @) = ¢®¢o and ¢© = (m!,n%). As in previous sections, |sym denotes the sym-

metrization with respect to the discrete Sy gauge group acting on the z} fields and makes
Oq(z) gauge invariant. Correspondingly, the operators (8.2) are classified by symmetrized
lattice elements q° = (m® n) € Sym™ My x Hg(X,Y;Z) (with Sym™ My = MY /Sy),
which define also the four conserved toric charges m{°mi¢ introduced in (7.6) and the bo(Y)
(exact) Betti charges n®.

We start by selecting a generic vacuum along M, corresponding to a choice of VEVs
(Pa) = ¢S°, up to an Sy gauge transformation. Of course, we expect the VEV of the chiral
operators (8.2) to be constant and given by

(Og(w)) = e 29 gy, . (8.3)

26Gince in this section we focus on ‘non-anomalous’ models, there are no p, chiral fields and we will keep
using po (instead of j,) to denote the b2(Y) chiral fields. Hence, the choice of Greek indices «, f3,... to
label the collective chiral fields ¢, should not cause confusion.
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It is nevertheless instructive to explicitly compute (8.3) by a semiclassical saddle-point
evaluation of the path integral®”

(Oala0)) = [ D Oafan)® = [ Duem2r @00 s, o] Fo0K00)

1 . —
D / Dy e~ 27(a 0(w0) i [ @*2d*0K(96)

" geSN

(8.4)

where qY is the image of q under g € Sy and Dy is the path-integration measure, normal-
ized in such a way that (1) = 1. K is the Kéhler potential of our holographic EFT, which
depends on (¢q, ¢o) only through their real parts Re g,

Note that in the path integral we are implicitly modding out the discrete Sy gauge
symmetry. Working in the ‘upstairs’ covering field space, one should sum over all possible
paths compatible with the Sy gauge symmetry, hence including the possible ‘Spy-twisted’
sectors. However twisted sectors will not contribute to the following calculation at the
leading semiclassical level. Hence, for our purposes, we can loosely regard the last line
of (8.4) as the sum of standard path integrals over the covering field space.

In order to investigate the saddle-point contribution to the path integral, it is conve-
nient to go to the dual formulation [23, 25, 54] in terms of vector/linear multiplets

. , 7
L = (L],£%) = 1DDV* =1 + ... — Ze"P6,6F), + .. (8.5)

with Lagrangian [ d*0F(L). The kinetic function F has been introduced in (6.21) and in
our condensed notation is given by F = K + 2L*Re ¢y, with

1 0K 1 0F
T29Req, & Re% =35

L*= (L', %) = (8.6)
For our purposes we must also be careful about boundary terms when we perform the
duality. Being interested in the bosonic bottom components of chiral operators, we can
just focus on the bosonic terms of the action. Let us then recall how the chiral/vector
multiplet duality works at the bosonic level. We start from the bosonic terms in the action

J dPxd*0 K(9,6):
_ % / GBdga N +dds (8.7)

with g8 = %E)Red?jialclaw[y We can now use the dual saxions (% instead of Re ¢, and dualize

the axions Im ¢, ~ Im ¢, +1 to vectors. This is done by a standard trick, substituting (8.7)
with the Lagrangian

1
-5 / Gap (Al A xdlP + F A xFP) — /dlmqﬁa AFe, (8.8)
where F'® is an arbitrary 2-form, [“ and Im ¢, are independent bosonic fields, and
1 9*F
= —————z 8.9
Yot = =3 raard (8.9)

2TThe following discussion may be applied to any superconformal EFT described by a Kéhler potential
K (¢, @) which depends only on ¢ + ¢.
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is the inverse of G*’. The Lagrangian (8.8) is quadratic in F'®, which can then be integrated
out exactly in the path integral. Plugging their equations of motion

dlm ¢y = —Gag * FP (8.10)

back into (8.8) and taking into account (the lowest component of) (8.6), the original ac-
tion (4.12) is reproduced. Notice that (8.10) fixes Im ¢, in terms of F'®, up to a constant
zero mode.

Instead, to obtain the dual vector multiplet description one has to integrate out Im ¢,
in the path integral. If we apply this prescription to the evaluation of (8.4), it is convenient
perform a Wick-rotation to Euclidean R3. From the last line of (8.4) we see that the inser-
tion of the chiral operator Oq(xo) implies that we must extremise combinations of the form

S]}-%OS . log 6_27r<q1¢($0)>

1 N 5 N 5 ‘ N N (8.11)
=5 [ Gas (@ A+dl? 4 FEAFP) 4 [ dTm o A F* + 276° $a(o)
with respect to Im ¢, which gives the Bianchi identity
1
dF® = 2mq®%03(x0) = o o Fe =q*, (8.12)

where S? is any two-sphere surrounding xo. Hence, the insertion at zg of a chiral operator
corresponds, in the dual picture in terms of vector multiplets, to the presence of a
monopole operator [45, 79, 80] of charges ¢* € Z.

Substituting (8.12) into (8.11) and keeping boundary terms, we are left with a sum of
path integrals of combination of the form e~ SE”—2m(a:8(20)) with

SE* + 2m(q, d(0))

_ % /gag (A1 A #dl? + F® A FP) 4 2mi (q, Im¢) + 2r(q, Red(a0))  (3.13)
1
= /gaﬁ (F + i) A (FP +5di?) + 27(q, ).

Here we have taken into account the boundary conditions ¢, (z) — ¢%° for |z| — co.
From the last line of (8.13), it is evident that the path integral admits a BPS saddle
defined by the equations
F* = —xdl*. (8.14)

Combined with (8.12), this produces the Poisson equations V2% = —2 ¢® x d3(x¢). Given
our boundary conditions, this has unique solution

(67

q

*(z) =15+ —— .

(8.15)

where (% is the dual value of Re¢S°. Taking into account (8.14), we see that the BPS
saddle-point is fully specified by (8.15). This describes a BPS monopole of charges ¢®.

It is clear that, independently of the detailed form of the EFT, the value of (8.13) on the
BPS solution is given by 27(q, »>°). Hence, the saddle-point evaluation of (8.4) eventually
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reproduces the expected VEV (8.3). Furthermore, it is clear that the argument can be
repeated for insertions of more than one chiral operators at arbitrary points, reproducing
again the expected result.

In order to better interpret these semiclassical configurations in our toric models, let
us set g = 0 and rewrite them in our original notation

I
Uy =1 + 1
i) =l + o] (8.16a)
af — pa 4
o%(z) =05 + 2 (8.16b)

Note that not all values of the monopole charges are allowed. Indeed, from section 6 we
know that we must impose that 1/(z) € Py(z) for any I = 1,..., N and at any radius
r € R3, where P,(z) is the polytope (6.11). Imposing this condition at |z| = oo just
I

requires the vacuum configuration (I}, ,0%) to be acceptable. The condition then holds at
any x provided that the monopole/operator charges (m’,n) satisfy (7.9). This provides
an alternative ‘dynamical’ derivation of the conditions (7.9).

Equation (8.16b) also shows that, whatever ¢% we choose, the semiclassical solution
eventually flows to the Kéhler cone selected by n®. This means that the branch of the
moduli space corresponding to a certain Kahler cone Ky is naturally ‘probed’ by operators
Om,n with n € Kx, whose semiclassical configuration is described within the Kéhler cone
Kx. The explicit examples of sections 10 and 11 below will help clarifying the meaning of
this observation.

Regarding the reliability of the above semiclassical arguments, by supersymmetry we
do not expect higher-derivative and quantum corrections to the classical EFT, nor the
inclusion of the twisted sector, to affect (8.3). However, one may wonder under which
conditions we can trust our EFT treatment. At a radius |z|, the energy scale of the
solution is E(x) =~ ﬁ Even though E(z) — oo for |z| — 0, we have to recall that our
superconformal EFT is valid for energies E much smaller then the highest possible cut-off
scale m,, which may be roughly identified with N~"72, see section 6.3. In our case, as
|z] — 0 the classical BPS profile of the dilaton diverges too. Indeed, by recalling (6.39)
and (7.10), on the BPS solution we have?®

1, 1, 1

57’ (l’) = 57’00 +

A(Omp) - (8.17)

27 |x|

By taking E(z) ~ & we then see that F(zx)/m. < 1 is satisfied by these solutions for any

|z|
x as long as

A(Omn) N> 1. (8.18)

In other words, the above BPS semiclassical analysis can be a priori trusted only if the
operator Om n we started from has large enough scaling dimensions, that is, large enough

toric and/or Betti charges (m?

,n).
One should in principle also worry that the above semiclassical solutions do not pass

through the Sy fixed points on the moduli space, at which interacting SCF'T sectors should

% Note that A(Omn) > 0 ensures that 72(x)|gps > 0, as should be the case.
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arise and higher-derivative terms of the EFT theory can in principle become relevant —
see section (6.3). One may judiciously choose the monopole charges so as to ‘avoid’ these
points. However, these interacting SCFT sectors have enhanced supersymmetry which
protects the form of the moduli-space metric and is then expected to protect the above
semiclassical results as well.

8.2 Semiclassical states on the cylinder

It is clear that the EFT condition (8.18) can be satisfied even if I = 0% = 0. Hence,
the above semiclassical analysis is sensible even when the superconformal symmetry is
not spontaneously broken by the vacuum. In this case, the above BPS solutions can be
regarded as semiclassical states in the radially quantized SCFT in the conformal vacuum,
which are dual through the usual state/operator correspondence to the chiral operators
Omn (or, better, their microscopic SCFT counterpart). As in [1, 2], we may then use our
holographic EFT expanded about these classical solutions to study the structure of the
microscopic SCFT in the large R-charge sector.

The self-consistency of the EFT even for unbroken conformal symmetry becomes ev-
ident if we map the above BPS solutions with I/ = ¢% = 0 to the cylinder R x S% of
radius R. The R? and cylinder metrics are related by a Weyl rescaling as follows:

2 ’35‘2

sk = o

ds?; = e (dr? + R2dsk.) (8.19)
where 7 = Rlog % € (—00,00) and d8§2 is the metric on the two-sphere of unit radius.?”
Under a Weyl rescaling ds? = Q(z)2d32, we have O(z) = Q(z)"222O(x) for an operator
of scaling dimension Ap. Going back to the unified notation 1% = (I,5%), since linear
multiplets have scaling dimension A = 1, the solutions (8.14)—(8.15) on R3 with I = 0
and xg = 0, are mapped to constant homogeneous configurations on the cylinder

1o = ;173’ Fo = %qadvolsz . (8.20)
These solutions are supersymmetric and can of course be obtained as BPS saddles of the
two-derivative EFT on the cylinder, which should be valid up to energy scales E such that
RE < A(Oq)N™" — see section 6.3 — as long as the condition (8.18) is satisfied. By
expanding the EFT around these classical BPS configurations one may study the large-
charge sector of the theory along the lines of [1, 5, 6, 81, 82].
As the simplest example, let us consider the two-point correlation function

<@q§ . (Tout7 Qout)oq?n (Tjn, Qin)> (821)

u

in the asymptotic limit in which 7,4 — oo and 73, — —oo, where §2 denote the angular

coordinates on S%. In this limit Og,, (7in, 2in)|0) and (0|Om,.. (Tout, out) Project onto the

lowest energy eigenstate with quantum numbers g = (m$  ny,) and g5, = (M, now)

The height coordinate 7 on the cylinder should not be confused with the dilaton.
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respectively, which are the above BPS configurations. The two-point function then reduces
to the computation of

(e om T et | ) (8.22)

and, in the large-charge limit, can be computed from a semiclassical path integral evaluation
of the EFT.

Let us go back to the Wick rotation of the bosonic action (8.8) and rewrite it in
cylindrical variables. Taking into account that G,g(l) is homogeneous of degree —1 by the
superconformal symmetry, the bosonic action on the cylinder takes the form

/ G Kdza zadT) A % (dzﬁ - Rzﬁdr> + FYA *Fﬂ +i / dlme, A F@.  (8.23)

We recall that in this action F'* and Im ¢, must be considered as independent unconstrained
fields. As in [6], we can project on the states of definite charges by adding appropriate
boundary terms. In our EFT, the ‘in’ and ‘out’ states are obtained by Sy-symmetrizing
states of definite monopole charges q;, and qout, which can be selected by adding the
boundary terms to the action

lqior‘l/ Im ¢ dvolge — 1q3‘ut/ Im ¢, dvolge . (8.24)
2 T=Tin 2 T=Tout

Indeed, the sum of (8.23) and (8.24) is linear in Im¢,, which can be integrated out. As a
result the path integral localizes on field-strengths satisfying the Bianchi identity d F* = 0
and obeying the boundary conditions F®|,—. = $¢%dvolgz and F®|,—. . = 1¢%dvolg.
From dF'“ = 0 one also gets the charge conservation condition ¢j; = ¢S, which can be more
directly obtained by integrating out the constant zero-mode of Im ¢,. At the leading large-
N semiclassical level, the amplitude (8.22) is then non-vanishing only for ¢&, = ¢2,;, = ¢~.*"

We then assume that ¢} = ¢S = ¢%. Integrating out Im¢, by carefully taking into
account the boundary terms, the amplitude can be written as a path integral of vector
multiplets with fixed boundary conditions provided by the BPS configurations (8.20). As
in subsection 8.1, at the leading large- N semiclassical order we can focus on the untwisted

sector contribution and work on the ‘upstairs’ covering moduli space:

qg 7—out /
<q.s’Out‘6_(7’0\11‘,—'T'in)f'lcyl|(lS7 ' Z / E (825)
gES »Tin
where the bosonic action is
/ 1 a_la s_ 1 o A B
Sklbos = Q/gaﬁ dl® — El dr ) A (dl¥ — El dr | + F*AxF"| . (8.26)

30This is an ‘accidental’ conservation law, due to the accidental extended U(1)4N toric symmetry of the
holographic EFT formulated on the covering moduli space. Hence it is expected to be violated by 1/N
and higher derivative corrections, since in the complete theory there is no symmetry which guarantees the

toric

separate conservation of the monopole charges m!. On the other hand, the four toric charges m} and

the b2(Y) Betti charges ¢ are exactly conserved.
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Still keeping track of total derivative terms, this action can alternatively be written as

1 1 1
St lbos = 3 /gaﬁ KFO‘ ol = 1% dT) A * (Fﬂ + xdlP — Ezﬂ * d7'>:|
(8.27)
—/dRe%/\F“—F—b /de“

where b, = b® or b, = Np, if a corresponds to I, = I or I, = 0%, respectively. In deriv-
ing (8.27) we have used (8.9), the second relation in (8.6) and the quasi-homogeneity (6.40),
which implies
)=
0°F 18— 1

It is clear that (8.20) extremizes (8.27). Furthermore, only the last term of (8.27) does
not vanish on-shell and gives
1

ﬁ<q, b) (Tout — Tin) (8.29)

with b = (b1, ba,...) = (b1,...,b'N, Np,). Hence, the semiclassical saddle-point evaluation
of (8.25) gives

1
= N

(Oq(Touts Qout ) Oq(Tin, Z ¢~ 27 (@%:b) (Tout=Tin) — =57 (A:b) (Tout —7in) (8.30)
€SN

for Tout — Tin — o0o. Note that we have used the identities (q%,b) = (q, b9_1> = (q,b)
for any ¢ € Sy. This reproduces the expected result efﬁAoq(T"“FTi"), provided that we
identify Ao, = 3(q,b), which indeed coincides with (7.10).

We stress that these results follow just from general properties of our holographic EFTs
for toric models, whose details are typically quite complicated. Furthermore, they give the
expected result for a general set of charges ¢® although they are really justified only if (8.18)
holds. This crucially depends on the fact that we have focused on the BPS states (8.20),
which are expected to hold beyond the large charge and large N regimes, see the end
of section 8.1. The above discussion provides a self-consistency check of our framework
and a starting point for studying non-BPS states, anomalous dimensions and higher-order
correlators, as in [1, 2, 5, 6, 81, 82]. For instance, one might consider almost BPS states
obtained by deforming BPS ones or even non-BPS saddles, but this is beyond the scope
of the present paper. Of course, in order to perform computations which go beyond the
BPS sector, one should in principle restrict to the large-charge sector and use the explicit
form of the holographic EFT.3! We will provide concrete examples of holographic EFTs in
the following, leaving their application to a more in-depth study of the large charge SCFT
sector to the future.

31Furthermore, scaling dimensions of non-BPS operators generically receive higher order corrections in
the large charge expansion from EFT higher derivative terms — these corrections are expected to vanish
for two-point functions of BPS operators (8.30). It would be interesting to explore this further.
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9 M-theory interpretation of the EFT states

Since the fields of the holographic EFT descend from the M-theory holographic descrip-
tion, the above EFT semiclassical states have a direct M-theory interpretation. As we are
going to explain, they can be interpreted as bound states of AdS giant gravitons and Eu-
clidean Mb-branes wrapping homologically non-trivial divisors. The holographic EFT then
provides a direct link between these M-theory brane configurations and the corresponding
operators in the dual SCFT.

9.1 AdS giant gravitons

Let us first set n® = 0 and assume that the vacuum does not spontaneously break the
conformal symmetry, i.e. IL_ = 0% = 0. Since n® = 0, (8.16b) implies the ¢® = 0 along
the BPS flow. Then the internal Calabi-Yau space X is conical and the solutions sit at
the Kahler walls of the moduli space. At these points we expect the complete validity
of our EFT to be questionable, because of the appearance of light M2-branes wrapping
the vanishing cycles. However, these corrections regard the sector described by the linear
multiplets X%, which are not activated in the solution, and are expected to decouple from
the remaining multiplets L! as long as the condition (8.18) is satisfied. Hence, in this
regime these semiclassical solutions remain sensible.

The M-theory interpretation of these states is more easily described in the EFT cylinder
coordinates introduced above. Then the BPS solution (8.20) is

1 1
I I
li = ﬁ7nZ , FIZ = imi]dvolsz , (9'1)

where it is natural to set R equal L¢p (the asymptotic AdS radius), while ¢ = 0 and
F® = 0. The brane interpretation becomes transparent by dualizing the vector fields A%
back to scalars @7 = Im2%. By using the general formula (8.10) (in Minkowski signature),
and recalling (8.9) and (8.28), the solution (9.1) can be dualized to a time-dependent
solution in symplectic coordinates

g:%f# @:—ﬁ%m+¢, 9.2)
where a} are arbitrary constants.

The solutions (9.2) describe a bunch of M2-branes wrapping a static S? in global
AdS, and spinning along the internal angular coordinates gpil. These configurations are
analogous to those found in [83] to describe AdS giant gravitons [84-86] on general IIB
toric AdSs x Y backgrounds. The number of AdS giant gravitons is set by the number of
non-vanishing monopole charge vectors my = (m}, m%, m?, m‘}) as I =1,...,N. Note that
in our description in terms of EFT monopole states, we directly get a discrete spectrum
of AdS giant gravitons and of the corresponding scaling dimensions Ay, = %bi Symi—
see (7.10) — with no need of any additional geometric quantization of the classical family
of probe brane solutions as in [83, 86]. It also automatically implements the orbit average
prescription proposed in [87] for probe branes. Furthermore, we automatically get the
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expected upper bound N on the number of possible AdS giant gravitons, a bound which
must be imposed by hand in a probe treatment.
Our derivation directly relates these M-theory configurations to the EFT chiral oper-
ators
Min () = Omneo(w) = e 2720 [ (9:3)

and their microscopic SCFT counterpart. Borrowing the terminology from the analogous
AdS5/CFTy type IIB models, the operators (9.3) may be regarded as mesonic operators.

9.2 Adding M5-branes

Let us now consider operators (7.2) with n* # 0. We will refer to these types of operators
as Betti operators, since the are charged under the Betti symmetries.?? The corresponding
semiclassical BPS solutions in R? now contain the non-trivial fields

o = o F* = 1nadvolsz . (9.4)
2|z’ 2

In order to understand their M-theory interpretation, we recall that the effective three-
dimensional field-strengths F'* arise by expanding (G4 along the internal harmonic 2-forms
Wa, which are Poincaré dual to a basis of non-compact divisors D,.?* We can then interpret
the solution (9.4) as describing a Euclidean M5-brane sitting at the origin of the external R?
and wrapping an internal non-compact divisor D homologous to n®D,. This can be under-
stood by considering the Bianchi identity for G4 modified by the presence of the M5-brane:

dGy = £365(D) . (9.5)

3
By decomposing G4 = g—‘;’rF“ A wg + ... and integrating (9.5) over the internal 2-cycles
C* such C* - Dy = 0y, we get the Bianchi identities dF* = 27n%d3(0), which are indeed
satisfied by the solution (9.4).

As explained in section 7, the charges (m’

,n) characterising these semiclassical states
and the corresponding chiral operators (7.2) must satisfy the constraint (7.9). This implies
that D ~ n®D, is linearly equivalent to an effective toric divisor, that is, we can choose
D = sy DA, with s4 € Z>( such that Q“ASA = n® The most elementary Betti operators
correspond to D = D4 for some A = 1,...,d and have Betti charges n® = Q4. The above
corresponding semiclassical state then provides an effective three-dimensional description
of the backreaction of an M5-brane wrapping the effective divisor D4 in the Calabi-Yau
cone C(Y). The toric divisor D4 is itself a cone over a five-cycle II4 C Y, which can
then be ‘rotated’ to a static world-line in AdS, times IT4, as in [88, 89]. This is the more
traditional description of a Betti operators in the AdS/CFT correspondence [90-92].

By extending these comments to the most general effective divisor D = s4 D4, the
corresponding semiclassical state describes an M5-branes wrapping the five-cycle Il = 0D C
Y. We emphasize that our holographic EFT provides a description of these M5-branes
which goes beyond the probe approximation (and indeed, at the two-derivative level, it is

32In the relative IIB models, they would correspond to baryonic operators.
33We remind the reader that we are restricting ourselves to ‘non-anomalous’ models, i.e. bs(X) = 0.
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in principle justified only for large charges). For instance, from the first of (9.4) we see that
the Kéhler moduli are forced to flow as we move close to the M5-brane, so that the internal
Calabi-Yau is ‘dynamically’ resolved in the direction of the extended Kéahler moduli space
Kt selected by the Betti charges n®.

Furthermore, for any given choice of admissible Betti charges n®, there is an infinite
number of possible choices of toric charges m’ satisfying (7.9). Recalling the previous

I n) as a bound state

subsection, we can then regard the most general state of charges (m
of AdS giant gravitons and internal M5-branes. From an alternative angle, as in [89, 93],
we may regard the different states corresponding to different toric charges m’ as the states
obtained by quantizing the moduli space of classical M5-branes wrapping a divisor with
fixed Betti charges n. Indeed, one can easily adapt the discussion for generic toric I1IB
models of section 3 of [93]. In particular, the states with vanishing Betti charge correspond
to M5-branes in AdSy XY wrapping a trivial cycle in Y, i.e. to ‘internal’ giant gravitons [94].
In combination with the arguments of section 9.1, our semiclassical description provides a
direct identification of internal giant gravitons and AdS giant gravitons, whose counting
should then clearly give the same result as in [86, 95] — see [93] for more comments on
this point in the case of toric IIB models.

Notice that this M-theory interpretation holds also if IZ,_, o% # 0, that is if the vacuum
in R? spontaneously breaks the conformal symmetry. The VEV computation of section 8.1
can then be interpreted as the evaluation of the path integral with the insertion of Eu-
clidean M5-branes. This provides a clear justification of the prescription proposed in [96]
to compute the VEV of Betti operators by using probe branes on resolved backgrounds.?*
In fact, one may apply this prescription to compute the VEV of operators with low Betti
and toric charges, in terms of the EFT chiral fields. This can be done by adapting al-
most verbatim the steps of section 5 of [30] to the present M-theory setting. This would
require the use of probe M5-branes and a subsequent quantization of their moduli space.
Our holographic EFT approach provides a realization of this procedure that includes the
Mb5-brane backreaction. Furthermore, as for the AdS giant gravitons, in our description in
terms of monopole states with quantized monopole charges there is no additional need of
quantizing the space of classical M5-brane configurations in order to get the appropriate
discrete spectrum of states.

We also observe that (7.10) implies that the elementary Betti operators associated

with the choice D = D4 has scaling dimension A = %N PA. According to the above inter-

7 Nvol(IT4)
6vol(Y)

where the volumes are computed using the asymptotic Sasaki-Einstein metric [92]. Hence,

pretation in terms of M5-branes wrapping IT4 C Y, this A should coincide with

by physical consistency we get the following interesting identity:

a4 mvol(IT4)

3vol(Y) (9:6)

We do not have a general mathematical justification of this identity, but we will explicitly
check it in the examples discussed below.

34Gee also [21, 29] for applications to more general IIB and M-theory toric models.
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9.3 Charged EFT particles

It is interesting to observe that the M-theory derivation naturally suggests the presence
of half-BPS massive particles in the holographic EFT. Indeed, one can obtain a three-
dimensional particle by wrapping an M2-brane on an effective curve C C X, defining a non-
trivial compact two-cycle of the resolved internal Calabi-Yau space. A simple dimensional
reduction of the M2-brane effective action over (3.1) shows that its contribution to the
three-dimensional EF'T includes the terms

— / me (o) dvoly + e, / Al with e, =C-D* e Z, (9.7)
¥ ¥

where me(0) = (0,e) = 0%, is the mass of the particle, v is the particle world-line
and dvol, the corresponding line element. The mass me(o) is positive precisely because
C belongs to the Mori cone, which is dual to the Kéhler cone Kx parametrized by o¢.
One can of course consider the corresponding anti-particles with opposite charges —e and
masses M_g(0) = (o,e) > 0. The spectrum of these BPS particles changes across the
Kéhler walls inside K,

The contributions (9.7) are compatible with the proposal made in [46] to include the
spin into the EFT description of large charge operators. One important difference is the
presence of the first term in (9.7), which is possible because the mass me (o) is moduli-
dependent and then can have the correct scaling dimension A = 1 to be compatible with
conformal invariance. Note that, from the dual chiral formulation viewpoint, these particles
are characterized by the axionic monodromy p, — p, — ieq around them. They are anal-
ogous to axionic strings in four dimensions that can be obtained from wrapped D3-branes
in type IIB models, which are hence related to the effective strings studied in [47].

We leave to the future an EFT study of the large charge SCFT including these localised
objects, along the lines of [46, 47], and limit ourselves to a few general remarks here. The
most basic one is that one cannot neglect the backreaction of these particles in three
dimensions. Consider a static particle and parametrise the two transverse directions by a
complex coordinates w. In the dual chiral formulation of the bulk moduli, its backreaction
can be described by the half-BPS flow solutions

w

0 e
=% — " log — 9.8
p=p -y log (9.8)

with fixed z} = z?’i, and arbitrary integration constant p at w = wp. These kinds of

solutions have been recently discussed in [97] in the completely analogous case of half-BPS
strings in AV = 1 four-dimensional theories. As discussed therein, once rephrased in terms
of a floating EFT UV cut-off, the flow solution (9.8) can be interpreted as a classical RG-
flow of the EFT Lagrangian, and in particular of the mass appearing in (9.7). On the
other hand, the total IR physical mass (including the backreaction contribution) is given
by m = lim |00 Me(0(w)) and measures the total volume of the holomorphic curve
C C M™" described by the embedding (9.8). In the present setting, conformal invariance

implies that M is conical and then C, being holomorphic, is necessarily non-compact.

IR

Hence these static BPS configurations are affected by IR divergences, since mg

= 00, as
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expected for charged particles in three dimensions. However, one may construct non-static
finite energy configurations of vanishing total charge as in [46].

These arguments can be immediately generalised to BPS particles carrying axionic
charges associated with the toric U(1)* symmetry. Indeed, by using the formulation in

terms of the linear multiplets L! for the mobile M2-brane sector, one may generalize (9.7) to

—/md7edvolv+diZ/Af+ea/A“ with mge=> (I'.d) + (o,e), (9.9
Y 77 v I

where d = (d',...,d*) € Nz. These couplings are compatible with the Sy discrete gauge
symmetry and generate the axion monodromy zf} — z} — id* around the particle. The
static BPS backreaction now also includes the flow z; = z(} — %d 7log w% and the curve
C C M projects to N copies of a holomorphic curve inside X. The charges (d,e) must
be such that the mass mq e appearing in (9.9) is positive. Since the moduli (I, %) move
inside the cone defined by s4(I/,0) > 0 for all I = 1,..., N, we can guarantee that My e
remains positive over the entire M by picking d’ = vaA and e, = NMyk? with
kA e Z>o. Again, in order to get finite energy configurations one must consider non-static
configurations of vanishing total charge.

10 The Y'?(P?) model

We now illustrate the above general results with a first concrete example. In this model the
UV quiver theory describes the dynamics of N M2-branes at the tip of the cone over the
Sasaki-Einstein space Y12(P2). The UV quiver theory was discussed in section 2.1. This
theory has a geometric branch, with a corresponding holographic EFT and a class of BPS
semiclassical states, which will be described in detail. We will then match this holographic
description with what is expected from the dual quiver point of view.

According to our general discussion, in order to derive the holographic EFT we must
consider the crepant resolutions of the Calabi-Yau cone over Y12(P?). As already mentioned
in section 2.1, these can be described in terms of a U(1) gauged linear sigma model with
five dimensionless complex homogeneous coordinates Z4, A = 1,...,5 (so that d = 5 in
the formulas of section 6) of charges

7, 7, Z3 7y Z5|F
Q1 11 210

(10.1)

where ¢ is the unique Kéahler modulus.

It admits different resolutions, depending on the sign of ¢ and corresponding to the
two possible triangulations of the toric diagram, see figure 6. For later convenience, we
choose the following set of toric fan generators in Z*:

vi=(0,0,1,0), vo=(0,0,0,1), v3=(2,1,—1,—1),

(10.2)
v4 = (1,0,0,0), vs=(0,1,0,0).
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(_1;‘1)2)

(0,1,0)

\

Figure 6. Toric diagram of Y1:2(P?).

Indeed, one can easily check that Q4v, = 0. By an appropriate SL(4,Z) transformation,
one can map v to vectors of the form (w4, 1), where w4 € Z3 identify the vertices of the
toric diagram of figure 6.%°

A detailed description of the geometrical properties of these resolutions can be found
in [19]. The fan corresponding to Kéahler cone o < 0 is simplicial and there is a leftover
terminal Zs orbifold singularity. As a complex space, the Calabi-Yau corresponding to
o < 0 can be regarded as the total space of the vector bundle O(—1)®3 over the weighted
projected space WIP’[lLQ}. To our knowledge, the Calabi-Yau metric on this space is not
known. For this reason, we will restrict our attention to the branch ¢ > 0.

10.1 The resolved geometry

In the Kéhler cone o > 0, the resolution replaces the tip of the cone with a P?. The resolved
geometry X is the total space of the line bundle Op2(—2) © Op2(—1) and we can identify o
with the volume of any P! C P2, so that the conical geometry corresponds to value o = 0.
By using (10.2) in (6.5) we get the following definition of the toric coordinates e~2™ in

35More explicitly, Mv’ = (wa,1)”, where

0010

0001 wi=(1,0,0), wa=(0,1,0), ws=(-1,-12),
M = =

1000 ws = (0,0,1), w5 =(0,0,0).

1111

~ 54 —



terms of homogeneous coordinates:

o1 o2 o3 o4 Uy
e =7 =C, e =253 =C(y, e :75/\1, e e :?E)\Q.
3 3

(10.3)
We have also introduced local coordinates ((1, (2, A1, A2) which make manifest its bundle
structure of X: (A1, \2) are local coordinates on P2, (; is the fibral coordinate of Ops(—2)
and (s is the fibral coordinate of Op2(—1).

In order to compute the holographic EFT, we need the explicit form of the Ricci-flat
Kéhler potential kx of the internal Calabi-Yau metric, see (3.16), which enters the mixed
formulation of section 4.1. From this one can then go to the formulations in terms of either
just chiral multiplets or just linear multiplets — see sections 4.2 and 6.2. The Calabi-
Yau metric has been computed in [98] for a fixed choice of the Kdhler modulus o and in
a particular set of real coordinates. One can find the appropriate change of coordinates
and, by a simple scaling argument, the metric for general o. From this we can extract the
value of Kéhler potential kx which decomposes as in (3.15) satisfying the appropriate condi-
tions (3.14). Here we just present the relevant results, relegating the details to appendix C.

The Kéhler potential kx takes the form

kx(z,z;0) =Ul(t1,ta;0) + okp2 (10.4)
where we have introduced the P? Kéhler potential®®
_ 1 2 2
kp2 = 5 log (1+ PP+ o) (10.5)
and the global real ‘radial’ coordinates along the fibers

t1 = |G [e' ™ = (|24 27| + | ZaZ3| + | 24 Z5))

(10.6)
ty = |GolPe®™ 2 = | Z5 2, * + | Zs Za|* + | Z525)° .

Unfortunately, U(t,t2;0) does not seem to admit a reasonable explicit formula. (As
we will presently see, the symplectic potential F'x, which enters the formulation with vector
multiplets of section 6.2, can be made more explicit.) Rather, U(t1,t2;0) will be defined
in terms of two new real variables

$:$(t1,t2;0'), y:y(tlatQ;U)a (107)

which appear in the solution of [98]. These can be in principle obtained as functions of
(t1,t2;0) by inverting

2
w .
3uy — 71uz

(t1) 8 = U[(m —u_)(y — u_)} Ju— —uxl? ‘ [(z — ) (y — wy)] T e |
2 o, (10.8)

(t2) © = a[(x —uy)(ug — y)} Jug —ual® ’ (2 — ) (y — s )] Cor T

u

36kp2 is normalized so that jp2 = i00kp2 = G%R]P)? and fpl jp2 = 1. Tt is only locally defined: (10.5) and
then (10.4) are valid in the local patch X\D?, where D* = {Z4 = 0} denote the toric divisors.
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where u_,u; and wu,, W, are the two real (with u_ < wy) and the two complex zeros,
respectively, of the polynomial

4
®(u) = ut — gu?’ + gy. (10.9)

Consistency requires that [98]
S [u+7 OO) ) yE [U_,’U,+] (1010)

and furthermore that v is fixed by the conditions

u_(uy — 1) 1

_— = 10.11
ug(u_ —1) 2 ( )
In order to find the explicit values of v, u4 and u., let us set
(n* —1)°
= 10.12

with n > 0, which allows us to write

ui:%(n+1) <1i,/727—1> , u*:—é(n—l) <1+i,/727+1> . (10.13)

The condition (10.11) fixes the value of 1 to be
n= é [2 +21/3(58 + 3V/78) /3 4 21/3(58 — 3\/%)1/3] ~ 1.91799, (10.14)
which translates into
v~ 0.0968, u_~0.771, wuy~1174, wu.=~ —0.306—i0.437. (10.15)

We are now in a position to write down the (implicit) function U (t1,t2;0) appearing
in (10.4):

20
Uty t2;0) = g——— PV T

Im (uz log[(z — u.)(y — u*)]) + 2Rewu, log U:| (10.16)

where the logarithmic term appearing in the second line is necessary in order to satisfy the
asymptotic conditions (3.14). We stress that in the above formulas x, y must be considered
as functions of t1,ts, and then of 2 or A1, A2, (1,(2, and o, as in (10.7). More details on
the corresponding Kahler metric can be found in appendix C. Notice also that all formulas
are manifestly invariant under the toric U(1)* symmetry Im 2z’ — Imz® + constant, which
is reflected into the ‘mixed’ holographic EFT of section 4.1, which is fully specified by kx.

We can now move to the symplectic description of the resolved metric, which enters
the dual formulation with vector multiplets of section 6.2. This is obtained by going to the
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dual coordinates [; and the symplectic potential (6.8). By applying (6.7) to (10.4) we get:

e u) )
2u_(uy —u_)

(2 —uy)us —y)

ST i
up (up — u_
- |;|2 (10.17)
Iy = : +20 +1
3 1+|>\1’2+’)\2‘2(U 1 2)
ly = |>\2|2 (U—‘r2l1+lg).
T4+ A2+ [ Xf?
One can check that they span the polytope
P, = {ll,lg,l3,14 > 0} N {2[1 +lo+o0>13+ l4} (10.18)

This matches (6.11)—(6.15) provided that M4 = 043, so that x4 = das0.

One can then compute F'x from (6.8). This can be entirely expressed in terms of [;
and o by inverting (10.17). Alternatively, by the linear change of coordinates introduced
in (6.11), we can use the coordinates

s1=13, so=1l4y, s3=2l1+ls—Il3—Ily4+0, s4=1, ss=1I. (10.19)

The symplectic potential F'x can then be rewritten in the form (6.34) with

SPan = _54=3l+2l+0 (10.20a)
A
8 4 8 Reu,
= l Iy — 10.20b
or Suy 1+3u, 2 3u,u+0 ( )
and®”
1 200 +1 1 1 20 +1
2 Sp... 2m o 27 I
1 2+l +o 4u? lh 2u? Iy
— —ls1 - lilog — — lalog =
or 208 lo 3mupu_ — us|? & 3ru_|uy — us? &
2 u? Q
I - log — 10.21
3mu—_uy Imu, o (u— — ) (uy — uy) R ( )
where
a(l,o) =2u_(ugr — ue)ly +uyp(u_ — uy)lo + (U — us)(up — us)o . (10.22)

From (10.20b) and (10.19) we can then extract the constants that characterise the solution:

8 Rewu, B 4n

Pl=p2=p3=— = ~ 0.901
Bu_uy  (1+4n)? (10.23)
8(4—3 4(4 — 3u_ '
pro 83 oz, ps AT ser
Yu_uy Ju_uy

3"In computing fx from (6.8) we have omitted terms linear in I; and o, that do not affect the metric.
This corresponds at most to shifting the dual coordinates Rez’ by constants.
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or alternatively

8 4
b=~ ~ 2272, ¥=_—~1728, ¥ =0pt=0,
Ut - 10.24
8 Reuy 4n (10.24)
3u_uy  (1+mn)
According to (6.27), these two sets of constants are related by b = PAvil and

p=PAM, = Ps.

It is interesting to observe that the constants (10.23) indeed satisfy (9.6) in a rather
non-trivial way. This can be shown by observing that the quantities on the two sides
of the equalities (9.6) are the only real roots of the same cubic polynomials with integer
coefficients. We refer to appendix C.2 for the details of this match.

We observe that the terms proportional to log o obtained by expanding the logarithms
n (10.21) actually cancel each other. We have nevertheless chosen to write fx in the
form (10.21) in order to manifestly show that it is homogeneous of degree-one in (l;,0), so
that F'x has precisely the structure predicted in section 6.2 from holographic arguments.
We also remind the reader that the above formulas are sensible only for ¢ > 0. According
to the arguments section 6.2, for o < 0 it should be given by a symplectic potential F'y
specified by the same P4’s but by a different homogeneous function fx.

10.2 Holographic EFT

In the previous subsection we have seen that the symplectic structure of the resolved cone
over Y12(P?) can be made quite explicit (at least for & > 0). This can then be taken as
starting point for describing the associated holographic EFT for vector multiplets, provid-
ing a concrete illustration of the general discussion of section 6.2. The dual formulations
(partially) involving chiral multiplets and considered in sections 4.1 and 4.2 can then be
obtained by subsequent Legendre transformations.

The EFT action can be written as

/ d3zd*0 F(L, %) (10.25)
where F(L,¥) is a function of 4N + 1 linear multiplets £ = o + ... — $e"767,0F,, and
LI=1+... - %e“”pﬁfyué(FiI),,p, of the form (6.21). In the present case, it is explicitly

given by

_ 1
F(LD) =~ Z |Lilog L + Lilog L — (2L{ + L} + ) log (2L + L} + %)

%Z( 1+15— Ly - Li+%)log (2L + Lj - L} — Lf + %)
I

10.26)
4u? 2u? (
Lilog L] — + Lilog L}
37ru+|u_ — u*\z Z 8 3mu_|us — uyl? XI: 2708 L2
2 SI us (L', ) log a(L!, %)
T a— m a a
3ru—ug Tmu, < (u— — g ) (g — uy) ’ & ’

where a(L!, X)) is the superfield obtained from (10.22) by substituting /; — L! and o — X.
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Since the linear multiplets have fixed scaling dimensions A(Lf) = A(X) = 1, we can
explicitly check that F (L,Y) is quasi-homogeneous of degree-one under scaling transfor-
mations, as in (6.40), and then (10.25) is superconformal. Furthermore, the above EFT
is well defined on the branch of the moduli space in which ¢ > 0 and all the vectors
U = (1,111, 11) belong to the polytope (10.18).

It is interesting to observe how the kinetic potential (10.26) reduces to a very simple
form ) ; Llog L+constant, where the L’s are linear combinations of LZ-I ,2. Hence the
formulation of the EFT in terms of vector multiplets is particularly simple. Omne can
then go to the mixed formulation of section 4.1 by taking a partial Legendre transform of
F(2,%) = F(L,Y) — 2LIRe 2%, where 2} are the chiral multiplets obtained by dualization
1 9F(L,%)

of the linear multiplets L!, such that Rez} = £ oLl

one can then obtain the Kéahler potential K(z, p) = F(L,¥) —2XRep in which ¥ is traded

for the dual chiral mutiplet p, such that Rep = %afé(é’z) = %8fé§’2), obtaining the chiral

. By a further Legendre transform

formulation of section 4.2. From (10.26) we can easily get the explicit relation between the
chiral multiplets and the linear multiplets:

1 L+ 1! 2u?
Rez; = ——1log [ 1 3 4 — - log L
sl or 8 < * 2Lf + LI+ % 3mug ju_ — uyl? 8
2 < u? ) 2
Im loga ) —
3musImuy U_ — Uy 3TU4

log Lo

1 L+ 1! u?
R 2:_71 1 3 4 _ +
e ar 08 < + 2L+ LI+ % 3mu—|uy — uyl?

N 1 I ( u? | ) 1
m oga | —
3mu_Imu, Ug — Uy & 3mu_

LI
1 3 10.27
ir Og(2L{+L§—L§—L£+E) (1027)

LI
R 4 1 < 4 >
It ) OV 5 Gy Gy s

1 2L1 + L+ %
Rep = l — )
°r wzj:og<2L{+L§—L§—Li+E

1

2NReuy
3mu_uq Imu,

2 I
XI:Im log [u* log a(L ,Z)} + Sruu,

These relations can in principle be inverted to get the linear multiplets as functions of (the
real part of) the chiral multiplets, from which one can extract the explicit form of the EFT
Kahler potential — see (6.41) —

2 2 1 4N Reus
S (L{ + Lé) Ll § (10.28)
3m 4\ uy U 3m(u_uy)

as a function of the chiral fields.
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From (10.27) one can extract the scaling dimensions of the chiral multiplets e~2%1 and
e~2™_ by taking into account that their phases do not scale and that A(L!) = A(X) = 1:

4 2
A(e—QTrz}) — 3 ~ 1136’ A(e_zﬂ-zi) = 37 ~ 0864,

Uy U_

A(6727rz§> — A(efQﬂ'z‘}) — 07 (10.29)
4N Reu, 2N

A2y = ANRews 2N0 04505

Bu—uy  (1+m)

Of course, these are in agreement with the general formula (7.1) — see (10.24).

We stress that, as emphasized in section 7, the fields e 2™ and e~ 2 are only locally
defined on the moduli space and cannot be interpreted as low-energy representations of
chiral operators of the microscopic SCFT. Hence, the fact that e~ 2] and e~2"*1 have van-
ishing scaling dimension does not constitute any violation of the usual conformal unitarity
bounds. We will come back to this point in the next subsection.

Note that, even though the above description of the holographic EFT is a priori valid
only for o = X|,_5_, > 0, the formulas (10.26) and (10.27) make sense even for o = 0,
as long as the I!’s belong to the interior of the polyedral cone P,—g, see (10.18). Indeed,
by setting ¥ = 0 we just get the effective theory for N probe M2-branes moving in the
Calabi-Yau cone over Y'2(P?). On the other hand, for ¢ < 0 the EFT is expected to
change, due to the change of the internal resolved Calabi-Yau cone. While we expect the
holomorphic parametrization of the moduli space provided by e~ 21 and e~2" to smoothly
connect the two branches, nothing prevents the complete EFT to exhibit some kind of phase
transition on the Kéhler wall ¢ = 0. We will not have much more to say about this issue
for the Y'*2(IP?) model, since we do not know the explicit Calabi-Yau metric (and then the
holographic EFT) for o < 0. Instead we will come back to this point in section 11, since
for the Q' model we will be able to describe the holographic EFT on the entire extended
Kaéhler moduli space.

10.3 EFT chiral operators and semiclassical states

Following the general discussed of section 7, in the Y'2(IP?) model we can construct chiral

operators
Omn(z) = e 2rmbzi@ | e=2mnp(a) (10.30)

where the charges m! € Z are constrained by the lattice polytope conditions (7.9), which
in the present case read

mi,m mi ml>o0, omi +ml +n>ml +ml. (10.31)

From the general formula (7.10), or more directly from (10.29), one can immediately obtain
the corresponding scaling dimensions:

4 2 2nn
A(Omy) = — rp = Iy N
10.32

1
= §PA;SA(mI,n),
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where s4(m’,n) > 0 are the integral numbers obtained by setting I; = ml[ and 0 = n
in (10.19). Note that, given (10.31) and the values (10.23) of the P4’s, the unitarity bound
A(Om,n) > 3 is always satisfied for N > 1.

From (10.32) and (10.31) we see that the spectrum of scaling dimensions is degenerate,
in the sense that it is determined by the charges m{ , mé ,n, while the charges mg , mi label
the ‘harmonics’ along the base P? which enter the operator.

Take for instance the mesonic operators, which have vanishing Betti charge n = 0.
From (10.32) and (10.31), it is clear that for any pair of toric charges m{, m{ > 0, the finite
number of possible charges m%, m] > 0 such that mi + mf < 2m{ + mi label the set of
degenerate mesonic operators with the same dimension A = Y"; <ﬁm{ + gu%mg) These
operators may be written in terms of non-negative powers of the homogeneous coordinates

as follows:

Mm—<H [(Z{>m§<zé>mi<zé>2mi+m5mémiwi)mf(zg)mé}) . (10.33)

I sym

In the first Kéhler cone o > 0, the exceptional locus is given by D* N D® ~ P2, 1t is
then clear that the mesonic operators (10.33) identically vanish as soon as one M2-brane
touches D*N D and are then ‘blind’ to the resolved P2. A similar conclusion holds for the
other Kihler cone o < 0, whose exceptional locus is given by D' N D? N D3 ~ W]P’[lm].

The exceptional locus of the resolved geometry is instead detected by Betti operators,
which have n # 0. Consider the ‘lightest’ ones with Betti charge n = 1: they have toric
charges m{ = ml = 0 but possibly non-vanishing mi, m] such that 0 < mi +mi < 1.
Because of the symmetrization in (10.30), these operators can be labelled by two integers

N N
mg=> mi, my=» mj, (10.34)
I=1 I=1

such that 0 < mz+my < N. We can then denote the corresponding operators as follows?8
By, = € 22t mizD |02 0 <mb4mk < 1. (10.35)

According to the general discussion of subsection 9.2, these operators can be associated
to M5-branes wrapping a divisor belonging to the P2-family of divisors Dieieyies) = {c' Z1 +
2 Zy + 373 = 0}. Indeed, from (10.32) we see that

’ﬂ'NVOl(H[Cl:cQ:c;;])
6vol(Y)

1
A(Bmgmy) = §NP3 = ~ N x 0.4505, (10.36)

with I, co:es] = OD[c;:cp:c5] — €€ the comment after (10.24).

38We emphasize that this effective description of the chiral operators is valid when the EFT fields z}
move in the local patch X\D?, see (10.3). In order to include the locus D? in the description one should
change local patch by appropriately changing e~ 2"*, which transforms as a local section of the line bundle
Sym™ Ox (—D?) — see discussion below (7.9). Under such transformation the operators Bms,m, preserve
the same form but are generically mixed among themselves.
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As mentioned in subsection 9.2, one may consider a probe M5-brane wrapping D, c, ;]
in the resolved M-theory geometry and compute the expectation value of the corresponding
operator according to the prescription proposed in [96]. By quantizing the dependence on
the projective coordinates [¢} : ¢ : ¢®] € P? one gets exactly (10.35). We omit the
details here, since they are identical to the IIB case discussed in [8]. However, as argued in
subsection 9.2, our formulation makes more direct the connection with the M5-brane states:
in the holographic EFT in terms of vector multiplets, the M5-branes states correspond to
BPS monopoles which can be conformally mapped to the chiral operators (10.30). In
particular, since the monopoles generate a three-dimensional radial flow o = ﬁ, they can
be described within the EFT considered in section 10.2 only for n > 0. This is related to
the fact that the operators (10.30) with n > 0 are the natural observables to parametrize
the moduli space corresponding with o > 0.

Consider instead the ‘lightest’ Betti operators of negative Betti charge n = —1 and

n = —2 respectively:

By =e 2" 172 By = e 2" 17l ghne (10.37)

These can be associated with Euclidean M5-branes wrapping the toric divisors D° and
D* respectively. They have the correct Betti charges since, in relative homology, we have

[D%] = —[D3] and [D%] ~ —2[D?]. Furthermore, they have the expected scaling dimensions
~ 1 Nvol(IT?
AB) = 2nps = TNVUD) | s 04136
2 6vol(Y) (10.38)
. 1 7 Nvol(IT%) '
A(By) = -NP'= ——— = ~ N x 0.2349
(B2) =3 Gvol(Y) % ’

where II* = 9D° and II° = 9D°. It is clear that as we move one or more M2-branes onto
the resolved P? (for o > 0), corresponding to the locus e~z = =2t — 0, the VEVs
of the operators B; and By vanish. Loosely speaking, in the branch o > 0, B; and B
are blind to the resolution of the Calabi-Yau geometry, which is instead detected by the
operators (10.35). In other words, in the branch ¢ > 0 the moduli space can be probed by
the combination of mesonic operators My, and the Betti operators Bm, m,, while the VEVs
of By and B, are fixed by the chiral ring relations

Bm37m4gl = Mm

’ =...=— N:l )
~ N (10.39)
Bm37m482 = Mm|m%:...:m11\r:1 :

We conclude this section by matching chiral operators between the holographic EFT
and the microscopic Chern-Simons quiver gauge theory. The operators (10.33) are holo-
graphic EFT realization of mesonic operators in the quiver gauge theory. Using the cor-
respondence (2.16) for each I, we can match the holographic effective field theory opera-
tor (10.33) with the ‘mesonic’ chiral operator Oy ,—o;a,s of equation (2.20) in the micro-
scopic quiver gauge theory, under the following identification of quantum numbers:

r__ar al g
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Similarly, the Betti operators (10.35) and (10.37) are the holographic EFT realizations
of the baryonic operators (2.18) of the microscopic quiver gauge theory. In particular, the
holographic EFT chiral field p and the UV chiral field x are related as follows:

1
PEX— oo log TW) . (10.41)
i

The identifications between operators are to be understood up to a potential mixing
with products of lighter operators, which we are not concerned about here, see footnote 9.
We have explicitly reproduced the scaling dimensions (2.19) of these operators. The other
toric charges can similarly be reproduced.

More generally, the quiver gauge theory counterparts of the operators (10.30) are given
by the baryonic operators Og n. .3 of equation (2.20), with the identification (10.40).

11 The Q' model

We now consider the toric model engineered starting from the Calabi-Yau over the so-called
Q' Sasaki-Einstein space [21].3Y Differently from the Y!2(P?) model, Q! is a regular
Sasaki-Einstein space and will be characterised by rational scaling dimensions. On the
other hand, this model has other properties which allow us to concretely test other aspects
of our holographic EFTs.

The resolution of the Kihler cone over Q! can be regarded as a toric space with six
homogeneous coordinates Z4, A = 1,...,6, charged under the gauge group U(1)?. The
charges of the fields can be chosen as follow

7, 2y 25 74 75 Zo|FI
1 10 0 —1-1|0t (11.1)
001 1 —1-1|c?

QIA
QQA

where 0%, a = 1,2, are the Kéhler moduli. We can choose the following generators of the
toric fan edges:

V1 = (1717_1)0)7 Vo = (0707170)7 V3:(171)O)_1)7

(11.2)
vy =(0,0,0,1), v5=(1,0,0,0), vg=(0,1,0,0).

which indeed satisfy Qv = Q**v4 = 0. By an appropriate SL(4,Z)-transformation,
they identify the toric diagram depicted in figure 7.4°

39 Aspects of the Q' holographic EFT have been studied in [99].
49The vertices wa € Z3 of the toric diagram correspond to the vectors (Wa, 1)T = MvaT € Z* with

1001

1010 w1 =(1,0,0), w2=(0,1,1), ws=(0,1,0),
M = =

0111 wy = (1,0,1), ws=(1,1,0), we=(0,0,1)

1111
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(1,0,1) @ Re
------- e ° P>
(0’170)
(1,0,0) °®
(17170)

Figure 7. The toric fan of Q''!' in the w-space.

The extended Kihler moduli space parametrized by (o', 0?) is given by the entire R?
and is divided in the three Kéhler cones

Cr={c'>0,02>0}
Cr={0'<0,62>0c'} (11.3)
Cir = {0? <0,0' > 0%}

It is easy to see that the three Kéhler cones are isomorphic and can be related by taking
different linear combinations of the charges. In each Kahler cone, resolving the geometry
amounts to substituting the apex of the cone with two P's. The resolved geometry X can
be identified with the total space of the bundle Op(—1,—1) & Op(—1,—1) over the base
B~ IP’%I) X IP’%Q) and the singular cone is recovered in the limit o', 02 — 0. The different
Kéhler cones are connected by flop transitions, in which one P! blows-down and a new one
blows-up.

Since the three Kédhler cones are isomorphic, we will first describe the explicit Kéhler
and symplectic structures in chamber Cp, and then show how they are glued to same
structures on the other Kéahler cones. In this way, we will be able to extract the holographic
EFT on the entire extended (geometrical) moduli space of the model.

11.1 The resolved geometry

In this subsection we restrict to the first Kéhler cone, that is, we assume that (o', 02) € Cy.
We can use (11.2) in (6.5) to get the definition of the local toric coordinates ™" in terms
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of homogeneous coordinates:

e = 2 T3 Zs = (1, e T = 217376 = (o,
s _ Dy _ et _Za (11.4)
Zy Z3 7
The new local coordinates (1, (2, A1, A2) are useful to make manifest its bundle structure of
X: A and Ay are respective local coordinates over the IP’%l) and IP’%Q) in the base B, while (3

and (s are the coordinates over the two Op(—1,—1) fibers. These local coordinates e 27"

are good on X\ (D' UD?) where, as above, D4 = {Z4 = 0}.

The Calabi-Yau metric on the resolved geometry has been already computed in the
literature [21, 43, 44]. We are interested in its Kédhler structure and here we present just
the final result, giving more details in appendix D. In the local patch introduced above,
the Kéhler potential can be written as

kx(z,z,0) =U(t;0) + Ulk(l) + 02/-{:(2) , (11.5)

where k(1) and k() are the canonical Kahler potentials on IP%l) and IP’%Q) respectively,
ko) = — 1o 1+ M), & ~ 1l (1+[X2?) (11.6)
1) = 558 s Ry = 5708 2 '

and U (t; o), besides carrying a dependence on the Kéhler moduli o, solely depends on the
globally defined radial coordinate

(Kl ‘2 + |C2‘2)€27rk(1)+27rk(2)

(1211 +1Z2)(1 23 + 1 24*) (125 + | Zo ).

t

(11.7)

By imposing the Calabi-Yau condition as well as consistency with (3.15) and (3.14), one
obtains U(t; o) = Ui(t; o), with

1 Ad 1
Ui(t;o) = —— lim l/\/{ 77- &o(150) — 21A + g(al + 0% log A (11.8)

where &¢(7;0) is the real function defined by the equation

1 4 1 1 1,
1604_3(0’1—'—0’2)@8—’—50’102@3:57— . (119)
We observe that &g(7;0) monotonically increases from 0 to oo for 7 € [0,00). One can
then trade 7 for & as integration variable in the integral appearing in (11.8). Omitting

irrelevant terms linear in (0! 4 02), we can write (11.8) in the less implicit form:

Uilt; o) = ~80(vVE,0) + (0" +0%) [B0(v,0) ~ log (IGa]? +[al?)]

(o oo+ ) - o o log(+ D) (1110)
1 A(o)1o <3®0(\/{e,a)+2(01+02)2,/,4(0))
67 S\ 360(VE,0) + 2(! + 02) + 2/A(0)
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where

Alo) = (o) + (6%)? - 20102. (11.11)

Note that the logarithm appearing in (11.10) is real also for A < 0, provided we choose
the same branch for all v/A’s (say, /—]A[ = i/]A4]) and log such that log z = log |z| + if
where z = |z|el? with —m < § < 7 (that is, the log branch cut along the negative horizontal
semi-axis.). Indeed, in this way the last term of (11.10) is holomorphic in A(o) at A(o) = 0.

We observe that the function (11.10) depends on &g, which is only implicitly deter-
mined by (11.9). Hence, our description of Kéhler structure of the resolved geometry is
somewhat indirect. On the other hand, as we will presently see (and as we have already
experienced in the Y'?(IP2) model), it turns out that the symplectic description of the
resolved geometry allows for a completely explicit description.

The symplectic description is obtained by going to the dual variables (6.7). In the
present case we obtain

ISt : |G .
ll 7@50(\/1?, 0') y lQ ®O(ﬁ, 0')

B |<1||j ’+ G2P? - rclyf ’+ G2P? 1112)
I3 = m {01 + &o(Vt; a)} , = TQAQP [02 + &0 (Vi 0)]
By direct inspection one can easily realise that they span the polytope
Py = {l1,12,13,14 >0} N {ly + 1o — 13> =o'y N {ly + 1o — Iy > —0?%} (11.13)

This is compatible with the one directly obtained from (6.11) for the toric fan (11.2), if we
take Ma1 = 641, Mas = 043, and, accordingly, x4 = da10" + da30°.

We can now compute F'x from (6.8). By inverting (11.12), it can be explicitly expressed
in terms of /; and o, or alternatively the coordinates introduced in (6.11):

si=l+lh—I3+0', so=1l3, s3=l+l—1l4+0?,
1 1 2 3 2 3 3 1 2 4 (11'14)

s4=l4, ss=l, s¢=Il2.
In particular, the symplectic potential Fy can then be rewritten in the form (6.34) with
$p, =3l +3ly + o' + 07, (11.15a)

2
sp=2h+2h+ 3 (o +0%) (11.15b)

and fx(l,0) = fx(l,0) with*!

! l 1 3(l1 +1 2! 2y _ 9 /7

f;((l,d):fSPIOgM_‘_i A(O_)log <1+ 2)_|_ (0- +0_) m
1 htltol | 1 L+1l+0?

—(1 l Nipg 21~ 4+ = (] ! e LT T

+5-(i+lato)log H(l.0) + -l + 1y + 0% log et (11.16)

4 As for the Y'2(P?) model, in f% we have omitted terms linear in I; and o — see footnote 37.
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where

H(l,0) = \/3(11 + 12)? + 4(0" + 0?)(l1 + I2) + 6olo?. (11.17)
Comparing (11.15b) and (6.32) we obtain

PAzg for A=1,...,6 (11.18)

or, equivalently,

bt=0? =2, B=t=0, p=p= (11.19)

2
3
One can also check that relation (9.6) is satisfied.

11.2 Extended description of the resolved geometry

The descriptions of the resolved Calabi-Yau spaces in the other Kéhler cones can be ob-
tained via a reshuflling of the projective coordinates and of the charges. For instance, the
resolution on the Kéhler cone II can be obtained by swapping (Z1, Z2) and (Zs5, Zg) and
considering as new sets of charges —Q' and Q%4 — Q'4, corresponding to new Kihler
moduli —¢! and 02 — o!'. (Notice that the radial variable (11.7) is invariant under such
redefinitions.) In this way we can get a unified description of the resolved geometry and
select a Kéhler potential kx which has the form (11.5) at any point (o!,02) € R%. The
function U(t; o) can be written in the form (11.8):

Ultio) = > lim /AdTes( (o)~ 2TA+ (0! + 0?)log A (11.20)
e Vi T e 3\7 ToJe '
where now

&1(7, 0, 0%) = &y(r,0',0?) for (o1, 0%) € ¢

&(r,0) = &q(r, ol 02)

&mi(r,0t,0%)

Go(r, —0', 02 — o) — o' for (¢!, 0%) € Cpy (11.21)

Bo(1,0' — 0%, —0?) —o? for (o!,0%) € Ciy

It is important to observe that &(7, o), solves the differential equation

&(T,0) [(’5(7', o)+ 01} [(’5(7', o)+ 02} 66(,(;’0) =273 (11.22)
T
for any (o!,0%) € R2. Indeed, (11.22) is equivalent to the Calabi-Yau condition for the
Kahler potential (11.5). The different descriptions of &(7,0) on the different Kédhler cones
can then be associated with different values of the integration constant that one gets by
integrating (11.22) and imposing appropriate regularity conditions. Indeed, (11.22) can be
integrated into

1 1 1 1
“6t 4 (o' 4+ 083 + Zoto? 8% = —7t + k(o) (11.23)
4 3 2 2
where hle, = h1, hle, = hir and hlc,; = him, with
1 1
hI =0 hHE —E<Jl>3(0'1 —2J2> hHI = —5(02)?’(02—201). (1124)

— 67 —



Note that hyr — hy is proportional to (01)2. Hence & and its first and second derivatives

I are continuous across the Kihler wall o' = 0 which separates C; and Cr;. Analogous

ino
observations hold for the behaviour of & across the other Kahler walls.
A more explicit form of Uy = Ulc,, and Umnp = Uley,, can be obtained from that of

Ur = Ulg,, see (11.10), and the relations

1
Un(t;ot,0%) = Ui(t; —ot,0? — ') — —otlogt,
2 (11.25)
Un(t;ol,0?) = Ur(t; 0! — 0%, —0?) — —0o2logt.
v

Let us now pass to the symplectic formulation of section 6.1 in terms of the vari-
ables (6.7). We have seen that in C; they are related to the complex coordinates as
in (11.12). On the other Kahler cones Cip and Cryp one has just to modify (11.12) by
substituting By = &y with &1 and &y, respectively. By inverting these relations, one can
then compute Fx from (6.8). By taking into account (11.25), one finds that F§ = Fx/|c,
can be obtained by making the following substitutions in F)I( = Fx|e:

ol 5 —o', c?502-0
i —=0hL+1—13+ ot (FI‘OII] (1 to CH) . (11.26)

l2—>l3, l3—>l2 l4—>l4

1

Analogously, we can obtain F{! = Fx|¢,,, from F% by making the substitutions

ol 5ot —0?, o= -0,

=L+l + o2 (From Cr to CIH) . (11.27)

l2—>l4, lg—)lg, l4—>l2.

Note that the polytope P, introduced in (11.13) is invariant under (11.26) and (11.27),
so that I;’s parametrize P, for any (o', 0?) € R?. Furthermore, one can easily check that the
changes (11.26) and (11.27) correspond to permutations of the variables s4’s introduced
in (11.14) and leave sp,, and sp invariant. Hence, as expected, F¥ and FY¥' can be
written in the form (6.34) with the same sp,, and sp (11.15) found for F%, but with
different homogeneous terms fi and fY! which can be obtained from (11.16) by making
the substitutions (11.26) and (11.27), respectively. f%, fi and fY! can be glued into a
single fx defined on the entire extended Kihler moduli space (o!,02) € R?. From the
above comments on the behaviour of & across the Kahler wall, we can conclude that fx
(and then Fy) can have at most discontinuities in (o!,02) of the ‘third order’ (that is,

regarding its third derivatives in (o', 02)) on the Kéhler walls.

11.3 Holographic EFT

We can now extract the information regarding the holographic EFT. We may straightfor-
wardly repeat, mutatis mutandis, most of the observations made for the Y'2(P?) model.
We will then be brief, leaving some details to the reader. As for the Y'2(IP?) model, let us
start with the formulation in terms of the vector multiplets and the corresponding 4N + 2
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linear multiplets LI = i/ + ... — 2e#P0+,0(F}),, and £* = 0% + ... — %e“l’pﬁfméFﬁp,
a =1,2. The EFT action can be written as in (10.25) with F(L,Y) obtained by using Fx

computed above in (6.21), that is (omitting a term linear in 3L{ + 3L1 + X! 4 ¥2)

FLD) =) l—;ﬂ > sa(L’,%)logsa(L], 2)1
A

I (11.28)

+ Z L;TSP(L[, S)log sp(L', %) + fx (L', Z)]
I

where s4(l,0) and sp(l,0) are defined in (11.14) and (11.15b), and fx is given by (11.16)
in the first Kéhler cone and by f}g and fUI. described in the previous subsection, in the
other two Kéhler cones.

One could now repeat almost verbatim the discussion of section 10.2. In particular,
one can explicitly see that F(L,Y) is almost-homogeneous in the sense of (6.40) under
rescalings of Lf and X% (which have scaling dimension 1) as required by the superconformal
invariance of the EFT. One can also go to the dual formulations involving chiral multiplets.

19F

In particular, from (11.28) one can compute the explicit form of Rez} = 7517 and Repg =

% 88;' These can be in principle inverted to extract the explicit form of the EFT Kéhler

potential, see (6.41),

K:i;(L{jLLé)%—gT

One can also verify the following scaling dimensions of the dual chiral fields

(2t +32). (11.29)

A<e—27rz}) — A(e—27rz?) _ 1’

A(e™™1) = A(e™?™1) =0, (11.30)
1

A1) = A(e™2) = N

As for the Y12(P?) model, there is no unitarity problem with (11.30), since the chiral fields
e~ 21 and e 2™ are not part of the EFT ring of scalar chiral operators, which will be
discussed in the following section.

11.4 EFT chiral operators and semiclassical states

According to the general discussion of section 7, the chiral operators of the Q! model can
be classified by the toric and Betti charges mf and n',n? and admit the following EFT
description

Om n(m) = 6727T<1’1’11,Z[(:E)> |Sym 6727rn1p1 (z)—2mn?pa(x) (1131)
in the holographic EFT. The charges must satisfy the constraints (7.9), which in the present
case become

ml,mi mi ml>o0, mi +mb —ml>-—nt, mi+ml—mi>-n?  (11.32)

From the general formula (7.10), or more directly from (11.30), we get the corresponding
scaling dimensions:

A(Omn) = Y (ml +md) + SN + ) (11.33)
I

- 69 —



From (11.32) it is clear that the unitarity bound A(Omn) > & is satisfied for any set
I

of charges m;,n® (since we are assuming large-N, and then N > 1). As discussed in sec-
tion 8.2, for large charges these chiral operators can be conformally mapped to semiclassical
states of the holographic EFT.

The mesonic operators, which have vanishing Betti charges (n' = n? = 0), can be

written as non-negative powers of the homogeneous coordinates

M = ([I(2Dytemim gy zhymiemiomizymizimizhm) s
I sym
and vanish if one of the M2-branes touches the exceptional P! x P! of the resolved geometry.

These exceptional loci can instead be probed by Betti operators. The basic Betti operators
have Betti charges (nt,n?) = (1,0), (n',n?) = (0,1) and (n',n?) = (=1,—1) and lowest

dimension. These are labeled by an integer m = 0,1..., N and take the form
N
Bt(nl) = efzﬂméz?\sym e~ 2mP1 m= Z mé, 0< mé <1
I=1
N
BY = efzﬂmiz?\sym e 2Pz m= Z mi,  0<mi<i1 (11.35)
I=1

N
3 _ I,1_ I
B]gn) —e 2mmy 27 —2mm;, 627rp1+27rp27 m= E :m{, m{ +m£ =1

2
i |Sym

These operators are dual to semiclassical monopoles of the holographic EFT which repre-
sent the states of a Euclidean M5-brane wrapping a member of the P'-families of divisors
{21422y =0}, {3 Z3+c*Zy = 0} and {¢®Z5 + 5 Zg = 0}, respectively. One can indeed
check that their scaling dimension A = %N coincides with the usual geometric formula
%, where I1 = 9D, IT = 9D3 and II = 9D° respectively (where the volumes are
computed by using the asymptotic Sasaki-Einstein geometry). This also follows from (9.6)
which, as already mentioned, indeed holds for the preset model.

The semiclassical monopoles associated with the operators (11.35) describe flows along
the Kéhler walls of the moduli space. In order to probe the interior of the Kéhler cones,
one must then monomials in pairs of (11.35). For instance, 312111)51(1122) on Cy, B,(fl B%) on Crp
and BYBE) on ¢y

We conclude this section by matching chiral operators between the holographic EFT
and the microscopic Chern-Simons quiver gauge theory. The operators (11.34) are the
holographic EFT realization of ‘mesonic’ chiral operators in the microscopic quiver gauge
theory. Indeed, using the correspondence (2.29) for each I, we can match (11.34) with the
Og.n=0; a3 of equation (2.35), if we identify quantum numbers as follows:

?]

;@ —n* lag—n ar a1l

my = + —i—oz{, méz———i———i—aé,
2 2 2 2 | ) (11.36)
qg —n q —n
mézﬁ%, mﬁz— 5 + 5 +a{.

More generally, the quiver counterparts of the operators (11.31) are given by the opera-
tors Ogn;a,3 Of equation (2.35), with the identification (11.36). In particular, the Betti
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operators (11.35) are the holographic EFT realizations of the baryonic operators (2.33)
of the microscopic quiver gauge theory.?> Note that this matching implies the following
microscopic interpretation of the holographic EFT chiral superfields p,:

e 2Pt ~ Tpy.q gdet By = e 2™ det By , e 2 = Ty (11.37)

In all these cases, the quantum numbers of operators computed in the holographic
EFT and in the microscopic quiver gauge theory agree.
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A Summary on three-dimensional superspace

In this appendix we collect our conventions and some useful computations on three-
dimensional N/ = 2 superspace that we have used throughout the paper. Recall that
the three-dimensional N’ = 2 superspace is described by three spacetime coordinates z*,
pw=0,1,2, and a set of four real Grassmann-odd variables, which we collect in the complex
spinor 6. As in [25], these quantities can be obtained readily by reducing those of [100]
for four-dimensional N/ = 1 superspace down to three spacetime dimensions as follows.
First, we ‘forget’ the third space-time coordinate z?; secondly, since in three spacetime
dimensions the irreducible spinorial representation of the Lorentz group is a real spinor
P, a = 1,2, we delete the ‘dots’ over the anti-chiral spinor indices. In particular, spinor
indices are raised and lowered by the two-dimensional Levi-Civita symbol ¢ as

Yo =cagtd’, 9=y (A1)
with e%' = —g9; = +1. The contractions of spinor indices are always understood to be
NW-SE; for instance:

VX = V" Xa VX = V" Xa etc. (A.2)

Furthermore, the hermitian conjugate is defined as 111:; = 14, that implies, for instance,

(wX)T = —x). The three-dimensional gamma matrices are defined from the Pauli matrices
as

(VM)CY/B = (i0_27 03, _Ul) (Ag)

42The usual caveat about potential mixing with products of lighter operators applies, see footnote 9.
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and obey the identity

()’ (7)s” = 165 + P (1p)a” (A.4)
with n*” = diag(—1,1,1) and the three-dimensional Levi-Civita symbol ¢**? normalized
so that €912 = 1.

The supercovariant derivatives are

0 ~ - 0
= — H = — = i i .
D, 504 i(v#0)a 0y , D, 55 +i(7"0)a 0y, (A.5)
which satisfy
{Da,Ds} = {Dy,Dg} =0, {Da,Ds} = —2i(v") 00, - (A.6)

As in four-dimensional N/ = 1 supersymmetry, three-dimensional N' = 2 supersym-
metric multiplets can be organized in a superfield expansion in the Grassmann variables
6%, 9. Supersymmetric actions are then obtained by appropriately integrating superfields,
or combinations thereof, over the Grassmann variables. Specifically, in three-dimensional
N = 2 superspace, integrals are performed by exploiting [d261 = 0 and

/d29 6 — — /d2§é2 _1, /d40 6202 = /d29/d2§92§2 — (A7)

We now list the supersymmetric multiplets, as well as their superfield expansions, that
are used throughout the work. A chiral superfield Z obeys the relation DoZ = 0. Its
expansion in bosonic components is

_ 1 -
7 =z —i0y"00,2 + 0 f — 1029252 + (fermions), (A.8)

with z, f complex scalar fields. An anti-chiral multiplet Z obeys the relation DoZ = 0
and its component expansion can be obtained from (A.8) by complex conjugation.

A vector multiplet is represented by a real superfield whose components are reduced
by enforcing gauge symmetry. A U(1) vector multiplet V', in the Wess-Zumino gauge, has
the following expansion in bosonic components

V = —2i0f0 — 204"0A,, — 6*6>D + (fermions) (A.9)

where o and D are real scalar fields and A, a real vector field. A U(1) gauge transformation
is realized by shifting V' — V —i(A — A), with A a chiral superfield. A chiral field of charge
q transforms as ® — €'9%® under a U(1) gauge transformation. The linearized coupling of
a current multiplet J = ... — 07#0j, + ... to a U(1) vector multiplet V' is

_ / d0VT > A, (A.10)

At the non-linear level, J can be obtained by computing 65 = — [ d32d*0 76V under a
general variation dV.

Given a real vector multiplet V', we can construct the associated real linear multiplet

i

N =1phV = ieaﬁpgbav _ _ieaﬁbapﬁv, (A.11)

W~ |
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which obeys D?Y = D?%. = 0. Focusing on bosonic components only, its superfield expan-
sion is 1 1

Y=0-— 56‘”’007”9_pr + 160D + 192§2|:|O' + (fermions) (A.12)
with Fm/ = 28[,uA1/]-

A general N = 2 action describing the interaction among neutral chiral multiplets Z°
and linear multiplets >% can be obtained from a superspace integral as follows

S — / B d*0F(2,2,5), (A.13)

where F(Z,Z,%) is a real function of the superfields Z, Z* and ¥ Substituting the
superfield expansions (A.8) and (A.12), (A.13) produces the following bosonic action

= %/]—}Lb do® A xdo® + F* A *Fb — /Fijdzi A xdz?
(A.14)
—3 (fmdz — Fad? ) AN F® + / (.7:2] foJ — 7.7-' bD“Db>

oOF
= 9099zt"
Charged matter can be easily introduced. For simplicity we specialize to the case where

where, for instance, Fu; =

there is a single U(1) gauge group, with gauge field A, contained in a vector multiplet as
in (A.9), and with the linear multiplet ¥ in (A.11) providing its super-field-strength. Then,
the N/ = 2 supersymmetric Lagrangian containing the gauge kinetic term, Chern-Simons
term and Fayet-Iliopoulos term is

Leauge = /d49 ( — ﬁzv — ;;rv) (A.15)

Matter chiral superfields @);, with lowest bosonic components ¢; and auxiliary fields f;,
with charge n; under the U(1) gauge field can then be coupled in a N' = 2 supersymmetric
fashion via the following Lagrangian:

N _
Ematter - Z/d49 Qieniv—’—mmieeQi (AIG)
i=1

The bosonic components of the Lagrangians (A.15) and (A.16) are

['B — (»Cgauge =+ Ematter)bosonic
: ! . k k ¢
= ——FM"F, 1 —D*+ —e"PA0,A,— —oD— D (Al
462 628 08#04‘ 57 471'6 ,ua - 50 2w ( 7)
+ Z { — 0" Gi0uqi + fifi + (10,G:A g + c.c.) + G {D —AFA, — (0 - ml)Q] qi} '

The auxiliary fields f;, D can be integrated out by using their equations of motion,

fi =0, (Z Nn;q;Q; — 7r 2€T> (A18)
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leading to the on-shell Lagrangian

1

[ =
4e2

2
1 k e2 N - k
FYEu — @6“00“0 + QEWPA;L&/A;; D) (Z nigiqi = 50 ¢ )
i=1

Cor

N
+y { — 0" Gi0uqi + fifi + (0,0 A g + c.c.) — G [A“A# + (o — mi)ﬂ q} (A.19)
i=1

B Kahler cone structure and the dilaton

Let us consider a three-dimensional N = 2 SCFT with moduli space M, parametrized by
some chiral coordinates X4 with scaling dimensions A4. By superconformal invariance,
M must be a Kéhler cone and admit a globally defined homogeneous Kéhler potential
K(X, X), with scaling dimension Ay = 1.

Let us pick any chiral combination S of dimension Ag = % and set X4 = §22aefalQ)]
with (¢ a set of (locally defined) chiral fields of vanishing scaling dimensions. We can then
set o

K = |S|2e?60) (B.1)

A different choice of S corresponds to a holomorphic redefinition S — Se29(0) which

in turn corresponds to a transformation

K(¢.Q) = K(¢: ) +9(¢) +9(0). (B.2)
The corresponding Kéhler metric on the moduli space is
ds%, = 2K [(dlogs +2K; d¢H(dlog S + 2K; dCY) + 2/€i5dgidg’7} . (B.3)

One can make manifest the conical structure by introducing the dilaton, namely the
‘radial’ coordinate 7 defined by

7_2 =92k = 2‘8’26216(4’5) . (B.4)

Notice that 7 has scaling dimension A, = % In order to write the metric in conical form,

we set

S= \}ieiXTe_’C(“) . (B.5)

The metric (B.3) can then be written as

dsh = dr? + 72ds3, (B.6)
where
ds? = (dx + Q) + 2K;;d¢ d? (B.7)
and
O=—i (/C aci — K, dg‘l) . (B.8)

The form (B.6) of the metric shows that the moduli space M is a cone based on a
Sasaki space ). The U(1)g R-symmetry acts by shifting the x coordinate. In the language
of Sasakian geometry, we identify the so-called contact one-form 1 = dy + Q so that we
can write the Kahler form on M as

I = 7dr A+ im2Ki;d¢t AdE . (B.9)
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C The resolved cone over Y 1?(P?)

In this section we provide more details of the geometry of the resolved cone over Y12(P?),
which was chosen as M-theory background in section 10. We compute explicitly the metric
of the resolved cone, also making contact between our notation and that of [98].

The resolved cone X over the Sasaki-Einstein manifold Y'?(P?) may be described as
the moduli space of a gauged linear sigma model. Its five complex coordinates Z, are
charged under a single U(1) as

\Zl Ty Zs Za Z5\F1

Q1 11210 (1)

where o denotes the FI parameter and we restrict to the phase ¢ > 0. The resolved cone
X is then described by the D-flatness condition

212+ | Zal? + | Z5]% = 2| Za]? = | Z5|* = oo (C.2)
further modded out by the gauge symmetry
Za — @Mz, (C.3)

We can most readily identify X with the bundle Op2(—2) @ Op2(—1). The P? base can be
covered by three local patches defined by Z; # 0, Zs # 0 and Z3 # 0 respectively. The
coordinates Z4 and Z5 describe the fibers. For example, in the patch where Z3 # 0, the
P2-base can be described by the complex coordinates

7 _ Z
M=o he= (C.4)
while
G =2475, (=257, (C.5)

can be used as fibral coordinates for Op2(—2) & Op2(—1).

The non-vanishing homology groups are Ho(X;Z) ~ Ho(X;Z) ~ Hy(X;Z) = Z and
are generated by a point, H C S and S respectively, where S ~ P? is the zero-section of
the vector bundle Op2(—2) ® Op2(—1), while H ~ P! is its hyperplane divisor. Indeed, for
the base Sasaki-Einstein Y ~ Y'12(P?) we have [49)

Ho(Y:Z) = Ho(Y;Z) = H7(Y;Z) = Z
Hy(Y;Z) = H3(Y; Z) = Zs, H5(Y;Z) =7 & Zs (C.6)
Hy(Y;Z) = Hg(Y;Z) = 0.
By Poincaré duality we can then obtain H*(Y;Z) ~ H7_(Y;7Z).
In order to compute the metric, we first need the Kéhler potential for the resolved cone

X over Y12(P?). Let us work in a local patch with complex coordinates 2* = (A1, A2, (1, (2).
The P? base is naturally endowed with the Fubini-Study Kéhler potential

1
kg2 = 5 log(1 + Aaf?+ Al (C.7)
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which we normalize such that
— 1
j]p2 = 138’6@2 = 77{@2 y / j]p? = ].7 (08)
6m H

where Rp2 is the associated Ricci form.

We may regard e?™¥s2 as a metric for the line bundle Op2(—1) and then we can introduce

the following globally defined radial coordinates over X ~ Op2(—2) @ Op2(—1):
ty =[G Pe' ™ty = [GofPe*ee (C.9)

The Kéahler potential for the CY metric over X can be written in the form
kx = Ul(t1,to;v) + okpa (X, ) (C.10)

where U (t1,t2;v) is a globally defined function which we will determine shortly and o is
the unique Kéhler modulus, which parametrizes the volume of H ~ P! at the tip of the
resolved cone. In fact

_2”/ JIx (C.11)
€P H

as follows immediately from (C.8), and

Iy = Eilaakx _ 5‘” (100U + 0jz) (C.12)

We will show momentarily that the Kédhler potential (C.10) leads to the same class of
metrics as that found in [98].
In order to better characterize U (t1,t9;v) we first introduce two new real coordinates®3

r=x(t1,te;0), y=uy(ti,t2;0) (C.13)

obtained by inverting the following relations

t1_03u+expl </ duu_u++/+duu+_u>],
y
_4 Yy _
to = o3 exp[ ( / du — + duu u_>]

The real coordinates = and y obey the consistency conditions (10.10), and u_ < wuy are
the two real zeros of the function &(u) defined in (10.9). The function §(u) is related to
®(u) in (10.9) as

(C.14)

38(u) 3 5 2v
F(u) = 12 ST u+ 2z (C.15)
By rewriting
3
Bu) = oy — ) — ) — ) (u — w5) (C.16)
the radial coordinates (C.14) can be more explicitly written in terms of the roots of &
as in (10.8). Other useful identities are %j}) = —2 and % = 1. Moreover,

“3Notice the redefinition 2 — 1 — & and y — 1 — y with respect to [98].
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note that 0 < u— < 1 < u4 and that F(u) is negative for u € (u_,u4) and positive for
u € (uy,00). The condition (10.11) fixes u4, v to be irrational numbers. Furthermore

1 2
Uy = 3 (1 —n+i(n— 1)ﬁ> ~ —0.306 —1i0.437 (C.17)

and its complex conjugate U, are the two complex zeros of F(u). Since §(u) depends on v
or equivalently on 1 according to (10.12), these zeros all depend on v or 7.

Finally, in terms of (C.14) and the Kéhler modulus o, the function U(¢1,t2;0) appear-
ing in (C.10) reads

Ul(ty,te;0) g

s mu)(u—uy) | Y (u— )= uy)
I e A
4

—( + —4>lo +]
glustu-—glogo+e

where c is an arbitrary constant and the logarithmic term in the second line is required to

T 2ru_us
Tt (C.18)

satisfy the asymptotic conditions (3.14).
From the implicit definition (C.14) of x and y, one can compute the differentials

dz = S(w) [us(y —u_)dlogt;s — 2u_(y — us)dlogts]
3() '
= —u_)dl —2u_(x — 1 .
dy s —u )y 1) [us(z —u_)dlogt; — 2u_(z — uy)dlogts]
It is also useful to introduce the globally defined (1,0)-forms
u_ —y Uy —y
m=-———-0logt; — —————0logty
3(u-—1) 3(uy — 1)
- u:_m , (C.20)
= —0logt; — ——=Jlogt
=3 ) T 3, — 1) B

with dlogt; = dlog(y; + 40kp2 and Ologty = dlog (i + 20kp2. Hence, from the Kéhler
potential (C.10), upon using (C.19) and (C.20), we can compute

Jx =

NI G0 B 1 €7) B
U_UpT 7Y Je2 mm A+ mﬁz N12] . (C.21)

Finally, by introducing the angular variables (7,1) defined by
2
Im log (4 E21/}+—T, Imlogcgzd)qti (C.22)
U U—

the Kéhler metric associated with (C.21) can be written as

9o O s  x—y [ da? _ dy?
dsx = U_uqm lmydspri— 4 (S(m) §(y)

(C.23)
+ f(_%(df +y(dy + A4)* + f—yzc(df +a(dy+4)°
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where

A = 7dkps (C.24)

with d° = —i(d — ), is such that dA = 2mjp2. Up to an overall rescaling, this metric is in
the form presented in [98].

The asymptotic conical region is obtained by taking the limit x — oco. By identifying
the asymptotic radial coordinate r through

4
T (C.25)
3uqpu_m

we asymptotically have ds?X ~ dr? 4+ rzds%, where

9
ds? = ds2 + 1g [ +y(dv + A)?
3

3 (C.26)
with ds% = ZydsIQP,g - 165(1)

ay’ — 2§(y) (a0 + 47

is the Sasaki-Einstein metric over Y = Y'1.2(P2).

C.1 Evaluation of integrals

The integrals in (C.14) and (C.18) can then be performed explicitly. We find that the
former are

us “z 2
5 <<w —u)(y — U—)> w2 ((fc — ux)(y — u*)> Gox =) (e =)
b (ug —u-)? (Ut — ux)?
2 . (2
e (<w — ) (uy — y))w ((w —u)(y — u>)<+><>
? (uy —u_)? (u— —uy)?
and that the integrals appearing in (C.18) are given by
/”’C P Ol US)((i; —uy) /y P Ol US)((l; —uy)
u— u U_ u
(C.28)

— g (1; +y—2u_ +1Im [uf log (@ (_qu*)_(g;;;‘*)} / Imu*) .
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Thus, from the Kéhler potential (C.10), we find the dual symplectic potential (6.8)

1 & 1
Fx(l;o) = ~5- Zli logl; — 553 log s3

i=1

1 1

+ —5p., l0g(2l + 12 +0) — ——splogo
2m 2m
1 2b+lk+o 1 2 +1lp+o

——hlog————— — —hlog——FF——
27T ll 27'( l2

4u2 ll 2U2 (029)
— ll log - + lg log

3mug|u— — u? o 3mu_|us — uyl?

— I log | (s —v) = | — I log | =) =i
3muy 3mu_

20 Im[u?logal]
3mu_uy  Imu,
where we have introduced
s3=2l1 +lo—1l3—ly+o
8Pen = 3l1 +2l2+ 0
8 4 4(3uy +3u_ —4 (C.30)
sp = I + lo + (us )g
Sug 3u_ Ju_uy

l l
a=2u_(ugy — u*)gl +ug(u_ — u*);2 + (ue — ug) (U — uy) .

C.2 PA, superconformal R-charges and volumes of 5-cycles

We have seen in section 6 that the constants P4 introduced in (6.32) can be interpreted
as twice the scaling dimensions (or superconformal R-charges) of the homogeneous chiral
fields Z4. The AdS/CFT correspondence relates the latter to the volumes of 5-cycles
14 = 9D4 in the Sasaki-Einstein manifold Y = 0X which are bases of the toric divisors
DA = {Z4 = 0} in the Calabi-Yau cone X. Consistency therefore requires that P4 in
our formalism are related to the volumes of 5-cycles IT4 as in (9.6). In this appendix
we verify this equality in the case of Y = Y12(PP?), matching the quantities computed
in section 10.2 in the holographic EFT with the volumes and Reeb vector computed by
volume minimization [57, 101] in appendix A.1 of [53].

The components of the Reeb vector and the ratios of the volumes of the 5-cycles 14
(A=1,...,5) to the volume of the Sasaki-Einstein Y = Y12(P?) are irrational numbers.
The expressions computed in section 10.2 and those computed in [53] have different func-
tional forms, and proving that they are equal seems hard at first sight. One can be excused
to settle for a numerical comparison, which is easily done. In this appendix we will however
prove these equalities, by exploiting the fact that volumes, components of the Reeb vector
and R-charges are algebraic numbers [57]. It turns out that the relevant quantities are
each the only real root of a certain cubic polynomials with integer coefficients, which can
be determined by standard algebraic methods (or by using Mathematica [102]).
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Let us first focus on the holographic EFT side. Starting with expression (10.14) for 7,

and using the expressions (10.13), (10.29),

(10.24) and (10.23), one finds that the following

quantities are the only real roots of the following cubic polynomials:

Quantity Polynomial P(z)
n 223 — 222 —3z—1
Uy 2723 — 5422 + 332 — 8
U_ 2723 — 1822 + 32 — 4
A(e2m=") 223 — 1122 4 242 — 16
A(e?™) 223 — 22 44z — 4
+A(e=2mP) 223 + 322 +162 — 8 (C.31)
b1 z3 —112% + 48z — 64
by 23— 224 82— 16
p 23+ 322 + 322 — 32
Pt =1p2=1pP3 | 2234322+ 16238
Pt 223 — 1722 4722 — 16
$P° 2% — 2224202 - 8
For the formulae of appendix A.1.1 of [53] for the Reeb vector and the superconformal
R-charges R4 = Wg’fgl(g:;) computed from volumes of 5-cycles, the same method gives**
Quantity Polynomial P(z)
T 23— 22 + 82— 16
4—uw 23 - 1122 + 48z — 64 (C.32)
R'=R?*=R%| 2234322+ 16238
R? 223 — 172% 4+ 722 — 16
R® 23— 222+ 202 — 8

Comparing (C.32) to (C.31), we see that the nontrivial components of the Reeb vector

are identified as 4 — x = b; and x = by, and that P4 = 2R4 in agreement with (9.6).

C.3 Counting holomorphic sections and chiral operators

In this section we compare the geometric count of holomorphic sections with the count of
monopole operators in the worldvolume theory on M2-branes. We will start with the case
of N = 1 M2-brane before the S operation, and then generalise the results in two ways:
acting with the S operation and taking N > 1. We are eventually interested in N > 1
M2-branes to make contact with the holographic EFT.

“4The homogeneous coordinates (Z1, Za, Z3, Za, Zs) of (10.1) were denoted as (bo, do, az, a1, co) in [53] and
were identified with the following operators in the flavored ABJM theory on the worldvolume of a single
M2-brane: (Bi, Ba, T, T, As).
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C.3.1 N =1 count before the S operation

Let us start from the geometric side and look at the generating function of holomorphic
sections of the line bundle Ox (nD), where X is the cone over Y12(P?), as in [93, 103]. D
is the toric divisor associated to a GLSM field of charge 1, up to linear equivalence. In
other words, we count the effective chiral operators of section 7 with fixed charge n in the
formal limit N = 1.

From the point of view of the GLSM (C.1), we count operators of electric charge n
using the Molien integral

dw
gin(T) = f w "PE[(Ty 4+ Ty + T3)w + Tyw ™2 + Tyw ™

2w
5 (C.33)
— T A
= Z 57"1 +ro+r3—2r4—r5,n H TA
715 E€L>0 A=1

where PE denotes the plethystic exponential®® and T are fugacities associated to the
homogeneous coordinates Z4. We assume |T4| < 1 so that we can Taylor expand the PE.
The Molien integral projects to gauge invariant states, but we have inserted a background
electric charge —n under the gauge U(1) which therefore needs to be compensated by a
total charge of n carried by GLSM fields. The Kronecker delta in the second line of (C.33)
is trivialised by setting 74 = sa(m,n) := (m,va) + Mun as in (7.9), where the lattice
4-vector m takes value in the quantized Delzant polytope PZL = PpN Mz, see (6.11) for the
continuous version. Here v4 are the coordinates of the generators of the toric fan (10.2)
and we take My = d43. Then

5 4
H TIZA — (T32T4)m1 (T3T5)m2 (Tng—l)mg (TQT?)_I)n“ (T3)" = " H t;ni (C.34)
A=1 i=1

where

t; = [T (C.35)
A
are fugacities for the toric U(1)* symmetries and

w=[]Ti" (C.36)
A

is a fugacity for the Betti U(1) symmetry, so we can write the generating function counting
operators of charge n as
4
gin(t,w) =w" Z H . (C.37)
mepz i=1
It is possible to calculate (C.37) in closed form for n > 0 and n < 0, but the result
is not particularly illuminating so we omit the details here. Instead, following appendix F

of [22], we will show that the geometric formula using the Molien integral (C.33) reproduces
the formula for the Hilbert series that counts monopole operators in the U(1)3/5 x U(1)_3/2

—n;

451f 24 are variables and n; integers, the plethystic exponential is given by PE[Y " nizi] = [[,(1 — )
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flavoured Chern-Simons quiver gauge theory of section 2.1, with a fixed background mag-
netic charge n for the ‘baryonic’ gauge U(1). To see that, it is convenient to introduce the
U(1)p symmetry in the GLSM (2.14), with a fugacity  that we integrate over and an
electric charge m that we sum over. We can rewrite (C.33) as

_ dy _ —2 1 —1
"y ——~ "PE[(T T T: T, T: .
gin(T E j{%lw j{%mv (T1 + To)w + Tswy + Tyw™“y " + Tsw™ ]

(C.38)
This is ineffectual, since performing the sum over m leads to a Dirac delta function that
sets 7 = 1 and returns the original Molien integral (C.33). Instead, changing integration
variable v = uw ™! and performing the integral over u yields

(n—m) “MPE[(Ty+T. Tyu-+T, T
g1a(T Z%%rzw %2mu (T4 T)wrt Tsut Tyw ™ u” RELC ]

Im|+m |m|—m
-2 f S PE] (T + Ty (T Tk T 13 2 (L) ™5 (C.39)
Iml [ d
—Z( > Ty) 2 j{Q w wf(ningr%|m|)PE[(T1+T2)1U+(T3T4+T5)w71],
mez T
see equation (F.9) of [22] for details of the manipulations. Finally, letting
Th=ty, To=t/y, T3= 2, Ty = t1/2x/z, T5 =t/x (C.40)
leads to the final expression
lm|  |m|—m d 1 t 1
galtz,y,2) = Y 0 f Sy gmatimhpy [tw (y 4 ) 4 b (x + )] .
Tiw Y w x

(C.41)
Equation (C.41) precisely takes the form of the Hilbert series that counts dressed
monopole operators in the abelian U(1)3/5 x U(1)_3/, Chern-Simons quiver of section 2.1
(before the S operation), computed as in [22]. In the UV quiver theory n is interpreted
as a background magnetic charge for the baryonic gauge U(1); in other words, we turn
on background magnetic charges ny = —ng = n for the topological symmetries of the
two U(1) gauge groups. The integral over the fugacity for the decoupled diagonal gauge
U(1) sets the dynamical gauge magnetic charges of the two U(1) gauge groups to be equal:
mi = mg = m, where m is the magnetic charge for the diagonal gauge U(1), which we sum
over, weighted by the topological fugacity z = 2129 for the diagonal gauge U(1). w™! is the
fugacity for the ‘baryonic’ gauge U(1), which is integrated over. t? is the fugacity for the
R-symmetry, which assigns R-charge 1/2 to all bifundamentals. y is the fugacity for an
SU(2) global symmetry that rotates by and by, whereas x is the fugacity for a U(1) global
symmetry that acts on aj, az and the fundamental flavours. (There is also a mixed bare
Chern-Simons term at level 1/2 between the latter U(1) symmetry and the diagonal gauge
U(1).) Taking into account the quantum corrections to the charges of monopole operators
as explained in [22], one precisely finds formula (C.41) for the Hilbert series.
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The fugacity map (C.40) identifies the homogeneous coordinates of the GLSM with
gauge variant operators in the abelian quiver Chern-Simons theory as follows:

Z1<—>bl, Zz(—)bg, Zg(—)t, Z4<—>f, Z5<—>a2, (0.42)
(recall that a; = tf) [15]. The toric coordinates 2™ are instead identified with

- b
e72m oy 42 = tay , em2m tas , e~2m ?1, e =, (C.43)

which are gauge invariant but not globally defined chiral operators. The holomorphic
operators of ‘Betti charge’ n counted by formula (C.37) can then be written as

b bgn4t2m1+m2—m3—m4+nfm1a72n2 (C.44)

in terms of the independent holomorphic variables by, ba, t, £, as of the abelian quiver Chern-
Simons theory. The operators (C.44) are genuine globally defined chiral operators if and
only if they are holomorphic in by, by, t,f, as, that is if and only if the powers in (C.44) are
all non-negative. This is precisely the condition that m € PZ.

C.3.2 N =1 count after the S operation

We now apply the S operation to the topological symmetry associated to the ‘baryonic’
U(1) gauge symmetry. On the geometry side, using (C.33) the generating function becomes

5
gl(Ta b) = Z bngl,n(T) = Z b" Z 5r1+r2+r3—2r4—r5,n H TIZA
nez nez 7‘1,...,7’5€Z20 A=1
5
_ Z pritretrs—=2ra—rs H TQA (C.45)
71, T5€2L>0 A=1

=PEB(T1 + Ty + T3) + b Ty + b 'Ty] ,

which is the Hilbert series of the extended geometric moduli space ML, =

CAHH(Y12(P%) — 5. This corresponds to adding to the GLSM (C.1) a homogeneous
coordinate X € C* of charge —1 which can be used to soak up the charge of the other
homogeneous coordinates, as explained after equation (7.13). The basic gauge invariants
of this extended GLSM are then

X7y, XZo, XZs, X %Z,, X 'Zs, (C.46)

in one-to-one correspondence with the 5 homogeneous coordinates of the original GLSM.
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On the quiver Chern-Simons theory side, we follow the prescription of appendix B
of [22] to apply the S operation and use formula (C.41) to obtain

gl(tax7yaz7b) = Z bngl,’IZ(t?mvsz)

neZ
T i 8 tesingl (1) £ (1)
2miw Y w T
n,mez
= Z 2 T (- 3m 3 ImD pR {tb <y+ ) + - (a:—i— )]
Y b T
meZ
=PE[zt2b+2 "t2ab 2 —tb o+ th(y+y ) +tb (z+a )]
—PE[thy+tby '+ 2t2b+ 2 t2ab 2+t Y. (C.47)

A contribution of magnetic charge (n,m) in the second line corresponds to a dressing of
the bare monopole operator 7,T;,, where T}, is a monopole operator of charge m under
the diagonal gauge U(1) in U(1)3/5 x U(1)_3/9 (so that Ty =T and T_1 = T) and 7, is a
monopole operator of magnetic charge n under the newly gauged topological symmetry for
the baryonic gauge U(1). Note that 7, carries charge n under the ‘baryonic’ gauge U(1).
Since no matter fields are charged under the newly gauged U(1), the classical relations
Ti'T; = Ti+; hold, with 7Ty the identity operator. Hence 7, = T", and we can identify
T = T with the extra homogeneous coordinate X in the extended GLSM. For the same
reason, a monopole operator of magnetic charges (n, m) factorises into the product of two
monopole operators for the quiver gauge group and for the extra U(1) gauge factor. To go
from the second to the third line of (C.47) we have swapped the integral over w with the
sum over n, which produces a delta function 2miwd(w — b). Finally, we have summed over
m to get from the third to the fourth line.

In the order in which they are written in the last line of (C.47), the generators of the
extended moduli space in the last line of (C.47) are the gauge invariant operators

Tbl 5 Tbg 5 Tt, T_2t~, T_lag y (0.48)
which precisely correspond to the invariants (C.46).

C.3.3 Count for N >1

The generalisation to multiple membranes is straightforward and does not introduce any
conceptual novelty.

On the geometric (or GLSM) side, we have N sets of homogeneous coordinates Z%
labelled by I = 1,..., N. The gauge group of the GLSM is the semidirect product of U(1)",
with N copies of the same U(1) each acting on Z% with a different I, and the symmetric
group Sy which permutes the I indices (since the membranes are indistinguishable). The
gauge invariant operators of Betti charge 0 take precisely the form (10.33), and the Hilbert
series which counts these operators is given by the symmetric product formula

N
gn0(T) = SymNgyo(T) = — (@) PE[vg1 0(T)] (C.49)

~ Nl \ov

v=0
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Acting with the S operation leads to a sum over Betti charges n, and the operators
take the form

Oumin = X" (H ((Z])ms(zg)mi (zg)mitmammsmmiin (zymi (7] >m5]> (C.50)
I Sym

or equivalently (10.30). The generating function which counts these operators at fixed n is

given by the symmetric product formula [103]

Loy
_ N _
gn,Nn(T) = Sym” g1.,(T) = N ((91/) PE[vgi»(T)] ;. (C.51)
and summing over n we obtain
N(T,0) = > b gy nn(T) - (C.52)

ne’

On the quiver gauge theory side, we have a U(N);3 /2 X U(N)_3/5 quiver Chern-Simons
theory. We need to count dressed monopole operators of charge Nn under the off-diagonal
combination of the U(1) x U(1) center of the U(N) x U(N) gauge group. These are bare
monopole operators of magnetic charges (my,...,my;mq,...,my), dressed by bifunda-
mental chiral operators of the residual gauge theory which describes the massless degree of
freedom in the monopole background, and symmetrized over the Weyl group. For instance,
starting with N = 5 and turning on a magnetic charge (2,2,2,1,1;2,2,2,1,1), the residual
theory factorizes into a U(3) x U(3) quiver and a U(2) x U(2) quiver. We refer to [22]
for the details of the construction. Taking into account the bare Chern-Simons levels and
one-loop corrections in the monopole background, the above monopole has electric charge
(—4,—4,—-4,-2,-2;4,4,4,2,2) under the Cartan of the gauge group. To get a gauge in-
variant operator of the (U(3) x U(3)) x (U(2) x U(2)) residual gauge theory, the above
bare monopole operator must be dressed by a dibaryonic operator of the SU x SU quiver
of opposite electric charge. The minimal option is to dress the bare monopole with the
dibaryon (detsz A®))*(dety A?)2, where we used the notation introduced in section 2 and
omitted global SU(2) indices to avoid clutter. Averaging over the broken Weyl group, one
obtains a gauge invariant operator in the full theory.

For our purposes, the discussion can be drastically simplified if we assume the validity
of a conjecture of [103], which has been tested in many examples using Hilbert series and
is expected from string theory considerations: this states that the generating function of
mesonic (respectively dibaryonic) operators in the N > 1 theory can be obtained from a
symmetric product of the generating functions of mesonic (resp. dibaryonic) operators in
the N = 1 theory. The matching between the field-theoretic and the geometric count for
N > 1 then follows from the matching at N = 1 reviewed in the previous subsections of
the appendix, along with this conjecture.

A few examples of gauge invariant operators in the U(/V) x U(IV) gauge theory (before
the S operation) and in the U(N) x U(N) x U(1) gauge theory (after the S operation) are
discussed in section 2 and at the end of section 10.
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D The resolved cone over Q1!

In section 11 we computed the holographic EFT of the moduli when the internal manifold

is the resolved cone over Q'!!. Here, following [21], we recall some basic features of this

geometry and provide explicit expressions for the Kéhler form and the resolved metric.
The homogeneous space Q! is defined by the quotient

SU(2)1 X SU(2)2 X SU(2)3 X U(l)’R

@= U(1); x U(1)2 x U(1)3

(D.1)

In a local patch, the metric with isometry group SU(2); x SU(2)2 x SU(2)3 x U(1)r is

2
1 3 1<
dsgin = G <d1/1 + ; cos Gidqﬁi) +3 ; (d92-2 + sin? eidqs;%) (D.2)
where 1 has period 47 and 0; € [0, 7], ¢; € [0,27]. Such a metric is regular and manifestly
portrays Q! as a U(1) bundle over the P! x P! x P! base, with connection Y, cos 6;d;.
We can then construct a cone C(Q!!) over the Q! base, whose metric is

dsg(Qm) = d’l“2 + 7”2d822111 . (D3)

The singularity at the tip of the cone can be resolved by substituting the apex of the cone
with two Ps. The resulting resolved geometry X is the bundle O(—1,-1)p® O(—1,-1)p
over the base B ~ P! x P.. This structure can be more easily described by interpreting
the resolved geometry as the moduli space of a gauged linear sigma model with six chiral
fields Za, A =1,...,6 charged under the gauge group U(1)2. The charges of the fields are
chosen as
7, 2, 23 24 75 Z|F

1 10 0 —1-1lo! (D.4)
001 1-1-1

QlA
QQA

where 0! and o2 are FI parameters. The coordinates over the resolved cone X then satisfy

0.2

the D-flatness conditions
Z1 12 +|Zo* — | Z5 > — | Zs|? = too

(D.5)
| Z5|% + | Z4|? — | Z5]* — | Zs|* = oo™

Let us assume that the parameters o! and o2 belong to the Kihler cone I in (11.3), that
is o' > 0 and 0% > 0. Hence, {Z1,Z2} and {Z3,Z,} are the homogeneous coordinates
of the two P! in the base. Choosing charts where Z; # 0 and Z3 # 0, the base can be
parametrised by the gauge invariant coordinates

Zy Zy
M= a=2t D.6
YTz Tz (D-6)
and the fiber O(—1,—-1)p ® O(—1,—-1)p by
(1= 217375, (o= 21237¢. (D.7)
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Moreover, we can introduce the globally defined radial coordinate

= (G + 1)@+ M)+ A2 (D.8)

Compatibility with the SU(2)? x U(1) isometry of the Q! base requires the Kéhler po-
tential to be of the form

kx(z,z;0) =U(t;o0) + Jlk(l) + 0'21143(2) . (D.9)

The first contribution U(¢; o), besides carrying a dependence on the P'-volume moduli 0%,
depends solely on the radial coordinate ¢. The last two contributions, k(1) and k), which
are the canonical Kéhler potentials on P%l) and IP’%Q) defined in (11.6), are related to the
resolution of the singularity.

From (D.9) we immediately obtain the Kéhler form

e 5.
J = % (188U(t o) +o Jo t+o ](2)> (D.10)
with )
. 1 N
By introducing the holomorphic forms
dp? G0G — (19¢2
=—, (=2 > D.12
= |Gu? + |G2f? (b12)
with p = v/t, we can explicitly write the Kihler form (D.10) as
iy ol +tU'(t;0 + [0 +tU'(t;0
EP [ (t0)liq) + 1 (t;0)li2) (D.13)

+i[tU" (t;0) + U'(t;0)n Ay + iU (t;0)€ AE.

From (11.8) one can show that &g(v/t;0) = 27t U(t; o), allowing us to rewrite (D.13) as

o Go(Vt; o) | . Go(Vt; o) | .
2, [ @) o]
le 27 27 (D.14)
i 06o(Vt;0) _ Qio(\f o)
T L LA e 213

To make contact with the real basis used in [21], let us perform the change of coordinates

1
T2 = ;60(\/57 0) )

i 0 0 0

(1 = Vier(WFortoaten) g L cos = cos = ;
2 2 2

; 0 0 0

(o = V/tes(—d1+e2+d3) iy 51 cos 52 o8 53 ’ (D.15)
—i 92
A\ = e 2 tan 5
; 0

Ao = e 793 tan 53 ,
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where 9 € [0,47], 6; € [0, 7], ¢; € [0,27], so that the Kahler form becomes

27 T 3 r?
TJ = §dr VAN <d¢ + Z CoSs ezdﬁbz) - Zdel A sin 61d ¢
P = (D.16)
9251 1 12 202 + 12
- UT—HdGQ A sin fod o — JTMng A sin 03des .
and the associated metric is
2
dr? 2 > r?
ds2 _ Ly 0:dg; | + — (d67 + sin®61dg
5C(QM1) res k(1) +5(r) 16 ( er;COS ¢> T3 ( s (bl) (D.17)
2 + 12 20+ 1
i (2a+17) (dgg + sin? 92d¢§) + @b+r) (d9§ + sin? 93d¢§) ;
S 8
with o', 0% > 0 and
(2A_ +rH) (24, +1?)
= D.18
") = et %) (20 § %) (D-15)
where 1
Ay = 3 (201 +20°% + \/4(01)2 — 10002 + 4(02)2) . (D.19)

Note that A4 are complex when %2 < o' < 20?2, but  is real. The metric (D.17) coincides
with the one presented in [21] and, in the limit o, 02 — 0, the metric (D.2) is recovered.

D.1 Counting holomorphic sections and chiral operators

We will be brief in this appendix, since it follows the same logic as appendix C.3, but now
applied to Q. We restrict our attention to N = 1, since the generalization to N > 1
goes as in appendix C.3.

D.1.1 N =1 count before the S operation

We start from the geometric side and calculate the generating function that counts
holomorphic sections of the line bundle Ox(n®Ma,D4) = Ox(n'D; + n%Ds3), where
X is the cone over Qlll, and D4 is the toric divisor associated to the field Z4 in the
GLSM (D.4), up to linear equivalence (we have taken Maq = 04,1, Ma2 = 64,3). In other
words, we count the effective chiral operators of section 7 with fixed charges n = (n!,n?)
in the formal limit N = 1.

Using the GLSM (D.4), the generating function is given by the Molien integral

2
dw i 1
an(@) =[] 7{ © W PE[(Ty + To)wi + (Ts + Ta)ws + (Ts + To)wi twy !
a=1

2miwg,
6 (D.20)
- Z 67“1+T2—T5—7”67n167”3+T4—T5—7”67n2 H TAA ’
71,6 €EZL>0 A=1
The Kronecker delta function constraints are solved by setting rg4 = sa(m,n) :=

(m,va4) + Myan® as in (7.9), where m takes value in the quantized Delzant polytope
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PL .= P, N Mz, see (6.11) for the continuous version, and v4 are the coordinates of the
generators of the toric fan (11.2). Then

6 2 4
[1 7 = T 19" (VT Ts)™ (T T3 1) ™2 (Ty M To) ™ (T3 1 Ty)™ = H W Htmz (D.21)

)

where ,
ti= [ T5" wa = [[ T (D.22)
A A
are fugacities for the toric U(1)* symmetries and the Betti U(1)? symmetries respectively.
The generating function counting operators of charge n is then

g1n(t,w) H Yy Htmz (D.23)
a=1

meP% i=1

It is possible to calculate (C.37) in closed form for n in each of the three chambers (11.3)
(with 0% replaced by n®), see appendix F of [22] for details. Here, following the same
appendix, we will content ourselves with showing that the geometric formula using the
Molien integral (D.20) reproduces the formula for the Hilbert series that counts monopole
operators in the U(1)y x U(1)g flavoured Chern-Simons quiver gauge theory of section 2.2,
with a fixed background magnetic charge n' for the ‘baryonic’ gauge U(1) and a background
magnetic charge n? for the flavour U(1) . We omit the details of the manipulations, which
are analogous to those of appendix C.3, and simply state the result:

Tsw\ 2 [ T
—nt [ £3W 5
91n(T Z ]{2mw ( T ) <T4w>

X PE[(T1 + To)w + (T3Te + TyTs)w™ ']

|m| L2|
2

(Tiu%) (Tfs) (D.24)

Finally, letting

t tl/QZ 751/2

Ti=ty, Th=-, Ty= . Tu=t"2, Ty3=t"%, Tsg=-—— (D.25)
Yy x z
leads to the final expression
g]_ n(tv ;I," y’ Z) = Z th%(|m|+|m—n2|)x%(—n2—\m\+\m—n2|) (D26)
MmEZ
d n2 | |m| | |m—n?|
X e R JPE[tw(y +y ") + tw  (z +a271)],

2miw

which is precisely the Hilbert series that counts dressed monopole operators in the abelian
U(1)g x U(1)p flavoured Chern-Simons quiver of section 2.2, with suitable mixed Chern-
Simons levels, computed as in [22].

The fugacity map (D.25) identifies the homogeneous coordinates of the GLSM with
gauge variant operators in the abelian quiver Chern-Simons theory as follows:

143 b1, Zos by, Z3r, ZyT, Zsrs, Zgr s, (D.27)
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where 7, 7, s, § are effective monopole operators which satisfy

w
Il

rs=ay, T 9

(D.28)

W
I
4+~ Q

rs=t, T

The effective monopole operators 7, s (respectively §,r) are needed to describe the pinching

2

of the circle parametrized by the dual photon at s = 0 (resp. s = 0), where the flavours

p1,q1 (resp. p2,qa) become massless.

—272" are instead identified with

oyl o2 B 5.3 by o4 T
e Sbhirs=th, e 2 o biri=agb, e T o =, e T (D.29)

b17 T

The toric coordinates e

which are gauge invariant but not globally defined chiral operators. Indeed the last two
operators are only defined locally in a patch of the two blown-up P'’s. The holomorphic
operators of Betti charge n = (n',n?) counted by formula (D.23) can then be written as

_ 1 _ 2 -
bgnﬁ'm2 ma+n b§n3rm1+m2 M3 TNT Ema gmy gma. (D.30)

D.1.2 N =1 count after the S operation

Now we apply the S operation to the two U(1) symmetries that we turned on a background
magnetic charge for in the previous subsection.
On the geometry side, using (D.20) the generating function becomes

a(T,0)= Y b by gia(T)
nln2€eZ (DSl)

=PE[by(Ty + To) + ba(Ts + Ty) + by "oy (T + Tp)]

which is the Hilbert series of the extended geometric moduli space MFL, = CA+h@M) =
C®. This corresponds to adding to the GLSM (2.26) two homogeneous coordinate X, € C*
(a = 1,2) of charge —d,p under the b-th U(1) gauge factor, which can be used to soak up
the charge of the other homogeneous coordinates, as explained after equation (7.13). The
basic gauge invariants of this extended GLSM are then

X121, X1Zy, XoZ3, XoZy, X{'X5'Zs, X{'X5'Zs, (D.32)

in one-to-one correspondence with the 6 homogeneous coordinates of the original GLSM.

On the quiver Chern-Simons theory side, we gauge the topological U(1) of the gauged
baryonic U(1), as well as the U(1)r flavour symmetry. Following appendix B of [22] and
using formula (D.26) we find

gl(t>$7yaz7b) = Z b?lbgﬂgl,n(tamay? Z) (D33)

nl n2eZ

= PE[bity + byty ™' + bot2za " + botz + by by 2a + by by 22

which precisely reproduces (D.31), with the generators written in the same order. Next,
we identify these generators as dressed gauge invariant monopole operators. Let t,,.,1 ;2
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be the monopole operator of magnetic charges (m,m) under the U(1) x U(1) gauge group
of the original quiver, and (n!,n?) under the newly gauged U(1)? introduced in the double
S operation. Since no matter fields are charged under the gauged topological symmetry of

the gauged baryonic U(1), monopole operators for this U(1) gauge symmetry, which have

magnetic charge n! # 0, can be factored out: for all m,n', n?

1
tm;nl,nQ = tO;nl,Otm;O,nQ = (7~1)n tm;O,n2 (D34)

where 71 = 9,10 is invertible. The generators in the second line of (D.33), in the order in
which they are written, are then the gauge invariant operators

Tibi, Tibe, tion, toor, (T1) ‘too—1, (T1) “t—10-1- (D.35)
Comparing this with (D.32), we find the further identifications X; <> 71 and
XoZs <> ti01, XoZatoor, Xo'Zs<rtoo—1, Xo'Zsrt_10-1. (D.36)
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