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Abstract. As a means to better understanding manifolds with positive curvature,
there has been much recent interest in the study of non-negatively curved manifolds
which contain either a point or an open dense set of points at which all 2-planes have
positive curvature. We study infinite families of biquotients defined by Eschenburg and
Bazaikin from this viewpoint, together with torus quotients of $% x §3.

Mathematics Subject Classification (2010): 53C20, 53C30, 57R18

There exist many examples of (compact) manifolds with non-negative
curvature. All homogeneous spaces G/H and all biquotients G /U inherit
non-negative curvature from the bi-invariant metric on GG. Additionally, it
is shown in [I6] that all cohomogeneity-one manifolds, namely manifolds
admitting an isometric group action with one-dimensional orbit space,
admit metrics with non-negative curvature when the singular orbits are
of codimension < 2.

On the other hand, the known examples with positive curvature are
very sparse (see [29] for a survey). Other than the rank-one symmetric
spaces there are isolated examples in dimensions 6,7,12,13 and 24 due
to Wallach [26] and Berger [3], and two infinite families, one in dimen-
sion 7 (Eschenburg spaces; see [I], [7], [8]) and the other in dimension
13 (Bazaikin spaces; see [2]). In recent developments, two distinct met-
rics with positive curvature on a particular cohomogeneity-one manifold
have been proposed ([I5], [4]), while in [2I] the authors propose that the
Gromoll-Meyer exotic 7-sphere admits positive curvature. This would be
the first exotic sphere known to exhibit this property.

Unfortunately, for a simply connected manifold which admits a metric
of non-negative curvature there are no known obstructions to admitting
positive curvature.

In this paper we are interested in the study of manifolds which lie
“between” those with non-negative and those with positive sectional cur-
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vature. It is hoped that the study of such manifolds will yield a better
understanding of the differences between these two classes.

Recall that a Riemannian manifold (M, ( , )) is said to have quasi-
positive curvature (resp. almost positive curvature) if (M, (, )) has non-
negative sectional curvature and there is a point (resp. an open dense set
of points) at which all 2-planes have positive sectional curvature.

Theorem A.

1 schenburg spaces = admit a metric with quasi-

i) All Eschenb E;q SU(3 Szl>,q dmit tric with '
positive curvature.

(i) The Eschenburg space E;q, p=(1,1,0), ¢ = (0,0,2), admits almost
positive curvature.

(11i) All Bazaikin spaces B2 . =9SU(5)/(Sp(2) - S}
qi,---,q4 admit quasi-positive curvature.

(iv) The Bazaikin space Bigl,l,l,fl admits almost positive curvature.

1) Such that 0 <

The Eschenburg spaces are defined by Ef - = SU(3)/S} , where p =
(p17p27p3)> q= (q1>qQ7Q3) S Zga sz = ZQM and S;,q acts on SU(S) via

zx A = diag (21, 22, 2P3) - A - diag (29", 2%2,2%), z € S', A € SU(3).

The Bazaikin spaces are defined by BJ? = SU(5)/(Sp(2) - S3, . ..);

where q,---,95 € Za q = Z 4i, and Sp(2) 'Sz}l,...,q5 = (Sp(2) X S(}l,...,q5)/ZQ
acts on SU(5) via

[A, z] x B = diag (2%,...,2%) - B - diag (A, %),

z€ S' A€ Sp(2) cSUM4), BeSU(5).

Several large classes of examples of manifolds with almost positive
curvature appear in the work of Wilking [28]. The only other previously
known examples of manifolds with almost positive or quasi-positive cur-
vature are given in [20], [27], [28], [23], and [10].

One of the original motivations for studying manifolds with quasi-
positive curvature was the Deformation Conjecture, which stated that
a complete Riemannian manifold with quasi-positive curvature admits a
metric with positive curvature. The examples in [28] show that this con-
jecture is false since, for example, RP3 x RP? cannot admit positive cur-
vature by Synge’s Theorem. However, all of Wilking’s counter-examples
have non-trivial fundamental group. Therefore it is still possible that the
Deformation Conjecture holds for simply connected manifolds with quasi-
positive curvature. In particular, if this conjecture were true it would fol-
low from Wilking’s examples that S x S? admits a metric with positive
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curvature. This would be a counter-example to the celebrated Hopf Con-
jecture, which asserts that a product of spheres cannot admit positive
curvature.

In [20] the authors suggest that consideration should be given to an-
other modification of the Deformation Conjecture, namely that a Rieman-
nian manifold with quasi-positive curvature admits a metric with almost
positive curvature.

A good illustration of the various deformations at work is the Gromoll-
Meyer exotic 7-sphere X7 = Sp(2)/ Sp(1). In [13] X7 was shown to inherit
quasi-positive curvature from the bi-invariant metric on Sp(2). It has
since been shown that this metric on X7 may be deformed to have almost
positive curvature (see [27], [10]). Finally, it is claimed in [2I] that one
may further deform X7 to admit positive curvature.

Given the dearth of examples of manifolds with positive curvature
and the relative abundance of examples with non-negative curvature, it is
natural to investigate the topology of known examples. In particular, the
Bazaikin spaces may be distinguished by the order s of the cohomology
groups H% = H® = Z ([2]). From this one can write down infinitely many
positively curved Bazaikin spaces which are distinct even up to homotopy
equivalence.

On the other hand, in [12] it is shown that there are only finitely many
positively curved Bazaikin spaces for a given cohomology ring. This state-
ment should be viewed in the context of the Klingenberg-Sakai conjecture.
It states that there are only finitely many positively curved manifolds in
a given homotopy type, and the result [12] raises the question of whether
the conjecture is true even for cohomology. In this context we establish
the following result.

Theorem B. There exist infinitely many pairwise non-homeomorphic
Bazaikin spaces which admit quasi-positive curvature and share the same
cohomology ring.

From Theorem [B] it is immediate that the Deformation Conjecture
for simply connected manifolds and the cohomology Klingenberg-Sakai
Conjecture cannot both be true.

If we now relax the constraint that U acts freely on G by allowing U
to act almost freely (i.e. all isotropy groups are finite), we can find the
following orbifold examples:

Theorem C.
(i) All of the Eschenburg orbifolds SU(B)//S;’q with p = (p1,p2,p3),q =
(q1,92,q3) € Z? satisfying

G <q=p <p2<p3<gs (1)
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admit almost positive curvature.
(ii) There are infinitely many orbifolds of the form (S x S3) JT? admitting
almost positive curvature.

We remark that there are no free Szl,,q—actions on SU(3) satisfying con-
dition ({f}). Moreover, for the T?-actions on S® x S% we consider, the proof
that (5% x 93)/T? admits almost positive curvature breaks down precisely
when the action is allowed to be free, namely for the quotient manifold
52 x §2.

Among the orbifolds (S% x $3)/T? there are examples with only one
singular point, having isotropy group Zs, and examples with only two sin-
gular points, each with Zs isotropy. Some of these examples are described
in Table [2| In [II] the authors get precisely the same minimal isotropy
groups for positively curved six-dimensional orbifolds arising as quotients
of Eschenburg spaces by an S' action. This raises the question of whether
there are positively or almost positively curved orbifolds having a unique
singular point, with Zo as its isotropy group.

The paper is organised as follows. In Section [I] we recall the basic
notation and techniques which will be used throughout the paper. In
Section [2| we apply these techniques to the Eschenburg spaces in order to
prove Theorem and and Theorem In Section We examine
the Bazaikin spaces and prove Theorem and together with
Theorem [B] Finally, in Section [4 we turn our attention to torus quotients
of §% x $3 and establish Theorem |[(J(ii)|

1. Biquotient actions and metrics

In his Habilitation, [7], Eschenburg studied biquotients in great detail.
The following section provides a review of the material in [7] which estab-
lishes the basic language, notation and results that will be used through-
out the remainder of the paper.

Let GG be a compact Lie group, U C G x G a closed subgroup, and let
U act on G via

(ur,u2) x g = urguy ', g € G, (u1,us) € U.

The action is free if and only if, for all non-trivial (u;,u2) € U, u; is never
conjugate to ug in G. The resulting manifold is called a biquotient.

Let K C G be a closed subgroup, ( , ) be a left-invariant, right K-
invariant metric on G, and U C G x K C G x G act freely on G as above.



On the curvature of biquotients 5

Let g € G. Define

U? = {(gu1g~ " u2) | (u1,u2) € U},
U]% = {(ul,guggfl) | (u1,uz) € U}, and

U = {(ug,u1) | (u1,u2) € U}

Then U{, U7, and U act freely on G, and G/U is isometric to G/ Uy,
diffeomorphic to G U}, (isometric if g € K), and diffeomorphic to G/ U
(isometric if U C K x K).

In the case of U} this follows from the fact that left-translation Ly :
G — G is an isometry which satisfies gu1g~!(Lyg')uy ' = Ly(uig'uy ).
Therefore L, induces an isometry of the orbit spaces G /U and G//U7.
Similarly we find that R,-1 induces a diffeomorphism between G /U and
G U3, which is an isometry if g € K.

Consider now U. The actions of U and U are equivariant under the dif-
feomorphism 7 : G — G, 7(g) := ¢~ . That is, u;7(g)uy ' = 7(uzgu; ).
Notice that this is an isometry only if U C K x K. In general G /U and
G/ U are therefore diffeomorphic but not isometric.

Suppose 7 : M™ —s N™ % is a Riemannian submersion. The O’Neill
formula for Riemannian submersions implies that 7 is curvature non-
decreasing. Therefore if secy; > 0 then secy > 0, and zero-curvature
planes on N lift to horizontal zero-curvature planes on M. In general,
because of the Lie bracket term in the O’Neill formula, the converse is not
true, namely horizontal zero-curvature planes in M cannot be expected
to project to zero-curvature planes on N. However, we will see at the end
of this section that in many situations we have secy(X,Y) = 0 if and
only if secys(X,Y) = 0, where X denotes the horizontal lift to T, M of
X e Tw(p)N .

Let K C G be Lie groups, £ C g the corresponding Lie algebras, and
(, )o a bi-invariant metric on G. Note that (G, ( , )o) has sec > 0, and
o = Span {X,Y} has sec(o) = 0 if and only if [X,Y] = 0. We can write
g = £ @ p with respect to (, ). Given X € g we will always use X; and
X, to denote the £ and p components of X respectively.

Recall that

G=(GxK)/AK

via (g,k) — gk~!, where AK acts diagonally on the right of G x K.
Thus we may define a new left-invariant, right K-invariant metric ( , )1
(with sec > 0) on G via the Riemannian submersion

(GXK7<7 >0@t<7 >U|E)_>(G7<7>1)
(9.k) — gk™",
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where t > 0 and

t

(501 ="C(solp + A5 Dole, )\:me(()»l)- (1.1)

In particular notice that
(X, Y)1 =(X,2(Y))g, where &(Y) =Y, +AY;, A€ (0,1).

It is clear that the metric tensor @ is invertible with inverse given by
PHY) =Y, + 3 Ye.

In the special case that (G, K) is a symmetric pair we have the fol-
lowing useful lemma.

Lemma 1.1 (Eschenburg). Let (G, K) be a symmetric pair. Then a
plane o = Span {1 (X), 1Y)} has sec(o) = 0 with respect to (, )1 if
and only if

0=[X,Y]=[X:, Y] = [X;, Y]]

Recall that for a bi-invariant metric we get sec(X,Y) = 0 if and only if
[X,Y] = 0. For our left-invariant metric ( , ); we have two extra conditions
which must be satisfied for a plane to have zero-curvature, and hence we
may have reduced the number of such planes.

Suppose we have a biquotient G /U, where U C G x K C G x G and
G is equipped with a left-invariant, right K-invariant metric constructed
as above. Then U acts by isometries on G and therefore the submersion
G — G/JU induces a metric on G /U from the metric on G. By our
discussion of the O’Neill formula above we know that a zero-curvature
plane on G/U with respect to the induced metric must lift to a horizontal
zero-curvature plane in G.

In order to determine what it means for a plane to be horizontal we
must first determine the vertical distribution on G. Note that this is
independent of the choice of left-invariant metric on G. The fibre through
a particular point g € G is

Fy = {uiguy ' | (u1,u2) € U}.

If u(t) := exp(tX), where X = (X;, X2) € u and u is the Lie algebra of
U, then uy(t) g ug(t)~! is a curve in F, and

d -1
i u1(t) g uz(t) — (Rg)+ X1 — (Lg)« Xo =: vy(X)
is a typical vertical vector. The vector field v(X) on G defined in such a
way is the Killing vector field associated to X. Since G is equipped with a
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left-invariant metric we may shift the vertical space V; = {v4(X) | X € u}
to the identity e € G by left-translation and get

Vg = (Lg-1):Vg
whose elements are of the form
(Lg—1)svy(X) = Adg—1 X7 — Xo.
We may therefore define the horizontal subspace at g € G by
Hy = V;.

It is important to remark that the horizontal subspace at g depends on
the choice of left-invariant metric as it is defined by V;-, where we are
taking the orthogonal complement with respect to the metric on G.

Suppose G is equipped with a bi-invariant metric. Eschenburg [7] pro-
vides some sufficient conditions under which a horizontal zero-curvature
in G projects to a zero-curvature plane in a biquotient G/U. Wilking
[28] has generalised this to show that, given any biquotient submersion
G — G//U, a horizontal zero-curvature plane in G must always project
to a zero-curvature plane in G /U. Tapp [24] has recently generalised this
result even further.

Theorem 1.2 (Tapp). Suppose G is a compact Lie group equipped with
a bi-invariant metric and that G — B is a Riemannian submersion.
Then a horizontal zero-curvature plane in G projects to a zero-curvature
plane in B.

It follows immediately from the above theorem that if we have a pair
of Riemannian submersions G — M — B, where G is equipped with
a bi-invariant metric, then a horizontal zero-curvature plane in M must
project to a zero-curvature plane in B.

Notice that in the metric construction on G /U described above we
have Riemannian submersions G x K — G — G//U where G x K
is equipped with a bi-invariant metric. Therefore in order to find zero-
curvature planes in (G, (, )1)/U we may concentrate exclusively on the
more tractable problem of finding horizontal zero-curvature planes in G.

2. Eschenburg Spaces

Recall that the Eschenburg spaces are defined as Equ = SU(3)/ Szl,vq,

where p = (p1,p2,03), ¢ = (q1,42,q3) € Z*, Y- pi = >_ ¢, and S} , acts on
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SU(3) via
ZP1 Zq
2x A= P2 A 72 , AcSU(@3),zec S
~P3 Z43
The action is free if and only if
(P1 = do(1): P2 — Qo(2)) = 1 forall o€ Ss. (2.1)
Let K =U(2) — G = SU(3) via

AcU®©) — (A a> € SU3), o= det(A).

(G, K) is a rank one symmetric pair. Let (, )¢ be the bi-invariant metric
on G given by (X,Y)p = —Re tr(XY). We can write su(3) =g=¢@p
with respect to ( , )o. We define a new left-invariant, right K-invariant
metric ( , ); (with sec > 0) on G as in and may therefore apply
Lemma [Tl
From Section I We know that, for the S, 1 g-action, permutlng the p;’s

and permuting qi, g2 are isometries, while permutmg the ¢;’s and swap-
ping p, ¢ are diffeomorphisms.

Let
-2 1

Y= 1 ], Ys:=i| 1 € g =su(3).
1 —2
Using Lemma Eschenburg [7] showed that in this special case we can
easily determine when a plane in g has zero-curvature.

Lemma 2.1 (Eschenburg). o = Span{X,Y} C su(3) has sec(o) = 0
with respect to (, )1 if and only if either Ys € o, or Ady Y1 € o for some
ke K.

We may apply this lemma in order to discuss when an Eschenburg
space E;’q admits positive curvature. While this is well-known, in our
proof we compute explicit equations ( and ) for the existence of
zero-curvature planes in E’ _, which we use to prove Theorem E and

- P’
(i)

Theorem 2.2 (Eschenburg). E7 = (SU(3),(, )1)/S}, has positive
curvature if and only if

¢ & [p,p] fori=1,2,3, (2.2)

where b= min{plzp27p3}7 D= maX{plapZap:S}-
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Proof. We will first prove that the condition gives positive curvature.
By Lemma [2.1| we need only show that we may choose an ordering on the
¢;’s so that Y3 and Ady Y7 are never horizontal.

Let P = idiag (p1,p2,p3) and Q = idiag(q1, g2, ¢q3). From our discus-
sion of vertical spaces in Section [I] we find that the vertical subspace at
A= (aij) S SU(?)) is

VA:{mA ’teR,vA ::AdA*P—Q},

where A* = A’. Notice that Y3 € £ Thus 0 = (va4,Y3); if and only if
0 = (va, Y3)o. Now, since (X,Y)o = —Re tr(XY),

3
0=(va, Va1 <= > lajs|’pj = a3. (2.3)
j=1

Similarly, for Adg Y1, k € K, we find

3
0= <1)A,Adk Y1>1 = Z ‘(Ak)jl‘ij = ’kll‘qu + |k‘21’2q2. (2.4)
j=1

Now, since ¢; & [p, D], = 1,2,3, and > p; = > g, we know that two
of the ¢;’s must lie on one side of [p,p], and one on the other. We reorder
and relabel the ¢;’s so that g1, ¢ lie on the same side of [p,p]. Since A
and k are both unitary we therefore have that there are no solutions to
either or . Hence E;q has positive curvature.

For the converse suppose that E;q has positive curvature. If ¢; € [p, ]
for some ¢ = 1,2,3 then by continuity there exists a solution to either
or , and hence either Y5 or Ady Y7 is horizontal. By Lemma
since the orbits of S;,q are one-dimensional, we can always find another
horizontal vector X which, together with either Y3 or Ady Y7, will span a
zero-curvature plane. Theorem then implies that this horizontal zero-
curvature plane must project to a zero-curvature plane in E;’q and so we
have a contradiction. a

We will now discuss some new results on the curvature of general
Eschenburg spaces.

Theorem 2.3. All Eschenburg spaces admit a metric with quasi-positive
curvature.

Proof. We need to find a point in SU(3) at which there are no horizontal
zero-curvature planes, i.e. at which Y3 and Adg Y7 are not horizontal.
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Let A € SU(3) be a diagonal matrix. Thus equation (2.4) becomes

k11 %p1 + [ka1|?p2 = |k 2@ + k212
— (p1 — q)|k11]* + (p2 — @) k21> = 0.

Therefore, if
(p1 —q1)(p2 — q2) >0 (2.5)

there is no k € K satisfying , i.e. Adg Y7 is not horizontal at A.

On the other hand, equation becomes p3 = q3. However, ,
together with > p; = > ¢, implies that ps # g3, i.e. that Y3 is not
horizontal at A.

Thus, if {} holds, then E;q has sec > 0 at [A], where A € SU(3) is
diagonal.

Recall the freeness condition and that permuting the p;’s and
g;’s are diffeomorphisms. Therefore, as long as there is no i € {1,2,3}
such that p; = ¢; for all j € {1,2,3}, we may always reorder and relabel
the p;’s and g¢;’s such that holds.

By , the only Eschenburg space satisfying the condition “there is
an i € {1,2,3} such that p; = q; for all j € {1,2,3}” is the Aloff-Wallach
space W_11 := Ef .p = (=1,1,0),¢ = (0,0,0). However, Wilking [28]

P
has shown that W_;; admits a metric with almost positive curvature,
and so we are done. ad

The special subfamily E := E;?q,p =(1,1,n),q = (0,0,n+2), admits
a cohomogeneity-one action by SU(2) x SU(2). These cohomogeneity-one
Eschenburg spaces are discussed in great detail in [I4]. We may assume
that n > 0 since E & EZ(nH). By Theorem n > 0 implies that E
admits a metric with positive curvature.

Theorem 2.4. Eg admits a metric with almost positive curvature.

Proof. Given p = (1,1,0) and ¢ = (0,0,2), equations (2.3) and (2.4)

become
2 = |aiz|* + |ags/” (2.6)

and

|(AK)11)? + [(Ak)21 | =0
(Ak)11 = (Ak)o1 =0

<~
air a2 (k11
— =0 2.7
<a21 022) <k721) 27)
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respectively. Since A € SU(3) it is clear that (2.6) cannot be satisfied.
Since k € K = U(2), we are only interested in solutions (g;) # 0. This

ail ai2
et =0,
a1 a2

which defines a codimension two sub-variety 2 C SU(3) of points with
horizontal zero-curvature planes. Moreover it is easy to check that {2 is a
smooth sub-variety. Since the equation which defines {2 is preserved under
the S;’q—action, Eg has almost positive curvature and points in Eg with
zero-curvature planes form a smooth codimension two submanifold. O

occurs if and only if

We may fix a particular metric on E;q by choosing p; < p2 < p3 and
q1 < g2 < q3. Therefore Eschenburg’s positive curvature condition is

G <@<pi<pr<p3<qgz or 1 <p1<pa<p3<q<gqs3. (2.8)

It is natural to ask what happens when go = p1 or g2 = p3, which we refer
to as the “boundary” of the positive curvature condition.

Lemma 2.5. The only free S;vq—actions on SU(3) satisfying g2 = p1 or
g2 = p3 are, up to diffeomorphism,

(i)p=(0,0,0) and ¢ = (—1,0,1), and
(ii) p = (0,1,1) and ¢ = (0,0,2).

Proof. We need only consider the case go = pq, since it is clear that E;’ g 18
diffeomorphic to E;/’q/, where p' = (—p3, —p2, —p1), ¢ = (—q3, —q2, —q1).
Since AS! commutes with SU(3) we may write p = (0,p2,p3) and ¢ =
(¢1,0, g3) without loss of generality. By considering the freeness condition
and the ordering of our integers we must have p = (0, p2, p3) and
q = (p2 —1,0,p2 + 1). Since ) p; = > ¢q; we have p = (0,p2,p2) and
q = (p2 — 1,0,p2 + 1). Hence, since we have assumed that our triples of
integers are ordered, i.e. 0 < py and po — 1 < 0 < py + 1, either po =0 or
po = 1 as desired. O

Notice that the resulting manifolds are diffeomorphic to the excep-
tional Aloff-Wallach space WZM and the exceptional cohomogeneity-one
Eschenburg space EJ for actions [(i)| and respectively. As previously
discussed, both manifolds have been shown to admit metrics with al-
most positive curvature. Note also that action |(i)|is the action given by
g1 < @ = p1 = p2 = p3 < @3, and action is the action given by
g1 = q2 = p1 < p2 = p3 < q3. Even though there are no other manifolds
on the boundary of the positive curvature condition, we can prove the
following:



12 Martin Kerin

Theorem 2.6. All orbifolds E;q satisfying

N <@=p1<p2<p3<gs or 1 <p1<p2<p3=¢q2<gs (2.9
admit almost positive curvature.
Proof. As in the proof of Lemma we need only consider

@1 <q2=p1 <p2 <p3 <@z, (2.10)

since E;’q is diffeomorphic to E;, ¢ where as before p' = (—ps, —p2, —p1)

and ¢' = (—g3, —q2, —q1)-

Notice that implies that has no solutions, since g3 > p; for
all i =1,2,3.

Consider for a moment the more general case of Eschenburg spaces
E;’q given by ¢1 < p1 < g2 < p2 < p3 < @3, hence not admitting positive
curvature. Suppose that there is a k € K such that Ady Y7 is horizontal
at some A € SU(3). Then implies that

3
p1 <Y |(AR)j1 Pps = [kulPqn + ka2 < go.
=1

Since |k11]? + |k21]|? = 1 we thus have
p1 < |kul(gn— @) + @ < g and pyr < g1 + [k’ (2 — 1) < o,

which are equivalent to

0< [knl* <

q2 — P1 and P1—q1 §|k21\2§1.
q2 —q1 q2 — q1

In particular, when the hypothesis of the theorem is satisfied, namely
P1 = g2, We get |k211’2 =0 and |k‘21‘2 = 1, i.e.

0 ko 0
k= /621 0 0 c K= U(Q)
0 0 —kigko

Hence ([2.4) becomes

a2’ p1 + |aze|?p2 + lasz|*ps = g2 = p1
— |aga|*(p2 — p1) + |asz|*(p3s — p1) =0, since A € SU(3)
<= a2 = a3z =0, since p; <pz < p3
0 a1 0
< A=]asy 0 as3| € SU(3).
az; 0 ags
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The set of such A € SU(3) is preserved under the 5’;7q-action, hence
projects to a set of measure zero in E;q. Therefore E;q has almost positive
curvature. O

0 a2 O
In [I1] it is shown that the set {S;’q * A ‘ A= <a21 0 a23>} C E;q

az1 0 as3
describes a totally geodesic lens space. For ¢1 < g2 = p1 < p2 < p3 < g3
we know from the proof of Theorem that these are the only points
admitting zero-curvature planes. The problem of determining how large
the set of zero-curvature planes is at each point of this lens space is

equivalent to determining how large the set of horizontal zero-curvature
0 ap

0
planes is at each A = <a21 0’ a23> € SU(3).
az1 0 as3
Proposition 2.7. If 1 < g2 = p1 < p2 < p3 < q3 then there is a one-
dimensional family of horizontal zero-curvature planes at each point A =
0 0
<a21 a(1)2 a23> € SU(3).
az1 0 as3
Proof. Recall we have shown in the proof of Theorem [2.6] that Y3 is never
horizontal, and Adg Y7 being horizontal at A implies that

0 k2 0
k= k?21 0 0 c K= U(Q)
0 0 —kigkar

Hence Ad,Y; = Y5 ::i(l —21).

Let Y = &7 1(Y3), where (X, Z)1 = (X,®(Z))o. Let X € H 4 be such that
Span {X,Y} is a horizontal zero-curvature plane. Then, by Lemma
and since #71(Y2) = 1Y; € &, [X,Y] = [X¢, Y] = 0, which is equivalent
to

[X,Y2] = [Xe, Yo =0
= [X,Y5]=0

is 0 T
— X=| 0 0 ,
-z 0 —i(s+1)

where s,t € R, x € C. We may assume without loss of generality that
(X,Y)1 = 0. Hence
s 0 x
X=1000
—z 0 —is
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The set of such X is 3-dimensional. We also require that X is horizontal,
ie. (X,Ads- P— Q)1 = 0, and without loss of generality we may assume

that || X||? = 1. Thus, for each A = <a21 ‘o’ a23> € SU(3) there is a one-

dimensional family of horizontal zero-curvature planes Span{X,Y}. O

3. Bazaikin Spaces

The proof of positive curvature on an infinite subfamily of the Bazaikin
spaces (given in [30], [5]) follows from essentially the same techniques as in
the case of the Eschenburg spaces. A slight modification of this argument

allows us to prove Theorem [Af(iii)| and

Recall that the Bazaikin spaces are defined as

B;i...,% = SU(B)//SP(2) : S(;,...,qy

where q1,...,q5 € Z, and
Sp(z) ' S(}l,...,q5 = (Sp(2) X Sél,...,q5)/ZQ7 ZQ = {i(171)}7
acts effectively on SU(5) via

qu

_ A
[A,z] x B = . . B( zq>’

z

with z € S*, A € Sp(2) — SU(4), B € SU(5), and ¢ = _ ¢;- We recall
that

Sp(2) < SU(4)

. P S T

It is not difficult to show that the action of Sp(2) - S;l’m,% is free if and
only all ¢, ...,qs are odd and

(G(1) + Go(2), Qo (3) + Go(ay) = 2 forall o € Ss. (3.1)
Let G = SU(5) D K = U(4), where K — G via

A
A— < detA)’

Then (G, K) is a rank one symmetric pair, with Lie algebras (g, ). With
respect to the bi-invariant metric (X,Y )y = —Re tr XY we may write
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g = @ p. Define a metric, (, )1, on G as in which is left-invariant
and right K-invariant. In particular we have (X,Y); = (X, ®(Y"))o, where
D(Y) =Y, + AV, A € (0,1). By Lemma we know that a plane o =
Span {$71(X),&71(Y)} C g has zero-curvature with respect to ( , ) if
and only if

0= [X.¥] = [Xp. %] = [Xe. Vi

It is clear that the action of U := Sp(2) - S, ..
therefore get an induced metric on B;im,% =G)U.

Let Q = idiag(qi,...,qs5). From our discussion of vertical subspaces
in Section |1} the vertical subspace at A € SU(5) with respect to the
U-action may be written as

is by isometries and we

Vo = {tAdA*Q— <X itq) ‘ teR, X €sp(2) Cﬁu(4)}

where A* = A!. Our aim is to determine when zero-curvature planes
with respect to ( , )1 are horizontal at A € SU(5). A vector #1(X) is
orthogonal to V4 with respect to (, ); if and only if

0
<X,AdA*Q—< O00 >> =0 and X lgsp(2) Csu(4), (3.2)
iq 0

where Ly denotes orthogonality with respect to (, )o.

Lemma 3.1. A 2-plane o = Span {®~1(X), &~ 1(Y)} C g is a horizontal
zero-curvature plane with respect to (, )1 if and only if either

Wi = diag (4,4, 4,4, —4i) or Wa := Ady, diag (24, —3i, 24, —3i, 2i),
for some k € Sp(2), is in o and is horizontal.

Proof. Suppose that the plane o = Span{®~1(X),& 1 (Y)} has zero-
curvature with respect to (, )1. Then, since [X,,Y;] = 0 by Lemma
we may assume without loss of generality that ¥, = 0, i.e X = X, + X,
Y = Ve

If we also have X, =0, then X,Y € ¢. Notice that € = 3 ® sp(2) & m,
where 3 L su(4) is the centre of ¢, generated by diag (i,4,1,4, —4i), and
m = sp(2)* C su(4). But we have assumed that X,Y Lo sp(2). Thus
X,Y € 3&m, and [X,Y] = 0 if and only if [Xu, Ya] = 0. Now SU(4) =
Spin(6), Sp(2) = Spin(5) and (SU(4),Sp(2)) is a rank one symmetric
pair. Therefore Xy, Yn must be linearly dependent and we may assume
without loss of generality that X = Xy, Y =Y;. Then 3 C o, i.e. W1 =
diag (i,1,1,1,—4i) € 0.
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We now note that W7 being horizontal is not only a necessary condition
for o C t to be a horizontal zero-curvature plane, but also sufficient for the
existence of such a plane as, by counting dimensions, we may always find
a vector X € m such that ¢ = Span {&#~1(X),® (W)} is a horizontal
zero-curvature plane.

On the other hand, suppose now that X, # 0. Then the conditions for
zero-curvature become 0 = [ X, Y;] = [X¢, Yi]. Suppose that

0 «x A
%= (ep) v=r=(* _z).

where z € C* and Z € u(4) = 3 ® su(4). Then 0 = [X,,Ys] if and
only if Zx = —(trZ)x. Let Z = itl + Z' € 3 ® su(4), t € R. Since
it is required that Y L sp(2) we have Z' L sp(2) C su(4). Recall
that SU(4) = Spin(6), Sp(2) = Spin(5). Therefore SU(4)/Sp(2) = S°
and, since Sp(2) = Spin(5) acts transitively on distance spheres in m =
sp(2)t C su(4), we may write

k7l ke Sp(2).

This in turn implies that Z may be written as

i(t+s)
i(t—s)
i(t+s)
i(t —s)

Z=k k71, ke Sp(2).

But we established above that — tr Z = —4it is an eigenvalue of Z. There-
fore either —4t =t + s or —4t =t — s, i.e. s = —5t or s = 5t. Thus we
have shown that Y must be conjugate by an element of Sp(2) to ei-
ther diag (—4it, 6it, —4it, 6it, —4it) or diag (6it, —4it, 6it, —4it, —4it), and
so up to scaling we have

2i
—3i
Y =k 2i k7', ke Sp(2) c SU4) c SU(5).
—3i
2i

Notice that #~1(Y) is a multiple of Y and so we have Y € o. Conversely,
if such a vector Y is horizontal it is not difficult to find a complementary
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vector X such that 0 = Span{®~1(X),&71(Y)} is a horizontal zero-
curvature plane. Set Xy = 0. X is therefore automatically orthogonal to
sp(2) and it remains to choose X, such that X satisfies the first condition
of , namely that X is orthogonal to a one-dimensional subspace. A
choice of appropriate X, is equivalent to choosing an eigenvector for Z
above. The set of such eigenvectors has dimension > 1 and so we may
thus choose X, such that X has the desired properties. ad

At this stage of the positive curvature argument in [30] a lemma due
to Eschenburg is applied to avoid direct computations. However, to prove
Theorem [Al(iii)| and we need to perform these computations in order
to derive some equations which may be exploited in a similar manner to
that employed in Section

Lemma 3.2. The vectors
Wy = diag (i,1,1,1,—4i) and Wy = Ady diag (24, —31, 27, — 31, 21),

k € Sp(2), are horizontal with respect to ( , )1 at A = (a;;) € SU(H) if
and only if

5
q= Z |ag5|2qg, and (3.3)
/=1
5
0="> (I(Ak)eal® + [(Ak)eul*)ge (3.4)
(=1

respectively.

Proof. We first recall that both W; and W» lie in £ = u(4). Therefore
W1 and Wy are horizontal with respect to ( , ); if and only if they are
horizontal with respect to ( , )o. Moreover, W; and Wj are both orthogonal
to sp(2) with respect to the bi-invariant metric by our discussion above.
Hence we need only obtain expressions for W; and W5 being orthogonal
with respect to (, )o to v4 := Adg- Q — diag(0,0,0,0,iq), where Q =
diag (iql, e ,iQ5).

Recall that (X,Y)g = —Re tr(XY'). Then W is horizontal if and only
if

—4q = (diag (0,0,0,0,4q), W1),
= (Ady- Q,Wr)o

5
= (laal* + lag|® + |ag|® + lag|* — 4ass|*)qe.
=1
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Now using the fact that A is unitary together with ¢ = 22:1 qe yields

5
—4q=q-5) lasq
=1

as desired. . -
Consider now Wy = Ady W, where W = diag (2¢, —3i, 24, —3i, 21).
Then Wj is horizontal if and only if

2q = (diag (0,0,0,0,iq), W)
— ( Ady- diag (o,o,o,o,z‘q),vAV>0 for k€ Sp(2)  SU(4)

diag (0,0,0,0,4q), Wa),
Ad g Q, Wa)g

— (Ad iy Q, W>O

—~

—~

(21(Ak) o1 | — 3|(Ak) 2>+ 2| (Ak) gs|* — 3| (Ak)eal* + 2| (AK)5]?) qe

I
NMW

S
—

(2= 5 (|(Ak) 2| + [(Ak)es|®)) qe,  since A is unitary.

~
—_

Equation (3.4) now follows immediately from ¢ = E?:l Q- 0

It is well-known (see [30], [5]) that a general Bazaikin space B?
admits positive curvature if and only if ¢; +¢; > 0 for all 1 <7 < j < 5.
Since each ¢; is odd, it is clear that at least three of the g; must have
the same sign. Suppose that four of the ¢; share the same sign. We may

assume without loss of generality that ¢1, ..., q4 are all positive. We now
prove Theorem [Al(iii)|
Theorem 3.3. All Bc}iw%
vature.

Proof. As we established in Lemmas and there is a horizontal
zero-curvature plane at A € SU(5) if and only if we can solve either
equation (3.3 or equation (3.4) at A. If we allow A to be diagonal then

equations (3.3)) and (3.4) become

with q1,...,q4 > 0 admit quasi-positive cur-

5
a5 = Z% and (3.5)
=1
5
0=> (lkeol® + kesl?) e (3.6)

(=1
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respectively. By hypothesis g1, . .., g4 > 0 and therefore equality in (3.5)) is
impossible. On the other hand, because of how we have embedded Sp(2)
in SU(5), both k5o and ks4 are zero. Now since k is unitary there are at
least two non-zero coefficients |kgs|? + |kw|?, ¢ = 1,...4. Therefore the
right-hand side of equation is positive and thus no solutions exist.
We have shown there are no horizontal zero-curvature planes at diagonal
A € SU(5), which in turn implies the desired result. 0

It is natural to ask whether we can make a stronger curvature state-
ment than quasi-positive curvature on the “boundary” of the positive
curvature condition, namely when ¢; + ¢; = 0 for some ¢, j. In fact, this
is a rather restrictive condition.

Lemma 3.4. Up to diffeomorphism, the spaces B%?Ll,m—nf n € 7 odd,
describe all Bazaikin spaces satisfying q; +q; = 0 for some 1 <1i < j < 5.

Proof. Recall that reordering the ¢; is a diffeomorphism, so we may as-
sume without loss of generality that g4+ g5 = 0. By the freeness condition
we must have ¢; +¢; = £2 for 1 < i < j < 3. If we examine the
eight possible combinations of these expressions we find that, up to sign
and reordering, the only 5-tuples which can arise are (1,1,1,q4,¢5) and
(1,1,-3,q4,q5), with g4 + g5 = 0. However, following [9], Remark 4.2, and
the discussion in Section 1 of [12], we know that these 5-tuples in fact
describe the same manifolds. ad

With Theorem and Lemma in hand, and recalling the situa-
tion for Eschenburg spaces (Theorem [2.4), Bi? |, _, provide a family of
natural candidates to admit a metric with almost positive curvature. In

the case of n = 1 we can indeed exhibit this property and in so doing we
establish Theorem |Al(iv), For the cases n > 1 the problem is open.

Theorem 3.5. The Bazaikin space Bi?’l’l’l’fl admits almost positive cur-
vature.

Proof. Since A is unitary, equation (3.3)) becomes
4

3= las|* —lass|* =1 - 2ass|” < 1.
(=1

Therefore (3.3)) has no solutions. On the other hand, equation (3.4) be-

comes

(I(Ak)e2l* + [(Ak)ea|*) = (|(AR)52]* + |(Ak)5al?)

@)
I
N\g
o~

w |l
MR

2(1 = (I(Ak)s2|* + | (Ak)s4]*)).

)
)
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Since Ak is unitary, we know that |(Ak)sz2|? + |(Ak)s4|? < 1. Thus
|(Ak)s2|* + [(Ak)5a]* = 1

and so |(Ak)s1? = |(Ak)s3|? = |(Ak)s5/* = 0. In particular (Ak)ss = 0.
But (Ak)ss = asskss because of our embedding of Sp(2) in SU(5), and

for the same reason |ks5| = 1. Hence ass = 0, and so B117317171,71 admits
almost positive curvature since this is clearly invariant under the action
of Sp(2) - S<}1,.--,Q5' O

Remark 3.6. As previously mentioned, one can find the argument for pos-
itive curvature on the Bazaikin spaces in [30] and [5]. A proof following
the modified argument used in this article may be found in [17].

Until recently only the integral cohomology ring of the Bazaikin spaces
was known ([2]). Bazaikin spaces may be distinguished from one another
via the order s of the finite torsion groups H® = H® = Z. In [12] the
authors give explicit expressions for s and some other topological invari-
ants. In particular, the order s and the first Pontrjagin class, pi, are given
by

1
s=3 ’03 (ql,...,Q5,—Zqi) , and (3.7)
pP1 = —02 <Q1a‘--aQ5a_ZQi> €H4:Z7 (38)
where o;(a1,...,a,) denotes the elementary symmetric polynomial of de-
gree i in the variables aq,...,a,. Note that p; is a homeomorphism in-

variant. Theorem [B] now follows easily.

Theorem 3.7. The quasi-positively curved Bazaikin spaces Bll’?’l’l,nﬁn,
n > 1 odd, share the same cohomology ring but are pairwise homeomor-
phically distinct.

Proof. Given (3.7) it is a simple exercise to compute that s = 1 for each
of the manifolds Bll’?’l,l’n’fn, whereas p; = 6 + n? by 1’ O

4. Torus quotients of 3 x §3

Wilking, [28], has shown that a particular circle action on S3 x S3 in-
duces almost positive curvature on S3 x S2. This, together with the de-
scription in [25] of CP?#CP? as a biquotient (S® x S3)//T?, suggests
that it may be beneficial to study 72 actions on S3 x S3. We are, of
course, interested in finding new examples of biquotients with almost and
quasi-positive curvature. Recall that a bi-invariant metric on $% x §3
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is simply a product of bi-invariant metrics on each factor. Suppose we
use a Cheeger deformation from the bi-invariant metric to equip S3 x S3
with a left-invariant metric which is right-invariant under our 72 action.
If we allow such isometric torus actions to be arbitrary on the right-
hand side of S2 x S2 then, since Im H is 3-dimensional, at every point
of $3 x S we will be able to obtain a horizontal zero-curvature plane of
the form Span{(v,0), (0,w) | v,w € Im H}, which hence will project to
a zero-curvature plane in (S® x S3)/T?2. Therefore we shall restrict our
attention to a special subfamily of torus actions which act arbitrarily on
the left, but diagonally on the right of S x S3.

Let G = S x S3. As we are interested in biquotient actions, we need
to consider homomorphisms

f: T —=T?>CcT?*xT>CcGxG

such that f(T?) is diagonal in the second factor, i.e. the projection onto
the second factor is either trivial or one-dimensional. Hence all tori f(7?)
must have either one or two-dimensional projections onto the first factor.
If we perform the appropriate reparametrizations we may thus assume
without loss of generality and up to a reordering of factors that the torus
f(T?) C G x G has one of the forms

= { (o) (1)) et o =
e { () (2 |rwe ) mvez oz
i {((2) (%)) [swes). cez »

It is clear that Uy, acts effectively and freely on G. We are interested in
determining when the other actions are free.

Consider H = C + Cj and recall that jz = zj for all z € C. Therefore,
given some q € S% C H,

kaﬁqzmwn =g

= (Fuh)1Ema") =1 and (Fwh)j(Ema") = j

— ATy =1 and Kttt =1 (4.4)

It is a simple exercise using the equations in to show that U, and
Uayp act effectively on G when ¢ and a + b respectively are even, while
in the event that either ¢ or a + b is odd there is an ineffective kernel
AZg :={%(1,1)} for the respective action.
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Moreover, one can easily check that the only points which can possibly
be fixed by the actions of U, or U, (modulo any ineffective kernel) lie on
the orbits of the points (1,1), (1,75), (j,1) and (4, ). Therefore we need
only examine these points in order to determine when the actions are free.

Proposition 4.1. Up to a change of coordinates or reordering of factors,
the only free T? actions on S3 x S3 which are diagonal on the right are
gwen by Uy, = U,p, a = b =0, and U., ¢ = 0. The actions are, respec-
tively,

(z,w) * <q1> = <zq1)’ z,we St qr, g € 8% and

q2 waqz
(Z7w) * <g;> = (’22{(;0), zZ,w € Sl,f}h‘b € 53-

The resulting manifolds are both diffeomorphic to S? x S?.

Proof. As the arguments are analogous, we consider only the action of
Uap- The U, case is left to the reader. For a 4+ b even the equations in

[@4) yield

1,1) fixed «= z=w and 2!7%t=1;
1,7) fixed <= z=w and Zlmoth — .
1)

j,1) fixed = z=w and 2'T*0=1;

j,j) fixed <= z=w and

(
(
(
( Zl-‘rzz—i-b -1

Thus we see that the action is free (namely z = w = 1 in each case) if
and only if 1 £ a £ b= +1. But a 4+ b is even, hence +a £ b is even, and
so a = b = 0 is the only situation in which we can obtain a free action.

Suppose now that a + b is odd. The existence of a AZs ineffective
kernel implies that the action is free (namely z = w = +1 in each case)
if and only if 1 £a + b = +£2. It is a simple exercise to check that there
are no values of a and b which satisfy all four equations simultaneously.
Hence we will always have a fixed point and so the action of U, 4, a + b
odd, is never free.

The fact that the quotients under the free actions are diffeomorphic to
52 x §? follows from computing the cohomology ring. Four dimensional
manifolds with non-negative curvature that admit an effective, isometric
circle action were classified in [19] (see also [22]). Only the manifolds S*,
CP?, CP?4# + CP? and S? x S? can arise. These manifolds are clearly
distinguished by their cohomology rings. To compute the cohomology of
the biquotients under consideration one can follow the process described
in [I8] (see also [6]). 0
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For those actions which are not free we may consider the equations
obtained in the proof of Proposition in order to write down explicitly
the isotropy groups I7,, 4,) of singular points, which we recall can only
be the T2-orbits of the points (q1,q2) = (1,1),(1,5),(4,1),(j,5) € S3 x
S3. The isotropy groups for each action (modulo any ineffective kernel)
are collected in Table |1} By considering the groups in this table we can
easily find examples which have only one or two singular points and small
isotropy groups at these points. In the event that they arise, Zg and Z;
denote S' and {1} respectively. We include some examples in Table

F(q1,q2) at:
) [ @) | GD | GJ)
Ui a+ b even Zj1—a—b| Zy1—avb| Zy14a—| Zj14-a+b|
atbodd | Zip oy | LZiji—ate) | Lipvasl | Lijitayy
U c even Z|c_1‘ Z‘C+1‘ Z\c+1\ Z‘C_”
codd Z%\cfﬂ Z%\CH\ Z%\CH\ Z%\cfﬂ
Table 1. Isotropy groups of the T2 actions U, and U,

F(qhqz) at:
LY [ @) ]G [ Ga)
Tl (7 | {3 ] U | Zs
Uao T 117 | 1Y | Za | Zo
T || {F | Zs | Zs | {1}
U3 {1} ZQ ZQ {1}

Table 2. Some special cases of the actions U, and U,

We turn now to the curvature computations. Consider the subgroup
K = AS? C G = 83 x 83, and let ( ,)o be the bi-invariant product
metric on G. Then g = £ & p, where p is the orthogonal complement to
¢ with respect to ( ,)o. Notice that (G, K) is a rank one symmetric pair.
We define a new left-invariant, right K-invariant metric (, ); on G as in
, namely

<X7 Y>1 = <X7@(Y)>07
where ®(Y') =Y, + Y, A € (0,1). By Lemma [1.1| we know that a plane
o = Span {®1(X),® 1(Y)} C g has zero-curvature with respect to { , )1
if and only if
0= [X,Y] = [Xp, %3] = [Xe, Yl
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Hence, for G and K as above, a zero-curvature plane must be of the form
o = Span {¢(v,0),$71(0,v) | v € Im H}. (4.5)

Since we are considering 7 actions which are diagonal on the right of G,
it is clear that the actions are by isometries and hence induce a metric
on G)/T?

Theorem 4.2. (G, { ,)1)/T? has almost positive curvature if and only if

the action is not free.

Proof. By O’Neill’s formula it is sufficient to show that points in G with
horizontal zero-curvature planes lie on a hypersurface. Recall that the
existence of an ineffective kernel will have no impact on our curvature
computations. We therefore need only consider torus actions of the form

v ={((2): (o)) |swe s}, avez
= {((2):(4) |swes} cez

and notice that the Uy, action of (4.1)) is the special case (a,b) = (0,0) of
Uap-
Consider first the action by Ugp. The vertical subspace at (g1, g2), left
translated to (1,1), is given by
s,t e R} .

v B 1 SAdqli—(GS"‘bt)i
(av.a2) = Y 9\t Adg, i — (as+bt)i

Thus the horizontal subspace with respect to ( ,); is

Adg, w —b(v+w) Li

_ Adgy v—a(v+w) L1
1
Higrg) = {¢ (v, w) " }
Hence, by equation (4.5)), a zero-curvature plane
o = Span {&1(v,0),$7(0,v)}
is horizontal if and only if
Adgv—av Li, av Lli, Adgpv—bv Li and bv L.

We want to show that v, Ad,, v,Adg, v L ¢ since this is equivalent to
v L i, Adg i, Adg, . This will imply that v = 0 unless 7, Adg, ¢, and Adg, i
are linearly dependent, which in turn would imply positive curvature at
the point [(q1,¢2)] € G//Uqp. It is clear that this situation arises if and
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only if (a,b) # (0,0), i.e. if and only if the action of U,y is not free.
Suppose (a,b) # 0. Then i, Adg, 4, and Adg, ¢ are linearly dependent if

and only if
Adg, i,j) (Adg, i k>>
det ((Ada ) (Ada i R)) _ 4.6
<<Ad<72 L, J> <Ad<72 2 k> ( )
which defines a hypersurface in G. Note that equation (4.6) is invariant
under the action of U, p since Ad, kyegzmgn @ = Adkye, i and (Adgi, j) =
2Re (avi), (Ady i, k) = 2Re (av), for z,w € S, g = u+vj € S3 u,v € C.
Thus we have a hypersurface in G /U, defined by (4.6) on which points
with horizontal zero-curvature planes must lie.
We now turn our attention to the action by U,.. The vertical subspace
at (q1,q2), left translated to (1, 1), is given by
s,t e R} .

Vigra) = {2<csAdq2i — ti)

Thus the horizontal subspace with respect to () is

- Adg, v+ cAdg,w L4
1
Higrp) = {QS (v, w) " v+ w J_Q2i } '

Hence, by (4.5)), a zero-curvature plane o = Span {®~*(v,0),®1(0,v)} is
horizontal if and only if

Adg, v Lli, cAdgvli and v L.

It is clear that the only situation in which we do not get v, Ady, v, Adg, v L
i is when ¢ = 0, i.e. when the action is free. In all other situations we
have almost positive curvature by the same argument as for U, . ad

Remark 4.5. In each case there is a horizontal zero-curvature plane at
(g1, q2) if one of the following holds:

(i) Adg, @ = %1, i.e. ¢ € Cor Cy
(ii) Adg i = £1, i.e. g2 € Cor Cj
(i) Adg ¢ = £ Adg, 4, ie. q1 L qo,ig2 or 1 L jgo, kqo.

Thus we will always have a zero-curvature plane at the singular points
when the action is not free. Moreover, in the free cases we have a zero-
curvature plane at every point. More precisely:

— The action U, with a = b = 0 yields Adg, 7, Adg, ¢ L v, which implies
that there is a unique horizontal zero-curvature plane when Adg, ¢
and Adg, ¢ are linearly independent, and there is an § 1 worth of zero-
curvature planes when Adg, i = + Adg, 4, i.e. when ¢1 L g2,ig2 or ¢1 L
792, kqa.
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— The action U, with ¢ = 0 yields 4, Adg, ¢ L v, which implies that there
is a unique horizontal zero-curvature plane when ¢; ¢ C or Cj, and
there is an S' worth of zero-curvature planes when ¢; € C or Cj.

Remark 4.4. It is not difficult to show that on each of the orbifolds above
there is, up to reparametrization, a unique non-trivial isometric circle
action. The image of the loci of points admitting a zero-curvature plane
in the corresponding S'-orbit space is topologically a two-dimensional
sphere.
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