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1 Introduction and outlook

Conformal field theories (CFT’s) play an important role in understanding the physics of
critical phenomena. In particular, critical exponents are related to the quantum numbers of
local operators in a CFT. However, if we would like to make connection with real world
systems, we cannot avoid discussing the presence of boundaries or defects. Another reason
to study these instances come from string theory, where the appearance of D-branes as
boundaries is central in this context. The presence of boundaries and/or defects reduces
the amount of symmetry preserved, but the residual symmetry is still powerful enough to
constrain the structure of correlators, making them more intricate but richer. In particular
it is possible to define an additional operator product expansion (OPE), the so called
bulk-to-boundary or bulk-to-defect OPE, which allow us to expand an operator in the
presence of a boundary/defect as an infinite sum of boundary /defect operators.
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Figure 1. An illustration of the setup we consider, where the blue plane is the wall, and the orange
is the ramp. The wedge is the intersection of the two boundaries.

In this paper we consider a d-dimensional CF'T living in a wedge-shaped region bounded
by two (d — 1)-dimensional half-planes intersecting at an angle 6 € (0,2), as in figure 1.
To be concrete, we take one half-plane, which we call wall, located at z4_1 = 0, and the
other one, the ramp, defined by x4_1 = tan 0 z4. With a little abuse of terminology, we will
call wedge the intersection of the two boundaries while we will refer to this entire system as
a wedge conformal field theory (WCFT).

The WCFT setup naturally breaks the bulk full conformal symmetry SO(d + 1,1), in
particular translations in the normal directions. The preserved amount of symmetry is then
the conformal group in (d — 2) dimensions, namely SO(d — 1,1). Despite the conformal
symmetry is significantly reduced from a global point of view, from an OPE perspective
we can consider the system as containing four CFT’s of different dimensionalities: one in
the bulk with SO(d + 1,1) symmetry, one on each codimension-one boundary preserving
SO(d, 1), and one on the codimension-two wedge with SO(d — 1, 1) symmetry.

Quantum numbers of local operators in a WCFEFT are related to the surface and wedge
critical exponents in addition to the bulk ones. Probing such CFT’s not only constrains
the surface and wedge observables, but also gives access to a part of the bulk observables
in a homogeneous CFT (without boundaries). In particular, while the quantum numbers
associated to the wall and the ramp are universal, the ones associated with the wedge depend
on the angle 0. Systems with wedges have been studied in the older literature [1-7] and they
are of interest to condensed matter physics. In addition, we also notice that the identification
of the two boundaries, § — 27, leads to a theory in the presence of a conical singularity
located on the wedge. Quantum field theories in the presence of such conical defects have been
widely discussed in the literature, see e.g. [8-11]. They play an important role in cosmology
and string theory (cosmic strings) [12, 13], and in the entanglement literature where they
are used as a computational tool for studying Rényi and entanglement entropies [14, 15].

One powerful method to study and to characterise CF'T’s is the conformal bootstrap.
This approach is used to constrain the space of possible conformal dimensions and OPE



coefficients, by enforcing a few mild assumptions based mostly on symmetries. Since its
revival in [16], there has been huge progress in using the conformal bootstrap in its numerical
and analytic incarnation applied in several contexts, see [17, 18] for recent reviews on the
topics. Recently, there has been an interest in studying WCFT’s using the methods of
conformal bootstrap [19]. This is a non-perturbative approach and refers to no Lagrangian
description for the underlying microscopic theory. The idea is to focus on the residual
symmetries preserved by the wedge and the boundaries, and impose consistency conditions
on the correlation functions. Although the symmetry is reduced from the full conformal
group, it is still powerful enough to constrain the observables. This is a nice playground to
study the bulk properties of the CFT in addition to the boundary and wedge ones. Bulk
one-point functions are non-trivial observables in this case and admit an expansion into
wall- and ramp-channel conformal blocks [19]. Moreover, two-point correlation functions
of a bulk and an edge scalar operator carry information about the dynamical content of
the CFT living on the wedge. Those correlators can also be decomposed into a wall- and a
ramp-channel [19], and the dynamical content of the WCFT data entering in these bootstrap
equations is encoded in the bulk, boundary and wedge scaling dimensions in addition to
the corresponding boundary operator product expansion (BOE) coefficients.

Motivated by these developments, in this paper we focus on the study of a scalar field
theory with global O(N) symmetry in the free case first, and successively in the presence
of either bulk or boundary interactions. Since we are interested in the situation with the
maximal amount of symmetry, we will only impose conformal boundary conditions (b.c.’s)
both on the wall and ramp. In particular, there are three distinct possible choices of b.c’’s
that we can consider:

¢ NN: both boundaries are equipped with Neumann b.c’s.
e DD: both boundaries are equipped with Dirichlet b.c/’s.

o DN: one boundary (for example the wall) is equipped with Dirichlet b.c., and the

other (the ramp) with Neumann b.c.

In this setup, we will study, among other things, the two-point functions involving one
bulk and one wedge operator. More specifically, we compute the solution to the Dyson-
Schwinger (DS) equation for a quartic interaction in the d = 4 — € bulk and on one of the
boundaries in d = 3 — €, up to order O(¢), along the lines of [20]. We have extracted the
anomalous dimensions from such correlators, which we have complemented with Feynman
diagrams computations, finding perfect agreement. We have also used the OPE to extract
BOE coefficients. At order O(e) the structure of the result is quite neat, and it contains a
logarithmic term as expected at this order in perturbation theory.

There are several directions that would be interesting to pursue.

e Discontinuity as building block. In homogeneous CFT’s there has been progress in
understanding four-point correlators using a single variable dispersion relation by
exploiting the analytic structure of the bootstrap equation [21, 22]. The idea is to
use the analytic structure together with the crossing symmetry of the correlator to



constrain the CFT data. The correlators in a boundary conformal field theory (BCFT)
can also be studied using bootstrap methods. The bootstrap approach for BCFT’s was
initiated in [20]. In [23], the analytic structure of the conformal blocks was exploited
to constrain the BCFT data. This method was further modified in [24] for CFT’s with
interfaces (where there is a bulk theory on each side of the codimension one defect).
It would be interesting to generalise the approach presented recently in [25, 26] to the
wedge configuration to be able to understand how to systematise the study of one- and
two-point functions. As a consequence, it would be interesting to further explore the
connections found in [27] to more general cases, such as the one presented in this paper.

e Bootstrap equations. Another interesting direction to pursue is to exploit the power
of conformal symmetry and use the conformal bootstrap approach, for instance adapt-
ing [19] to higher order in perturbation theory. This approach would allow us to study
more general interactions and to constrain different OPE data, using the different
OPEs involving operators belonging to the wall/ramp/bulk. In addition, it would be
interesting to complement the WCF'T bootstrap equations with the ones coming from
the BCFT and the homogeneous case. The study of the compatibility of the mixed
system could potentially constrain even more the CFT data.

o Holographic description. Holography in the form of the AdS/CFT correspondence [28-
30] is one of the main tools to approach quantum field theories at strong coupling.
The AdS space-time can be endowed with suitable branes which can be used to add
boundaries and/or defects to the CFT living on the asymptotic boundary of the
holographic space-time. In particular, a bottom-up construction has been proposed
in [31, 32] where an end-of-the-world brane introduces a boundary in the CFT side of
the correspondence. In this framework, it would be interesting to first find solutions
to the Einstein equations describing CFT’s confined in wedge-shaped regions,' and
successively study their correlation functions and other relevant quantities related
to quantum information. The holographic approach is particularly convenient to
obtain analytic and numerical results for the entanglement entropy by using the Ryu-
Takayanagi formula [34, 35], which can also be applied to the AdS/BCFT case [36-39].
The entanglement entropy has been computed in a free-scalar WCFT in [40] (see
also [41] for a numerical approach).

o Conformal anomalies and RG flows. Conformal anomalies and their associated coeffi-
cients, sometimes called central charges, play a major role in the classification of CFT’s
and in defining monotonic quantities along the RG flow, providing strong constraints
on the possible outcomes of the latter. While in a CFT conformal anomalies are
present only in even space dimensions, the situation is richer when boundaries and/or
defects occur, and the possibility of having anomalies localised on them consider-
ably extends the possible anomaly contributions [42-46]. Conformal anomalies of
boundaries and defects have been widely studied in the literature, where monotonicity

n the context of the AdS3;/CFT5 duality, the AdS-bulk dual to a wedge in d = 2 has been found in [33].



theorems have been proven [47-51] or conjectured [52], and various relations to bound-
ary and bulk correlation functions have been found [53-58]. We find it interesting
to investigate them in the context of the WCF'T setup, which is a natural playground
where anomalies localised on manifolds of different dimensions may relate to each
other through either bulk, boundary or wedge RG flows.

The structure of the paper is as follows. In section 2 we study a free scalar field
theory confined in the wedge-shaped region described above in generic bulk dimension d.
We first obtain the mode expansion of the field (eq. (2.10)) in the canonical formulation
for all the possible combinations of b.cs, and by taking a suitable wedge limit we define
some of the wedge primaries of the theory. After that, we find the propagator reported in
eq’s (2.16), (2.19), from which we obtain the relevant correlators we will use in the rest of
the paper, namely the bulk one-point function of the fundamental field (2.26), (2.27), (2.29)
and of the stress tensor (2.35), (2.36), (2.37). As regarding the latter, in eq. (2.34) we also
report its general form consistent with conservation and tracelness. We then compute the
bulk-wedge and wedge-wedge two-point functions that can be found in eq. (2.38) and (2.39)
respectively. We finally discuss a wedge-RG flow triggered by wedge primaries corresponding
to a mode singular in the wedge limit which can be present in the expansion of the bulk
fundamental field.

In section 3 we study the bulk-wedge two-point correlation function of scalar operators
using the equation of motion (e.o.m.) for different b.cs. In this way, we are able to obtain the
first-order correction of the bulk-wedge correlators (eq.’s (3.22)) when the ¢* bulk-interaction
is taken into account, and the anomalous dimension of the wedge primaries corresponding
to either bulk- or boundary-interactions (see eq. (3.21) and (3.38) respectively).

In section 4 we extract anomalous dimensions of wall and ramp fields by studying the
respective boundary limits of the bulk-wedge correlator, and comparing it with the expected
result found from the BOE. Moreover, as was showed in [19], bulk-wedge correlators can
be decomposed in wall- and ramp-conformal blocks. We find that these blocks satisfy the
orthogonality relation (4.14), which we use to read off the BOE coefficients entering in the
bootstrap eq. (up to O(e)).

Part of the computations has been relegated to the appendices. In appendix A we
report the details of the derivation of the propagator in the free theory case. In appendix B
we provide an alternative derivation of the wedge anomalous dimensions, and finally in
appendix C we give some detail on the expansion of conformal blocks at first order in e.

2 Free scalar in a wedge

In this section we consider the theory of a single scalar confined in a wedge. We take the
classical Euclidean action of the free scalar in d dimension to be

d—2

_1 d v 2
S = 2/Md x\/g(ng“w ¢+4(d_1)7z¢> , (2.1)



where the non-minimal coupling to the metric is required by Weyl invariance. From this
action we obtain the e.o.m.

d—2
-Viy — = 2.2
(V+4(d_1)7€>¢ , (2.2)
and the stress tensor
_ d— v 2 2
Ty = VoV, =) [V”V,ﬂr d_2v Ry | ¢°. (2.3)

The goal of this section is to solve the theory living in a wedge for generic d. We will
use canonical quantisation to obtain the mode expansion of the field, thus we will switch
to Lorentzian signature. However, in the rest of the paper, we will use interchangeably
the Lorentzian and Euclidean formulations, which are simply related by the replacement
t — —i7. In order to take advantage of the symmetry of the problem, we find it convenient
to adopt polar coordinates in the (x4_1,x4) plane, namely

ds* = —dt* + dx® + dp* + p*dy®, x5+ a5, = p*, m;—;l =tangp, (2.4)
with p > 0 and ¢ € (0,6). Furthermore we will denote the d — 2 coordinates parallel to the
boundaries as x| = (¢, ).

In this coordinate system the wedge is defined by M = {| € RY=2, p >0, ¢ € (0,0)}
where 6 is the opening angle. We are interested in breaking the minimum amount of
symmetries. In particular, this means we will impose only conformal b.cs. In the case of a
free scalar, we can impose either Dirichlet (¢ = 0 at the boundaries) or Neumann (9, ¢ =0
at the boundary) b.c’s.

The e.o.m. in flat space-time reads

2

1 0,
500(P0p0) + —0; + /7*;’ +0;| =0, (2.5)

which can be solved by the following ansatz (see for example [1])

¢~ e ER(p)g(0) galp) = Asin(ap) + B cos(ayp), (2.6)

where the coefficients A and B as well as the parameter « need to be fixed by imposing
the b.c’s (both on the wall and the ramp) and from the normalisation of the angular part
A2+ B*=1.

As discussed in section 1, since we are free to impose different b.c.’s on the two boundaries
we have 3 distinct possibilities: Dirichlet-Dirichlet (DD), Neumann-Neumann (NN), and
Dirichlet-Neumann (DN). Imposing such conditions gives

mT

A=1, B=0, a=-r~, DD,
mTm

AZO, _B:].7 O[ZT, NN, (27)
(m—i—%)ﬂ

A=1, B=0, a=~—2/" DN

0



where m is an integer (non-zero for DD).

This ansatz leads to an ordinary differential equation for h(p), namely
p*h" + ph + [(w2 — k*)p? — (12} h=0, (2.8)
whose solutions are the Bessel functions
h=Jia (m;)) . h=Yia (\/mp) . (2.9)

Regularity of the solution at p — 0 for any value of § € (0, 27) excludes Y.,, and imposes
+a > 0 for the Bessel Jio.2 This requirement leads to

Z/[R“d“k/ dk, %“F\[

m2>0

X [a{k} Ja(m) (So)e_iWH_i b + hC:| Ja(m) (kp P) > (210)

where we defined {k} = (k,k,,m) and the primed sum means that the zero mode needs to
be halved, i.e. its normalisation has an additional 1/4/2. Note that in order to quantise the
field, we found it convenient to change integration variable setting k, = vw? — k2. The
usual canonical commutation relation [¢, II] = [¢, ¢] = i § implies the following commutation
relations for the operators a and af,?

[a{k}» GL«}} = 0(k — Kk")d(kp — k), - (2.11)

By applying the bulk-boundary BOE, followed by the boundary-wedge BOE, we can write
the bulk field in terms of wedge modes [19]. For Dirichlet or Neumann b.c.s there is only
one boundary primary in the bulk-boundary BOE [20]. This means that we can write the
fundamental field (2.10) in terms of wedge primaries, which we denote Oq, as*

Z 'PaBd ' ( ||) Oa(®))9a(®) (2.12)

where we defined

O \f/ 'k (a e“’tHk’erhc) (2.13)
o 2ara+1 27rd3\/7u e '

2In section 2.5, we discuss about the possibility of having mildly divergent modes in the wedge limit.
3In the computation we use the following orthogonality property of the Bessel functions

o(u—v) .

/ dp pJs(pv)Ja(pu) =

4The differential operator generating the boundary descendants gives us ga (¢).



The differential operator is defined as®

: - ) (2.14)
Ao =031+ A — Ay);

where (a); =a(a+1)...(a+j—1) and (a)g =1 is the Pochhammer symbol. The quantity
A, is
A d—2

Aa:A¢+a, Aqg:T, (215)

and it corresponds to the engineering conformal dimension of the operator éa.

Thus, we see that at least in the specific case of the free theory we can reconstruct the
bulk field ¢ in terms of wedge primaries. This is in agreement with the discussion in [59]
for a codimension-2 defect. However, we find it important to highlight that the simple form
of eq. (2.12) in the present discussion comes from the fact that the linearity of the e.o.m.
allows us to factorise the angular dependence even though the wedge breaks the rotational
symmetry around the #-direction. A more general approach, which is discussed in [19], is
expanding the bulk operator in terms of boundary operators, and successively expand the
latter ones in terms of operators living on the intersection between the boundaries.

It is straightforward to generalise the theory of a single real scalar to the one of IV scalars
with O(N) symmetry. This can be achieved by introducing an internal index ¢ € {1,..., N}
and requiring that the commutation relations eq. (2.11) are diagonal. From now on, we will
report the result corresponding to the more general O(N) model.

2.1 The bulk-bulk propagator

The bulk-bulk propagator can be computed directly from the mode expansion (2.10). The
computation is analysed in detail in appendix A. Here we just report the results. For DD
and NN b.c’s we find

. . . TT mm i Tm(o—o iTm /
<¢’(m||,90,p)¢9(0,90’,p’)>:5”5 3 e D(w”,p;wﬁ,p’) (6’9 (p=¢) ket (“’W)), (2.16)
meZ

®That this differential operator reconstructs the full bulk field ¢(z) can be seen by observing that the
Bessel functions can be expanded as

0= (3) Cirirrea ()

which implies

Ja (2) 1 d—1 (n2\ +ix
= B» .
2o 22T (1+a) Aa (95) e



where + corresponds to NN while — to DD, and we remind the reader we have promoted
the fields to be invariant under O(N), with indices i,j € {1,..., N}. The function G\ i

A¢ A¢+I/
G (= LB (LAS (YT g (Betr Btvtl i) o)
ATST (v+1) 2 2 2

where Ay is the scaling dimension of the bulk scalar given by (2.15), and £ is the cross-ratio

2pp
p2 + pIQ + (l’” _ .1:1|)2 .

€= (2.18)

In the DN case we find

47r5”

(6" (@), 0,0)87 (0,67, 0)) = S G it f)

mez _ N (2.19)
X sin {<m+ > 9 } sin {<m+ 2> Hgo'] .

d = 4 case. Interestingly, for d = 4 the hypergeometric function appearing in (2.17)
simplifies to

et 2
(Vi—e+1)
V1-§€2
This makes it possible to perform the sum over m finding a result in closed form. For DD
and NN we obtain

i o\ 0 X Em(p—¢') 1 izm(p+e’)
<¢ ()¢ (@ )>_ 4720 <2pp ) Z V1-¢2 ( +e ) (2.21)
1 ¢ X7 —1
80 pp' /1= 147 —2y™/% cos (W(¢;¢,))

(2.20)

v+1 V+2
F
2 1( 2 9 2

v+ 1; gz)_2u

| (p—¢") = (e+¢)],

where we defined

y=Y-——5>T° (2.22)

while for DN b.c/s we get

5ij 1 5 X% (X% — 1) COS (w(g—ego’))

<¢i(x)¢j(m/)> 0 VI— 1+ 7 — 2x% cos (W) .

(p—¢) = (p+¢)

(2.23)

SWe note that the functions in eq. (2.17) correspond to the defect conformal blocks found in [60] (see
also [59, 61]) in the case of monodromy defects. In particular, eq. (2.16) can be seen as an expansion in
defect (or, more precisely, wedge) conformal blocks. However, we want to stress that in our case this precise
form might be a consequence of the choice of quadratic boundary conditions, and we do not know whether
this structure would persist in the presence of boundary interactions.
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Figure 2. The 15 image points (in red) required to solve the free theory DS equations for 6 = %.
The blue line is the wall, and the orange is the ramp. The dashed lines clarify how the bulk point

(in black) is reflected through the two boundaries. All of the image points lie on a circle.

0 = * case in generic d. Another case in which the sum over m simplifies is when
0 = 7, with n € Z>¢ for DD and NN b.c’s. Also in this case the details of the derivation
are in appendix A. The result is

7 . i'F A n—1 .

(¢ (@), 2,087 (0,¢,0)) = 6 ](75) > A,
472 [p2+p/2_2pp/cos(27”+s0_(p/)_Hcﬂ

: : . (2.24)

{p2+p/2_2pp/COS (2]” +‘P+(p/) +mﬂA

n
Notice that this expression can also be derived directly by using the method of images [62—
64]. More generally, we can use method of images for angles § = 4™ with a,b € Z>(. Then

if 6 € (0, 7] the number of image point required is 2 numerator (g) — 1.7 In figure 2 we
have an illustrative example.

2.2 The one-point function of ¢?
From the bulk-bulk propagator we can compute the vacuum expectation value (v.e.v.) of

¢? in the case of d = 4 for generic @, and in the case of § = = for generic d.

d = 4 case. One way to proceed is by taking the coincident limit of the propaga-
tors (2.21), (2.23). In the case of DD and NN b.cs we find

T

. . N 2 _ 2 2 (T
lim<¢l($)¢7(y)>:5”< L 02912i08016(0§)p12+0<52>>7 (2.25)

y—a 4722 482 p

where ¢ is the regulator in the point-splitting procedure. The divergent piece proportional
to =2 represents the identity contribution in the ¢-¢ bulk OPE that can be safely removed

"In the case of T < 6 < 27, we need a finite 2 numerator (ﬁ) — 1 number of image points.

~10 -



by subtracting the propagator in absence of boundaries. Thus, we obtain

1 7m2—-621  esc?(Z8) 1
2 _ 0
<¢ (x)> “ B2 2 + 602 2 (2.26)

It is interesting to observe that the first term corresponds to the v.e.v. of the field in the
presence of a conical singularity (see for example [61, 65]), while the second contribution is
a modification due to the presence of the two boundaries.
The same procedure in the case of DN b.c.’s yields to
260% + w2 [1+6 cot (Z£) csc (&2
(@) = -2+ () ese (F)]. (227)
96 1262 p?
The results for DD and NN have been found for the first time in [1], while the result for
DN is to the best of our knowledge novel.

Finally, as a limiting case we consider 8 = m, which gives

2cotpcescp + 1 .
(6*()) = - e (2.28)

This correlator shows a non-trivial dependence on the coordinate x4, which is parallel to
the boundary. In addition, as a sanity check, we can see that in the near-boundary limit
this one-point function behaves as the one with purely Neumann boundary condition if
xq < 0 (or ¢ > 7), and as the one with purely Dirichlet b.c’s if 24 > 0 (or ¢ < T) [66].
This suggests the presence of an interface on top of the boundary at z4 = 0 (or ¢ = 7)
separating the two phases.

0 = % case in generic d. In this case we obtain

n—1 n—1
1 1 1
+> v

5 [eon (352) 55 1o (520

n

(62()) = 2

- d
EREY

vl ~—

(2.29)

where Ay is given by (2.15). Unfortunately, we are not able to sum over k in generic d.
On the other hand, we can check the result (2.26) valid for d = 4. The sums can then be
analytically performed and we get

n? —14+3n2csc?(ny)

(¢7) = i [)12  d=4, (2.30)

which is exactly (2.26) for § = T

..
2.3 The one-point function of T},

Another interesting correlator we can compute is the one-point function of the stress tensor.
Conformal symmetry and conservation impose strict constraints to the possible form of this
correlator. In particular, as we show below, we only need to find one particular component.
In fact, by imposing scale invariance, rotations in the parallel directions of the wedge, and
employing the fact that the stress tensor is symmetric we can write the one-point function as

09y = 1D rony 90 oy L 95D ey L 9D )

- 11 -



In addition, conservation leads to the following differential equations

I (0) = (d = 2)gpp(p) =0,

/ (2.32)
(1 = d)gpp() = gpip(®) + G () =0,
while the condition of being traceless gives
(d—=2) f(©) + 9op(9) + 9o () = 0. (2.33)
Thus, we find that everything is fixed up to a single function g() as®
. 1 ) 1 . 1 g"(p)] 1
T\ — _ il ¥/ PP\ — _ _ il
(19) = — 77 [st0)+ 5255 0. @0 == |t - 5] -
<Tgogo> g(QD) <T<pp> _ 1 gl(gp) ‘
pit2” T 42 ptl

For this reason we find it convenient to compute the component T,,. Its v.e.v. can be
computed by using eq. (2.3) and taking the coincident limit of (¢¢). As we did for ¢?, we
first compute the correlator when d = 4, and then we consider the case in generic dimension
but with 6§ = 7.

d = 4 case. For DD and NN the one-point function reads

1 7t—-0*1
Toy) = ——s—-—— 2.
{ ‘P‘P> 48072 04 p2’ (2.35)
while in the DN case we obtain
1 8¢ +77n%1
(Typ) = (2.36)

384072 04 p2-

Note that in both the cases this correlator is independent of the angle ¢. This means that
also all the others components will be a function of p only. Interestingly, we note that the
sign of the coefficient of the stress tensor one-point function changes sign at # = 7 only in
the DD and NN cases, while in the DN case it remains negative for all the possible values of
6. Also in this case, the results for DD and NN have been found for the first time in [1, 67],
while the result for DN is to the best of our knowledge novel.”

0= % case in generic d. In this case, for the DD and NN case we find

(d —2)cos (2”k> +d

smd (Wk)

8We notice that the general form we obtained in eq. (2.34) is in conflict with the one reported in [1], which

(2.37)

d
<T6060> F< ) d— QZ

2d+2 3 p

does not seem to be conserved to us. Regarding the specific case of the free scalar we find perfect matching.

9J.S. Dowker pointed out to us that, for free scalars, integrated quantities with DN b.c’s can be obtained
from the ones with DD and NN b.c’s by applying simple algebraic identities [68]. By applying that method
to the correlator (T, )6 we find exactly eq. (2.36).
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2.4 Correlators of wedge operators

From the general form of the propagators, we can compute the bulk-wedge correlators by
employing the explicit form of the operators éa reported in eq. (2.13) (now promoted to
O(N)). The computation is analogous to the one done for the full bulk-bulk propagator,
thus we only give the result. We find

B I (Aa> 5t sin (a¢¢) , DD and DN,
7TA¢9F (&a — A¢ + ].) IOACZ’ A“ (Sﬁ + pZ)ﬁa COS (CY QO) ) NN7

(2.38)

where we remind the reader that Ay = (d—2)/2. Note also that even though the DD and DN
cases seem identical they differ because of the possible values of «, which are given in eq. (2.7).
Now we consider the wedge-wedge correlator

A A I (A, 5196,
<Oa (wn) o (w||)> m2egT (ﬁ(a _)A¢+ 1) ’ o (2.39)

7| =)
where A, is exactly the one introduced in eq. (2.15).

2.5 Singular modes and RG flows

As anticipated it is possible to relax the requirement that ¢ is regular in the wedge limit
p — 0. In fact, this is allowed by unitarity in the following way: considering the wedge as a
(d — 2)-dimensional defect we can write the unitarity bound as [59]

d—2, ifd>4,

>»
v

(2.40)

2
A>0, ifd<4.

Y

A

Note that the bound above is meant for operators different from the identity (A = 0). By
employing the conformal dimensions (2.15) we get

a> -1, ifd>4,
(2.41)
a>1-—

N

. ifd<4.

Let us now focus for simplicity on the case d = 4 with either DD or NN b.c’s. In this case
we see that there is a possible singular mode in the range 6 € (7,2 ) given by al-) = -5
Now we can trade the regular mode a(t) = +5 for o). If we consider this new choice for
the mode |m| = 1, the spectrum of wedge operators will get modified in that we will have
the operator O_% instead of O+ This, in turn, will modify the bulk-bulk propagator in
the following way

G 5 Gl (2.42)
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This modification also affects the one-point function of ¢?

s s : 7r2 .
()0 ()0 =~ (B + )T (A= Hsin (7) 1 [sin?(3¢). DD, (2.43)
9d=37 5 (%) P2 | cos? (5¢) , NN, ‘
while for the stress tensor we find
o (72 il .z
PP PP 2d_17rdgo 03 T (% pd—2

Another interesting feature of this singular mode is that if we consider the quadratic relevant
wedge perturbation

S>3 h/dd_21‘” 6_£é_1 , (2.45)
0 0

then we trigger an RG flow from the theory with the mode a(~) to the one with the regular
one a(t). An analogous situation appears for a scalar in the presence of a monodromy
defect as studied in [59, 61, 69, 70]. In that case, unitarity allows for some modes which are
mild divergent in the defect limit and provide different b.cs to the solution of the e.o.m for
the field ¢. Different b.c’s are shown to be related by defect RG flows, and in particular
in [61] the authors computed explicitly the bulk-bulk propagator along the defect RG flow.

For the case of our interest, a very analogous computation can be performed, and we obtain
for d = 4,'°

A(F @) d (@2)) = (@) (22) " — (¢ (@) (2))

sin % d2k ch
= —4 (S’LJ ( ) / (2 7I-)“ 9 (kal) ﬂ/g(k‘po)X
ch+k (2.46)
_ sin ( ) sin < >
% e k“(x‘ll—:cﬁ) 9
T
cos (9901> (9 ) NN,
where ) ( )
49T (%
= 0/ 2.4
‘Tor(-3) (2.47)
We see that in the h — +oo limit we obtain
2
B\ S0 (7)o odhy (el —22)
A <¢ ($1)¢J(x2)> = —45Y pr / @) Kz (kyp) Kz (k‘”pz) kg () ==7)
sin (g%) sin <g<p2) , DD, (2.48)

cos <79T<p1> cos (2902) , NN.

19We refer the reader to [61] for details on the computation.
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In this limit the integral can be performed analytically

stetesion) =105 (G (5) - (i
(2.49)

Fla) = 4—; (g)lm 2y (1;0‘ 1+ g,a;§2) . (2.50)

We notice that eq. (2.49) produces exactly the substitution of eq. (2.42), proving that the

where we defined

two different b.c’s are related by a wedge RG flow.

3 The bulk-wedge correlator from the equation of motion

In this section, we study the bulk-wedge two-point functions of scalar operators, and how
they can be found from the DS equations up to O(e) with a quartic interaction in the bulk
in d =4 — ¢, or a quartic boundary interaction in d = 3 — €. This approach has been used
in [71, 72] in the context of a single boundary with a bulk interaction in d =4 — e.

In a WCF'T there are four OPE’s in play: two for each boundary, which allow us to
express bulk operators in terms of the boundary operators, and two more which express the
boundary operators on the wall or the ramp in terms of wedge operators. We call the former
two the bulk-boundary BOE’s, and the latter two boundary-wedge BOFE’s. Using these
OPE’s we find that the bulk-wedge correlator for scalars is determined up to a function

(@' (@), 2a-1,20) 0 (y))) = o 1te) T SI=T Y (3.1)

P )
Here ¢ is the single cross-ratio

1 Ld—1

(3.2)
T4

p = tan"~

We will find f(¢) by solving perturbatively the associated DS equations together with the
different b.c’s, which read®!

DD: F90) = f90) =0,
NN: 89,/ 90)=8,r96) =0, (3.3)
DN: F90)=8,f9@6) =0.

The strategy we will follow is to expand all the relevant quantities such as the function f and
the scaling dimensions in terms of the dimensionless parameter €. Up to first order we write

Fo) = FOp) + e V() + O(e?),
Ay =AY + s+ 0(e), (3.4)
A=A L4+ 0(?).

"Note that the derivatives in 7 in the directional derivatives w.r.t. the boundary normals vanish in the
respective boundary limits.
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Then, we need to plug the expansion (3.4) into the DS equation for the field bulk field ¢(x)
and solve the differential equation order by order in e. Finally, the last step is to suitably
impose the b.c’s (3.3), as explained in detail later.

3.1 Free theory

To start we analyse the free theory case. A massless scalar satisfies the Klein-Gordon
equation
O.¢' =0, (3.5)

which gives us the DS equation for the bulk-wedge correlator
Dx(gbi(a:H,:L“d_l, xd)Oj(y”)) =0. (3.6)
When applied to (3.1) we find the following differential equation

_AO@ A0 _9 9,2 A0) (d—2—2A(0))
P ? 2 £(0) (0) A(0) A2 “P ¢
0 [0, () + () | (AT —A - =0.
® ¢ 24 g2
(sf+0%) 2 { ( ) PoE S

(3.7)

Since, as discussed above, conformal symmetry implies that f is a function of ¢ only, the
second term inside the bracket of (3.7) needs to vanish, which in turn implies

d—2
A =22
¢ 2

We notice that this is indeed the scaling dimension of the fundamental free bulk scalar field

(3.8)

in (2.15). At this point we are left with the following differential equation for f (O)(<p)
A 0 2
2FO () + (A0 = AD) FO(p) =0, (3.9)
with the general solution
FO(p) = Acos [(A(O) — A¢> cp} + Bsin [(A(O) — A¢) gp} . (3.10)

Imposing the wall b.c. fixes one of the constants A or B to zero. The ramp b.c. will in turn
give us the wedge scaling dimension

m, DD, NN,
AD = — _Z 40 a== 1 (3.11)
m—|— 5, ND,

with m € Z (non-zero for DD). This agrees with (2.15). The remaining constant can be
fixed by normalization, which we choose in such a way that we find agreement with (2.38)

_T(AY {Sin(agp), DD, DN, 5.12)

a+1) |cos(ay), NN.

3
>
<

SS

=3

So far we have discussed the free scalar field in generic dimensions. Now we move on to
discuss interacting Wilson-Fisher theories.
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3.2 Interacting theory: ¢*-deformation in the bulk ind =4 — €

In d = 4 — € we consider a quartic interaction in the bulk
A
e / dlz 2 (67)2, (3.13)
Rd 8
from which we have the e.o.m.
N
Op¢' = 5¢°¢", (3.14)

where we denoted ¢? = (¢%)2. In the conformal case we have to specify the coupling at the
RG fixed point

B (4 7T)2

TN +38

The e.o.m. applied to the bulk-edge correlator (2.38) is now given by

e+ O(). (3.15)

Oa (' (), wa—1, 22) O (y))) = %<¢2¢i($u,fﬂdq,wd)@i(yn»- (3.16)

Since the coupling starts at O(e), it is sufficient to consider the free theory correlators on
the r.h.s. Applying Wick’s theorem
(N +2)\

5 (@ (2, 2a-1,20) O% (5 ) Vo (D* (2, a1, 74))o »

(3.17)

Dx<¢i(x||7xdflvwd)éé(y||)>l =

where we use the subscript 0 to denote the free theory correlator, and 1 is its first-order
correction in the interacting theory. E.g. the differential equation at O(e) for DD is given by

2 . .
aif(l) +a? fD () +,Y¢435d (o + 1) sin (a p) n <92 L 3r2esc? TP Wz) sin (a )

mO(z? + sﬁ cos? p) 0 363
20(7p — ) csc o . (2a —1)(yg — ) sin (ap)
-1 =0 3.18
* o, tan ¢ sin (o = 1)g) + 0 sin? ¢ (3.18)
For it to only depend on ¢ we have
v6=0. (3.19)

Similarly, from the differential equation at O(e) for NN and DN we find that this holds.
Using this condition, the differential equation at O(e) reads

3f (@) +a*fV(p) + ) =0, (3.20)
where
sin(a @) (27;05 ¥+ (92 + 372 csc? % - 7r2> M) ) DD,
h(p) = { cos (ap) (27‘;a ol (92 — 3 7% esc? % - 772> 6(]\7]\12)27703) : NN,
sin (a ) (27;(x’?+<92+37720sc720cot?+7;2> 6(]\7]\:—4;5)27703>’ DN.
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Note in particular that the f()(p)-term vanishes in eq. (3.20) for NN when o = 0. This
means that this solution has to be studied on its own, which we will do in the next subsection.

For «a # 0, these equations can be solved for different values of « as given in (3.11).
Similar to the free theory, the solution is fixed up to two constants. One of these constants
is zero which is seen by implementing the wall b.c.'?> By implementing the ramp b.c. we fix
the edge anomalous dimension to be'3

(N +2)(n%2 - 67— 06?)

: DD, NN,
i (N +2)(n2 +127ab + 262 '
- , DN.
24(N + 8)a6?

The anomalous dimension for DD with o = 7 agrees with the older literature [2]. We

double check all of these anomalous dimensions using Feynman diagrams in appendix B.1.
The final results are

ff,(i)zlfD(w) = —n’ (2(N+2 log [sin (”fﬂ - A) sin(a )+

FIIN () = —x? (M l;)g [sin (Tifﬂ _ A) .Cos(a o)+

~rawemar (1) () (2
(

(3.22)

B,
0P () = -7 (M log {sin <7T9‘p>} - ,4) sin(aep) (3.24)
TP (0) = —n? <2(]\][V:82)m9 log [sin (ifﬂ - A) sin(a @)+

N +2 M /25 —2m—1\ . 1IN\ 7o
2 _ B B
TN 1 8)a e - 1( i )Sm[(m 2”2) 9 ] (3.25)

1=
N +2 T go) [( 1) T go]
2
—m? T2 tan (-1 .
T AN +8)as? an(29 cosi\mt3)
A is an undetermined constant which we will relate to a BOE coefficient in section 4.

NN a = 0. Let us now solve the differential equation (3.20) for the special case of NN
with o = 0. It has the solution

N +2)(n* — 6 N +2

(V2 =P, (N2 (7).

1)) — _
FUle)=A+Be+ 192730% ¥ 7 32790

(3.26)

12For Neumann b.c/s there is a single pole in ¢, which corresponds to the BOE exchange of (;Ab This term
does not need to be zero. The b.c. is implemented by setting the ¢°-term to zero. Similarly for NN, we
encounter a single pole in 6 — ¢ in the ramp limit of d,¢ which should not be tuned to zero.

"¥We had to solve DN for m = 1 and m > 2 (in a of (3.11)) as two separate cases.
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In the respective boundary limits of its normal derivative we find

N+ 2) A,
0, f M () = —(327r392@ +B+0(¢),
(3.27)
) (N +2)\, (N +2)(7% — 0%) )\
0 = e g TP seme T OO

As mentioned previously, the poles in ¢ and ¢ — 6 correspond to the BOE exchange of qg
and should not be set to zero. Tuning the O(¢") and O((p — 6)°) terms to zero yields

B=0, 6=r. (3.28)

This means that the wedge operator 55 (¢ confined to the edge), is only conformal in the
unfolding limit § — . Adding (3.27) to the free theory result (3.12) gives us

fle) = ! - <(N 2 log sin ¢ — A) +O(é%). (3.29)

e, e
This corresponds to the expansion of a bulk-boundary correlator in a BCET [73]

~ A )
Ap—Ao [ 2 2 2o
w0 (s + i)

(@' ()¢ (0)) = 6" (3.30)

where the factor in front of the logarithm of (3.29) is the boundary anomalous dimension

of (ﬁ and oAriginates from the expansion of x;_Al¢+AO. I.e. the wedge operator (Ab is nothing
else than ¢ at the origin
A (N +2)\, N +2
=y=- =— . 3.31
T 32 12¢ 2(N + 8) (3:31)

This anomalous dimension agrees with the result in older literature [66]. Note also that the
wedge anomalous dimensions (3.21) equal the boundary anomalous dimension above in the
unfolding limit 6 — .

3.3 Interacting theory: dA)4—deformati0n on the boundary in d =3 — €

In d = 3 — € we can consider a quartic interaction on the boundary [74], see also [75]. In
our case we will consider it on the ramp

3 /Rd_ldd_lxug(qSQ)?, (3.32)

which gives us a modified Neumann b.c’s on the ramp'?

1. PRy
—0,¢" = —Z¢“¢". 3.33
00| =58 (3.:33)

14 As seen by varying the fields.
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Here we denoted &2 = ($2)2 In the conformal case we have to specify the coupling to the

RG fixed point
4

T N+8

G« e+ O(2). (3.34)
Also in this case we will focus on the correlator (3.1), where we are interested in the first
order in the e-expansion. Since the bulk DS equation is not affected by the boundary
perturbation, the solution to the function f(¢y) is the same as we found in eq. (3.10). The
only difference is in the b.c. on the ramp, which now reads

0, (6'(ay. . £)OLO))| _, =~ (@ (2. YOLO0 (B2, o (3.35)

=0 2
As clear from the equation above, we need the boundary-wedge correlator and the one-point
function of <;32 in the free limit. While the former can be found in any dimension from
the bulk-wedge correlator (2.38), we are able to report the form of the coefficient of the
one-point function for d = 3 only in the special case § = 7. In particular, we have

L (o+3) LA (3.36)

32O — 5
<¢ ( )Oa(y”)> 201 (o + 1) (p2 + (s||)2>a+§

and

. 1 kp nl 1
<¢2> v kz::l — (M) : (3.37)

n

By imposing the purely Neumann b.c. on the wall boundary fixes the coefficient B = 0.
As in the free case, the other coefficient (A) is related to the normalisation of the wedge
operators, and the b.c. on the ramp in eq. (3.35) fixes the conformal dimension of the wedge
operator. By plugging the correlators in (3.36) and (3.37) back to eq. (3.35), and setting
d = 3 — €, we obtain the anomalous dimension

N+2 1

Y= ————Kp. 3.38
TN ¥8V2a0 " (3:38)
To check this result, we found it worth deriving it also from the standard diagrammatic

approach in appendix B.2.

4 CFT data at order €

In this section, we will explain how the BOE coefficients at O(e€) can be found from the
bulk-wedge correlators found in section 3.2. This method relies on the conformal block
decomposition from [19], and in the process we will also find the anomalous dimension of
the single boundary operator from the free theory (gZA) or 0 ng)
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4.1 Boundary anomalous dimensions

Using the bulk-boundary and boundary-wedge BOE’s (for the wall) we can write the
bulk-wedge correlator as

L ¢ . . A
(@' (@) (y) =Y mBﬁ(x§_1)<0’(x||,r)OJ () - (4.1)
O 1Td-1

The sum runs over all boundary primaries. The boundary-wedge correlator is fixed by
conformal symmetry (in the same way as a bulk-boundary correlator in a BCFT)

(O (), )OI (y))) = 67 (4.2)

BdA is a differential operator generating towers of descendants for each boundary primary

B} (zi1) =Y CLody

_ (D2 +02 )™, (4.3)
mzom! (A - %)m ’

Z

If we perform the summation over m we find the conformal blocks [19]. However, for the
purpose of finding the boundary anomalous dimensions from (3.22) it is enough to study
eq. (4.1) at the lowest order in p

CA sin®—Ae %)

pA¢7A(Sﬁ + TQ)A

(6" ()07 (y))) = oV oy ea=p0o %, (4.4)

where O ;€ {$,8,$} is the boundary operator from the free theory. By comparing this
with (3.1) we find

flp) =ci sind =20 o+ .... (4.5)

In the e-expansion (3.4) with!®

Ap =AY 40t edn + 0O,

() (1) 2
CA, = CA. TECR +O0(e%),

we have to the lowest order in ¢

n 47
Wy ADAD 1y ) 4 (4.7)
o) =¢ ¢ (cy, ey (n—s)loge) +... .

If we were to use the BOE’s for the ramp in (4.1) we simply exchange ¢ — 6 — .
By expanding our results of f(y) from section 3 in ¢ (either around zero or #) we can
extract the CFT data of the boundary operator from the free theory. For the three different

15The boundary anomalous dimensions correspond to normal derivatives. This choice of scaling dimensions
is motivated by the generalized free theory solutions [20].
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combinations of b.c’s we find the boundary anomalous dimensions (3.31) (it is the same on
the wall and the ramp) consistent with the BCFT literature. Remarkably, we have now
found all of the anomalous dimensions appearing at O(e) (bulk, boundary and wedge) only
assuming that the bulk field satisfies the e.o.m. (3.14).

The correction to the first BOE coefficient, c( ) , differs for different b.c’s, and e.g. for
DD it is given by

R IR SH

where we also see how this is related to the undetermined coefficient A from (3.22). It is
related in a similar way for the other b.cs.

4.2 BOE coefficients

Let us now study how we can find the other BOE coefficients that appear at O(¢) from (3.22).
As previously mentioned, by performing the summation in the differential operator in (4.1)
we find the conformal blocks, and in turn also the bootstrap equation [19]

flo) = sinle —24(p) Z cnGn (Am A, tan <P)

. . (4.9)
= sin® =200 = ) 3" ¢, G (A7, An, tan(t — )
with the conformal blocks
X A Ap—Ay Ay—Ag+1 ~  d-3

Note that the bootstrap equation (4.9) is symmetric under ¢ — 6 — ¢, which is the same
as switching the two boundaries with each other: wall +— ramp. This explains why DN
b.c’s is the same as ND (Neumann on the wall and Dirichlet on the ramp).

In the e-expansion (3.4), (4.6) we write

gn(AYH Aaa 77) - g?& )( 7(10)7 Ag))ﬂ?) + egél)(A%O)’ A((XO)7FA)/7L>'§/CM>77) ’

A N A (4.11)
GOADAD 1) = Gu(AP, AP ).
which gives us the wall block decomposition
f(o) = sin (pz A(O) A( ) tan ), (4.12)
Fp) =sin® [ DA AD tan o)+
+ e Gy (Aé(’),ﬁ&),%/l,%,tan )+ (4.13)

+ (3 = 75) log(sin ) ¢ GO (ADAQ tan )| .
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The conformal block in the free theory is orthogonal'®

dn A A A~ A
a0, A0, G0 A A, 0) = b (111
nj=¢ 271
The integration is over a small circle with radius 0 < € < 1, i.e. we consider the residue at
1n = 0, and the orthogonality weight function is given by

i A A(0) A0 AV _AL 1 AD _AW©) d+1
E(AD, AP n) =phe —An 12F1< 2 S Ly AR )

If we apply this orthogonality relation to f(©)(¢) in (4.12) we find

d ASLO), A((, ) ,tan
0 = yl{ | 2:@ =( ?) FO ). (4.15)
©

cos? p sin®

For the ramp-channel BOE coefficients we exchange cos 2 — —cos™2( — ) and take
the residue at ¢ = 0. Using the result of f(9) from section 3.1 we find for the different b.c’s

A (0) a+1 A (0)
DD: O = %%1, A0 = (= )(0) [(Aa )577,17
86 0T () 786 ¢ 0T (a

)
A (0) 0)
W o _TAD) e (CDTAR)

(0) (0) 0 (416)
) Oal(a) ™ 0aT

(a
A 0) 2041 (A0
DN: 0= %%1 ; a0 = _#%0,
7% 0T () > 0al(a)

where m is the integer in a. This means that at O(€) we only need the e-expansion of the
two conformal blocks with n € {0, 1}, i.e. go/l
Applying the orthogonality relation (4.14) to (4.13) gives us

In appendix C we outline how this is done.

A~

[F0(p) =) GV AGL AL, A1, Fa tam )+

=4 dp EAY, AP, tan )
" lp|=c 2mi  cos? g sin® @

~(§ = 75) log(sin ) i)y GO (AT, AD tan )] . (4.17)

This integral is difficult to do in general, but it can be done for specific values of n. Only
odd (Dirichlet) or even (Neumann) BOE coefficients (w.r.t. n) are non-zero, which agrees
with the results in a BCFT [23]. Unfortunately we were not able to find the general form
for the BOE coefficients, and we list the first few BOE coefficients for DD. The first one,
n = 1, agrees with (4.8), and the next non-trivial one is given by

ORI (N 4+ 2)m(r* — 0%\,
5 9600 7266 ¢

(4.18)

Here m is the same as in (3.11).

'6This orthogonality is found in the same way as in [23, 24].

~ 93 -



Acknowledgments

AS is grateful for discussions with Anténio Antunes at the early stages of this work. We
thank Vladimir Prochéazka for illuminating discussions regarding conformal wedges and
boundaries. We also thank Anténio Antunes and Tobias Hansen for commenting an
older version of the manuscript. This research received funding from the Knut and Alice
Wallenberg Foundation grant KAW 2016.0129 and the VR grant 2018-04438.

A Computation of the propagator

In this appendix we give the details regarding the computation of the free bulk-bulk
propagator reported in the main text (see also [1, 76] for previous discussions). We need to

compute

k
(6(@.0.p W(O,so,p)> 9 Z/ Ak W;)dge_w}t+lkxj|rm|(kpp)J|rrm|(k‘pp)

v (e Fmle—¢") 4 pigmlp+e’ )) ’
where we promoted the fields to be invariant under O(N). In the Euclidean formulation
this may be rewritten as

O S G @y i f) (50 g e ()
me”Z

(d(x,0,p)0(0,¢", p")

where we defined
kp e~ ikr(T—=7")+ik-(x—2')

/
@maT k2 +k2+k2 Ty (kop) Ty (ko). (A2)

GY (@) piafp) = /dd*3k¢ dk, dk,

By employing a Schwinger parametrisation

1 o0 Snil sA
— = d A A>0, A3
An /0 *T(n) © (A.3)
and performing the Gaussian integration over k and k;, we obtain

@) N = e e ko 1 _(e=a!)?4(=r)? —k2s
GS (1:73:)_/0 dS/O dk;p 2d—1ﬂ—d/2 Sd/2_16 4s e "p (A4)

x Jy (kp p) Ju (kp ') -

The integral over k, in eq. (A.4) can be performed analytically (see for example [77])

v 1 I B s G spp
Gg)(x,x’):W ; dss2 2e 1 Iy< 5 ) (A.5)

At this point also the integral over s in eq. (A.5) can be done, and the result is expressed in
equation (2.17).17

T"We found it convenient to use the relation
Is(2) = eszw/QJB (Zeiiﬂ'/Q) 7

before computing the integral.
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A case of interest is when ¢ = 7. Indeed with this assumption, the sum over m simplifies
and can be done. In this case the propagator reads

n " d_o _ PP (ea’)?
<¢(‘17a907 p)gb(O,cp 7P d / dSS 2 4 X
2d 27132
A6
Z,I (spp/) sin (mny)sin(mny’), DD, (4.6)
X m,n
m>0 2 cos (mnp)cos(mny'), NN,
where the sums can be expressed in terms of elementary functions as
Z sin(nm p) sin(nm ') Iyn(z) =
m>0
_ AT
1 n—1 2 _ / / (
S {exp [zcos ( hrtnlp —¢ )ﬂ —exp [zcos (2’”*”("0” )>” |
dn n n
k=0
and
Z "cos(nm ) cos(nm @)Ly n(2) =
m>0
1= 2km+n(p—¢) 2km+n(e+¢) (A.8)
— Z exp |z cos " + exp |z cos " .

By plugging those identities back to eq. (A.6) and performing the integral over s we obtain
eq. (2.24).

B Feynman diagrams

In this appendix we double check the results on the wedge anomalous dimensions by
calculating Feynman diagrams. We do not find the full correlator in this approach, making
the method in section 3 stronger. At the first order in perturbation theory, they can be
extracted from the logarithmic contribution to the relevant Feynman diagram. In addition,
since we are only interested in the leading order in ¢, we will just evaluate the relevant
integrals at d = 4 in section B.1 and at d = 3 in section B.2. By conformal symmetry along
the edge, the two-point function of defect primaries has the form

A - A .. C&
(OZ[(QS'”)O (y”)) = 6”6&5| |2£ ) (B'l)
|

where A is the conformal dimension of the defect primary @a. In a perturbative framework
we may write

A=AO+eyv0@@), 3=Vt +o@). (B.2)

By plugging this into eq. (B.1) and expanding in A we obtain

A (o 2 0900 [ (0) (1) 9004 2
(O () 0% (y)) = i {oﬁ + (Cé 2004/ 1og\s”|) e} +O(@). (B3
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This means that, at O()\), we can extract the anomalous dimension, 4, from the coefficient
of the logarithmic divergence, A,,,, as

Alog
20W¢
A

(B.4)

2>
Il
|

B.1 'Wedge anomalous dimension in d =4 — €

The leading contribution to the anomalous dimension comes from the following integral

<62($|\)5£(yn)>1 = —5ijm22)>\/0+00 dpﬂ/oa dSO/[Rd_Q a2z <©§($||)¢k(2)>0 x
x (972(2)), ("(2)05 ),

Here k represents only one of the possible N fields, and in the integrand we have the
correlators from the free theory reported in section 2. We are interested in the case when
a > 0. We find it convenient to rewrite the integral as

N A i (N +2)A
O Oh o = 07 S DA 7(0) 7 (s, (B.5)
where we defined
0
0= [ degalohle).
a+1
o (B.6)
+o0 1 P p +1
J(s))) = dp d22|| — () .
/0 / ,03 p2+ (3||+Z\\)2 P2+Z|2|

The angular integral can be done directly by introducing an angular cutoff ¥ s.t. ¢ € (¢,0—1)

2 2
(Gt NP RS DD,

2293 (w2 — 6%)6 )
37”9(9_19)+ 5 —37m*mé, NN, (B.7)
3602 03 w20(12m+7)

-9 2 4 ’ DN.

7(6) =

For the purpose of finding the wedge anomalous dimension we only need to care about
the finite part of Z(#), and discard the non-universal power-law divergence. Note that the
result corresponding to DD and NN are the same, while the DN case differs. The poles in 9
or 6 — ¥ corresponds to the ngb exchange on its respective boundary for Neumann b.c.

We are left with analysing the function J(s)|). After a Feynman parametrisation, and
a shift 2| = 7| + us||

2(atl)) e a— [u(l—u)]
e a+1 / /dU/ ZHPQ 1[PQ+Zﬁ+SQU(1—u)}2(aH). >
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The integral over 2| can now be done using a Schwinger parametrization (A.3)

I'2a+1) ™ +oo ! o [u(1 — u)]®
T () = I'(« ++1)2 ISH‘2(2O¢+1) /o dp/o du.p* 1( u(l— u))2a+1 ' (B.9)

At this point, if we perform the integral over p first, we see that the result is finite without
the introduction of any cutoff. However, the integral over u turns out to be logarithmic
divergent. To better expose this divergence we first rewrite the p-integral in terms of p?
and then we introduce a cutoff g s.t. p> > p?. We get

I'2a+1) T +oo 1 a-1 [u(1—u)]*
J () = T(a+1)2 2‘$I|‘2(2a+1) /92 dp2/0 du (pQ) <P§+u(1—u)>2a+l
il

_F((Qyo:{l 2a+1) /+OO P / du )a—l [U(l_u”a TaFl T
o) (§+§re0-0)

Note that in the second step we did the shift p> — p? + 2. In an expansion in the cutoff we
can neglect the p-contribution from the p?-term of the numerator. Performing the integral
over p? gives

0 1 u(l —u)]®
oot (1 — w)

2m‘sH‘

(B.10)

Thanks to the cutoff o, now also the integral over u is convergent, and it can be performed
analytically. The result is a hypergeometric function which we do not report here. By
expanding the result in the cutoff we find

2 il 1 @

‘ ‘ + O(o0), (B.11)
(07 I‘H

where () is the digamma function, and vz is the Euler-Mascheroni constant. As discussed
above, the correction to the conformal dimension can be found from the coefficient of the
logarithmic term in the correlator (B.5).

All and all, this gives

72(6m — 1) + 02

( | : DD, NN,
o 1 (N +2)A m
€y =7a0 A= gonigz (B.12)
72(12m +7) + 262
, DN.
2m+1

The formula (B.4) then reproduces the wedge anomalous dimensions in (3.21).
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B.2 'Wedge anomalous dimension in d =3 — €

In this case we need to compute

A

(O (@O, =

- /0+Oo dp [, 1 (0@ (), (5°(2)), (" )0aw), -

R2—2

where again k represents only one of the IV possible fields. Analogously to the computation
done above, we need the boundary-wedge propagator and the one-point function of ¢? when
d = 3. Those correlators have been reported in (3.36), (3.37).

Thus, the integral to compute is

A A (N +2)gurn,I a+l2
<O£($H)Og"(y“)>1 =Y 4ﬂw492f(0§+ 1)2)

1
+oo 1 ats; 1 aty
X d /dz N - :
/0 P 1P ,02+(8||+ZH)2 ,02+Zﬁ

By doing the same steps as in the case of section B.1 we obtain

<6i ($||)(5j(y||)> =6 UXH)Q*H"F(M) H, 1—2log Jsil
L NCESICE Tl M 0

+0(0), (B.13)

where H, is the analytic continuation of the harmonic number to real values. From the
above equation we can extract the anomalous dimension, which gives us (3.38).1%

C Expansion of the conformal blocks

In this appendix we explain how the conformal blocks from the free theory can be expanded
in e. For Dirichlet b.c. we wish to expand

go(Ao,ﬁa,Z) x o F} (—§+ae,12a+ae,;+be,z> , (C.1)
and for Neumann b.c.
gl(Ao,ﬁa,z)ochl <1;a—|—a6,1—g+ae,§+be,z> . (C.2)
The coefficients a and b are given by
a:ﬁ;ﬁy, b=4. (C.3)

These two blocks satisfy the relation

1 2z
fry 1 720] - = - 1 '4
oF1(a,b,c,2) = (vVz+1)""%F (2@,0 2,20 ’\/2—1—1) , (C4)

18Had we added the same interaction on both of the boundaries, there is an extra factor of 2 in the wedge

anomalous dimension.
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which holds if b = a+ % Applying this relation, and for the Dirichlet block also the following
one of Kummer’s relations

I'(l —a)I'(1 —b) Fi(a — 1,b— 1,2 —
JFi(a,b, c, 2) = ( a)T( )(c) oF1(a—c+1, c+1, c,z)+

I'(2—c)(c—a)l(c—b) o1
['(1—a)l'(1-0b) oFi(c—a,c—b,c—a—b+1,2) (C.5)
T (e—a—b+1) (= :

we find 9Fi(a,b, ¢, z)’s in the conformal blocks that all satisfy ¢ > b > O(e). This means
that we can use the following real-line integral representation (on all of the o F}’s)!

_ F(C) 1 tb_l(l _ t)c—b—l
oF1(a,b,c,2) = F(b)f‘(c—b)/o dt 0=t (C.6)

The integrand can then be expanded in e. This gives us integrals over different kinds of
logarithms at O(e), which we performed using the ‘Rubi’ package for Mathematica [78]. We
have then found the e-expansions of the o F} in the blocks?’

Go +

2 k
+(c—a) (14 v2) log (14 v2) —a (1 - v2) log (1 - Vz) +
—c(vVz+1) 108 (2v2) + (e — a)Hiy [(1 - V2)" = (1+v2)"] +
+Hy[(a—¢) (1-v2)* —a(vVza+1)"|+

(1—\/2)’“+(1+ﬁ)’“+6{(a_0)(1+ﬁ)k—<1—ﬁ>‘“

(C.7)
c(1—yz)" R
—(k_H)(H_\/E)zFl(1,k+1,k+2,1+\/g>+
+1Ci\/\/2 1+ v2)" 3P (1,1,1—k;2,2; \/22\151>+
_(1_\/§)k 3Fh (1,1,1—k;2,2; \/25\/_51>]},
k_ (1 5k (1 — o)k
g1o<(1+ﬁ)2k\él V) +6{(a+ck)(1+f)k2\/(; V) +
Lal=va) log(1-v2) a(l+v2) log(1+7)
k/z k/z
(C.8)
_C[Q_\/E)’“ 3 F) (1,1,1—k;2,2;\/22\/_51>+
+(1+v2)" " R (1,1,1 k2,2 11‘(’%)” .

19This integral is convergent for b > a > 0.
20These can also be found in the supplementary Mathematica file attached to this paper.
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