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ABSTRACT. We study the spectrum of the Robin Laplacian with a complex Robin parameter o on
a bounded Lipschitz domain €2. We start by establishing a number of properties of the corresponding
operator, such as generation properties, analytic dependence of the eigenvalues and eigenspaces on a € C,
and basis properties of the eigenfunctions. Our focus, however, is on bounds and asymptotics for the
eigenvalues as functions of a: we start by providing estimates on the numerical range of the associated
operator, which lead to new eigenvalue bounds even in the case a € R. For the asymptotics of the
eigenvalues as a — oo in C, in place of the min-max characterisation of the eigenvalues and Dirichlet-
Neumann bracketing techniques commonly used in the real case, we exploit the duality between the
eigenvalues of the Robin Laplacian and the eigenvalues of the Dirichlet-to-Neumann map. We use this
to show that along every analytic curve of eigenvalues, the Robin eigenvalues either diverge absolutely
in C or converge to the Dirichlet spectrum, as well as to classify all possible points of accumulation of
Robin eigenvalues for large a. We also give a comprehensive treatment of the special cases where € is
an interval, a hyperrectangle or a ball. This leads to the conjecture that on a general smooth domain in
dimension d > 2 all eigenvalues converge to the Dirichlet spectrum if Re a remains bounded from below
as a — 0o, while if Reaw — —o0o, then there is an infinite family of divergent eigenvalue curves, each of
which behaves asymptotically like —a?.
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1. INTRODUCTION

In recent years a large body of literature has developed around the asymptotic behaviour of the
eigenvalues of the Robin Laplacian

—Au = lu in €,

1.1
@ +au=0 on 012, (1)
v

defined on a fixed domain 2, that is, a sufficiently smooth, bounded open set in R%, d > 1, as the
parameter « € R appearing in the boundary condition tends to oo (here and throughout v denotes
the outer unit normal to 9€; if d = 1, then we understand 2 to be a bounded interval). Denote these
eigenvalues, which depend smoothly on «, by Aj(a) < A2(a) < ... = oo, and the eigenvalues of the
Dirichlet Laplacian, i.e., the solutions of

—Au = Au in Q,

u=0 on 0}, (1.2)

by Ay < Ay < ... = oo. Then it is known that A\x(a) — Ag from below as @« — 400 for each k € N
[29, 30]. If o — —oo, then the situation is more complicated: if Q is C!, then A\g(a) ~ —a? as a — —o0
for each fixed k € N, but there are further curves of eigenvalues which converge to eigenvalues of the
Dirichlet Laplacian from above [2, 19, 24], 34 35 47, 52]; moreover, in the last few years very precise
asymptotics have been developed for the divergent eigenvalues in the case a — —oo [27], [31], [36] 44, [61].
The case of less regularity, namely when 2 has a finite number of “model corners” and the asymptotic
behaviour is different, has also been extensively considered [I7, 4], 42 43, [50]. We refer to [I8] for a
recent summary of the problem, its history and more references.

Our principal goal is to investigate what happens when o € C is a large complexr parameter; the
corresponding boundary condition is often called an impedance boundary condition, where it appears
frequently in the context of electromagnetic and acoustic scattering (see, e.g., [20} 211, [49]). In this case,
it is easy to see that the problem still admits a discrete spectrum, and studying this problem should
give a more complete picture of the eigenvalue behaviour even in the real case. However, for a € C\R, the
Robin Laplacian obviously ceases to be self-adjoint, and thus neither the known results themselves, nor
their methods of proof, which to a large extent rely on variational methods in some form, are applicable.
Thus new methods and insights are required.

What is more, although there seems to be a burgeoning interest in non-self-adjoint Robin Laplacians
in various contexts such as half-spaces [21] 22 [60] and scattering problems (for example [4] 20, 48] [49]
among many others); waveguides (e.g., [14} 57, [58] [59)]); thin layers [15] [46]; triangles [54] [64]; and metric
graphs [37], to say nothing of the extensive physics literature on impedance boundary conditions (see for
example the references in [21] 48], 49, 58], etc.), to date many basic spectral properties of this operator on
general (bounded) domains seem not yet to have been established. Thus we also wish to give a thorough
and systematic treatment of these spectral properties; our first result is as follows.

Theorem 1.1. Suppose Q C R%, d > 1, is a bounded Lipschitz domain. Then:

(1) each eigenvalue has finite algebraic multiplicity and depends locally analytically on o € C: more
precisely, if (Ax(ao))ken is an enumeration of the eigenvalues (each repeated according to its finite
algebraic multiplicity) for some ap € R, then each A\p(ag) may be extended to a meromorphic
function Ag(a) such that for any o € C, these eigenvalues form the spectrum of the corresponding
Robin Laplacian;

(2) away from crossing points of eigenvalues, each eigenvalue A\ (c) and the corresponding eigenpro-
jection are holomorphic functions of «, whereas at the crossing points the weighted eigenvalue
mean and the total projection are holomorphic;

(3) if Ai() is simple with eigenfunction ¢ = (), then N (o) is given by

2do(z
Q

(where the right-hand side is to be interpreted as a holomorphic continuation in the event that
the denominator is zero, as any singularities are removable);

(4) for any a € C, the set of eigenfunctions and generalised eigenfunctions corresponding to the
eigenvalues {\.(«) : k € N} can be chosen to form an Abel basis of L*(Q), of order (d—1)/2+6
for any § > 0, and even a Riesz basis if d = 1;
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(5) however, for any o € C\ R, the eigenfunctions can not be chosen to form an orthonormal basis
of L*(9).

This theorem combines statements from several theorems which we will give below, namely Theo-
rems and and for its proof we refer to the respective proofs of these results. As a
consequence of Theorem the question of the asymptotic behaviour of the eigenvalues is meaningful
since we can speak of analytic curves of eigenvalues in the complex plane (up to crossing points).

However, our main focus is on the location of these eigenvalues in the complex plane, in particular
as regards their behaviour for large a. Let us start by examining what we expect to happen in the
general case. Based on explicit calculations on the interval (which we will perform in Section and
other concrete examples, we can expect that the behaviour should mirror the real case.

Conjecture 1.2. Let Q C R?, d > 2, be a bounded Lipschitz domain, and suppose a € C, |a] — oo.

(1) IfRea — —o0, then there exists a sequence of absolutely divergent eigenvalues. Any limit point of
non-divergent analytic eigenvalue curves of eigenvalues is an eigenvalue of the Dirichlet Laplacian
(that is, a solution of (1.2)).

(i) IfQ2 has C* boundary, then each divergent eigenvalue behaves asymptotically like —a?+o0(a?).

(ii) If Q has Lipschitz boundary, then for any divergent analytic curve of eigenvalues A = A\ (),
there is a constant Cqj, € [1,00) depending only on k from Theorem[1.1] such that A(cor) =
—Cqra? + o(a?).

(2) If Rea remains bounded from below, then each eigenvalue converges to an eigenvalue of the
Dirichlet Laplacian.

We repeat that most statements in Conjecture [I.2] are known for real «, although some questions are
still open; in particular the asymptotics on general Lipschitz domains has not yet been settled, see [18]
Open Problems 4.17 and 4.20]. Regarding the divergent eigenvalues, we emphasise that it is now possible
for them to have large positive real part: Re (—a?) — 400 when o — oo in C, if |Im a| grows faster than
|Re af.

As mentioned above, existing techniques used in the real case are completely inapplicable to Conjec-
ture as they rely in an essential way either on the variational characterisation of the eigenvalues and
test function arguments, as in [24, [34] [35] [47], or, what for our purposes amounts to the same thing, on
Dirichlet-Neumann bracketing techniques (or equivalent) to decompose the operator, as in [27), (0, [61]
etc.

Here, while we are not able to give a complete answer to Conjecture [[.2] and also leave open the
question of the higher terms in the corresponding asymptotic expansions, we will make progress on two
fronts. Firstly, we give sharp trace-type estimates on the boundary integral of the Robin eigenfunctions —
the only term in the expression for the eigenvalues with possibly non-zero imaginary part — to control the
location of the spectrum of the Robin Laplacian for fixed o € C inside an explicitly specified parabolic-
type region of the complex plane.

Theorem 1.3. Suppose Q@ C R, d > 2, is a bounded Lipschitz domain. Then there exist constants
C1 > 2 and Cy > 0 depending only on Q, such that for any o € C, any corresponding eigenvalue A € C
of (L.1) is contained in the set

Ago = {t—i—a-sG(C:tZO,sE[O,Cl\/%—f—Cg]};

in particular, we have the estimate
02
Re X > —Z1|Reoz|2 — C2|Req.

If Q has C? boundary, then we may choose C; = 2.

Actually, we will prove a slightly stronger version of this theorem, namely for the numerical range of
the associated form: see Section |§| for details, including a description of the parabolic-type region Ag q,
and in particular Theorem for the stronger version and its proof.

In the case of real negative o, Theorem is already new; for general reference, we will formulate it
here explicitly:

Corollary 1.4. Suppose Q C R?%, d > 2, is a bounded Lipschitz domain. Then there exist constants
c1 > 1 and co > 0 depending only on 2 such that for any o < 0 and any corresponding eigenvalue A € R
we have

A > —cra? — ca.
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If Q has C? boundary, then we may choose ¢, = 1.

Among other things, this essentially answers [I8, Open Problem 4.17] in the affirmative (see Remark
for more details): as & — —oo, for any bounded Lipschitz domain €2, there exists a constant ¢; = ¢1(€2) > 0
such that A\;(a) = —cia?. To the best of our knowledge, this is also the first time a bound of the form
A > —a? 4 cya has been found which is valid for all & < 0 and general smooth domains; in this case,
the constant co = ¢2(€2) can be estimated explicitly in terms of the geometry of 2 and is related to the
maximal mean curvature of 0} (see Remark [6.8)).

The other part of our approach is based on the duality between the Robin Laplacian on L?() and
Dirichlet-to-Neumann-type operators defined on L?(99). Suppose that some A € C is an eigenvalue of
the Robin Laplacian for some given a € C and not in the spectrum of the Dirichlet Laplacian. Then « is
an eigenvalue of the operator which maps given Dirichlet data g € L%(02) to the (negative of the) outer

normal derivative f%, if one exists, of the solution u of the Dirichlet problem

—Au = \u in Q,

u=g on 0f) (1.3)

for this value of A\, and vice versa. The Dirichlet-to-Neumann operator is defined in such a way that A € C
is an eigenvalue of the Robin Laplacian for a given o € C if and only if « is an eigenvalue of the
Dirichlet-to-Neumann eigenvalue for the corresponding spectral parameter A. As such, the study of the
Robin eigenvalues is equivalent to the problem of studying the dependence of the Dirichlet-to-Neumann
eigenvalues «a as functions of \; and indeed the duality between the two has been explored and exploited
frequently in various other contexts such as [9, [0, 23, 32, 53], among numerous others. It turns out that
it is often easier to study the behaviour of « as a function of A than the other way round, and this is the
approach we will take. It firstly allows us to give a short proof of a dichotomy result which forms part of
Conjecture [T.2]

Theorem 1.5. Let Q@ C R, d > 1, be a bounded Lipschitz domain and o € C. As a — oo in C,
each analytic eigenvalue curve A = A(a) of (1.1) either converges to a point in the Dirichlet spectrum or
diverges to oo in C.

This will be proved in Section [7] (see also Theorem for the case d = 1). In the real case, although
this was expected, it does not previously seem to have been formally proved, see [I8, Open Problem 4.11];
thus, Theorem also fills this small gap in the literature in the case of real «.

Instead of looking at individual eigencurves, we can consider the asymptotic distribution of eigenvalues
across all eigencurves in their entirety; more precisely, we can consider all possible points of accumulation
of the Robin eigenvalues as & — oo in C. Away from the negative real semi-axis, we have a stronger
statement than the one of Theorem namely that regardless of how we choose the eigenvalues, as
a — oo the only points of accumulation are Dirichlet eigenvalues. If « is allowed near the negative
real semi-axis, however, the situation is more complicated; it is for these values of « that the eigenvalue
“crossings” accumulate.

Theorem 1.6. Let Q C R, d > 2, be a bounded Lipschitz domain and o € C.
Rea

(1) If @« = o0 in C in such a way that either Rea remains bounded from below or |Ima| remains
bounded, then the only points of accumulation of the Robin Laplacian eigenvalues as oo — 0o are
etgenvalues of the Dirichlet Laplacian.

(2) However, any A € C is a point of accumulation of the eigenvalues of the Robin Laplacian if « € C
is allowed to be arbitrary. More precisely, given any A € C there exist ay, € C, k € N, |ag| — o0,
such that X\ is an eigenvalue of the Robin Laplacian with parameter oy, for all k € N.

For the proof and a more detailed discussion of the statement (in particular the contrast between parts
(1) and (2)), see Section [8} we refer in particular to the more precise version of (1) that is the statement
of Theorem [B.2] as well as Remark [8-3]

We will also use Dirichlet-to-Neumann operators to give a detailed analysis of the asymptotic be-
haviour of the Robin eigenvalues in a number of concrete examples, namely the interval, rectangles and
hyperrectangles, and balls in d > 2 dimensions, which support Conjecture We expect that many of
the ideas here could be carried over to more general settings. For example, the case of quantum graphs
with some ¢ vertex conditions, that is, the Laplacian defined on a metric graph with complex Robin-type
potentials at some of the vertices, can be analysed using the same ideas and will be treated in a later
work.
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This paper is organised as follows. To motivate our results, we start out in Section [2] by sketching
the case of the eigenvalues of in the special case when €2 is a bounded interval and everything can
be calculated explicitly. Divergence of the eigenvalues A outside an arbitrarily small sector around the
positive real semi-axis is shown to be possible only if Re « — —oo; in this case, one obtains exactly two
divergent eigenvalues, which behave like —a?, while the rest converge to the Dirichlet spectrum. If Re o
remains bounded from below, then, at least outside such a sector, all eigenvalues are convergent (see
Theorems nd as well as Proposition .

In Section |3} we then introduce the Robin Laplacian as an operator on L?(€2) and establish basic spec-
tral and generation properties such as m-sectoriality. Section[]is devoted to the holomorphic dependence
of the eigenvalues and eigenfunctions on « (Theorem and Remark based on Kato’s theory, the
question of the possible existence of eigennilpotents at eigenvalue crossing points (Remarks and 4.6])
as well as the proof of the formula for the derivative of a simple eigenvalue (Theorem [4.8]). In Secti
we treat the failure of the eigenfunctions to form an orthonormal basis in L2 (Theore, as well as
the positive result that they at least form an Abel basis (Theorem [5.7)). Theorem follows immediately
from the results in Sections [4| and [5| (plus elementary properties of the operator given in Section . The
bounds on the region in C in which eigenvalues can be found are in Section [6} in particular, we give the
statement and proof of our main Theorem which in particular implies Theorem and hence also
Corollary

In Section [7] we introduce and prove a few basic properties of the Dirichlet-to-Neumann operator,
including the “duality” between the Robin and Dirichlet-to-Neumann eigenvalue problems, which is well
known in the real case; we also give the proof of Theorem We then use the Dirichlet-to-Neumann
operator among other tools to prove Theorem [I.6]on the points of accumulation of the Robin eigenvalues
in Section [§ Finally, in Section [J] we give three concrete examples: we start with the interval, where we
furnish a number of technical details omitted from the exposition in Section [2| including a consideration
of the relation between the eigenvalues diverging near the positive real semi-axis and the parameter
a. We then use our results on the interval to deal with d-dimensional rectangles (hyperrectangles), see
Theorem [0.3] and finally, we treat d-dimensional balls in Section [0.3] see in particular Theorems [9.8]
and In these examples we also pay attention to the error estimates appearing in the asymptotic
expansions.

Remark 1.7. Some of our results are valid in essentially the same form if « is allowed to be variable, that
is, a complex-valued function a € L (99, C), in place of a constant o € C. This is especially true of the
basic operator-theoretic properties collected in Section [3| (see Remark , as well as our estimates on
the numerical range (see Remark , since these are all based on trace-type estimates which continue to
hold for a € L>(99Q,C). However, in most other cases it introduces significant complications and many
results are unlikely to hold in the same form (as for example with the Dirichlet-to-Neumann operator, or
see also Remark . Since for our main problem, namely the asymptotic behaviour of the eigenvalues
for large «, it is customary and of most interested to treat « as a (real or in this case complex) parameter,
we will not consider the case of variable a beyond the aforementioned remarks.

2. A MOTIVATING EXAMPLE: THE INTERVAL

To gain insight into what to expect in general, we start by looking at the case of intervals, where
everything can be computed explicitly. We start by fixing a > 0 and consider the interval Q = (—a,a) C R
of length 2a. Here we will present a slightly abridged version; the (somewhat tedious) details of the
calculations are given in Section In one dimension, our problem becomes

—Au=—-u" =\ on (—a,a),
—u'(—a) + au(—a) = 0, (2.1)
u'(a) + au(a) =0

for given o € C (where the sign in front of u'(+a) corresponds to the outer normal derivative at +a). We
will study this problem with the help of the inhomogeneous Dirichlet problem

—u" =X on (—a,a),
u(—a) = g1, (2.2)
u(+a) = ga,

for given Dirichlet data g := (g1,92)7 € C? and A € C. A number ) solving (2.2) for given g is
an eigenvalue of the Laplacian with complex Robin boundary conditions (2.1)) if and only if there is a
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solution u of such that u'(—a) = ag; and —u’(a) = ags. Let us write M (\) for the mapping which
takes (g1,92)7 to (v/(—a), —u'(a))T, that is, M (\) € C2*2 is the Dirichlet-to-Neumann operator (matrix)
mapping given Dirichlet data to the associated Neumann data of the corresponding A-harmonic function
u, which we study in more detail in Section [7] Thus a Robin eigenvalue X for given « corresponds to an
eigenvalue «a of the equation

M(N)g =ag=alg,g2)" (2.3)
for given A. In anticipation of our later strategy, to study the behaviour of the Robin eigenvalues, we
will in fact study the eigenvalues « of the matrix M(\). To this end, starting with the general solution

of given by
u(x) = Cy cos(VAzx) + C_sin(v/x), (2.4)

whose coefficients C;. and C_ depend on a, VA, and g, it is not difficult to derive the representation

_ —cot2vAa  csc2vha
M) =V ( csc2vda  —cot 2\5(1) '

We see that this matrix is well defined, and has two eigenvalues, except at the singularities of cot and csc.
These correspond exactly to the values 7252/(4a?), j € Z, of A, that is, the eigenvalues of the Dirichlet
Laplacian on (—a, a) together with 0, which is a double eigenvalue. From this representation we can also
deduce that the eigenvalues

(2.5)

ar =V (:I: esc(2aV/\) — cot(2a\F>\)) (2.6)

of depend analytically on A\ # m22/(4a?). Moreover, apart from the crossing at A = 0, the two
curves a4 described by have no points of intersection; and their respective derivatives da /d\ never
vanish. Hence, away from this one crossing, the eigenvalues A = A(«a) of are simple and depend
analytically on o € C. A more general version of this will be discussed in Section[dl At any rate, for this
reason, whenever we speak of divergent or convergent eigenvalues A(«a) as & — oo in C, we have a family
of (in general meromorphic, here even analytic) functions and are considering the asymptotic behaviour
of each of these.

Moreover, to establish what types of behaviour of A(«) are possible as @ — oo, we may equally ask
what conditions on A\ guarantee that the eigenvalues « of the matrix M(\) diverge. To this end, we
classify the different situations in which this can happen as follows:

(1) VA approaches a pole of cot or csc, which represent the Dirichlet eigenvalues. In this case, as
a — oo the Robin eigenvalue A converges to a Dirichlet eigenvalue;

(2) A diverges to co in C away from the positive real axis, where the poles of cot and csc are located.
In this case, as we shall see, both eigenvalues of M (\) diverge as +iv/\, corresponding to two
divergent Robin eigenvalues A\ ~ —a?;

(3) X diverges to oo but remains within a finite distance of the real axis. While it is clear that the
eigenvalues of M ()\) must also diverge in this case, the relationship between « and X appears to

be more complicated owing to the proximity of v/A to the poles of M (N).

Let us examine each situation a little more closely.

2.1. Convergence to the Dirichlet spectrum. Consider the behaviour of the eigenvalues a(\) of
M(X) as v A approaches a singularity of cot or csc, that is, A approaches an eigenvalue of the Dirichlet
Laplacian: this is the only case in which a may diverge while A remains bounded. Inverting this statement
by writing A as a function of « leads to the following theorem, whose proof will be given in Section [9.1
see also Theorem [L.6

Theorem 2.1. Suppose the analytic eigencurve A = A(«) remains bounded as « — oo in C. Then it

converges to some eigenvalue of the Dirichlet Laplacian, that is, there exists some j € Z such that
2:2

™)

Ma) - —=
(o) 4q2

as o« — 00.

2.2. Divergent eigenvalues away from the positive real axis. Suppose now that A — oo in C in
such a way that its distance to the positive real axis diverges. For simplicity, we will actually suppose
that A diverges in a sector away from the positive real axis; more precisely, we start by dividing the
complex plane in the following fashion:
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Definition 2.2. (1) Let 0 < 0 < w/2 be an (arbitrarily small) angle and define the open sectors
Sf={2€eC:0<argz<nm—0} and T, :={z€C : |argz| < 0} (2.7)
in the upper and right-hand half-planes, respectively (here we assume that the principal argument
is always between —7 and 7). We then define S, := —S; and T, := _T9+ to be the corresponding
sectors reflected in the real and imaginary axes, respectively, so that the complex plane is, up
to two straight lines mutually crossing in z = 0, symmetrically partitioned into four sectors; see
Figure 2.1}
(2) If @ = 7/2, the sectors S; vanish and T~ are defined as in (2.7).
Furthermore, if 7/2 < 0’ < m, we set define Tg,r by , that is, a partition of the complex plane in
two sectors T, 9",' and T ,,

Im) A

\ .\'/5"":::: 0\ >

Re

Y

FIGURE 2.1. The four sectors S’(jt and Tgt.

We then make the following assumption.
Assumption 2.3. We suppose that A diverges in the sector C \ T3}, for some small 6 € (0,7/2).

This ensures that A does not approach any eigenvalue A; € o(—AL) C R of the Dirichlet Laplacian;
moreover, the assumption is equivalent to v/ diverging to oo in one of the sectors Sét.

But this implies in particular that Im /X — o0, and for such VA we can determine the asymptotic
behaviour of the Dirichlet-to-Neumann matrix , based on

) = Fi+ O (eF4m=) (2.8)

and o
. —— (eF2m=) (2.9)

elz — e—iz

as Im z — 400, independently of Re z. Indeed, Assumption allows us to choose z = av/\, which leads
to

) =B (5 5) vo(Varens) 210

Recalling (2.3]), in each of the cases Im VA = 400 and Im VA — —oo we obtain the respective existence
of exactly one diverging eigenvalue behaving like a = (), whose square satisfies the behaviour

a?=-A+0 (Aeﬂalm ﬁ) (2.11)

as Tm v\ — 4oo. Inverting the equation from a()\) to A(a) and noting that these eigenvalues always
correspond to Re a — —oo (more precisely, we want o — oo in the left half-plane away from the imaginary
axis, in order to guarantee that —a? remains away from the positive real axis), we arrive at the following
result.

Theorem 2.4. For the interval Q = (—a,a), if « — oo in a sector of the form T, for any ¢ € (0,7/2)
(see Definition , then for any 0 € (0,7 — 2¢p) there are exactly two divergent eigenvalues of the Robin
Laplacian in the sector C\ T9+; these satisfy the asymptotics

AMa) = —a® + O (a®e**Re®) (2.12)
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as a — oo in T, . If a« = oo in such a way that Rea remains bounded from below, then the Robin
Laplacian has no divergent eigenvalues in C\ TJ, for any 6 > 0.

A special case and immediate implication of the latter theorem is « diverging on any ray (half-line)
in the left half-plane and thus in a sector 7, for some given ¢ € (0,7/2): we suppose o may be written
as a function « : (0,00) 3 t +— telV € C for some fixed 7/2 < ¥ < 3w/2, which in particular means that
aft) e T, for all t > 0.

Corollary 2.5. For the interval Q = (—a,a), if a(t) = te' — oo for any fired 7/2 < 9 < 31/2, then for
any 0 € (0,7 —29), for sufficiently large t > 0 there are ezxactly two eigenvalues A of the Robin Laplacian
in the sector C\ T;‘, and these both satisfy the asymptotics

)\(Ck(t)) _ 715262119 +0 (t262 cos(l?)at) (213)
ast — oo.

For full details and a proof of the theorem we refer to Section [9.1] The eigenvalue behaviour described
in Theorems 2.1 and 2:4] and our approach taken here, should be compared with the corresponding case
of real a discussed in [I8], Section 4.3.1].

2.3. Divergent eigenvalues near the positive real axis. The other possibility is that A — oo inside
a sector of the form T. ;g,, equivalently, that v/A — oo in one of the sectors Tei. While it is clear that the
corresponding eigenvalues v of M (\) must diverge, equivalently, that the divergent eigenvalues A(a) in
this sector correspond to divergent «, the situation is complicated by the proximity of v/A to the poles
of cot and csc. In such cases, we can expect Ima — o0, consistent with the asymptotics A ~ —a?2.
However, in general any particular A-curve such that A diverges along a path within a strip of fixed width
around the positive real axis, the corresponding eigenvalues a(X) of M () satisfy [Im a(A\)| — oo and

Re a()) oscillates and diverges indefinitely:

Proposition 2.6. Suppose A\ diverges along a path within a strip of fized width around the positive real
azis. Then the corresponding eigenvalues a(N\) of M () satisfy |Im a(X)| — oo and Re a(N) oscillates and
diverges indefinitely.

For the proof, see again Section[0.1] Among other things, this intimates, when combined with the proof
of Theorem [2.4] that the Robin Laplacian can only have divergent eigenvalues in the regime Re v — —o0
(indeed, if Re o remains bounded from below, then the conjecture rules out divergent eigenvalues A such
that Im v/A remains bounded); while by Theorem and its proof there can be no divergent eigenvalues
X such that Im v/A — 0. This observation, in particular, supports Conjecture

A more complete description of the relationship between A and « in this case will however be deferred
to a later work.

3. THE ROBIN LAPLACIAN WITH COMPLEX PARAMETER

In this section we will collect a number of basic properties of the Robin Laplacian. We will be using
the framework of Kato [40, Chapter V and VII|, and we start by recalling some definitions from there.

We assume throughout that H is a Hilbert space with inner product (-, -) and norm | - ||g, A :
D(A) C H — H is a closed, densely defined linear operator with spectrum o(A) C C, point spectrum
(set of eigenvalues) o,(A) and resolvent set o(A) = C\ o(A), and a: D(a) x D(a) C Hx H - Cis a
densely defined sesquilinear form. We call the set

W(A) = {(Au,u) : u € D(A) and |jul]|g =1} CC (3.1)
the numerical range of A and, likewise, the set
W(a) := {afu,u] : w € D(a) and ||u||g =1} C C (3.2)

the numerical range of a. If A is the operator associated with a, that is, if A is defined by
D(A) ={u € D(a) : 3h € H such that a[u,v] = (h,v) Yv € D(a)},
Au = h,
then it follows immediately from the definitions that o,(A) C W(A) C W(a).
Finally, we call A m-sectorial (of semi-angle 6) if there exist a vertex v € R and an angle 0 < 0 < 7/2

such that
W(A) Cc{zeC:|arg(z — )| < 6} (3.3)
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(where, again, the principal argument of a complex number is taken to be between —m and 7) and for all
A € C with Re A < v we have that X € p(A) satisfies the resolvent norm estimate
_
|y —Re |’
The form a is likewise called sectorial (of semi-angle 6) if ([3.3)) holds for W (a).
Now let Q@ € R?%, d > 1, be a bounded domain, that is, a bounded open set with a finite number of

connected components, and (if d > 2) assume that its boundary 992 is locally the graph of a Lipschitz
function, for short Lipschitz. For a € C we define the sesquilinear form a, : H(Q) x H'(2) — C by

(A =AD" mom <

aolu,v] = | Vu-Vodz —|—/ out do(z), (3.4)
Q a0

where the boundary integral is to be understood in the sense of traces, as is customary; more precisely,
we have written u and T as shorthand for the traces tru,trv € L?(99Q) of the functions u,v € H(Q),
respectively (see, e.g., [0 Section 1] and also Lemma below). We will refer to the form a, as the
Robin form (for the parameter ) and call the operator on L?(Q) associated with a,, the Robin Laplacian,
denoted by —A&. The arguments of, e.g., [9, Section 2] or [62, Section 1] for real o may be repeated
verbatim here to show that this operator is given by

0 0
D(—A8) = {u € HY(Q) : Au € L2(Q) and 87“ € L*(9Q) with 87“ +ou = o} :
v v
—Agu = —Au,
where Au = Zle g%‘ is the distributional Laplacian and % is the outer normal derivative of u, that is,
the function g—;‘ =: h such that

/ Vu- Vv + Auvdz = hvdo (3.5)
Q a0

for all v € H'(Q2). One may show that any u € H'(Q) with Au € L?(Q2) has an outer normal derivative
in L?(0€2) in the sense of . For more details on this approach to the Robin Laplacian (for real «),
we again refer to [J, Section 2] or [62, Section 1]. If o = 0, then we write —AY in place of —AY, for the
operator associated with the form ag, which we call the Neumann Laplacian, and if ag is restricted to
H} () x HE(Q), then we call the associated operator the Dirichlet Laplacian, which we denote by —AQ:

D(-A8) ={ue H)(Q) : Aue L*(Q)},
—ARu=—Au.
The following theorem is well known.

Theorem 3.1. Let Q@ C R?, d > 1, be a bounded Lipschitz domain. The operators —Ag and —Ag
are self-adjoint and semi-bounded from below in L*(Q). Their spectra o(—AL) C (0,00), o(—=AY) C
[0,00) are discrete, consisting only of eigenvalues of finite multiplicity, whose algebraic and geometric
multiplicities always coincide, and with +00 as their only point of accumulation.

We now turn to the Robin Laplacian. The following lemma is key to establishing its properties.

Lemma 3.2. Let Q C R%, d > 1, be a bounded Lipschitz domain and o € C. The Robin form given by
(3.4) is bounded in H'(Q) and sectorial of semi-angle 0 for any 0 < 6§ < /2.

Proof. By the trace theorem, a,, is well defined, bounded on H'(Q2) x H'(2) and sectorial. O

The following theorem now follows from Kato’s first representation theorem [40, Theorem VI.2.1], the
subsequent corollary [40, Corollary VI.2.3] and [40, Theorem VII.4.2], plus the fact that the form domain
HY(Q) is densely and compactly embedded in L?(€) since 2 is a bounded Lipschitz domain.

Theorem 3.3. Let Q C R?, d > 1, be a bounded Lipschitz domain and o € C. The operator —Ag is:

(1) semi-bounded from below in L?(2),

(2) locally uniformly (in o € C) m-sectorial of semi-angle 6 for any 0 < 6 < 7/2,

(3) densely defined on L*(Q) and H*(), and

(4) its spectrum o(—Ag) is discrete, consisting of eigenvalues of finite algebraic multiplicity, with
their only point of accumulation being oo € C.
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Moreover, —Ag is self-adjoint if and only if o € R. Finally, for any given o € R, its eigenfunctions may
be chosen to form an orthonormal basis of L*().

For future reference, we state explicitly the weak form of the eigenvalue equation: A is an eigenvalue
of the operator —Ag, with eigenfunction 1, if and only if

an [, v] = / Ve - Vudz —|—/ apvdo(x) =X | Ypvda for all v € H' (). (3.6)
Q a0 Q

We also briefly state for the record a result on the well-posedness of the associated parabolic equation.
We will not need this here, so we do not go into any details.

Theorem 3.4. Let Q € R%, d > 1, be a bounded Lipschitz domain and o € C. The operator Ag generates
a holomorphic Cy-semigroup of operators of semi-angle 0, for any 0 < 0 < 7/2.

For more on holomorphic semigroups, including their definition, see [8, Chapter 3].

Proof. This follows immediately from the resolvent estimate contained in the m-sectoriality assertion of
Theorem combined with Proposition 3.7.4 and Theorem 3.7.11 of [g]. O

Finally, we briefly summarise what happens if « is allowed to be a function instead of a constant.

Remark 3.5. If a € L>®(99Q,C), then the form a, may be defined in the same way and maintains its
properties (in particular Lemma [3.2)) due to the continued validity of the trace theorem and hence the

estimate
‘/ alu|?do(z)
o

It follows that Theorem holds with the obvious modifications that —Ag is self-adjoint if and only
if a(r) € R for all z € 09, and that the local uniform sectoriality depends only on [|a||z~(sq), since

for given semi-angle 6 the vertex in the sectoriality estimate can be chosen in dependence only on the
estimate given in (3.7)). Theorem then holds verbatim.

< llell o= oo llull 22 a0y < el Vullizo) + Cle: llollL= o) lullZ2 o)- (3.7)

4. DEPENDENCE OF THE ROBIN EIGENVALUES AND EIGENFUNCTIONS ON THE PARAMETER

In this section we wish to study the dependence of the eigenvalues of —A§, and the corresponding
eigenprojections, on the parameter a € C, for a fixed domain Q2. We do this in two parts: firstly, we
apply Kato’s theory of holomorphic families of operators to show that there is a family of eigencurves
(as functions of o € C), each of them analytic apart from at potential crossing points, which describe
the totality of the spectrum for any fixed a, and that the eigenprojections as operators on L?(f2) likewise
depend analytically on «, except at the crossing points. However, here caution is recommended: the
normalised eigenfunctions themselves do not change analytically: see Theorem [£.4] Then, in Section [4.2
we obtain a formula for the derivative of an eigencurve with respect to «, at any point where the
corresponding eigenprojection is one-dimensional (i.e., the eigenvalue is simple).

4.1. A holomorphic family of operators. As mentioned, we will start by applying Kato’s theory, see
[40, Chapter VII], to study the behaviour of the eigenvalues and eigenprojections of the Robin Laplacians
—A% in dependence on the parameter o € C (where, as before, O C R? d > 1, is a fixed bounded,
Lipschitz domain); to emphasise this dependence and for ease of notation, in this section we will write

A(a) := —Ag. (4.1)

We first recall some more theory. For an isolated eigenvalue A of a linear operator A on a Hilbert space
H, its eigenprojection @y is defined as follows (see [40, Section III.6.5]). Take a closed curve I'y C o(A)
enclosing A but no other point of o(A) and define

1
=—— —2I)"'dz. 4.2
Q=g (A= (12)
Then @y, which is independent of the choice of I'y, is a projection onto the algebraic eigenspace of A
in H.

Theorem 4.1. Let Q C R, d > 1, be a bounded, Lipschitz domain and let A(a), o € C, be given
by (.1).
(1) The operator family A(a), a € C, is holomorphic and even self-adjoint holomorphic, i.e. A(a)* =
A(@).
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(2) Fach eigenvalue A\(«) can be extended to a meromorphic function with at most algebraic sin-
gularities at non-real crossing points of eigenvalues, and there are only finitely many eigenvalue
curves meeting at locally finitely many crossing points. The same is true of the corresponding
eigenprojections Qx and eigennilpotents (A(a) — Ma))Qx(a)-

Remark 4.2. If two different eigenvalue curves Aj () and Aa(a) meet at A for o = a, i.e. A = Aj(ag) =
A2(ayg), the corresponding separating curves i) Tag(a) in do not exist in the limit a — «y.
However, the holomorphic continuation of the total projection @A(a) = Q) (a) + Qr,(a) exists in ag
and is equal to the eigenprojection for A of A(ap). In addition, by [40, Sections VII.4.5, I1.2], the
weighted eigenvalue mean X(a) = L (miAi (@) + maXz(a)) (with m; denoting the respective algebraic
multiplicities, which are locally constant, and m = my + ms the multiplicity at ) is holomorphic in ayg.
A corresponding statement holds in the case of more than two curves meeting at A, but in general the
eigennilpotents may be discontinuous in «ag.

Remark 4.3. Theorem proves in particular parts (1) and (2) of Theorem Let us briefly explain in
particular how we obtain the fact that the extensions of the eigenvalues Ag(ayp) for given ap € R exhaust
the spectrum for any o € C. Indeed, if there were some o € C and an eigenvalue A(«) which did not lie
on any of the eigencurves Ag (), then A(a) could itself be extended to an analytic eigenvalue curve on
C by Theorem 2), and in particular we would have an eigenvalue A() not included among the the
Ak (ap), a contradiction to the assumption that (Ag(ap))ken (counting multiplicities) is the totality of the
spectrum at ag.

Proof of Theorem[4.1} (1) By [40, Theorem VIL.4.2], A(«), o € C, is a holomorphic family of operators,
and by [40, Remark VII1.4.7], it is a self-adjoint holomorphic family. (2) Then it follows from [40, Theo-
rem VII.1.8] that the eigenvalues and eigenprojections depend (locally) holomorphically on «, and hence
so do the eigennilpotents. Since the operator family is self-adjoint holomorphic, there are no singularities
at real crossing points of eigenvalues, see [40, Section VII.3.1]. The finiteness of the number of eigenvalue
curves meeting at a crossing point, and of the local number of crossing points, follows from A(«) having
compact resolvent and from the holomorphy of the eigenvalue curves. More precisely, since the total
projection (see Remark is locally holomorphic, [40, Problem III.3.21] implies that the dimension of
its range is locally constant and thus finite. This also implies that if there were infinitely many crossing
points in a compact set, then finitely many eigenvalue curves meet at infinitely many points which have
an accumulation point; now the identity theorem implies that the eigenvalue curves have to be identical.

It remains to prove that for any fixed oy € C each eigenvalue Ai(ap) can be extended to a function
which is holomorphic on C except at the crossing points. We fix such a A\i(cap) and take an arbitrary
compact subset K C C that is the closure of an open, connected set. It suffices to prove that if K
contains «y in its interior, then there is a bounded holomorphic (except for crossing points) eigenvalue
curve \g(a), a € K, which coincides with Ag(ap) at o = ag.

To this end we consider the resolvent of A(a) for « € K. We set off := (,cx 0(—Ag). Note that
ok = 0 since the operator family A(a), o € K, is uniformly sectorial, see Theorem (2) Fix z € of;
then the resolvent family R, (a) = (A(a) — 2I)~ !, a € K, is not only compact but bounded-holomorphic
[40, Theorem VII.1.3]. Thus, the point spectrum o,(R,(a)) = (R, () \ {0} consists of eigenvalues of
finite algebraic multiplicity, and with 0 as their only point of accumulation. Denote the eigenvalues of
R.(ao) by pj(ap), where the ordering is chosen in such a way that

1
Aylao) 115 (o) e
for all j. Now the eigenvalue pj(ap) may be extended to a holomorphic eigenvalue curve, first to a
neighbourhood of ag. This curve py(a) cannot take on the value 0 for any o € K, since otherwise R, ()
would not be invertible; hence its modulus has a nonzero minimum on any compact set. Together with
the bounded-holomorphy of A(«), o € K, we obtain that ug(a) can be extended holomorphically to all
of K except at only finitely many crossing points with other eigenvalue curves. Via the identification
Ap(@) = 1/u(a) + z we obtain that Ag(«) is well defined and holomorphic on all of K except at the
crossing points. Since o € C and k were arbitrary, this completes the proof. O

Even though Theoremestablishes that the eigenprojections can be continued holomorphically (away
from possible crossing points), the eigenfunctions lose this property when normalised to have L?(2)-norm
one:
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Theorem 4.4. Let H be a separable Hilbert space and let D C C be an open, connected set. Let A(a) be
an operator family on H such that its eigenfunctions u(a) depend holomorphically on o € D. Then the
norm ||u(a)|| g is non-constant on D or u does not depend on o € D.

Proof. Let a € D, assume the family of normalised eigenfunctions u(«) of A(«) to be holomorphic and
fix an arbitrary ag € D. Then, the function f: D — C defined by f(a) = (u(ap), u(«)) satisfies

[f(@)] < flu(ao)|ml[u(a)llm =1,

that is, f is contractive on D. Now, since f(ap) = 1, the maximum principle yields that |f| = 1 is
constant and by f(ag) = 1 we conclude f = 1. Furthermore, for any @ € D we have

lu(ar) = u(eno)llF = (u(a) — uan), u(a) — u(ao))
= llu(a) |3 + llu(ao) |7 — 2Re (u(a), u(a)) = 0.

Consequently, u(a) = u(ag) and the family of eigenfunctions is independent of «, a contradiction. O

The question whether the eigenfunctions of —A{_ , are orthogonal in L?((—a,a)) will be clarified in
Section

Remark 4.5. In the case of the domains where one can describe the eigenvalues explicitly (that is, as
solutions of transcendental equations), namely intervals, balls and (hyper-) rectangles, it is possible
to show that the eigennilpotents are always zero; see Remark [0.2] for the case of hyperrectangles and
Remark for the case of the ball. It thus seems reasonable to expect that the eigennilpotents are zero
on any Lipschitz domain.

Remark 4.6. However, it is easy to see that there can be nontrivial eigennilpotents if « is allowed to
be a function on the boundary. Take the simplest possible case of an interval = (—a,a) and suppose
a : {—a,a} — C is a function. Then for some values of a the eigennilpotents are non-zero: indeed,
following [45], Section 3], we let ¢ € R and consider purely imaginary «;(z) of the form

—it forx = —a,
o(z) = {

+it  for x = +a.

Then the spectrum of the Robin Laplacian A(a;) = — A

(—a,a)

reads o (A(ay)) = {t*} U {k]z}jeN, where

kj = % That is, the spectrum consists of the eigenvalues of the Neumann Laplacian independently
of t, plus the eigenvalue t2. This eigenvalue has eigenfunction ug(r) = e~*  while the rest of the

eigenfunctions for k3 read

oy (=17
t
uj(z) = cos(k;x) —i (;) sin(k; ).
J
Note that each u;, j > 1, is, like its eigenvalue, independent of ¢. Fix j € N. The eigenvalue curves ¢
and ka obviously cross at t = k;, meaning that the algebraic multiplicity at this point should be two;
however, the eigenfunctions uy and u; converge to the same function as t — k;. It can be checked that

for the function
: 2ita
1 —itx € itx
T) = —xe -

when t = k; the corresponding eigennilpotent satisfies

(A(cr) =) g=uo #0 and  (A(ay) —13)° g =0.
Consequently, g is a root vector and the geometric and algebraic eigenspaces do not coincide at ¢ = k;.

It would take us too far afield to explore the question of the eigennilpotents here and so we leave it as
an open problem to investigate them in the case that « is independent of = € 9.

Open Problem 4.7. Given any bounded Lipschitz domain Q C R%, suppose that A = A(«) is a repeated
eigenvalue of A(a) = —Ag for some a € C. Is the eigennilpotent (A(a) — A(cr))@x(q) necessarily equal
to zero (where Qy(4) is the eigenprojection, see (4.2))?
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4.2. The derivative with respect to a«. We now give a formula for the derivative of a simple eigenvalue
A with respect to a € C (that is, along its corresponding eigencurve), which by Theorem always exists.
For a € R the corresponding formula is reasonably well known (especially but not only in the special
case a = 0); see [I8), Section 4.3.2] and the references therein.

Theorem 4.8. Let Q C RY, d > 1, be a bounded, Lipschitz domain, let oy € C, and let X = \(«) be any
meromorphic family of eigenvalues. Suppose that for all o in some neighbourhood Bs(ag) of ag, M) is
a simple eigenvalue of —AY, with eigenfunction () which is chosen to be holomorphic in o. Then in
a neighbourhood of a the function

., Joo 1/) )? do(z)

Jo ¥(a)? dz
Q¥
18 meromorphic with at most removable singulamtzes, Its holomorphic continuation is equal to N () at

every point in Bs(ayp).

(4.3)

This justifies writing simply
a)2d
fQ a)?dz
and in particular Theorem implies Theorem 3).

We leave it as an open problem to determine whether the mapping (4.3)) can actually have (removable)
singularities, or whether the denominator never vanishes.

for all a € Bs(), (4.4)

Open Problem 4.9. Let A(a) be any simple eigenvalue of —Ag for some 2 C R? bounded and Lipschitz
and « € C, and denote by ¥(«) its eigenfunction, scaled arbitrarily. Does it follow that

/ Y(a)*dx #07?
Q

We first prove that under the assumptions of the theorem the derivative of the eigenfunction v with
respect to o, which we denote by 9’(a) (and which exists as an element of L?(£2) by another application
of Theorem is actually in H'(£2). Notationally, we will take z € C to be small enough that a + z €
Bs(aw), that is, o+ 2z — ap| < 4.

Lemma 4.10. Under the assumptions of Theorem[{.8, we have ¥'(a) € HY(Q) for all & € Bs(ag).

Proof. We will show that

limsup||V¢(Oé+z) V@l _ (4.5)

20 |2[2
Since we already know that Vi)'(a) exists in the distributional sense (as ¢'(«) € L%()), it will then

follow from ([4.5) that actually Vi'(a) € L?(Q).
4.5

To prove (4.5)), we fix z € C sufficiently small (as explained above) and use the weak form of the
equation for both A(a + z) and A(a) to obtain (with (-, -) the inner product on L?(2))

IV (e + 2) — ()2
~ Re /Q (Vib(a+2) — Vib(a)) - (Ve + 2) — Via) de

— Re [Aa+ 2)(@(a + )0+ 2) — 9(@)] — Re |(a+2) w<a+z><w<a+z>—w<a>>da(az>]

[

~ e (@) (vl vla +2) = v@)] + Re |a [ vla)@ T2~ i) doa)]
= Re (Ao +2)p(a + 2) = Me)¢p(a)), d(a + 2) - (a))

—Re / ((a+2)¢(a+ 2) — ag(@)) (Y (a + 2) — ¢(a)) do(@).

aQ
We next estimate the integrand in the boundary integral as follows:
~Re [((a+ 2)b(a + 2) - av(@)(@(a+2) - b(a))]

= —Re (@ + 2)|¥(a +2) —p(@)* + Re [z0(a)@(a+2) — $(a))|

~ 2
< “Re(a+ D(a+2) ~ (o) + ghila +2) — vl + (o).
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Applying the trace inequality in the form

[ P dota) < [Tul? + Clul?

o0
for all u € H*(Q), where C. > 0 depends only on ¢ > 0, to each of the two integrals
2 |Z|2 2
—Re(a+ 2) / (o +2) —Y(a)|*do(x) and / [(a)]” de,
B 2 Joa

and choosing € > 0 small enough that 7 := ¢[-Re (o + 2) + ] < 1 leads us to

IV (@ (a+2) = ()l
< Re (()\(a—l—z)w(oz—l—z) Ma)v(a)), p(a+ z) — ¥(a))

FallV e+ 2) = o(@)I + C. (—Re(a+2)+ 1) [4(a+2) -~ v(@l3

)13 +
Flel? (;nw(an@ + SR

Now ¢ may be chosen independently of o € Bs(ap); in particular, with such a choice, the coefficient of
|2|? depends only on «, that is, we may write

Ce
Ca 1= S IVO(@I3 + 5 ()3

for this coefficient. We now divide by |z|> and pass to the limit as z — 0 to obtain

2
— 1
timsup LA E2) ZHONE L Re (x(a)p(a) + Ma) (@), /(@)
z—0 |Z| 1- n
1
o C ( Rea + )w( JZ 4 Co
Since we already know that ¢'(a) € L%(f2), the right-hand side of the above inequality is finite. This
establishes (4.5)) and hence completes the proof of the lemma. O

Proof of Theorem[4.8 and hence of Theorem [1.1](3). We choose 1(a) € H*(f2) as a test function in the
weak form of the eigenvalue equation for A(a):

/ (Vot@)Rds+a [ ve?d A@) [ vto)

The left-hand side clearly depends holomorphlcally on a. Moreover, since ¢/ (o) € H'(Q) by Lemma
we may calculate its derivative as

2/V1//(04)‘V¢(01) dz+ w(a)2d0($)+2a/ V' (@)¢p(e) do(z)
Q o o0

! 2dz — «o (o) () dz = 0.
a)/gwm)dm 2A<>/Qw<>w< )dz =0

But the weak form of the eigenvalue equation for A(a) also implies that

2 / V() Vi) da + 20 | (@)b(a) do(z) = 2A(a) / ¥ (@)p(a) do
Q o0 Q
whence
)\'(Oz)/w(oz)2 dz = Y(a)? do(z). (4.6)
N

This yields (4.4) in the case that [, ( 2dxr # 0. But since we know that ) («) is holomorphic in
Bs(ayp), as are the mappings

a— | Y(a)?d, o P(a)? do(z),

Q o0
if the left-hand side of (4.6) vanishes at some point, then the right-hand side must vanish as well, and
to the same order. It follows that any singularities of the mapping (4.3) in Bs(ag) are removable. This
completes the proof of the theorem. O
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5. BASIS PROPERTIES OF THE EIGENFUNCTIONS

Given the analytic dependence of the eigenfunctions {ey(«)}r>1 of the Robin Laplacian on « € C, it
is a natural question to ask whether they also still have reasonable basis properties for non-real «. In
this section we will explore this question and, in particular, prove parts (4) and (5) of Theorem [1.1

We start with the negative result (5), that the eigenfunctions do not generally form an orthonormal
basis.

Theorem 5.1. Let Q € RY, d > 1, be a bounded Lipschitz domain and o € C. Then the eigenfunctions
ex(a), k € N, of —A& can be chosen to form an orthonormal basis of L*(Q) if and only if a € R.

Proof. For ease of notation, in this section we will write A(a) := —Ag. For a € R the claim follows from
the selfadjointness of A(«).

Let o € C\ R and assume that the eigenfunctions {ey(c)}72; of A(c) do form an orthonormal basis
of L2(2). To distinguish the notation from the complex conjugation z of z € C and M* of M C C, let
cl(M) be the closure of M. Let u € D (A(a)*) = D(A(a)) C L*(Q) have L*(Q)-norm one. Then there is
a unique representation of wu,

U= Z (u, ex(@)) ex(a), 1= HUH% = Z ‘(u7ek(a))|27
k=1 k=1

which we use to calculate

(u, A(a)*u) = (A(a)*u, u)

(u, ex(@)) (=A%) u, e (a))

o

B
I
—

M

(ex(@),u) (u, Ap(@)er(@) = D [ (u, ex(@)* A(@). (5.1)
k=1

>
Il
—

By the definition of the numerical range (3.2]) and the identity cl(W(aq)) = cl(W(A(«))) [40, Corol-
lary VI.2.3] we obtain

A(W(A(a)?)) = cl(W(ag)) = (W (aa))" = cl(W(A(a)))" (5-2)

Note that due to the normalisation of w the right-hand side of (5.1)) can be interpreted as a convex
combination of the complex conjugated elements A;(«) € o(A(x)); the convex hull of the whole spectrum
will be denoted by

conv (o(A(a))) = conv {\r(a) : k € N}.
Due to and we obtain
(W (A(a)))* = cl(W(A(a)*)) = cl (conv (o (A()))")
and by complex conjugation of both sides we arrive at
cdl(W(aq)) = (W(A())) = cl (conv(c(A(x)))) . (5.3)

This equation leads us to a contradiction as follows. Since A(«) is sectorial and its resolvent is compact,
for any sufficiently large r > 0 the truncated convex hull

P.(a) :=conv{ () : k € N, |A\p(a)| <r} CC

is a polygon which contains at most finitely many eigenvalues of A(«). To show that P,.(«) is contained
in the upper half-plane it is sufficient to prove Im A\g () > 0 for all £ € N: due to

o(A(a)) C W(ay) C{z€C:Imz >0}
it is clear that Im A;(a) > 0 for all k¥ € N. Now assume that there exists an eigenvalue A € P.(a) N R,
that is, we find a corresponding (normalised) eigenfunction u € D(A(«)) such that

A = (Ala)u, u) = /Q Vulde + a/m luf2do(z) € R.

This holds if and only if u|sq = 0, that is, u is an eigenfunction of the Dirichlet Laplacian AP := —Af.
Furthermore, u € D(A(«)) yields

0=0,u+au=0,u
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on 0N and w is additionally a Neumann eigenfunction, a contradiction. In other words, we have shown
that

cl (conv(o(A(@)))) NR = 0. (5.4)
Since the principal eigenvalue A; = mino(A”) can be represented by the variational max-min charac-
terisation, there exists a normalised minimising function (the associated eigenfunction) u; € HE () such
that A\; = [, [Vui|*dz. Recall that the domains of the Dirichlet Laplacian and the Robin form satisfy

D(AP) c H}(Q) € H'(Q) = D(aa),

see Section[3] Consequently, A\; € cl(W(a,)), a contradiction to (5.3) and (5.4). Hence the eigenfunctions
{ex(a)}32, of A(a) do not form an orthonormal basis of L?(2). O

One may show by explicit calculation that, even on the interval Q = (—a,a), consistent with The-
orem for given o € C\ R the eigenfunctions of the Robin Laplacian —AQ belonging to different
eigenspaces are not in general orthogonal to each other. Hence, for our positive result, we necessarily
need to introduce “weaker” notions of basis. Here we will consider three: Bari, Riesz and Abel bases.
The definitions of the first two of these, namely Definitions and are taken from [38, 3.6.16-19].
For what follows we assume (H, || - ||zr) to be a separable complex Hilbert space.

Definition 5.2. A set B = {ex}3>, C H is called a basis of H if for each h € H there exists a unique,
convergent series representation h = 2;021 hiey with coefficients hy = hy(h) € C.

Definition 5.3. Let B = {e}72, be a basis of H. Then B is called a Riesz basis if there are constants
0 < m < M such that

ml ()il < [Pl < M| (hi)xllez
holds for any h =Y ;- | hyex, € H.

Definition 5.4. A set B = {ex}32, C H is called a Bari basis of H if there exists an orthonormal basis
B = {e}.}2, of H such that B is quadratically near B’, that is

o0
D llew = €qllfy < oo
k=1

An Abel basis, as first introduced in [51] and also defined for example in [67, Section 1.2.13], is always
defined with respect to the eigenvectors and generalised eigenvectors (for short, generalised eigenvectors)
of a densely defined sectorial operator A. The intuitive idea is that the formal series expansion

oo
D hier
k=1

of an element h € H in the generalised eigenvectors e, of A may not converge, but if the Fourier coefficients
hy can be multiplied by a weight e+t (where )y, is the eigenvalue corresponding to ey), such that

o0

)\
E hke Aktek
k=1

converges for each fixed ¢ > 0, and this series then converges to h as t — 0, then {ex}72, is an Abel
basis of order v > 0. (Note that an Abel basis will not generally be a basis in the sense of Definition
since the unweighted Fourier series expansion is explicitly not required to converge.) We will follow the
definition given in [67].

Definition 5.5. Suppose A : H D D(A) — H is a densely defined operator with purely discrete spectrum,
such that all but finitely many of its eigenvalues lie in the sector 7,7 = {2 € C : |argz| < 6} for some
6 € (0,7). Then we say that the generalised eigenvectors of A form an Abel basis of H of order v > 0 if
~v8 < 7/2 and there exists an enumeration of the eigenvalues {A;}72; (with {ex}32, the corresponding
enumeration of the generalised eigenvectors) such that for this fixed enumeration, for each h € H, there
exists a sequence of coefficients hy, € C for which the series

ht) == hye ey (5.5)
k=1

is convergent for all ¢ > 0, and h(t) — hin H ast — 0T
For the eigenvalues A\ which do not lie in T9+ , the weight e Mt in (5.5) is to be interpreted as 1, while
if some X is a repeated eigenvalue and {e;,...,e;j ¢} is a basis of its eigenspace, then the corresponding
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terms in the series ([5.5]) are to be interpreted in terms of the eigenprojection, that is, Zf;‘; hie N'tey, is
to be replaced by
1
— % e NYA =2l hdz,
r

2mi

where T" is any closed path in C separating A from the rest of the spectrum.

The definition can be extended to allow 78 < 7 in place of v < 7/2; we refer, again, to [67, Sec-
tion 1.2.13].

One may derive from the definitions that an orthonormal basis is always a Bari basis, a Bari basis
is always a Riesz basis, and a Riesz basis, if it consists of the generalised eigenfunctions of a suitable
operator, is always an Abel basis of order zero. The latter, in turn, is an Abel basis of any positive order
v > 0, provided only that the sectoriality estimate v < 7 still holds.

Our goal is to show that the eigenfunctions of —A@ form (at least) an Abel basis of L?(Q2), for any
a € C. This is based on a theorem of Agranovich (the main theorem of [3]), which we recall here for ease
of reference.

Theorem 5.6. Suppose H and V' are separable complex Hilbert spaces such that V — H is compact, and
suppose that a : V. x V. — C is a bounded, coercive sesquilinear form. Denote by b := Rea = (a +a)/2
and ¢ :=ilma = a — b the real and imaginary forms, respectively, which add to give a. Denote by A and
B the operators on H associated with a and b, respectively. Suppose that

(i) there exist 0 < g <1 and m > 0 such that
lclu, u]| < m||BY 2l ||ull7; > (5.6)

forallu eV, and
(i) there exists p > 0 such that the sequence of eigenvalues A\ (B), k > 1, of B (bounded from below
by assumption), repeated according to their multiplicities, has the asymptotic behaviour

lim sup M

! o 0. (5.7)
—00

Then A has discrete spectrum, the invariant subspaces of A are all finite dimensional, and the corre-
sponding eigenfunctions and generalised eigenfunctions of A constitute

(1) a Bari basis of H if p(1 —q) > 1, or

(2) a Riesz basis of H if p(1—¢q) =1, or

(3) an Abel basis of H, of order 1/p+ (q— 1) + 0 for any (sufficiently small) § >0, if p(1 — q) < 1.

Theorem was already used for a similar purpose in [37, Section 5] to prove a corresponding one-
dimensional result; more precisely, for the Laplacian on a compact metric graph, equipped with complex
0 conditions at one or more of the vertices (corresponding to a complex Robin condition), one can apply
(2) to obtain a Riesz basis. With this background, we can now state our main positive result, which
corresponds to Theorem 4).

Theorem 5.7. Let Q C R, d > 1, be a bounded Lipschitz domain and o € C.

(1) If d = 1, then there is a Riesz basis of L*(Q)) consisting of the eigenfunctions and generalised
eigenfunctions of —Ag;

(2) If d > 2, then there is an Abel basis of L*(2) of order (d — 1)/2 4§ for any (sufficiently small)
0 > 0, consisting of the eigenfunctions and generalised eigenfunctions of —Ag.

We leave it as an open problem to determine whether in fact the eigenfunctions of —Ag still form
a Riesz basis of L2(Q) if Q@ € R? is a bounded Lipschitz domain in dimension d > 2, as they do when
d = 1, and when () is rectangular (see Remark; and we recall Open Problem to establish that the
eigennilpotents are always trivial, that is, that all generalised eigenfunctions are in fact eigenfunctions.

Open Problem 5.8. Let Q C R?, d > 2, be bounded and Lipschitz and let o € C. Do the eigenfunctions
of —Ag form a Riesz basis of L?(Q2)?

Proof of Theorem[5.7. We only need to apply Theorem as was done in [37, Section 5] for d = 1, and
in fact we refer there for the proof in this case.

So suppose that d > 2. Obviously, we choose H = L?(Q) and V = H'(Q). Given a € C, which will
be fixed throughout, we suppose w > 0 to be such that a,[u,u] + w(u,u) is coercive H'(£2), which we
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may always do by the trace inequality, cf. Lemma (here and throughout (-, ) is the inner product on
L?(€2)). We then choose

alu,v] = aqu, v] + w(u,v),
so that b = area +w(,+), A = =A% +wl, and B = —A&°® + wI, and to apply Theorem [5.6| we only
need to check the conditions (i) and (ii). We will show that (i) holds for ¢ = 1/2 and (ii) holds for any

p < d/2, leading in particular to the order of the Abel basis claimed in the theorem.
For (i), first note that for any operator B satisfying the assumptions of the theorem, we have that

(B'/?u, BY?u) = (Bu,u) = blu, u]

for all w € D(B), and in particular || BY?ul|y = b[u,u]'/? for all u € V.

Up to a possibly different constant, the form age o +w(-, -) defines an equivalent norm on H'(2). Thus,
in our setting, and with ¢ = 1/2, reduces to the question of the existence of a constant m > 0 such
that, for all u € H'(Q)

tmal | Juf do < mlulp ol
Q

But this, in turn, follows immediately from the trace inequality (6.15)) of Remark to be proved below.
For (ii), note that the constant w has no effect on the asymptotic behaviour of the eigenvalues; thus
we may assume without loss of generality that w = 0. We are thus interested in the smallest p > 0 such

that
: Ae(—=AG°*)
1 2kNT2G )
1}1611> solip %
But by the Weyl asymptotics for the Robin Laplacian, valid for any Rea € R, in fact

Ar(=AG° ) = Ca(|Q)EY? + o(k?)
as k — oo for a constant Cy(|Q|) > 0 (see, for example, [39] [65]), leading to p < d/2. O

> 0.

6. ON THE NUMERICAL RANGE

In this section we will give bounds on the numerical range of the form a,, associated with the operator
—Ag on a general Lipschitz domain 2 C R?, which we recall is given by

Wi(an) = {/ |Vu|2d£c+/ aluf*do :u € HY(Q) with [Julls = 1} ccC.
Q oN

Since here o(—Ag) = o,(—Ag) C W(-AZ) C W(an), in addition to giving an independent proof of
the sectoriality of the form and the operator claimed in Section [3] these bounds will more importantly
give an estimate on the rate at which any eigenvalues can diverge in the regime Rea < 0, as well as the
size of the imaginary part of the eigenvalues: in particular, the following theorem contains Theorem
We obtain somewhat different results, and require a different method of proof, in the case where 0% is
sufficiently smooth (C?) on the one hand, and Lipschitz on the other.

Theorem 6.1. Suppose Q@ C R%, d > 2, is a bounded Lipschitz domain. Then there exist constants
C1 > 2 and Cy > 0 depending only on Q such that for a € C the set W (ay,) is contained in

Ao ={t+a-seCit=0,5e[0,CvVi+Cl}.

In particular, we have the estimate
C2
Re A > —Tl|Rea|2—Cg|Rea\ (6.1)

for all X € o(—AQ). If Q has C? boundary, then we may choose Cy = 2.

The regions Aq o for different values of o are depicted in Figures and The constants Cq, Ca
depend on the geometry of 92, and with our method of proof it should be possible to give an estimate on
them, at least in principle. See Remark for a discussion of the meaning of Cs in the case of smooth
domains, where we obtain an expression for Cs related to the curvature of 9. It does not seem clear
that we should expect Cy = 2 in Theorem [6.1] for domains of class C, not just C%; cf. Remark [6.2|1).

Since these bounds are new even in the case of real negative « (see also Corollary , we wish to
discuss how they fit in with known results before we turn to the proofs.
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FIGURE 6.1. The set Ag o, which contains the numerical range W (a,), for a represen-
tative choice of Rea > 0 and Im o > 0, corresponding to the region between the curve
OAq o and the real axis. The region is composed of the union of segments of the form
{t+a-s€C:sc[0,C1Vt+ Ca}, each of slope Ima/Rea, for different values of
t > 0; the dotted lines show these segments for selected values of ¢1,...,t4 > 0. Their
endpoints form a parabolic section of dAq o open to the right.

e

c 2 + i
—T\Rea\ —Cy|Real t=0 t = |Rea|

FIGURE 6.2. The set Aq , for Rea < 0 and two different choices of Ima > 0 (whose
upper boundaries correspond to the solid and dashed curves, respectively). As Im « — 0,

2
the region collapses to the part of the real axis from —%\Re al? — C3|Real to +oo.

Remark 6.2. (1) We recall the bound
() < —|af? (6.2)

on the principal Robin eigenvalue \; (o) = A\;(—A@) of any bounded Lipschitz domain Q € R? for o < 0,
which may be obtained by a simple variational argument (see [34, Theorem 2.3] or [18, Proposition 4.12]).
Together with this bound, Corollary gives a new, simpler, proof of the asymptotic behaviour A;(a) =
—|al? 4+ O(a) as a — —o0, if Q is C2. The only other proof that A\;(a) = —|a|? +o(a?) on C? - actually
C' — domains, which is completely different and involves a blow-up argument, is the principal result of
[52]; all other proofs (which give more terms in the expansion) require more boundary regularity. Indeed,
if Q is C3, then, as a — —oo,

M) = —|al? = (d — 1)Rmax|e| + O(0?/3), (6.3)

where Rpax denotes the maximal mean curvature of 99); see [I8, Section 4.4.2.1] for a discussion and
references. It is interesting to note that in the case of smooth € the constant Cy appearing in Theorem [6.1]
is likewise related to the curvature of 9 (see Remark for more details); the presence of the curvature
suggests that the “smooth” version of Theorem [6.1] (i.e., with C; = 2) does not hold under significantly
weaker regularity assumptions than C2. We leave it as an open problem to determine whether a better
bound than ours is possible for C! domains (see Open Problem below).
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(2) We recall that for domains €2 with piecewise smooth boundary and a finite number of “model
corners”, the asymptotic behaviour of the principal eigenvalue becomes

(@) = —Claf?® + o(a?) (6.4)

as a — —oo, for a constant C' > 1 depending on the opening angle(s) of the “most acute” corner(s) of
(we refer to [I8, pp. 94-95] for details and references); it is an open problem to show that also holds
on general Lipschitz domains [I8, Open Problem 4.17]. The lower bound of Theorem in the form of
Corollary together with , at least implies a two-sided asymptotic bound of this form.

Open Problem 6.3. Let © € R¢ be bounded and of class C' and suppose that « € R. Is it true that
Me(a) = —laf* + O(a)
as o — —oo, for each k € N?

Remark 6.4. We note in passing that the bound of Theorem|[6.1]on the numerical range (and the spectrum)
of —Ag implies that, for any Lipschitz domain Q C R? and any « € C, the operator Ag generates a cosine
function, that is, the corresponding wave equation is well posed (see [8, Section 3.14] for more details on
cosine functions of operators); in fact, it is known that an operator is the generator of a cosine function
if and only if its numerical range and spectrum are contained in a parabolic region such as —Aq o; see [8]
Theorem 3.17.4]. Here, we see that —Agq ,, is contained in the parabolic region described in that theorem
for sufficiently large w > 0, how large depending on «, C; and Cs.

The proof of Theorem is based on the following trace-type inequality.

Lemma 6.5. Let Q C R%, d > 2, be a bounded Lipschitz domain. Then there exist constants C; > 2 and
Cy > 0, both depending only on €2, such that

/ lu|? do < C1||Vullz + Cy (6.5)
o

for all uw € HY(Q) with |julla = 1. If Q has C? boundary, then we may choose Cy = 2.

The constants C7 and C5 will be the same as the ones appearing in the statements of Theorems
and While we doubt that the lemma is new in the case of Lipschitz domains, we are unaware of
any reference; moreover, to the best of our knowledge its application in the context of Robin eigenvalue
asymptotics is new. But we consider the real novelty, and difficulty, to consist in obtaining the best
possible constant C; = 2 in the case of C? domains, which leads to sharp eigenvalue bounds in this case.
The proofs for the cases of C? and Lipschitz boundaries are, correspondingly, completely different. For
the smooth case, which we treat first, we first need a technical lemma involving the geometry of §2 near its
boundary, where we will heavily rely on the assumption that 9 is C2. We first introduce some notation:
for a bounded domain Q C R?, we set dg : R¢ — R,

o= (M bnis A AT
to be the signed distance function to 9, do € C(R?). Given any ¢ > 0 and t € [0, ¢], we also set

Q. = {z e R?: dg(x) < ¢} (6.7)
to be the (open) “strip” around 92 of width 2e, where we also write

QF =Q.NQ={z€Q:da(z) <e}

B J J (6.8)
Q7 =Q.NRN\Q={zx e R\ Q:dg(x) < e}
and finally
Sy i={z e Q:dg(z) =1t} (6.9)
to be the level surfaces of dg in ).,
Q= J S
te(—e,e)

Lemma 6.6. Suppose Q C R? is a bounded domain of class C?. Then there exists € > 0 such that
(1) dalg, € C*(Q:);
(2) for each x € Q. there exists a unique minimiser z € 9 such that dg(z) = |z — 2|;
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(3) for each x € Q. \ 99,
T —z
Vvd = —
with z as in (2). In particular, |Vdg(z)| =1 for all x € Q;
(4) for each t € [—¢,¢], S; is a compact manifold of class C; and
(5) for each f € C1(S.) the function
t— fdo
St
is differentiable at every t € (—¢,¢), and its derivative, given by

8 f + fAdq do, (6.10)
St

is in C([—¢,€]). In particular, for any f € CY(QF) and any e, € [0,¢),
/ fda—/ fda—/ O f + fAdq dz. (6.11)

Proof. (1) is contained in [33, Appendix, Lemma 1] (since 9 is assumed to be C?), see also [10,
Lemma 2.4.2]; (2) follows (possibly for a different ¢) from [28, Lemma 4.11] (which requires that 09
be C11) together with a simple covering argument using the fact that 92 is compact (in the language
of [28], (2) means that reach(0€2) > 0). (3) then follows from [28, Theorem 4.8], where we note that
Vdg € C1(Q.) and |Vdg| =1 in Q. \ 9Q implies that |Vdg| = 1 everywhere in Q.; and (4) follows from
(1) using the Implicit Function Theorem and the fact that Vdq never vanishes on €. by (3), together
with a covering argument since S; is clearly compact.
For (5), fix f € C1(€.) and for brevity write

F(t) = /S f do.

We first claim that (6.10]) is the distributional derivative of F. Indeed, for any test function ¢ €

C°(—¢,¢), we have
FOptdt = [

fga(t)dodt:/ foododx
—€ —e J S, Q.

by the coarea formula in the form of [26 Section 3.4.3], using the fact that the S; are the level surfaces
of dg and |Vdq| = 1 everywhere by (3). In particular,

/ F(t)go’(t)dt:/ﬂ f‘(p’odgdx:/Q fVda -V(podg)dx

—&

€
_ _/ o o do div(fVdg) dz = —/ o(t) | div(fVda)dedt,
Q. —€ St
where for the second last equality we have used the divergence theorem (integration by parts) and the
compact support of ¢, and the last equality follows from another application of the coarea formula. The
claim now follows from the short calculation

div(fVdq) = Vf - Vdq + fAdq = 0 f + fAdq,

valid pointwise in ). since dg is C? by (1), and using the fact that Vdgq points in the direction of ¢ by (3).
We next note that the integrand in is in C'(Q.) and hence a short argument using the compactness
of S; and the uniform continuity of the integrand shows that the integral in is in fact in C([—¢, €]);
in particular, it is the pointwise derivative of F at every point in (—¢,¢&).

Finally, for , by what we have just shown we may apply the Fundamental Theorem of Calculus
in the form of [63] Theorem 7.21] to the function F' on the interval [0,¢;] (for any €; < €) to obtain

F(sl)—F(O):/()l [0+ padador

A final application of the coarea formula to the integral on the right-hand side, together with the definition
of F, yields (6.11]). O
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Proof of Lemmal6.5 The case of C? boundary. We keep the notation from , , and
and note that it suffices to prove for all u € C'(Q), by density of the latter set in H'(Q) for bounded
Q of class C? (cf. [33] Section 7.6]) and the trace theorem. We let ¢ > 0 be as in Lemma (in particular,
by making ¢ a little smaller if necessary we assume that holds with e in place of €1) and choose a
cut-off function ¢ € C1(Q) such that 0 < p < 1in Q, p = 0 outside (2., p|s, is constant for all ¢ € [0, €],
and p|an = 1. (The existence of such a function is guaranteed by the regularity statements in Lemma
indeed, if we let » € C*°(]0, 00)) be any smooth function satisfying ¥(0) = 1 and ¥(¢t) = 0 for all t > ¢,
then we may take ¢ = ¢ o dg.)

Now fix u € C1(Q) such that |lu|s = 1. Then f := |u|?¢ € C'(Q2) and we apply the formula (6.11) to
f, and use the fact that ¢ =1 on 02 and ¢ = 0 on S¢, to obtain

—/ |u|2da:/ O ([ul®@) + |u|?pAdg dz
o0 of

= / 2¢Re (Uopu) + |u|?Orp + |u|*@Adg da.

=

Using the fact that ¢ =0 on Q \ QF, we may therefore estimate

/ [ul* do < 2[l oo lull2l| Vull2 + I Velloo|ull3 + max |Adg|[[@lloo [lull3
o TEQ,

= 2|[Vull2 + [[Volloo + max [Adg(z)]

zeQd

using the normalisation ||ullz = 1 as well as ||¢||cc = 1 (where all norms are over ). This proves (6.5
with

Cy := ||V¢|leo + max |Adg(z)]. (6.12)

zeQt

The case of Lipschitz boundary. Since in the case of general Lipschitz domains the corresponding

parametrisation of 2. does not enjoy the same regularity properties, we give a different, local argument.

Fix z € 09 and a neighbourhood U, of z such that within U,, OS2 is given by the graph of a Lipschitz

function g : R4"! — R such that Q N, lies in the region {(z1,...,24) : zg < g(71,...,74-1)} (where

we use the notation (z1,...,74) € R? ~ R?~! x R). Then in this coordinate system, the normal vector
to 9 given by v = (v1,...,14) : 92 — R? which is an L>-function since 95 is Lipschitz, satisfies
essinf{vy(y) : y € 0QNU,} > 0. (6.13)

Now fix a test function ¢ € C°(R%) such that 0 < ¢ < 1, ¢|sanu. = 1 and ¢(y) = 0 for all y € 9N with
vq(y) < 0. (By shrinking the neighbourhood U, if necessary, we can always guarantee the existence of
such a @.)

Then for a given function u € H'(Q) with |lullz = 1, we have

0
inf 2do < 2y.d :/ d
essint vi(o) | L o < | eluvado = [ 2 eluf?) da

by the divergence theorem applied to the function F = (0,...,0,plul?) € WH1(Q) and the Lipschitz
domain Q (see [56, Théoreme 3.1.1]). The latter integral may be estimated by

0
Fy (plul?) de < [[Velloollulls + 2ll@lloo I Vullofulle; (6.14)
0 0%q

using the normalisations |lu|l2 =1, ||¢||cc = 1, this estimate may be expressed as
[ luPdo < CuclVula + Ca.
0N,

for suitable constants C; ,,Cs . > 0 depending on z. Since Jf2 is compact, a simple covering argument
now yields (6.5). Note that for every z € 0Q we have C1 . = 2/ essinfycoonu, va(y) > 2 since |v| = 1;
hence also C7 > 2. O

Remark 6.7. For Lipschitz €2, the above proof also yields the slightly different trace inequality

/8 Juf*do < O ulln (6.15)
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for all u € H*(2), needed in the proof of Theorem Indeed, by (6.14)), we have

9
inf 2do < | — A dz < |IVollss |l + 2llollu |V
yg%iggqud(y)[}Qmu |ul 0_/and(s0\UI) T < |IVelloollullz + 2[l¢lloo [ Vull2]ull2

< (IVelloo + 2llplloo) [[ull o [ful2,
leading to
| P do < Cululm .
2N,
for all u € H (), for a constant C, > 0 depending only on z € Q. A covering argument as in the above
lemma then yields (6.15)).
Proof of Theorem[6.1} Let C; > 2, C3 > 0 be the constants from Lemma (in particular, we assume
Cy =2 if Qis C?). Fix u € H(Q) with |Jullz = 1 and set
A= || Va3 —l—/ alul*do € W(ay).
o0

For ¢ := ||[Vull3 > 0 and s := [, |u|*do > 0, we have
Red=t+ Rea- s, ImA=Ima-s;
moreover, by Lemma we obtain that s < Civt + Cs; thus ) € Agq.
To see that every A € W(a,), and hence every A € o(—Ag), satisfies the estimate (6.1]), we first

remark that if Rea > 0, then clearly Aqg , C {# € C: Rez > 0}. Hence we may assume without loss of
generality that Rea < 0. Then by Lemma and the inequality

2l < GHReal + | Vul
we have
Re A\ = | Vul3 +Rea/ lul? do > || Vul|3 — |Re [Cl (Cl|Rea + 2||Vu|2> +C ]
2 20 - 2 2\ 2 C1|Reqf 2 ?

- (Cl> |Real? — Cy|Re .
(Il

Remark 6.8. Suppose that 99 is C2. We recall that the constant Cy = C5(2) appearing in Theorem
and Lemma as noted in (6.12)), may in this case be taken as

Cy = [|[V¢lloo + max |Adq(z)],
zeQt

where £ > 0 is as in Lemma and ¢ is chosen to have support in Q2. Let us be a bit more specific. We
may take |Vl to be 1/g, corresponding to a linear function of ¢ € [0, €] extended by 0 at ¢ = & (which
can be approximated arbitrarily well in the co-norm by C! functions), while for € QZF, it is known that
the Hessian of the signed distance function is equal to the Weingarten map of the (unique) surface S;
passing through z, at z. In particular,

d—
|Ada(x }: = (d—1) |5 (z)]

where k7¢(-),..., x5 (+) are the principal curvatures at a given point of S; and & is its mean curvature

[10, Lemma 2.4. 2 and Remark 2.4.4]. This means that the essentially optimal form of the constant Cs
coming from our proof — to be compared with the coefficient of « in (6.3)) — is
Cy = e 1 4 (d — 1) max max |z (z)|, (6.16)
te[0,e] z€St
where ¢ > 0 is any constant for which Lemma [6.6 - ) holds; in the language of [28], we may take any
€ (0,reach(99)]. As a simple example, in the case of a ball B of radius R > 0, since /4: =1/(R-1t)
for all j and we may take any € < R, we thus end up with

1 d—1 d 2\/
= } Rea| = —[Reaf2 — LF2V4=1p o). (6.17)

Rel > —|Real? — min [
re(0,R)
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which may be compared with the known bound and asymptotics for real negative «
d—1 d—1
ol = S=lal > M(-A%) = —|af? — “la] +o(a)

where the inequality is valid for all & < 0 and the asymptotic expansion is for « — —o0, see [5, Theorem 2
and eq. (1.2)].

Remark 6.9. If we allow variable o € L°(9,C), then it is clear that similar results hold since the key
trace estimate, Lemma does not depend on a, although the region Aq , can no longer be described
explicitly in general. However, (6.1)) has a direct equivalent: if we set

IRe || oo := esssup |Re a(x)], ITm | oo := esssup [Im a(z)],
€O TEIN

then, mimicking the arguments of the proof of Theorem we obtain the estimate
Ct 2
ReX > fTHReaHOOfC’QHReaHOO (6.18)

for all A € o(—A%), or more generally all A\ € W(a,), where C; > 2, Cy > 0, and C; = 2 if 9Q is C?;
even in the case of real-valued «, this may be viewed as a partial generalisation of [52, Remark 1.1],
which establishes the asymptotics for real-valued variable « of the form a = tb(z), t — —oo, for a fixed
function b € C(092). Moreover, we can still obtain parabolic estimates on the numerical range of the type
necessary to ensure that AQ generates a cosine function (cf. Remark . For simplicity assume that
Re a(z) > 0 almost everywhere (whence also Re A > 0 for any A € W (a,)); then, with Cq, Cy as above,

Im A| =

/ Ima |ul? do(z)| < ||Tm ol (C1||Vaull2 + Co) < [|Tm as(C1VRe X + Cy), (6.19)
o

independently of Rea > 0.

7. THE DIRICHLET-TO-NEUMANN OPERATOR

From now on, we will be interested in the asymptotic behaviour of the eigenvalues of —A§ as o — oo in
C. To this end, we will exploit the duality between the Robin eigenvalue problem and the eigenvalue
problem

M(XN)g = ag (7.1)
of the Dirichlet-to-Neumann operator M(N) acting on 0f2, defined for A in the resolvent set of the
Dirichlet Laplacian. For more information on this operator, we refer to, e.g., [9} [6 11| [13] 23] 32] [(3];
the relationship between this operator and the Robin Laplacian (at least for real «) is explored in [9]
Section 2] and [0, Section 8], for example, and for complex « see for example [32, Section 3].

In order to define M (M), we first need to recall a solubility result for the inhomogeneous Dirichlet
problem. Here and in what follows we fix a bounded Lipschitz domain Q C R%, d > 2, write tru = u|sq
for the trace of a function u € H*(2) (though, as we have done previously, if there is no ambiguity we will
tend to omit the “tr” notation), and recall that every g € HY/2(9Q) is the trace of a function u € H'(Q).

Lemma 7.1. Let Q C R, d > 2, be a bounded Lipschitz domain and let X\ € o(—AL) C C. For each

g € HY?(0Q), the Dirichlet boundary value problem
—Au = Au imn €, -
u=g on 09, (7.2)

interpreted in the usual weak sense, has a unique solution uy € H(SY), that is, uy solves

/Vu~de:)\/uUdm (7.3)
Q

Q
for allv € HE(Y), and tru = g. Moreover, for such X, if

H'(\) := {u € H Q) : —Au = \u in the sense of (7.3)}, (7.4)
then we have the direct sum decomposition H'(Q) = H}(Q) & H(N).

Proof. For A € RN o(—AL), this follows immediately from [, Lemma 2.2], together with the fact that
H'Y2(09) = tr H'(Q); for general A € o(—AL) the same proof works verbatim. O
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We denote by P(\) : HY/2(9Q) — H'(S2) the Poisson operator given by
g uy, (7.5)
where uy solves (7.2)), which is well defined for any A € o(—AfL); indeed, one may show that P()) is a
bijection from H'/2(9Q) onto H'(\) as defined in (7.4) and in fact a right inverse of the trace operator.

We can now define the Dirichlet-to-Neumann operator. For A € o(—AL), we first define a sesquilinear
form gy : H/2(0Q) x HY/?(9Q) — C by

g, 7] :/QVP(A)g-VP(A)h—AP(A)g (VA da. (7.6)

The (negative) Dirichlet-to-Neumann operator M(X) : D(M (X)) C L?*(992) — L?(9R) is then the opera-
tor in L2(052) associated with —qy, which a short calculation shows to be given by

D(M(\)) = {g e HY2(09) : (%P(A)g € L2(8Q)} ,

5 (7.7)
M) =—P(\
() = —5- PV,
where the normal derivative a%P()\) g was defined in (3.5)). In words, the Dirichlet-to-Neumann operator

maps given Dirichlet data g = tru to the Neumann data —g—jj of the same solution u = P(\)g of

—Au = \u.

Lemma 7.2. Let A € o(—AL). The operator —M()) is closed, densely defined and m-sectorial, and
has compact resolvent in L?(0Q). In particular, its spectrum consists of eigenvalues of finite algebraic
multiplicity.

Proof. Everything except the sectoriality follows immediately since H'/ 2(09Q) is densely and compactly
embedded in L?(9Q), and ¢y is closed on H'/2(99Q). For the sectoriality of the operator, it suffices to
show that ¢, is sectorial, that is, that there exist constants w, u € R such that

Reaxlg, 9] +wllgllZ2(a0) = HllalFi/z a0 (7.8)

for all g € H/?(99); to prove (7.8), by the fact that the trace map is bounded from H'(Q) to H/?(99)
it certainly suffices to show that for any A € C there exists w > 0 such that

/|Vu|2—Re)\|u|2dx+w/ lu|? do,
Q o9

u € H'(Q), defines an equivalent norm on H'(£). But this, in turn, follows immediately from Maz'ya’s
inequality in the form of [6] eq. (4)]. We conclude that g and M (X) are sectorial. (See also [, Corol-
lary 2.2 and Section 4.4] for a slightly different but equivalent approach in the case of real A, which can
however be carried over verbatim to complex \.) (]

Remark 7.3. (1) It may be shown that D(M (X)) = H*(99Q) for any A € o(—AL), use [55, Theorem 4.25]
with s = 1/2; however, we will not need this.

(2) It is also possible to define the Dirichlet-to-Neumann operator for A € o(—AfL), either as a multi-
valued operator, or by factoring out the eigenfunctions of the eigenvalue A of the Dirichlet Laplacian from
HY(Q). The conclusion of Lemma continues to hold with appropriate modifications; all the details
may be found in [9].

(3) In dimension d = 1, i.e. for a bounded, non-degenerate interval, the Dirichlet-to-Neumann operator
can be represented by the 2 x 2-matrix given by ‘ Obviously, Lemma continues to hold in this

case.

Lemma 7.4. The Dirichlet-to-Neumann operator M(X) is meromorphic with respect to the spectral
parameter A € C. Its singularities are poles of finite order and coincide with the eigenvalues of the
corresponding Dirichlet Laplacian, i.e., the set of singularities of A + M()) is o(—=ALF). For X\ €
o(—AL), M(N), is a self-adjoint holomorphic operator family and the corresponding quadratic forms are
holomorphic of type (a).

Proof. Suppose A € o(—AZL). Then the Poisson operator P()\) given by (7.5) and its adjoint P*(\) :
HyY(Q) — H1/2(09) are well defined. We now invoke a perturbation formula for M()) in terms of the
fixed operator M (0) (see [13| Lemma 2.4 for p = 0]):

M(X) = M(0) + AP(0)* (I +X(—A§ —AI)™") P(0). (7.9)
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This expression depends polynomially on A and on the resolvent of the Dirichlet Laplacian which is
known to be a meromorphic function with poles of finite order, as follows from Theorem [3.1] This
proves that M(\), A € o(—AJ), is a holomorphic operator family. It is self-adjoint holomorphic, i.e.
M) = (M(X\)*, by and using that M (0) is self-adjoint and that o(—AL) is symmetric about the
real axis. The corresponding quadratic forms g, are holomorphic of type (a) (see [40, Section VII.4.2]),
where the sectoriality was proved in Lemma ([l

Remark 7.5. One can show by exactly the same argument as in the proof of Theorem that the
corresponding eigenprojections can be chosen to depend holomorphically on A € Q(—Ag ).

We can now state the following duality result linking the eigenvalues of the operators M (A) and
—AZ. While this is standard, and in the case of real « and A well known (see [9, Theorem 3.1]), for
completeness’ sake we give a proof. In fact, the connection between elliptic differential operators and
operators of Dirichlet-to-Neumann type, or so-called Titchmarsh—Weyl M-functions, is also known in the
non-selfadjoint case (see [I6, Theorem 4.10]) but here we give a direct proof including the eigenfunctions.

Theorem 7.6. Let Q C R, d > 2, be a bounded Lipschitz domain. For any o € C and any A € o(—AR),
we have that X € o(—AQ) if and only if o € o(M(N)). Moreover, u is an eigenfunction of —AQ
corresponding to X if and only if tru is an eigenfunction of M(\) corresponding to a.

Proof. Note first that the spectra of M(\) and —A@ consist only of eigenvalues of finite multiplicity.
Now A € o(—AY) for given a € C with eigenfunction v € H'(Q) if and only if

aa[u,v]:/Vu-de—i—/ au@dJ:)\/uﬁdx (7.10)
Q a0 Q

for all v € H'(Q), while a € o(M(\)) for given A € o(—AL) with eigenfunction g € H'/2(0Q) if and
only if

axlg,h] = /Q VP(\)g - VPINE — AP(A)g POV dz = —a /8 ghdo

for all h € H'/2(9Q). Using the fact that P()\)g satisfies (7.3) together with the direct sum decomposition
of Lemma [7.1] it follows that the eigenfunction g satisfies

/ VP()\)9~W—/\P()\)gEd$:—a/ gtrodo (7.11)
Q a0
for all v € H*(). Comparing (7.10) and (7.11]) leads immediately to the statement A € o(—Ag) if and
only if a € o(M(\)) (as long as A € o(—=AL)), with g = tru, or, equivalently, u = P())g.

]

Remark 7.7. A corresponding statement holds for any generalised eigenfunctions, as shown very recently
in [I2]. Indeed, suppose {ug,u1,...,um} and {@o,¢1,...,¢n} are Jordan chains of the operators —Ag
and M (), respectively, that is, the function ug is an eigenfunction of —Ag corresponding to an eigenvalue
A and wq,...,u,, are generalised eigenfunctions for A, and that the same holds for ¢, 1, ..., ¢, and
M (X) with respect to the eigenvalue a. Then we have n = m and the Jordan chains are characterised
by trug = ¢ for k = 0,...,n [I2| Theorem 4.1]. (Note that this theorem is proved for more general
Schrédinger operators with complex Robin boundary conditions.)

Proof of Theorem[1.5l By Lemma the Dirichlet-to-Neumann operator M () is a meromorphic oper-
ator family whose set of singularities consists of poles of finite order and coincides with the spectrum
o(—Afg) of the corresponding Dirichlet Laplacian. Now let (ay)x be any complex sequence with c; — o0
as k — co. Assume that the eigenvalues Ay := A(ay) on a common analytic branch remain bounded as
k — oo; without loss of generality we may suppose that A, — \g € C as k — co. Then by Theorem [7.6]
for each k we may write a, = () for the Dirichlet-to-Neumann eigenvalues, which likewise belong to
a common analytic branch. For this branch we have o, — 0o as A\, — A\g. By definition, this means that
Ao must be a singularity of the operator family M (). The only possibility is that Ag € o(—AR). O

8. THE POINTS OF ACCUMULATION OF THE ROBIN EIGENVALUES

In this section we study the question of which values A € C can be reached as points of accumulation
of the eigenvalues of —Ag as o — o0, also in dependence on how a — oo in C; our principal aim is to
prove Theorem As mentioned in the introduction, the Dirichlet-to-Neumann operator will be used
in the proof, more precisely of part (2). For (1), we will draw on some ideas similar to the ones of [19]



ON THE EIGENVALUES OF THE ROBIN LAPLACIAN 27

for the case of real negative @ — —oo; in particular, the following lemma, which we will use repeatedly,
recalls [I9, Lemma 2.1]. Throughout this section we suppose 2 C R? to be a fixed bounded Lipschitz
domain; and for A C C the set of points of accumulation of A is denoted by acc(A).

Lemma 8.1. Let (ap)ren C C be any divergent sequence in C and for each k € N select a Robin
eigenvalue A\, := M ay,) € o(—Ag") (we do not require the i, to belong to the same analytic eigenvalue
curve). Suppose that:

(i) the sequence (Ak)ken is bounded, and

(ii) for each k € N there exists an associated eigenfunction vy with L*(Q)-norm 1, such that the

sequence { || Vx| i) bren of H(Q)-norms is bounded.
Then
acc{\, : k € N} C o(—Af).

Moreover, if up to a subsequence A, — A € o(—AL), then up to a further subsequence the 1y, converge
weakly in HY(Y) to a Dirichlet eigenfunction associated with \.

Proof. Let A be any point of accumulation; without loss of generality we suppose that klim A = A. We
— 00

first claim that
/ [vh|? do — 0;
o0

2 _ i _ 2
/89\%\ do = o |:)\k /Q|V¢k| dl}

for o, # 0, and by assumption the A and fQ |Vr|? do are bounded. Next, since the 1, are bounded in
H(Q), up to a subsequence there exists ¢ € H'(Q) such that ¢, — ¢ weakly in H'(Q2). The convergence
is strong in L?(2) by compactness of the embedding H'(Q) — L?(Q), while the traces converge in L?(99)
by compactness of the trace mapping. In particular, 1 has zero trace, so ¢ € H (). Finally, using the
eigenvalue equation for Ay and the weak H!'-convergence of the vy, for all ¢ € H}(Q) (whose traces
vanish) we have

/Vzﬂ-%dxz lim /Vwk-de: lim )\k/wkidx:)\/wde.

Since 1 € H} (), this says exactly that ) is an eigenvalue, and ¢ a corresponding eigenfunction, of the
Dirichlet Laplacian. O

in fact, this follows since

We can now give the proof of Theorem 1); we will in fact prove the following slightly more precise
version, which also allows us to conclude convergence of the eigenfunctions. As before, we do not require
our eigenvalues to belong to the same analytic curve. Finally, we recall that the sector T,,” was introduced
in Definition 221

Theorem 8.2. Let (a)ren be any divergent sequence in the sector C\T, for some § > 0, and for each
ke N let A\p := Moay) € a(—AJF) be any corresponding eigenvalue. Then

acc{\ : k € N} C o(-AL).

Moreover, if up to a subsequence A\ — X € o(—AL), then there exist eigenfunctions for Ay, which, possibly
up to a further subsequence, converge weakly to a Dirichlet eigenfunction for A.

Proof of Theorem and hence of Theorem ( 1). Tt suffices to show that under the stated assump-
tions if the A (or any subsequence thereof) are bounded, then they always admit eigenfunctions )y,
which are bounded in H!(Q) under the normalisation |[¢x]l2 = 1, since we may then directly apply
Lemma [8.1] in order to obtain the conclusion of the theorem. To this end, first assume without loss of
generality that the sequence Ay actually converges to some A € C; we distinguish between two possibili-

ties, which together completely cover the sector C\ T, : (i) Recy, > 0 for all £ € N; (ii) ’Re ok

Ima
bounded.
In case (i), we suppose that, for each A, 9 is any associated eigenfunction such that ||¢x||2 = 1 and
simply observe that

remains

/|V¢k\2dx+Reak/ |Yk|* do = Re A\, — Re\.
Q 80

Since Reay > 0, this is only possible if the sequence (||V1/JkH§))keN remains bounded, which in turn
means that the 15, form a bounded sequence in H* ().
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For (ii), we let the 15 be as before but now consider the imaginary parts: we have that
Imak/ [Y)? do = Tm A, — Im \;
o0
by assumption on the ay, this means that

Reozk/ |r|>do and hence also ak/ || do
a0 a0

must in particular remain bounded as k — oco. Since A\, was also assumed bounded, we conclude that

/ |Vipe|? da = Aj, — ak/ [ |® do
Q o0
likewise remains bounded (recall that ||¢%||2 = 1), meaning that the 1, are bounded in H'(Q). O

We next turn to the proof of Theorem 2). This is in fact an immediate application of the fact that
the Dirichlet-to-Neumann operator is unbounded.

Proof of Theorem[1.6/(2). First suppose that A ¢ o(—AR) and let M(X) be the Dirichlet-to-Neumann
operator introduced in Section [7] (see (7.7)). Then by Lemma[7.2] M ()) admits a sequence of eigenvalues
ay € C such that |o| = co. By Theorem [7.6] for each such oy, € C, we have that A € o(—AF").

For A € o(—AL) the argument is the same except that M()\) becomes a multivalued operator; see

Remark [7.3(2). O

Remark 8.3. We draw explicit attention to the marked contrast between parts (1) and (2) of Theorem|L.6}
on the one hand, for « diverging away from the negative real semiaxis (more precisely outside the sector
T, for arbitrarily small # > 0), all eigenvalues either diverge absolutely or converge to points in the
Dirichlet spectrum. Moreover, this is not just true of the individual analytic curves of eigenvalues but
for any arbitrary sequence of eigenvalues in this region.

On the other hand, for any A € C we can find an infinite sequence of parameters ay, which must end
up “close” to the negative real semi-axis, for which A is a Robin eigenvalue (this is where the sufficiently
large eigenvalues of the Dirichlet-to-Neumann operator M (\) are to be found, for any A). Thus the whole
of C can be obtained as points of accumulation if we place no restriction on a. The reason why this is
not inconsistent with Theorem is that there we are interested in the behaviour of the analytic curves
of eigenvalues (rather than sequences of ay which may be drawn from different analytic curves).

9. HIGHER-DIMENSIONAL EXAMPLES: THE HYPERRECTANGLE AND THE BALL

9.1. The interval revisited. We first return to the one-dimensional case sketched in Section 2l We
start by giving the remaining details, in particular the proofs of Theorems [2.1] and We will later use
results to discuss the eigenvalue asymptotics for higher dimensional rectangles, in Section (9.2

9.1.1. On the Dirichlet-to-Neumann matriz. The general solution u of the Dirichlet problem on the open
interval 2 = (—a, a) for a > 0 (2.2)) with Dirichlet data g = (g1, g2)” € C? is given by

u(x) = Cy cos(VAz) + C_ sin(vVAx). (9.1)
The coefficients C;. and C_ are given by
Cy = _g2% o1 and o= 279 (9.2)

2 cos(v/\a) 2sin(v/Aa)’

where Cy = 0 if u is odd and C_ = 0 if u is even. The normal derivatives of u read
—u'(—a) = VA <—92;gl tan v Aa — g cot \&a) ,
and similarly
u'(+a) = VA (—92;91 tan vV \a + @ cot \[\a) ,

meaning that the C2*2-valued Dirichlet-to-Neumann operator is given by

ﬁ <tan \[\a — cot \Aa tan ﬁa + cot ﬁa)

M _va
A 2 \tan \f/\a + cot \Aa tan \f)\a — cot \Aa
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The expression (2.5)) for M () used in Section [2f then follows from the identities
tanz — cot z = —2cot 2z and tanz + cot z = 2csc 2z

for z # 0.

9.1.2. The convergent eigenvalues. We begin with the easy case of the eigenvalues which remain bounded
as a — oo.

Proof of Theorem|[2.1. The poles of cot and csc are of order one, and thus so are the poles of the mero-
morphic Dirichlet-to-Neumann operator M () given by . If A(«) remains bounded as o« — oo in C,
the only possibility for this behaviour is that v/\ approaches one of said poles, namely v\ — 7j /(2a) for
any j € Z, that is A — 72j2/(4a?) as a — oc. O

Remark 9.1. In principle, one could derive additional terms in the asymptotic expansion of A(«a) as
a — 00, in powers of a~!; let us sketch briefly how one might get further information. The poles
being the eigenvalues of the Dirichlet Laplacian allows us to obtain a partial fraction decomposition
M(A\) = A;/(VA—/X;) +G;(VA) for a matrix-valued function G; which is holomorphic (thus bounded)
in a neighbourhood of \/};, and matrices A;. Calculating the residues +7;/(2a?) of the on- and off-
diagonal components of M (\), we can write down A; explicitly, which, together with the bounded G;
terms, may yield a more detailed statement.

9.1.3. Divergence away from the positive real axis. We next consider the case of the eigenvalues A diverging
to oo away from the positive real axis, that is, for which Im v/ A — +00. We recall from Section [2] that
then the matrix M () has two divergent eigenvalues « whose squares both behave like

o= -A+01 ()\esz‘ﬂm ﬁ) . (9.4)

This equation implies the anticipated asymptotic behaviour A ~ —a?2, however, we are also interested
in the asymptotic remainder term. Consequently, our next goal is to invert this equation from «(X) to
obtain the asymptotic equation for A(«) and thus the proof of Theorem [2.4

We will restrict ourselves to the case Im v XA — +o00. We first sketch the idea behind our inversion,
namely an application of Rouché’s theorem, because we will also use this again in Section [0.3] when
considering the ball. Let 7 > 0 and let h : C — C be a continuous function such that h(z) — 0 as
Im z — +o0. Suppose that o = «(\), as a holomorphic function of A, satisfies the asymptotics

a(A) =iVA+ 7+ g(VN) (9.5)

as Im v/X\ — +oo for a certain error term g(v/A) which is O(h(v/X)); for the choice of h see (2.10) for the
interval and (9.27) for the ball. For given A and hence o = a(\), we define a new holomorphic function
fa by fo(2) :== 1z + 7 — a, whose only zero is given by z, := i(7 — ). Then (9.5)) becomes

fa(2) +9(2) =0

if and only if z = \/A(a). Let B* := B,_(z,) be a ball with centre z, and some given radius r, > 0.
Then, by Rouché’s theorem, if « is sufficiently large and |g| < |fo| on dB®, both f, and f, + g have
exactly one zero in B?®.

This technique proves not only the existence of an eigenvalue of the Robin Laplacian that satisfies said
asymptotics, but gives an error term in the asymptotic expansion of A(«a) as follows. By construction,
for each z € 0B we have |f,(2)| = ro. Moreover, g = O(h) as Im z — +oo implies the existence of some
constant § > 0, such that

lg(2)| < |h(2)] (9.6)
on OB for all sufficiently large a. For all such a we want r,, to satisfy
dh(2)| < re, 2z€ OB (9.7)

To ensure this inequality, the decay of h is crucial: if it is too slow, then the method fails. This will be
clarified in the following proof.

Proof of Theorem[2.]] The eigenvalues a of the Dirichlet-to-Neumann matrix (2.5)) read
ar = VA (i esc(2aV/\) — cot(2a\f)\)) . (9.8)

As a — oo in C we have either [v/A| — oo or VA is forced to approach a zero of sin(2a-), which
corresponds to a Dirichlet eigenvalue. The second case, in particular, requires A to remain bounded and
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thus is covered by Theorem (alternatively, one could adapt the proof of Theorem to dimension
d =1). We divide the proof into four steps:

Step 1: We assume that for some given 6 € (0, 7) some Robin eigenvalue A diverges to oo away from
the real axis, inside the sector S; which, in particular, yields Im v/ — 4o00. In Section m we saw that
for this behaviour of v/A we obtain

a=+iVA+0 (ﬁe—zalm ﬁ)

as Im v/X — oo; for more details see —. (The other case Im v/A — —oo will be discussed in Step

Step 2: It remains to invert this asymptotical behaviour by means of the Rouché inversion technique
sketched above and to show, based on the assumed asymptotic behaviour of «, the existence of exactly
two (see Step 3 and 4) divergent eigenvalues A\ which obey away from the real axis. Here we deal
with the inversion; as mentioned before, we will only consider the case Im v A — 400 in detail. So let
T =0, that is fu(24) = 0 for z, = —ia. Here we take h(z) := ze~2%"™ % which satisfies h(z) — 0 as
Im z — +00. By construction, every point z € 0B® is represented by

2= 24 + T = —ia + roe'? (9.9)
for some ¢ € [0,27). Our goal is to estimate h as in (9.7): a short calculation using gives

[h(2)| = |26 2] = | (—ia + 14€'?) exp [~2alm (—ia + rae?)]|

< (Ja| + rq) exp (2ar,) exp (2aRe (@) .
We now choose r, to ensure on 0B¢. To this end, it suffices to find r, > 0 such that
§(|al + 7o) 2 Be> < p o207 (9.10)
for sufficiently large «. To show this, we make the Ansatz
o = Claje?*Ree (9.11)

for a suitable constant C' > 0 (in fact we may take any C' > §). Then, for such an r, (9.10) is equivalent
to

6‘a|eQaRea (1 + CeQaRea) e2C’a|o¢|e2aRe°‘ < C|a|62aRea,
that is,
5 (1 + CeeRea) 2Calale™™® ¢y (9.12)

Since Ce2eRea — 0 and e2Cal@le®™ 1 as Rea — —o0, the left-hand side of (9.12)) converges to ¢ and
hence (9.10) is satisfied whenever Re « is sufficiently large negative, how large depending only on a, §
and C. In particular, for the Ansatz (9.11), the inequality (9.10) is then valid.

We arrive at

V(@) = —ia+ 0 (ae?*Ree)
as Rea — —o0, and thus
Ma)=—a?+0 (aQeQ“Re“) .

Step 3: We remark briefly on the adaptation of the above proof to the assumption Im v/X — —oo: one
now chooses f,(z) = —iz — a which vanishes only for z, = +ic. Similar calculations as above lead to

V(@) = +Ha + O (ae®*e®) (9.13)

as Rea - —oc.

Step 4 — Conclusion: We obtain that in both cases Im v/A — #00 the real part Re o is always negative
and divergent, that is, each divergent v/X within a sector of the form S; or S, (note that Ve S;r
iff —v\ € S, ) corresponds to VA ~ ia and VA ~ —ia, respectively. We conclude that, under the
assumption that « diverges in a sector T, with ¢ € (0,7/2), then there are exactly two divergent
eigenvalues A € C\ T2+97 and these both satisfy A ~ —a? as Rea — —oo. Moreover, this implies that
if Re o remains bounded from below, then there are no divergent eigenvalues A — oo in C '\ T9+ for any
0<0<m/2. O
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9.1.4. Divergence near the positive real azis. Finally, we return to the case where A diverges near the
positive real axis, say, in such a way that Im A # 0 (and hence Im ﬁ) remains bounded. In this case
the asymptotics of the Dirichlet-to-Neumann matrix is less obvious: each of its entries is meromorphic
with poles on the real axis and those on the off-diagonal do not vanish asymptotically if Im v/X remains
bounded. Since poles and zeros of the Dirichlet-to-Neumann operator M (A) correspond to Dirichlet and
Neumann eigenvalues, respectively, which are discrete points on the real axis, the chosen path will pass
arbitrarily closely to every single one of them. The question arises which associated paths of « in the
complex plane correspond to such A paths.

Im) A ) ) A A

Re A a

)\.1 K2 ).\2

FIGURE 9.1. On the left a path in the A-plane from one pole A; of the Dirichlet-to-
Neumann operator to the next one Ay while passing a zero (the second Neumann eigen-
value p2). On the right-hand side the real curve A(a) € R increasing from A; to A2 as
a € R tends from —oo to +o00 [I8] Section 4.3].

It would appear that any such A path requires Re a to be unbounded from below, cf. Figure The
explicit form of M()) (2.5) allows us to calculate its two eigenvalues a explicitly, that is, for z = 2v/Aa,

2iz 1 2 iz iz 1
aizxf)\(—cotzicscz):—ixf)\(e + F .el):ii\ﬂe i (9.14)

e2iz _ 1 e2iz elz 4+ 1°
From this equation it follows that o ~ £iv/A as Im v/A — oo in € which is the same result as calculated in
[2.10). However, consider v/A = v/A(7) following some (continuous) path described by VX = x(7) +iy(7)
for an unbounded function z : [0,1) — R which diverges as 7 — 1 and some bounded y : [0,1) — R.
Firstly note that, since the imaginary part y of v/A remains bounded, for each such path and each sector
Tg‘E there exists some 7y € [0,1) such that v\ € TgIE for all 79 < 7 < 1; up to a possibly different 6 > 0
so too does A. Secondly, the boundedness of Im A implies y = O(1/x). Without loss of generality, we

consider o ; from
e2iaa: _ e2ay

oy = iz - y)
by a somewhat tideous calculation we arrive at
1 y (1 —elov) B zsin(2ax)
2 cosh(2ay) — cos(2ax)  cosh(2ay) — cos(2az)

eliax + e2ay

Reay =

Both denominators are bounded (and they can only vanish if y = 0) and so is the numerator of the first
quotient. The second numerator, however, diverges (indefinitely) as @ = Re VA = .
This proves Proposition [2.6]

9.2. Hyperrectangles. Based on our understanding of the interval we can easily obtain results for d-
dimensional hyperrectangles, sometimes called cuboids or rectangular parallelepipeds. Fix the dimension
d > 2, choose intervals (—a;,a;) for ay,...,aq > 0, and set

Q= (—a1,a1) X -+ X (—aq4,aq).
Denote the one-dimensional Robin Laplacian on the edge e; := (—a;,a;) for j = 1,...,d by Aj;; then

there exists a sequence of eigenvalues {A\y(a)}r>1 € o(—Ag) C C of the Robin Laplacian —Ag on Q
such that each eigenvalue is given by a sum of eigenvalues of the constituent operators A;, that is

d

Ae(a) =D A0(a), (9.15)

j=1
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where AU) e o(A;); indeed, each sum A oo XD equals an eigenvalue of fA%.

Remark 9.2. By Theorem (2) we know that in d = 1 dimension and for each o € C there exists a Riesz
basis of L%((—a,a)) consisting of the eigenfunctions of —AP, o) Now let d > 2; for the d-dimensional
hyperrectangle Q C R? it follows by separation of variables and using orthogonality of the coordinate
axes that there exists a Riesz basis of L?(Q) consisting of products of the one-dimensional eigenfunctions
of the operators *A?—a],aj) for j = 1,...,d, which correspond to the eigenvalues of the form (9.15)). Now
the basis property (in particular the linear independence) implies that all eigenvalues of —A% are of the

form in (9.15)).

Theorems and state that, if & — oo in a sector of the form T, for some 0 < ¢ < /2, on each
e; there are two eigenvalues of A;, call them )\gj ), )\g ), which diverge like —a/?2.

Consequently, since a single diverging eigenvalue of A; can be added to d —1 non-divergent eigenvalues
on the remaining edges, and for each divergent one we have infinitely many choices, there are infinitely
many divergent eigenvalues of —Ag which behave like —2a?. In the next step we choose two divergent
eigenvalues A\(") of A; and A(?) of Ay and d—2 non-divergent eigenvalues of As, ..., As. Adding everything
up we obtain infinitely many eigenvalues of —A% behaving like —2a?. We proceed successively up to
step (d — 1) to obtain infinitely many eigenvalues that behave like —(d — 1)a?. However, the last step
works differently: since there are two divergent eigenvalues for each A;, we obtain not infinitely many but
2¢ possibilites for an eigenvalue of fA% to satisfy the asymptotics —da?. This results in the following
theorem.

Theorem 9.3. Let Q C R%, d > 2, be a hyperrectangle and suppose that oo — oo in a sector of the form
T, for some ¢ € (0,7/2) (see Definition , Then for each j = 1,...,d — 1 there are infinitely many
divergent eigenvalues A(a) of —Ag such that the leading term asymptotics reads () ~ —ja? and 29
eigenvalues which behave like \(a) ~ —da?.

Remark 9.4. As already mentioned in Section [I] there are several results on the eigenvalue asymptotics
for domains with less regularity and real parameter . However, there are no results for general Lipschitz
domains but only for those having a finite number of “model corners”. Just like in the case of real «
[18] we expect that the asymptotics is mainly driven by the “most acute” corner(s) of the domain — the
sharper the corner(s), the larger the (negative) leading coefficient of the asymptotics.

9.3. d-dimensional balls. We next consider the model case of higher dimensional balls
Q=B=DB(0)cR?

in dimension d > 2. We will use the notation 9B = S%~! interchangeably.

9.3.1. On spherical harmonics. We briefly recall a few properties of the eigenvalues and eigenfunctions
of the Laplace-Beltrami operator on S?~!, which will be useful in the sequel. Details can be found in [25]
Section 2.2].

Definition 9.5. For [ € Ny let ch(d) denote the space of all homogeneous polynomials of degree [ in d
variables with complex coefficients and define

(1) PE(S*1) := {Plga-1 : P € PF(d)},

(2) Hf(d):= {P e PF(d): AP =0},

(3) HF(S?71) := {Plga—1 : P € HF(d)}.

Theorem 9.6. Let E; be the complex eigenspaces of the Laplace-Beltrami operator A, on S*~'. Then
we have Ey = HE(S41),

M = dim By = dim HE(S7?) = (d i 1) B (d z+_113> ’

and
oo

LA(s™Y =EPE.

=0

The E; are eigenspaces of the Laplace-Beltrami operator and one can calculate that the corresponding
eigenvalues —u? in —A,Y; ; = piY ; are given by —u? = —I(d+1— 2).
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9.3.2. The Dirichlet Laplacian and Dirichlet-to-Neumann operator on balls. Let u solve the Dirichlet
eigenvalue problem

—Au=Mu on B,
u=g on 0B,
for given g € L?(0B). Then we can write u € L?(B) and g € L?(dB) in their unique series representations
o M o M
=D > (Vi OEDIPITIIFI (9.16)
1=0 j=0 1=0 j=0

depending on the radius 0 < r < 1, the angles w € S, and the spherical harmonics Y, ;€ ’H(lC(Sd_l).
Let A, be the Laplace-Beltrami operator on S%~! ¢ R?. If we rewrite the Laplace operator in polar
coordinates and take the boundary conditions wu; (1) = ¢;; and w;;(0) = doruo,; for j =0,. .., Mld and
some bounded sequence (ug ;) >0 into account, the corresponding Bessel differential equation is solved
by

91,5 =%
. N LTV 1
ug () Jg+l—1()‘) Jd+l L), (9.17)

Using the identity

for all m € C, see [66, Chap. XVII, 17.21 (B)], by taking the normal derivative 9, of (9.17) we obtain
that for any given [ € Ny the Dirichlet-to-Neumann operator maps the Dirichlet data g; ; onto

Jgu(ﬁ) B
J4+171(\/X)

and we define MW () by (9-19). This part M ()) of the Dirichlet-to-Neumann operator on 9B in the
subspace 'Hl , 1dent1ﬁed in the canonical way with CMi via the eigenfunctions of A‘*"”ic’ is representable
by a M x M diagonal matrix each of whose diagonal entries is equal to (9.19). The Dirichlet-to-Neumann
operator M () is then obtained by summing over all subspaces H{, that is, it may be represented as a
diagonal matrix. In particular, for each [, there are exactly M eigenvalues « of the Dirichlet-to-Neumann
operator M(\) equal to M ()), and for our purposes it suffices to consider the M®()) individually.

VA (9.19)

Remark 9.7. Since each M®()) is diagonal and the Jordan chains of the Robin Laplacian and the
corresponding Dirichlet-to-Neumann operator are of the same length, see Remark root vectors and
eigenfunctions coincide and the eigennilpotents are always zero.

Observe that the zeros of the denominator in are simple and so are the poles of the whole
operator. The numerator does not cancel any of the poles, which follows from .

If we assume that J,,(vAg) = 0 = Jmi1(v/Ag) for some m € C and some \g € C\{0} (we only need
m € 3Ny), then this implies J}, (v/Ag) = 0 and J,,, has a zero of order 2, a contradiction.

It follows that M is a meromorphic function having only simple, real poles and an essential singularity
in +00. We have that

J%H(ﬁ)
Jg+z—1(ﬁ)

implies that for |a] — oo the right-hand side is forced to diverge as well. Using , we are led via an
explicit formula to the same dichotomy we saw in the general case in Theorem Namely, there are
two possibilities: either A converges to the Dirichlet spectrum or diverges absolutely. In the latter case,
as with the interval, we may further distinguish between eigenvalues A\ diverging away from the positive
real axis or in the vicinity of it. This leads to the following three cases.

MD(N)g = ag = la] = [VA -1l <o0

(1) VX approaches a pole of M®W()), i.e. a zero of J%HA, meaning the eigenvalue \ converges to
some element of the Dirichlet spectrum;

(2) A = oo in a sector of the form C \ T, for some small § > 0 (see Definition that is,
Assumption holds. In this case, VA remains in S;t and the quotient of the Bessel functions
in the expression for M®) remains bounded, see (19.23)));

(3) the more complicated case of divergence, where A — oo in a sector 7.

We analyse the three cases separately.
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9.3.3. The convergent eigenvalues. We start with the convergent eigenvalues; we are interested in estab-
lishing the rate of convergence. As we intimated for the interval, we may consider the residues of the
Dirichlet-to-Neumann operator, which also in the case of balls can be reduced to a scalar problem. For
m € R and p € Ny, we denote the pth zero of the Bessel function J,, of order m by j,, , € R.

Theorem 9.8. Fizl,p € Ny. The eigenvalues A = A(«) converging to the Dirichlet spectrum satisfy

253 _ 1
Aa) = 72 % +O () (9.20)

d—i+1p a2

as |a] = oo.

Proof. The statement is proved by a simple calculation. Indeed, setting m; := % — 1+ 1 and using (9.18)),
one may show that

) ) J (V)
Res; MW) = 1 V= jm VATV A
esjml,p ( ) \/X‘lf;vlm,p( / l’p) J’ml (\/X)

. . . Iy (VA) = T, (i)
= . I oy, lim i ' ! 1,P
1P z+1( 1 ;D) \/X_)jn),l,p < \F)\ — Jop

-1

= jmz,p‘]mz-‘rl(jmup) (‘]1{7'7,[ (jmup))

—1
my . .
Jmy (G, ,p) = Jmi+1 (]mz,p))

= jmz’PJmLJrl(jmz,;D) (

]th

= —Jmup
for the pth pole. From

(ﬁ - jmup)a = (ﬁ - jmzyp)M(l)(/\) = Resjml,p (M(l)> + O(\A - jmzm)
= _.jmz,;D + (I)(\/X - ij,P)

as VA = jum, p, it follows that

and hence for the eigenvalue A

Jn 1
. my,
Ma) = jmyp = 2775 40 <a2> :

O

9.3.4. Divergence away from the positive real azxis. We next study those divergent eigenvalues A which
remain away from the positive real axis, that is, we now take Assumption (Here, unlike for the
interval, the assumption of divergence in a sector, that is, that Im v/A grows sufficiently rapidly compared
with Re v/A, will turn out to be important.) We first need an asymptotic expansion of M ) for large A,
which in turn requires knowledge of the asymptotics of the Bessel functions appearing in . To this

end, let H,(nl)7 H,(f) be the Hankel functions of the first and second kind, that is,

2Jm (V) = HD (V) + HO (VN),
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and set

& T(m+ 20 +1/2)
P(m, V) = l;( Y (20T (m — 21 + 1/2)(2V/2)

(4m? — 1)(4m? - 9)

21(8v/N)2
| (4m? — 1)(dm? — 9)(4m? — 25)(4m? —49) _
Q(m, \[\) — i(_l)l Tim+ (20141)+1/2)

— (20 + )T (m — (20 + 1) + 1/2)(2V/N)2+1
_4Am? -1 B (4m? — 1)(4m? — 9)(4m? — 25)
8V 31(8V/\)3
It is known that (see [T, 9.2, p. 364])

Hr(r})(\/X) =1/ iﬁ (P(m, \5\) +iQ(m, \5)) VAT (2mt1) (—m < arg V< 2m),

(9.21)
HP (V) = \/ % (P(m, V) —iQ(m, \FA)) eIV (2m 1) (=27 < arg VA < 7).

Let Q;(m, V'), P,(m,+/A) be the sums up to the [th summand. To obtain the order 1/v/), we only have
to consider the first terms in the expansions of P and () to obtain

Tm(VA) = % (HD ) + H (VD) (9.22)
1 2 . ivVA—iT (2m41
Ni m{(Pg(m,\/X)—FlQo(m,\/X))eﬁ 4( + )

+ (Po(m, \A) —iQo(m, ﬁ)) e—iﬁ+%(2m+1)}

_ 1 (1 L ydm? = 1) VA (2m 1)
2V 8VA

n (1 _ 14m2 — 1) e_1ﬁ+%"(2m+l) )
8vVA

The non-polynomial terms e!V* and e~V of H,%)(\f)\) and Hg)(ﬁ) yield exponential decrease and
increase in S(j and Sy, respectively. In a neighbourhood of the real axis, however, the remainder terms
of the increasing expansion dominate the leading terms of the decreasing expansion on the other side of
the real axis. This is why we want to add up both terms to obtain [T, 9.2.1, p. 364], i.e.

1 .
I (V) = —— (2 cos (ﬁ ~Miom + 1}) + el VAo (|f/\|1)> (9.24)
2V 4
as VA — oo outside T}, (in particular in 7};"). This expansion outside T}, (in particular in 7}, ) is obtained
by point reflection of J,,,(v/A) in zero.
Considering the two cases where v A — oo in Sy and S;‘ , separately, we arrive at

(9.23)

1— 1421\2&1> e IVAIE(142m) | (

(9.25)

1

— \/277\/X (

Jm(ﬁ) - 1 (1 + i4m271> etiVAg—F(14+2m) | 0
\/277\/X Sﬁ

as VA — oo in Sy and S;', respectively. Using (9.25) and recalling the relation m = % + 10— 1, we may
obtain after an elementary calculation that

)y 4ot 1o (1)
A

I SN R (6.26)
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in S(;t. Recalling (9.19)), this means that for each I € Ny we obtain an o = a(A) with the behaviour

a:M®W%:$N5+%;+O<;J (9.27)

as VA — 0o in Sei, respectively. This leads to the following theorem.

Theorem 9.9. Let Q = B1(0) € RY, d > 2, and let a — oo in a sector of the form T, for any
0 < ¢ < 7/2. Then there are infinitely many Robin eigenvalues A(a) such that

Ma) = —a? +ald—1)+0(1) (9.28)
asa—)ooinT;.

Proof. We invert to obtain using Rouché’s theorem, as explained in Section First,
let 7 = (d—1)/2 and let a € C be large in some non-trivial sector 7,; for any large 0 < ¢ < /2.
Following the approach of the aforementioned section [9.1] and restricting ourselved to the positive case of
Im VX — +00, we have

fa(z) := % +iz—« and  g(VA) =0 (h(ﬁ)) (9.29)

for the error term h(v/\) = 1/\5 — 0 as ImvA — +0o. Then the unique zero z, of f, reads zo =
i (% — ). Let ro > 0 be the radius of the Ball B* = B,._(z4). Then for z € B* and sufficiently large

o we can estimate
c c c

h(2)] <

i o |id=1 ip P |l
2o + el 2 i —ia 4 eir 2
o T e 2 T ]

for some constants ¢,¢’ > 0. We make the Ansatz |f,(2)| = 7o = C/|a| for a suitable constant C' > 0.
Consequently, since (9.6) holds for some § > 0 for sufficiently large «, a similar calculation as in the
proof of Theorem yields [g(2)] < |fa(2)] on 63%(2@). We end up with the existence of exactly

one eigenvalue A which behaves like \/A(a) = —ia + 452 + O (1/]a|), that is, together with the case
Im VA — —o0, there are exactly two eigenvalues which behave like

Ma)=—a?+ (d—1)a+0(1)
as Rea — —o0. O

Remark 9.10. For any divergent eigenvalue curve A(a) on the ball, there is a complete asymptotic ex-
pansion in powers of «, and the above method might be used to obtain arbitrarily many terms of it.
Indeed, the asymptotics of the Bessel functions (or more precisely the Hankel functions) provides us with
everything needed to determine the asymptotics of the Dirichlet-to-Neumann operators M () (M), and thus
of o as Im v/A — =o0: taking more terms in results in more terms in and so too in (9.27),

which can then again be inverted.

9.3.5. Divergence near the positive real azxis. We reconsider the asymptotics in and observe the
oscillating nature of the cosine part as Rev/A increases — the summand iZ7r[2m + 1] appearing in the
argument is simply a phase shift. Suppose that Im /X remains bounded as VA — oo in 7, 9+ , le. we
explicitly do not apply Assumption Then it appears that J,,(v/A) is dominated by A/ cos(v/)).
However, the cosine has zeros on the real axis and thus, in a neighbourhood of said zeros, we need to
consider further terms in the asymptotic expansion . This then leads to more complicated behaviour
which might be adressed in a later work.
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