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ABSTRACT: We calculate the gaugino condensate in SU(2) super Yang-Mills theory on an
asymmetric four-torus T4 with 't Hooft’s twisted boundary conditions. The T* asymmetry
is controlled by a dimensionless detuning parameter A, proportional to LsL4 — L1Lo, with
L; denoting the T? periods. We perform our calculations via a path integral on a T?. Its
size is taken much smaller than the inverse strong scale A and the theory is well inside the
semi-classical weak-coupling regime. The instanton background, constructed for A < 1
in [1], has fractional topological charge @ = % and supports two gaugino zero modes,
yielding a non-vanishing bilinear condensate, which we find to be A-independent. Further,
the theory has a mixed discrete chiral/1-form center anomaly leading to double degeneracy
of the energy eigenstates on any size torus with 't Hooft twists. In particular, there are two
vacua, |0) and |1), that are exchanged under chiral transformation. Using this information,
the A-independence of the condensate, and assuming further that the semi-classical theory is
continuously connected to the strongly-coupled large-T* regime, we determine the numerical
coefficient of the gaugino condensate: (0[trAN0) = [(1[trAN|1)] = 3272A3, a result equal to
twice the known R?* value. We discuss possible loopholes in the continuity approach that

may lead to this discrepancy.
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1 Introduction

Strongly coupled gauge theories have been under intense study over the past few years,
thanks to the recent developments of generalized global symmetries [2]. These are operations
that implement the group multiplication laws via topological constructions such that the
symmetry operations are supported on topological surfaces that are robust under small
deformations. An ordinary O-form symmetry G, which acts on point-like particles, is
implemented by operators supported on co-dimension 1 surfaces. These surfaces obey the
group-multiplication laws via fusion rules and give rise to phases valued in G when they
cross the charged objects. Likewise, a 1-form symmetry acts on 1-dimensional objects
and is implemented via co-dimension 2 surfaces. For example, Wilson lines in 4-D SU(V)

)

pure or super Yang-Mills theories are charged under ZS\I, 1-form symmetry. The 1-form
symmetry is implemented via topological 2-dimensional surfaces that obey the Zy group
multiplication laws and give rise to Zy phases when they link with Wilson lines. Like
ordinary O-form symmetries, 1-form symmetries organize the spectrum of a theory into
representations, satisfy Ward identities, and may become anomalous if one tries to gauge
them. In particular, 't Hooft anomaly matching conditions (or 't Hooft anomalies for short),
which impose stringent constraints on quantum field theory (QFT), can be generalized to
include anomalies of 1-form symmetries. Detecting the anomaly in 4-D requires defining a
given QFT on manifolds with nontrivial 2-cycles, the typical example being the 4-torus T*.
Generalized 't Hooft anomalies provide a framework for classifying QFT and its phases.
Many recent works entertained this generalized framework to shed light on a plethora of
asymptotically free gauge theories, including vector-like [3—-10] and chiral theories [11, 12].

Assuming a gauge theory generates a mass gap in the infrared (IR), one way to match
its 't Hooft anomalies is via the formation of condensates. A famous example, and the
subject of this paper, is the formation of gaugino condensates in N' = 1 SU(N) super
Yang-Mills theory (SYM), which are needed to match a generalized 't Hooft anomaly.
This anomaly can be understood as follows. In addition to the Zg\lf) 1-form symmetry
that acts on the Wilson lines, SYM enjoys a Zg% 0-form global discrete chiral, or R,
symmetry. We may gauge the 1-form symmetry by turning on a background gauge field
of Zs\lf), which is done either by coupling SYM to a Zy TQFT [13] or by activating a ’t
Hooft flux [14, 15]. The latter is a field configuration on T* that carries a fractional flux
B € H?(T*,Zy) (i.e. the flux piercing 2-cycles obeys the quantization rule Jr2cma B € %)
and fractional topological charge @) = 8% JraBAB € %. In mathematical language, we
consider the PSU(N) = SU(N)/Zy bundle instead of the SU(N) bundle. The former has
a non-trivial Brauer class w € H2(BPSU(N),Zy) that obstructs the lifting of PSU(N)
to SU(V), and we set B = w. In practice, the PSU(N) flux is turned on by imposing
twisted boundary conditions on the fields that live on T4. Next, we examine the partition
function Z[PSU(N)] of SYM in this background by performing a Zgﬁ‘v rotation. We find
Z[PSU(N)] — eiQWﬂZ[PSU(N)], and thus, the theory stops being invariant under the action
of Zg?ﬁ, once we gauge the 1-form symmetry. This is the sought generalized 't Hooft anomaly
— a mixed anomaly between the Zs\lf) 1-form symmetry and the Zg?‘v 0-form discrete chiral
symmetry. The anomaly indicates that the IR theory cannot be trivially gapped. Assuming



confinement, the theory breaks its Zg?‘v symmetry and forms N vacua separated by domain
walls. The order parameter of Zg?‘v symmetry is the bilinear gaugino condensate (tr\?) or
higher-order condensates ((trA?)"), n > 1 and nmod N # 0. The existence of N vacua is
also in accordance with the Witten index [16].

1.1 Gaugino condensate: a historical prelude

Generally speaking, the matching conditions can only provide kinematical constraints and
do not, by themselves yield insights into the details of the IR dynamics of a gauge theory.
One needs an extra guide if, at all, there is a hope to understand the dynamics, e.g., the
condensates. Thanks to supersymmetry, such studies are possible in SYM. These date
back to the early eighties [17-21] (see [22-27] for reviews). The condensate calculations are
based on the Belavin-Polyakov-Schwartz-Tyupkin (BPST) instanton calculus [28]: BPST
instantons are (anti) self-dual Yang-Mills configurations that violate the non-renormalization

theorems of SYM and hence, give a non-zero vacuum expectation value to the condensates.
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scale and ¢ is a numerical factor. The exact value of ¢ was a controversial issue that caused

On dimensional-analysis grounds one can write ( ) = cA3, where A is the strong-coupling
many debates in the past. Generally, there are two methods to compute the bilinear gaugino
condensate in 4-D SYM: the strong-coupling and the weak-coupling instanton methods.
In the first method, we start directly from the 4-D SYM in its strong-coupling regime
and do instanton calculus, as in [17, 18]. A single SU(N) BPST instanton carries integer
topological charge @) € Z, and the configuration with the lowest topological charge Q =1
admits 2NV gaugino zero modes. The saturation of the zero modes in the () = 1 instanton
background gives a nonzero value to the 2N-point function ((trA?)"), from which one can

1/N
naively extract the value of the 2-point function ((trA\?)) = {((tr)\Q)N )} / . A detailed

calculation, keeping track of all numerical coefficients, gives ((trA?)) = 2((N — 1)!(3N —
1))_1/N(16772A3)ei%, with £ =0,1,..., N — 1. The complex phase results from taking the
Nth root of unity, in accordance with the expectation that the theory admits N distinct
vacua needed to match the generalized 't Hooft anomaly.

In the weak-coupling instanton method, we consider super QCD with N —1 fundamental
flavors ®;, i =1,..., N — 1, where ®; is a chiral superfield, and give all the flavors small
masses m. We work in the limit |®;| > Ag, where Ag is the strong scale in the presence
of quarks. Since there are N — 1 flavors, the gauge group fully abelianizes and we are

well inside the weak-coupling regime. The total superpotential of this theory takes the
2N+1

from W = mé@j d; + m, where the second term is the Affleck-Dine-Seiberg (ADS)

superpotential [20]. The ADS term is nonperturbative in nature and is based on holomorphy

and the symmetry structure of super QCD. It also results from saturating the quarks’

zero modes in the BPST instanton background(the numerical coefficient was obtained®
in [29], and corrected in [30]). Since we are in a weak-coupling limit, the instanton
calculations are reliable. Minimizing the energy, we obtain the supersymmetric vacuum

. 1/N
PID; = (m™1)] [AgNJFl)Detm} / . Finally, we substitute this result back into W to find

The comparison between the weak-coupling and strong-coupling instanton methods in SU(2) was first
performed in [21], where the correct ratio between the two methods was given.



1/N
W =N A2QN +1Detm} / . We then decouple the quarks by taking m > Ag, thus, leaving
the weak-coupling regime. Using holomorphy, we can write Weg = NA3, where A is the
strong scale at the mass threshold, and it exactly coincides with SYM strong scale at the

decoupling limit. Recalling that one can write the holomorphic strong scale as A = pe'™/3N
with 7 = gﬁ?}i) and p is some arbitrary energy scale, and that (tr\?) = —16mi mgfff, one

obtains (trA\?) = 1672A%¢*% in the k-th vacuum.2

Having two different methods that yield two different answers resulted in many debates
in the literature about the validity of both methods. It was earlier understood that the
strong-coupling instanton method is in tension with the cluster decomposition principle
(CDP). Consider the correlator (trA?(z)trA?(z')). In the limit |z — 2| — oo we expect
{trA?(x)trA?(2')) = (trA?)2. However, since a BPST instanton cannot saturate 2 gaugino
zero modes, one finds (trA?) = 0, contradicting CDP. A possible resolution of this puzzle
was proposed in [32]. It was hypothesized that SYM admits an extra phase with vanishing
bilinear condensate (trA\?) = 0 and that averaging over the chirally symmetric and non-
symmetric phases gives the result of the strong-coupling instanton method. This hypothesis
was carefully examined in [33] by considering a softly broken A = 2 Seiberg-Witten theory
down to SYM. It was shown that the chirally-symmetric phase is absent, casting doubt on
the averaging hypothesis. Further considerations in [34] excluded the symmetric vacuum.
We also note that the anomaly-matching argument of [35] also precludes such a phase. It
was further shown in [36] that strong-coupling multi-instanton calculations are inconsistent
with CDP.

Extra support to the weak-coupling calculations came from studying SYM on R3 x S},
where S} is a small spatial circle with circumference L < (NA)™!, and both gauge fields
and gauginos are given periodic boundary conditions on St [31, 37]. Compactification over a
small circle causes this theory to fully abelianize and enter its weakly-coupled regime.? The
theory on R3 x SlL admits monopole-instantons, the microscopic constituents of calorons.?
At the supersymmetric vacuum, the monopoles have topological charges of 1/N. Using the

index theorem, we deduce that a single monopole can saturate 2 gaugino zero modes giving

tra?
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rise to the bilinear condensate. Detailed calculations give ( ) = A3, the exact same

o —8m2 2
2The definition of the strong coupling scale we follow in this paper is given by A® = ,u‘g%, the

one used in [25, 26, 31].

3The 4-D coupling constant on R® x S} ceases to run at scale ~ 1/NL, roughly the W-boson mass.
Taking L < (NA)™', we stay in the weakly-coupled regime.

1A SU(N) caloron with a unit topological charge is composed of N monopole instantons. Calorons are
Yang-Mills (anti) self-dual configurations defined on R* x S' with integral topological charges and non-trivial
holonomy (the expectation value of the Polyakov’s loop) along S'. A BPST instanton, in contrast, (or more
precisely, the Harrington-Shepard solution [38] defined on R? x S') has a trivial holonomy. Calorons were
discovered by Kraan and van Baal [39] using the Atiyah-Drinfeld-Hitchin-Manin (ADHM) construction [40]
and independently by Lee and Yi [41] and Lee and Lu [42] in the context of D-branes. Let L and P be the
size of S* and the holonomy (in units of 1/L). If LP > 1, then the monopole constituents are well-separated
in space, and one can make sense of them in a semi-classical treatment, as in the case of SYM on R® x S}.
In particular, in the supersymmetric vacuum, which preserves the O-form Zy center symmetry of the theory,
the constituent monopoles are of equal action S = %. In the opposite limit, LP < 1, the monopoles hide
inside the caloron core.



result from 4-D weak-coupling instanton calculations. The advantage of the compactified
theory over the 4-D theory at weak coupling is that in the former, one can understand
the dynamics responsible for the condensate formation without relying on the miracle of
holomorphy. As a bonus, the proliferation of the monopoles causes the compactified theory
to generate a mass gap and confine, a result that is prohibitively difficult to understand
in 4-D.

The continuity of confinement and condensate between the small and large L limits
may imply that the fractional instantons are responsible for the dynamics on R*, even
though one may not make analytical sense of them in a strongly-coupled setup. The
continuity conjecture was taken seriously over the past decade in supersymmetric and
nonsupersymmetric theories; see [43, 44] for reviews. The conjecture withstood many tests,
but we are still far from a firm conclusion about the role of fractional microscopic objects
in strongly-coupled phenomena. This continuity was mainly tested on R3 x S} and one
wishes to examine whether it holds in other geometries.

One such geometry is T4, very natural from the point of view of lattice practicalities.
Right after 't Hooft presented his twisted solutions (solutions with twisted boundary
conditions, i.e. PSU(N) bundle solutions, with fractional topological charges) [15], van
Baal studied their mathematical properties [45, 46]. Later, it was argued in a series of
works [47-49], see also the review [50], that (anti) self-dual 't Hooft fractional instantons can
be seen in realistic simulations of 4-D pure Yang-Mills theory and that such configurations
could be utilized to explain confinement.® Further, it was argued in [53], via extended lattice
simulations, that 't Hooft fractional instantons on T* are ultimately connected to monopole
instantons in the infinite 3-volume limit and finite time® direction. In particular, it was
shown that an exact SU(2) caloron solution with a unit topological charge and equal-action
constituent monopoles (see Footnote 4) can be constructed on the twisted T* by gluing two

twisted solutions, each carrying @ = % charge, along the space directions.”

1.2 Gaugino condensate on asymmetric T4: a summary of the procedure and
results

The possible connection between 't Hooft’s solutions and monopole-instantons [53] calls for
a serious examination of this finding. Since both the R x S} monopole-instanton and 4-D
weak-coupling instanton methods give the same gaugino condensate, one wonders whether
the same result can be obtained in the 't Hooft flux background.® This is especially timely
after the advent of the new generalized anomalies, which can be easily detected when

5Even before these studies, a program known as the “femtouniverse” utilized the Hamiltonian formalism
on R x T?, to study Yang-Mills theories at small volumes [51]; see [52] for a review.

SNotice that these are simulations in pure Yang-Mills theory, and thus, unlike SYM, there is no distinction
between thermal and spatial circles.

"In fact, there is an obstruction to the existence of @ = 1 (anti) self-dual caloron on T* with untwisted
boundary conditions [54]. Yet, in practice, one can find a very good approximate self-dual solution even in
the absence of twists.

8We interchangeably use the term “’t Hooft flux background” and “’t Hooft twists.” The latter is more
precise, since it refers to the twist of the boundary conditions, which does not always lead to nonzero “flux,”
i.e. nonzero gauge field strength. Whether such field strength is present or not is a dynamical issue, see
e.g. [16]. We hope that our abuse of terminology does not lead to confusion.



a QFT is put on T* with a PSU(NV) bundle (or 't Hooft twisted boundary conditions).
Recently, Unsal advocated that a refinement of the instanton sum in the partition functions
of SU(N) theories has to be considered: while fractional instantons of PSU(N) bundles
contribute to observables like the gaugino condensate and vacuum energy, the sum over
the fractional objects has to be constrained to yield the integer topological charges of the
SU(N) bundle [55] (see also [52] for an earlier assertion).

In this paper, we put this proposal under scrutiny and perform detailed calculations of
the gaugino condensate on T and a PSU(2) bundle.” Our conclusion is that the condensate
in any of the two vacua is given by (0[trA?|0) = [(1]trA?|1)| = 3272A3, with a coefficient
that is twice that obtained via the weak-coupling instanton method on R* and the semi-
classical calculations on R3 x S}. The extra factor of 2 is unexpected and calls for further
serious examinations of the role of the PSU(N) bundles in SU(N) gauge theories and of
the continuity conjecture.

The calculations that lead to this puzzling result are surprisingly rich. The simplest
SU(2) pure Yang-Mills (i.e. Yang-Mills equations with zero source) fractional instanton with
topological charge @) = % and action Sy = 49%2 was constructed by ’t Hooft in his seminal
work [15]. This solution is abelian in nature, i.e. the gauge field components are along
the Cartan direction. The solution must be (anti) self-dual, otherwise, the fluctuations in
this background will have negative modes signaling instability. Let Li, Lo, L3, L4 be the
lengths of the periods in T*. Then, the self-duality of the abelian solution is guaranteed if
and only if LyLo = L3Ls. We dub the T4 that obeys this relation as the self-dual torus,
the simplest one being the symmetric T* with L1=Lo=L3=L4. Given the simplicity of the
abelian solution on the symmetric T4, one is tempted to use it as a source for the gaugino
condensate. According to the index theorem, this background must saturate 2 gaugino zero
modes. Nevertheless, the direct solution of the Dirac equation yields 6 zero modes (four
“undotted” and two “dotted” ones). To make things worse, the extra zero modes source the
super Yang-Mills equations of motion, hinting that such an abelian solution might not be a
consistent background. The resolution of both puzzles could have been achieved had we
been able to show that higher-order corrections (including loops) lift the extra gaugino zero
modes. Although we believe that this should be the case, we were not able to show it in a
satisfactory way.

In order to circumvent this difficulty, we chose to depart from the symmetric self-dual
to the non-self-dual torus. This is both a blessing and a curse. The curse is the technical
difficulty of the problem, while the blessing is that the asymmetric torus enables us to
take various interesting limits, e.g. R x T? and R? x T?. If the relation LiLy = L3Ly is
violated, the abelian solution must be modified to include non-abelian pieces, ensuring
that the solution persists to be (anti) self-dual. To date, there exists no analytical solution
with @ = % on T* with arbitrary shape. However, a systematic procedure to deal with
non-self-dual tori was developed in [1]. This method gives an approximate analytical

9The gaugino condensate on a symmetric T* in the background of 't Hooft flux was first considered long
ago in [56]. These calculations were solely based on supersymmetry transformations along with dimensional
analysis, and no attempt to determine the numerical coefficient was made.



. . . 2 . .
self-dual solution, with charge |Q| = % and action Sy = ‘lgiz, as an expansion in a “detuning’

parameter A = (L3Ly — L1L2)/\/L1LoL3L, measuring the deviation from a self-dual T*.

Solving the Dirac equation on a small asymmetric T* with A < 1 and limiting our

)

explicit treatment to the lowest order in A, we find exactly 2 gaugino zero modes as per the
index theorem. We also verified that the explicit solutions of the fermion zero modes are
consistent with supersymmetry transformations. These modes do not source the Yang-Mills
equations of motion, implying that our approximate solution is a consistent background.
The gauge field fluctuations admit 4 bosonic zero modes (also in accordance with the index
theorem), interpreted as translational moduli. Supersymmetry guarantees the cancelation
between the bosonic and fermionic excited states, leaving only the bosonic and fermion zero
mode integrals to deal with.

The contributions of zero modes to the path integral are taken into account using the
method of collective coordinates, and therefore, we need to integrate over the moduli space
M. To correctly identify the shape and size of M, we carefully examine all gauge invariant
observables in the background of the fractional instanton on T*. This includes both local
gauge-invariant densities and Wilson loops. While gauge-invariant densities are invariant
under translations over a period on T4, a Wilson loop acquires a Zy phase.'® Therefore,
we find M ~ T* with double the periods of the physical torus to account for the gauge
inequivalent classes. This result is further supported by investigating the Hamiltonian
formalism of the theory. Interestingly, the metric on M is found to be proportional to the
background action and is, hence, independent of A. Putting the pieces together, we finally
obtain (trA?) = 6472A3, with a coefficient four times the expected number on R*.

To understand the significance of this result, we need to interpret the expectation
value (trA?) using the Hamiltonian formalism. Due to the mixed discrete chiral/one-form
center anomaly, the energy eigenstates are doubly degenerate in the background of a ’t
Hooft flux on any torus size: there are 2 vacua that are exchanged under the operation of
chiral transformation, which explains the extra factor of 2, while the relative phase in the
condensate in the two vacua is compensated by the 't Hooft twist in the Euclidean time
direction [57]. Thus, restricting the condensate to one vacuum, upon taking the limit of
large T#, we obtain (0[trA?|0) = |[(1]|trA?|1)| = 3272A3. This coefficient is twice the known
value on R* (using the weak-coupling instanton method) or on R? x St.

We emphasize that our calculations are performed on a small T4, compared to the
strong scale of the theory, and thus, we are well inside the semi-classical regime. The
calculations in this regime are under analytic control, thanks to the smallness of the coupling
constant. However, to make a connection to the result on R?, we made a few assumptions.
The invalidation of any of these assumptions can explain the discrepancy between our result
and the expected one. We now list the assumptions that led to our result:

1. We assume that there is a unique fractional instanton on the asymmetric T4 with

topological charge Q = % This solution is nonabelian in nature and is obtained

from ’t Hooft’s abelian solution on a symmetric T* as an expansion in the detuning

YOEffectively, a Wilson loop measures the Zo flux of the twisted solution.



parameter A [1]. However, we were not able to prove the uniqueness'! of the solution.
Instead, we rely on the numerical evidence in [1].

2. Another lingering issue is the radius of convergence of the expansion, which is yet
to be understood. Although our final result does not depend on A, one needs to be
cautious when interpreting the result. In order to interpret the result and compare
with the condensate on R*, we had to make use of the Hamiltonian formalism. Here,
first, one puts the theory on a small spatial torus T3, with a ’t Hooft twist, and
with periods of length L << A~!, and then takes the limit of a large Euclidean time
direction, Ly > A~!. This is the limit A ~ % > 1, well outside the small-A regime
used to compute the condensate.

3. After taking A large, one needs to take the size of the remaining T? periods beyond the
inverse strong-coupling scale. Thus, we necessarily leave the semi-classical regime, yet
we assume no extra instantons contribute to the condensate in this limit. (However,
we can not help but note that this is similar, at least in spirit, to the extrapolation of
the R3 x SIL semiclassical calculation of the gaugino condensate to R%.)

4. In carrying out our calculations, we assume that quantum corrections due to bosonic,
fermionic, and ghost fluctuations cancel exactly in our supersymmetric background, to
all loop orders, and for arbitrary T* size. Although the cancellation of the determinants
to any loop order is well-established in R*, one may need to examine this assumption
more carefully in the fractional instanton background of T%.

In view of the above discussion, in the bulk of the paper, we present our calculations in
sufficient detail to help the interested readers follow all numerical factors and enable them
to dwell on the procedures used — and on improving the interpretation of our result.

1.3 Future directions

Here, in lieu of a conclusion, we point out that our study warrants a few expansion directions:

1. An immediate step would be generalizing the SU(2) result to SU(N > 3). Self-dual
instantons with topological charge %, N > 3, are necessarily non-abelian solutions
of Yang-Mills equations [15]. This makes the treatment more involved, especially as
we deviate from the self-dual torus.!? Fortunately, a systematic analysis to deal with
this problem, a generalization of the method in [1], appeared in [58]. One can follow
the same line of thought in our work to compute the condensate in SU(N).

2. It is tempting to study the condensates in other gauge groups, e.g., Sp(/N) and
Spin(2N) groups. These groups have small center groups: Sp(/N) has a Zg and

1To avoid possible confusion, we note that the series in A determines a unique self-dual configuration for
fixed values of the moduli (see the proof in appendix A.1, near eq. (A.31)). The possibility of non-uniqueness
mentioned here refers to existence of a genuinely nonabelian @ = % solution not connected to 't Hooft’s
abelian solution. The numerical study of [1] appears to support uniqueness in this sense, but does not

constitute a proof.
12The definition of a self-dual torus in SU(N) is different from the SU(2) case [15].



Spin(2N) has a Z4 or a Zg x Zsg center group depending on whether NV is odd or even.
Owing to the small centers, 't Hooft fluxes (or fractional instantons) of these groups
will, in general, support more than 2 gaugino zero modes. This situation is different
from the calculations on R3 x SIL, where a monopole-instanton always supports 2 zero
modes for all gauge groups, even those with no center symmetry. Therefore, at first, it
is not clear how the twists and monopoles are connected. Investigating this problem
is important for the continuity program.

3. It is also interesting to carry out our procedure to higher orders in A. The convergence
of the series in A may shed more light on the problem of continuity. In this regard, we
note that the closely related work [59] in the two-dimensional abelian Higgs model was
able to carry the A-expansion to 51-st order, with the results indicating convergence
to the infinite volume limit.

4. Another interesting geometry is to consider SYM on T? x R? with a 't Hooft flux turned
on T2. This setup was considered previously in [60]. It was shown via dimensional
reduction from T2 x R? to R? that the theory admits Zy vortices and that the gaugino
condensate forms in the 2-D effective theory (trA?) ~ A3, as expected. However, the
authors did not attempt to compute the numerical coefficient of the condensate. Such
a calculation would mandate a more careful treatment of the dimensionally reduced
2-D theory, presumably using the power of supersymmetry. We also note that T? x R?
is the limiting geometry of our asymmetric T* after taking A to infinity.

1.4 Outline

Our paper is organized as follows:

In section 2, we formulate the theory and spell out all the necessary ingredients to
define the partition function and the condensate on T* with twisted boundary conditions.
Further, we explain that a self-dual torus gives rise to extra, unexpected, zero modes.
Then, we present the solution on the asymmetric T in section 3 and discuss both the
fermion and bosonic zero modes. In section 4, we calculate the measures of the bosonic
and fermion zero modes. In section 5, we deviate to the Hamiltonian formalism to discuss
two important aspects. First, we argue that the moduli space of the bosonic zero modes is
isomorphic to T* with a period size twice the size of the physical period. Next, we recall
that the 0-form/1-form mixed anomaly implies that the energy eigenstates on T2 are doubly
degenerate and the theory admits 2 degenerate vacua. These features are important for the
interpretation of our calculation of the gaugino bilinear. Finally, in section 6, we put all the
pieces together to obtain our result of the gaugino condensate.

Owing to the mismatch between our and both R* and R3 x S} results for the gaugino
condensate, and in order to offer the reader the opportunity to catch mistakes, if any, we
present our rather detailed calculations of various quantities in two appendices.

In appendix A, we review in great detail the construction of [1] of the fractional
instanton to order A, with emphasis on the dependence on the collective coordinates. We
also provide expressions of the field strengths and Wilson loops in the background of the
leading-order solution.



In appendix B, we construct the fermion zero modes by directly solving the Weyl
equation as well as by using supersymmetry transformation, and we prove that both
methods yield the same result. Then, we construct the bosonic zero modes to any order
in A, first by employing the fermionic zero modes and then by taking derivatives of the
classical background solution w.r.t. the collective coordinates modulo gauge transformation
(we also determine these gauge transformations). Finally, we determine the Jacobian of the
bosonic zero modes moduli space needed to complete the calculations.

2 Fractional instantons on the symmetric torus

We consider the SU(2) SYM theory on T* with periods of lengths Ly, Lo, L3, Ly. The
Euclidean action of the theory is given by'3

1 1 B\ : 3\ — G
SSYM = ? /]1‘4 tr |:2anan +2 (an/\d + Z[Ana Ad]) Op )‘a:| ) (2'1)

and A is a left-handed adjoint Weyl fermion, the gaugino. D,, = 0,, +i[A,, | is the covariant
derivative, o, = (id,1), 7, = (—id, 1), & are the Pauli matrices, and the Latin letters n,m
run over 1,2, 3,4. The field strength is given by F,, = 0 An — OnAm + i[Am, Ay]. This
action is invariant under the supersymmetry transformations

5An:<a0'nad5\d+§d5ga >\Oz7 5)\a:_o-mnaﬁc,3ana 55\d:_5 dg&Ban,

mn
(2.2)
where the spinors obey &' = &, &2 = —¢; and likewise for the dotted ones. The equations
of motion that result from the variation of Sgyy are
(D Fon)? = —itr Aon[T4, )], 699D =0,  0paaDp)?¥ =0, (2.3)

where A = 1,2, 3 labels the color group generators T4 = 74/2 with 74 the Pauli matrices.
We shall consider SYM with twisted boundary conditions on T*4. Without loss of generality,
we can use the following transition functions:
@y 4B o33 13
Do(z) = e PTI T Qy(z) = e PTI T while Q; = Q3 = 1. (2.4)
Qo and €24 implement the twists along the x5 and x4 directions, while the transition

functions along the x; and z3 directions are trivial. The transition functions obey the
cocycle conditions

QZ(CL‘ + Ljéj) Q](CE) = /i QJ(ZE + Lzéz) QZ(CL‘), 1,7 =1,2,3,4, Vzx¢€ R4, (25)

where é,, is a unit vector in the x,, direction, nio = n3y = —no; = —ny3 = 1, and the rest of
n;j are zeros. The periodicity condition on the gauge fields and gaugino in R* defines the

13The Euclidean action, supersymmetry transformations, and the matrices on, &n, Cmn, Tmn, are as
in [25], except that we use hermitean gauge fields, necessitating the replacement Ahat ref — ; gthis paper geq
also appendices A.1 and B.2.



T4 fields:

Az + é,Lp) = Qu(2)(A(z) — id)Q  (z),  n=1,2,3,4, VzecR?
Mz + é,Ly) = Qu(z)\ (2)Q, 1 (), (2.6)

4
where we denoted A(x) = Y A, (z)dz,. Let the SU(2) non-abelian field ® denote either
n=1
the gauge field or the gaugino and expand ® using the Cartan-Weyl basis:

3
®(z) = @3% F ot e (2.7)
The Pauli matrices 73, 7% are the generators of SU(2) in this basis. Using the commutation
relations [73,7F] = £73, [, 7] = 7% along with the Baker-Campbell-Hausdorff formula,
one finds that the boundary conditions on ® are satisfied if and only if:

O3 (2 + L) = D3 (2) + T,

OE (21 + Ly, 29, 3, 24) = OF (21, 22, 23, 24)

.27ra:1
OE(xy, 20 + Lo, x3,04) = €1 I1 &5 (2, 29, 23, 14) (2.8)

where Z is a nonhomogeneous term that contributes to the gauge field and appears upon
shifting the xy coordinate: A3(x + éxLs) = A3(x) + %’:%,1. Similar boundary condi-
tions hold in the 3-4 plane. As we shall show, there is a classical solution to the equa-
tions of motion (2.3), which satisfies the boundary conditions (2.8) and has a topological

charge Q = %
The Euclidean partition function of our system is given by the path integral:
— . 1
Zsymlniz =1,z = 1] = /[DAM] [DA[DX]e™ S t2)8) it (2.9)
VEZL

where we have emphasized that this path integral is to be computed with the twists in the
1-2 and 34 plane, as per the transition functions (2.4), and thus, all the fields need to
satisfy the boundary conditions (2.8). Notice that one also needs to sum over the integer
topological sectors v € Z in order for Zgyy to respect locality and unitarity.'* The vacuum
angle 6 can be transformed away by applying an axial rotation on the gauginos. Our main
aim is to find the bilinear gaugino condensate starting from (2.9).

The solution of Zgyn, as well as the condensate, will proceed by using the semi-classical
techniques, which amount to computing the path integral as the sum of paths of small
fluctuations in the background of instantons. The semiclassical approach is justified in the
limit of small volume.

Notice, however, that this partition function vanishes identically, which can be under-
stood in two different ways. First, as we shall show, the theory exhibits 2 fermion zero
modes. These are the zero modes that are saturated in the twisted background and give

Y1f » #£ 0, the transition functions (2.4) (but not the cocycle conditions (2.5)) have to be appropri-
ately modified.

~10 -



rise to the fermion condensate. We can also argue that Zgyym = 0 because of the mixed
anomaly between the O-form discrete chiral and 1-form center symmetries, as was previously
shown in [57].

The gaugino condensate calculations can proceed by inserting the gaugino bilinear
tr AX in the path integral (2.9), where the trace is taken in the color space. We define the
expectation value of the gaugino condensate as:

(tr AN =AY / [DAL)[DA[DA] tr A e~ Ssyn—ilvtg)o) (2.10)
VEZ

with normalization constant N. Only the v = 0 sector (in the presence of the twists) can
contribute to the bilinear condensate, and thus, we restrict our calculations to this sector.
The standard way of normalizing the expectation value of an operator is to divide by the
partition function. Since Zgyy = 0, we need to search for another appropriate way to
normalize our physical observables. We choose to divide by the partition function with
twists only in the 1-2 plane. Explicitly,

N =Y [IDAJDNIDN e Sty (2.11)

VEZL

This partition function is saturated by the v = 0 term. In the small-T* limit, it can be
evaluated using a semiclassical expansion around two zero-action classical saddle point
configurations, related by the Zy center symmetry in the x3 direction, generated by the
“improper gauge transformation” T3. In a gauge with constant transition functions'® in the
x1-x2 plane, these saddle points are A =0 and A = —z’ngTg_l [16]. Each of these saddle
points gives an identical contribution to /. There are no zero modes (see [61] for calculations
of the spectrum) and all determinants, fermionic and bosonic, are the ones computed in the
A = 0 background (we note that this is the normalization of instanton transition amplitudes
already taken in [62]). The partition function (2.11), up to a normalization factor that is
expected to cancel the numerical factor in the numerator of (2.10), is equal to the Witten
index Tr[(—1)], which counts the number of the ground states. Thus, we take A" = 2. See
section 5 for a Hamiltonian treatment.

As a first trial, let us find a self-consistent @@ = 1/2 fractional-instanton solution to the
equations of motion (2.3) with the boundary conditions (2.8). It is easy to see that the
abelian gauge configuration:

- 2wy 21 - 22

A3 = — A3 =22

- 2mxy 23 - 24

A} = = A== 2.12
3 L3L4 L3 ) 4 L4 ) ( )

obeys (2.8). The bar is introduced here to serve a later convenience, and the constants
zm are the collective coordinates, which will be set to zero in this section without loss
of generality. This field configuration was first found by 't Hooft, and it solves the Pure
Yang-Mills equations Dy, Fy,, = 0, owing to its abelian nature and constant field strength.

15These zero-action configurations can also be exhibited in a gauge where Qs is as in (2.4), with Q1,34 =1,
but details are to be given elsewhere.
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It carries a topological charge QQ = % and its action is half the action of a BPST instanton:
S =5)= 4;—22. This solution must be self-dual or anti-self-dual, F,,, = :l:%emnqupq, which
guarantees that the bosonic and fermionic determinants in this background do not yield
negative zero modes, a sign of instability of the solution on T*. Self-duality of the Q = 1/2
solution (2.12) implies the condition

L1Ly=LsLy. (2.13)

A torus that satisfies the relation (2.13) is said to be self-dual, and a simple choice that
satisfies the condition (2.13) is the symmetric torus with Ly = Ly = L3 = L4. The classical
solution (2.12) will also hold in SYM provided that the right-hand side of the first equation
in (2.3) vanishes. To check that, we first need to solve the Weyl equations (second and third
equations in (2.3)) in the background (2.12), along with the boundary conditions (2.8). We
find 6-independent zero modes: 4 modes for A and 2 modes for :

3 s )
i TL e T3 0
A= % 2 + Z ¢ i2mmpyns Lg)h(l)2($2 —n1Ly) hi*(vg — ngLa)r [éJ
ni,n3=—00
> i2m(n1 7 +n3 73); 12 34 54
+ Z € TP hg (22 — naLo) hy' (w4 — n3La) T ;
ni,n3=—0o0 0
_ 3
A= [?] , (2.14)
6

where &; are Grassmann numbers. The functions h}? and h%4 are the ground eigenstates
of the simple harmonic oscillator, of frequencies wqs = % and wsy = %, respectively;
see appendices A.1 and B.2.3. Owing to the abelian nature of the classical background,
the Weyl equation yields the solutions in the 73 directions. Substituting the fermion zero
mode solutions into the right-hand side of the bosonic equation of motion in (2.3), one
easily finds that the source term is nonzero. This simple exercise shows that the abelian
background (2.12) is either inconsistent or that some gaugino zero modes must be lifted
by higher-order corrections in order to have trAg”[T“, \] = 0. Presumably, higher-order
corrections will gap 4 of the fermion zero modes, and in the end, we will have a consistent
story. We were not able to show that this is the case in a satisfactory way.'6

Instead, we chose to detune the self-dual torus, i.e., to relax the condition LqLo = L3y,
and modify the abelian background to include non-abelian pieces that are needed to
guarantee the self-duality of the fractional instanton on an asymmetric T*. The detuned
solution does not suffer from any of the above-mentioned problems. A further motivation
for considering the asymmetric T* connects to interesting semiclassical limits that have
been considered.

6For completeness, we note that an analogous problem occurs with the bosonic zero modes around the
solution (2.12) on the self-dual torus: there are 8 (four real and two complex), rather than 4, bosonic zero
modes, as was shown long ago by van Baal [46]. We also stress that the existence of the four undotted
and two dotted fermionic zero modes (2.14) is consistent with the index theorem, which only determines
their difference.
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3 Fractional instantons and gaugino zero modes on the asymmetric torus

In order to circumvent the problems of the self-dual T*, we instead search for a self-dual
instanton on an asymmetric torus using a perturbation technique introduced in [1]. The
gauge field A, can be written in the general form

7_3
Al(w,2) = (A (@,2) + Sul@,2)) 5 + Wale, 2)7" + Wiz, 2)r (3.1)

where we have split the 73 component into two parts. The first part fli(w, z) is the abelian
background (2.12) that solves the sourceless Yang-Mills equations on the symmetric T*.
The functions Sy (z,z) and Wy, (z, z) will be determined perturbatively. We also introduce
the dimensionless detuning parameter A = (L3Ly — L1Ly) /\/L1LoL3 L4, which measures
the deviation from the self-dual torus, and take A > 0. The solution of the sourceless Yang-
Mills equations on the asymmetric T is obtained by imposing the self-duality condition
Fon = %emnqupq, where €1234 = 1, etc. In order to reduce the gauge redundancy, one also
imposes the background gauge condition 8, A% + i[A,, A%] = 0.

The details of the construction of the self-dual solution in an expansion in powers of A
is given in appendix A.1. The presentation there follows [1] but for completeness we present
it in detail using our notation, with an emphasis on the dependence of the solution of the
zpn, variables. Here, we only give an idea of the construction of the fractional instanton and
present its main features. To simplify the equations, it is convenient to use a quaternion
notation. Thus, we introduce the matrices:

w=oc"W,, we = Cw*C, s=0o"S,, (3.2)

0 —

where 0™ = (i3, 12x2), 6" = (¢™)f and C = 0 ) Self-duality and the background

gauge conditions (see (A.12)) then yield the following equations:

_ 271A . 3 . T T _ . 713 Z
"Ops = ——17° — c— "0, + 1A = ——(stw —wls). .
g a S \/» 1 ’L(’U)C'LU w w) 5 g <8 1 n) w 9 (S w 'U)CS) (3 3)

These equations are subject to the boundary conditions (2.8). The solutions to (3.3) is
found as series expansions in VA:

oo oo
w = A/? ijAj , 8= ZsjAj : (3.4)
j=0 j=1
The symmetry structure of the self-duality equations (3.3), as well as their solution to
the leading order in A, is discussed in appendix A.1l. The final answer for the fractional
instanton solution, giving the order v/A terms in (3.1), reads:

V2T
V1/4

V2T
V1/4

Wy =0(A%?), W, =0(A%?), S, =0(). (3.5)

Wi(z,z,a) = —%\/ZF(L 2)e' + O(A3?)

+O(AY?) = Wy + O(AY?),

Wa(z,z,a) = %@F(x,z)em
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We stress that the O(A) contribution to S, is determined by the O(v/A) terms shown
above, in a manner described in appendix A.1, but explicit expressions will not be needed.
The arbitrary phase « is due to the gauge freedom to rotate around the 72 isospin direction,
and the function F(x, z) is given by the expression:

o) —iQn(nlifl-‘rng?) —iz—Q(a:Q—nng)—iz—‘l(x4—n3L4)
F(z,z) =+/LoLy Z e ! 3/e L2 Ly

ni,n3=—00
z z
X h(l)Q <$2 — (nl — 271T> LQ) hg4 (iL’4 — (ng — 2;) L4> s (3.6)

with the normalization [, |F|?> = [[}; L; = V. The functions h(1)2’34 are the same harmonic
oscillator ground state wave functions appearing in eq. (2.14) and described there.

It remains to check that this solution obeys the equations of motion (2.3), and in
particular, that the fermionic source in the bosonic equation of motion vanishes identically.
To this end, we need to find the fermion zero modes, which we do in section 3.1. For

this purpose, we will need to use the field strength, a computation carried out in detail in
appendix A.2. We find that to order O(v/A):

[ 2T _ 2T
12 = L, 34 = 7L3L4
. 2 . 2
Fi3 = —iv*e™ 2L:L4G(x’ 2)7T +iye 2L37TL4 G*(x,z)T™,
Fiy= y*ei‘" 27 Gz, 2)7T + ye_ia 27 G*(z,2)T~ (3.7)
Laly 0 oLy AT ‘

where v = £, /% and the function G(z, z) is

- *iQW(”1%+"3?> —i7% (z2—n1L2)—ift (za—n3L4)
G(x,z) =+/Laly Z e 3/e L2 Ly

ni,n3=—0o0

X h(1)2 <$2 — <n1 — ;’/IT) L2> h?4 <£L’4 — (ng — ;j_) L4> . (3.8)

The function h is the first excited state of the simple harmonic oscillator, and just like
F(z,z), G is dimensionless and similarly normalized [rs |G|? = [[}_; L; = V. To find the
field strength to order O(A) and establish the self-duality of the solution, one needs to
solve for the functions S, see (A.43). In appendix A.1, we discuss the relations obeyed
by the field strength of S,, (explicit expressions will not be needed in our work). These
are important for establishing the self-duality of the solution, and thus of the fact that its
action Sy saturates the BPS bound, Sy = 49%2.

Finally, we stress that the solutions, whose construction via a small-A expansion
was described above, have been subjected to comparison with “exact” solutions obtained
by numerically minimizing the lattice Yang-Mills theory action with an njo = ngy =

1 twist. A good qualitative (and in some cases quantitative) agreement of the gauge
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invariants charactering the solution, computed analytically!” to O(A), with the numerical
approximation of the exact solution was found, for A in the range 0.02 — 0.09 for various
lattice sizes, see [1] for a detailed discussion.

The existence of a consistent solution in the form (3.4) to all orders in A has been
shown in [1], but explicit calculations beyond the leading order have not yet been performed.
The radius of convergence in A is also not known. In what follows, we assume that the
all-order A-expansion gives rise to a unique self-dual solution of action Sy = 45;%27 at least
for sufficiently small A. This is supported by the consistency of (3.4) and the agreement
with numerical tests [1].

3.1 Fermion zero modes

The fermion zero modes can be found by solving the Weyl equations from (2.3), Do, A =
0,Dno,A = 0 in the background (3.1). We perform these explicit computations in
appendix B.2.2.

The fermion zero modes can also be obtained via the supersymmetry transforma-
tions (2.2), with the result agreeing with the direct solution of the Weyl equations. Consider
the effect of the supersymmetry transformation (2.2) in the background of the bosonic
solution (3.1), with fermions set to zero, A = A = 0. Since our solution is self-dual, i.e.
obeys ™" Fp,, = 0, the SUSY transformation only produces A\, variations:

SN = —mnFnC,  OA=0, (3.9)

which is true to all orders in A. Computing dA we obtain, see appendix B.2.4, to O(\/K):

oA ) .
()< -at () oo () - (£)

3 1 1
m\ 7T Vi * _ia 2 + Vi —io vk 0 -
= — 4 — G(x, — G (x, )
[<U2>2+7r§76 (.CCZ)(())T —l—ﬂéfye (mz)(m T
(3.10)

where in going from the first to second line we used the definitions 1 = 47V ~Y/2(y,
Ny = —AxV -1/ 2¢,. Thus, as expected, we find 2 fermion zero modes in accordance with
the index theorem. One can easily see that trAa,[T*, A] = 0, and hence, the self-dual
instanton (3.1) on the asymmetric T4 solves the sourceless equations of motion Dy, Fu, = 0
and is a consistent background for SYM.

3.2 Bosonic zero modes
For every fermionic zero mode

oA = —(cpn) P EA f=1,2, A=1,2,3, (3.11)

there are two bosonic zero modes. Thus, in total, there are four independent bosonic
zero modes. The advantage of the discussion that follows is that the bosonic zero modes

7This is also done in our appendix A.3, where the z, dependence of the local and non-local gauge
invariants characterizing the solution is discussed in detail.
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automatically obey the background gauge condition and, furthermore, their construction
holds to arbitrary orders in A.

The four-vector expressions for the bosonic zero modes are denoted by ZY(LB )4 and

7({3 ) A, where 3,8 = 1,2. These modes are determined as described in e.g. [25, 26]: from
each zero mode gb((f ) of the undotted Dirac equation one builds two four-vector bosonic zero
modes, denoted by Zfﬁ ) and Zr(fa ) (from here on, we suppress the Lie-algebra index A to

reduce clutter). Their four-vector components are then (see appendix B.3.2; eq. (B.37)):
(')

Using the expression of qﬁgﬁ ) in terms of Fn, we can also express Z,(lﬁ ) and Zy' 7 in terms
of Foun:

70 = {So, —Ref), 3oV, Re{ } = (~2P1, 2F15, ~2F15,0}

Z7(7,2) = { ¢§)7 ¢(2) C\¢12)7§R g } = { F127 ) 2F1472F13}7

2 = {Rel), 56", Rol”, —S61" | = {~2F13,—2F14,0,2F12}

7320 =R, 505" 06?30 } = {0,2F15, 2F15, 2F1a} (3.12)

It is a simple exercise to check Dan(Lﬁ ) — 0 and Danﬁ )= 0, and thus, these zero modes
solve the classical equations of motion as expected.

Further, one can write down Zy(fj ) and Zr(ﬂl) as the derivatives with respect to the
collective coordinates {z;} modulo gauge transformations. To this end, we define new zero

modes Yn(i), i =1,2,3,4, by relabeling (3.12) as follows
y®=z0  yh=_z0 y&=_z09 y@=_z29 (3.13)

n

and show in appendix B.3.3 that

W azk

There, we also explicitly find the expressions for the background-gauge restoring gauge

+ D, (AHAR) (3.14)

transformations A*) to order v/A and show that they obey boundary conditions preserving
the transition functions. For later convenience, we also define the inner product of the
zero-mode wave functions (or moduli space metric)

2
k— p /T ot Y,y @) (3.15)

which in diagonal basis is simply U* = §;,u;. Using (3.12), see appendix B.3.2 for details,
we readily obtain

)

, 1672
g '

- tr anan = 461,150 = (5k 92

Ukl = (3.16)

This result is valid to all orders in A, since the action of a fractional instanton does not
depend on the size or shape of T%.
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4 The path integral: bosonic and fermionic measures

The contributions from the non-zero modes of fermions, bosons, and ghosts cancel in the
path integral, thanks to supersymmetry. Thus, in our subsequent discussion, we only discuss
the contribution from zero modes to the bosonic and fermionic measures.

4.1 Fermionic measure

The fermion zero modes measure will be inferred from the one for the non-zero modes. We
expand the fermions as eigenfunctions of the second order Hermitian operators

DD = D? + iFp,0™, —(DD)PAg = w?hg (4.1)
DD = D2 4 iF,,,6™" = D2, D2\ = w28

where, in the second line, we used the self-duality of the background.

To discuss the measure, we begin by considering the contribution of a single nonzero
eigenvalue w to the fermion path integral. Let —(DD)O[%,% = w?¢!,, where i labels the
different eigenfunctions, the commuting functions ¢!, with the same eigenvalue w (we note
that there are at least two of them). We expand the nonzero-mode part of the fermion field
(for brevity, denoting it with the same letter A, )

)\a = in lea (42)
. 1.
R

where we used the fact that the nonzero eigenfunctions of DD and DD are related as shown
and we attach the spinor index to the bosonic solution of the 2nd order equation and not
to the Grassmann variable, x* or X’ (the fact that there is more than a single solution for
every w is accounted by the index 7). We also indicate that the A and \ expansions have
each their separate Grassmann variables x*, ¥'.

Plugging (4.2) into the fermionic action (2.1), we obtain after integration by parts and
using the fact that ¢ is an eigenvector of DD:

g2
~WY N VY,
]

2 . o 2 o

Sp = g—Qtr (DpAa0y%Aa) = E X/ x'w ( /4 tr gbw‘#l) (4.3)
— T
ij

where the fermion mode inner product matrix is
vi =2 [ woiol —oied). U =-UE. (1)

Then we define the fermion nonzero mode path integral so that it produces w (the minimal
number of eigenfunctions with the same eigenvalue is two, i.e. 7,7 = 1,2, with U generically
a 2 X 2 matrix)

/ [ dxidx’ (det Up)e=5r = (4.5)

17 -



When all nonzero eigenvalues are taken into account, we obtain the square root of the
product over all nonzero eigenvalues of DD (or DD).

The integrals over the fermion zero modes are defined in the same manner via the same
mode normalization matrix, U;,j, defined in (4.4). Recalling that only the undotted spinors
Ao have zero modes, we expand'®

Ao = Z n'¢!, + nonzero modes, (4.6)

where we use 7' to denote the zero-mode Grassmann variable. The fermion zero-mode
measure is then taken to be the “square root” of (4.5):1

dup = [ dn’ (det Up)™/? =] dn* (PtUF)"". (4.7)

In appendix B.3.1, we calculate the Pfaffian, using the zero-mode wave functions (3.11),
and show that PfUp = —U}? = 4 x % see eq. (B.34). Notice that this result is valid to
all orders in A (thus including the nonabehan part of the zero modes), since PfUp involves
integrating the square of the field strength F},,, over T4, which is proportional to the action,
a A-independent quantity.

Furthermore, it follows from (4.6) that trA®X\, = inop? qb(a)Ad) )Ae‘57+(n0nzero
modes). Thus, combining with (4.7) one finally finds:

/duptr)\)\(x) = 16 3 /dmdnztr [A*Aa(2)]
2
= 0 (AP0 AP e (48)

We next note that all gauge invariant quantities in the fractional instanton background
depend on the combinations of z; with the dimensionless collective coordinates z;, see
eq. (A.9) in appendix A.1. Thus, to calculate the condensate, in eq. (4.8) one should replace

leg Lng L324 L423
, To9 — To+ , T3 — T3 — , Ty — Ta+ .
2 2m 2m

That all gauge invariant quantities depend on (4.9) follows from the actions of translations

r] — X — (4.9)

in our background and is explained in appendix A.1 (see Footnote 30 there).

4.2 Bosonic measure

We express the bosonic field A, (x), to be integrated over in the path integral, as a sum
of the classical solution A% (x,z) (3.1), the zero mode fluctuations normalized as in (B.67)
of appendix B.3.3, and the nonzero modes of the fluctuation operator denoted by Z (of
eigenvalues w,) using the same notation as in appendix B.1, see the discussion after eq. (B.2):

Ap(x) = Afl(z, 2) +Z<“’> 4‘7{; D, 2)+ D 620 (4.10)
q

"®Here and below, we use ¢, to denote the zero-mode solutions of DD, obeying (DD),’¢5 = 0. The
reader should forgive us for using the same letter as in the non-zero mode discussion near (B.9).

19This definition ensures that, upon perturbing with a zero-mode lifting mass term, 6.5, = g% tr A% Ao,
one obtains m for the zero-mode contribution to the path integral.
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Using the inner product defined in (3.16), the measure of the bosonic zero modes takes
the form

1y (0) 4 (0)
V Kkl 2 dgy, V dgy,

I I . 4.11
dup = (det 1672, Ly U ) kl |1 [ — 1 ( )

In appendix B.3.4, we show how we change the variables C,go to the collective coordi-
nates {zp,,} by inserting a unity, 4 la Faddeev-Popov gauge-fixing method. The resulting
expression is

vV A dz
dup = — . (4.12)

5 The Hamiltonian formalism, Wilson loops, and the moduli space

Up to this point, we have all pieces to compute the gaugino condensate except for the
shape and size of the moduli space M, or in other words, the range of integration over
the collective coordinates {z,,}. Determining M will force us to deviate, for now, from
the path integral to the Hamiltonian formalism. We refer the reader to [57] for a detailed
description of the Hilbert space, while here, we only provide a synopsis needed to study the
Wilson loops and moduli space.

5.1 Pure Yang-Mills theory

The moduli space is determined in the absence of fermions, and thus, we start by studying
the Hamiltonian formalism of pure Yang-Mills theory with vacuum angle 6 on T? with a
unit 't Hooft magnetic flux.

Consider Lj o3 of T3 as space of volume V3 and L4 as Euclidean time, where V3 is to
be taken much smaller than the inverse of A3, the strong-coupling scale, while L4 can be
varied from small to large w.r.t. A~!. Recall that we apply the twists ms = nia = 1, this
is a “magnetic flux” piercing the 1-2 plane, and k3 = ngy = 1. The latter is related to a
twist of the partition function by a centre symmetry transformation, to be described below.
The physical Hilbert space lives along the constant time slices and, thus, is in the mz =1
“magnetic flux” background. Let |1) denote a state in the physical Hilbert space on T2 with
twisted boundary conditions, H,=1.

We introduce the operator Ty as the generator of the Zgl) 1-form center symmetry
in the Ls direction. The generator T5 commutes with the Hamiltonian, [T w H ] =0, and
thus, they can be diagonalized in the same basis. It can be shown that the action of T
on its eigenstates, |¢)) = |es), in the physical Hilbert space is Tg\(ﬁg) — ¢imes—ig les), where
ez € {0,1} is the Zy “electric flux” of the state. This terminology can be explained as follows.
Since Tj is a center-symmetry generator, it acts on Wilson loops winding around the L3
direction as T3W3 = —W3T3. Then, one readily finds T5(Wsles)) = ei”(e3+1)_ig(W3]eg)),
i.e., the action of W5 on a state increases the Zy flux of this state by one unit. The fact
that W3 can be thought of as creating a winding electric flux tube explains the terminology.
We conclude that T3 measures the center flux of a given state in Hilbert space. The

generators of the center symmetries in the other two spatial directions, x1 and xo, Tg,
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£ =1,2, act similarly on Wilson loops winding in the corresponding directions. They also
commute with the Hamiltonian and thus all eigenstates of H are also labeled by e; € {0,1}
and eg € {0,1}.%°

The twisted partition function of pure Yang-Mills theory, the one we have been studying
in the absence of fermions, is the one with an insertion of a T} twist:

ZYM[nm = 1,77,34 = 1] = ter3:1 [67L4HT3}

= > (E(e3), esle  F4PEI Ty | E(es), e3)
E(e3),e3={0,1}

= > (Bles) esle HEE [ B(es),es)e ™ (5.0)
E(eg),e:;:{(),l}

where in going from the first to the second line, we summed over a complete set of eigenstates
in the physical Hilbert space H,,—1 that diagonalize H and Tj simultaneously (for brevity,
omitting the summation over e; ). The expectation value of the Wilson loop operator Wi
is?! (W3) = 24,1 [e_L‘*ﬁWng}. Using the relation TyWs = —Ws5Th and the fact that T
(but not Ws3) commutes with H, we immediately find (W3) = —(WS3), and hence, (W3) = 0.

One can also show that the expectation value of the Wilson loop winding in any
other direction vanishes identically. Since Tp, ¢ = 1,2,3 and H form a set of commuting
operators, they can be diagonalized simultaneously. Let {|E(e1,e2,e3),e1,e2,e3)} be a set
of orthonormal eigenstates of the set of the 4 operators H, {Tg, ¢=1,2,3}, where ¢, € {0,1}
is the Zs electric flux in the L, direction, and we emphasized that, in general, the energy
of the state depends on these fluxes. The expectation value of a general Wilson loop Wp
wrapping the L, direction and computed using the Ts-twisted partition function (5.1) reads

<Wp> = Z €_L4E<E(€1,62,63),61,62,€3|WPT3|E(€1,62,63),61,62,63) (5.2)
E(e1,e2,e3),¢e;={0,1}

j— 1 ‘ _‘Q
— > e HE(B(er, ez, ¢3), €1, e2, 3| Wp|Eler, e2,¢3), €1, e2, €3)€ ™12
E(e1,e2,e3),e;={0,1}

However, the insertion of Wp increases the electric flux by one unit in the L, direction and
produces a sum over different energy eigenstates. Thus, its diagonal matrix element in the
|E(e1,ea,€3),e1,e2,e3) state vanishes. We immediately conclude that a Wilson loop that
wraps L1, Lo, or L3 must vanish on T% with twisted boundary conditions. The vanishing
of (W4) follows by applying a 90-degree rotation to any spatial Wilson loop, i.e. upon
considering a different T direction as time. Thus, we conclude that for any winding Wilson
loop Wp,

A

<WP> = tr?-rfm3:1 [67L4ﬁWpT3 =0. (53)

20The action of T1 on states of electric flux e; is Th|e1) = ¢'™!|e;) (and similar for T%), without the /2
factor in the action of T3 (which is due to the msz = 1 twist).

21'We ignore the normalization of Wilson loops. We will come back to normalization in calculating the
gaugino condensate.
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We spent so much time explaining the expected result (5.3) because its consistency with
semiclassics is one of our main criteria used to determine the moduli space of the frac-
tional instanton.

Thus, we now contrast the general result (5.3) with the computation of the expectation
value of a Wilson loop in the path integral formalism, in the semiclassical approximation.
Consider a Wilson loop W (Cy, ny.ms.ns), With C beginning at an arbitrary point z in T*
and winding n, times around each direction L,:

Ag (2!

i dx’
W(wvcm,m,ns,m) = tr (Pe fC”17n2vn37n4 Jde Q;Z (x) 924 (1‘)) , (5.4)

where we inserted Q5%(z) Q3*(z) to enforce the gauge invariance of W (z, Ch, nyngma)-
Using the classical self-dual background (3.1), (3.5), we show in eq. (A.58) in the appendix,
that W to order A is:

Wz, Cm,ng,ns,m)

9 {1 ( ( n 27mc2> n ( 27r3:1) n ( n 277954) n ( 2%354))}
=2cos |z |ni |z ng (22 — na | 2 ng | 24 — .
5 (M #1 I, 2 | %2 I 3| %3 I 4\ %4 I,

X [1+ AF(z,2)] . (5.5)

The O(1) and O(A) contributions come from the abelian and nonabelian components
of (3.1). The cosine function has 47 periodicity in {z;}, while the O(A) piece F(z,z) is a
periodic and even function of {z; + 2”2 , 20 — QTL”l”l , 23 + 2224 , 24 — 22”;4} with periodicity
27 for {z;}.

Now, using the results from the previous section and limiting our discussion to pure

Yang-Mills theory and ignoring issues of normalization, the expectation value of a general
Wilson loop is

(W(x,Cny namama)) (5.6)
. 1
= Z/[DAM]W(xa Cnl7n2,n37n4)675YMiw(V+§)‘n12:1,n34:1

oS0~ ,LHV/ dzy, C —So+i§ / dzk W (z,C
i 1@ W (z,Crny nymgng) e M 1\/% W (@, Cni,nznaina) s

where in going from the first to the second line, we ignored the quantum loops and used the

bosonic zero-mode measure (4.12). We limited the r.h.s. to the contributions of the v =0

sector, with total topological charge Q = 5, and the v = —1 sector, with total topological

charge Q = —5. Ignoring higher-Q contr1butlons is justified in the limit when semiclassics
holds, i.e. for a small T*.

Furthermore, in writing the above expression, we assumed that the fractional instantons

22

)

(and antinstantons=*) we obtained are the only |Q| = saddle points in the path integral,

contributing to the first and second terms above, respectlvely. While we have no proof of

2217 in the second term is the Wilson loop (5.4), but evaluated in the anti-instanton background, whose
explicit form is similar to (5.5) and shall not be needed.
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uniqueness, the favourable comparison of “exact” (i.e. obtained by numerically minimizing
the action) fractional instantons on an asymmetric T4 with the solutions obtained by
small-A expansion gives support in favor of this assumption, at least for small enough A.
In this regard, we note that ref. [1] found good agreement for A as large as 0.08.

Our point now is that the d*z integral in (5.6) vanishes, and is thus consistent with (5.3),
for all values of 6 and for all z, if and only if the limits of integration are taken z; € [0, 4).
This leads us to conclude that the moduli space M ~ T* with period 47 in every direction.?3

A further argument in favour of this identification of the moduli space is that the
classical fractional instanton field configurations with z, differing by 27 are distinguished
by the gauge invariant winding Wilson loop operators, while those differing by 27 are not
distinguished. Thus one expects that z, and z, + 27 are not to be identified. In contrast,
no local gauge invariant operators can distinguish between z, and z, + 27, see section A.3
in the appendix for detail.?*

5.2 SYM theory

Before turning to the calculations of the gaugino condensate using the path integral method,
we pause here to discuss SYM theory using the Hamiltonian formalism, akin to our discussion
of pure Yang-Mills of section 5.1. The partition function of SYM with twisted boundary
conditions in the 1-2 and 3—4 planes, identical for bosons and fermions, is given by

ZSYM[nlg =1,n34 = 1] = tI‘Hm3:1 {(—1)F67L4HT3} . (57)

The insertion of the fermion number (—1)f guarantees that both fermions and bosons
obey periodic boundary conditions in the time direction. Let X be the ZZX discrete chiral
symmetry generator. Then, it can be shown that the symmetry operators Ts and X obey
the algebra:

IA{,Tg :O, I:I,X :0, Tngeinf‘g, (58)
.7 ]

where the last relation is the result of the mixed anomaly between the O-form discrete chiral
and 1-form center symmetries [57].%° Since H commutes with T3, we can as before, label
the physical states in Hm,—1 by |E(es), es). The algebra (5.8) requires that X |E(es),es) =
|E(e3),e3 — 1), and thus, it is easily seen the states |E(es),e3 = 1) and |E(e3), e3 = 0) are
degenerate: H|FE,e3 =0) = E(e3 = 0)|E,e3 =0), H|E,e3 = 1) = E(e3 = 0)|E,e3 = 1), at
any size of the spatial T3, as a consequence of the anomaly.

ZMoreover, it is easy to check that changing the limits of integration to any other values yields a
position-dependent Wilson loop. For example, consider (W (x, Cr,=1,n,=0,n3=0,ns=0)) and take the range of

z; € [0,2m), which yields (W (z, Cni=1,n2=0,n3=0,n4=0)) ~ — sin (7‘(’%) + O(A). This result should not be

expected on physical grounds since our background has constant field strength on T* (to leading order in
A); the expectation value of the Wilson loop should, at most, be a constant (to leading order in A).

24We note, without discussing the details, that a virtually identical argument for extending the limits
of z, integration holds also in the SU(NV) case in the background of the @ = 1/N solutions found by ’t
Hooft [15], recently extended in the framework of the small-A expansion [58].

%5The same algebra arises in the 2-D massless charge-2 Schwinger model [63], due to a similar anomaly.
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Now, we can readily calculate the partition function (5.7) to find

Zsym[niz = 1,ngq = 1] = try,, {(—1)Fe*L4HT3}

= Z (_1)F(_1)83<E7e3|€_EL4‘E7 €3>
E,e3={0,1}

= Y (DF(-1®e =0, (5.9)
E,e3={0,1}
This equation provides one way to see that the twisted partition function of SYM vanishes,
by noting that all states in Hilbert space are doubly degenerate and their contributions
cancel each other in the twisted partition function (5.9).
Now we insert the gaugino condensate, the tr A\> operator, where the trace is taken in
the color space. The operator is inserted at x4 = 0 and some position on T3:

9,1 [(—1)F€_L4H tr A2 Tg}

(tr A\) = _
tr'ngzl [(_1)F67L4H]
=N S ()P (-1)me FRE, es| tr NP |E, e5) . (5.10)
E,e3={0,1}

Here, we took the normalization constant A to be the Witten index: N = try,, [(—1)F } =

2, given by the partition function on T3 with an nis twist, but without a T3 twist in the
time direction (recall (2.11) in the path integral framework).

Next, we know that X|E, e3) = |E, e3 4+ 1) from the anomaly (5.8) and that X acts on
the condensate as X tr \2 = — tr A\2X. Thus, because

(E,0|XTX tr \2|E,0) = —(F, 1| tr \2|E, 1), (5.11)

tr A2 has opposite expectation values in the two degenerate states e3 = 0 and ez = 1. Thus,
we find

(trAN) =N80T (=) e PR(E, 0] tr M| E, 0) vy,
E,e3={0,1}

_ Z DE e BLa(B 0| tr N2 B, 0) 14 ny0 » (5.12)

where the sum is over only the half of the Hilbert space with e3 = 0 and we are reminded
that the condensate is being computed in a small V3 theory Hilbert space with boundary
conditions twisted by n1s.

If L, is small compared to the energy scales in the problem, there is no reason to assume
that any particular values of E dominate. Thus, eq. (5.12) is the Hamiltonian expression
of the expectation value we have computed for general Ls. However, we can try take the
L4 — oo limit to obtain20

(tr AX) = (0, 0] tr A2|0,0)15 s » (5.13)

20Equating the result of our calculation, eq. (6.3) below, to the r.h.s. of (5.13) is only possible if we
assume that the semi-classical treatment holds as L4 is varied between small and large, and, in particular,
there are no new contributions that contribute to the l.h.s. This can be only justified by understanding the
convergence radius of the A expansion.
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where we used that supersymmetry is unbroken and the small-V3 ground state is bosonic,
(-F =127

In conclusion, eq. (5.13) shows that in the large-L, limit, the calculation of (tr A?)
using the T3-twisted parition function and normalized by the Witten index, as in (5.10),
yields the gaugino condensate in one of the two degenerate ground states of the small-V3
theory with a unit ’t Hooft flux nj2. The state |0, 0)v; »,, is further expected, as V3 — oo,
to become one of the two degenerate ground states of the SU(2) SYM theory on R*.

6 The gaugino condensate

Finally, we put pieces together to read out the condensate. We use the fact that non-zero
modes in (2.10) cancel between the bosons, fermions, and ghosts. Then, we combine the
integral of tr A2 over the zero mode measure for the fermions from eq. (4.8) with the boson
zero mode measure (4.12). We also recall that we normalize by the Witten index N = 2
to obtain:

(6.1)

e (pPAGNA _ g AG2A) 143)

1
X =
/zi€[0,47r] k1 m 1672 2

L
r1—T1— 222771 , see eq. (4.9)

27
AV o1 DA, (A (1A ,(2)A
=5 paggee | O (80l e

—27

or ' 2w’ 2w 2%

by mLle 24l 23L4}

To obtain the last line, we recalled the substitution of (4.9), the fact that all local gauge
invariants are periodic functions of 2 (defined in (4.9)) of period 27, and used shifts of
the z, variables to set the xj-coordinates (of period Lj) to zero. Further, Pauli-Villars
regularization has been utilized to renormalize the theory, and the scale Mpy is the Pauli-
Villars mass. The factor M ]33‘/ comes from regularizing the boson and fermion determinants,
with each zero-mode contributing an appropriate factor of Mpy: the bosonic determinant
gives Mj‘,f,v and the fermionic determinant gives M 13‘1/ (we do not describe this in detail, as it

is a standard procedure in supersymmetric instanton calculations [25, 26, 31, 37]). In going

3 _d4n”
from the first to the second line of (6.1), we used the fact that A3 = %e 9° in the scheme

often used for gaugino condensate calculations [25, 26], notably, in the weakly-coupled
R3 x S! set up and its comparison with the weak-coupling calculation on R* [31].

Next, we rescale the z; variables in (6.1) by appropriate factors of %—7;, contributing an
(2m)*

overall Jacobian “57-. Taking the liberty to again call the rescaled variables xy, we obtain

*"We note that a similar equation holds in SU(N) theories for one of the N vacua of the twisted, small-V3
theory. There N'= N and there is N-fold degeneracy of all energy states on T® with nia = 1.
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for the condensate

(trAN) H / dzy, o — 9§16 a1, 25, —as, 3]
k L
A3 24 A A A A3 24

As indicated, the integrand on the second line is the same as the one appearing in U21

from (4.4), safe for the absence of a factor of 1/g2. Thus, recalling that U2! = 1672

the discussion after (4.7) (see also (B.34)), we finally obtain for (5.12):

(tr A\) = 327%A3, (6.3)

Further, assuming that the result extends to L4y — o0, as described in the previous
section, we use (5.13) and (6.3) to conclude

(0,0]tr \%]0,0)v; 0y = 2 X 1672A3. (6.4)

Thus, the condensate in one of the two degenerate vacua of the small-V3,n19 = 1 theory

has twice the value calculated on R?* as described in the Introduction.?®
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A Constructing instantons on the asymmetric T* with twists

Our SU(2) Lie algebra convention is as follows. We denote the generators in the Cartan
01

as 2 and the non-Cartan as 7+, where 7+ = <0 0

) = (77)f. We expand the Hermitean

gauge field as

3
A, = Af;% VAT AT, AT =(AD), n=1,2,3,4. (A1)

28In the spirit of Footnote 24, without discussing the details, we remark that a similar result is obtained,
upon taking the large-Ly limit of 't Hooft’s SU(IN) solutions with @ = =+, constructed via the A expansion
n [58]. One finds, instead of (6.4), that the condensate in one of the N degenerate vacua on T? with an
ni1z2 = 1 twist, (0,0]tr A2|0,0)v3,n15 = N x 1672A%, i.e. equals N times the R* result.
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An identical expression (but without the reality condition) also holds for the adjoint
representation fermions Ay, g (o, & = 1,2), which are independent variables in Euclidean
space, to be discussed in more detail later.

The fields are smooth and defined on R?*, with coordinates z,, n = 1,2,3,4. The
restriction to a T4 with periods L,,, and with 't Hooft twists is accomplished by imposing
periodicities defined by transition functions €, (z), x € R*. As explained in the main text,
we choose a gauge where the T? transition functions are trivial in the z; and z3 directions
and nontrivial in the x9 and x4 directions

i 3 _jop3s T
Qo(x)=e 2T e , Qy(z)=e 2T e , while QO = Q3 = 1ayo, Va e R
(A.2)
Thus, there are two nontrivial twists, n12 = nss = 1, since (A.2) obey the cocycle conditions

Qi(x + L;jéj) Qj(x) = ™5 Qi(x + Lié;) Qu(z), i,j=1,2,3,4, YreR' (A.3)

where é, is a unit vector in the x,, direction. The periodicity condition on the gauge fields
in R* define the T* fields:

A(x + é,Ly) = Qu(2)(A(z) — id)Q, (), n=1,234, V&R (A.4)

4
where we denoted A(x) = > Ay (z)dzy,. The Euclidean path integral is performed over
n=1

fields obeying (A.4), with fixed transition functions Q, (z). Gauge transformations g(z) €
SU(2),z € R* act on the gauge field the usual way?® while their action on transition
functions is

() = g(x + nLn)(x)g Hz), n=1,23,4, VzeRL (A.5)

Gauge transformations g(z) which leave the transition functions invariant will be called
“Q-periodic.” With our choice of gauge for the transition functions, (2-periodic gauge
transformations g(z) are periodic in 271 and x3 but not in x5 and x4. The only constant
Q-periodic transformations are the abelian ones, g = elat?

For future use, we note that a fundamental-representation Wilson loop along a unit-
winding loop € (winding once along x,,) is

x+énLn
i f A (z")dx),
W(Ci,z) = tr [ Pe = Qu(x) | . (A.6)

Here, the insertion of Q,(z) ensures invariance under (A.5).

0ur convention for gauge transformations, A(z) — g(z)(A(z) — id)g~'(x), implies Fyp = Om A, —
OnAm +1i[Am, An] and D¢ = Om ¢+ i[Am, ¢] for any adjoint ¢. Adjoint fermions obey the same periodicity
conditions as (A.4), but without the inhomogeneous term.
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A particular field configuration obeying (A.4) is the constant field strength Abelian
background, the “fractional instanton” introduced by 't Hooft, see [15, 46, 64]:

- - 3 - 21y 21
A — B (z,2) . A= tl AT
Ay =2
2 L27
- 2Ty z3
A3 = —
T L3l * L3’
A3 =L
4 L

Here, 2z, are constants whose significance as collective coordinates associated with the instan-
ton will be discussed at length later. The field strength of the abelian background (A.7) is:

0o -2 0 0

) T ILils
3 ut 0 0 0
F(O) — T | T A8
mn 0 0 0 -2 (A.8)
0 0 2m 0

LslLy
The abelian background (A.7), (A.8) has the following properties:

1. The field strength Eg% from (A.8) can be used to explicitly verify that the abelian
background (A.7) has topological charge 1/2. This can be seen by recalling that the
topological charge only depends on the transition functions. Its fractional nature is

owing to the nonzero twists nio = ngqy = 1.

2. In addition, it also follows from (A.8), that for a “symmetric” T* — one where
L1Ly = L3Ly — the background (A.7) is self-dual and hence stable, i.e. it has minimal
action for the given topological charge. The action of the self-dual abelian solution is
So = 4!]%2, half that of the BPST instanton.

3. For use below, it is convenient to introduce the variables

2mxy 21y 2wy 27rz3> (A.9)

22 — <3 24
Ly’ Ly’ Ly’ Ls

The 2-variables are important since all gauge invariants characterizing the nonabelian

(21,%9,%3,24) = <Z1 +

instanton background depend on 2, only. In the gauge we are using, the fact that
the background depends on 21, 23 is already evident in (A.7). The appearance of the
combinations 25, Z4 follows from the action of translations in x; and x3: in order to
preserve the transition functions, an x1, z3 translation is accompanied by a non-{2-
periodic gauge transformation which shifts zo and z4. This ensures that all gauge

invariant quantities only depend on %,.%°

oy €172 73
30For example, a translation #1 — @1 + €1 is accompanied by g1(e1,z2) = €'~ Tilz 2 ensuring that Qo (z1)
is invariant: as per (A.5), Q2(z1) transforms into gi(z2 = L2)Qa(z1 + €1)g7 ' (z2 = 0) = Qa(z1). At the
A 27
under the combined action of g1 and translation et

. . A 2Q7wxy s s .
showing that the variable 23 = 22 — ’;1”1 is invariant

same time, the g1 action on A shifts zo — 2o —

. Our nonabelian solution also exhibits this property:
considering, for example, its W1 component of eq. (A.40), we observe that it is invariant under the combined
action of translation of x1, the shift of z2 given above, and a gauge transformation by g1, which multiplies
Wi by a phase. Gauge invariants built from the solution will then only depend on the 2, combinations.
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A.1 Constructing the self-dual fractional instanton for small A

As explained in the main text, there are issues regarding the abelian solution in the tuned
T* that have not yet been addressed in full. Notably, they concern the lifting of the extra
bosonic zero modes (found in [46]) present in the L Lo = L3L4 limit. These issues, as well

t31

as our desire to probe the more interesting asymmetric T* limit3' prompt us to introduce a

“detuning” parameter A, which we define as follows

A:

L3Ly— LyLo _ L3Ly— LiLo
VIL1LoL3Ly VV .

We always take LgL4 > L1Lo, i.e. A > 0. For small positive A, a nonabelian solution of

(A.10)

the self-duality equations has been constructed as a series expansion in powers of VA 1],
with the leading contribution being the abelian background (A.7).

In this section, we exhibit this solution, to the leading nontrivial order in A, us-
ing our notation and carefully including the dependence on z,. To begin, consider the
classical background

3

An(w,2) = (A3(2,2) + Su(w,2)) =

5t Wz, 2)7+ + W (z,2)7, (A.11)

where S, W are the deviations from the abelian background, to be determined in terms of
an expansion in v/A. Let us momentarily denote them by a,, = Sn%g +W,rT +Wir~. The
construction of the self-dual solution on the asymmetric torus by means of an expansion
in A proceeds by imposing a self-duality condition on the field strength of (A.11) and
solving the resulting equations in a series expansion in v/A [1]. In order to solve for a,, it
is subjected to the background-Lorentz gauge condition:

D™(A)a, = 0"a, +i[A" a,] = 0, or in components: (A.12)
0, S™ =0,
3[pt] (O + i A3) W™ = 0.

Further, the boundary conditions (A.4) imply that S, is periodic in all z,,, while W,, is
periodic in x; and x3, but not in xo and x4. Explicitly the boundary conditions are

So( + L) = Su(x), Vk, (A.13)
Wi(x + é1L1) = Wy(x),

Wz 4 ésLs) = ' T Wi(x),

Wi(x + é3L3) = Wy (x),

W(e + ésLa) = ¢ B Wi (a).

To proceed with the construction of the instanton on the twisted asymmetric T4,
following [1], we calculate the field strength of (A.11), set its antiselfdual part to zero, and

31This is because the asymmetric T* connects to various semiclassical limits that have been discussed in
the literature, see the main text.
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solve the equations imposing self-duality in a series expansion in powers of vV A. To write
the subsequent equations, it is convenient to use a quaternion notation. Thus, we introduce
the matrices®?

w = "W, , where " = (i&, 12x2), 6" = (¢™)T, (A.14)
s=0o"S,,
we = Cw*C', where C = | . .
1 0
Here & are the usual Pauli matrices, acting in spinor space, not to be confused with the
3

73, 7% group generators from earlier. In terms of the matrices (A.14), the condition that
the field strength of (A.11) be self dual is F},,,,6™0™ = 0. This, using (A.12), becomes

2rA . 4

Frppo™o™ =0 = ¢"0,s = ——i7° — i(wiw, — wiw), (A.15)

vV

and 6" (0, +iA2)w = —%(sTw —wls).

C

The self-duality equations (A.15) admit a solution as a series expansion in the T* detuning
parameter A (A.10),

w=AY2 w + A% wy + A2 s+ .., (A.16)
S:A81+A282+A383+....

The difference in powers of v/A in the series for w and s follows by the structure of the
self-duality equations (A.15).

Here, we shall study only the leading-order solution. To exhibit it explicitly, we
substitute the expansions in (A.16) in (A.15) and keeping the leading term in each equation,

we find that sq,w; obey
2
G 05 = —ir® — i (w{cwlc = w{wl) , (A.17)

VvV
" (an + z‘Ai) w; = 0.
We begin with the equation for w; — the complex quaternion ¢™W,,, obeying the boundary
conditions (A.13). Periodicity in 1, z3 is obeyed by writing a Fourier series

e —2'27'('(71,1%—&-7’),3%) ni,n3
wy = Z e 1 3wy (w2, 1), (A.18)

ni,n3=—0o0

while the conditions

wit"™ (zy + Lo, my) = w?lﬂ’m (z2,24), (A.19)
w?l:’ﬂS <$27$4 + L4) — w?17n3+1($2’x4) :

32The n = 1,2,3 components of the four-vector matrix ¢” defined here should not be confused with
¢ ={0a,a=1,2,3} = (01,02,03), the usual Pauli matrices. We use lower-case indices a = 1, 2,3 to denote
the usual Pauli matrices o, and reserve 7¢ for the SU(2) generators.
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ni,

ensure the rest of (A.13) and, by induction, imply that all w™™3 can be expressed via a

single function,
ni,n3 (

wq T, 1‘4) = ul(l‘g — nlLQ, X4 — n3L4). (A.20)

Before we continue, we note that (A.20) together with (A.18) implies that the norm of w;
on T* can be expressed as an R%-integral

L2 L4
l|w]| = d4xtrw‘£w1 = Z /d$2/dx4tr (w’iH,nS)Tw’ill,n?,
T4 n17n30 0
o) o0
— /dmg/dmtru{(xg,u)ul(xz,m), (A.21)
—00 —Oo

Thus, finiteness of ||w;|| implies that the elements of the quaternion u;(x2,z4) should be
square-normalizable functions on the R2-plane spanned by xg, 4. Any complete basis of
such functions on R? can be used, but below, we shall argue that an especially convenient
basis is given by appropriately chosen simple harmonic oscillator eigenfunctions.

Continuing with our self-duality equations (A.17), now the second equation in (A.17)
together with (A.20) implies that

(64 + ’i%) + L§T£4 [$4 — (ng — 2%?_"_) L4] — (82 + Z%) + szz [$2 — (711 — 2’%) Lg]
(B2 +if2) + 25 o2 — (m = 32) La] (90+12) = 2 [0 — (3 — 32) L]

X U1($2 — n1L2,$4 — n3L4) =0.

(A.22)

The holonomies in the partial derivatives can be absorbed by defining a new quaternion
U1 (xe — n1Le, x4 — n3Ly) by means of the redefinition

.Z2 .24
—i+=(xea—n1Lo)—i+%(x4—m3Ly) ~
wi(z2 — m1 Lo, 24 — n3ly) = e 75 (@2—n1La) =iz (2 34)u

1(z2 —ni1La, x4 — n3Ly).

(A.23)
Using this, equation (A.22) becomes
On+ o7, [wa = (ns = 32) L] =02+ £27; [w2 — (m — 3%) Lo
0o + 0% (2 = (m = 35) Lo] 04— 227 [wa — (ns — 52) La]
X U1 (33‘2 — nlLQ, T4 — n3L4) =0. (A.24)

As already alluded to, we now recognize that the first order differential operators
appearing above are the creation and annihilation operators of simple harmonic oscillators
(SHO) of frequencies 27 /(L1 Lo) and 27/(L3Ly). Let bl (x) be the normalized p-th state of

the SHO of frequency
2

—_— A2
5 (4.25)

wij =
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The relations that we need in what follows are the orthonormality relations
(o.9]
/ dzh (2)h¥ (x) = Spm ,n,m =0,1,2..., (A.26)
—00

as well as the raising and lowering operators which obey the usual equations

47r9 [89; - LI, x] hil (z) = v/n by (2) < Ajjln)ij = Vnln — 1),
Lili ) o+ 2% 0| ey = AT Th, () © Alndy = VAT in+ 1)y
Ar T LZL] n - n+1 i L/ LV

(A.27)

where we have indicated that the differential operators in the middle and bottom line are
the familiar lowering and raising operators A;;, AZTj of SHOs of frequencies wj; (A.25). In

terms of Aqog, Aiz, Asy, A§4,33 we can rewrite (A.24) as

V2ws1 A Al
2w34A3s \/2w12 2 ) g, (x2 _ (m _ Zl) Lo, 24 — <n2 _ Zi”) L2> —0. (A.28)
\/2(,0121412 —\/2(,0341434 27 2

It is then clear that this equation is satisfied by @ given by the product of ground state
wave functions of the wio and w34 SHOs times a constant 2 x 2 matrix Cy:

~ z ¥4
Uy = h(l)Q (xg — <n1 — 2;) LQ) hg4 <1‘4 — (ng — 2;) L4> Cl, (A.29)

where C] obeys, as a consequence of (A.28)
0 2wis ab
Ci=0 = (1= , A.30
<0—\ﬁ2w34> ! ! (o o) (4.30)

with arbitrary complex numbers a, b.
Before continuing, let us make the following important remark:

o We stress that (A.29), (A.30) is the unique solution and not simply a consistent
one. Because of the R%-normalizability (A.21), any solution can be expressed in
terms of wis and wsy SHO eigenfunctions. Explicitly, for the ab-th element of the

o0
quaternion iy, we have @y qp(72,74) = Y. chl2(29)h3}(24). Plugging into (A.28)
0

n,m=
and using (A.26), (A.27) one finds a set of linear equations for the constants ¢}

Vwss AN+ 1+ Vs BN /p =0, forp,g=0,1,2,3...,

Vst BNg+ T+ Vo by P =0,

Vo AT+ T — Vs BTG =0,

Vo A3+ T — s B /g = 0. (A.31)

33With appropriately shifted center, as in the argument of @; below, a fact which we do not make explicit
for brevity.
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One begins by noticing that ¢} and ¢y do not appear above (this is easy to see
by inspection recalling the range of p,q, which ensure that terms containing the
nonexistent coefficients, like C*_*L*, are always multiplied by 0). Then, recursively
solving the equations, one finds that their only solution is that all ¢} vamsh except
for the two that do not appear in equations (A.31), the undetermmed A and 9,
called a and b in (A.29).

Let us flesh out the argument. We consider the first and third equations in (A.31); the
second and fourth can be considered similarly and are left as an exercise. First notice
that (A.31) imply that c(l)’lp = cp’lo =0 for p=1,2,3.... Further, denote o=./c2
and shift the p’s and ¢’s in (A.31) such that both equations involve c};? we find

A fq+ 5T =0, (A.32)

1,g—1
11 p—= 521q Vq=0.

Next, we multiply the top equation by /p and the bottom by /g, subtract them,
and find

A ps + 0. (A.33)

5)
Recalling that the appropriate range for p,q in (A.33) is 1,2,3..., this implies that
all co1’s vanish. Hence by (A.32), all [} with (p, q) # (0,0) vanish as well.

We next turn to the first of the self-duality equations in (A.17). Since s; is periodic,
the r.h.s. of the equation has no constant Fourier mode. Thus, consistency implies that the
constant mode of the r.h.s. vanishes as well; this will be seen to fix the coefficients a,b in
terms of the volume of the torus up to an overall phase. To determine them, let us collect
everything — in reverse order, egs. (A.29), (A.24), (A.23), (A.20), and (A.18)—and exhibit
the full solution for w; we found so far:

wy = F(x,2)C1 = F(x, z) (g 3) , (A.34)

where

00
T —i2 + - Ly)—itt L
— V/LaLa Z et w(ny 7L 7, tns LB) 'L (xg ni1La)—i (:E4 n3Ly)

ni,m3=—0o0

X h(l)z (:1;2 — <n1 — 277) Lg) h84 <w4 — <n3 — 277) L4> , (A.35)

with the normalization

/ IF|*2 =V, (A.36)
T4

recalling (A.27). Note that F is dimensionless and a,b have dimension one. In addition,
under the reflection of all z,, and all z,, after relabeling ny,n3 — —n1, —ng and noting that
h§ are even functions of their arguments, we find

F(—z,—2)=F(x,2). (A.37)
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With (A.34), (A.35), we have that the vanishing constant mode of Js from equa-
tion (A.17) implies that

2wV = (CC.~ C1C) [ atalPla ) on
T4

21V V (é 0 ) = <|b|2 ~lal® 207 )v. (A.38)

-1 —2ab*  |al? — |b|?
We thus conclude that a = 0 while |b|? = ‘/217;2. Thus, our solution has the form

W (2mY2 (01
w(z, 2) = "W, = VAw (z,2) = \/EF(:J:,z)ew‘<V3/4 (0 O) +0(4),

s(z,z) =0o"S, = O0(4), (A.39)
with the phase a due to the gauge freedom to rotate around the 73 isospin direction.

Before we continue, let us exhibit the self-dual solution we found, eq. (A.39), w = A/2w;
in terms of the 4-vector gauge potentials, W,,, S, of (A.11):

+ O(A%?) = —4eF(x, z), where y = i[ma

Vi/4 2\ Vv
Wa(z, 2, a) = %\/KF(@«, z)eiaﬁ + O(A3?) = iW, + O(A%?),
W3 = O(A%Y?),
W, = O(A%?), (A.40)

We note that the above implies that the only gauge-field zero modes in our background
are the one due to translations (corresponding to shifting z,) and constant gauge rotations
around 73 (corresponding to shifts of ). The former are physical and gauge invariant
quantities characterizing the solution will be seen to depend on z,, while the latter are
gauge artifacts with no physical quantity exhibiting a-dependence.

For calculating the action density and gauge-invariant “electric” and “magnetic” fields
to leading nontrivial order, one also needs the expression for S7, which was not given
in (A.40). Here we simply describe how this can be found. We have, with w; from (A.39)

. £/2
w1=F<Ob>’ A w1w1=|F\2<0 | )

00 vi 0 [bf?
.( 00 1b]2 0
wie = F <_b* 0) = w]chwlc = |F|2 ( 00/ (A41)

Hence, from the top equation in (A.17), we obtain the equation for s;:

5" O = w‘ﬁ”v (1-1F(@,2)?) . (A.42)
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The consistency of this equation (the absence of a constant Fourier mode of the r.h.s.)
discussed above is yet again seen to follow from (A.36). We also note that equation (A.42)
allows adding a constant to si; this is a contribution to the constants z,, already included
in our background (A.7). To solve (A.42), we multiply by ¢0,, to obtain

On0"sy = —iamr3j7TV(F*8mF + FOnF*). (A.43)

This equation is solved by expanding both s; and the r.h.s. in Fourier modes in x7 ...x4 and
equating the coefficients. This can be explicitly done and a unique s; can be written down,
but we shall not need the explicit form here. As we mentioned in section 1.3, understanding
the higher orders in the A expansion is an interesting problem for future studies.

A.2 The field strength tensor of the fractional instanton to order A

To find the gauge invariants of the solution to order A, we need the field strength of
s1, namely3*

FS, = (00Sm — OmS), (A.44)

where for brevity we use S, to denote the coefficient of the O(A) part of S,,. The Lh.s.
of (A.42) has the form

—i03 + 04 —101 — Oo 1S3+ Sy i1S1+ S
—301 + 0y 103 + 04 151 — S —1S3 + S4

OS™ +i(Ffy — F§y)  —Fiy— F5, +i(F55 — Fyy)

pu— . (A-45)
Fis + F5y +i(F5y — Ffy)  OnS™ —i(Ffy — Fyy)
Comparing with the r.h.s. of (A.42), using 9,,5™ = 0, we conclude that
Fiy — By = (1~ |F(z,2)P),
VvV
Fiy+ F5, =0,

Note that these terms should be multiplied by A. Also note that these equations by
themselves do not determine the individual FY},, F3, (etc.) but only their non-self-dual
parts. To find the individual F3,,, we need to solve (A.43) to first find s;.

34As stressed above, we shall not need its explicit form, but only the relations it satisfies, which are
important to ensure self-duality.
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The field strength of the O(1) abelian background (A.7) is FT(,?%, already given in (A.8).
Combining this with the results for F};, from (A.46), we find

0 L1L2 + AFIQ AFISE} AFIS4
F(0+1(s)) _ Lg L1L2 - AFlQ 0 A-Fls4 —AF3
mn Y
—AFy Al o, — AR, 0

(A.47)

where F3, is understood to be expressed via F}, through the first equation in (A.46).

To study the complete field strength tensor in the 72 direction to order A, we must
add to (A.47) the O(A) contribution to the 72 field strength coming from the commu-
tator By = i[Wrt + Wir Wort + Wir—] = Z2i(W,, W — Wi W,). For the
background (A.40), this is only nonzero for F1(21 @) We find

Fl(l( ) = —F2(11( ) = 2 |F(z,2)%, all other F{Lw) =, (A.48)
2 JV
Most of the terms in (A.47) obey self-duality because of F(OH(S)) = —FQ(ZH(S)) and

F2(g+1(8)) = F1(0+ ) as is evident from (A.47), (A.46). The only terms left to consider are
the 12 and 34 entries. To study their self-duality, we write, using the top equation in (A.46)

3
0+1(s 0+1(s T L3Ly— L1Lsy s s
F1(2+ ) F?E4+ &) = 5 <—27TV + A(F, — F34))
_r ( ot 271'—(1 P z)|2)
9 A7 I~ )
3 2rA
= T2 (e, ). Ad
5 \/V| (7, 2)] (A.49)

This non-selfdual contribution to Fior * is cancelled by the O(A) contribution of the W),
shown in (A.48).

Displayed in full glory, the Cartan part of the field strength to order A is given by the
sum of (A.47) and (A.48):

FiV |Cartan -
0 L T +A(F12+ |F($ 2)[?) AFy AFYy
2 A(Fl 2 R, 2)?) 0 AFS,  —AFg
—AFYy —AFY, 0 —ﬁ+AF§4
_AFj, AF, . N 0
(A.50)
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We stress again that F3, is understood to be expressed via FY, through (A.46), a substitution
we have not explicitly done for lack of space. Further, the above expression is understood
to be multiplied by 72/2 and the undertermined F?,, are found by solving (A.43).

The non-Cartan part of the solution, the W,, from (A.40) also produce a non-Cartan
field strength. The O(y/A) field strength due to W, is Fi) = (0 + i A3 YWort + (O —
iAZYWET™ — (m 4 n). Tt is self-dual by itself and the O(\/A) field strength of W,
is the only non-Cartan contribution to order A (the next non-Cartan contribution is of
order A%/2):

o o FrY FY
0 0 Fy -Fy

FO — : (A.51)
Fy -FY o o
—H13 14

F13 = — \/>G (z,2)7T +iye %G*(% )T, (A.52)

Fl(i) = 'y*em\ / %G(m, )Tt + ye~t %G*(w, )T,

where we shouldn’t forget that v ~ VA, as v = f,/ Q’T\/é, as per (A.40). The function
G(z,z) is

)
—12 _; 22 L I
Z) = \/m Z e m(ng 7+ I, tns L3) T2 (xoa—nm1L2)— zL (z4—n3Ly)

n1,n3=—00

X hé2 ($2 — <n1 — 2271_[_) LQ) hiM <SC4 - < ns — 277_) L4) s (A53)

where, just like F(x, z), G is dimensionless.

In conclusion, the full field strength tensor of our solution, to order A, is given by the
Cartan part (A.50) and the non-Cartan part (A.51). Owing to the self-duality, the action
of the solution is Sy = g;, as can also be explicitly inferred from the explicit form of the
field strength. These properties of the solutions are useful in what follows.

A.3 The gauge invariants of the fractional instanton background

We now consider the z,-dependence of gauge invariants, both local and nonlocal (i.e. winding
Wilson loops) characterizing the solution.

We begin with the z, dependence of local gauge invariants, formed of traces of powers
the field strength tensor. Using the data given above, we now compute

Ls Ly
(E?) = /dm;:,/dm tr F2(x, 2), (A.54)
0 0
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calling it the “i-th component of the electric field squared,” averaged over x3 and x4.%

Omitting overall constants, for ¢ = 1, we find for the leading contribution to (A.54), which

is O(A):

_; )L (g — 2251 L L
<E12> ~ Z e 27 (n1 m1)L1 (9”1 %ﬁl)héz (ZEQ + Z;WQ . n1L2> h(1)2 (582 4 Z;ﬁz _ m1L2>

ni,mi

z 2 d
~ Z eiizﬂ(”lfml)%l(m*%il)e_LlﬂLQ [(m-&- 2 _nlL2) +(I2+1277L72_m1L2)2} . (A.55)

ni,mi

The sum over m,n is rapidly converging and can be seen to produce localized bumps on T4
when plotted, periodic on R? with period L1, Ly (usually a limit of —4 < m,n < 4 suffices
to make the errors tiny and produces a periodic picture). The point of this discussion is to
illustrate two facts:

1. That all local gauge invariants characterizing our fractional instanton depend on the

combinations zg — 22% and z + 2}3% (this also holds for the dependence on z4 —

and z3 + 2}2‘24, not shown above).

2mxs
Lo

2. That, furthermore, the local gauge invariants have 27 periodicity in these variables.

Next, we consider the z, dependence of winding Wilson loops. To order A°, with the
abelian background (A.7), this is a rather straightforward task. Consider a Wilson loop
beginning at some z, going along the z; direction n; times (i.e. from x to x +éy1n1 L), then
ng times in the xo direction, ng times in the x5 direction, and n4 times in the x4 direction,

4

with the final point being x + > éxniLg. The gauge invariant Wilson loop along the loop
k=1

Chy nons g, beginning at x and consisting of the winding straight segments described above,

is given by

7 Ag(
W(Chny nomamg) = tr <73@ fcnl’"wamx

/ d !
Tep@ @), (s
where the nontrivial transition functions are inserted to ensure gauge invariance.
The path-ordering can be disregarded for an abelian background (A of (A.7)) and one
can conclude that

0
WA (Cryn g ma) (A.57)
9 {1 ( ( n 27rz2> n < 27r:nl) n ( n 271'304) n ( 27T£U4>>:|
=2cos |- |ni |2 ng | 22 — ns | z ng | 24 — .
5\~ T 2\~ 7, s\®1 I, a\# T
We now observe that the O(A®) Wilson loops Wrﬁ?nzm&n , are periodic functions of the

variables 21 = z1 + 2?262, 29 = 29— 27er L 23 = 23+ 22‘2“, 2= 24— 27L“§3. However, in contrast

with the local gauge invariants, like the earlier (A.55), the periodicity in 2, is 4m, rather
than 27. Thus, while local gauge invariants can not distinguish values of 2, differing by 2,
nonlocal gauge invariant observables distinguish such values. These values are, therefore,
not physically equivalent.

35The averaging is done solely in order to shorten the formulae that we display. This was also done in [1],
when comparing the analytic solution to the numerical minimization of the action at given A.
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We are led to conclude that the range of values of Z,, which are distinguished by gauge
invariant quantities — and are thus physically distinct — is given by T*. In our description,
the T has “circumference” 4w, 2, = 2, + 4m. This fact is important in the calculation of
the gaugino condensate.

It should be clear that the O(A) (and higher) contributions to the Wilson loops (A.56),
which require taking the path ordering into account, are proportional to the same overall
factor as (A.57)—since they come upon expanding the path-ordered exponential. Thus,
eq. (A.57), is multiplied by (1 + O(A)). The O(A) terms are 27 periodic functions of 2,
even with respect to their simultaneous reflection, not affecting our conclusion above.

As an explicit simple example, consider the O(A) contribution to W(C1,,0,0), obtained
by expanding the path-ordered exponential and using the explicit form of the solution (A.40).

Omitting the overall constant, we obtain3%

W(C'17070’0)|O(A) (A.58)

£
~ COS —
2

X

—contribution

s Z3 L
Zem?’z4 h84(7zz 1 L)
T

n3

2

2
+ contribution of s

2T

1
Zefinyfg héQ(ZlLQ . nlLQ) /dt 67;25(217271'711)
0

ni

The expression above illustrates the properties we mentioned earlier: as a function of Z,,
the O(A) contribution multiplying the overall cos %1 factor is 27 periodic.

B Zero modes of the fractional instanton

B.1 Leading-order bosonic zero-modes and measure

Here, we study the leading order bosonic zero modes and construct the O(A) bosonic zero
mode measure. In the following sections, we shall argue that the measure remains the same
to all orders in A.

The bosonic zero modes are related to the dependence of the solution on z,. Their
leading-order wave functions are particularly simple

S0 _ 94T _ s

T, T2

(B.1)

As usual when performing semiclassical instanton calculations, we add a background Lorentz
gauge fixing term to the bosonic action®” and expand to second order in fluctuations a,,,
A = A% + a,,, Dy = Dy (A% = 0, + i[A% | %], We stress that here A¢ is the classical

36We indicated that there is an additional contribution of the Cartan-direction O(A) component s1, which
we have not computed. However, since it is found by solving (A.43), whose r.h.s. is (schematically) ~ F*F
which has the same properties as the (also schematically) |TW1|? contribution shown in (A.58).

371t should be clear that, to order O(A°), the zero modes (B.1) already obey the background gauge
condition: the leading-order background is in the Cartan algebra and thus commutes with ZS’(”) and,
furthermore, the leading-order zero modes (B.1) are constant.
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solution on the asymmetric T*, taken to the desired order in A. Thus, we obtain the usual
action of the bosonic fluctuations

1 1
Shg . = /T ) {292 tr Fpp B, + 2 (Dpam)? (B.2)
471'2 1 2 .
- !]72 + ? /T4 tr [anOnmam] , where Opmam = —D*6nmam — 2i[Frm, am].

We include the rather well-known details that follow in order to motivate the inner product
of modes as well as to follow the factors of 2. Denote by ZF the nonzero-eigenvalue
eigenfunctions of Oy, i.e. Oanﬁl = wkZﬁ and expand the nonzero-mode part of the
fluctuation a,, (for brevity, using the same letter as the full fluctuation which includes the
zero modes) as a;, = Yp (e Z% . Then we have that

472 wiCkC [ 2 k 1 Wik
S - = E — trZy Z,, | = U
b,g.f. 92 9 (92 /T“ s m) Z 2 ki

1k 1k

where the last equation defines the zero-mode norm matrix Uy, explicitly spelled out in (B.3)
below. We diagonalize the matrix Uy, with eigenvalues u; and define the measure of the

A /UK

path integral over the nonzero modes as [],, ors , thus normalizing the path integral to

1/2

simply produce the product [, w, '~. The upshot is that we defined the inner product (or

moduli space metric)

— 2 k7l
kl — ? /T4 tr ZnZn (B3)

which in a diagonal basis is simply Uy = ;.
We use the same inner product for the zero modes Zy 0P o eq. (B.1), for which we find,
neglecting the O(v/A) contributions

(B.4)

As before, we expand the gauge field as A, = A% + 22:1 Q;(,O) Z0P 4 (nonzero modes), and

(0)
define the measure over the zero modes as [[4_, d(,gﬂ)\/ u2 the same as for the nonzero

T )
modes. Taken at face value, this integral is undetermined until we find the region of
integration over Céo). To change variables C;io) — 2z, we note that to leading order in
A this is quite straightforward, since the dependence of A°(z) on 2 is linear hence one

simply replaces C,io) by 2. These O(AY) considerations allow us to obtain the bosonic zero-

Vd dzodzsd
H,/ 12;4 (B.5)

As described earlier, section A.3, the z, are integrated over in the range from 0 to 4«

mode measure

modulo an overall reflection.

We end this introductory discussion of bosonic zero modes with two comments:

-39 —



1. Eq. (B.5) was obtained by considering only the leading-order solution. Our next task
is to show that the zero modes of the O(v/A) (and higher) solution enjoy the same
measure. We need to ensure that the background gauge condition can be satisfied
and that the change of variables from C,go) to z, results in the same measure.

2. An additional question that needs to be discussed is the fact that for A = 0, the
self-dual abelian solution has extra non-Cartan zero modes, in addition to the constant
modes, as was found long ago [46]. In contrast, the asymmetric T* self-dual solution
has only the zero modes discussed above, as we show below.

B.2 Fermions and their zero-mode measure

It is well-known (see e.g. [25, 26]) that there is a relation between the zero modes of the
adjoint Dirac operator and the zero modes of the bosonic fluctuation operator Oy, of
eq. (B.2), to be exploited later. To this end, as well as because we are interested in the
theory with adjoint fermions, we now consider the adjoint fermions and their path integral
in the fractional instanton background.
The Euclidean space Lagrangian density with the fermions included is
1 2 - . b

557 tr FrnFonn + 7 tr (OnAa + 1[An, Aa])TnNa), (B.6)
where A and \ are independent variables.?® For future use, we note that it is invariant
under the supersymmetry

6A, = C% 0naa A\ + Ca 0% Ny (B.7)

n

6)‘0 = —Omn aﬁ Cﬁ an
N = 5, 4
where the o’s are the ones of [25]. As usual for spinors, ¢! = &,¢? = ¢ and likewise
for dotted.
The procedure for the fermions we shall follow is to again start from the nonzero modes.
We expand the fermions as eigenfunctions of the second order Hermitean operators

DD = D* 4 iFpo™,  —(DD) s =w?)s (B.8)

DD = D? 4 iF,,,6™" = D2, D2\ = w2\,

where, in the second line, we used the self-duality of the background (A.15). To discuss the
measure, begin by considering the contribution of a single (for brevity) nonzero eigenvalue
w to the fermion path integral. Let —(DD)(f(be = w?¢’,, where i labels the different

eigenfunctions, the commuting functions ¢!, with the same eigenvalue w (we note that

38 All our notation regarding fermions is as in [25], save for the fact that ref. [25] uses antihermitean gauge
fields, necessitating the replacement Ahat ref — j gthis paper The four-vectors 6", 5" were already defined
in (A.14). For futher use, notice, in particular, that omn = (¢™d™ — c™c™)/4, and that these matrices

i i i

are, explicitly, 012 = 034 = 503, 013 = —024 = —302, 014 = 023 = 501. As we already noted, we use o, to

denote the usual Pauli matrices, not to be confused with the components of the four-vector o™ of (A.14).
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there are at least two of them). We expand the nonzero-mode part of the fermion field (for
brevity, denoting it with the same letter A, /_\)

Ao = ZXi d)fx (B.9)
_. A .
A& = ZXZ EDOMCZ)L,

where we used the fact that the nonzero eigenfunctions of DD and DD are related as shown
and we attach the spinor index to the bosonic solution of the 2nd order equation and not
to the Grassmann variable, x* or X’ (the fact that there is more than a single solution for
every w is accounted by the index 7). We also indicate that the A\ and A expansions have
each their separate Grassmann variables x*, Y'.

Plugging (B.9) into the fermionic action (B.6), we obtain after integration of parts and
using the fact that ¢ is an eigenvector of DD:

2

2 - o o
Sp = ?tr (DnXaGy®Aa) = > X X'w (gZ/ trquqsg) (B.10)
j

— Y W U
]
where the fermion mode inner product matrix is
Ui = = [ w(6hol - siad), UF = U (B.11)
g9 J14

and again we remind ourselves that we are just looking at a single eigenvalue (one can
imagine a sum over them). Then we define the fermion nonzero mode path integral so that
it produces w (the minimal number of eigenfunctions with the same eigenvalue is two, i.e.
i,j = 1,2, with Up generically a 2 x 2 matrix)

/ [ dxidx’ (det Up) e 5 = (B.12)

When all nonzero eigenvalues are taken into account, we obtain the square root of the
product over all nonzero eigenvalues of DD (or DD).

The definition of the integrals over the fermion zero modes are done in the same manner
using the same mode normalization matrix, U;;j defined in (B.11). We imagine (as we shall
argue to be the case in our background) that only the undotted spinors A, have zero modes,
thus we expand?’

Ao = Z n' ¢!, + nonzero modes, (B.13)

(2
where we use 1’ to denote the zero-mode Grassman variable. The fermion zero-mode
measure is then taken to be the “square root” of (B.12):40

dup =[] dn' (det Up)™/2 =T]dn' (PtUp)"". (B.14)

%Here and below, we use ¢/, to denote the zero-mode solutions of DD, obeying (DD),’¢} = 0. The
reader should forgive us for using the same letter as in the non-zero mode discussion near (B.9).

49This definition ensures that, upon perturbing with a zero-mode lifting mass term, §S,, = g% tr A% Ao,
one obtains m for the zero-mode contribution to the path integral.
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B.2.1 No zero modes of D? = DD on the asymmetric T4

The reason to include this section is that in the A = 0 abelian self-dual background, i.e. in
the symmetric-T* case, the D? (= DD) operator has zero modes: a, = ¢,73, with arbitrary
constant ¢,,. These zero modes are also zero modes of O,,,, of (B.2), owing to the abelian
nature of the background. The four Cartan zero modes of the A = 0 self-dual solution
appear in addition to the two non-Cartan (complex) zero modes, also obeying O,,na, =0
but with a,, in the 7% directions, found in [46]. Thus the A = 0 self-dual abelian background
has 8, not 4 bosonic zero modes. While it is expected that interactions lift half of these
zero modes, this has not been shown in any detail and is a problem for future studies.

In any case, since we find the A # 0 detuned T* of greater physical interest, we proceed
to show that in our self-dual background (A.40) the D? operator has no zero modes. Furst,
suppose that there exists an adjoint field ¢ (generally complex) obeying D, D,¢ = 0 in
our background; ¢ is, of course, assumed to obey the boundary conditions appropriate to

adjoints, i.e. (A.4) without the nonhomogeneous term. This implies that [ tr ¢! D, D,¢ =0,
T4
or, after integration by parts, noting that the boundary terms vanish if (A.4) are obeyed,

[ tr D,,¢"D,,¢ = 0. This is only possible if D,,¢ = 0, or writing explicitly the components
'JI‘4
of this equation:

Ot — 2iA, ¢T + 2iAT o™ =0,
(On —iA2) ™ + i, ¢ =0,
O +1A3)pT —iAT ¢ =0, B.15
( n "

where A3* are to be substituted by the O(v/A) background fields (A.40). Eqgs. (B.15)
imply that the D? zero mode ¢q of the abelian background (the ~ AY term with A* = 0)
has components ¢ = c, (ﬁoi = 0. One can show that there are no other zero mode solutions
obeying the right boundary conditions (see [46], or perform a SHO analysis of (B.15) in the
background (A.7), similar to the analysis in section A.1).

We now want to argue that the O(v/A) perturbations around the abelian background
of eq. (A.40) lift the zero eigenvalue of —D?. To this end, we use perturbation theory
for the non-negative Hermitean operator —D? and compute its matrix element in the

unperturbed “eigenstate” found above, ¢y = c%. For the shift of the eigenvalue, this gives

Ja tr ¢$(—D2)¢0 = @ Jpa 4A;, A, where only the n = 1,2 components are nonzero in the
order v'A solution: A7 = W, and A; = Wy = iWj. The integral is positive definite, as it is
easily seen to be proportional to [4 |F|?, recall (A.36), showing that the zero eigenvalue is
lifted in the detuned-T* self-dual background. This is a welcome feature of this background,
compared to the one in the symmetric T# studied in [46].

B.2.2 The zero modes of D on the asymmetric T4 via the Dirac equation

In this section, we explicitly study the Dirac equation for the undotted fermions in the
~ VA background and show that they have two zero modes. Since, as shown above,
D? = DD has no zero modes, the presence of two zero modes of DD is guaranteed by the
index theorem in the topological charge 1/2 background. Thus, we include this discussion
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only for completeness. In the later section, we shall see that these zero modes can be
obtained using supersymmetry.

The Dirac equation for the zero mode is D%\, = 0 yielding

gnea (anAg — 2UWINE + 22’Wn)\;> ,
Fnaa (anA; —iABAD + iwpg) ,
M (DN + AN — WD) (B.16)

o o o
Il

In our leading-order background (A.40), these equations give, for the A3 components:

(101 + O2) N3 + (103 — O4)A} = 47 F(x,2)e" )5 ,
— (101 — D)3 4 (103 + ) A3 = 4y F*(x, 2)e"ON] . (B.17)

On the other hand, the non-Cartan A, components satisfy the equations

. .21 . 22 2 1. . . 23 . 24 2r ] -
_iL 2 A By (9, — i A
_2(81 le) + (02 ZLQ) + L1L2$2_ 5 + _2(83 ng) (o ZL4) + L3L4x4_ Al
_'(3 ﬂ) (0 'Q)-I- 27 _)\, —'(0 .§)+(8 .ﬁ)_{_ 2 _)\,
ST 7 7775 R R T Y
= 2yF*(z,2)e "N}, (B.18)
while the A\ components obey
i i) — O+ i)+ T M 4 i+ 22+ i) - 2| A
L 2Ly T LiLy L YLy T Lt Y
= 2V F(x, 2)e" )3,
014+ i25) — @+ i 2) — Ty A 4 i@+ i) — @+ iy + 2| A
I LS LY A YA L P i I
=0. (B.19)

We now can follow exactly the same steps as in the study of the self-duality equation
for wy, see discussion after (A.17): we introduce zy,r3 Fourier modes for A* and the
functions corresponding to (A.20); likewise, we can absorb the Wilson lines by a redefinition
similar to (A.23). Proceeding thus, we can now solve the undotted fermion zero mode
equations (B.17), (B.18), (B.19) in an expansion in v'A. Keeping in mind that v ~ VA,
it follows that the solution for A2 is of order A” and is simply given by a two-component
constant Grassmann spinor 73. This satisfies the A3 equation to leading order, since the
r.h.s. of (B.17) is of order (v/A)? as the A* solutions are themselves of order vVA. Proceeding

43 —



thus, we find the leading-order fermion zero-modes:

NSO = 3,
A9 =o,
A;(O) _ —ni”ye*m LsL, /7L2L4 Z ei27r(n1%+n3%) ei(%(x27n1L2)+%(x47n3L4))
& ni,n3
pl2 _ zl) j34 ( _ Z3>
X 0(332 n1+2ﬂ_ 1 | za n3+271- )
510 = e [Tl oy 5 (B i) (i)
& ni,n3
12 _ #1134 -~ Z3
X hg (;132 niy + 27r> hy <5U4 n3 + 27r> )
A9 = o. (B.20)

That (B.20) are solutions to order v/A follows by direct substitution and use of (A.27).
Consider, for example, the A\, components of the zero modes. That \; satisfies the top
equation in (B.18) follows from the fact that it is acted upon by the lowering operator of
the wi2 SHO, while setting A; to zero is necessitated by its being acted upon by the raising
operator of the wsy oscillator as well as by the second equation in (B.18). The lowering
operator of the wsy oscillator acting on A5 from (B.20) can be easily seen to produce the
r.h.s. of the second eq. in (B.18), recalling the definition of F' from (A.35). One similarly
verifies that A4 solve the (B.19).

Before we continue, let us write the fermion zero modes (B.20) in a more compact
manner, in terms of the function G(z, z) of (A.53). The fermion zero modes (B.20), that
w3y = 2m/(L3Ly4), are now written as:

3 3 3 ) 92 0 ) 2
)\((XO) _ m L + 12 *ola [ 2 T,z 7_+ + e~la |2 o T,z p_—
)2 0|7 o (z,2) i ) o (z,2)

3 3 3 4 Vi 0 4 Vi
() e (§) ot s (5o o
2

T2

with the last equality being true to leading order in v/A.

B.2.3 Zero modes of D and D on the symmetric T4

For completeness, let us consider the fermionic zero modes of the abelian self-dual in-
stanton solution of the A = 0 symmetric T?. For the D\ = 0 equation, we can
use (B.17), (B.18), (B.19) with ~ set to zero, i.e. without r.h.s. Then, it immediately
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follows that the zero modes on the symmetric T are
A=
NE=0 =13, (B.22)

A A0 =0,
A2_(A:0) _ ng\/m Z ei2ﬂ(n1%+n3%)ei(%(xg—n1L2)+z—i(x4—n3L4))
ni,n3

z z
Xh(1)2 <x2—n1+271r>h34 <$4—n3+2;>,

WO T 5 (i endt) (e o)

x h$? (wz—nl—i—Zl) hi! <m4—n3—|—23),
A A=Y — (B.23)

That these are solutions of (B.17), (B.18), (B.19) with v = 0 follows from observing that
the annihilation operators of the w2 and wsy SHOs act on A\] and A5 components only,
while the other components are acted upon by creation operators and are thus set to
zero. These four zero modes of D% at A = 0 combine with the two dotted zero modes,
obeying Daa A\ = 0, which exist due to the fact that D? has zero modes at A =0 (recall
section B.2.1):4!

aalel
MAT0 =7,
AEA=0 g, (B.24)

The presence of two dotted (B.24) and four undotted (B.23) fermion zero modes in the
self-dual background on the symmetric T* is, of course, in accord with the index theorem.
The presence of extra zero modes is the fermionic counterpart of the existence of bosonic
zero modes of D? on the symmetric T*, as discussed after eq. (B.15) of section B.2.1. As
mentioned in the main text, the extra zero modes — bosonic and fermionic — are expected
to be lifted once fluctuations around the self dual background on the symmetric T* and
their interactions are taken into account, but this has not been yet demonstrated.

B.2.4 The zero modes of D on the asymmetric T via supersymmetry

We now check that the asymmetric T* undotted fermion zero modes (B.20) can be obtained
via supersymmetry of the O(v/A) bosonic background (A.7), (A.40). Consider the effect
of the SUSY transforms (B.7) in the gauge field background (A.7), (A.40) with fermions
set to zero, A = A = 0. Since our solution is self-dual, i.e. obeys ™" F,,, = 0, the SUSY
transform only produces A, variations. Computing d\ we obtain

OA = —(OmnFgh + TmnFan)C + - (B.25)

mn

41As in our analysis leading to the bosonic solution of eq. (A.34), one can show that there are no
normalizable zero modes of D or D except for (B.23), (B.24).
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where Fé% is the field strength (A.8) of the abelian background (A.7), and F,%)L is the order
VA contribution from (A.51), (A.52). Thus, combining everything, plugging into (B.25),
and recalling Footnote 38, we obtain

M\ _ .0 G W G\ on0 (&
()i (4 ()

A [T Vi G\ VI s (0
_Z\/V[<—C2> 2+7T%’7€ G(x,2)T ( 0 >+7T§'ye G*(z,z)T <—€1>]
(B.26)

On the last line, we again used the small-A relation wsy =~ 2V 3. Comparing (B.21)
with (B.26), we see that they are identical provided the supersymmetry parameter in (B.26)
is identified with the Grassmann coefficient in (B.21) as follows

0} = 4miV 3¢, (B.27)
77é5 = —47riV_%C2,
showing that all is consistent with SUSY.

B.3 The moduli space metric, to any order in A

Here we shall study the bosonic and fermionic moduli space to order A. It is well known

that for every zero mode solution of the undotted Dirac equation qb,(f )

, one can construct
two zero mode eigenvalues of the operator O, which obey the background gauge condition
Dp(ANay, = 0.

We begin with our notation for the zero modes (B.25): we shall denote the corresponding
commuting wave functions by ¢§A, where A = 1,2,3 denotes the SU(2) algebra index.
These are the two solutions of the undotted Dirac equation considered above. Thus, with

(8) = 1,2 labeling the two zero modes, we have

DB —q, (B.28)
3
o) =~ (0™ Fyn, with ¢ = 3~ ¢{7 T4, (B.29)
A=1
0 = — (0™ F ) = —2i(03) ) Py +2i(02) ) Fiy = 2i(o0) (B-30)

= —2i (04)PVA where VA has components Vi* = Ffs, ViA=—Fi, VA=Fi.

«

In the second equality, we used self-duality of the background and the explicit form of o,
given in Footnote 38.
B.3.1 Fermion zero-mode measure to arbitrary order in A

In terms of the zero modes (B.28) the fermion zero-mode expansion (B.13), relabeling the
index 4 (used there to label the different zero modes), i — 3, we have

)\é = nﬁgb((f) A, sum understood over 8 =1, 2,

gy _ 1 B)YA (MA_ (B)A,(v) A
Upt =5 [ (760 = o A0 ) (B.31)
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where again A = 1,2, 3 is the Lie algebra index, summed over the definition of Ur. The
fermion zero mode norm matrix U 1{27 from (B.11) is antisymmetric and we have from (B.31)
and (B.28)

- / VAV () [(0) )2 = ()1 ()]

A X, (B.32)

Consider now the matrix X% = (0,)4 (03)2 — (04){ (03)4 implicitly defined above. We
have, from the explicit form of the Pauli matrices:

1—-¢0
1X®|=(i10], (B.33)

001

thus
Uk :_4/ vAyA —/ F (F)? + (FA)Z) :—1/ (FA )2
7 @ i2) 14 13 g2 JpatTmm
4 1 472

=4 gl <smce 12 / (F;:n)z = ;) ) (B.34)
The Pfaffian of the fermion mode matrix is thus PfUp = =4 x & ® and the fermion

zero-mode measure, defined via the Pfaffian in (B.14) is
1,2 -1 dn? 4 o
dpup = dndn* (PtUR)™" =4 x ?dn dn* . (B.35)

To obtain a nonzero result for the fermion zero mode integral, we insert the gaugino bilinear,
tr A%\ = 2n°nPe a)AqZ) )Ae‘h—i-(nonzero modes), and obtain

2
1,2 —1 ay _ 9 1,21 4 a)A ((B)A 6
/dndn (PtUR) ™ trA Aa—@/dndn 3 "76(1)(7)% el

2
= L (g@agpacn _ ymagdan)

16:22 ¥ , (B.36)

where we used (B.34) and the explicit form of the Pfaffian.
We stress that the fermion zero mode measure (B.14) as well as (B.36) hold to arbitrary
order in A. Furthermore, the measure and the result (B.36) are independent on A.

B.3.2 Bosonic zero-modes and moduli-space metric to any order in A

Now to the wave functions of the bosonic zero modes obtained from the fermionic modes and
automatically obeying the gauge condition. For every fermionic zero mode qbogﬂ ), 5=1,2,
there are two bosonic zero modes. Thus, in total there are four independent bosonic zero
modes. The advantage of the discussion that follows is that the bosonic zero modes thus
obtained automatically obey the gauge condition and, furthermore, that their construction
holds to arbitrary orders in A.
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The four-vector expressions for the bosonic zero modes thus obtained are denoted by

Zq({B )4 and Z,(fa ) A, where §=1,2, A =1,2,3. These modes are determined as follows (see

g. [25, 26]). First one forms the quaternions made out of the zero-mode solutions of the
undotted Dirac equation, explicitly:

A A

’ ’ , , A A
’ B0 iz 60 g0 | T\ g | - (B3D)
Z2 + Zzl Z4 ZZ3 z¢2 ,qul

Thus, each zero mode ¢&3 ) of the undotted Dirac equation can be used to build two four-

(B7)

vector bosonic zero modes, denoted by ZT(L’B ) and Zy ‘. Their four-vector components are
then inferred from (B.37):

z9 4 = {307 —wel? 1 50" e

204 = [Re{0 A 3000 4 R 4, —ge{ 4] (B.38)

Now, knowing the four-vector components of the zero modes, we can use (B.37)
and (B.28) to find det Uy; and argue for its A-independence. We need to compute the 4 x 4
matrix of different overlaps (B.3)

B 32 / tr 248 700 — i2 / 25 Az () A
g% Jra

9% Jrs
2 ’ 1 /
B2 _ 28 _ 2 /T ez = - /T 2P Az
2 / / 1 ’ /
st = 2 /T w202 = /T 2PN AZA (B.39)

where the trace is now in the Lie-algebra generator space. The four-vector inner products are

2@z = 287207 = 360368 + REPR + 3610360 + ReP R\
(¢£§>¢9> o)

I
Q
HMM
—_
N —

Zy(f’)zév ) —

CQ

g (W%ﬁ — 0 70) . (B.40)

Il
10

where momentarily we omitted the group index A (to be restored below). Thus, using (B.28),
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with the shorthand ¢.F4 = o™ FA  we find
By BH2y+2 (8) A (B) * A () A
Ut =U /T 4 Z (49 80 A4 4)

M

( FA (/3) ) () * + (O__FA)OE/B) *(O_.FA)OEW)> 7

UBY+2 — 2.8 — Z/ Z <¢ (8) d)(v d)Sf) * Aqb((]) A)

[\

NH

/ Z ( 0. FA) (6) ) () * (U_FA)CE@ *(O,.FA)OE’Y)> '

(B.41)
Let us now study the matrix
! ~ (6 FA) () (gAY ()4
Eﬂémz;aF)a(aF)a . (B.42)
Using the notation of eq. (B.28), we rewrite it as
1 . 2
Aoy = 35 A, ViVt 420 D)) ) = /T VAV (02000002) )
2 1
sz/ AA:—/ Fa)?. B.4
ﬁgg T4Va Va 292 T4( mn) ( 3)

Thus, the 4 x 4 matrix U with matrix elements (B.41), expressed through A of (B.42) is of
the form

A+ ATI Aig + ATQ i(AH — ATI) i(Alg — AB)

Ajp + A, Aga + A5y i(A12 — AYy) i(AQQ — A3,)
(A1 — A7) (A — AY,) A+ A7 A2 + Ao
(A1 — Afy) i(Age — ASy)  Ajg+ Ajy  Agg + Ay
2411 0 0 0

0 245 0 0

0 0 241 O

0 0 0 249

= diag(1,1,1,1) = /(F n)2

4 2
~ diag(1,1,1,1) 4 7% <smce anﬁnf - 7;) , (B.44)

where we used the diagonal form of A form (B.43).
Thus, we have for the norm matrix (B.3) of the bosonic zero modes (to any arbitrary
order in A to which the solution has been find):

4 2
Ukl — gkl 4 giQ, kl=1,2,3,4. (B.45)
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The point, so far, is to argue that the inner-product of the bosonic zero modes obeying the
gauge condition — or the moduli space metric (B.45)—are A-independent.*?

The careful reader may remark that the fact that the bosonic zero mode metric is
proportional to the classical action, as in (B.45), is well-known, hence the A-independence
follows from the fact that the action of the self-dual solution is A-independent. However,
we presented the steps outlined above, especially the explicit relation between the undotted
Dirac equation zero modes and the bosonic zero modes of eq. (B.38), in order to use them to
verify that the derivatives of the O(v/A) classical solution we found with respect to z, are
equal to the modes (B.38) obeying the background gauge condition, after an appropriate
gauge transformation. This somewhat more involved procedure, compared to the similar
task for the BPST instanton, is what we discuss next.

B.3.3 The derivatives of the O(+/A) solution and the gauge condition

To this end, let us compute the zero modes (B.38) in the A expansion and compare to the
derivatives of the classical solution, A% /9z;. The zero modes (B.38) obeying the gauge
condition*? are determined by the matrices (B.28)

A
IR A= (e
« —2F4 0 )’

—2F{ —2F{)
S8 A = 12 4 B.46
||\$<l5a | ( 2F1‘211 QFS > ( )

This yields for Zy(lﬁ), A (B.38),

Y04 =204 =Lge04 —rel) 3oV RV M) = {—2F) 2, 2R, 0}
yWA=_z2)A :{ <‘¢(2)A SR¢(2)A,—<‘¢( 4 (Q)A} - {—2F1‘%,0,2Fﬁ,—2F1‘%},
v A= -z 4= eV —aelD 4, —Re{V 4, S0V} = {2F1, 271}, 0, -2}
y@A=_7z2) :{ RpiD A —gp{P4 m@)“‘ 3 (Q)A}: {o,—QFg,—QFg,—zFﬁ}.

(B.47)

We relabelled the four zero modes Z7(11)7 ZT(LQ), ,(Ll) Iy (2)' by Yn(k), where k indicates that in
our A-expanded solution these correspond to derivatives of the classical background with
respect to zj (as we shall see shortly). The functions Yn(k) calculated in the leading ~ VA
solution are explicitly presented below.

42The reader may notice that while we use the same letter, the moduli space metric U* of (B.45) does
not equal the one constructed earlier from the leading-order derivatives of the classical solution w.r.t. z,,
the metric U* of egs. (B.3), (B.4). In fact, we have g® det U cq. (B.45) = = (47)® while g® det Ueq (B.a) = =V
This is accounted for by the difference in normalization of the respectlve zero modes; see section B.3.3 for

explicit expressions. This difference contributes an extra factor of ( H A (L) = (4”) to the determinant
of eq. (B.4).
43 As these can be constructed from F<,, to any order in A, we shall call these “exact” zero modes.
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Let us now also write our ~ v/A self dual classical solution (A.40):

2 nm m n 3 . — .
A% (1. 2) = (m + Z) T (Bt + 18u2)W 4 7 (G — i62) W,

LoLm  Ln) 2
=
W= ——YT2 ciop(y, 2), (B.48)

V2vi/2
where for brevity we introduced the (not anti-symmetric!) tensor ny,, where only niy =
n3s = 1 are nonzero. Consider now the derivative of the classical solution w.r.t. z,/L,

DA 3 L,0W

L = 5np% + 7'+ (5n1 + Z(SnZ)

P 0zp

L *
+ 7 (5n1 — Z(Sn2) paW

- 5 ) (B.49)

The Cartan term is the one we considered before, see section B. To find the zero mode
wave functions, an explicit computation using the SHO hg and hj properties from (A.27)

shows that
ngi = —\/?52@7
ngi :iL;;le—z’\/?f;Q@,
L3gj; = _\/@Gv
L4gi = inggF—i\/@G. (B.50)

Here, we defined, in addition to F(z,z) (A.35) and G(z, z) (A.53), a new function G(z, 2),
similar to G(z, z) but where the 1st-excited state is in the w1 SHO instead:

- 00 —i2w(nlz—1+n3i—3) —i22 (29— Lo)—iZ% (z4—n3Ls)
G (x,z) =+/Laly Z e 1 3/e L2 Ly

nln3=—oco

z z
X h%2 <£L'2 — <TL1 — 271_‘_) L2> h84 <:L'4 — (ng — 2’73_() L4> . (B51)

Using these expressions, we find the derivatives of the classical solution w.r.t. z:

HAC 73 VA -
o= 1 — (5, i0r, G+ he.|,
1821 12+_T ( 1+ 2)2\/56 + h.c
6Ad 7'3 [ i\/ TA L2Z1 L1L2 ~
L = 50— (6, 10, —_—® ] F—i h.c.| ,
2 g T |7 Gm 2)< Vvt e o Ty O The
OAZ ol Iy
L3—" = §,3— (6 10 e h.c.| ,
3 s 32+_T (On1 +1i 2)2\@@ G+ h.c

A 3 VTA L LsL
Ly = Gy + |77 (Bpy + 002) (— T em> (z Bp 2 4G> the

Vovy1/2 2m 4
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The expressions for the exact zero modes Y,ﬁ’“) from (B.47) can also be computed using
our knowledge of the field strength to order \/Z, F,S?%, F,S%,)L of egs. (A.8) and (A.52). Next,
we use this information and (B.52) to determine the gauge transformations needed to bring

cl
the Ly %’2: zero modes into the background-Lorentz gauge. We shall see that on the T4
with twists, this is slightly different from the usual BPST instanton. To find these gauge
transformations, we now consider the derivatives of the classical solution w.r.t. each z

in turn.

Zero mode 8%1 vs YU:  here, we compare Yn(l) to the derivative w.r.t. z;. From the
above we find that the four-vectors of the exact zero mode and the derivative of the classical

solution are

3

LlaA%:{T:)’—k( ‘; G+h> <T+\/Eemé+h.c.>,0,0}. (B.53)

821 2\@

Their difference is

0Ad L TV2Ae | Gz, 2)
G
(

(1 _ AT _
Y, \FL o1 =T iR G, 2) + h.c.
G(z,2)
D (A)AD = 9, A0 i AD]. (B.54)

After some algebra, we find that the gauge transformation making the derivative of the
classical solution obey the gauge condition is (’)(\/Z):

AV (z,2) = — ‘Q/AW e F(z,2)7" + h.c. (B.55)
4

Zero mode 8%2 vs Y. here we have the four-vectors

A 78 V2AT IV2AT

Y752) =0, ——, 7" eG(z,2) + h.c.,7" "Gz, z) + h.c. p

{ wa gy ¢ G VAR
Al VAT | L LiLs ~

1,04 _ YT 22 p 2y — | 222G (w, 2) | + hec,
0z9 V2V 2w A7
3 Armet® | L LiLs ~
Tt 7T61 2ZlF(ac, ) ! 2G(ac,z) + h.c.,0,0 . (B.56)
V2V 1 27 7r
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We again consider the difference

—% %F(w,z)— L}é?é(x,z)

Va

! ' -
Y(Q)—4—7TL AL _ _4mV2Ae [ 2y L p(z,2) — [ HE2G(2, 2)

+ h.c.
G(z,z)
iG(x, z)

= Dy(AM)AD = 9,0 44| + Ao ym) AP]. (BT

Here, in contrast with (B.55), we find that the gauge transformation making the zero mode
obey the background condition also has a Cartan-subalgebra piece ~ A°, in addition to an
O(V/A) piece which is proportional to (B.55):

3
AD(a,2) = 22T

Naturally, only terms of order v/A are to be kept on the r.h.s. of (B.57).

+ (iINYF (2, 2) 7t + hee). (B.58)

Zero mode 8%3 vs Y3 . remarkably, here we find

y® 2% g A —, (B.59)

hence no compensating gauge transform is needed. This follows from the four-vector
expressions for the zero modes

N W

2AT
v = e*Gtt + h.c., —
0

V2AT dmr 73
VST gieGrt 4 he, —= L 0} , (B.60)

and

={i——e Gt + h.e., — e*GrT + h.c., T—, 0
5 0z 2v2 22 2

Notice that z3 is the direction where A depends on x4 + 23L4/(27) and where the classical
VA solution vanishes.

1,045 _ {'*/K va ’ } . (B.61)

Zero mode 8%4 vs Y®):  here, the four-vectors of the exact zero mode and the derivative

of the classical solution are

2AT NI Ar 73
Y@ = {_\/V”em(;# T hee., —i \/V”em(;# + hee.,0, \/7;77'2} : (B.62)
and
HAC Lyzs L3Ly
L= = e F— G| 7"+ he.
Y02 {\/2v1/2 ( 27 O T e

v A o
VT A .

‘ io | Laz3 LsL, 3
e F — G T4 he, 0 — % . B.63
NCYRIE ( pr \ “an )T + e, O, 2} (B.63)
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Their difference is

F(z,z2)
Al V2rA L L '
Y - ‘ﬁ aaz = V17;2 e ;Tg ZF((T e
4 1
0

= Dy (AM)AW = 9, AW A o+ Ao ym) AD] (B.6Y)

Here, we have that
2L423 Lg
VV 2

only has a A = 0 part. The claim that A®) obeys (B.64) is straightforwardly verified

AD (2, 2) = (B.65)

Summary: in each case we have verified that to order VA,

o Acl

—L
k 0z

VV

obeys the background gauge condition, where AR for k=1,2,3,4, are given in ((B.55),

+ Dy (AHYAR) = y(*) (B.66)

n

(B.58), (B.59), (B.65)), respectively. As follows from these explicit expressions, the gauge
transformation A®) which makes the derivative of the classical solution obey the background-
gauge condition is Q-periodic (recall the definition after (A.5)), i.e. obeys the same periodicity
conditions (A.4) as the classical solution. In fact, the x-dependent part of A®) is expressed
through the O(v/A) component of the classical solution A§', similar to the BPST case. The
Q-periodicity of A®) is important in what follows.

We shall next argue that the measure in terms of the z, variables remains the one we
found earlier by studying the leading-order zero modes, eq. (B.5). For use below, we also
rewrite the zero modes (B.66) as

9 A
0z,

V.

4Ly,

+ Dy (AAR) = v, () (B.67)

n

The motivation for the rescaling evident in (B.67) is that the zero modes are now directly
proportional to the derivatives of Afll with respect to z;. The compensating gauge transfor-
mation A% = %A(k) is trivially related to A®) appearing in (B.66) and appearing in
((B.55), (B.58), (B.59), (B.65)).

B.3.4 The Jacobian and the all-order bosonic measure

We begin by shifting the bosonic field A4, (z), obeying (A.4), to be integrated over in the
path integral by the classical solution A% (z,z) of (B.48). We can choose to expand the
fluctuation in terms of a complete set of eigenfunctions of the hermitean operator Oy, (z, 2)

— the zero modes (B.67) and the nonzero modes Z4:4

Ap(x) — ZCéO)zL\ﬂ-C (x, 2 —G—ZCq Z9(x, z) (B.68)

4“4of eigenvalues wyq, using the same notation as after eq. (B.2): Ongqu) = ququ)
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The coefficients C,io) and (, are the projections of the gauge field fluctuation A, (z) —
AS(z,2) onto the Y¥)(x, 2) and Z,(x, z) directions in field space, thus they have implicit
zi-dependence. In what follows, we trade the integration over C}go) for integration over the
zx. In our subsequent discussion we shall not explicitly write the contribution of the nonzero
modes to the measure of the path integral, due to their cancellation with the contribution
of the nonzero modes of the fermions and ghosts.

With the expansion (B.68), the measure of the bosonic zero modes now takes the form,
using (B.45)* and taking into account the normalization of the zero modes

1 4 (0)
11 [‘ff;?] = K4 11 Vil (B.69)

k=1

IS
=
Sy]

/N

(o

¢}

-+

[a—

D

&l <

el

b.

=

g_

w

=

N

N——
N]

In order to integrate over fields orthogonal to the Yn(k) (x, z) zero modes, we consider their

inner product with (B.68)
fo= 2t [ (Al = A5 (.2)) YO @, 2). (B.70)
9 T

We then insert unity in the path integral, in the form

1:HdeH5<fp) ]det% , (B.71)
k I3 0z

where ‘?d—z’l“ is evaluated at the value of 2, making delta function vanish.*® Then, using (B.68),
the orthogonality of the zero and nonzero modes, we have that (B.45), that

_ VV 1672
 4rL, g2

fo ¢, (B.72)
so that the d-function from (B.71) sets C,go) = 0 after integrating over C,go) with the

measure (B.69) (to avoid confusion, recall that C,(go) has implicit z-dependence).
On the other hand, evaluating the derivative of (B.70), we find

ofn 2 (A, — ALYy oy,
=S | YR (4, - AY
oz g2 Jm ' ( 0z o n) 0z
== wl-=y® i, —Aah=2 ).
g2 /1r4 : ( Oz " +( n) 0z
Next, we use (B.67) to replace angb by Y,nfk). Using the fact that AX*) is Q-periodic allows

us to integrate by parts on T* without a boundary term, i.e. set Jpa tr D, AW ngk) =0,

45Recalling that (B.45) calculated Uy = q% fT4 tr v,y = f—’;zdkl.

4Evaluating fT4 AZZ‘YTEk) using the explicit expressions of section B.3.3 and plugging into (B.70), we find
that to leading-order in A the zero of fi occurs for z, = zj, where z;, = —m(0k3 + dka) + LkAi + O(\/E)
Here, A3 is the constant T*-mode of the Cartan component of A,.
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since ngk) obeys the background gauge condition. We thus find

(k)
O _2 [ <_‘/Z YO ¥® 4 (4, - ac)Pn )

82’1 g2 T4 47 1 " 82’[

VV 1672 2 ;oY)
= St = [ tr(A, — AC . B.73
e U NCICRE R (B.7)

Thus, the unity insertion (B.71) becomes

B 0 VV 167 VV 1672 2
1= Hd 5<gk i g > ‘det<4m o

where we used (B.68) and took the liberty to set C,go) = 0 in the determinant, due to
integrating the delta function with the measure (B.69). The nonzero mode part of the
fluctuations can be ignored to leading order. Thus, collecting everything, we find that the
Jacobian factors from the delta function and the determinant in (B.74) cancel out and the

(0)

bosonic measure (B.69) becomes, after inserting (B.74) and integrating over (; ’,

Vv 4
dup = 7 H (B.75)

The bosonic zero mode measure is thus equal to the leading-order measure constructed
earlier in (B.5).
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