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Some new examples with almost positive curvature

MARTIN KERIN

As a means to better understanding manifolds with positive curvature, there has
been much recent interest in the study of nonnegatively curved manifolds which
contain points at which all 2—planes have positive curvature. We show that there are
generalisations of the well-known Eschenburg spaces and quotients of S7 x S7 which
admit metrics with this property.

53C20; 57525, 57T15

It is an unfortunate fact that for a simply connected manifold which admits a metric of
nonnegative curvature there are no known obstructions to admitting positive curvature.
While there exist many examples of manifolds with nonnegative curvature, the known
examples with positive curvature are very sparse (see Ziller [31] for a comprehensive
survey of both situations). Other than the rank-one symmetric spaces, there are isolated
examples in dimensions 6, 7, 12,13 and 24 due to Wallach [27] and Berger [4], and
two infinite families, one in dimension 7 (Eschenburg spaces; see Aloff and Wal-
lach [2] and Eschenburg [9; 10]) and the other in dimension 13 (Bazaikin spaces [3]).
In recent developments, two distinct metrics with positive curvature on a particular
cohomogeneity-one manifold have been proposed by Grove, Verdiani and Ziller [15]
and Dearricott [8], while Petersen and Wilhelm [21] propose that the Gromoll-Meyer
exotic 7—sphere admits positive curvature, which would be the first exotic sphere known
to exhibit this property.

In this paper we are interested in the study of manifolds which lie “between” those
with nonnegative and those with positive sectional curvature. It is hoped that the study
of such manifolds will yield a better understanding of the differences between these
two classes. Recall that a Riemannian manifold (M, ( , }) is said to have quasipositive
curvature (resp. almost positive curvature) if (M, (, )) has nonnegative sectional
curvature and there is a point (resp. an open dense set of points) at which all 2—planes
have positive sectional curvature.

Theorem A

(i) There exists a free circle action and a free 83 action on S” xS” such that each of
the respective quotients M'3 := S1\(S7 x S7) and N'! := 83\ (S7 xS7) admits
a metric with almost positive curvature.
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(i) If M'3 and N'! are equipped with the metrics from (i), then there exist Rie-
mannian submersions M!'> — CP3 and N'! —» S* such that in each case the
fibre is S7 and the bundle is nontrivial but shares the same cohomology ring as
the corresponding product.

We use the Pontrjagin class to distinguish M3 and N!! from the respective products
in Theorem A(ii). Moreover, in each case the induced metric on the base is positively
curved.

It has been conjectured by F Wilhelm that, if M is a positively curved Riemannian
manifold, the dimension of the fibre of a Riemannian submersion M — B must be less
than the dimension of the base. Theorem A shows that this is false when the hypothesis
is weakened to almost positive curvature.

Other than the Gromoll-Meyer exotic 7—sphere (see Gromoll and Meyer [14], Wil-
heim [29], Eschenburg and Kerin [11] and Petersen and Wilhelm [21]), the only other
previously known examples of manifolds with almost positive or quasipositive curvature
are given in Petersen and Wilhelm [22], Wilking [30], Tapp [25] and Kerin [18].

While Wilking [30] has shown that it is not possible in general to deform quasipositive
curvature to positive curvature, it is still unknown whether this can be achieved in the
simply connected case or whether one can always deform quasipositive curvature to
almost positive curvature.

Theorem B LetL,, CU(n+1)xU(m+ 1), n > 2, be defined by
Lpyg = {(diag(z?1, ..., zPn+1) diag(z?', 292, A)) |z € S, A e U(n — 1)}

where pi,..., pn+1,91.92 € Z. When the two-sided action of L, 4 on U(n + 1) is
free, denote the quotient U(n + 1) /L, 4 by E;f’q_l. All E;;f’q_l admit a metric with
quasipositive curvature.

Observe that to allow p; = p; forall 1 <i < j <n+1 in Theorem B is equivalent
to setting p; = 0 for all 7, since the centre of U(n + 1) is given by multiples of the
identity. Wilking [30] showed that these homogeneous spaces admit a metric with
almost positive curvature whenever ¢;¢g, <0, while Tapp [25] subsequently showed that
(q1,92) # (0,0) is sufficient to guarantee the existence of a metric with quasipositive
curvature.

The biquotients E;'f’q_l in Theorem B should be thought of as generalisations of the
Eschenburg spaces, which arise when n = 2. In Eschenburg [9] it is shown that
infinitely many Eschenburg spaces admit positive curvature, while in Kerin [18] it is
shown that all Eschenburg spaces admit a metric with quasipositive curvature.
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Some new examples with almost positive curvature 219

The paper is organised as follows. In Section 1 we review some notation and geometric
techniques for biquotients. In Section 2 we review some facts about the Cayley numbers
and the exceptional Lie group G,. In Section 3 we describe the manifolds M!3 and N1
of Theorem A as biquotients and as the total spaces of Riemannian submersions. We
prove the curvature statements of Theorem A(i) in Section 4, while proof of the
topological statements in (ii) is postponed until Section 6. Section 5 is devoted to
establishing Theorem B.
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1 Biquotient actions and metrics

In his Habilitation [9], Eschenburg studied biquotients in great detail. The following
section provides a review of the material in [9] and establishes the basic language,
notation and results which will be used throughout the remainder of the paper.

Let G be a compact Lie group, U C G x G a closed subgroup, and let U act on G via
(i, uz)*xg= ulgugl, g€G, (ur,uz)el.

The action is free if and only if, for all nontrivial (uq,u;) € U, u; is never conjugate
to u, in G. The resulting manifold is called a biguotient.

Let K C G be a closed subgroup, ( , ) be a left-invariant, right K—invariant metric on
G, and UC GxK C G xG act freely on G as above. Let g € G. Define

UF o= {(guig™" u) | (ur,u) € U}

Since U acts freely on G, so too does Ui, and G//U is isometric to G// U}‘:. This
follows from the fact that left-translation Lg: G — G is an isometry which satisfies
gu]g_l(ng’)uZ1 = Lg(ulg’uzl). Therefore Lg induces an isometry of the orbit
spaces G//U and G/ U} .

Consider a Riemannian submersion 7: M" —> N”~% By O’Neill’s formula for
Riemannian submersions, 7 is curvature nondecreasing. Therefore secy; > 0 implies
secn > 0, and zero-curvature planes on N lift to horizontal zero-curvature planes on M.
Because of the Lie bracket term in the O’Neill formula the converse is not true in
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general, namely horizontal zero-curvature planes in M cannot be expected to project to
zero-curvature planes on N.

Let K C G be Lie groups, € C g the corresponding Lie algebras, and { , ) a nonnegatively
curved left-invariant metric on G which is right-invariant under K. We can write
g=€t®p with respect to ( , ). Given X € g we will always use X and X, to denote
the € and p components of X respectively.

Recall that G~ (GxK)/AK

via (g,k) —> gk~!, where AK is the free diagonal action of K on the right of
G x K. Notice that the restriction of ( , ) to K is bi-invariant. Equip G x K with the
metric {( , ) :=(,)Dz{, )¢, t > 0. Thus we may define a new left-invariant, right
K—invariant metric { , }; (with sec > 0) on G via the Riemannian submersion

GxK, (. ) — (G, (,)1)
(g.k)— gk™!

)

where ®(Y) =Y, +AY;, A =t/(t41) € (0, 1). Furthermore, it is clear that the metric
tensor @ is invertible with inverse described by ®~1(Y) = Yo+ (1/0)Ye.

Suppose o = Span{®~!(X), ®~!(Y)} C g is a zero-curvature plane with respect to
the metric ( , )1, ie sec;(0) = 0. By the O’Neill formula ¢ must therefore lift to a
horizontal zero-curvature plane ¢ C g @ £ with respect to {( , )). It is easy to check
that the horizontal lift of a vector ®~1(X) € g to g @ ¢ is given by (X, —(1/1)X).

Then clearly
1 1
6 = Span {(X, —;Xg) , (Y, —;Ye)} .

But, since ({ , )) is a nonnegatively curved product metric, it follows immediately
by considering the unnormalised curvature that & has zero-curvature if and only if
[Xe, Ye] = 0 and the plane Span{X, Y} C g has zero-curvature with respect to the
original metric { , ), ie sec(X,Y) =0.

From Tapp [26], which generalizes similar results in Eschenburg [9] and Wilking [30],
we know that if { , ) is induced by a Riemannian submersion to G from a bi-invariant
metric on some Lie group L, then in fact sec;(¢) = 0 if and only if sec(d) = 0 with
respect to {{ , )), ie if and only if sec(X,Y) = 0 and [X¢, Y¢] = 0. We will always
be in this situation as throughout the paper we will use only the metrics described in
Example (a) and Example (b) below.
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Some new examples with almost positive curvature 221

Example (a) Suppose that (G, K) is a symmetric pair and that the initial metric
(,)=1{(, )o is a bi-invariant metric on G. As in (1), equip G with a new metric

2 (X, V) = (X, 21(Y))o

where g = £ @ p with respectto {, )o and ®;(Y) =Y, + A Ye. Then
o = Span{® ' (X), @ (Y)} C g

has zero-curvature with respect to ( , )1, ie sec;(0) = 0, if and only if

(3) 0=[X, Y]:[XE,YE]=[XpaYp]-

The proof of this follows immediately from our previous discussion together with the
fact that [p, p] C € whenever (G, K) is a symmetric pair.

Example (b) Let G D K D H be a chain of subgroups and suppose that both (G, K)
and (K, H) are symmetric pairs. Let g =t ® p and £ = h @& m be the corresponding
orthogonal decompositions with respect to the bi-invariant metric { , ) on G. Start
with the metric { , ) = (, ); defined by Example (a). Now define the metric { , ),
on G as in (1), where K is replaced by H, s > 0 takes the role of 7, and W replaces ®:

“4) (X,Y), = (X, ¥(¥))
(5) = (X, ®2(Y))o

with @2(Y) = Yy + A1 Ym + A142Yy, Ay = s5/(s + 1), and W(Y) = 7' ®,(Y) =
Yp+Ym+)\2Yh-

Let o = Span{WU~!(X), ¥~ (Y)} C g. Then, by our discussion prior to Example (a),
seca(0) = 0 if and only if sec;(X,Y) = 0 and [Xj, Y] = 0. By again considering
horizontal lifts it is not difficult to check that sec; (X, Y') =0 if and only if conditions (3)
hold as for sec (<I>1_1 (X), CDI_I (Y)) = 0. Hence secy(0) = 0 if and only if

(6) 0=[X.Y]=[Xe. Ye] = [X. Yp] = [Xin, Vo] = [ Xy, V]

where we have used the fact that [m, m] C § since (K, H) is a symmetric pair.

Now that we have described how to induce new metrics on G from old ones and derived
zero-curvature conditions for these metrics, we proceed to consider biquotients G/ U.
Let AG ={(g, g) | g € G}. Then, if the two-sided action of U on G is free, AGxU
acts freely on G x G via

(7 (g, 8). (u1,u2)) * (g1, 82) = (ggr1u; ', gg2uy ")
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with (g, g) € AG, (ug,uz) €U, (g1, g2) € GxG, and there is a canonical diffeomor-
phism

®) AG\(GxG)/U=GjU
induced by the map
GxG—G

(g1,82) — g7 ' g2

Let K; and K, be arbitrary subgroups of G. We define left-invariant metrics, ( , )k,
and ( , )k,,on G asin (1). Equip GxG with a left-invariant, right (K; x K, )—invariant
product metric ((, )) = (. )k, ® (., )k,. If UC K; xKj; then the AG x U action is
by isometries and (( , )) induces a metric on G/U. Our goal is to determine when a
plane tangent to G/ U has zero-curvature with respect to this induced metric.

By (8) and our choice of metric, the quotient map (G x G, ((, ))) — G/U is a
Riemannian submersion. O’Neill’s formula implies that a zero-curvature plane tangent
to G//U must lift to a horizontal zero-curvature plane with respect to ((, )). As in
the case of metrics on G, if ((, )) is induced from a bi-invariant metric on some Lie
group L, then Tapp [26] implies that horizontal zero-curvature planes with respect to
((', )) must project to zero-curvature planes in G//U. For our purposes this will always
be true since we will consider only metrics as in Example (a) and Example (b).

We must determine what it means for a plane to be horizontal with respect to (( , )) and
the AG x U action. Since each AG x U orbit passes through some point of the form
(g,e) € G x G, where e is the identity element of G, we may restrict our attention to
such points.

Recall that (( , )) is left-invariant. Therefore, letting u denote the Lie algebra of U,
the vertical subspace at (g, e) € G x G is given by

Ve={(Adg—1 X =Y. X —Y) | X €g.(Y1.Y2) €u}
after left-translation to (e, ¢) € G x G. Note that this is independent of the choice of
left-invariant metric on G x G.
Thus, with respect to (( , )), the horizontal subspace at (g, e) is
9) He=1{(Q7"(~ Ad,—1 X), Q' (X)) | (X, Adg Y1 —Y2)o =0V (Y1, Y,) € u}

where ©; and €2, are the metric tensors relating the left-invariant metrics ( , )k,
and (, )k, respectively to a fixed bi-invariant metric ( , )o on G, ie (X,Y)x, =
(X, Qi(Y))o, i =1,2. Werecall that the metric tensors in Example (a) and Example (b)
are given by ®; and ®, respectively, as shown in (2) and (5).
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In particular, (9) shows that a horizontal 2—plane ¢ in (G x G, (( , ))) must project to
a 2—plane on each factor, denoted by &7 and &, respectively. Moreover, since (( , ))
is a product metric, sec(o) = 0 if and only if sec(d;) =0, i = 1, 2. Thus, for product
metrics involving the metrics described by Example (a) and Example (b), we may apply
conditions (3) and (6) respectively in order to determine when a horizontal plane o
has zero-curvature.

2 The Cayley numbers, G, and its Lie algebra

We recall without proof some well known facts about Cayley numbers, the Lie group G,
and its Lie algebra. More details may be found in Gluck, Warner and Ziller [13] and
Murakami [20].

We may write the Cayley numbers as Ca = H + H{, where H is the algebra of
quaternions. Thus we have a natural orthonormal basis

{80:1, €1=i, ezzj, €3 :k, 6426, €5=l.€, €6=j€, €7=kﬁ}

for Ca. Note that this description of Ca differs slightly from that given in Mu-
rakami [20], and accounts for the difference which occurs in the description of the Lie
algebra g, in Theorem 2.2. Multiplication in Ca is nonassociative and defined via

(10) (a+bl)(c+dl) = (ac —db) + (da +be), a,b,c.d € H.

Hence we have the following multiplication table, where the order of multiplication is
given by (row) * (column):

er=i|lexa=j|les=k|es=L|es=il|eg=jl|e;=k{

e1=1i -1 k —J il —L —kt jl
er =] —k -1 i jl ke —{ —it
e3s=k Jj —i —1 kt —j4 il —L
eqa =40 | —il —jt —kt -1 i Jj k
es =il 14 —kt jl —i -1 —k

e = jL| kt 14 —if —J k -1 —i
e7=kl| —jt il 14 —k —J i -1

Table 1: Multiplication table for Ca

Recall that the Lie group G, is the automorphism group of Ca = R8. In fact G, is a
connected subgroup of SO(7) C SO(8), where SO(8) acts on Ca = R® by orthogonal
transformations and SO(7) is that subgroup consisting of elements which leave e¢g = 1
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fixed. SO(8) also contains two copies of Spin(7) which are not conjugate in SO(8),
and G; is the intersection of these two subgroups.

As our eventual goal is to prove Theorem A(i) and (ii), it is useful to recall the
fact that G, appears in the descriptions of some interesting homogeneous spaces.
The following statements are well-known and follow from applications of the triality
principle for SO(8). More details may be found in, for example, Adams [1, Theorem
5.5], Murakami [20] and Jacobson [17, page 79].

Theorem 2.1

(i) Spin(7)/G, =S, which inherits constant positive curvature from the bi-invariant
metric on Spin(7). Moreover, the isotropy representation is transitive on the
collection of pairs of orthogonal unit tangent vectors.

(i) Spin(8)/G, =87 xS” and SO(8)/G, = (8”7 xS")/Z,, where Z, = {+£(id, id)}.
(iii) G,/ SU(3) = S°.
We now turn our attention to the Lie algebra of G;. The proof of the following theorem

follows exactly as in Murakami [20] except that we use the basis and multiplication
conventions for Ca as in Table 1. Recall that so(n) = {4 € M,(R) | A" = —A}.

Theorem 2.2 The Lie algebra of G,, denoted by g5, consists of matrices A = (a;j) €
50(7) which satisfy a;j + aj; = 0 and the following equations:

a3 +ags +aze =0

a1z +das7+aes =0

ai3+aes +azs =0

ajst+an+aze=0

ays +aze+az; =0

a6 t+asy+as3 =0

ap7+az+as3=0

Hence g, C so(7) is 14—dimensional and consists of matrices of the form:

0 X1+x2 yi+y2 X3+x4 y3+ys Xs+X¢ Ys+ Vs

—(x1+x2) 0 o —Js Xs -3 X3
-1ty —o 0 X6 Ve —X4 —Ja
(1) | =(x3+x4) s —X¢ 0 %) »1 —X1
—(y3+ya) —xs —Ys6 ') 0 X2 )
—(xs+x6) 3 X4 -1 —X3 0 o) +on
—(ys+y6) —x3 V4 X1 —y2 —(er+az) O
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Recall that G, is a rank 2 Lie group. Therefore an examination of the elements (11)
of g, reveals that the maximal torus of G, is given by:

1
R(0)
R(p)
RO+ ¢)

(12) T? =

R(6) = (cos@ —sin@)

sinf cosf

3 Free isometric actions on SO(8)

Consider the rank one symmetric pair (G, K) = (SO(8), SO(7)) where
SO(7) = SO(8)

(")

with Lie algebras g, £ respectively. Let (X, Y)o = —tr(X'Y) be a bi-invariant metric
on G. Withrespectto ( , )¢ we thus have g =pPEt. Asin (2) we define a left-invariant,
right K—invariant metric { , ); on G by

(13) (X.Y)1 = (X, 21(Y))o
where ®;(Y) =Y, +A1Ye, A1 € (0, 1). Recall that from Example (a) we know that a
plane
o = Span{®7 ' (X), 7' (Y)} C g
has zero-curvature with respect to ( , ); if and only if
(14) 0=[X.Y]=[X,. Yp] = [Xe. Yil.
We now equip G x G with the product metric {, )1 @ (, )o.
Consider an isometric action of U :=S! x G, € K x G on SO(8) defined by
(15) Ar—> R(0)-A-g™!
where 4 € SO(8), g € G,, and

Iy

< R(p16) _ [cosf —sin6
(16)  R(0) = R(p20) : R(Q)_(sm@ cose)'

R(p30)

From (8) we know that AG\G x G/U = G//U whenever the biquotient action of U
on G is free.
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Lemma 3.1 AG x U acts freely and isometrically on (Gx G, {, )1 ® {, )o) if and
only if (p1, p2, p3) is equal to (0,0, 1) (up to sign and permutations of the p; ).

Proof Recall that conjugation of either factor of U by elements of G is a diffeomor-
phism, and that a biquotient action is free if and only if nontrivial elements in each
factor are never conjugate to one another in G. Thus we need only show that nontrivial
elements of S! and T? are never conjugate in G if and only if (py, p2, p3) = (0,0, 1)
up to sign and permutations of the p;, where T2 is the maximal torus of G, described
in (12). This amounts to investigating when the sets of 2 x 2 blocks on each side are
equal up to conjugation by an element of the Weyl group of SO(8). We recall that the
Weyl group of SO(2#n) acts via permutations of the 2 x 2 blocks and changing an even
number of signs, where by a change of sign we mean R(0) —> R(—0). A simple
calculation then yields the result. a

Note that there are many other free S! x G, actions on G. For example, there is a free
S! action on the left of G/G, by matrices of the form

R(0)
R(0)
R(0)
R(k0)

a7

where (k,3) = 1. However, it is clear that only the action in Lemma 3.1 is isometric
with respect to the metric { , ); @ (, ) on G xG.

It follows immediately from the long exact homotopy sequence for fibrations that a
biquotient Spin(8)/(S' xG,) =S'\(S7 xS”) must be simply connected. By the lifting
criterion for covering spaces the action by U on SO(8) described above lifts to some
action by 8! x G, on Spin(8). Therefore, together with Theorem 2.1, one might expect
that the resulting simply connected biquotient Spin(8)/(S! x G,) = S'\(S” xS87) is a
nontrivial finite cover of SO(8)/(S! x G5). In fact the lemma below will demonstrate
that this covering map is a diffeomorphism.

Lemma 3.2 M!3 :=S0(8)/(S! x G,) is simply connected and hence a quotient of
S7 xS7 by an S' action.

Proof Consider a general embedding
1
S; <> SO(8)
R(q:10)
R(O) — Rig28)

R(q30)
R(q40)
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where ¢ = (¢1.92.93.94) € Z* and where R(u) € SO(2). The long exact homotopy
sequence for the fibration S; x Gy — SO(8) — SO(S)//S}I x G, yields

... —> 11 (S; X Gp) = Z —> 71 (SO(8)) = Zy —> m1(SO(8) /Sy x G2) —> 0.
Thus to obtain the desired result we need only show that the map Z —> Z, is surjective.

Recall that the homomorphism ty: 771 (S ;) —> 1(SO(n)) is determined by the weights
q=(q1,---,qm), m=|n/2], of the embedding, namely ¢4(1) =) ¢; mod 2. There-
fore (4 is onto exactly when »_ ¢; is odd. In our case we have ¢ = (0,0, 0, 1), and so
L% 1S a surjection. a

Notice that the action of U on SO(8) given in Lemma 3.1 may be enlarged to an
isometric action by SO(3) x G, and the resulting biquotient we call N1, Now recall
that for all » we have a 2—fold cover Spin(n) —> SO(n) with ;(Spin(n)) = 0 and
m1(SO(n)) = Z,. Thus, by the lifting criterion for covering spaces, the inclusion
SO(3) < SO(8) must lift to Spin(3) = S* < Spin(8). As in the case of U=S! xG,
above we show that N!! = SO(8)/(SO(3) x G,) is simply connected and hence
diffeomorphic to Spin(8) /83 x G, = S*\(S7 x §87).

Lemma 3.3 N!! =S0(8)/(SO(3) x G,) is simply connected and hence a quotient
of S” x 87 by an S? action.

Proof Consider the chain of embeddings joi: S! = SO(2) < SO(3) < SO(8) given
by enlarging S! above to an SO(3) in SO(8). We thus have an induced homomorphism
on fundamental groups (j 0i)x = jx 0ix: Z —> Zp —> Zo. But iy and (j oi)x
are simply the homomorphism ¢, from Lemma 3.2. Hence i«(1) = 1 mod 2 and
(joi)x(1) =1 mod 2. This implies j«(1) =1 mod 2 and therefore j, is a surjection.
An examination of the long exact homotopy sequence of the fibration SO(3) x G, —
SO(8) — N!! yields the result. a

Recall that G, C Spin(7)" C SO(8), where the second inclusion is via the spin embed-
ding. By our choice of metric on G x G we may therefore enlarge the actions of S! x G,
and SO(3) xG, to isometric actions by S x Spin(7)” and SO(3) xSpin(7)’ respectively.
It was shown in Eschenburg [9, Theorem 75, Table 101] that these actions are free
and the resulting biquotients are CP* and S* respectively. It follows immediately that
there are fibre bundles

S7 = Spin(7)’ /G, — M'3 — CP3

S = Spin(7)’ /G, —> N!! — §*

for which the projections are Riemannian submersions.
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4 Almost positive curvature on M!? and N'!

We are now in a position to prove the curvature statements Theorem A(i). We will
concentrate on the circle quotient of S7 x S, namely

M"3 =S0(8)/(S! xG,) =G//U,

since the other case follows trivially.

Consider the inclusions G = SO(8) D K =SO(7) D G, . With respect to the bi-invariant
metric (X,Y)o=—tr(XY) on G we have

g=pPdt and t=mdg,

—VU4 Vs Vg —U7 0 —VU; —Vp
—VUs —Vgq —VUsz Uy U1 0 —U7

where
(18) p= weR’
and, by (11):
(0O 0 0 0 0 0 0
0| 0 vy vy vy vg4 Vs Vg
0 —U1 0 U7 Vg —UVUs UVUg —VU3
(19) m= 0 —VUy —V7 0 —Vs —Vg U3 V4 v; € R
0 —VU3 —Vg Us 0 V7 —VUy Vg
0
0
0

—Vg VU3 —VUg —V1 V2 U7 0

~

Lemma 4.1 Let W; €p,i =1,2,and V; €em, j = 1,2, be orthonormal vectors
with respect to ( , )o. Then rank(W;) = 2, rank(V;) = 6, rank([W;, W>]) = 2 and
rank([Vy, V3]) = 6.

Proof Suppose P, Q and Z are real n x n matrices. It is well-known (and not
difficult to prove using the rank-nullity theorem) that:

(i) If rank(P) = n, then rank(PZ) = rank(Z).

(ii) If rank(Q) = n, then rank(ZQ) = rank(Z).
In particular, if P and Q are invertible matrices then, for Zy = PZQ, it follows that
rank(Z) = rank(Z).

Choose arbitrary pairs of orthonormal vectors in p and m and show that the conclusions
of the lemma hold. The result now follows from the facts that the isotropy representation
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of G, C SO(8) splits irreducibly as p & m and, moreover, is transitive on the sets of
pairs of orthonormal vectors in p and m respectively, ie G, acts transitively on the
unit tangent bundle to S®. (Recall Theorem 2.1(i).) a

Let U=S'xG, C KxG be as in Lemma 3.1. Thus, equipping G x G with the
product metric {, )1 @ (, )o as before, we may induce a metric on G/ U via the
diffeomorphism

AG\G xG/U — GJ/U.

As discussed in Section 1, we may restrict our attention to points of the form (4, I') €

G x G. Let E7g € g denote the vector spanning the Lie algebra of the S! factor of U.
By (9) the horizontal subspace at (A4, I') with respectto (, )1 @ (, )o is given by

Ha={(—D] (Adgy W), W) | Wy, =0, (W, Ady E75)0 = 0}.
Suppose that
o = Span{(—®] ' (Ady X), X), (=@ (Adg Y), V) Cg@yg

is a horizontal zero-curvature plane at (A, I) € G x G. Since we have equipped G x G
with the product metric ( , ); @ (, )g, our discussion in Section 1 shows that o must
project to zero-curvature planes &;, i = 1,2, on each factor. Considering ¢, we find:

Lemma 4.2 Suppose X,Y € g are linearly independent vectors such that Xy, =
Yy, =0 and [X, Y] = 0. Then it may be assumed without loss of generality that X € p
and Y e m.

Proof Since [X,Y]= 0 and (G, K) is a symmetric pair, it follows that [X}, Y] =
—[ X, Ym]. Suppose that [ Xy, Yin] # 0. Then, by Lemma 4.1, [ Xy, Y] is a matrix of
rank 6. But [X}, Y;] has rank no more than 2, so we have a contradiction. Therefore
[Xp. Y] = [Xw, Y] = 0.

The equality [X,, Y] = 0 implies that, since (G, K) is a rank one symmetric pair, we
may assume Y, = 0 without loss of generality. Hence X e p@®m and ¥ € m. On
the other hand, by Theorem 2.1(i) there are no independent commuting vectors in m.
Then, without loss of generality, X € p and ¥ € m. a

The horizontal zero-curvature plane o is thus determined by
0/ 0

20 X =
0 0| (vij)

with [X, Y] =0, where w € R” and (v;j) = (v;j |2 <i,j <8).
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By Lemma 4.1 we know that Y has rank 6, that is, the column space of Y is a six-
dimensional subspace of R”. The condition [X, Y] = 0 is equivalent to w € R” being
perpendicular to each of the columns of Y . Therefore w, and hence X, is uniquely
determined up to scaling by Y. Let ¥: m — p be the (unique) map assigning X € p
to Y € m such that, by abusing the notation of (18) and (19), X = ¥ (Y) is given by

(21) wt = W(vl’ ey U7) = (U7,—U2, V1, —V4, V3, Vg, _v5)'

It is easy to check that [/ (Y), Y] =0, and  is clearly a linear isomorphism. Moreover,
¥ is Gy—equivariant since Adg[X,Y] = [Adg X, Adg Y], for all g € G,, and by
uniqueness. Therefore every horizontal zero-curvature plane o is determined by a pair
X, Y)=W(Y),Y),with X €p, Y em.

Given [X, Y] = 0, the conditions in (14) imply that ¢ has zero curvature if and only
if [(Adgr X)p, (Ady Y)p] = 0. But (G, K) is a rank one symmetric pair and thus &;
has zero curvature if and only if (Adg: X),, (Ady Y), are linearly dependent, that is,
if and only if either

(Adgr X)p =0 or (AdyY),=0 or (Adg X),=s(Ady Y),
for some s € R —{0}.

Suppose that (Ad4r X), =s(Ady Y),, for some s € R—{0}. Then Ad4 (X —sY) Lp.
Since elements of p- =t =s0(7) have vanishing determinant, it follows from the discus-
sion on ranks in the proof of Lemma 4.1 that rank(X —sY) =rank Ad4 (X —sY) <6.
But X and Y describe a horizontal zero-curvature plane, so the vector w € R’
determining X is orthogonal to the columns of sY , which itself has rank 6. Hence
rank(X — sY) = 7, which is a contradiction. Therefore either (Ady X), = 0 or
(Adg Y), =0.

Before we continue, we recall some simple facts about 4 € SO(8). We may write A as

app|diz -+ dig

agi

where A is a 7 x 7 matrix. Since AA” = I, one can easily derive the identities

(22) aj + Y lal* =1
(23) ayi(agy) + Aap)' =0
(24) (ax1)(ag))" + AA" = Ixs

where (ax) and (ag) are row and column vectors respectively (with 2 < k < 8).
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Consider X € p as in (20) and suppose that (Ad4 X), = 0. A simple computation
shows that this is equivalent to

ayw' A = (ag) w(a) = ((@x1), wyag).

If we multiply both sides by (@;)’, then the identity (23) above yields

—ai, ((ak1). w) = —a3, w' (ag;)
= ((ak1), w) (@) (@)

= ((ax1). w) Y _ layel*.

By (22), this reduces to (ag;)'w = ((akl) w) = 0. Hence allth = 0, ie either
aj;=0or w’ A =0. However, if w' A =0, then Ady X =0. Since X #0, this gives a
contradiction. Therefore the condition (Ad4: X), = 0 is satisfied if and only if a1 =0
and ((a21....,ag1)", w) = 0. It is clear that the set of such w is six-dimensional. For
reasons of dimension we will therefore always be able to find a pair (X, Y') describing
a zero-curvature plane, since we need only ensure that Ady X,Ady Y L S'.

On the other hand, consider ¥ € m as in (20) such that (Adg4 Y), = 0. It is again
simple to show that this is equivalent to

(ag1) (vij) A =0.
If we multiply both sides by A7, then (24) gives

0 = (ar1) (vij)(I7x7 — (ak1)(ak1)")
= (ax1)' (vij) — ((ag1)" (vij)(ax1))(ar1)’
= (ak1)" (vij)

where the last equality follows from (ax1)’(vij)(ag1) = 0, since all entries on the
diagonal of Adys Y € s0(8) must be zero.

Let X =(Y) € p be given by w € R”. Now (ax1)" (vij) = 0 implies that the vector
(a21,...,ag1)" € R7 is perpendicular to each column of the rank 6 matrix (v;;).
Hence either a;; =0, forall 2 <k <8, or w = (d1,...,ag;)".

If a1 =0, forall 2 <k <8, then by (22), (23) and (24) 4 € O(7) C SO(8). Conversely,
given A € O(7), it is clear that Adys preserves the orthogonal decomposition p & €.
Thus Ad4 X, with X € p, will always be orthogonal to S! and, for dimension reasons,
there will always be a ¥ € m such that Ady Y L S'. Therefore it is always possible
to find a pair (X, Y) spanning a horizontal zero-curvature plane.
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Finally, in the case w = (as1,...,ag1)", there is, up to scaling, a unique pair (X,Y)
determined by the coordinates of A. Clearly X is determined by w while, by (21), ¥
is given by

(v1,...,v7) = (aa1,—as1,ae1, —dsy, —agy, a1, dz21).

It is easy to see that the condition (X, Adyg E7g)o = 0 is given by the algebraic
expression:

8

(25) > (arsaxr —ayrags)ag; =0
k=2

A straightforward computation shows that condition (Y, Ad4 E7g)¢ = 0 is given by
0 = (ma3 +msg —me7)ag) — (mag —ms7 —Meg)asy
+ (mas —m3g +my7)ae) — (Mae +m37 +myg)as;

(26)
— (ma7 —m3e —mys)agy + (mag +ms3s —Mmaye)ar

+ (m34 +mse —mag)az;

where myy = aypgagy — apraygg. It is clear that if both (25) and (26) hold, then there is
a horizontal zero-curvature plane at (4, [).

We have shown that a horizontal zero-curvature plane occurs at (A, I) if and only if
one of the following conditions is satisfied:

(@ a1 =0

(b) A€O0(7) CSO(B)

(c¢) Equations (25) and (26) hold.
The locus of such points is clearly lower dimensional. Moreover, extending the U
action to an action by SO(3) x G, increases the number of conditions which must be

satisfied in order for a zero-curvature plane to be horizontal. Theorem A(i) now follows
immediately.

5 Generalised Eschenburg spaces

Consider the rank one symmetric pairs (G,K) = (U(n + 1), U(1) U(n)) and (K,H) =
(U(1)U((n),U(1)U(1)U(n— 1)) where n > 2 and the inclusions K < G and H < K
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are given by
(z, B) —> (Z B) , zeU(l), BeUm)

and (z,w,C)|—>(z,(w c)) z,weU(l), CeUmn-1)

respectively. Let g, and h be the Lie algebras of G,K and H respectively. Let
(X,Y)g =—Retr(XY) be a bi-invariant metric on G. With respect to { , )¢ we thus
have the orthogonal decompositions g =p @& £ and ¢ = m & hy, where:

X2
b= X = : eC”
Xn+1
3
and m= y= : ecn!
K yp 0 ) Yn+1

As in Example (a) and Example (b) we define a left-invariant, right K—invariant metric
(,)1 onGby

27 (X.Y)1 = (X, 21(Y))o

where ®;(Y) =Y, +A1Ye, A1 € (0,1), and a left-invariant, right H—invariant metric
(, )2 onG via

(28) (X.Y)2 = (X, ¥(Y)) = (X, P2(Y))o

where @(Y) = Yy 4+ A1 Ym + A1A2Yy, A2 € (0,1), and WU(Y) = ' dy(Y) =
Yp+Ym+)\2Yb-

Equip GxG with the left-invariant, right (KxH)—invariant product metric { , }1B(, )».
Consider the subgroup L, ; C K x H defined by

Lyq = {(diag(z?", ... zPr+1) diag(z9',z92, B)) |z €S, Be Un — 1)}
where pi,..., put1.91,92 € Z. Lp 4 acts on G via

G—G

A —> diag(z?!, ..., zPn+1) A diag(z9!, 292, B 1)
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where z € U(1) and B € U(n—1). It is not difficult to show that this action is free if
and only if

(29) (Po(1) —4q1: Po2)—q2) =1 forallo € Sy41.

We denote the resulting biquotients G/L, 4 by E;f’q_l and remark that n = 2 gives
the usual Eschenburg spaces (see Eschenburg [9, Section 41]).

Recall the canonical diffeomorphism
Ey" ! =GJLpq = AG\GxG/Ly 4

given in (8). Now, since L, 4 C K x H, there is a metric on E?,f’q_l induced from the
product metric on G x G.

From (9) it is easy to show that the horizontal subspace at a point (4, 1) € Gx G is
given by

(30) Ha={(-@7 (Adg= W), D3 (W) | Wyu—1) = 0. (W. Ady P — Q) = 0}
where A* = A’, P =diag(ipy.,....ipns1), O = diag(iq1.i¢»,0,...,0),and h =
u(l) ®u(l) ®u(n—1) as before.
Proposition 5.1 Suppose that
o = Span{(—®7 ! (Adg+ X), @71 (X)), (] 1 (Adg V), &5 1(Y))}

is a horizontal zero-curvature plane at (A,I) € G x G. Then X = @ 1(X ) and
Y =907 1(Y) can be written in one of the following forms:

(i) X egandY = diag(i,0,...,0)

(i) X epdbhandY = diag(0,7,0,...,0)

(i) X epdbh and Y = diag(i,i,0,...,0)

(iv)

and Y =

where x5 # 0, ,B=1—Z"+1 lyjl?, and xj = —ixpy; for j =3,....,n+1
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(v) 0
ip| =y
and Y =
y 0
where x = (0, x3,...,X,41) #0€ C" and Zy:; xjy; =0.

Proof From the discussion in Section 1 we know that the projections 6;, i = 1,2,
onto the first and second factor must be two-dimensional zero-curvature planes with
respect to (, ) and (, ), respectively.

Consider
& = Span{®; 1 (X), @71 (Y)} = Span{¥ ! (X), =1 (Y)}

where U = ®7'®,. &, has zero-curvature with respect to { , ), if and only if the
equalities in (6) hold, namely if and only if

0=[X.Y]=[Xe. Ye] = [Xy, YVp] = [Xin, Y] = [ Xy, ¥y].

Since (G, K) is a rank-one symmetric pair, [X,, Y] = 0 if and only if X, and Y, are
linearly dependent. Without loss of generality we may assume that Y, = 0. Similarly,
(K, H) being a rank-one symmetric pair implies that [Xy,, Y] = 0 if and only if Xy,
and Y;, are linearly dependent. Without loss of generality we may assume that either
Xm =0 or Yy, = 0. Thus we have two possibilities:

(€2)) X=Xp+Xu+Xy and Y =Y,

(32) X =X, + Xy and Y =VYn+ Y.

Since o is horizontal and ®; simply scales t=m @ § by A; € (0, 1), then we must
have X,,—1) = Yy(u—1) = 0, where h = u(1) & u(1) @ u(n — 1). Therefore in both
cases above we have

Xy =diag(ia,ib,0,...,0), Y, =diag(ic,id,0,...,0), somea,b,c,decR.

Clearly [Xj, Y] = 0. Then [Xe, Ye] = [Xum, Y] 4 [Xy, Yna]. In the case of (31) our
zero-curvature condition is thus 0 = [Xi,, Y3], while for case (32) we have 0 = [ Xy, Yi].

Consider general vectors Z = diag(i,if,0,...,0)€bh and W em. Then 0=[Z, W]
if and only if either 8 =0 or W = 0. Applying this to case (31) yields (after rescaling)
two cases:

(33) X=X,+Xu+Xy and Y =diag(i,0,...,0)
(34) X =X, + Xy and Y =Y.
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On the other hand, case (32) yields the added possibility

(35) cp®h and Y =Y+,

As (33) is already of the form (i) in the proposition, we concentrate on cases (34)
and (35).

The only zero-curvature condition remaining to us is [X, Y] = 0. Since Y}, = 0, this is
equivalent to [X}, Y¢] = 0. Consider the general vectors

iyl |
__ |18 =V
€p and V= ct
v 0
where u = (us,... . up11)' €C*, v=(v3,...,0,41)" €C" ! and y,8 € R. Then
[U,V]=0
(36) . = . .
= z()/—S)uz—i-Zujvj:O and yuj =—iuyvj, j=3,....,n+1.

j=3

Suppose u; = 0. Then (36) becomes yu; =0, j=3,...,n+1, and 7:; ujv; =0.
This is satisfied if and only if one of the two following possibilities holds:

37 uj =0 forall j =2,...,n+1,
or
n+1
(38) Uy =0, y=0, > ujvy=
j=3

On the other hand, if we assume u, # 0 then (36) becomes
u #0, yuj =—iuyvj, j=3,....,n+1,

= e sl = Juj?
j=3
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Now, if we apply conditions (37), (38) and (39) to case (34) we arrive at one of the
following (after rescaling where appropriate):

(40) X =diag(ia,ib,0,...,0) and Y =diag(ic,id,O0,...,0)

41) Xepdh and Y =diag(0,7,0,...,0)

42) Xepdh and Y = diag(i,i,0,...,0).

Since X and Y must span a two-plane, it is clear that diag(i, 0, ...,0) must lie in

the plane spanned by the X and Y given in (40). Therefore zero-curvature planes
described by (34) fall into one of the classes given by (i), (ii) and (iii) of the proposition.

For case (35) conditions (37), (38) and (39) imply that X and Y must have one of the
following forms (after rescaling):

(43) X =diag(i,0,...,0) and Y €t

or and Y =

where x = (0, x3,...,x,41)" #0€ C" and Zj —3 Xjyj =0, or finally

Bl =¥

~.

and Y =

(44) X

where x, # 0, ,8=1—Z”Jrl |yjl?, and x; = —ixyy; for j =3,....,n+1.

Therefore, in order to complete the proof we may restrict our attention to horizontal
zero-curvature planes for which X and Y are of the form (44).

Without loss of generality we may assume that the vectors U~!(X) and ¥~!(Y)

spanning G, are orthogonal. By (28) and since Y € € this is equivalent to (X, Y4)o =0,
where we recall that (V, W)y = —Retr(V W). For (44) we get orthogonality if and
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only if o« = 0. Hence, as desired, we may rewrite (44) as

i
ip| =y
and Y =
y 0
where X # 0, =1-Y723 |yj[?, and x; = —ixpy; for j =3,....n+1. O

In order to simplify the statements and computations to follow we fix

cost —sint
sint cost
Af = eUm+1), cos?t#Q
Iy

for the remainder of the proof, where I,,—; denotes the (n—1) x (n—1) identity matrix.

Lemma 5.2 If p; # p, and py + p2 # q1 + q2, Then a vector
(—07 ! (Adgs W), @51 (W)
with W = diag(i,0,...,0), diag(0,,0,...,0) or diag(i,i,0,...,0)
cannot be horizontal at (A, I) € G xG.
Proof Consider V = diag(if,i¢,0,...,0). From (30) we see that a vector of the

form (—®7'(Adgx V), ®;'(V)) is horizontal if and only if (V, Adg, P — Q)o = 0.
Since (X,Y )9 = —Retr(XY), this is equivalent to the condition

n+1 n+1
0g1+9q2 =0 law*pr+¢ Y _ lazk|* pi
k=1 k=1

= (B cos®t + @sin® 1) py + (O sin® 1 + ¢ cos? 1) ps.

If (A,¢) = (1,0) this becomes q; = pjcos®t + p,sin®¢ which is equivalent to
(p1 — p2)cos’t = qy — p,, that is cos?t € Q. This is impossible by definition
of A;. Similarly, when (6, ¢) = (0, 1) we again have a contradiction. Finally, when
(0,0) =(1,1) we get g1 + g2 = p1 + p2, which contradicts our hypothesis. a
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Recall that the projection ¢ of a plane ¢ as in Proposition 5.1 onto the first factor is
given by
&1 = Span{®] ' (Adg+ X), @7 (Ady~ V)}
= Span{®, ' (Ad4+ (1 X)), D7 (Adg= (1Y)}
Equation (3) provides us with conditions for ¢; to have zero-curvature with respect

to {, )1 but, if we assume that 6, has zero-curvature, since (G, K) is a rank-one
symmetric pair the conditions reduce to

(45) [(Adg= (@1.X)), . (Adgs (®1Y)),] = 0.

That is, the p components of Adg« (®1X), and Adg+ (P1Y), must be linearly de-
pendent. There are three possible cases:

(Adgx (91 X)), =0

(Adgx (1Y), =0

(Adg* (P1X)), =5 (Adg= (P1Y)),
for some s € R —{0}.
Recall that W = @ (W) = W, + A W, A; € (0, 1), and that

n+1
Adg« W = Z Agiagj Wiy
k=1

where W = (w;j) and W € g. Then, since p is completely determined by the first row
of vectors in g, we may abuse notation to write

n+1
46) (Adyg+ W), = ( Z agragjge | j=2,....,n+ 1).
kl=1

Lemma 5.3 Let o be a zero-curvature plane at (A;, I) € GXG as given by Proposition
5.1(iv). If py # p, and py + p2 # q1 + q» then o cannot be horizontal.

Proof By (46) we have

(Adgx (P11 X)), = (—cos?t X, —sin®t X, —coSt X3,...,—COSt Xpy1)
(Adgx(®1Y))p = (iA1(B—1)costsing, —Aysint y3, ..., —Aysint yu41).

If (AdA;«(GJIX))p =0then xj =y;=0forall j =3,...,n+1,since x; = —ixy);,
j=3,...,n+1.Thus 8 =1 and Y = diag(i,i,0,...,0). By Lemma 5.2 Y cannot
determine a horizontal vector.
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If (Adgx(P1Y)), =0 then ¥ = diag(i,7,0,...,0) and, again, Lemma 5.2 shows that
o cannot be horizontal.

Finally we examine the situation (Ad 4% (P1X)), =s(Ad 4% (P1Y)), for some nonzero
s € R. Then costxj = sA;sint y; implies that —i cost x,y; = sA;sint y; for
J=3,...,n+1,since x; =—ixyyj for j =3,...,n+1. We have already shown that
if o is to be horizontal the y; cannot all be zero. Therefore x, =i(sA;sint/cost) €iR.

Now (—<I>1_1 (AdAf (P X)), @;1 (@1 X)) is a horizontal vector if and only if the equa-
tion (X, Ady, P— Q)o = 0 is satisfied; that is, if and only if

n+1 n+1
0=>" Im(flw > 5kzxk)m
{=1 k=2
= Im(a11a21x2) p1 +Im(a12a22x2) p2
=costsint (p; — p2) Im(xy)

where again we recall that (V, W), = —Retr(V W). By hypothesis and definition
of A; we have x, =i Im(x,) = 0, which contradicts the assumption that x, # 0. O

Lemma 5.4 Let o be a plane at (A;, I) € G x G as determined by Proposition 5.1(v).
Then o does not have zero curvature at (A;, I).

Proof Following (46) we write

(AdAf(CDlX))]J = (—iAj@costsint,—cost X3,...,—COSt Xp41)
(Adgx(®1Y))p = (iA B costsing, —Aysint y3, ..., —Aysint ypi1).

If (Ad g (®1X))p =0 then X =0, which is a contradiction since o is two-dimensional.
Similarly, (AdA;k (®1Y)), = 0 gives a contradiction. On the other hand, if there
is some nonzero s € R such that (AdA;k (P1X)), = s(AdA;k (®1Y)), then we find
cost xj = sAysint y;j, j =3,...,n+ 1. However, since Z;’i; xjyj = 0, this
implies that x; = y; = 0 for all j = 3,...,n + 1. But, by hypothesis, x; cannot
all be zero for planes of this type, and so we have a contradiction. Therefore, by the

discussion following (45), o cannot admit zero-curvature at (A;, I). m|
Proof of Theorem B If p; = --- = p,4+; then we may assume without loss of
generality that p; =0, forall i =1,...,n 4 1. Since the action is free we must have

(91,92) # (0,0). Hence, by Tapp [25], we are done.

As discussed in Section 1, a permutation of the integers py,..., p,+1 induces a
diffeomorphism E;?q_l — E;?q_l. Therefore, if p; # p; for some i # j, we may
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assume that py # p,. If p1 + pa # g1 + ¢» then we are done by Proposition 5.1 and
Lemmas 5.2, Lemma 5.3 and 5.4.

Finally, if p; # p, but p; + p2 = ¢1 + q2, then the freeness condition (29) implies
that either (pq, p2,..., pn+1) =(1,...,1,—1,...,—1) and (¢1,¢42) = (0,0) (up to
sign and permutations of the p;), where #{i | p; = —1} € {|(n +2)/2], n}, or there is
some px €{p1,pat, ke{3,....,n+1}.

In the latter case we may permute and relabel the p; such that p; + pr # g1 + ¢2,
in which case we are done as above. In the former case we may assume that p; =1,
p2» =—1 and p3 = —1 (after reordering if necessary). Then, for

1/2 1/42 1)2
—1/2 1/v/2 —1/2
—1/v/2 0 1/42

A0:= EU(n+1),

In—2

we may repeat the approaches used in the proofs of Lemmas 5.2, 5.3 and 5.4 to rule
out the existence of any horizontal zero-curvature planes at (4g, I) € G x G. Note that,
unlike in the proof of Lemma 5.4, it is necessary to show that a plane as determined by
Proposition 5.1(v) cannot have zero curvature and be horizontal at the same time. O

6 Topology of M'3 and N!!

We turn now to the topological assertions of Theorem A regarding the biquotients
M3 = S0(8)/(S' x G,) and N'! = SO(8)//(SO(3) x G,), namely that they have
the same cohomology rings but are not homeomorphic to CP* x §7 and S* x S
respectively.

Theorem 6.1 The biquotients M'3 and N'! have the same cohomology rings as
CP? x S7 and S* x 87 respectively. In particular M'3 and N'! are not manifolds
known to admit positive curvature.

Proof In Section 3 we established that M'3 and N'! are the total spaces of 87—
bundles over CP? and S* respectively. Given an arbitrary fibration 87 — E —> B,
where B is a simply connected, compact manifold with dim B < 7, the Euler class e is
trivial since H3(B; Z) = 0 and so the Gysin sequence splits into short exact sequences,
from which it immediately follows that H/ (E; Z) = H/ (B x S7; Z), for all j. Now
M!3 and N'! are quotients of S7 x 87 by S! and S3 respectively. A quick glance
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at the Serre spectral sequences of these fibrations shows that the ring structures of
H*(M'3;Z) and H*(N'!; Z) agree with those of H*(CP?xS7; Z) and H*(S*xS7;Z)
as desired. O

In order to distinguish M!3 and N'! from the products CP3 x §7 and $* x S§7,
respectively, we want to analyse their Pontrjagin classes. There is a general procedure
(developed in Borel and Hirzebruch [5], Eschenburg [10] and Singhof [23]) for com-
puting the R—Pontrjagin class of a biquotient G//U, where R is a coefficient ring such
that H*(G; R) and H*(U; R) have no torsion, and the action of U on G is (effectively)
free. Let ©: U — G x G denote the embedding and assume that we have such an R.

We adopt the following notation: For a compact, connected Lie group L, let T, denote
the maximal torus and Wy, the Weyl group. Let E; be a contractible space on which L
acts freely. The classifying space of L is the quotient By, := Ep /L. A product of Lie
groups L; and L, is written L{L;.

Consider the following commutative diagram of fibrations
G x EGG G x EGG

| |

%G
G xyEgec — G xgg Ecc = Bag

«;Ul lBA

By——B
U B, GG

where ¢g and ¢y are the respective classifying maps, and A: G — GG denotes
the diagonal embedding. Now, since projection onto the first factor in each case is a
homotopy equivalence, we have G >~ G X Egg and G//U ~ G xy Egg. Thus, up to
homotopy, we can consider the diagram above as:

G G
@7 GJU 2~ Bg

ol lBA

By 5 Bgeg
L

We would like to use the Serre spectral sequences of the fibrations on the left and right,
as well as the commutativity of the diagram, to compute the Pontrjagin class of (the
tangent bundle of) G /U. We will need to know H*(G; R), H*(By; R), H*(Bgg: R) and
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the homomorphisms (B,)*: H*(Bgg;R) — H*(By;R) and (¢y)*: H*(By:R) —
H*(G/U;R).

Let L be a compact, connected Lie group and R a ring such that H*(L; R) has no
torsion. Then

where r = rank(L). Hence, from the Serre spectral sequence of the universal bundle
L—E_. — By,

(49) H*(BL:R) =R[y1,.... /]
where y; denotes the transgression of y;.

Let (¢1,...,t) be coordinates of the maximal torus T . By an abuse of notation we
identify #; with the element 7; € H!(Ty;R). The corresponding transgression arising
from the Serre spectral sequence for Ty, — E1, — B, is t_] € H? (Bt, :R). Since L
does not have any torsion in its R—cohomology we have

(50) H*(BL;R) = H* By, :R)" =R[1;.....5]"".

Thus we have explicit well-defined generators of H* (By; R) which we identify with y;,
j=1,...,r.

Suppose now that /: Ly —> L, is a homomorphism of Lie groups. Then the commu-
tative diagram

L —" 1,

I

TL1 —h> TL2

induces a commutative diagram of classifying spaces

Bn
BL1 E—— BL2

]

Br,, < B,
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which in turn induces the commutative diagram:

Bp)*
H*(Br,) ~—— H*(BL,)

)

* *
H (BTLI) m H (BTLZ)

In particular, by (50), we see that (B;)* can be determined by simply understanding
h(TLl) - TLZ .

Consider again diagram (47). Recall that, since there is no torsion,
H*(Bgg:R) = H*(Bg; R) @ H*(Bg; R).

Then H*(Bgg;R) is generated by classes of the form y; ® 1 and 1 ® y;, j =
1,...,r =rank(G). Consider the diagonal embedding A: G — GG. In coordinates
Al1g is given by tj — (#j,¢;), j =1,...,r. We have commutative diagrams as in
(51) and (52). Now
A*: H(Tg:R) ® H!(Tg:R) — H!(Tg:R)
i ® 1 — tj
I1®t—>1t

which in turn implies

(Ba)*: H*(B1,:R) ® H*(Br,; R) —> H?(B1,:R)
il
1Q1 — 1.
Therefore, by (50),
(Ba)*: H*(Bgg; R) — H*(Bg: R)
Vi®l—yj
1®yj —> yj.
Since the diagram (47) is commutative we see that
06 (7)) = ¢6((Ba)* (3 ® 1) = ¢(((BY* (3 ® 1))

53
63 e = (BA (1 ® 7)) = ¢ (B)* (18 T))).
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We remark that, by naturality of spectral sequences, one can deduce from (47) that

H*(GJU:R) = H*< H*(G;R) ® H* (Bu; R) )

(dvj = p5((BY* (75 ® 1) — ¢ ((B)* (1 ® 7))

Let us now focus on computing the Pontrjagin class of G/U. Let 7 be the tangent
bundle of G/U. In analogue with Singhof [23], we introduce the following vector
bundles over G//U: First, let ag := (GG/U) xg g, where G acts on (GG/U) x g via

g*([g1,22], X) = (gg1, g82], Adg X)

with g, g1, 2,€G, [g1, 22]=(g1,22)-UeGG/U, and X €g. Second, let oy :=Gxyu,
where u C g @ g is the Lie algebra of U and U acts on G x u via

(u1,uz) * (g, (Y1, Y2)) = (ur1gu; ", (Ady, Y1, Ady, Y2))

with g € G, (u,u;) € U and (Y7, Y3) € u. Then, as in Singhof [23, Proposition 3.2]:
Lemma 6.2 7®ay =ag.
Proof Recall that, since U acts on G via (11, up)*xg = ulguzl , (U, up) €U, g egG,
the vertical subspace at g € G (after left-translating back to e € G) is given by

Ve ={Adg—1 Y|~ Y, | (Y1.Y2) €u} Cg.
Moreover, since the action of U on G is free, we have
(54) {(Y1,Y2) €u|Adg—1 Y1 =Y, for some g € G} = {0}.
Given g € G, consider the maps

Vg g—> g
X —lg7" e] X]

and Sfrau—ag

[g. (Y1, Y2)]—>[[g7" e]. Adg—1 Y; — Y3.

It is easy to check that f is well-defined and that f,((au)[g]) = ¥g(Vg), Where
(arw)[g) is the fibre of the bundle ay over [g] = g-U € G/ U. Furthermore, (54) allows
us to deduce that f is injective.

If we now equip G with a bi-invariant metric, then (after left-translation to the identity
in G) the horizontal subspace at g is given by

He={X|Xeg XLV} Ca.
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Note that U acts on the horizontal distribution by taking X € Hg to Ady, X € Hyu,gu3!,
where (u1,u,) € U. Let H = H /U be the orbit space under the U action. In particular,
7 = H and we can represent the tangent space at [g] € G/U by

Higt = {lg. X]1 X €9, X LV}
where the g in [g, X] serves only to keep track of the base point.

Recall that each point in «g may be represented as [[g1, g2], Adg, X]= [[gz_1 g1.¢€], X],
for some g1, g, € G and X € g. Consider the map

q. oG — 7:[[g] =T
[[glng]’Adgz X] [ [g1_1g29 XJ_]

where X is the component of X € g orthogonal to Verlg,. Clearly g is surjective.
The fact that ¢ is well-defined follows from noticing that (Ad,, X )= Ady,, (X be
H guz—l,for all X eg, geGand (uq,uy) €U.

ui

Now ¢([[g1, &2], Adg, X]) = 0 for some [[g1, g2]. Adg, X] € ag if and only if Xt=
0 € Hglg,, that is, X' € Vgrig,. Thus [g1.g2]. Adg, X] = [[gz_lgl,e],X] €

f[gl_lgz]((“U)[gl‘lgz]) and we have kerq = f(ay). Therefore ag/f(ay) = 7. In
other words, ag = 7 @ ay as desired. O

Recall from Borel and Hirzebruch [5] that, if V is a representation of a Lie group L,
then the homogeneous vector bundle o, = P xp, V' associated to the L—principal
bundle P — B := P/L is the pullback under the classifying map ¢r: B —> By of the
vector bundle Ep x V' associated to the universal L—principal bundle E, — By, ie
o, = (pf (EL xr, V). In particular, from Borel and Hirzebruch [5] and Singhof [23] we
know that the Pontrjagin class of the bundle o, — B is given by

pler) = 1+pi(an) +prlan) +-- =g (@), a:= [ (1+a&)
aiGAI—‘i_
where Af is the set of positive weights of the representation of L on V. We have
identified o; € H'(TL; R) with &@; € H?>(Br,;R) via transgression, and so it follows
that « € H* (B, : R)" =~ H*(BL:R).
The vector bundles oy and «g are associated to principal U and G bundles respectively

and, in this case, the weights of the defining representations are the roots of the
corresponding Lie groups.

Since p(VeW)=p(V) ~p(W), for vector bundles V' and W over some manifold M,
we have

p(7) p(ay) = p(ac).
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By our discussion above and since inverses are well-defined in the polynomial algebra
H*(By;R) it follows that

p(0) = ¢S@e(b™")
where a := HaieAg(l +a?) and b := HﬁjeAff(l + ,gjz) In particular,

p1(7) = py(ac) —py (av)
(55) =¢é< > &?)—wé( > B}).
aeAd BieAl

In our situation, the Lie groups G = SO(8) and Uy := SO(k) x G,, with k = 2, 3,
have no torsion in their cohomology for coefficients in R = Z,, p an odd prime (see
Mimura and Toda [19, Corollary 3.15, Theorem 5.12]). We use the process outlined
above to compute the Z,—-Pontrjagin classes of M!3 and N!!. Before we continue we
establish an easy lemma which will prove useful in the topological computations to
follow.

Lemma 6.3 Consider a triple (r1,r,73) such that " r; = 0. Let 0;(r) and o0;(r?)

enote the i —th elementary symmetric polynomials in rq,r,,r3 and r{,r%, rs respec-
denote the i —th el tary symmetric poly 1 3 and r, 1}, r} resp

tively. Then o (r?) = —20,(r) and o5 (r?) = 0,(r)?.

Proof Since o1(r) =) r; =0 we have
0=o01(r)?
= (rl2 + ;’22 + r32) +2(riry +rir3 +12r3)
=01(r?) + 20(r)
as desired. On the other hand:
02(r)? —02(r?) = (rira + rir3 4+ 12r3)? — (r12r22 + r12r32 + r22r32)
= 2(r12r2r3 + r1r22r3 + r1r2r32)
=2ryrar3(ry +ra+r3)
=0 |
In [9, pages vii and 139], Eschenburg provides a beautiful diagram which explicitly

describes the embedding of the root system G, into B3. Recall that B3 is the root
system corresponding to the Lie algebra so(7) and is given by

By ={£i |1 <i<3jU{x@x¢t)|1=<i<j=3}
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The root system G, lies on a hypersurface in Span{B3} and is given by
Gy ={Esi |1 <i =3}U{E(si—sj)|1=i<j=3}

where s5; = %(ZZi —tj —tx), {i,j.k} = {1,2,3}. Notice that ) s; = 0 and that
s; —Sj = tj —tj € B3. Furthermore, s; is the projection of #; € B3 and —(¢; +t) € B3
onto the hypersurface containing G;.

Since the Lie group G; is simply connected and has no centre, we see that the inclusions
exp~ ! (I) = integral lattice of G, C root lattice of G, C weight lattice of G,

are in fact equalities. Therefore, by our above discussion of the roots of G;, the
integral and weight lattices of G, are spanned by {s; | | <i <3}, > s; = 0. Thus
by an abuse of notation we may assume that {s; | 1 <i < 3}, Y s; = 0, spans
H!(Tg,:; Z) = Hom(T', Z), where Tg, is a maximal torus of G, and T is the integral
lattice of G,.

Proposition 6.4 Let p be an odd prime. The Z, first Pontrjagin classes of M!3
and N'! are

py(MP) =20 and p;(N'")=p
respectively, where o is a generator of H*(M'%;Z,) = Z, and B is a generator of
H*(N!'Y:Z,) =7Z,.

Proof Let G = SO(8) and let Uy := SO(k) x G,, k = 2,3, act freely on G as
described in Section 3 with quotients M!? and N!! respectively. Let 1;: Uy < GG,
k = 2,3, denote the respective inclusions.

For p an odd prime, the Zj,—cohomology of G and Uy is

H*(G;Zp) = A(y1, Y2, 3. ¥4),  y1 €W, pp, yaeH’, y3 e H!
H*(Ug: Zp) = Awg, X1, x2), wy € H*73(SO(k)), xi € HY73(Gy).

Let Tg and Ty be the maximal tori of G and Uy respectively, with coordinates being
given by (t1,15,13,14) and (u,sy,s2,53), »_s;i = 0, respectively. By an abuse of
notation (and our earlier discussion of the roots of G,) we will identify #;, u and s;
with the elements #; € H!(Tg) and u, s; € H'(Ty). The corresponding transgressions
are 7; € H?(Bt,) and #,5; € H?(Bry,).

The Weyl group Wg acts on H*(B,) via permutations in # and an even number of
sign changes. Therefore a basis for H* (BTG)WG is given by elementary symmetric
polynomials o;(7?) := cr,-(?lz, ... ,?f), i =1,2,3, and t1151314. Hence, by (50), the
generators of H*(Bg) can be chosen as 7; := 0; (%) e H*, i =1,2,3, and 4 :=
Lih31y € HP.
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The Weyl group Wy, is the dihedral group of order twelve. It acts trivially on u,
while the action on the root system G; is by rotations of /3 and by reflections
through the horizontal axis. Therefore, given our description of the root system of G,
above, Wy, acts on H*(Br,) via permutations in 5; and a simultaneous sign change
of all 5;. On the other hand, Wy, = Z, x Wy,, where the Z, factor acts trivially
on the s; and by a sign change on u. Thus elements of H*(Br,) which are invariant
under Wy, are given by sums and products of k=1 and the elementary symmetric
polynomials 05 (5) := 02 (51, 52,53) and 0;(5%) := 0; (Ef,?%,?%), i =1,2,3. However,
since ) _s; =0, Lemma 6.3 shows that a basis for H* (BTU)WUk is given by k=1 and
the symmetric polynomials 0,(5) and 03(52). By (50), generators of H*(By, ) are
given by Wy = uk~! e H2k=D | ¥, := 0,(5) € H* and X, := 05(52) € H'2.

Consider t5: Ug < GG as above. By (12), tx|1,: Tu — Tgg has (in coordinates)
the form tx |1, (u, s1,52,53) = ((0,0,0,u), (0, 51, 52, —s3)). Hence

(tkIty)*: H (Tgg) — H' (Ty)

i ®1+—0, i=1,2,3
Q11— u

1®t—0

1t —> si—1, i=2,3

1 ®1t4 —> —s3

from which it follows:

(Byyelp,)* H?(Brgg) — H?(Bry)
i ®1+—0, i=1,2,3
L®l—u
17— 0
Q%G —> 51, i=2,3

1 @1 —> —53
Therefore, by (52) we have:
(Btk)*: H* (BGG) — H* (BUk)

J_/1®1I—>1/_lz

(56) 7i ®1+—>0, i=23,4
1® 7 —> 0i(52), i=1,273
1Qys+—0
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In particular, (B,,)*(1 ® y1) = —2%1, (B,)*(1 ® y») = X7 (by Lemma 6.3) and
(B,)*(1® y3) = X;.

We are now in a position to compute the first Pontrjagin class of G//Uj . Recall that
the positive roots of G = SO(8) are t; £¢;, 1 <i < j < 4. Hence:

Yooat= > (G-5)*+@+1)?)

areAd 1<i<j<4

=2 Y @+

1<i<j=<4
4
=6 fo
i=1
= 6y1

Since SO(2) has no (positive) roots and SO(3) has only one positive root, namely u,
we may denote the positive root of SO(k) by (k—2)u, for k =2, 3, respectively. From
our earlier description of the roots of G, , the positive roots of U = SO(k) x G, are

(k=2)u, sy, s3, —S3, S1—S3, S3 —81, S2 — 83
where ) s; = 0. Then:
Z ,312 = (k—2)u* +51 +55+55 + 51 —53)> + (52 —51)* + (52 — 53)
Bi €A,
= (k —2)i* 4 301 (5%) — 20, (5)
= (k —2)it*> — 80, (3) by Lemma 6.3
= (k —2)u* — 8%,
Note that, by (53) and (56),
&) = 0, (By) " (71 ® D) = o, (@)
and =290, (F1) = 9§, (B, )* (1@ 71)) = 9§, (B,)* (71 ® 1)) = ¢, (@°).
It follows now from (55) that:
P1(G/Urk) = p1(ac) —p1(au,)
=605 (1) — (k = 2)¢{), (@) + 8¢, (F1)
= 690, (%) = (k = 2)¢f5, (@) — 49y, (@)
= (4—k)¢g, (@) e HH(G/Uyp)
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It remains only to show that go{'}k (%) is a generator of H*(G//Uy). To achieve this,
consider the Serre spectral sequence for the fibration G — G/ Uy — By, .

Suppose k = 2. Notice that (i,) = H?>(By,) = E%,o will survive until Eo, since
H*(G) contains no elements of degree 1.

On the other hand, suppose now that k = 3. By (56) the generator y; € H3(G) =
Eg’3 = E2’3 gets mapped under dj4 to

ds(y1) = By)*(51 ® 1) — (B,,)*(1 ® yy) = u* + 2%, € E3°4 = E** = H*(By,).

The generators w3 = #2 and X; of H*(By,) are both mapped to zero by d4. Thus,
the E‘S"0 term is a Z, generated by w3 = 2 and survives to Eq.

Recall that the classifying map (p{ﬁk is the edge homomorphism
¢l H (Bu,) = E5° —> EX < H'(G//Up).

By the discussion above ¢} (Wx) = ¢f, (@k=1y#£0, k = 2,3. Hence ¢y, (Wi) is a
generator of H2&=D(G/Uy) = Zp. If k =3 we are done. When k = 2, we know
from Theorem 6.1 that H*(M!3) is generated by the square of a generator of H>(M!3).
That is, ¢, (E%) = 90, (?) is a generator of H*(M!3). O

Remark 6.5 Since H® and H!? are trivial for each of the manifolds M!3 and N'!,
we have in fact computed their total Pontrjagin classes p =1+ p; in Z, coefficients.

Remark 6.6 In terms of integral cohomology, the proposition tells us only that
p;(M'3) and p;(N'!) are nontrivial and not divisible by any primes p > 3. Thus
p;(M'3) and p;(N'!) have the form £2¢ € Z = H*, for some £ € N U {0}.

Corollary 6.7 N!! is not homeomorphic to S* x S”.

Proof By the previous remark, in integral coefficients p;(N'!) = +2t e 7 =
H*(N'1;7Z), for some £ € N U {0}. However, since all (integral) Pontrjagin classes for
spheres are trivial and integral Pontrjagin classes are homeomorphism invariants, N1
cannot be homeomorphic to a product of spheres. a

Since p,(CP? x87) = 42, where y generates H?(CP? x 87; Z), we are unable to
distinguish M'3 and CP? x S7 using the proposition. We need to explicitly compute
the integral Pontrjagin class of M'3. We can accomplish this by “hot-wiring” the
technique for computing Pontrjagin classes in the absence of torsion in the cohomology
groups.
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Before we begin we establish two topological statements which will be used in the
proof of Theorem 6.10. From now on we will always assume that our cohomology
groups have integral coefficients, and by spectral sequence we will always mean Serre
spectral sequence.

Proposition 6.8 The classifying space Bg, of G, has low dimensional integral
cohomology groups H! = H2 = H?> = H> = 0 and H* = Z with generator X = 0,(5),
where 03(5) := 03(51,52,53), 2.5 = 0, and 5; € H*(Br,), i = 1,2,3, are the
transgressions of the elements s; € H'(Tg,), i = 1,2,3, which span the integral
lattice of G,.

Proof Consider the universal bundle G, — Eg, —> Bg, where Eg, is contractible.
From Whitehead [28, Theorem 5.17], we know that H/ (G2)=0, j=1,2,4,5,and
H3(G,) = Z. Let x be a generator of H*(G,). Since Eg, is contractible all entries in
the spectral sequence for the fibration G, — Eg, —> Bg, must get killed off. Since
dy: E2=3 — Ei’o is the only possible nontrivial differential with domain E2’3 it must
map x € H*(G;) to a generator X of H*(Bg,), and so H*(Bg,) = Z. Similarly it is
clear from the spectral sequence that H/ (Bg,) = 0 for j =1,2,3,5.

Now consider the fibration S® =G,/ SU(3) — Bsu@3) — Ba, - The spectral sequence
associated to this fibration shows that x € E‘Z"O = H* (Bg,) survives to Eo. Thus,
since there are no other nonzero entries on the corresponding diagonal in Es,, we
see that H*(Bg,) = H4(BSU(3)). Recall that H*(Bgy(3)) is a polynomial algebra
generated by the elementary symmetric polynomials o;(s) = 0;(51,52,53), i =2, 3,
in the transgressions 5 of s; € H! (Tsuz)), j = 1,2, 3, where the s; span the integral
lattice of SU(3). Note that ) s; =0, Tg, = Tsy(3) and deg(o;(5)) = 2i. Therefore
H*(Bg,) is generated by 0 (5) as desired. a

Proposition 6.9 The low dimensional integral cohomology groups of the manifold
SO(8)/G, = (87 x87)/Z, are H/ (SO(8)/G,) = H/ (RP7), 0 < j <6.
Proof Consider the spectral sequence for the fibration

RP’7 = SO(7)/G, — SO(8)/G, —> SO(8)/ SO(7) = S’.

Recall:
7 if j=0,7,
H/ (RP") =17, ifj=2,4,6,
0 ifj=1,305.
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It is clear that each Eg’j =H/(RP7), j <5, survives to Eso. For Eg’6 =H*(RP") =127,
notice that there are no nontrivial homomorphisms Z, — Z and so the differential
dq: Eg’ﬁ =7, —> E;’O = 7 must be trivial. Therefore Eg’6 = H®(RP7) also survives
to Exo. Since there are no other nonzero entries on the corresponding diagonals we get
the desired result. O

We are now ready to complete the proof of Theorem A(i).

Theorem 6.10 The first integral Pontrjagin class of M'>=SO(8)/(S'xG,) is given by
[Py (M™)] =82

where z is a generator of H*(M'3; Z) = 7Z. In particular, M'3? is not homeomorphic
to CP> x S7.

Proof Consider once again diagram (47), with G = SO(8) and U = S! x G, such
that G/U = M!3. In the proof of Proposition 6.4 we followed the usual techniques
of Borel and Hirzebruch [5], Eschenburg [10] and Singhof [23] when there is no
torsion in cohomology, namely we computed B, and Ba and then used the fact
that the diagram commutes in order to compute the Z, Pontrjagin class, for odd
primes p. However, since SO(8) and G, have torsion in integral cohomology, we need
to adopt a different approach in order to compute the integral Pontrjagin class. Since
H8(M!3) = H!2(M!3) = 0 we can restrict our attention to the first integral Pontrjagin
class p; (M!3) € H*(M!3). The key idea to be taken from the proof of Proposition 6.4
is that we computed the first Pontrjagin classes of some vector bundles over Bg and
By, then pulled them back to M!3 under the classifying maps ¢g and @y respectively.
As it turns out, the first Pontrjagin classes of these vector bundles over Bg and By are
the same in integral coefficients as in Z, coefficients p > 3. Our strategy, therefore, is
to compute the maps ¢;;: H*(By) — H*(M!?) and o5 H*(Bg) — H*(M!3) and
pull back the respective first Pontrjagin classes.

As a first step in computing ¢: H*(By) — H*(M'?) we notice that H*(U) =
H*(S') ® H*(G;) and H*(By) = H*(Bg1) ® H*(Bg,) since H*(S') and H*(Bg1)
are torsion-free. Therefore

zZ if j =0,

W (U) = Z=(w) ifj=1,
Z=(x) ifj=3,
0 if j =2,4,5,
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where w is a generator of H!(S!) and x is a generator of H3(G,), and applying
Proposition 6.8,

z if j =0,
H/ (By) = o e

Z®Z = (w)d(x) if j=4,

0 if j=1,3,5,

where w is the transgression of w resulting from the spectral sequence for the universal
bundle of S! and generates H?(Bg1) (hence generates H* (Bg1) = Z[@]), and X is the
transgression of x resulting from the spectral sequence for the universal bundle of G,
and generates H*(Bg,).

Recall that py: GJ/U — By is the classifying map since we have the following
diagram of principal U-bundles

b1)
GXEUﬁ-EU

GXUEUTZ'BU

where 7w, denotes projection onto the second factor and U — Ey — By is the uni-
versal bundle. Since Ey is contractible, projection onto the first factor gives homotopy
equivalences G x Ey >~ G and G xy Ey >~ G//U. The resulting map G/U — By
is ¢u. Hence ¢y is the classifying map. Therefore, up to homotopy, we may consider
the following commutative diagram of fibrations:

U U
G Eu
G//U ¢—U> BU
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Consider first the spectral sequence for the fibration on the left. Recall that H*(M!3) =
H*(CP3 x S7). Hence:

Z if j =0,
; 7 =(zy if j =2,
H/ (GJU) = o
Z = (z=) if j =4,
0 if j=1,3,5.

Since G = SO(8) we have from Cadek, Mimura and VanZzura [7]:

Z if j =0,
0 if j =1,
H/ (G)=1Z,=(r) ifj=2,
Z={(y) ifj=3,
Zy = (r?) if j =4.

Since H'(G) = 0 we see that d: ES"! = (w) —> E3:° = (z) must have trivial kernel,
ie dr(w) = kz for some k € Z, k # 0. Then Eg,z = (z)/(kz) survives to Eo and
since H?(G) = Z, we must therefore have k = £2, ie d,(w) = +2z.

On the other hand, the spectral sequence shows that on the E4—page we have the
differential dy: E2’3 =(x) — Eg"1 = (z2)/(2z%). However, since H3(G) = Z and
H*(G) = Z,, we must have d4(x) =0 € (z2)/(222).

Since Ey is contractible it is clear from the spectral sequence for the fibration on the
right that dy: B)"! = (w) — E2:% = (w) is an isomorphism with d»(w) = w, and
dy: BY? = (x) — E}0 = (w?) & (X) is given by du(x) =X.

By naturality of the spectral sequence we thus have for the left-hand fibration that
dy(w) = ¢ () € (z) and d4(x) = ¢5(X) € (z%)/(2z%). Therefore, since we have

already shown that d»(w) = %2z € (z) and d4(x) =0 € (z2)/(2z?), we find

(W) = 2z e H(G//U) = (z)
(57) 05 (X) = 2kz? e HY(G//U) = (z?), for some k € Z.

We now turn our attention to computing ¢ H*(Bg) — H*(M!3). In order to show
that ¢g: G/U — Bg is the classifying map consider the commutative diagram of
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principal G—bundles:

GG Xy EGG

GG XGG EGG

(AG\GG) xy Egg o (AG\GG) xg6 Eca

Since GG xgg Egg = Egg and (AG\GG) xgg Egg = G Xgg Ecg = Bag we see that
the fibration on the right-hand side is the universal bundle for G. On the left-hand
side we have (AG\GG) xy Egg = G xy Egg, and projection onto the first factor gives
homotopy equivalences GG xy Egg >~ GG/U and G xy Egg >~ G//U. Thus up to
homotopy the diagram becomes

G

G

GG/U —= Egg

as desired. Recall that H3(G) = (). The cohomology of Bg is described in Brown [6]
and Feshbach [12], but for our purposes we need only that:

7 if j =0,
0 ifj=1,2,

H/ (Bg) =42, if j =3,
7 if j =4,
Z, if j =5.

Whilst proving Proposition 3.6 in [16] Grove and Ziller showed that, since E = Egg is
contractible, in the spectral sequence for the bundle G — E — Bg the differential
dy: BY? = (2y) — E3® = H*(Bg) is an isomorphism, ie 2y gets mapped to a
generator y of H*(Bg) = Z. This follows from the facts that E%’z = Z, (by the
Universal Coefficient Theorem) and that d»: Eg’3 =(y) — E%’Z = 7, must be onto.
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Therefore naturality of the spectral sequence implies that d4(2y) = ¢ (¥) in the spectral
sequence for the left-hand fibration G — GG/U — G /U, where H3(G) = (y) and
H*(Bg) = (7).

In order to determine the exact value of ¢f(y) € H*(G//U) we need to examine the
spectral sequence for the left-hand fibration. First we must compute the cohomology
of GG/U in low-dimensions. Recall that GG/U = Vg ¢ x SO(8)/G,, where V3 ¢ is
the Stiefel manifold SO(8)/ SO(2). From Cadek, Mimura and VanZura [7] we find:

7 if j=0,2,
H/ (Vze) =130 ifj=1,3,5.
Z, if j=4.

In Proposition 6.9 we computed the low dimensional cohomology groups of SO(8)/G,.
From the general Kiinneth formula for cohomology (see Spanier [24, Theorem 11,
Section 5]) it follows that:

Z if j =0,
0 if j =1,3,

H/ (GG/U)=3Z®Z, ifj=2,
z3 if j =4,
Z, if j=5.

Since H*(GG/U) = Zg, in the spectral sequence for G — GG/U — G//U the
differential d»: ES® = H*(G) = (y) — E3** = Z> must be trivial, ie E3-* = Z,
must survive to Eoo. It thus follows that E/ = B}/ = Ej/ for i <5, j <4. Since
H3(GG/U) = 0 the differential d: E2’3 =(y) — Ei’o =H*(G//U) = (z?) must be
given by d4(y) = nz? for some nonzero 7 € Z . On the other hand, since H*(GG/U) =
Z;, Eg"1 = Ei’z = Z, and Ei’z' = Ei’l = 0, the filtration for the spectral sequence
shows that n = £2, ie d4(y) = +22%. But we have already shown that d4(2y) = o5 (3).
Therefore
¢&(7) = £4z% e HYG/U) = (?),

Furthermore, while proving Lemma 5.4 in [16] Grove and Ziller showed that, by con-
sidering the spectral sequences of the fibrations SO(8)/ SO(3) —> Bso(3) —> Bso(s)
and SO(3)/ SO(2) — Bgso(2) — Bso(3), we can let y = o0 (?) = al(flz,fzz,ff,?f ,
where (t1,...,t4) are the coordinates of a maximal torus Tg of G and by abuse of
notation we identify #; € H!(Tg) with 7; € H?(Br,) via transgression.

We are now in a position to compute the first Pontrjagin class of M!3 = G//U. We have
already shown that, despite having torsion in cohomology, H*(Bg) = H*(Br,)"c
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and H*(By) = H*(Bt,)"V since the generators are y = 0(?) and X = 0,(5)
respectively. Therefore, in the present setting, Equation (55) for p; is still valid
for integral coefficients.

As in the proof of Proposition 6.4, p;(ag) = 6¢&(¥). But ¢f(y) = £4z2. Hence
p; (ag) = +£24z2 e HY(G/U).

Similarly, from the proof of Proposition 6.4 we have p; (o) = —8¢(;(X). Thus, since
@8 (X) = 2kz? by (57), py () = —16kz? € H*(G/U), for some k € Z.

Therefore, by (55),

p1(7) = p;(ag) —py (o)
= 8(2k £+ 3)z2 e H*(G V).

By Proposition 6.4 we know that p;(t) = p;(G//U) is divisible only by 2. Therefore
we must have 2k 43 = %1, which implies p; (G/U) = 48z as desired. a
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