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1 Introduction

There is a deep relation between soft limits of scatteing aplitudes and hidden symmetries.
For example, the soft theorems of graviton amplitudes [1–3] encode extended BMS symme-
try [4, 5], while soft limits of pion amplitudes encode spontaneously broken chiral symmetry
of QCD [6]. Pions are the Goldstone bosons associated with spontaneous symmetry break-
ing and are described by a low-energy effective action known as the non-linear sigma model
(NLSM) [7–9]. Of particular interest for this paper is a property of NLSM amplitudes
known as the Adler zero [10], which is an example of an enhanced soft limit. A scattering
amplitude is said to exhibit an enhanced soft limit when it scales like O(pσ), where p is
the soft momentum and σ is an integer greater than the expectation based on counting the
number of derivatives per field in the Lagrangian. For the NLSM, σ = 1. More generally,
σ can be no higher than three and the cases σ = 2, 3 correspond to the Dirac-Born-Infeld
(DBI) and special Galileon theories, respectively [11, 12]. Enhanced soft limits arise from
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cancellations among Feynman diagrams of different topology and are a consequence of
symmetries [11, 13]. In the NLSM, this is just an ordinary shift symmetry but in the other
two cases the symmetries are higher shift symmetries which are nontrivially realised from
the point of view of the Lagrangian and are often referred to as hidden symmetries.

Soft limits also play an important role in cosmology. For example in the context of
inflation, where the early universe is approximately described by de Sitter space (dS), they
provide constraints relating higher-point correlators to conformal transformations of lower-
point correlators [14–16], and certain inflationary 3-point functions can be deduced from
soft limits of 4-point de Sitter correlators [17–21]. Lagrangians for DBI and sGal theories
were also recently deduced from higher shift symmetries in dS [22]. These Lagrangians have
nontrivial masses and curvature corrections away from the flat space limit. As we will see in
this paper, the NLSM can be trivially uplifted to dS space since curvature corrections would
break the shift symmetry. It is therefore natural to ask if the wavefunction coefficients of
these theories (which can be computed from Witten diagrams ending on the future bound-
ary of dS [14, 23–26]) exhibit enhanced soft limits analogous to their scattering amplitudes
in the flat space limit. The goal of this work is to provide evidence that this is indeed
the case. Wavefunction coefficients for the NLSM, DBI, and sGal theories were previously
studied in flat space, but they do not exhibit enhanced soft limits in this background [27].

To study soft limits of wavefunction coefficients, it is natural to work in dS momen-
tum space [28–30], which is also the standard language used for cosmology (see [24, 31–
46] for some recent developments). Another technique we will employ is to express the
wavefunction coefficients in terms of boundary conformal generators acting on contact di-
agrams [47–54]. Soft limits can then computed by Taylor expanding bulk-to-boundary
propagators in the contact diagram, acting on them with boundary conformal generators,
and using the equations of motion to remove terms which are not linearly independent.
Starting with a general effective action with unfixed masses and couplings (including curva-
ture corrections), we then find that imposing enhanced soft limits of the tree-level 4-point
wavefunction coefficients fixes all the masses and 4-point couplings for the DBI and sGal
theories in agreement with the Lagrangians constructed in [22]. For the NLSM, we find
that enhanced soft limits forbid mass terms or curvature corrections, so the Lagrangian can
be trivially lifted from flat space. These results in turn allow us to fix all the parameters
of the generalised double copy prescription proposed in [50], which relates the 4-point tree-
level wavefunction coefficient of the NLSM model to those of the DBI and sGal theories.1
Above four points, there must be non-trivial cancellations between contact and exchange
Witten diagrams in order to have enhanced soft limits. Since lower-point couplings feed
into the exchange diagrams, in principle this allows us to fix all higher-point couplings
using a bootstrap procedure, which we demonstrate for the NLSM and DBI theory at six
points. The method can also be applied to the sGal theory above four points, but the
Witten diagrams become very numerous so we save that for future work.

1The double copy was first proposed in the context of scattering amplitudes, relating graviton amplitudes
to the square of gluon amplitudes [55, 56]. For recent work on the double copy for (A)dS correlators see
for example [53, 57–68].
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This paper is organised as follows. In section 2, we review enhanced soft limits and
their underlying symmetries in the context of scattering amplitudes, the Lagrangians for
the NLSM, DBI, and sGal theories in dS, and the method for computing wavefunction
coefficients in terms of boundary differential operators acting on contact diagrams. In
section 3, we use enhanced soft limits to fix the masses and 4-point couplings of the NLSM,
DBI, and sGal theories in dS, and comment on the double copy of 4-point wavefunction
coefficients. In section 4, we describe the extension of this procedure to higher points and
use it to fix all 6-point couplings of the NLSM and DBI theory. We then present our
conclusions and future directions in section 5. There are also three appendices containing
details about our four and six-point calculations.

2 Review

In this section we will briefly review enhanced soft limits and their relation to shift symme-
tries in flat space, mainly following [11]. We then review the Lagrangians for the NLSM,
DBI, and sGal theories in dS and explain how to compute cosmological wavefunction co-
efficients.

2.1 Symmetries and soft limits

Let us first consider a scalar field theory with the following global shift symmetry:

δφ = θ. (2.1)

The field φ is a Goldstone boson and can be produced from the vacuum by acting with the
Noether current associated with the shift symmetry:

〈φ(p)| Jµ(x) |0〉 = ipµFeip·x, (2.2)

where the right-hand-side is fixed by Lorentz invariance up to an overall constant F . In-
serting the current between incoming and outgoing states then gives

〈out| Jµ(0) |in〉 = −p
µ

p2 F 〈out+ φ(p)| in〉+Rµ(p), (2.3)

where pµ is the difference between the momenta of the in and out states. The first term on
the right hand side contains a pole for the emission of a Goldstone boson and we assume
that p · R vanishes as pµ → 0 (which requires the absence of cubic vertices involving the
Goldstone boson). Multiplying by pµ and noting that the current is conserved up to contact
terms which do not contribute to the scattering amplitude after LSZ reduction, we find that

〈out+ φ(p)| in〉 = 1
F
p ·R. (2.4)

From this we immediately see that the amplitude for φ production vanishes in the soft limit:

lim
p→0
〈out+ φ(p)| in〉 = O(p). (2.5)

This is the famous Adler zero [10].
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Now let’s consider a scalar theory with a higher shift symmetry:

δφ = θµ1...µk
xµ1 . . . xµk + . . . , (2.6)

where θ is a constant and the ellipsis denote field-dependent terms that we will not need
to consider. This can be thought of as a special case of the shift in (2.1) after promoting
θ to a function of position, which is the standard way to compute the Noether current.
As a result, one finds that the Noether current associated with (2.6) is roughly speaking
obtained by dressing the Noether current associated with (2.1) with xµ1 . . . xµk . Inserting
the new current between in and out states and repeating similar steps to the argument
above, one then finds that the soft limit of 〈out+ φ(p)| in〉 vanishes after being acted on
by k momentum derivatives which arise from Fourier transforming xµ1 . . . xµk to momentum
space, implying a higher-order Adler zero:

lim
p→0
〈out+ φ(p)| in〉 = O

(
pk+1

)
. (2.7)

The NLSM, DBI, and sGal theories correspond to k = 0, 1, 2, respectively. This behaviour
arises from nontrivial cancellations among Feynman diagrams and is therefore referred to
as an enhanced soft limit.

2.2 De Sitter Lagrangians

It is easy to write down the Lagrangian for the NLSM in dSd+1:

LNLSM√
−g

= Tr
(
∂µU

†∂µU
)
, U = exp (iφ) , (2.8)

where φ is in the adjoint of an SU(N) flavour symmetry. No masses or curvature corrections
are allowed because they would spoil the shift symmetry in (2.1). Later on we will deduce
this fact from enhanced soft limits of the wavefunction coefficients. In practice, it is also
convenient to use the parametrisation U = (I + Φ)(I − Φ)−1. Expanding the Lagrangian
in Φ then gives

LNLSM√
−g

= −Tr
[1

2∂µΦ∂µΦ + Φ2∂µΦ∂µΦ +
(

Φ4∂µΦ∂µΦ + 1
2Φ2∂µΦΦ2∂µΦ

)
+O(Φ6)

]
.

(2.9)
The Lagrangians for the DBI and sGal theory do not trivially lift to dS and were

recently derived from the following shift symmetry [22]:

δφ = θA1...Ak
XA1 . . . XAk + . . . , (2.10)

whereXA are embedding coordinates satisfying −
(
X1)2+∑d+2

A=2

(
XA

)2
= 1 and the ellipsis

denote field-dependent terms. This symmetry fixes the mass to be m2 = −k(k+d). In the
DBI case (k = 1), the resulting action is quite simple and given by

LDBI√
−g

= 1
(1− φ2) d+1

2

√
1− ∇φ · ∇φ1− φ2 , (2.11)

– 4 –



J
H
E
P
1
2
(
2
0
2
2
)
0
6
4

where ∇φ · ∇φ = ∂µφ∂
µφ. In the sGal case (k = 2) the Lagrangian is very nontrivial:

LsGal√
−g

=
[

d∑
j=0

(1+φ)d+1−j+(−1)j(1−φ)d+1−j

2j+1(1−φ2) d+4
2 Γ(j+3)

((j+1)fj+1(φ)−(j+2)fj(φ))∂µφ∂νφX(j)
µν (φ)

− 2
d+2

(
1− (1+φ)d+2+(1−φ)d+2

2(1−φ2) d+2
2

)]
, (2.12)

where X(j)
µν is defined recursively as X(n)

µν = −n∇µ∇αφX(n−1)
αν + gµν∇α∇βφX(n−1)

αβ with
X0
µν = gµν , and

fj(φ) = 2F1

(
d+ 4

2 ,
j + 1

2 ; j + 3
2 ; ∇φ · ∇φ4(1− φ2)

)
. (2.13)

In the remainder of this paper, we will demonstrate that the masses and couplings of
these theories can be fixed by demanding that the wavefunction coefficients have vanishing
soft limits analogous to (2.7).

2.3 Wavefunction coefficients

We will work in the Poincare patch of dSd+1 with metric

ds2 = 1
η2 (d~x2 − dη2), (2.14)

where −∞ < η < 0 is the conformal time, and ~x denotes the boundary coordinate, with
individual components xi, i = 1, . . . , d. Wavefunction coefficients Ψn can be computed by
analytic continuation of AdS Witten diagrams and thought of as n-point CFT correlators
in the future boundary [14, 24–26, 30]. In momentum space, they can be expressed as

Ψn = δd(~kT )〈〈O(~k1) . . .O(~kn)〉〉, (2.15)

where ~kT = ~k1 + . . . + ~kn is the sum of boundary momenta. The scalar operators O have
scaling dimension ∆, and are dual to scalar fields φ in the bulk with mass

m2 = ∆(d−∆). (2.16)

In the previous subsection, we claimed that shift symmetries fix m2 = −k(k + d) where
k = 0, 1, 2 for the NLSM, DBI, and sGal theories, respectively. The corresponding scaling
dimensions are therefore ∆ = d + k. We will show that these values are required by
enhanced soft limits of the wavefunction coefficients.

The bulk-to-boundary propagators in this background satisfy the free equations of
motion (D2

k +m2)φν = 0, where

D2
k = η2∂2

η + (1− d)η∂η + η2k2, (2.17)

with k = |~k|. The solutions are given by

φν(k, η) = (−1)ν−
1
2

√
π

2 k
νηd/2Hν(−kη), (2.18)
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where ν = ∆ − d/2, Hν is a Hankel function of the second kind, and the normalisation is
chosen for convenience. We then define an n-point contact diagram as follows:

C∆
n =

∫
dη

ηd+1U1,n(η), Um,n(η) =
n∏

a=m
φa, (2.19)

where a labels an external leg, ka is the magnitude of the boundary momentum of that
leg, and φa = φν(ka, η).

As shown in [54], soft limits of wavefunction coefficients take a particularly simple form
when Witten diagrams are expressed in terms of certain differential operators constructed
from boundary conformal generators acting on contact diagrams. The boundary conformal
generators are given by

P i = ki,

D = ki∂i + (d−∆),
Ki = ki∂

j∂j − 2kj∂j∂i − 2(d−∆)∂i,
Mij = ki∂j − kj∂i,

(2.20)

where ∂i = ∂
∂ki . We will collectively denote the generators by DA ∈

{
P i,Mij , D,Ki

}
, where

A is an adjoint index. Note that wavefunction coefficients satisfy the following conformal
Ward identities:

n∑
a=1
DAa Ψn = 0. (2.21)

Using boundary conformal generators we can define the following differential operators
which will play an important role throughout the paper:

Da · Db = 1
2
(
P iaKbi +KaiP

i
b −Ma,ijM

ij
b

)
+DaDb, (2.22)

where Da is a boundary conformal generator defined in terms of the boundary momentum
associated with leg a. Acting on a pair of bulk-to-boundary propagators associated with
legs a and b, the operator in (2.22) satisfies the following useful identity:

(Da · Db) (φaφb) = η2[∂ηφa∂ηφb + (~ka · ~kb)φaφb]. (2.23)

Hence acting with Da · Db on a pair of bulk-to-boundary propagators is equivalent (up to
a sign) to acting with a single ∇a · ∇b, where ∇a is a bulk covariant derivative acting on
leg a. To simplify notation we will define ŝab = Da · Db.

In section 4 we will also consider exchange diagrams so we need to define bulk-to-bulk
propagators, Gν(k, η, η̃). For our purposes, we will only need to use the following property:

[(D1 + . . .+Dp)2 +m2]−1C∆
n =

∫
dη

ηd+1
dη̃

η̃d+1Up+1,n(η)Gν(k1...p, η, η̃)U1,p(η̃). (2.24)

This follows from the equation of motion

(D2
k +m2)Gν = ηd+1δ(η − η̃), (2.25)
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and the following identity:

(D2
1...pU1,p)Up+1,n = (D1 + . . .+Dp)2U1,n, (2.26)

where in the left-hand side D2
1...p is defined in (2.17) with k = |~k1 + . . . + ~kp| and p < n.

For more details, see for example section 2.2 of [54].

3 Four-point soft limits

In this section, we will fix the masses and 4-point couplings of the NLSM, DBI, and sGal
theories in de Sitter space from enhanced soft limits of their wavefunction coefficients. Our
strategy will be to express the Witten diagrams in terms of differential operators acting
on a contact diagram and then take the soft limit of a bulk-to-boundary propagator in the
contact diagram. The soft limit of bulk-to-boundary propagators can be read off from the
series expansion of (2.18) which is schematically given by

φν(k, η) ∼
∞∑
n=0

(
a2n + b2nk

2∆−d
)
k2n. (3.1)

We can see that the second series has k2(ν+n) terms which are subleading for positive ν. In
each case of interest, the enhanced soft limits will fix ∆ = d+ k where k is the order of the
shift symmetry in the Lagrangian. This sets ν = d/2+k and ensures that the second series
does not contribute to the soft limit. We therefore take the soft limit of the wavefunction
to be

φν(k, η) = N
η∆−d

(
1 + η2k2

2(2∆− d− 2)

)
+O(k4),

where N = Γ (∆− d/2) 2∆−d/2−1/2
√
π

.

(3.2)

This formula can then be used to study the soft limit of wavefunction coefficients.

3.1 NLSM

The effective Lagrangian for the NLSM takes the following form at 4-points:

LNLSM4√
−g

= −Tr
{1

2∇Φ · ∇Φ + 1
2m

2Φ2 + Φ2∇Φ · ∇Φ + 1
4CΦ4

}
, (3.3)

where we leave the mass and curvature correction C unfixed. Note that the 2-derivative
interaction comes from the naive uplift from flat space and we normalise the coupling to
one. The corresponding tree-level flavour-ordered 4-point wavefunction coefficient can be
obtained from two Witten diagrams and is given by [50]

ΨNLSM
4 = −δ3(~kT )

(
2ŝ13 + C −m2

)
C∆

4 , (3.4)

= −δ3(~kT )
∫

dη

ηd+1

[
2η2

(
~k1 · ~k3φ1φ3 + φ̇1φ̇3

)
φ2φ4 + (C + ∆(∆− d))φ1φ2φ3φ4

]
.
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If we take a soft limit of ~k1, we find that

lim
~k1→0

ΨNLSM
4 = N δ3(~kT )

∫
dη

ηd+1

[
η2 2(∆− d)

η∆−d+1 φ2φ̇3φ4 + C + ∆(∆− d)
η∆−d φ2φ3φ4

]
+O(k1),

= N δ3(~kT )
∫

dη

η∆+1

[
2(∆− d)ηφ2φ̇3φ4 + (C + ∆(∆− d))φ2φ3φ4

]
+O(k1),

= N δ3(~kT ) [2(∆− d)D3 + C −∆(∆− d)]
∫

dη

η∆+1φ2φ3φ4 +O(k1), (3.5)

where in the final line we have used the definition of the dilatation operator acting on the
bulk-to-boundary propagator. We see from (3.5) that the soft limit will vanish to O(k1)
if ∆ = d and C = 0, i.e. if we have a massless scalar and no curvature corrections in
agreement with (2.9). We can also see from (3.4) that it is not possible to for the soft
limit to vanish at higher order since there is no way to cancel the ~k1 · ~k3 term given that
the bulk-to-boundary propagators only depend on magnitudes of momenta. Hence, the
wavefunction coefficient is simply

ΨNLSM
4 = −2δ3(~kT )ŝ13C∆=d

4 . (3.6)

3.2 DBI

At 4-points, the DBI theory can be described by the following general effective Lagrangian
(modulo integration by parts and free equations of motion):

LDBI4√
−g

= −
{1

2∇φ · ∇φ+ 1
2m

2φ2 + 1
8(∇φ · ∇φ)2 + 1

4!Cφ
4
}
, (3.7)

where the 4-derivative interaction (whose coupling we have normalised to one) arises from
the naive uplift from flat space and we leave the mass and curvature correction C unfixed.
The tree-level 4-point wavefunction coefficient can be computed from Witten diagrams and
is given by [50]

ΨDBI
4 = −δ3

(
~kT
) (
ŝ2

12 + ŝ2
13 + ŝ2

14 + C
)
C∆

4 . (3.8)

More explicitly, the action of ŝ2
12 on bulk-to-boundary propagators is given by

ŝ2
12φ1φ2 = η4

[
(~k1 · ~k2)2φ1φ2 + 2~k1 · ~k2φ̇1φ̇2 + φ̈1φ̈2,

+ 1
η

(
2~k1 · ~k2

(
φ1φ̇2 + φ̇1φ2

)
− k2

1φ1φ̇2 − k2
2φ̇1φ2 + φ̇1φ̈2 + φ̈1φ̇2

)
+ 1
η2

(
(2− d)~k1 · ~k2φ1φ2 + φ̇1φ̇2

) ]
.

(3.9)

We then insert the soft limit for φ1 from equation (3.2).
To fix ∆ and C we need to expand the integrand to O

(
k2

1
)
and use the equations

of motion and integration by parts to eliminate terms which are not independent. One
option is to use the equations of motion of the bulk-to-boundary propagators to remove any
explicit dependence on k2

2 in (3.9) (k2 will still enter in the arguments of φ2). Alternatively,
we can apply the equations of motion to leave only terms containing φ2 and φ̇2 along

– 8 –
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with factors of k2
2. This second approach is equivalent to using the identity Hν−1(x) =

−Hν+1(x)+ 2ν
x Hν(x) on the Hankel functions which appear in the derivatives of propagators

to leave only two independent functions. Removing the explicit dependence on k2
2 in the

first term of (3.8) and summing over cyclic permutations then gives

lim
~k1→0

ΨDBI
4 = N δ3

(
~kT
) ∫ dη

η∆+1

[
(∆− d− 1)

(
(∆− d)η2φ̈2 − 2η3~k1 · ~k2φ̇2

)
φ3φ4 (3.10)

+ Cyc.[234] + (∆(∆− d)(4∆− 3d− 1) + C)φ2φ3φ4 +O(k2
1)
]
,

where we used the following identity to remove the φ̇a terms (a ∈ {2, 3, 4}) at O(k0
1):∫

dη

η∆+1 η∂η

(
n∏
i=2

φi

)
∼ ∆

∫
dη

η∆+1

(
n∏
i=2

φi

)
. (3.11)

In deriving the above formula, we discarded a total derivative term. This term actually
gives divergent contributions at η = 0 and therefore needs to be regulated, however these
contributions are analytic in at least two momenta and therefore correspond to contact
terms which have delta function support when Fourier transformed to position space [24].

From (3.10), we see that the soft limit vanishes to O(k2
1) if ∆ = d + 1 and C =

−(d+ 1)(d+ 3). Plugging these values into (3.8) gives

ΨDBI
4 = −δ3

(
~kT
) (
ŝ2

12 + ŝ2
13 + ŝ2

14 − (d+ 1)(d+ 3)
)
C∆=d+1

4 . (3.12)

Moreover, (3.7) becomes

LDBI4√
−g

= −
{1

2∇φ · ∇φ−
d+ 1

2 φ2 + 1
8(∇φ · ∇φ)2 − (d+ 1)(d+ 3)

4! φ4
}
. (3.13)

From (3.9) we can see that it is not possible for the soft limit to vanish beyond O(k2
1) since

this term contains a piece proportional to (~k1 · ~k2)2 but the soft limit of Witten diagrams
coming from the φ4 interaction will only depend on the magnitude k1. We also note that
while the O(k1) contribution to the wavefunction coefficient is needed to fix ∆, once this is
fixed only the leading soft limit is needed to fix C. This is appears to be a general feature
in de Sitter space, in contrast to flat space where all the subleading data is needed to fix
coefficients.

Let us now compare to the Lagrangian in (2.11) which was derived from shift symme-
tries. Expanding it to quartic order gives

LDBI√
−g

= 1
(1− φ2)(d+1)/2

√
1− ∇φ · ∇φ1− φ2 ,

= −
(1

2∇φ · ∇φ−
d+ 1

2 φ2 + 1
8(∇φ · ∇φ)2 − (d+ 1)(d+ 3)

4! φ4 +O(φ6)
)
,

(3.14)

where we have used integration by parts and the free equation of motion ∇2φ = m2φ

to remove a (∇φ · ∇φ)φ2 term. This precisely matches (3.13), which was derived from
enhanced soft limits.
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3.3 sGal

At 4-points, the sGal theory can be described by the following effective action modulo
integration by parts and free equations of motion:

LsGal4√
−g

=−
{1

2∇φ ·∇φ+ 1
2m

2φ2 + 1
8(∇µ∇νφ)2∇φ ·∇φ+ 1

8B(∇φ ·∇φ)2 + 1
4!Cφ

4
}
, (3.15)

where the 6-derivative term uplifts from flat space and we have normalised its coupling
to one while the remaining interaction terms are curvature corrections with unfixed coef-
ficients. The 4-point wavefunction coefficient can be computed from Witten diagrams and
is given by [50]

ΨsGal
4 = δ3(~kT )[(ŝ3

12 + ŝ3
13 + ŝ3

14) + (d−B)(ŝ2
12 + ŝ2

13 + ŝ2
14)− C]C∆

4 . (3.16)

The ŝ3
ab terms are quite lengthy and can be found in appendix A. The ŝ2

ab terms were
already considered in the previous subsection.

We will now expand the integrand up to O(k2
1) and present the soft limit in parts.

After substituting (3.2) we apply equations of motion to eliminate any explicit dependence
on k2

2 in the ŝ3
12 term and sum over permutations to obtain

lim
~k1→0

ΨsGal
4 = −N (∆− d− 2)δ3

(
~kT
) ∫ dη

η∆+1

[
η

(
(∆− d− 1)(∆− d)η2

+ k2
1

2∆− d− 2(∆− d− 3)(∆− d− 4)
) ...
φ 2 (3.17)

− 3~k1 · ~k2η
4φ̈2 + 3(~k1 · ~k2)2η5φ̇2

]
φ3φ4 + Cyc.[234] +O(k3

1) + . . . ,

where the ellipsis represent terms that can also arise from 4-derivative and φ4 interactions.
We must then set ∆ = d+ 2 in order for the terms displayed above to vanish. When this
is substituted into the remaining terms they simplify significantly and we obtain

lim
~k1→0

ΨsGal
4 =−N (B+2d+2)δ3

(
~kT
)∫ dη

η∆+1 η
2
(
2φ̈2−2η(~k1 ·~k2)φ̇2 +η2(~k1 ·~k2)2φ2

)
φ3φ4

+Cyc.[234]+O(k3
1)+ . . . , (3.18)

where the ellipsis denote terms that can also arise from φ4 interactions. After setting
B = −2(d + 1) the above terms vanish and the soft limit of the wavefunction coefficient
reduces to

lim
~k1→0

ΨsGal
4 = N (4(d+ 2)2 − C)δ3

(
~kT
) ∫ dη

η∆+1
4 + 2d+ η2k2

1
2(d+ 2) φ2φ3φ4 +O(k3

1), (3.19)

which fixes C = 4(d+2)3. The wavefunction coefficient with O(k3
1) soft behavior is therefore

ΨsGal
4 = δ3

(
~kT
) (
ŝ3

12 + ŝ3
13 + ŝ3

14 + (3d+ 2)
(
ŝ2

12 + ŝ2
13 + ŝ2

14

)
− 4(d+ 2)3

)
C∆=d+2

4 .

(3.20)
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We can see from equations (3.18) and (3.19) that once ∆ is fixed, we can fix B and C using
only the leading order soft limit.

Moreover, we find that the Lagrangian in (3.15) is given by

LsGal4√
−g

= −
{1

2∇φ ·∇φ− (d+ 2)φ2 + 1
8(∇µ∇νφ)2∇φ ·∇φ− d+ 1

4 (∇φ ·∇φ)2 + (d+ 2)3

6 φ4
}
.

(3.21)
Let us compare the above Lagrangian to the one derived from hidden symmetry. Ex-

panding (2.12) to quartic order gives

LsGal
√
−g

=−
(1

2∇φ·∇φ−(d+2)φ2− 1
4!2(d+2)(d(d+4)+12)φ4+ 1

4!(d(3d+8)+28)φ2∇φ·∇φ

+ d+4
96 (∇φ·∇φ)2+ 2−d

24 φ∇µφ∇νφ∇µ∇νφ−
1
96∇φ·∇φ(∇µ∇νφ)2

+ 1
48∇

µφ∇νφ∇σ∇µφ∇σ∇νφ
)

+O(φ6), (3.22)

where we have used the free equation of motion ∇2φ = m2φ = −2(d + 2)φ. We can then
use integration by parts and free equations of motion to bring this to the form in (3.15).
In more detail, the final term in (3.22) can be written as

∂µφ∂νφ∇σ∇µφ∇σ∇νφ ∼ −
1
2
(
(∇φ · ∇φ)∇σ∇µφ∇σ∇µφ+ (∇φ · ∇φ)∂νφ∇2∇νφ

)
,

(3.23)
where we applied integration by parts on ∇σ. The second term on the right-hand side can
then be reduced to lower-derivative terms by noting that

∇σ∇σ∂νσφ = ∇σ∇ν∂σφ,
= ∇ν∇2φ+ [∇ν∇σ]∂σφ,
= m2∂νφ+Rµν∂

µφ,

= −(d+ 4)∂νφ.

(3.24)

Similarly, using integration by parts and free equations of motion, the two-derivative term
in the first line of (3.22) can be reduced to a φ4 term, and the second four-derivative term
in the second line of (3.22) can be written in the form (∇φ · ∇φ)2 plus a φ4 term. In the
end, we are left with three interaction terms:

LsGal
int√
−g

= − 1
48(∇φ · ∇φ)∇α∇βφ∇α∇βφ+ d+ 1

24 (∇φ · ∇φ)2− 1
36(d+ 2)3φ4 +O(φ6). (3.25)

After multiplying by 6 (equivalent to rescaling the six-derivative coupling) this indeed
matches the interaction terms in (3.21), which were deduced from enhanced soft limits.

3.4 Double copy

In flat space, the scattering amplitudes of the NLSM, DBI, and sGal theories enjoy dou-
ble copy relations [69], which are made manifest using a formulation based on scattering
equations [70, 71]. Scattering equations in (A)dS were later formulated in [47, 51, 52, 54]
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and used to explore the double copy for effective scalar theories in [50] (the double copy
for effective scalar theories in AdS was also explored from various other points of view
in [53, 67, 68]). In more detail, a generalised double copy for 4-point wavefunction co-
efficients was proposed in terms of unfixed parameters encoding masses and curvature
corrections. In this subsection, we will explain how to fix these parameters using our
results on enhanced soft limits.

Let us briefly review the representation of tree-level wavefunction coefficients in terms
of scattering equations and the generalised double copy at 4-points. We will focus on
effective scalar theories with mass m2 = ∆(d−∆). The discussion will be very schematic
but the interested reader can find more details in [50]. A tree-level n-point wavefunction
coefficient can be written as an integral over n-punctures on the sphere:

Ψn = δd(~kT )
∫
γ

n∏
a 6=e,f,g

dσa S−1
a (σefσfgσge)2 InC∆

n , (3.26)

where σab = σa − σb. The three punctures denoted e, f, g are fixed and In is a theory-
dependent integrand, which in general is a differential operator acting on an n-point contact
diagram C∆

n . Since the integrand is constructed from ŝab operators it can in principle
have ordering ambiguities, although they do not arise for scalar theories with polynomial
interactions [52]. The contour γ encircles the poles where differential operators Sa vanish
when acting on everything to the right. The operators are defined as

Sa =
n∑

j=1
j 6=i

αab
σab

(3.27)

where αab = 2ŝab + µab with µaa±1 = −m2. In practice, it is not known how to explic-
itly solve the equations which determine these poles, dubbed the cosmological scattering
equations, but the integral can be mapped to a sum of Witten diagrams using the global
residue theorem.

For the NLSM at 4-points, the following integrand was proposed in [50]:

INLSM4 = λ2PT
(
Pf ′A

)2 + cPT PfX|conn Pf ′A, (3.28)

where PT = (σ12 . . . σn1)−1, Pf ′A is related to the Pfaffian of an operator-valued matrix
whose off-diagonal elements are Ars = αrs/σrs, PfX is the Pfaffian of a matrix whose off-
diagonal elements are Xrs = 1/σrs, and Pf X|conn refers to the sum over connected perfect
matchings which arise in PfX. The first term on the right-hand side of (3.28) represents the
naive uplift from flat space while the second term encodes a potential curvature correction.
Evaluating the contour integral in (3.26) then gives

ΨNLSM
4 = −δ3(~kT )

(
2λ2ŝ13 − c−m2

)
C∆

4 . (3.29)

Comparing this to the wavefunction coefficient with enhanced soft limits in (3.6) then fixes
the mass and coefficients as follows:

λ = 1, c = m = 0. (3.30)
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For the DBI and sGal theories at four-points the following integrand was proposed
in [50]:

I(6)
4 = a(Pf ′A)3(Pf ′A+m2 PfX|conn) + b(Pf ′A)2(Pf ′APfX +m2PT) + cPT PfX|conn Pf ′A,

(3.31)
where a = 0 for the DBI theory (note that in the above equation a, b, c are understood
to be coefficients rather than labels of external legs). For both theories, c is a curvature
correction while b is also a curvature correction in the sGal theory. Note that (3.31) can
be obtained from (3.28) via the following replacement:

λ2PT→ aPf ′A
(
Pf ′A+m2 PfX|conn

)
+ b

(
Pf ′APfX +m2PT

)
. (3.32)

In addition to performing this replacement, we are also free to change the value of the
mass and coefficient c in (3.28) so that they do not necessarily have the same value as the
NLSM. In the flat space limit (where curvature corrections and masses are set to zero), this
replacement encodes the double copy of NLSM amplitudes to DBI and sGal amplitudes.
In curved background, we therefore refer to it as a generalised double copy.

After specifying a simple prescription to avoid potential ordering ambiguities of the
integrand in (3.31), the contour integral in (3.26) gives

Ψ(6)
4 = δ3(~kT )

[8a
3 (ŝ3

12 + ŝ3
13 + ŝ3

14) + 2(b− am2)(ŝ2
12 + ŝ2

13 + ŝ2
14) + 1

3am
6 − bm4 + c

]
C∆

4 .

(3.33)
Comparing this to the wavefunction coefficient for the DBI theory derived from enhanced
soft limits in (3.12) then fixes the parameters as follows:

a = 0, b = −1
2 , c = 1

2
(
d2 + 6d+ 5

)
, m2 = −(d+ 1). (3.34)

Moreover, comparing (3.33) to the wavefunction coefficient for the sGal theory in (3.20)
implies that

a = 3
8 , b = 1

4 (3d− 2) , c = −8(d+ 2)2, m2 = −2(d+ 2). (3.35)

In summary, the parameters of the generalised double copy for four-point wavefunction
coefficients can be fully fixed by enhanced soft limits. In the next section we will show
that enhanced soft limits also fix higher-point wavefunction coefficients, so it would be
interesting to see if the double copy prescription can be extended to higher points as well.

4 Higher points

In this section, we will show that all 6-point couplings of the NLSM and DBI theory in
dS can also be fixed from enhanced soft limits of wavefunction coefficients. The method
we develop can also be applied to the sGal theory, but at six points its Lagrangian has
13 interaction vertices going up to ten derivatives so Witten diagram calculations become
very tedious. We will therefore leave that case for future work.
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4.1 NLSM

We start with the NLSM, which is very simple but nicely illustrates the procedure for fixing
higher-point couplings. At six points, the most general Lagrangian is given by

LNLSM6√
−g

= Tr
[
−1

2∂µΦ∂µΦ− 1
2m

2Φ2 − Φ2∂µΦ∂µΦ− 1
4CΦ4

−A
(

Φ4∂µΦ∂µΦ + 1
2Φ2∂µΦΦ2∂µΦ

)
− 1

6FΦ6
]
,

(4.1)

where the Φ4 and Φ6 terms are curvature corrections. We have already fixed m = 0 and
C = 0 from the enhanced soft limit at four points. The coefficient A can be fixed by the
flat space limit but we will deduce it along with F from enhanced soft limits at six points.
The six-point wavefunction coefficient was already computed from Witten diagrams in [50]
and takes the form

ΨNLSM
6 = δ3(~kT )

[(
ŝ13ŝ46
ŝ123

+A ŝ13 + Cyc.[i→ i+2]
)

+ F

]
C∆=d

6 , (4.2)

where we’ve used the shorthand and ŝabc = Da · Db + Db · Dc + Dc · Da. The first term in
parenthesis comes from an exchange diagram with two 4-point vertices. It was obtained
using integration by parts to move all derivatives with respect to conformal time onto the
external propagators. In this form, the expression is free or ordering ambiguities since
[ŝabc, ŝab]C∆ = 0.

If we take ~k1 soft, all operators of the form D1 ·Da will vanish up to O(k1) when acting
on the contact diagram C∆ as in (3.5) since ∆ = d. Hence two of the channels in (4.2)
drop out immediately and it reduces to

lim
~k1→0

ΨNLSM
6 = δ3(~kT )

[(
ŝ35ŝ62
ŝ612

+A ŝ35

)
+ F

]
C∆=d

6 . (4.3)

Noting that lim~k1→0 ŝ612 = ŝ62 when ∆ = d, we then can see the soft limit vanishes if
A = −1 and F = 0, in agreement with (2.9).

In summary, we see that the enhanced soft limit arises via cancellations between ex-
change and contact diagrams, fixing higher-point couplings in terms of lower-point cou-
plings. In this way, we can in principle bootstrap all tree-level wavefunction coefficients
and reconstruct the Lagrangian.

4.2 DBI

We now consider the following 6-point effective Lagrangian:

LDBI6√
−g

= L
DBI
4√
−g

+ A

48(∇φ · ∇φ)3 + B

16(∇φ · ∇φ)2φ2 + C

6!φ
6, (4.4)

where the 4-point Lagrangian was fixed by enhanced soft limits in (3.13). The coefficient A
can be determined by the flat space limit but we will fix it along with the other coefficients
from enhanced soft limits. First we compute the 6-point wavefunction coefficient from
Witten diagrams, which are depicted in figure 1.
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1

2

3 4

5

6

ΨDBI
6 = +

1

2

3 4

5

6

+ Perms

Figure 1. Witten diagrams contributing the 6-point sGal wavefunction coefficient.

1

2

3

LΨL =

Figure 2. Four-point vertex contributing to 6-point exchange diagram.

To compute the exchange diagrams, first consider the 4-point vertex on the left of the
exchange diagram in figure 1 which is illustrated in figure 2:

ΨL = (ŝ12ŝ3L + ŝ23ŝ1L + ŝ31ŝ2L − (d+ 1)(d+ 3)) , (4.5)

which is understood to act on a 6-point contact diagram in combination with a bulk-to-bulk
propagator and another 4-point vertex. We can then use the conformal Ward identities at
the vertex D1 +D2 +D3 = −DL to get

ΨL =
(
− 2 (ŝ12ŝ23 + ŝ23ŝ31 + ŝ31ŝ12) +m2(ŝ12 + ŝ23 + ŝ31)− (d+ 1)(d+ 3)

)
, (4.6)

where −m2 = ∆(∆− d) = d+ 1. Combining this with the rest of the Witten diagram and
summing over permutations then gives

ΨDBI
6, exch = δ3(~kT ) 1

(D1 +D2 +D3)2 +m2

(
2 (ŝ12ŝ23 + ŝ23ŝ31 + ŝ31ŝ12) (4.7)

+ (d+ 1)(ŝ12 + ŝ23 + ŝ31 + (d+ 3))
)
× (123)→ (456))C∆=d+1

6 + perms,

where the permutation sum is over 10 inequivalent factorisation channels. Note that this
expression is free of ordering ambiguities. Moreover, it is straightforward to read off the
contact Witten diagrams from (4.4):

ΨDBI
6, cont = δ3(~kT ) [A (ŝ12ŝ34ŝ56 + perms) +B (ŝ12ŝ34 + perms) + C] C∆=d+1

6 , (4.8)

where we sum over inequivalent permutations giving 61 terms.
Let us now expand the wavefunction coefficient to O(k2

1). To this order, the 4-point
vertex in (4.6) is given by

ΨL = −((D1 +D2 +D3)2 +m2)
(
ŝ12 + ŝ31 + 1

2(d− 1)
)

+O(k2
1), (4.9)
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As a result, the numerator of the exchange diagram in figure 1 can be written as(
2 (ŝ12ŝ23 + ŝ23ŝ31 + ŝ31ŝ12) + (d+ 1)(ŝ12 + ŝ23 + ŝ31 + (d+ 3))

)
= ((D1 +D2 +D3)2 +m2)

(
ŝ12 + ŝ31 + 1

2(d− 1)
)

+O(k2
1).

(4.10)

Hence, in the soft limit we can cancel all the propagators and are left with a cubic polyno-
mial in ŝij . We then we apply conformal Ward identities to cancel exchange and contact
contributions, mimicking the analogous cancellation of terms that arises in the flat space
limit using momentum conservation.

We then use integration by parts and equations of motion to write the conformal
time integrand in terms of linearly independent terms, as before. In the present case, the
procedure is somewhat complicated so we provide more details in appendix B and the
attached Mathematica code EnhancedSoftLimits.nb in the supplementary material. In
the end, we find that the soft limit of the 6-point wavefunction coefficient vanishes to O(k2

1)
if and only if A = 3, B = d+ 1, C = 2(d+ 1)(9− d2). Since ∆ was already fixed from the
4-point soft limit, these values can be deduced by considering only the leading order soft
limit at six points. We therefore find that the 6-point effective Lagrangian can be written as

LDBI6√
−g

= −1
2∇φ · ∇φ+ d+ 1

2 φ2 − 1
8(∇φ · ∇φ)2 + (d+ 1)(d+ 3)

4! φ4 − 1
16(∇φ · ∇φ)3

+ d+ 1
16 (∇φ · ∇φ)2φ2 + 2(d+ 1)(9− d2)

6! φ6. (4.11)

On the other hand, expanding the Lagrangian in (2.12) to sixth order (without applying
equations of motion) gives

LDBI6√
−g

= −1
2∇φ · ∇φ+ d+ 1

2 φ2 − 1
8(∇φ · ∇φ)2 − 1

4(d+ 3)(∇φ · ∇φ)φ2

+ 3(d+ 1)(d+ 3)
4! φ4 − 1

16(∇φ · ∇φ)3 − 3(d+ 5)
16 (∇φ · ∇φ)2φ2

− 3(d+ 3)(d+ 5)
48 (∇φ · ∇φ)φ4 + 15(d+ 1)(d+ 3)(d+ 5)

6! φ6.

(4.12)

Matching the two Lagrangians using integration by parts and equations of motion is very
tedious, so we instead verify that they give the same 6-point wavefunction coefficient in
appendix C.

5 Conclusion

In this paper, we have found evidence that the link between hidden symmetries and en-
hanced soft limits for scattering amplitudes in flat space extends to wavefunction coef-
ficients in de Sitter space. In more detail, we have shown that enhanced soft limits fix
the masses and couplings (including curvature corrections) of scalar effective field theories
in agreement with the Lagrangians recently derived for the DBI and sGal theories from
hidden symmetries in [22]. Moreover, we have shown that enhanced soft limits imply that
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the NLSM in dS must be massless and cannot receive curvature corrections, which would
spoil its shift symmetry. We have carried out these calculations up to six points in the
NLSM and DBI theory and four points in the sGal theory. At six points, the enhanced
soft limits arise from cancellations between exchange and contact Witten diagrams, allow-
ing us to fix all 6-point couplings in terms 4-point couplings. In principle, this procedure
can be extended to any number of points allowing us to reconstruct the entire tree-level
wavefunction coefficient, or equivalently the entire Lagrangian.

There are a number of future directions. First of all, it would be interesting to extend
our calculations to any number of points. This would involve writing down the most general
effective action that reduces to the known one in the flat space limit, computing the tree-
level wavefunction coefficients up to a given number of points using Witten diagrams,
fixing the couplings from enhanced soft limits, and showing that the result agrees with the
Lagrangians recently derived from hidden shift symmetries. If this were possible, it would
be very significant because it would allow us to prove the relation between enhanced soft
limits and hidden symmetries in dS. The difficulty with this approach is that the number of
Witten diagrams quickly becomes very large at higher points. A more efficient method for
fixing higher-point couplings from enhanced soft limits would therefore be very welcome.
In flat space, enhanced soft limits allow one to define recursion relations for scattering
amplitudes [72, 73]. It seems likely that similar progress can be made for wavefunction
coefficients in dS by combining enhanced soft limits with knowledge of their singularity
structure. This direction was recently explored in the context of flat space wavefunction
coefficients, which do not exhibit enhanced soft limits but do obey soft theorems [27].

Another approach for fixing all couplings of the DBI theory from enhanced soft limits
is suggested by the following observation. The DBI Lagrangian in dS can be written in the
form

LDBI√
−g

=
√

1−X − Y
(1− Y )d/2+1 = L(X,Y ), (5.1)

where X = ∇φ · ∇φ and Y = φ2, which is a solution to the following simple differential
equation:

(1−X − Y ) ∂L
∂X

+ L

2 = 0. (5.2)

In [12], the flat space analogue of this differential equation (which corresponds to setting
Y = 0) was deduced from general arguments about enhanced soft limits of the S-matrix.
Given the simplicity of the DBI Lagrangian in dS, it seems plausible that these arguments
can be generalised to dS.

This leads us to the next question: how do we prove that higher shift symmetries in
dS imply enhanced soft limits of the wavefunction coefficients without using Lagrangians?
The analogous proof in flat space, which was sketched in section 2, relied heavily on the
definition of the S-matrix, and does not immediately lift to wavefunction coefficients or
CFT correlators. A useful strategy for addressing this question may be the one developed
in [74, 75] which studied soft limits of cosmological correlators from a boundary perspective.
On the other hand, the shift symmetries underlying the NLSM, DBI, and sGal theories in
dS are generated by diffeomorphisms which change the asymptotic behaviour of bulk fields
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so it is not immediately clear how to interpret them from the CFT perspective. We hope
to gain a deeper understanding of this issue in the future.

Finally, it would be interesting to adapt our methods to other models. In flat space, [76,
77] showed that soft limits of the NLSM, DBI, and sGal theories are actually controlled by
larger theories which become visible when one expands beyond the order at which the soft
limits vanish. It would therefore be interesting to extend our calculations to higher orders
in the soft limit and investigate the emergence of extended theories in dS. Moreover the
flat space Lagrangian for Born-Infeld theory (which is a vector effective field theory) can
be uniquely fixed by the vanishing of multiple chiral soft limits [78], so it would natural to
look for an analogue of this in dS. It would also be interesting to consider soft limits of more
realistic inflationary models where Lorentz boosts are spontaneously broken [38, 79, 80]. In
the flat space limit, the scattering amplitudes of such effective field theories do not generally
exhibit enhanced soft limits, except in the case of the spontaneously broken DBI theory
which exhibits an emergent Lorentz invariance with respect to the speed of sound [81, 82].
It would be fascinating if this phenomenon also occurs in de Sitter background.
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A 4-point sGal soft limit

This appendix includes some extra details of the calculations in section 3.3. In particular,
we will explain how to evaluate the ŝ3

ab terms in (3.16). This is done using the definitions
in (2.20) along with their known action on bulk-to-boundary propagators [50]:

DKν = η
∂

∂η
Kν , P iKν = kiKν ,

KiKν = η2kiKν , MijKν = 0.
(A.1)

To evaluate the action of ŝ3
ab we also need

Kα(kiφ) = η2kαkiφ− 2ηδiαφ̇,
Kαφ̇ = kα(η2φ̇+ 2ηφ),

Kα(kikjφ) = η2kαkikjφ− 2(δαikj + δαjki)(φ+ ηφ̇) + 2kαδijφ,
Kαφ̈ = kα(η2φ̈+ 4ηφ̇+ 2φ),
Dφ̇ = ηφ̈+ φ̇,

M12
(
~k1 · ~k2f(k1, k2)

)
= 2(d− 1)~k1 · ~k2f(k1, k2),

M12
(
(~k1 · ~k2)2f(k1, k2)

)
= 4

(
d(~k1 · ~k2)2 − k2

1k
2
2

)
f(k1, k2),

(A.2)
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where f(k1, k2) is some function depending only on the magnitudes of the momenta. These
operations are implemented in the code EnhancedSoftLimits.nb in the form of replace-
ment rules (this enables the integrands to be evaluated much faster than if it were evaluating
them as derivatives). This code also has additional relations needed for 6-point calculations.

The action of the cubic operator is then given by

ŝ3
12φ1φ2 =η6

[
(~k1 ·~k2)3φ1φ2+3(~k1 ·~k2)2φ̇1φ̇2+3(~k1 ·~k2)φ̈1φ̈2+

...
φ 1

...
φ 2

+ 3
η

(
2(~k1 ·~k2)2(φ̇1φ2+φ1φ̇2)+(~k1 ·~k2)

(
−k2

1φ1φ̇2−k2
2φ̇1φ2+3(φ̈1φ̇2+φ̇1φ̈2)

)
−k2

1φ̇1φ̈2−k2
2φ̈1φ̇2+

...
φ 1φ̈2+φ̈1

...
φ 2

)
+ 1
η2

(
(10−3d)(~k1 ·~k2)2φ1φ2+2(~k1 ·~k2)

(
2(φ̈1φ2+φ1φ̈2)+(29−3d)φ̇1φ̇2

−(k2
1 +k2

2)φ1φ2
)

+2k2
1k

2
2φ1φ2

−k2
1(5φ̇1φ̇2+4φ1φ̈2)−k2

2(5φ̇1φ̇2+4φ̈1φ2)+
...
φ 1φ̇2+φ̇1

...
φ 2

)
+ 1
η3

(
4(3−d)~k1 ·~k2(φ̇1φ2+φ1φ̇2)+(d−6)k2

1φ1φ̇2+(d−6)k2
2φ̇1φ2+3(φ̈1φ̇2+φ̇1φ̈2)

)
+ 1
η4

(
(d−2)2~k1 ·~k2φ1φ2+φ̇1φ̇2

)]
. (A.3)

We can then compute the soft limit:

lim
~k1→0

ŝ3
12φ1φ2 = η6

( ...
φ 1

...
φ 2 + 3

η

(
−k2

2φ̈1φ̇2 +
...
φ 1φ̈2 + φ̈1

...
φ 2

)
,

+ 1
η2

(
−k2

2(5φ̇1φ̇2 + 4φ̈1φ1) +
...
φ 1φ̇2 + 9φ̈1φ̈2 + φ̇1

...
φ 2)

)
,

+ 1
η3

(
(d− 6)k2

2φ̇1φ̇2 + 3(φ̈1φ̇2 + φ̇1φ̈2)
)

+ 1
η4 φ̇1φ̇2

)
+O(k1).

(A.4)

This can also be expressed in terms of boundary generators as was done in previous
work [50]. For example the leading soft limit of (3.16) is given by

lim
~k1→0

ΨsGal
4 = −N

(
(∆− d)(∆− d− 1)(∆− d− 2)(D3

2 +D3
3 +D3

4)

− (∆− d)(∆− d− 1)(B + 2 + 2d)(D2
2 +D2

3 +D2
4)

+ ∆(∆− d)(d(∆2 + ∆− 4)−B(2 + ∆)−∆3 + 4∆− 4)− C
)

×
∫

dη

η∆+1φ2φ3φ4 +O(k1).

(A.5)

B 6-point DBI soft limit

In this appendix, we will provide more details about the calculation in section 4.2. In
particular, we will present an algorithm for systematically applying equivalence relations
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to express the 6-point tree-level wavefunction coefficient in terms of linearly independent
terms. This allows us to fix all the couplings from enhanced soft limits and is implemented
in EnhancedSoftLimits.nb. The equivalence relations are

• conformal Ward identities in terms of the ŝab operators,

• boundary momentum conservation,

• equations of motion for the bulk-to-boundary wavefunctions,

• integration by parts identities/ addition of a total derivative to the integrand.

Note that we neglect any boundary contributions that may come from integration by
parts since they have delta function support when Fourier transformed to position space.
Although the relations implied by conformal Ward identities can also be obtained from a
combination of the other three equivalence relations, in practice we use all four in such a
way as to remove the need for guesswork. In particular, we apply momentum conservation,
equations of motion, and integration by parts relations in a particular order such that the
latter can be constructed systematically.

After fixing ∆ from the enhanced soft limit at four points, it is sufficient to work to
leading order in the soft momentum in order to fix the 6-point couplings. The procedure
for fixing these couplings is then given below:

1. Write the soft limit of an exchange diagram as a contact diagram by cancelling
numerator and denominator in this limit (see (4.9)).

2. Sum all diagrams over permutations to obtain the wavefunction coefficient. The
wavefunction coefficient is now of the form f(ŝab)C6, where f is a polynomial up to
cubic order in the ŝab.

3. Apply the conformal Ward identities to eliminate one leg and one ŝab, mimicking the
use of momentum conservation needed to demonstrate enhanced limits of amplitudes
in flat space. We choose to eliminate leg n and ŝn−2n−1 using ŝan = −∑n−1

b=1 sab

and
(∑n−1

a=1 Da
)2

= ŝnn. At each stage we can also apply ŝaa ∼ −m2. Note that
this will remove any derivatives acting on the field φn. It will not however remove
all occurrences of ~kn−2 · ~kn−1 in the integrand since they can also appear from the
successive action of ŝan−2ŝan−1, for example. This means that we can still apply
boundary momentum conservation to eliminate quantities that are not independent.

4. Use (3.2) to finish taking the soft limit and use the propagator equation of motion
to remove factors of k2

a.

5. Use boundary momentum conservation to remove ~kn−2 ·~kn−1. This will re-introduce
the magnitudes k2

a (including kn) so we again apply equations of motion such that
the integrand contains only functions not linked by equations of motion.
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6. The equations of motion will introduce derivatives of φn so use integration by parts to
remove φ̈n and then φ̇n. This step can be done systematically by identifying terms of
the form

∫
dη g(η,~ka, ∂lηφb 6=n)∂mη φn for some function g and deriving the appropriate

total derivative which contains it.

7. The wavefunction coefficient can now be seen to vanish for specific choices of the
coefficients A,B,C in (4.4).

Finally, we note that operators that are quadratic or cubic in leg 1 can be written as
combinations of operators that are at most linear in leg 1, up to O(k1). It is this property
for example that allowed us to obtain equation (4.9). We also observe that

ŝ3
12C∆=d+1

6 =
(
(d2 + d+ 1)ŝ12 + d(d+ 1)

)
C∆=d+1

6 +O(k2
1),

ŝ12ŝ13ŝ23C∆=d+1
6 =

(
ŝ2

23 + ŝ13ŝ23 − (d+ 1)ŝ12 + dŝ23
)
C∆=d+1

6 +O(k2
1).

(B.1)

Further demonstrations can be found in EnhancedSoftLimits.nb. In principal, we could
also use these properties to solve for the unknown coefficients without needing to consider
the full integrand.

C Matching 6-point wavefunctions

We will now show that the wavefunction coefficient obtained from the Lagrangian in (4.12)
gives the same wavefunction coefficient as the one obtained from enhanced soft limits.
Applying the free equation of motion to rewrite the (∇φ · ∇φ)φ4 as a φ6 interaction gives

LDBI6√
−g

= −1
2∇φ · ∇φ+ d+ 1

2 φ2 − 1
8(∇φ · ∇φ)2

− 1
4(d+ 3)(∇φ · ∇φ)φ2 + 3(d+ 1)(d+ 3)

4! φ4 − 3
48(∇φ · ∇φ)3

− 3(d+ 5)
16 (∇φ · ∇φ)2φ2 + 6(d+ 1)(d+ 3)(d+ 5)

6! φ6.

(C.1)

We then obtain the following contribution from 6-point contact Witten diagrams:

ΨDBI
6, cont = δ3

(
~kT
) [

3 (ŝ12ŝ34ŝ56 + perms)− (5 + d) (ŝ12ŝ34 + perms)

+ 6(1 + d)(3 + d)(5 + d)
]
C∆=d+1

6 ,
(C.2)

where the terms are summed over all inequivalent permutations. Moreover, we find the
following contribution from exchange diagrams:

ΨDBI
6,exch =

δ3
(
~kT
)

(D1 +D2 +D3)2 +m2

[
ŝ12ŝ3L+Cyc.[123]−3(1+d)(3+d) (C.3)

−(d+3)(ŝ12 + ŝ23 + ŝ31 +DL ·(D1 +D2 +D3))
]
×(123)↔ (456)C∆=d+1

6 +perms.
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Next we use the conformal Ward identity at the vertex −DL = D1 +D2 +D3 to express
the terms quadratic in boundary conformal generators terms as an inverse propagator plus
a constant:

ΨDBI
6,exch =

δ3
(
~kT
)

(D1 +D2 +D3)2 +m2

[
ŝ12ŝ3L+Cyc.[123]−3(1+d)(3+d) (C.4)

−(d+3)
(1

2[(D1 +D2 +D3)2 +m2]+2(d+1)
)]
×(123)↔ (456)C∆=d+1

6 +perms,

where we have used D2
a ∼ −m2 to simplify the constant. This can be identified as the

exchange diagram from (4.7) plus a new contact contribution:

ΨDBI
6, exch =

δ3
(
~kT
)

ΨLΨR

(D1 +D2 +D3) +m2C
∆=d+1
6 + Ψ̃DBI

6, cont, (C.5)

where

Ψ̃DBI
6,cont = δ3

(
~kT
){1

2(d+3)(ΨL+ΨR)+ 1
4(d+3)2

[
(D1 +D2 +D3)2 +m2

]}
C∆=d+1

6 +perms.
(C.6)

We now work with the new contact contribution, summing over the 10 factorisation
channels and comparing to the form in (C.2). To do this, we want the quadratic term to
be expressed as a sum of terms each with 4 distinct labels. We therefore use the conformal
Ward identities to write DL = D4 +D5 +D6 to get

ΨL = ŝ12(ŝ34 + ŝ35 + ŝ36) + Cyc.[123]− (1 + d)(3 + d), (C.7)

and analogously for ΨR. We can see that the quadratic term from ΨL + ΨR will contain
18 terms so the sum over 10 channels will give a permutation-invariant sum of 180 terms.
Since there are 45 unique ŝabŝcd, this gives us a symmetry factor of 4. A similar analysis
of the linear terms from (D1 + D2 + D3)2 gives a symmetry factor of 4 as well. We can
therefore express the new contact contribution as

Ψ̃DBI
6,cont =δ3

(
~kT
)[

2(d+3)(ŝ12ŝ34+Perms)+(d+3)2(ŝ12+Perms)−5(d+1)(d+3)2
]
C∆=d+1

6 .

(C.8)
Noting that (ŝ12 + perms) = 3m2 = −3(d+ 1), this becomes

Ψ̃DBI
6, cont = δ3

(
~kT
) [

2(d+ 3)(ŝ12ŝ34 + perms)− 8(d+ 1)(d+ 3)2
]
C∆=d+1

6 . (C.9)

We can then combine this with equation (C.2) to give

ΨDBI
6, cont = δ3

(
~kT
) [

(d+ 1)(ŝ12ŝ34 + Perms) + 2(d+ 1)(9− d2)
]
C∆=d+1

6 , (C.10)

matching the result obtained from the enhanced soft limit. This wavefunction coefficient
therefore also corresponds to the one obtained from (4.11).
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