THE BATCHELOR-HOWELLS-TOWNSEND SPECTRUM:
THREE-DIMENSIONAL CASE

M. S. JOLLY! AND D. WIROSOETISNO?

ABSTRACT. Given a velocity field u(z, t), we consider the evolution of a passive
tracer 6 governed by 0:0 + u - VO = A6 + g with time-independent source
g(x). When w is small in some sense, Batchelor, Howells and Townsend (1959,
J. Fluid Mech. 5:134; henceforth BHT59) predicted that the tracer spectrum
scales as |0 |? oc |k|~#|ux|?. Following our recent work for the two-dimensional
case, in this paper we prove that the BHT59 scaling does hold probabilistically,
asymptotically for large wavenumbers and for small enough random synthetic
three-dimensional incompressible velocity fields u(x,t). We also relaxed some
assumptions on the velocity and tracer source, allowing finite variances for
both and full power spectrum for the latter.

1. INTRODUCTION

Several theories relate the spectrum of a passive tracer to the energy spectrum of
the velocity that advects it. Now the velocity (energy) spectrum is conjectured to
obey the Kolmogorov—Obukhov scaling in three space dimensions or the Kraichnan—
Batchelor scaling in two dimensions, in an “inertial range” between the forcing scale
and some small limiting scale. Obtaining these from the Navier—Stokes equations
is a major open problem, with the three-dimensional case also dependent on the
resolution of the Navier—Stokes problem, so for the passive tracer problem one
often assumes the existence of such an inertial range, with an energy spectrum

scaling as £(k) ~ |k|?. Then in the case of small Prandtl number, when inertial
effects dominate (tracer) diffusion, which happens at larger scales for large velocity,
the Obukhov—Corrsin theory [7,22] predicts that the tracer spectrum scales as
||~ (B+5)/2,

On the other hand, tracer diffusion will inevitably dominate at smaller scales (but
still larger than the limiting scale). In this regime, it was predicted by Batchelor,
Howells and Townsend [2, henceforth BHT59] that the tracer spectrum should scale
as |k|7*€(k). An important ingredient in their argument is that, in the relevant
scales, the time-dependence of the velocity can be neglected, essentially reducing
the problem to a static one. Their second important assumption is that, where their
scaling obtains, correlations between the tracer and the velocity can be neglected.

In [17], Kraichnan proposed using a velocity that has the conjectured spatial cor-
relation but is white noise in time. The latter property circumvents the correlation
difficulty, allowing computations of higher-order structure functions, anomalous
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scalings, etc, using tools from theoretical physics [6, 10, 16, 18]; the approach has
also been applied to tracer decay, i.e. with g = 0 [27]. Although such white-noise
velocity “is rather artificial” [17], “[i]t is believed that the results should remain
valid for more general velocity fields” [18].

The model was extended to have more physical nonwhite temporal correlations
in a study of the symmetry of correlation functions [25], later exploited in [23] to
find anomalous scaling of the three-point correlator. Those authors also consider a
frozen random velocity in finding that one-point probability distribution functions
of the scalar and its gradient have exponential tails [24]. For synopses and later
developments regarding the BHT spectrum, see, e.g., [11,26,28,31,32]. There is
also considerable computational evidence for the BHT spectrum [4,5,11,13,33,34].

In the complementary case of large Prandtl number, one has the viscous—advective
regime, which Batchelor [1] predicted to obey the |k|~! spectrum. Using dynamical
systems techniques they developed earlier, Bedrossian, Blumenthal and Punshon-
Smith recently made this rigorous in an important work [3], with velocity fields
arising from actual Navier—Stokes equations with stochastic forcing, plus hyper-
diffusion in the three-dimensional case.

Following our earlier work on the two-dimensional case [14], in this paper we
make rigorous the intuitive arguments of BHT59 in three dimensions. Our syn-
thetic velocity is slowly-varying, like BHT and unlike Kraichnan’s and subsequent
works. At leading order, we recover the BHT spectrum in a probabilistic sense,
as expected and in agreement with earlier works using both BHT and Kraichnan
velocity. Unable to obtain a probabilistic bound on the remainder (that part of the
tracer beyond leading order, asserted to be small in BHT59) due to correlations,
we bound it analytically. Unfortunately our bound of the remainder requires an
energy spectrum no shallower than |k|=2, which rules out an application to the
conjectured Kolmogorov |k|_5/ 3 energy spectrum. We expect that a probabilistic
bound, if possible, would admit shallower energy spectra.

As in [14], we also confirm the intuition of [2] that this holds for non-constant ve-
locity, as long as it does not vary too rapidly (in a precise scale-dependent manner),
and we give higher-order corrections to account for this. Relaxing some assump-
tions in [14], here we allow a more general modal random variable, only requiring it
to be circular, and a more general tracer (variance) source, only requiring sufficient
Sobolev regularity.

Our general approach is similar to [14], with some differences: As in the two-
dimensional case, our approach is to compute exactly the expectation of the spec-
trum for the first iterate of a fixed point iteration of the tracer, and show that the
error from the actual tracer can be made small by taking the velocity small. This,
coupled with a certain bound on the variance, establish the BHT scaling. Unlike
the 2d case, however, here we consider a random tracer source at all scales, except
for the bound on the variance. Also different is that rather than randomizing the
phases of the streamfunction in Fourier space, here we randomize components of
the coefficients in the Craya—Herring 3d basis [8,12,15].

Through its obvious relationship to various Sobolev norms, the tracer spectrum
is related to the degree of tracer mixing and of the efficiency of mixing by the
advecting velocity [9,19-21,29,30]. A steep tracer spectrum such as the BHT
suggests poor mixing, either throughout the entire range for small velocity (treated
here), or beyond the so-called diffusive wavenumber [31, (8.108)] for larger velocity
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(with the Obukhov—Corrsin tracer spectrum at larger scales, for which no rigorous
results are currently available).

Charlie Doering’s influence goes beyond mixing, turbulence, and science in gen-
eral. We remember him fondly in dedicating this paper to him.

2. PRELIMINARIES

We consider the evolution of a passive scalar 6(x,t) under a prescribed velocity
field u(x,t) and source g(x),

(2.1) 00 +u-VO=A0+g.

For simplicity, we take € D := [0, 27]®> and assume periodic boundary conditions
in all directions. With no loss of generality, we assume that, for all ¢

(2.2) /D w(z,t) dz =0 and /D 0(z,t) dz = 0.

We note that for the latter to hold for all t > 0, we must impose the same condition
on g and 6(-,0).
We expand 6(x,t) in Fourier series as

(2.3)  O(z,t) =3 Or(t)e™ 7,

where the prime indicates that the sum is taken over k € Z3\{0} to satisfy (2.2),
and denote spectral projection by

(24)  (Puwb)(z,t) =) O (t)e*?.
For the tracer (variance) source, we take the deterministic

(2.5)  (A7Mg)(x) = 2op e
where v, € C with v_r = 7%, 70 = 0 and
(26) |yl < cglk”  when k] > r,

for some constants ¢, > 0, kK, > 1 and a < 0. The case ¢, = 0 gives the bandwidth-
limited source considered in [14], for which somewhat tighter estimates can be
obtained below. Alternately, and without altering the conclusion (see below), one
may also consider the random

(27)  (A7Ng)(x) = X0} vk Zre™ "
One could generalise further, making g to depend on t as well as z, but this would
introduce another timescale that would enter into the computations, so we forego
this in the interest of clarity. In any case, we expect our results to carry over mutatis
mutandis with g(x,t), with the obvious stipulation that it be independent of w.
The complex random variable Zj, is constructed as follows. For a fixed k € Z3,
we write Z), = Rpei* where the random phase (i ~ U(0,27), implying that Zj, is
circular, i.e. E(e!?Z;,) = EZ}, for any deterministic real ¢. This in turn implies that
EZ;! = 0 for any integer n # 0. We constrain the random modulus R}, so that

(2.8) Z:=sup{s: P(Ryp > s) >0} < oo,

implying that Zj is bounded, |Zx| < =. (With circularity, this means that Zj is
a proper random variable.) With no loss of generality, we put as its variance and
fourth moment

(29) E|Zy>=1 and E|Zi|* =0

r<|k|<K’
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We note that by the Cauchy—Schwarz inequality, 1 = (E|Z;|?)? < E|Zi|* = o, with
equality (i.e. o = 1) attained iff |Z;| = 1 a.s. We denote Zj ~ R,.

Now for g(z,t) to be real-valued, we must require that Z_;, = Zj, but other-
wise 7 are assumed to be uncorrelated, so EZjZ_k =05 and EZ;Z), = 05 1. A
convenient tool to handle this reality constraint is the wavenumber half-space

(2.10) Z% == {(l,m,n) :n >0} U{(l,m,0) :m >0} U{(1,0,0) : I > 0}
with I, m, n € Z; we thus have Z3 U (=Z3) = Z*\{0}. With this, we can write
EZJZk; =0 and EZ]Z—k = 5jk: for all j, k € Z:j_

To set up our velocity, we recall the Craya—Herring basis [8,12,15]: Writing a
wavevector k = (kg, ky, k.), defining kj, := (k, ky,0) and using spherical coordi-
nates (1, ¢, ¢), we define the (k-dependent) orthonormal vectors

k kv, ky, k. . . .
di = m = % = (sin ¢ cos ¢, sin @ sin ¢, cos p),
 kxz _ (ky, —k;,0) e
ex = T 7] = on] = (sin ¢, — cos ¢, 0),
kxkx?z koky, kyk,, —|k 2
fr = ﬁ — ( |]j| |kh| | h| ) = (cosgpcosgb,cosgosinqb,—SiIlgO) ,

where 2 = (0,0, 1). With these basis vectors, any velocity field v(x, t) can be written
as

(2.11) w(z,t) = 33 [Ualk, t)dg + Uo(k, t)er, + Up(k, t) fr]e™*

for some (Ug, Ue,Uy) € C3. Now since divu(z,t) =i, Ua(k,t)|kle!**, for v(-,1)
to be incompressible we must have Ug(k,t) = 0. We thus write our incompressible
velocity field as

(2.12) u(w,t) = Yoy kP [Ueer Vi (8) + Uy fy Wi ()] €

where 8 < 0, U, and Uy are real constants, and Vj(¢t) and Wj(t) complex ran-
dom processes whose time behaviour will be precised below.! For now, we require
that, for each fixed ¢, Vi (t) and Wi (t) ~ R, proper random variables with unit
variance and E|V,(t)[* = E|W,(¢)[* = ¢, and bounded as |V (t)|, [Wi(t)| < Z. As
with g(z), for u(x,t) to be real-valued, we must require that V_j(t) = Vi(t) and
W_i(t) = Wi(t). Aside from this constraint, we assume that Vj(t) and Wy (t) are
uncorrelated, so EV;(t)Vi(t) = EW;(t)Wi(t) = 6, and EV;(t)W,(t) = 0 for all
i, k € Zi’_. Unlike dj, which gives the divergent component of u, the e; and fx
components have no special meaning when w is isotropic, although they do carry
physical significance in, e.g., stratified flows (as the “vortex” and “wave” compo-
nents, respectively).

We turn to the energy spectrum. First, we compute [suppressing dependence on
t where no confusion may arise]

1Py 2ru(-, t)]|72
(213) - (ZJ |j|B(Ueej‘/j + Uffjo)eijw? Zk |k|ﬁ(Ueeka + Ufkak)eik'w)LQ
= 81° %, KA (U |Vie? + UZ Wi,

1We note that in this paper |ug| ~ |k|? whereas in [14] |ug| ~ |k|?+1, so the Bs are different;
in hindsight, we feel the present notation more natural.
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where for the second equality we have used the facts that (e/'® &) , = (27)35;4,
er e = fr-fr = 1 and ey - fr = 0. Unlike in our previous work on the 2d case [14],
here ||P, 2,u||? contains the random variables |Vx|? and |[Wj|?, so we compute

EllPwarul(-, t)l[72 = 875, [k[*’ (UZE|Vi|* + UFEIWy )
= 87T3(U€2 + U?) Z/{§|k|<2l-€|k|25'

Approximating the sum as an integral over the corresponding region in R%, we

find this scales as k2819 for sufficiently large x, so for the classical Kolmogorov —%

spectrum in d = 3 (i.e. 26+d—1 = —%), we must take § = —%. Next, we compute
the variance var||P, 2,ul|3,, by first using (2.9) to obtain

(21)OE||Przwttl| 2 = E(X, (K22 (U2Vi? + U2 Wicf?))?
= 35 1P K22 (U2EIV; | Vil + 2U2UFE|V; 2 (Wil + UFEIW; 2 W )
= 3k AP RPP (ULEIV; P Vic? + UFE[W; * Wi |?)
+ 30 R P(UZEVAI* + UFEIWRIY) + 25, 11122 KPP UZUFE|V; 2 Wi 2
= S PP IR (U + U + 32, PP KPP (UL + UF)
+23 4 i kPP URU?
= (U2 +UDY, K12P)* + (¢ = (UL +UHY, K1Y,

(2.14)

whence

(2.15)

2
var||Pu 2xullf2 = E[|PwasullTz — (E[[Px2sull7z)
= (2m)°(c = (UL + U)X iy can K.

For large #, this scales as %1%, so (var||P, 2xu||?)*/2/E||Py 2xul|? &< K~%2, giving
asymptotic convergence (over dyads) to an energy spectrum that is £28+4-1,
For the time dependence, we assume that, for all j, k € Zi,

(2.16) EV;(s)Vi(t) = EW;(s)Wi(t) = 0;5Pr(s — 1).
We take a time correlation function of the form
(2.17)  Pi(t) = D(xylt])

with ® € C™(R,) for some n > 2 and ®(0) = 1, where the correlation timescale

X, is assumed not to grow too rapidly with |k|,

(2.18) lim x,|k|72 =0.

|k|— o0

Using the Cauchy—Schwarz inequality, we have
|©(h)| = [EVi(s)Vi(s + h)]|
< (EVi(s)P)2(EVi(s + B)[})'/? = 9(0) = 1.

We also assume that Vj(t) has sufficient smoothness in ¢ for the usual Riemann
integral to be defined. As before, V;(s) and Wj(t) are uncorrelated proper random
variables for any j, k € Z3 , s and t.

(2.19)
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3. MAIN RESULT AND DISCUSSION

As in the 2d case, it is both convenient and instructive to first consider the static
case

(3.1) wu-VO=A0+g.
Here the time-independent random velocity is
(3.2) u(a:) = Z;C |k|/3[Ueeka + Ufkak] elh

with Vi and Wy, ~ R, i.i.d. satisfying the usual reality constraints.

The strategy, as in [14], is to solve (3.1) by a fixed-point iteration, showing that
the error from the first iterate ¥ to the solution is, at most, of the same order,
as k — o0 as E[|Ps2,U|2,. The latter will satisfy the BHT spectrum and the
relative error can be made arbitrarily small by taking U/U.x small enough. We
put 00 = —A~1g and

(3.3) 0D = A~y VoM —g).

We seek to prove that this iteration converges under some assumptions, and that
the limit 0(°°) asymptotes, dyad-wise as kK — oo, probabilistically to the BHT
spectrum. Unlike in [14], however, here our source g may have a full spectrum, so
9 =01 — 90 = A~y - VA~1g) has a remainder arising from high-frequency
parts of g.

Denoting || f[|;, := >_; [fx| and putting U, = Uy = U, we have the following:

Theorem 1. Let g be given by (2.5)—(2.6), g, by (2.7)—(2.6) with o < 2min{B, —d}—
1 and kg > 16; and with B < —2, let u be given by (3.2) satisfying € := U/Upqz < 1
for some Uypaz (B, kg, Z2). Then for k > 4/{3 the static problem (3.1) has a unique
solution § = —A~1g + 19 + 50 where
28—1 87TU2 22/8_1 —
3 26 —1
and the remainder terms are bounded as,
(35) [E(r)] < GUc(a, B) K™ + c(BU?||V g 726777272,
(3.6)  [IPrand0l2s < 2clg, 0, HUPE2 K21,

With finite-mode source, cg = 0 in (2.6), the variance is bounded from above as

(3.7) var||P.2.?|2: < kP75 16704 2 -1
ERTILE 46— 5

As noted after (2.14), E|| P, 2,ul|2, scales as k2973 so that
B[Py 2?72 /ElIPw,2ull 2 oc k7%

As in [14], by fi(k) ~ f2(k) we mean that lim, o fi(k)/f2(k) = 1. Thus, “~”"
arises either from lattice effect, when we approximate sums over subsets of Z¢ by
the corresponding integrals over subsets of R?, or from dropping terms of (relative)
order k,/k. The same convention will be used for “<”. As a consequence, absolute
constants are included in such relations. We note that with finite-mode sources,
P, .12V lg=V~lgin (3.4), while in (3.5) the first term vanishes and the second
term can be improved to O(k*72). These results are stated for the isotropic
case, U. = Uy, but we have kept U. and Uy when computing (the main part

1
(34)  ElPuzed|}s = r 1P 2V g2 + E(r)

IV=gllZ= IV gl =DV gllZ -
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of) E||Px 2+9||? for readers interested in the effect of non-isotropic velocity. We
see no conceptual difficulty to extend (3.7) to sources with full spectra following
the approach for E||P, 2,9, but did not attempt this in order to keep the proof
readable. The explicit expression for U, is rather messy, given in (4.67).

For the time-dependent case, we write the solution 6(x,t) of (2.1) as the limit
of iterates (™) (z,t) defined by

(3.8) 0@ =-A"lg,
t

(3.9) FTY( 1) = —-A"1g —/ =98 y(.,5) - VO (-, 5)] ds.
0

Here e~ *2 is the heat kernel, i.e. #("T1) is the solution of
(3.10) (9 — A)HY =g — . VO™ with 9D (. 0) = —A~1g.

Our main result is that this iteration converges, and that the limit obeys the BHT
scaling in the following sense:

Theorem 2. Let the source g(x) be given by (2.5)—(2.6) or (2.7)—(2.6) with a <
2min{S3, —d} — 1. Let the incompressible velocity u(x,t) be given by (2.12) and
(2.16) with 8 < —2 and U satisfying the hypotheses of Theorem 1 and, in addition,

(3.11) 8nc3(d)UPZ? < |28+ d + 1]

for an absolute constant c3(d). Then the solution of (2.1) can be written as 0(x,t) =
—Alg + 9+ 60 where ¥(x,t) satisfies

Jim E9n(8)* = [k~ 555 [U2(ex— - )% + U (Fieg - 9] b = 312 s
(3.12)

n—1 [e9)
Xk—j Xk—j / —slk2/x s (n)
O (0)+---+ Xk—j P ds]|.
k|2 ©) k12 o ’ () ds

When supy{x, }/k* < 1, this reduces to the static case in Theorem 1, up to further
lower-order remainders.

[1+

4. PROOFS

Proof of Theorem 1. This consists of three main parts. In the first part, we compute
¥ and show that it satisfies (3.4) and (3.5). We then bound var||P, 2,9|/?>. In the
final part, we estimate 6(>) — (1) to obtain (3.6).

4.1. Computing 9. We start with the computation of ¥ = §() —9(0) = ~ A" (u-
VA~1g), which, when combined with the scaling in (2.14), shows that it satisfies
the BHT scaling up to small remainders. We use g, in (2.7), as will be apparent
shortly, with no loss of generality. In some expressions (notably as exponents), we
write d = 3 and w3z = 4m, to give a hint of how the analogues would appear in two
dimensions. From (2.7) and (2.12), we have

S =2 ! B . .
(4.1) I, =1lk| Zj k= j17vjlUe(ex—s - 9)Vi—j + Us(fr—j - 5)Wi—;1Z; .

In computing E¥%, we find factors of EVk_jm, which is nonzero if and only if
k—j=k—1,ie j =1 An analogous reasoning applies to EWk_jm, SO we
have EVj—;Vk—; = EWg_;Wi_; = &;j. Recalling that EV;W;, = 0 Vj, k and, by
independence of V; and Zy, E|V;|?|Zx|? = E|V;|?E| Zk|?, we arrive at

(4.2)  E9Oy = k|7 1k — 1P|y, P (U2ER; + Ui, EIZ5]% =: |k~ Sk
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where £ 1= ex—; - j and vy = fr—; - ©. Since E|Zj|2 = 1, it is clear that this
expression applies to both deterministic ¢ and random g,..

We fix some r € (0,1); for concreteness, we put r = % in Theorem 1, but write
r in this proof to indicate possible optimisation. Consider any wavenumber dyad
[k,2k) with & > (2k,)Y/". For any k within this dyad, x < |k| < 2k, we split the
sum in (4.2) into (here and below Sj denotes a “temporary variable” with no global
significance),

>

We start with the last sum S,f, where by (2.6) and ej_; and f_; being unit vectors,
(@4) |yl <egliP, (ery-3)° < 1P and (fiy - 5)” < i
From |j| > k", we have |j|?*+2 < k(29127 50 writing m := k — j, we then replace
the sum over |j| > " with one over m € Z3\{0}, giving

. . ! Wq
A5 20721512042 | 7128 < 2172, 20+2)r 28 < 2072, 20+2)r
45) Y AU < GUIREAT S il < G

k" <|j] m

since 28 + d < 0. In the case of bandwidth-limited source, ¢, = 0 in (2.6), so this
remainder term is zero. For g with full spectrum, we sum over our dyad to obtain

(4.6) ZH§|k|<2n|k|_4S/§ < C§U2c(a,5,d)5(2a+2)r—4+d_

For this to be dominated by x*~!, we need (2o + 2)r —4 4+ d < 23 — 1. Putting
d =3 and r = 3 gives the first term in (3.5).
The first sum in (4.3) is more delicate, requiring tight upper and lower bounds.

We start with a couple of preliminary estimates. Writing m := k — j again, we
bound
| < K" < k" < 5k
= |k —jl = |kl = 1j] = 31kl
47) = |l <Ik[" < @2k - )" =2"|m|".

|k

We then bound |k|=% = |m + j|=* from above and below subject to the constraints
on |j]. Noting that for = € (0, 1), by convexity we can estimate

(4.8) (1+z)*>1—4x.
This and (4.7) give us

m + 17 > (jm] + []) = |m|~* (1 + |jl/|m[)~*

> |m| ™ (1 — 45|/ |ml) > |m|~H(1 = 22T m[" 7).

For the upper bound, we use the fact (readily seen by convexity), that for z € (0, 1]
(49) (1—2)"*<1+30z.
Analogous reasoning then gives us

m + 517 < (Im| = |3) = |[m|~*(1 = |4]/Jm])~*

(4.10) i . 4 rp e
< [m|7H 1+ 30[5]/[m]) < |m[7H(1+30-2"[m|"").
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From r > 4k2, we have |j| < &" < /4 < 3|k| < 3|k|, so 2|j| < 3|k| and
7] < (k| - |j|) < ik — j| = |m/|, so we can use (4.9) in (4.10). We have thus
shown that

(4.11) |m|™* =8 m|"° < |k|7* < |m|™* 4+ 60 |m|"°.

This can be improved slightly by taking r = (8 — 1)/(« + 1) instead of 3 and
adjusting the constants. We note that with finite-mode sources, there is no need
to split Sg and |m + j|=* is bounded by |m|™* £ 4x4|m| 5.

Instead of computing individual S5, we proceed directly to the dyadic sum

@12) >TSS = Y P Y KTk - PO, + Uiy
k<|k|<2kK 1<]j|<K" k<|k|<2kK

Defining spherical coordinates (p, p, ¢) w.r.t. m, i.e.
m = p(sin ¢ cos ¢, sin p sin @, cos p) =: pm,

we compute

(4.13) em-J = jrsing—jy,cos¢ and f,-j = jz cos @ cos @+ j, cos psin ¢ —j, sin .

We approximate the k-sum by an integral over m, and in view of (4.10), replace
|k|=* by |m|~%, so that

D n<|k|<2n Kl |k — |26[U2€k:] +U Ukj] = &1(K) +

/271'/ /T‘J (2K,p,0)
[Uf o COS @ COS @ + j, COS psin ¢ — j, sin )?
(4.14) 7 (K, 0,0)

+ U?(j, sin ¢ — j, cos ¢)?] p*P =2 dpsin ¢ dp do
=:&1(r) + 1 (k)
where &; is a remainder to be bounded below, and where the radial limit 7;(\, ¢, ¢),
with A € {k, 2k}, is determined by solving |m + §|? = A2 for p = |m],
ri(A o, @) = —j -+ /A2 — [ with |j1[* = [ — (j - ™),
=A—j-m—5L]?/(2N) + -+ for A>|j].
Finally, we modify the region of integration, replacing the p-limit r;(X, ¢, ¢) by A,

(4.15)

2 pm P2k
/ / / [Uf(jm cos  cos ¢ + j, cos psin ¢ — j, sin p)?
0 0 Jk
(4.16) + U2(jpsing — j, cos ¢)?] p?#~2 dpsinp dp dé

. , 2T ,
= k29 Yig(28 — 1) [2m|jnPUZ + (5711 + 2m2) UF| =: Lo(x)

where ia(s) := (2° — 1)/s. We write (k) 1= I1(k) — I2(k).
Our approximation for E||P,.€’2,€19||2L2 is obtained by using I2(k) in (4.12),

: 27 :
(417) Y WPl = w20 28-1) Y7 Il 2nlin P02+ (S0P 42w ) U7
l7]<wT l7l<K™
In the isotropic case, U. = Uy = U, this reduces to
U? _
(4.18) D |kITSE =2 lﬁw(%—l)ﬂpl,mv Yt Y lPE+E)

k<|k|<2kK 1<|7|<kK"
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We now bound the remainders £ and &. The remainder & was incurred by
replacing 7; (A, ¢, ¢) in (4.14) by A in (4.16). Now from (4.15) since A > |j|, we can
bound

(4.29) (A=l S At mn— A+ (G om)? — 12 < A+ [5] = /A2 =152 < 2141,
so we can bound & by integrating (a bound on the integrand) over two spher-
ical shells of thickness 4|j| < 4k" at A = k and 2x. Bounding the integrand by
U?|7]?p?$~2, which is largest (since 8 — 1 < 0) for smallest p, we have

A+2K"

S <wa Y, [ U

A—2K"
< waU?|j4k" [(k — 267)P 2 4 (2K — 2/17”)25_2}
< waU?|j|?8K" (k — 2K")?P 2

S 25_2ﬂCUdU2|j|2/<&2ﬁ_2+r.

Therefore, bounding ||P1’,§TV_1g||%2 < ||V_1g||2L2,

22—2ﬂ 3 3
(4.20) 32 < jjenr 131P1E2(R)] € —Z—waU?R* 727V g7
H -

Next, the remainder &; incurred in (4.14) is bounded by replacing |m|~% there by
60|m|" >, giving [cf. the first term in (4.18)]

(4.21) 3 e I PE0(R) < (B, d, )R 20UV g 7.
Together (4.20)—(4.21) give the second term in (3.5). We note that this took more

work than in two dimensions, where the simpler “geometric term” kAj = k;jy —kyJjo
in [14] allowed direct integration in k rather than having to shift to m = k — j.

4.2. Upper Bound for var||P, »,9||?. For this, we take U, = Uy = U. To bound
the variance, we first compute

(4.22) E|Pu2ndllze = EX 4 [0 101" = U2, 1R HUT*Elonl* |

where, here and in the rest of this subsection, ) ,, is taken over |k|, || € [k, 2k).
Assuming ¢ is deterministic, we have

Elonlon® =320 1k —il?ll = 51710 = m|?|k —n)?

ymn
{ €& &mErn EVimiViejViem Vie—n YiviTmm + (x)'
(4.23) + ki1 VimVkn EVi—i VieiWi— o We—n iV Vm Vn !

/

(%
(

_.I_
+ &k EimVin EVie—iWi— i Ve W —n ViV i Vm Yn + (*
_.I_

)
)

+ &V VimEkn E Ve i Wi i WiZ Vie—n v Tmm + (%)}
where (x)" denotes the preceeding term with £ <» v and V' <> W swapped (but not
their indices).

We start with the last term: here EVy,_ ;Wi ;W,_, Vi, = EVi i Vi EW_ Wiy, #
Oonly whenk—i=k—nandl—j53=[01—m < n=1and j =m. This last term
then contributes

(4.24) S =00k — i) — §1PP €203 il 2l 2.
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To reduce clutter, we now write ¢ := k — [ and r := k 4+ [. In the penultimate
term, E--- = EVp i Vi_, EW,_ Wi, #O0only if k —i=1—-—m & m=1—qand
l—j=k—n & n=j+ q, thus contributing
(4.25) Sy = i 1k = P21 = G127 kit quig k. jag ViV Vi a Vit
Similarly, in the second term E--- = EV,_;V,_; EW;_,, W} _,, # O only if j — 1 =
k—i & j=—i+randn—k=101—m & n = —m+ r, contributing (upon
relabelling m + j)
(4.26) S = S 1k = AP0 = G120 kit —igr U VR, — e YV VY=

The first term is the most involved. Denoting —y # = # y by x #4 y, the factor
EVi—iVi—jVi—mVi—n # 0 only in the following cases:

(a) k—i=k—-n#4l—j=1l-m < i=n#j+q=m+yq,

(b) k—i=l-m+#il—j=k—-n <& i=m+q#n=j+q,

(c) k—i=j—l#+tk—m=m—-1 <& j=—i+r#m=-n+r,

(d) k—i=k—-n=Il—j=0l—-m &

(e) k—i=j—l=k—m=m-—1 &

(f) k—i=l—-m=j—1l=n—k = m=i—gq, j=—i+r, n=—i+2k.

i=n=j+qg=m+gq,

jJ=m=—1+r=-n+r,

In cases (a)—(c), the E--- =1, while in cases (d)—(f), the E--- = ¢. Imposing these

conditions in (4.23), the first term is S}gc;) + S(b) + S(C) +§S(d) +§S(e) +§S,E:{), where
(in all these sums, k, [, =k —l and r =k + [ are ﬁxed)

(4.27) S5 = Yl iy b — i1 = P22 il )
b : A
(4.28) S = S lhiiglimg 1B = iPP1 = 517P ki ais6rima ViV ViaVita

S;i? - Z|k_¢|¢|z_m| |k — Z|2B|l - m|255kifk,r—mflmfl,r—i YiVr—iYmYr—m

(4.29) = Yttt & = PPN = G 1P Eriltr— i €15 ViV Vi
(430) S\ = Xilk =il &e? iy il li-ql

(431) S = Silk =il €&l il lye—il?

(4.32) S = S0k — i P Ehibrribrimqhok—i ViViokTi—gTir-

Analogously, the first (x)’ in (4.23) is S,(;;,) + -+ (S,E{,) with v replacing €.
Returning to the variance, we have

2
var|[Py 20|72 = E [Pzt 72 — (E[[Pr2x?72)

(4'33) _yt ElI=411~4(E 2 2 _E 2 2
= U2 [k (E lonl*len® — Elow*Elen]).

Now
(4.34) ElpuElpl? = S + S + 510 + 857 + 55 + 815 + 28
where the factor of 2 on S,(jlg ) came from its (x)’. This gives us
var P32 = UMy k|14 (537 + 555 + 557 + 5357
(4.35) + =D+ 55+ 50 + 55+ <[5 + 5]
+ 50 4+ 51 4+ s st
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where S,E:’Z/) is S ,g;) with & and v (but not their indices) swapped, arising from the

(x)" of the (h) term in (4.23), and analogously for S ,i‘l)/). So far, no approximation
has been made, nor has the finite-mode source assumption been used.

We now invoke the assumption that v; = 0 whenever |j| > k4. Since |k| > kg,
(f)
kl

only one of ~; and 7;_s, can be non-zero, so the factor ~;7v;_ox in S;;’ vanishes,

killing the term; obviously S ,E:{ ) =0 as well.

Next, we treat the contribution of S ,gcll): due to the terms |v;|?|7i—q|?, we must
have |g| < 2k, for the terms containing it to be non-zero. Rewriting the [-sum over
¢ = k — [ and using the fact that |k| > k,, we approximate |k — ¢| >~ |k| ~ |k — {|
and bound || = |ex—; - 1| < |i| to get

S K4S = S0 14k — al =50 1k — 1" €2i€2_ iy il el
< S R 1Pl — alP il il
(4.36) = Y RS iR — gl g
= (S IR 5) (P el?)

w3 . 4B+d—8 v —1 14

= (2ﬂ)612(46~|—d—8)/£ IV~ g7z
where for the penultimate equality we have changed the last >  togoovern=i—gq
and re-labelled. Since we can bound |vg;| = |fr—i - 7| < |i| as with |£x;|, this bound

also holds for the contribution of S ,Ejl). An analogous argument gives us the bound

_ _ e e/ 2w3 . _ _
(4~37) Zkl |k7| 4|l| 4(5121) + SIE:Z )) S W@Z(‘lﬁ +d— 8)’14/8” 8||v 19||%2-

We bound the contribution of S ,ill)) as follows:
S KI5 k= i |0 = 5177 kil gy o156 Vi Vg Vi ta
=Yg IRk = a0 k=P [k —q = -
S 2ok K78 300 il il ] g 132l — al il 15+ al 14l
38 < LS S S il g (7 = 0Pl + 15 + aPhsgl?)
= 05 [R5 il 1l 325 1 1 225, [ 2
W3

= a2t d - 8)k1FTA=8 | 1g|2 [V ig||2. .

Obviously this bound also applied to the contribution of S,Efl’/), and by inspection,

also to those of S,(;l)) and S,(C‘Z,). Similarly, we bound
S I U0 Nk = iPP N = G120 ki —iliiEnar—i VTV Vier
= 3 [KI T = R0 ke =i — B — PP
S S RIS il bl 1] 1 1220 = vl vaee [ 15 = 7] s
(4.39) < 3 KIS S0 il bl 1] 10 (1 — 2 Pir? + 15 = 72— ?)
= e RIS Ll vl Y25 1l 1 | D20, [l P
w3

= Gy 248+ d =TIVl IV gl
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with the same bound applying for S ,Ej/), S ,g;) and S ,E:’Z/). Putting everything together
gives

w3 . — — —
(4.40) var||Px2:9l7> S U* i2(48-5)x"7 %[V g|| 7= {8IIV g7, +

ST (—DIV-

(2m)°

whence follows (3.7).

4.3. Bounding 0(®) — §(), Finally, we bound the remainder (=) — #(1) in each
dyad. As before, we write d = 3 and wyg = 47 to make it easier to adapt the proof
to two dimensions. We start by obtaining a bound for |¢;|. From (4.1), we have

(4.41)  |9x] < 20|k 7225 [k — 171 | =2 2UZ k|72 S
When |k| < 2k,, we have using (2.5) and bounding |k — j|# <1,
(442)  Sp < X251l Iyl =11Vl
For the case |k| > 2r4, we split the sum into four parts [cf. (4.3)]

-\ —. < Q>
(4:43) Sk = X)j1<n, T Lo, <lsl<Ibl Lkl <lii<aiel T2z pp <l =0 Sk +SEHSE
For S{, since |j| < ky and |k| > 2k, we have |k — j| > |k| — |j| > 3|k| and thus
|k —j|° < 27P|k|?; this gives
(4.44) S} <277kI730) <, il Il < 277 [KIP IV gy,
Similarly for S;<, since |j| < |k|” < 3|k| (the latter holds since 2 < k/™"), we again
have |k — j| > k| — |j| > 3|k| and, since a + 1+ d < 0,
(4.45) S < 2_B|k|ﬁcgzm9§|j|<|k|r ] < 2_B|k|ﬁcgwd“3+l+d/|a +1+d|.
For Si7, we use |j| < 2|k| to bound |k — j| < |k| + |j| < 3]k| and change the sum

over j to (a larger) one over m = k — j; using |j| > |k|” to bound |j|**! < |k|(e+Dr
we then get (assuming 5 + d # 0, a harmless special case)

(3|k[)7+9 —1
B+d

(4.46) ST < gkl TV YT ml” < cqualk| DT
1<|m|<3|k|

If 3+ d > 0, the fraction is bounded by (3|k|)?+¢/(8 + d), and for the rhs to

be O(|k|?), we need (o + 1)r +d < 0. If 3+ d < 0, the fraction is bounded by

1/|B+d|, and for the rhs to be O(|k|?), we need (o + 1)r < 3. Either way, we need

(+1)r < min{p, —d}. For S, we use |j| > 2|k| to bound [j — k| > |j] — k| > 34|

and |k — j|? < 27P5|P, to get

(447) 57 < 2P, Tppyq 1P < 2 Peguoa (2R a4 d 41
since a + 8+ d + 1 < 0; for the rhs to be O(]k|?), we need o+ d + 1 < 0. Putting

these together, we can write

(4.48)  |9x| < UZci(g, B, d) k|2 Ka(|k])
where

(4.49)  Kp(|k[) := min{1, (2k,) 7 |k[}

is continuous non-increasing for all |k| > 0 and monotone decreasing for |k| > 2k,.
Summing over k, this gives ||Pyo.0||3. < ck2PTHHIURE|V1g|7 for large &,
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i.e. the same £?°~1 dependence as E||P, 2,9]|2, albeit with a worse constant and
dependence on [|[V~!g[|7 instead of [|[V~1g][7..
Writing 60 := (") — (=1 with §(1) = 99, we have from (3.3)

60t = A=y - V™)
= 106" < 2= KT [k~ 171115657
Therefore, since §§(1) = 9 is already bounded in (4.48), if we can show that
(451) Sy = 5k — P11 KoL) < My(B. kg K (K],
we can, by choosing
(4.52) AUSEM:(B, ki) =t U/Unmaa(B, kg, Z) =1 € < 1,
ensure the mode-wise convergence

0 = 6771 = 196} + 86, + -+ | < 1067 + 1067 + -
ce cre’
2 4
To show (4.51), we first consider |k| < 4k,. We split the sum as

(4.54) 3251k = G111 Ks(15]) = lj1<sm, T sn, <l = S5+ S8
For S, we first use |k — j|°Kz(|j]) <1 to get
(4.55) 7 <37 csn, 1171 S wa(Brg)I ™ /(d — 1) = 32war;.
As for ST, |k| < 4k, and |j| > 8k, implies that |5 — k| > || — |k| > 3|j| and thus
|k —j|° < 278|j)°, leading to
Sy <27 g, < 11T

< 27Pwa(8kg) I /128 + d — 1] = 2P R2P TR0, /|8 + 1

since 28 +d — 1 < 0. Since Kg(+) is non-increasing, Kz(s) > Kp(4k,) = 2° for
s < 4kg4, giving

Sk = S + ST < 2wgmax{32x2,2595k20+2 /|5 1]}
(4.57) < 2" Pwymax{32x2,2°°5Kk202 /|3 + 1|} Kp(|k|) for all |k| < k.
For the case |k| > 4k4, we split the sum four ways
/
Sk = Ljji<an, t Loan,<lii<d bl T Lgimi<iii<ain T 2aim<j)
=: S} + Sg +Si + 57
For S}, since |j| < 2r4 and |k| > 4k,, we have |k — j| > |k| — |j| > 3|k| and
|k — 4|7 <27P[k|, giving
(4.59)  Si < 27PIk|PX0 <o, 117 < 277 [KPwa(26) T /1d — 1.
Next, for S, since |j| < 3|k| and thus |k — j| > |k| — [j] > $|k|, we have
(460) SE < () k7S, 1 I < (dr5g) P P a(2g) 41 /16 + d — 1]

(4.50)

(4.53)

< kTP E (1K) + —— kT2 K (k) + -+ < cre k|7 K ([k]).

(4.56)

(4.58)
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assuming that 8 +d —1 < 0. For S;°, we change the summation variable from j to
m =k — j as in (4.46) and use |j| > 1|k| and thus |j|°~! < 2'7F|k[’~1, to obtain
(again assuming 8 + d # 0)

(3[k])7+e —1
B+d
If B+d > 0, the rhs is O(|k|?) if B+ d — 1 < 0. Finally, for S;, we use |j| > 2|k|
to bound |j — k| > |j| — |k| > 34| and |k — j|° < 27P|;]7; this gives us
(4.62) Sy < (4rg) " Y g <y 1I1PPTH < (4rg) “PwaR)?PT /128 + d = 1]
For the rhs to be O(|k|?), we need 8 +d — 1 < 0. We have thus established (4.51)
subject to the following assumptions:
(4.63) 4<k, ",
(4.64) (a+ 1)r <min{s, —d} (obviating o +d + 1 < 0),
(4.65) B+d—1<0.
After extracting Kz(|k|), and dropping terms < 1. we have
M (B, kg) == wyq max{21_532m3 +1/|18+1|, 2971 /|d — 1]
(4.66) +278)|1B+d— 1] +27P35F) |18 1 d| +1/[28 +d — 1|}
(4.67) =  Upmaz(B, kg, 2) = 1/(42M,).
Summing (4.53), we have

— 2 —
(4.68) [IPr2nd][72 < 87 3, gy <o (KT KB (KD < o)k

(161) SF <2 (4) KPS oy Iml” < 2 (4) 7 K1

with the second inequality valid since |k| > 2k,. O

Proof of Theorem 2. The proof of the theorem is similar to that of the 2d case [14],
with some improvements (e.g., requiring less regularity on u). As in the proof of

Theorem 1, we shall often write d = 3 to help possible adaptation to d = 2.
Thanks to the boundedness of Vj, and Wy, we have from (2.12)

luC )7/ < 877X RPPHHUZ VRO + UF Wi (0)]?)
< 8m3UPEAY KPP < 873U%E? /|26 4 d + 1|
for all ¢, assuming that 26 +d + 1 < 0.

Considering the iteration (3.9) as a mapping T : (™ — #(»+1) convergence of
the iterations (3.8)—(3.9) would follow from the contractivity of 7. To prove the
latter, we write 60(") := (™) — (=) and observe that it satisfies
(4.70) (9 — A)6O™ = —(u- V)50V with 50 (-,0) = 0.

Multiplying this by 6 in L?(D), we find

(4.69)

(@71) 5 I + V503, = —((u- V)60 D), 50) .
We next bound the contribution from the advected term as
[(w- V66", 6600) | < s [ VEO" V]| 12166 o
(4.72) < el a2 V80UV 2| V50|
< 51V 32 + clullFy | V0T



16 M. S. JOLLY! AND D. WIROSOETISNO?

Integrating (4.71) in time, we find

t
150 (6)]12. + / 1766 (5|12 ds
0
t
(4.73) < c3 ||u||2Loo([o,t],H1/2<D>>/O 156"~ (s)]7 ds

t
< e 0l m ooy | 19807 (s) 1 ds.

so (pathwise) convergence of 8 in L2([0,t], H*(D)) would follow from
(4.74) 3 l|ullfoe (0 ,00:m1/2(py) = 873U E?/[28 +d + 1] < 1.

We now turn our attention to ¥, given by
t
(4.75) 9(t) =0D@t) +A7lg = / et=9)8y(s) - VA~ Lg ds,
0
and whose Fourier coefficients satisfy (taking the general deterministic g)

t
Du(t) = / OIS s — 1PV i (5) + vk Wi ()] dis
(4.76) 0

t
=3 Ik —jIB%/O T UL Vi (5) + Upvr Wi (s)] ds

where, as in the proof of Theorem 1, &; := ex—; - j and vi; := fr—; - j. Since
EV;(s)Wg(r) = 0, for clarity we put Uy = 0 temporarily, restoring it in (4.80). We
compute

(4.77)  Edp(t)0k(t) = UZ Y, Ik —i|° |k — j|Pv;7 E / {---};ds /O {}dr

w8) /0{ }]dS/{ }dr—// (420 BV, (Vi () dr ds

// (s+r—2t)[k|* & _j(s —1r)d;; dr ds.

As in the static case, the sum over i, j then collapses to one over j:

t t
(4.79) EoR()[? = U2 )1k — JPP€2, 1y 2 / / =20 G, (s y) dr ds.
0J0

We note that, except for the time integrals, the sum is exactly that in (4.2), having
not assumed stochastic g. Restoring Uy, we have

t pt
(4.80) E[9(t)]* = Z;|k—j|26(Uff,%j—l—U?U,3j)|7j|2 // elstr=2t)[k] P j(s—r) dr ds.
0Jo

To handle the integrals, we recall the following result proved in [14, (3.20)—(3.26)]:
with @ as in (2.17),

k| hm/ / (s+r—20) k] ®(x|s —r|) dsdr

t—00

(4.81 W1 poo
_ X &/ X —s[k[*/x g (n)

=14+ =7 e () ds.

+ e 0)+---+ FER /0 e (s) ds
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We note that there is a spurious factor of 1 in the last line of (3.24) in [14], but
(3.25) which we used here is correct.
Using this in (4.80), we thus have

(4.82) Jim EWR(1)[2 = [k~ 5 [k 22 1y PU2€3 4 UR0R ) {1y (0)/ K+ -

The first term (the 1) of the bracket, being exactly (4.2), recovers the static case.
The higher-order terms, as in (4.81), give smaller remainders. O]
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