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Squarefrees are Gaussian in short intervals

By Ofir Gorodetsky at Oxford, Alexander Mangerel at Durham and Brad Rodgers at Kingston

Abstract. We show that counts of squarefree integers up to X in short intervals of
size H tend to a Gaussian distribution as long as H — oo and H = X o(1) This answers
a question posed by R. R. Hall in 1989. More generally, we prove a variant of Donsker’s theo-
rem, showing that these counts scale to a fractional Brownian motion with Hurst parameter 1/4.
In fact, we are able to prove these results hold in general for collections of B-free integers as
long as the sieving set B satisfies a very mild regularity property, for Hurst parameter varying
with the set B.

1. Introduction

1.1. Statistics of counts of squarefrees. Let S C N be the set of squarefree natural
numbers (that is natural numbers without a repeated prime factor; by convention, we include
1 € S). We write

Ns(x) =[{n =x:n € S}|

for the number of squarefrees no more than x. It is well known that Ng(x) ~ x/{(2); thus the
squarefrees have asymptotic density 1/¢(2) = 6/72. Our purpose in this note is to investigate
their distribution at a finer scale. In particular, we will investigate the distribution of squarefrees
in arandom interval (n,n + H], where n is an integer chosen uniformly at random from 1 to X,
with X — oo.

If H is fixed and does not grow with X, at most O(1) squarefrees can lie in such an inter-
val. Their distribution as X — oo is slightly complicated but completely understood; it may be
described by Hardy-Littlewood type correlations which can be derived from elementary sieve
theory (see [31,32]). Or, more abstractly, the distribution of squarefrees in an interval of size
O(1) can be described by a non-weakly mixing stationary ergodic process (see [7,43]).

For H tending to infinity with X, matters become at once simpler and more difficult;
simpler because some of the irregularities in the distribution just described are smoothed out at
this scale, but more difficult in that natural conjectures become more difficult to prove.
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Let
Ns(n,H) = Ns(n+ H) — Ng(n)

be the count of squarefrees in the interval (n,n + H]. R.R. Hall [16, 17] was the first to inves-
tigate the distribution of this count when H grows with X. In [16, Corollary 1], Hall proved
that the variance of the number of squarefrees is of order v/ H if H is not too large with respect
to X. More exactly, as X — oo, we have

(1.1) %n;((NS(n,H)—%)zvax/ﬁ,
3 32
A= szl;[ne(l‘?+?)

as long as H — oo with H < X2/97¢

Keating and Rudnick [25] studied this problem in a function field setting, connecting it
with Random Matrix Theory, and suggested based on this that (1.1) will hold for H < X172,
The best known result is [13], where it is shown that (1.1) holds for H < X 6/11=¢ yncondi-
tionally and H < X2/37¢ on the Lindelf Hypothesis. In fact, in [13], it is shown that even
an upper bound of order ~/H for H < X'~ for all £ > 0 would already imply the Riemann
Hypothesis.

Because Ng(n, H) is on average of order H, one might naively have expected the vari-
ance to also be of order H. That the variance is of order ~/H speaks to the fact that the
squarefrees are a rather rigid sequence. This can be discerned even visually in comparison, for
instance, to the primes (Figure 1), and we will return to give a more exact description of it in
Section 1.3.

In [17], HallV studied higher moments of counts of squarefrees in short intervals

k
M) = 5 3 (Nstn #) = 20)”

where k is a positive integer, proving the upper bound limy_,oo Mp (X, H) < H (k=1)/2
Various authors have asked whether this can be refined, with the most recent result,

Mk(X, H) L, Hk/4+8

forany e > Oaslongas H < X 4/Ok)—e being due to Nunes [37]. For H in the range consid-
ered, this is an optimal upper bound up to the factor of H?. In [3], extensive numerical evidence
is presented that suggests that these moments are in fact Gaussian.

Our first main result confirms this conjecture.

Theorem 1.1. For1 < H < X, as X — oo,
Mi(X, H) = j (A HOF 4 Oy (H5~F 4 HFx—5700)

for every positive integer k, where iy, = 1-3---(k — 1) if k is even and pu; = 0 if k is odd.
Here ¢ > 0 is an explicit constant.

1 Note that our definition of M, differs slightly from [17]. Hall does not normalize by the factor 1/X.
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(a) A short interval near 100000 containing 125 primes.

100000 100050 100100 100150 100200

(b) A short interval near 100000 containing 125 squarefrees.

Figure 1. A comparison between a short interval containing 125 primes with a short interval
containing 125 squarefrees. The relative paucity of gaps and clusters of squarefrees is
indicative of the rigidity of their distribution.

Thusif H - coand H < X4/O0)~¢ for some & > 0, we have
Mi(X,H) = (ug + 0(1))(A%H%)k as X — oo.

Note that the main term is the k-th moment of a centered Gaussian random variable with
variance A~/ H.

If H = X°W_ then for any fixed k, we have that H satisfies H < X4/0Ok)=¢ for some
¢ > 0 for sufficiently large X. Hence, by the moment method (see [4, Section 30]), we obtain
the following result.

Theorem 1.2. Let H = H(X) satisfy
log H

-0 asX — oo.
log X

H — 00, yet

Then, for any z € R,

1
lim —
X—o0

Ns(n,H) — %5
{an: — “2)22}‘
AiHZ

1 /-oo tzd
= — e 2dt.
«/27‘[ z

That is, the centered, normalized counts tend in distribution to a Gaussian random vari-
able.

Gaussian limit theorems are known for the sums over short intervals of several important
arithmetic functions (for instance divisor functions dj (see [28]) and the sums-of-squares rep-
resentation function r (see [20])), and Gaussian limit theorems for counts of primes in short
intervals are known under the assumption of strong versions of the Hardy-Littlewood conjec-
tures [33], but Theorem 1.2 seems to be the first instance of an unconditional proof of Gaussian
behavior for short interval counts of a non-trivial, natural number theoretic sequence.

Hall in [17] asked also about the order of magnitude of the absolute moments

A
M} (X H) = % > |V ) - % ,
n<X

and as a standard corollary of Theorems 1.1 and 1.2, we obtain an asymptotic formula for these.
Corollary 1.3. For fixed A > 0, let H = H(X) satisfy

log H
log X

H — 00, yet -0 as X — oo.
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Then

A
+ 22 A+1 A
M (X, H) ~ ﬁr(T)(A\/ﬁ)z.

Proof.  'We give a quick derivation in the language of probability. By [4, Theorem 25.12]
and the subsequent corollary, if Y; is a sequence of random variables tending in distribution to
a random variable Y and sup; E|Y;|**¢ < 400 for some & > 0, then EY; — EY. Having
chosen the function H = H(X), for each X, let n € [1, X] be chosen randomly and uni-
formly, and define the random variables Ay = |(Ns(n, H) — H/(2))/(AY2H'Y/*)|*. Then,
as X — oo, we have that Ay tends in distribution to |G|’1 for G a standard normal random
variable, by Theorem 1.2. Moreover, Theorem 1.1 implies for any even integer 2¢ > A that
limsupy _, ., E|Ax |2¢ < +00. Thus the result follows by computing E|G|* via calculus. o

Remark 1.4. For a given result relating to the behavior of an arithmetic function in short
intervals, it is natural to consider the analogous problem in a short arithmetic progression. For
example, in analogy to the quantity Ns(n, H) forn € [1,x] and H = H(x) slowly growing,
one might consider the quantity

Ns(x;q,a) ==|{n <x:ne€S,n=amodgq}|,

where 1 < ¢ < x is chosen so large that x /¢ (which corresponds in this context to H) is only
slowly growing, and a mod ¢ is a specified residue class. When a is coprime to ¢, the expected
size of Ng(x;q,a) is

1 x 1
ﬁaplqo : ?>

and one can define the analogous moments

~ 1 * 1 k
My (x:q) := W (Ng(x;q,a) — q;zZ) lT[(l — ?)) fork > 2.
pla

a mod g

As noted by Nunes [37, Sections 1.2, 3.2], one may reduce the estimation of ]\Zk(x;q) to
a quantity that is very similar to what is obtained in the course of estimating My, (x, H), mak-
ing the analysis of the problem for arithmetic progressions nearly identical to that of short
intervals. As such, one could very similarly obtain an arithmetic progression analogue of the
Gaussian limit theorem, Theorem 1.2, if desired. However, unlike the short interval problem,
the problem in progressions does not seem to admit a nice interpretation in the language of
fractional Brownian motion (see Section 1.3). We have therefore chosen to focus on the short
interval problem in this paper in order to avoid making this paper even longer.

1.2. B-frees. It is natural to write our proofs in the more general setting of B-free
numbers. We recall their definition shortly, but first we fix some notation.

For a sequence J of natural numbers, we will write 1 for the indicator function of J,
and

Ny(x) =) 1;(n)

n<x

for the count of elements of J no more than x.
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Definition 1.5. We say that a sequence J is of index o € [0, 1] if Ny (x) = x®+To(),

Definition 1.6. A measurable function L defined, finite, positive, and measurable on
[K, 00) for some K > 0 is said to be slowly varying if, for all a > 0,
L(ax)
im =
X—>00 L(x)

A sequence J C N is said to be regularly varying if Nj(x) ~ x%L(x) for some « € [0, 1] and
some slowly varying function L.

For instance, the function L(x) = (logx)/ is slowly varying for any j € R. For any
slowly varying function L, it is necessary that L(x) = x°(1) but this condition is not sufficient.
Clearly, in the definition above, o will be the index of the regularly varying sequence J . Further
information on regularly varying sequences can be found in [41, Chapter 4.1].

Fix a non-empty subset B C N of pairwise coprime integers with ) ;. 1/b < 00;
we call such a set a sieving set. We say that a positive integer is B-free if it is indivisible by
every element of B. For instance, if B = {p? : p prime}, B-frees are nothing but squarefrees.
Another studied example is B = {p™ : p prime} for some m > 3, for which B-frees are the
m-th-power free numbers, i.e., integers indivisible by an m-th power of a prime. The notion
of B-frees was introduced by Erdés [12], who was motivated by Roth’s work [42] on gaps
between squarefrees. (See also [6,22] for the closely related notion of convergent sieves. We
also mention that [22] upper bounded the quantity M, (x; ¢) mentioned in Remark 1.4.)

We write 1p_fee: N — C for the indicator function of B-free integers, and Np_e(x) for
the number of B-free integers n < x. For the sets B, we are considering here, it is known (see
e.g., [10, Theorem 4.1]) that

Np.free(x) ~ Mpx for Mg = [] (1 - zl;) € (0,1)
beB
so that B-frees have asymptotic density Mp.

We write (B) for the multiplicative semigroup generated by B, that is the set of positive
integers that can be written as a product of (possibly repeated) elements of B. By conven-
tion, 1 € (B), as 1 arises from the empty product. (For instance, if B = {p? : p prime}, then
(B) = {n? :n e N})

We introduce an arithmetic function ug: N — C, analogous to the M&bius function u,
defined by

0 if n ¢ (B) or if there exists b € B with b2 | n,

n =
wB(n) {(_l)k ifn =byby---bg, by <by <---<by, b €B.

Observe that up and 1p_.e are multiplicative and relate via the multiplicative convolution

1B frec = UB * 1.

We denote by [B] C (B) the subset of (B) of elements n satisfying ,u% (n) =1, i.e., those
n € (B) such that no b € B divides n twice. (For instance, if B = {p? : p prime}, then we
have [B] = {n? : n squarefree}.) We will often use without mention the fact that both [B] and
(B) are closed under gcd and Icm, or equivalently, they are sublattices of the positive integers
with respect to these two operations.
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1.2.1. Variance and moments. Let Np_gee(n, H) = Np_fiee(n + H) — Np_ree(n) be
the count of B-frees in an interval (n,n + H]. We consider the moments

1
Mip(X.H) = % 3 (Np-weln. H) = Mz H)".

n<X

Proposition 1.7. If the sequence {B) has index a € (0, 1), then for each fixed positive
integer k,
Cr,p(H) := lim My (X, H)
’ X —o00 ’

exists, and moreover, for any € > 0, we have

My p(X, H) = Cr g (H) + O (H* X &F1%8 4 1),

We will describe an explicit formula for Cy g (H) later.
When k = 2, we have the following general result for the variance, building on ideas of
Hausman and Shapiro [19] and Montgomery and Vaughan [34].

Proposition 1.8.  If the sequence (B) is of index a € (0, 1), then Co p(H) = Heto),

If (B) is in addition a regularly varying sequence, then we prove an asymptotic formula
for Cy gp(H).

Proposition 1.9. [f the sequence (B) is regularly varying with index o € (0, 1), then

Co,p(H) ~ AgN(p)(H),

where
2 2 1
(12) Aa =12 -ay@ [T(1-F + 7755 — 735)
beB
with y(a) 1= (2;2) cos(n—;)F(l — ).

This generalizes a result of Avdeeva [2] which requires more robust assumptions about
(B). It also gives a new proof for (1.1) that does not use contour integration and is essentially
elementary.

In fact, we do not need an asymptotic formula for the variance to prove that the moments
are Gaussian.

Theorem 1.10. If (B) has index a € (0, 1), then
k ka_c
Ci,p(H) = pxCo,p(H)2 + Ok (H 2 7F)

for every positive integer k. Here ¢ is an absolute constant depending only on «.

It is evident that Proposition 1.8 and Theorem 1.10 recover the moment estimate Theo-
rem 1.1 for squarefrees. Moreover, for the same reasons as given for the central limit theorem
there, we have the following theorem.
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Theorem 1.11. Let H = H(X) satisfy
log H
log X
If the sequence (B) has index o € (0, 1), then for any z € R,

H — 00, yet -0 as X — oo.

N -free ;H — MgH o _2
lim—{an: By, H) B >Z}=L/ e~ dt.
X—o0 VCa.B(H) V2w Jz

Remark 1.12. Combining Theorem 1.10 and Proposition 1.7, we see that, for each k,
the moments My g (X, H) will be asymptotically Gaussian as long as H, X — oo with

l—«

H<X67a_8, where cg = ——————.
- T+ -9)

In Section 6.2, we give a further application of Theorem 1.10 to estimates for the fre-
quency of long gaps between consecutive B-free numbers, improving results of Plaksin [39]
and Matomaéki [29].

1.3. Fractional Brownian motion. We have mentioned that the squarefrees and more
generally B-frees in a random interval (n,n + H] with n < X are governed by a stationary
ergodic process if H remains fixed. The number of B-frees in such an interval is MpH on
average. This process has measure-theoretic entropy which becomes smaller the larger H is
chosen to be, and thus does not seem very “random”. This may be compared to primes in short
intervals (n,n + |Alog X |], which contain on average A primes. In such intervals, primes are
conjectured to be distributed as a Poisson point process, and thus appear very “random”.

Nonetheless, a glance at Figure 1 comparing squarefrees to primes — along with consider-
ation of the central limit theorems we have just discussed — reveals that, at a scale of H — o0,
B-frees still retain some degree of randomness. It turns out that there is a natural framework to
describe the “random” behavior of B-frees at this scale (analogous to the Poisson process for
primes above), and this is fractional Brownian motion.

We give here a short introduction to fractional Brownian motion, as we believe this per-
spective sheds substantial light on the distribution of B-frees; however, the remainder of the
paper is arranged so that a reader only interested in the central limit theorems of the previous
sections can avoid this material.

Definition 1.13. A random process {Z(¢) : t € [0, 1]} is said to be a fractional Brownian
motion with Hurst parameter y € (0, 1) if Z is a continuous-time Gaussian process which
satisfies Z(0) = 0 and also satisfies EZ(¢) = 0 for all ¢ € [0, 1] and has covariance function

1
(1.3) EZ(t)Z(s) = E(zzy + 527 — |t —5|?)
forall¢,s € [0, 1].
Using Z(0) = 0, it is easy to see the covariance condition (1.3) is equivalent to
E|Z(@) = Z©)? = |t — 5.

For a proof that such a stochastic process exists and is uniquely defined by this definition, see
e.g. [36].
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Classical Brownian motion is a fractional Brownian motion with a Hurst parameter of
y = 1/2. If y > 1/2, increments of the process are positively correlated, with a rise likely
to be followed by another rise, while if y < 1/2, increments of the process are negatively
correlated.

Donsker’s theorem is a classical result in probability theory showing that a random walk
with independent increments scales to Brownian motion (see [5, Section 8]). We prove an
analogue of Donsker’s theorem for counts of B-frees using the following set up. We select
a random starting point 7 < X at uniform and define the random variables &1, &5, ... in terms
of n by
1—Mp ifn+ kis B-free,

=1 -reen+k — Mp =
33 B-free ) B {—eMB otherwise.

Set
Lz]

(1) = ) & + (T} )41

k=1
where {7} denotes the fractional part.
For integer 7, this is a random walk which increases on B-frees and decreases otherwise,
and for non-integer 7, the function Q(7) linearly interpolates between values; thus Q(7) is
continuous.

Theorem 1.14. Let H = H(X) satisfy

log H
log X

H — oo, yet —>0 asX — oo,
and choose a random integer n € [1, X| at uniform. Suppose that (B) is a regularly varying
sequence of index o € (0, 1), and define the function

(1.4) Wx(t) = Q- H),

1
VAaN(B)(H)
where Aqy is defined by (1.2). Then, as a random element of C [0, 1], the function Wx converges
in distribution to a fractional Brownian motion with Hurst parameter o/2 as X — o0.

Our proof of this result follows similar ideas as the proof of Theorem 1.10.

Note that &/2 < 1/2, so only a fractional Brownian motion with negatively correlated
increments can be induced this way. It would be very interesting to understand functional limit
theorems of this sort in the context of ergodic processes related to the B-frees described in
e.g. [3,8-10,24,27,30]. There seem to exist only a few other constructions in the literature of
a fractional Brownian motion as the limit of a discrete model, e.g. [1,11, 18,38,44].

1.4. Notation and conventions. Throughout the rest of this paper, we allow the implicit
constants in < and O(-) to depend on k when considering a k-th moment, and implicit con-
stants are always for a fixed sieving set B. Later, we will introduce a weight function ¢, and
implicit constants depend on ¢ as well. Throughout the paper, where B has an index «, for
simplicity, we will assume that o € (0, 1). Some proofs would remain correct if « = 0 or 1,
but the proofs of our central results would not be. We use the notation a ~ x as a subscript
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(a) A random walk on squarefrees (b) A random walk on primes

Figure 2. A graph of Q(t) and an analogue for the primes in the short interval (n,n + H]| with
n = 875624586 and H = 3000. (a) illustrates a walk which increments by 1 — 6/72
if u is squarefree, and —6/72 otherwise. (b) illustrates a walk which increments by
1 — 1/logu if u is prime, and —1/log u if u is composite.

MMMMM\

Bl o ) is o WY oz 2 W‘W E T

(a) y = 0.25 (fBm) (b) y = 0.5 (Brownian motion)

Figure 3. A fractional Brownian motion and Brownian motion respectively, randomly generated
using Mathematica, to be compared with the previous figure.

in some sums to mean x < a < 2x. In general, we follow standard conventions; in particular,
e(x) = e'27*, || x|| denotes the distance of x € R to the nearest integer, (a, b, ¢) is the greatest
comment divisor of a, b, and ¢, while [a, b, ¢] is the least common multiple.

1.5. The structure of the proof. There is a heuristic way to understand the Gaussian
variation of Np_ee(n, H). Note that

NBieen, H) = Y pp(d)= ) MBW)(VZHJ‘LSJ)

n<vd<n+H de[B]
d<X+H

= 2 (2 Du @ ({5 -2,

de[B]
d<X+H

The contribution of the first summand is close to the value Mp H around which Np_t.e.(n, H)
oscillates. On the other hand, the functions n — {(n + H)/d} — {n/d} are mean-zero func-
tions of period d and thus are linear combinations of terms e(nf/d) for 1 < £ < d — 1. Upon



10 Gorodetsky, Mangerel and Rodgers, Squarefrees are Gaussian in short intervals

reducing the fractions £/d by the maximal divisor b | (£, d) with b € (B), we see that
NB-free(n’ H) - e)\'{BI_I

is approximated by a linear combination of terms e(nf/d) for (£, d) B-free and d € [B].
Heuristically, if X is large and n € [1, X] is chosen uniformly at random, one may
expect the terms {e(nf/d) : (£,d) B-free} to behave like a collection of independent random
variables, and this would imply the Gaussian oscillation of Np_ee(n, H).
Nonetheless, we do not quite have independence; instead, roughly speaking, one may use
the same Fourier decomposition to relate the k-th moment My g (X, H) to (weighted) counts
of solutions to the equation

1 14
1—i—~--—|——kEOmod1,

1.5 —
(1.5) a1 d

where ||€;/d;|| < 1/H for all i. Indeed, the realization that My (X, H) for the squarefrees are
related to these counts appears already in [17].

It can be seen that Gaussian behavior will then follow from most solutions to the above
equation being diagonal, meaning there is some pairing ¢; /d; = —{; /d; mod 1 for all i, and
this is what we demonstrate. Our main tool is the Fundamental Lemma and its extensions
(see Lemmas 2.6, 4.1, and 5.5), developed by Montgomery—Vaughan [34] and later used by
Montgomery—Soundararajan [33] to prove a conditional central limit theorem for primes in
short intervals.

However, this strategy if used by itself is not sufficient to prove a central limit theorem;
the Fundamental Lemma was already known to Hall who used it to obtain his upper bound
Mi(X;H) < H (k=1)/2_The reason this strategy does not work as it did for Montgomery—
Soundararajan is that My g(X: H) has size roughly H ak/2, for primes, the k-th moment of
a short interval count is (conditionally) much larger. Thus, in order to recover a main term, our
error terms must be shown to be substantially smaller than for the primes.

We obtain an upper bound for the number of off-diagonal solutions to (1.5) by bringing in
two ideas in addition to those used by Montgomery—Soundararajan. The first is due to Nunes,
who showed in the recent paper [37] that solutions to (1.5) make a contribution to My (X; H)
only when d; is larger than H'=°() for all i and the least common multiple of the d; is
larger than H k/2=o(1). this argument appears in Section 5.1. The second is an observation
that bounding a term 74 which appears in a variant of the Fundamental Lemma (Lemma 5.5)
requires a more delicate treatment than that which appears in [34, Lemma 8]. However, it can be
accomplished in our context by counting solutions to a certain congruence equation, which in
turn can be estimated using an averaging argument relying crucially on the Pélya—Vinogradov
inequality; this is done in Section 5.2. See Remark 5.10 for further discussion of how the more
direct, but less quantitatively precise, approach of [34, Lemma 8] is insufficient in our context.

In order to prove that counts of B-frees scale to a fractional Brownian motion, it is not
sufficient to consider the flat counts Np_ee (1, H), but instead, we must consider the weighted

counts "—n
> o( ) 1B s,

uez

where ¢ belongs to a class of functions that includes step-functions. A proof of a central limit
theorem for flat counts remains essentially unchanged as long as ¢ is of bounded variation and
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compactly supported in [0, c0). Convergence to a fractional Brownian motion as a corollary of
this central limit theorem is discussed in Section 7.

2. An expression for moments

In this section, we prove Proposition 1.7, giving an expression for Cy_p(H ). The results
proved in this section all suppose that the sieving set B is such that (B) has index «. (We do
not yet need to suppose that (B) is regularly varying.)

In order to eventually have a nice framework to prove Theorem 1.14 on fractional Brown-
ian motion, we generalize the moments we consider. Suppose ¢: R — R is a bounded function
supported in a compact subset of [0, 00). Define My p(X, H;¢) = My (X, H;¢) by

Mt e = 3 (S o et a5 o))
heZ

n<X “uez

For ¢ = 19,1}, this recovers My (X, H) as defined above. We have tried to write this paper
so that a reader interested only in the more traditional Theorem 1.11 can read it with this
specialization in mind.

We introduce the arithmetic function ggp = g defined by

NOPAG y (T

n
bin

Given a bounded function ¢: R — R supported on a compact subset [0, co), we also
define the 1-periodic function

()= ) etmtp(7).
meZ

where, as usual, e(u) := 2" for u € R. Finally, given r € [B], we denote by Rp(r) the
subset of the group R/Z given by

Rp(r) = {% l<a<r(ar)is B—free}/Z.

Proposition 2.1.  [f the sequence (B) has index a € (0, 1) and ¢ is of bounded variation
and supported in a compact subset of [0, 00), then for all fixed integers k > 1 and any ¢ > 0,
aslongas H < X,

M (X, H:¢) =Cr(H; )+ O(Hngz%ll"‘e + 1),
where Ci(H ; @) is defined by the absolutely convergent sum

k
Ck(H:9)=Crp(Hip):= Y Jetpp Y. ] @uly.
Flyeenri>1j=1 o1++ox€Z 1<j<k
er[B]Vj ;i €Rp(ri) Vi

Obviously, Proposition 2.1 implies Proposition 1.7 by setting ¢ = 1(g,1]-

Our ultimate goal will be to prove generalizations of Theorems 1.1 and 1.10, showing
that the moments My (X, H; ¢) and Ci (H ; ¢) have Gaussian asymptotics for general ¢. This
will be the content of Theorems 6.1 and 6.2.
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2.1. The Fundamental Lemma and other preliminaries. We prove Proposition 2.1
in the next subsection, but first we must introduce a few tools.
Fort e Rand Y > 1, we let

Y

(2.1) Ey(t)=)_e(nt).

n=1

Note that Ey is @ (1) for ¢ = 1(g, 13- One has Eg (1) < Fp (¢) for all £, where
. 1
(2.2) Fy(t) = mln{H, W}

and recall ||7|| is the distance from 7 to the nearest integer. The next lemma studies the first
and second moment of Fg. The second moment was studied in [34, Lemma 4], and the first
moment is implicit in [37, Lemma 2.3]; we include a proof for completeness.

Lemma 2.2. We have
d—1 )
Z FH(—) < d min{logd,log H},
d
(=1
d—1 )
3 F,%,(E) < dmin{d, H}.
(=1
Proof. 'We use (2.2) to obtain
d—1 d—1
{ -1\ k dk
k : k
WOE LA I Y SEI
=1 =1 max{1,d/H}y<j<d/2 ’ \<j<d/H
fork € {1,2}. If k = 1, this is

§2d<1 + 3 l)

max{1,d/H}<j<d/2 J

and we use the estimate

1
Z — =logn + O(1)
Jj=<n J
to conclude. For k = 2, we use
1 1
Y S <=
_ n
j>n

and consider d < H and d > H separately. m]

Lemma 2.3. For ¢ supported in a compact subset of [0, 00) and of bounded variation,
Py (1) € Fy(t),

where the implied constant depends on ¢ only.
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Proof. Suppose ¢ is supported on an interval [0, ¢]. By partial summation,

onwl=| X E0(e(X)-e(%))]

1<j=<cH

< Fg@t) Y. ‘ﬁo(%)_‘p(%)“

1<j=<cH
As ¢ is of bounded variation, the claim follows. |

We introduce the arithmetic function

TB,lcm,k(d) = |{d1,...,dk € B: [dl,...,dk] = d}|,

Lemma 2.4. For a sieving set B, for any k > 1 and any ¢ > 0,

TB,lcm,k (d) Le de.

Proof. Note that tp 1ok (d) vanishes for d ¢ (B) and is multiplicative for d € (B).
If b € B, then 1p 1o x (b") K r %) But, for any & > 0, this implies Biemk (b") K A-(b")*
for A a constant depending on ¢ and k only. Thus, for d € (B),

TB,lcm,k(d) < Aw(d)dg <« d8+0(1)’

where w(d) is the number of prime factors of d and we use the estimate w(d) = o(logd) (see
e.g. [35, Theorem 2.10]). This implies the claim. |

The next lemma is a variation on an estimate of Nunes [37, Lemma 2.4], who treated the
corresponding result when B = {p” : p prime} with m > 2.

Lemma 2.5. Suppose the sequence (B) has indexa € (0,1). Letx > landmq, ..., my
be a k-tuple of distinct non-negative integers and let X = maxy<; <k (x 4+ m;). We have

k
1 2o
2.3) oy ]_[(1,,E_mi(di) + E) « X0y a-Tro) | y )
di,....dr€[B]ln<xi=1 !
[dla"'adk]>z

Proof. We prove the claim by induction on k. For k = 1, the inner sum in the left-hand
side of (2.3) is <« X/dp (by considering X > d; and X < d; separately), so we obtain the

bound | ¥
S Y (o ) « ¥ oo,
4 = d; dy
|E[B] n=x di€[B]
d1>Z d1>Z

which is stronger than what is needed. We now assume that the bound holds for ko and prove
itfork = ko + 1.

We set D = [dy.d>2,....dg,+1] and D; = [dy,...,di—1,di+1,...,dx] and introduce
a parameter z’ < X to be chosen later. We write the left-hand side of (2.3) as T + T», where,
in 77, we sum only over tuples dy, ..., dg, 41 With D; < z" holding for all 1 <i < ko + 1,
and in 7>, we sum over the rest.
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Observe that, by comparing exponents in the factorizations, D < ]—[f.‘iJlrl(D,-)l/ ko To
bound 77, observe that the condition on D; implies D < (z’ )1“/ ko, Using the Chinese re-
mainder theorem, the inner sum for 77 is < X/D + 1, and so we obtain the upper bound

I < > (% + 1) =< > TB,lcm,ko+1(d)(§ + 1)

dl’dz""’dk0+1€[B] dE[B]
z<D<(z/)!*TV/ko z<d<(z)! T1/%o

< Xo(l)(XZa_1+0(1) + (Z/)Za)’

where we have used Lemma 2.4 in the last step.
For each of the tuples summed over in 75, there is some j (1 < j < ko + 1) with
Dj > z'. The tuples corresponding to this j contribute to 7 at most

1 1
dy,..., dj_l,dj+1 ..... dk0+1€[B] N<Xj#j ! dje[B] J
Dj>z’

1
RS SN o) § (SIS}
d],...,dj_1 ’dj+l ,...,dk0+1 €[BINn=xi#j
Dj >z’

where we used the facts that
(i) the number of d; | n + m; will be <« XM and
(i) Y 1/d; = O(1).
Applying the induction hypothesis to bound the last double sum, we obtain

T2 << XO(I)(x(Z/)a—1+0(1) +Xa27_$1)

Taking z’ = X 1/ ("‘+1), we see that 77 + T» does not exceed the desired bound. O

Finally, throughout this paper, in order to control the inner sums defining Ci(H; @),
we will use the Fundamental Lemma of Montgomery and Vaughan [34]. The following is
a generalization of the result proved in [34], which corresponds to the case of B being the
set of primes. The original proof in [34] works without any change under the more general
assumptions. Let

€(r) = {% 11 <a< r}/Z.

Lemma 2.6 (Montgomery and Vaughan’s Fundamental Lemma). Let ry, 12, ..., 7%
be positive integers from [B], and set r = [r1,...,r;]. For each 1 <i <k, let G;(p;) be
a complex-valued function defined on € (r;). Suppose each prime factor of r divides at least
two of the r;.> Then

k k 1
1 2
‘ > G| <TI0+ X 16:e0P)
X P €C(r;) i=1 i=1 pi €C(r;)
i=1Pi=0 mod 1

Later, in Lemmas 4.1 and 5.5, we will cite variants of this result.

2 Equivalently, each b € B that divides r divides at least two of the r;.
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2.2. Proof of Proposition 2.1.

Proof.  We examine the inner sum defining My (X, H; ¢). Note, for integers n,

> (p(u;ln)lB-free(u) ~Mp Yy w(%)

UeZ heZ
vd —n up(d) h
= @ uB(d) — o\
dg}yg( i) PO apD ()
= > updyun.d),
d€[B]

where for notational reasons we have written
m 1
4 vty i= 3 o) (n=-nio = )
m

The function n +— g (n, d) has period d . Considering it as a function on Z /d 7., it has mean 0.
By taking the finite Fourier expansion in 7, we have

14 eyt
=1
Thus

k
M Hip) == S [T us@)vnn.dy)

n<Xdj,....dce[B]j=1

From the definition (2.4), each term Y7 (1, d) involves summing over < H indices m. Thus,
from Lemma 2.5, we have

k
1
(2.6) 52 2 lms@wun.d)
n<Xdi,....dr€[B] j=1
[d1,....d]>z

H* 1 1+o(1 2o
< 7.X"( )(xzo oM 4 xaiT)

for a parameter z to be chosen later.
On the other hand, by (2.5),

Kk
2.7) % Yoo Y Tlws@p)vu®.d)

n<Xdj,....dir€[B] j=1

[d] ..... dk]§Z
_ uB(d1) - up(dy)
dl,...,%;e[B] dy---dp
[d] ..... dk]§Z
4y iy 1 o O
< 2, o) oG oo (G 3))
J J
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where Ey is defined as in (2.1). Note that if El/dl + -+ 4 /dy ¢ 7, we have

e ba gty
|2 T
and in this latter case,
1 2 [di.....dx]
X d1 + +dk < X

Furthermore, note using Lemma 2.3 and the first part of Lemma 2.2 that

> <I>H(§) < > FH(g) < dlogH.

0<f<d 0<i<

Thus the contribution of terms for which £1/dy + --- + £y /dy ¢ Z is

di,....d HoW o 1+ato(1)
<H® Y [d1 : f _ . Y tpsemi(d)d = zX |
di,...,dx €[B] de[B]
15eesdi]<z d<z
Thus (2.7) is
up(dy) - up(dy) 181 a1
(2.8) Z Z O (L) oy (=L
ddiem T 0T (dl) (dl)
[d] ..... dk]§Z Zei/diez
oW ;1+ato(1)
+ 0( - )

We now complete the sum above. Directly applying Lemma 2.6 (and appealing to Lemma 2.3
and the second part of Lemma 2.2), we see that the corresponding sum over tuples

d=(di,....dy) with[d,....dg]>z

is

1
(2.9 «<HY Y AT H 5z~ 1+o()
di, dke[B][ 1o did
[d],...,dk]>z

Hence, from (2.6), (2.8), (2.9),

Mk(X, H,QD) — C]:(H,QD) + O(szot—l-i-a(l)Xo(l) + HkX"‘+1+O(1)
+ oM 1+ato(1) y—1 )

where
d) - un(d
(2.10) Cr(H:p) = Z 1B ( ;)...SB( k)
dy,....dr €[B] 100Gk
{1 {1
<2 en(g)en(y)
0<t;<d; V]

Zﬁi/dieZ
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(Note that the absolute convergence of this sum is implied by the above derivation.) Setting
z = X(1=8)/(@+1) "we obtain the desired error term.

It remains to demonstrate C;*(H; ¢) = Cx(H;¢). To do this, note that if o; = £;/d;,
with 0 < ¢; < d;, we can find a maximal ¢; € [B] such that {; = e;l/, d; = e;d/ and so that
(I].d]) is B-free. Moreover, writing o; = [/ /d; does not affect the condition oy + --- 4 0y € Z.
Consequently, we have

Y ou(P)eu(E)= X X X euthoup),

0<{j<d;Vj e1ld; exldi o4
Y 4i/dieZ e1€[B]  ex€lBloleRp(d; Je)Vi
o1 ++o, €L

Note also that, as £; # 0, d; /e; # 1. Therefore, setting r; := d; /e; in each of the above sums,
we have

C]:(H;(p)= Z /fLB(rl)"',UvB(rk)( Z //LB(€1)"~/LB(ek))

rln.-rk eln.-ek

(ej, rj) is B-free

x Y @u(on) ulok).

0150050k

aj EZRB(I‘j)
o1 ++0ok €L
The sums over e; factor as .
[1110-35)
b
J=1btr,
beB
and we see C;' (H; @) = Ci(H; @), as required. ]

Remark 2.7. From (2.10), reindexing | = {; and {, = d» — {», we have the follow-
ing useful alternative expression for Co(H ; ¢):

d d a4 ﬁ/
Ca(Higp)= Y. MB(;?Zf( D> on(g)on(-2)
dy,d>€[B] 0<l)<d;

0<t)<d>
Ly /di=t,/d>

The absolute convergence of this sum is implied by the above argument.

Remark 2.8. When ¢ = 19 ], the corresponding expression for C2(H ; ¢) may also
be calculated using correlation formulae for pp. Indeed, upon expanding the k-th power in the
definition of M (X, H ;1(g,1] and swapping orders of summation, we find

k .
Mi(X. H:loq) = Y. (j)(—MBH)k‘J > %

0<j<k 0<hy,..., h;<H

X Z 1B trec(n + 1) ==~ 1B free(n + hj).
n<X
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When B = {p? : p prime}, Hall [17, Lemma 2] used this approach to compute the main terms
Cik(H;1(o,17). This was generalized straightforwardly to the setting with B = {p™ : p prime}
for m > 3 by Nunes [37, Lemma 2.2] and can be generalized to B-frees as well.

3. Estimates for variance

3.1. Preliminary results on the index of B, [B] and (B). In this section, we will
estimate the variance C,(H ) in various ways. We first prove some preliminary results relating
the index of (B) to [B] and B itself.

Lemma 3.1. For a sieving set B, the sequence (B) has index o if and only if [B] has
index o.

Proof. Suppose (B) has index «. We first show that [ B] has index « also. Plainly,
Nip)(x) < Ny (x) = x>+,

On the other hand,

G.1) 3 N[B](;—z) = Nigy(x).

b<x,be(B)

Introducing a parameter y = x¥, we upper-bound the left-hand sum as follows. For b > y with
b € (B), we apply Nig](x/b?) < N(y(x/b?),and for b < y, we use monotonicity in the form
NiBj(x/b?) < Nipj(x). Thus

x
Nig) (V)N (x) = Nigy(x) = > N<B>(b_2) > yato(l)
b>y,be(B)

so Nipj(x) > xd=eato:(1) Since this holds for every & > 0, we obtain the lower bound
needed for the claim.
In the converse direction, if [B] has index «, then

N(p)(x) = Nigy(x) = x>+,
To prove an upper bound for N(g)(x), use (3.1) and note the left-hand side will be < yeto(d)
since ) pe(p) h™2% < o0. O

Other authors have proved results in this area based on assumptions regarding the index
of the set B (for instance [15]). Though we will not require it in what follows, for completeness’
sake, we note the following implication.

Proposition 3.2. For a sieving set B, if B has index o, then (B) also has index a.

Proof. As B C (B), it suffices to prove an upper bound on N(g)(x). For n € (B), let
wp(n) :=#{b € B : b | n} and define

Nig) ==1{n <x:n € [B]. wg(n) <k}.
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We will first show for any & > 0 there is a constant C, such that

(3.2) N[(l’;]) (x) < Ckxate.

For notational reasons, let BT := B U {1}. Fix & > 0. It is plain there exists a constant C, such
that

1
Z pats <C:, and Npi(x) < Cex*t*

b<x,beBT
This gives (3.2) for k = 1. But (3.2) then follows inductively for all k from the above bounds

and ®) *-1)
1
N = > N (b)
b<x,beBT

Now note wp(n) < w(n) = o(log x) for all n < x (see [35, Theorem 2.10]). Hence, for all x,
there exists k = o(log x) such that

Nigj(x) = Nj(x) < CEaate = yorero®),

As ¢ is arbitrary, this implies

Using (3.1) as before, this implies Ng)(x) < x@Fto() a5 desired. |

It seems likely that the converse to Proposition 3.2 is false, but we do not pursue this
here.

3.2. Variance for (B) with index «. We now show that the exponent of the variance
is determined by the index of (B).

Lemma 3.3. Suppose ¢ is of bounded variation, supported on a compact subset of
[0, 00). Assume moreover that ¢ is non-vanishing on some open interval. If (B) is of index
a € (0, 1), then
Ca(H:ig) = HOFOW.

Proof. We have

Ci(Hip)= Y gr)*> > |®u(0).

rr€>[lli’] geRp(r)

For an upper bound, we apply Lemma 2.3 and the second part of Lemma 2.2 to see that

Z |®g (0)|* < rmin{r, H}.
oeRpB(r)

As g(r) < 1/r, we have

1
C(H: ) K Z r_z'rmin{r’H} < Hoeto)

r>1
r€[B]
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Suppose ¢: R — R is supported on an interval [0, c]. Before embarking on the proof of the
lower bound, we make the following observation. Since ¢ is of bounded variation, we have

(3.3) ‘@H(O)—H/oogo(t)dt
0
m (m+1)/H
< o\ — —H/ @(1) dt
OS%CH‘ (H) m/H

1/H
< H/O O§£CH‘¢(%) —<p(% + u)‘ du < 1.

We now split the proof of the lower bound into two cases, depending on whether or not
JoS @) dt = 0.

Case 1: fooo ¢(t)dt = 0. From (3.3), we obtain ®z (0) = O(1). Now, for convenience,
set vg (r) = 0if r ¢ [B], and otherwise, put

a\ |12
va(r) = Y |eg@))>= > ‘(DH(;)‘ '
oeRp(r) (a ,,‘}) I?so%rfree

Using the convolution formula 1p_e. = 1 * up for each r € [B], we obtain

()= Y @) r|on (4)

a mod r
b2
= Y @ Y |ea(S)[ = X ws@ Y lenw)?
md=r b mod m md=r ge€(m)
m,d €[B] m,d €[B]

Moreover, if m > 10c H, then by Plancherel’s theorem on Z/mZ, we obtain

GH Y epeP= Y go(%)w(%):%w(%)z > H,

€€ (m) ni,n2€Z ne
m|(n1—n2)

where in the last step we used the fact that ¢ is non-vanishing on some open interval.
Since g(r)? =< r~2 for r € [B], we find that

d
gy » Y 0 - B S o)

r>1

md=>1
m,d€[B], (d,m)=1

d
=Y LY sl ¥ 2D jeu0)0

m>1 €€ (m) d>1
mG[B] (d,m):l
1 _
=2 — D leu@P [Ta-s -0
m>1 o€t (m) beB
me[B] btm
Since
]‘[(1 b2 > 1_[(1 —b2)>0
beB beB

btm
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uniformly in m, we may use positivity to restrict to m > 10cH and apply (3.4), getting

Gurp > ¥ (Y @)

m>10cH o€€(m)
me[B]
> H Z l > H . qge o) — Ha—i—o(l)’
m>10cH
me[B]

where in the second to last step we used the fact that [B] has index @ by Lemma 3.1. This
proves the lower bound in this case.

Case 2: fooo @(t)dt # 0. In this case, we again use positivity to restrict the sum in
Cy(H; ) as
2 1y 2
Ca(H:p) = Y g(r) ‘(DH(—)‘ :
r>1 r

r€[B]

Let K > 10 be a large constant. Then, for r > KcH, we have e(j/r) =14+ O(1/K)
uniformly for 1 < j < c¢H, so from (3.3), we get

(=] = ook T B

1<j<cH

= [o0)] - 0( %)

o0
= (| [T o
0
if K is large enough.

Since g(r)? > r~2 for r € [B], we have

- 0(%)) —o()y> H

1
Ca(H:p) > H*> ) = > goto®
r>KcH
re[B]

since, again by Lemma 3.1, [B] has index «. The claim is thus proved in this case as well. O
Obviously, this implies Proposition 1.8 where ¢ = 1(g, 13-

3.3. Variance for regularly varying (B). If (B) is a regularly varying sequence, we
can say more; in this case, we will show the asymptotic formula of Proposition 1.9.
We begin with a useful expression for C,(H ). Throughout this subsection, we use the

notation

V(t) = sinmt

wt
Lemma 3.4. We have

(3.5) Ca(H) =2H> Y % I (1 — %) Z‘V(HTA)‘Z.

de€[B] btd A>1
beB
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Proof. We begin with the expression in Remark 2.7 for Co(H ; ¢). If we specialize to
the case ¢ = 1(g,1), then @y (1) = Eg(¢). If we use the identity

H+1 )sin(nHt)

EH(t):e( )

sin(rt)

we see that (2.10) gives

Z wp(d1)p(d2) Z (Sin(ﬂHfll/dl))(Sm(”HE /dz))

1 /
dy e lB]  didy o<t <dy sin(m € /dy) sin(w,/d>)
0<t,<d>
eﬁ/dlif’z/dz

Ca(H) =

But, in this sum, ¢ /d; = {},/d>, and using

1 1
(sin7x)2 é (r(x + k)2’

we obtain
HA H
CZ(H):Hz Z up(dy)pup(dz) Z V( 1)V( }»2)
dldz dl d2
dy,d>€[B] A1,A2#0
A/di=A2/d>
w1 (d1) B (d2) HAq H A
=2H% ) v 14 .
dy.d2€[B] A Ado=1 ( d ) ( 2 )
Ar/di=A2/d>

Write d = (dy,d») and d; = vid, dy = vad and parameterize solutions to A1/d; = A, /d>
by A1 = Avy, A2 = Av,. Then the above expression for C, (H) simplifies to

_opy2 puB(dvi)up(dvz) HA\2
G =24 Z Z d?vivy ZV( d ) ’
dG[B] V1 ,\)26[3] A>0
(v1,v2)=1

which in turn simplifies to (3.5). D
We will use the following result of Pdlya to estimate the above sum.

Proposition 3.5 (Pélya). If Nr(x) is the counting function of a sequence R which reg-
ularly varies with index o, and if f:[0,00) — R is a function that is Riemann integrable over
every finite interval [a, b] C [0, 0o) which satisfies

—o+e

F(0)] < {x_
X

as x — 0,

=8 as x — 00,

for some € > 0, then

Jim NR(X) Z (% / £(0)d(®).
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Proof. This can be found in Pélya and Szeg6’s book [41, Problem No. 159 in Part I,
Chapter 4 of Volume IJ; see also Pélya’s paper [40]. |

Proof of Proposition 1.9. We define

1 2 2 1
70 =3 & 1-35)=T1(1-5+7)
dem)? bia beB
beB
1 1\-1
d0=32 5=T(1-5)
re(B) beB

For both ¥ (s) and § (s), the above sum and Euler product converge absolutely for fs > «.
Note that, for s > «, we have

(3.0) F(s) =5()Us).

where

2 2 1
uo = [1(1-5+5m ) = 2 &
beB c>1

where the coefficients u. are defined by this relation. (The coefficients 1, will be supported on
(B), but this fact will not be important.)

Note the Euler product defining U(s) converges absolutely for is > /2, and therefore
the Dirichlet series also converges absolutely in this region. Hence it follows that, for any ¢ > 0,

S fuel < 15,

t<c<2t
with the implications
a |ucl L _14¢
3.7 ue| K 1278, — 2T
(3.7) D luel >
c<t c>t

which will be important later.
By using the Dirichlet convolution implicit in (3.6), we can write

e =2 32 X 3w () PG =2 & /()
re(B) ¢ A>1 re(B)
for y N
10 =23 erl Gl
But, from the bound V(£)? < min(1, l/éz)t we have

1 ucl 22
o« LY (Y 1y )

A<cx A>cx

1 e %
< Z |ucl+x Z c < {(%)gﬂ ifx <1.

c<l1/x c>1/x
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The last estimate follows because if x > 1, the first term vanishes while the second is bounded
trivially, while if x < 1, both terms satisfy the claimed estimate by (3.7).
Therefore, one may check that Pélya’s proposition may be applied and

(3.8) Co(H) ~ 2Ny (H) /0 F®ar* L dt

° A
=2Np)(H) Y >~ Z—E/O %V(;)zat“‘l dt,

c A>1

where rearrangement of sums and integrals is justified in the second line of (3.8) by absolute
convergence. By a change of variables t = A/rc, the last line can be simplified to

2 2 1 o0 l—a 5
2Ny ()6 =) [T (15 + g — ) [ V@R
beB

since the sums over A and ¢ can then be simplified as (2 — ) and U () respectively. But (see
[14, formula 3.823])

® - 2 —1_a—2 aad
/ T (t) dt = 2 'n® COS(T)F(—W),
0
which recovers the constant (1.2) claimed in the proposition. O

Remark 3.6. We will not require it, but with a bit more work, one can show that if (B)
is regularly varying with index @ € (0, 1), and ¢ is of bounded variation with compact support,

C2(H;¢) ~ ApaN(By(H),

where

2 2 1 * l1—a |~ 2
Ap = 2082 =) [] (1 — s+ i bTw)/O 1= 5(0) 2 d.
beB

4. Diagonal terms

In this section, we show how the approximation of Cy (H ; ¢) by Gaussian moments arises

from terms in which rq, ..., r; are paired and non-repeated in the sum defining this quantity.
In the next section, we will show that the remaining terms are negligible.

We say that the tuple 7y, ..., rg is paired if k is even and we may partition {1,2,...,k}
into k/2 disjoint pairs {(ai,b,-)}f.‘fl with rg, = rp, and a; # b;. We say that rq,...,r is
repeated if rj;, = r;, = ri; for some i1 < iy <1i3. For k = 2, all the terms in C»(H ; ¢) must
be paired.

We adopt the abbreviations r = [ry,...,ri] for the lcm and r = (r,...,rg) for the
vector of the r;. Given integers r, 72, ..., 7 > 1 belonging to [B], let

k
Sk (r) = > [ Fu (oo

pi€Rp(r;) (1<i<k) i=1
> 0i=0 mod 1
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Our approach in this section largely follows Montgomery and Soundararajan’s proof of [33,
Theorem 1]. We will use the following variant of the Fundamental Lemma; the result is a gen-
eralization of [33, Lemma 2], which corresponds to B being the set of primes. The original
proof® works as is.

Lemma 4.1 (Montgomery and Soundararajan). Let q1,...,qy be integers with q; > 1

and q; € [B]. Let G be a complex-valued function defined on (0, 1), and suppose that Gy is
a non-decreasing function on [B] such that

q—1 a2
(;‘G(C_I)‘ <qGo(q)

forall 1 # q € [B]. Then

T qTe®)

al,...,dk i=1 ql

k

1 1
=< m H(QiGO(C]i)2)-
el

0<a;<q;
> a;/q;=0 mod 1

The next lemma separates repeated or non-paired r from what we will show is the main
contribution to Cy (H ; ¢).

Lemma 4.2. Letk > 3, and suppose ¢ is of bounded variation and supported in a com-
pact subset of [0, 00). If k is odd, we have

o ud )
C(H:p) < Y []=Z—=Su).

r
r is repeated =1

or non-paired
TlseeesFie>1

If k is even, we have

k/2

k
G(H:p) = Y, [[&0 > [17a®i.r)

Tl /2>1 i=1 bi,....bi)2 i=1
o 1<b;<r;
>5/2 bi/ri=0 mod 1

TG
so( X I SH<r>),

r is repeated i=1
or non-paired
T1seeshik>1

where

b= Y ea(Des(229).

a=1
(a,n) is B-free
(b—a,n) is B-free

3 In [33, p. 597], the second occurrence of r; in the first equation should not be there.
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Proof. We first consider odd k. There are no vectors (rq, ..., r) that are both paired
and non-repeated. The proof of this case is concluded by recalling that g(n) is dominated by
M%(n)/n and ®g by Fg.

We now consider even k. By the triangle inequality,

k k
.1 Ce(H;p)= > J]atd > []®u)

r is paired =1 pi€Rp(ri)(1<i<k) i=1
and non-repeated p1++pr=0 mod 1
T1seeesTic>1

k2
U (ri)
0 S .
so( X 1M sum)
r is repeated 1 =1
or non-paired
T1seeeslic>1
There are (k — 1)(k —3)---1 = . ways in which the pairing in the first sum in (4.1) can
occur. We take the pairing to be r; = rg/>4; without loss of generality. We further write
pi = a;/r; and set b; to be the unique integer in [1, ;] congruent to a; + ag/4; modulo 7;.
Hence

k k
> ITetd > []®ue)

ris paired =1 pi€RB(r;) (1<i<k) i=1
and non-repeated p1++0r=0 mod 1
Tlyeeestie>1
k/2 k
2
=y, J]&ed > []7u®i.r)
Tl /2>1 i=1 bi,...bi,2 i=1
distinct 1<b; <r;
Zf‘izl b;/ri=0 mod 1
k/2 k
2
=y, & > []7a®i.r)
Tlseli2>1 01=1 bi,...bi,2 i=1

/o 1Shisri
> / b;/ri=0 mod 1

i=1

G
+0( Z 1_[ Br.lSH(l‘))-

r is repeated i =1
Tlseeesl i >1

This finishes the proof. O

We now show that paired and non-repeated terms above can be reduced to powers of the
variance.

Proposition 4.3. Let k > 4 be even. Suppose ¢ satisfies the assumptions of Lemma 3.3.
If the sequence (B) has index «, then

k/2 k
k _
Z 1_[ g*(ri) Z ]_[ Jr(bi,ri) = C2(H; 9)2 (1 + O(H~*ToW)y),
Tl 2>1i=1 bi,e..bic )2 i=1

1<b;<r;
25121 b;/r;i=0 mod 1
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Proof. Let j be the number of values of i for which b; # r; so that b; = r; for the
remaining k /2 — j values of i. Since there are (k J/z) ways of choosing the j indices, we see

that the left-hand side is
k/2

Z( )CZ(H 05~ W, (H),
iz
where Wy = 1 and

J J
wiH)y= > []e*to Y. lJa®ir.
r1,...,rj>1 i=1 b],...,bj i=1
0<b; <r;
> b;i/ri=0 mod 1
Recall Co(H; ) = H* M by Lemma 3.3. The term j = 0 will contribute the main term, so
it remains to bound the other terms. It is also clear that j = 1 contributes 0 as by /r; € (0, 1).
To finish the proof, it suffices to show that W; (H) = O(H*U=D+o)y for j > 2.
Montgomery and Soundararajan [33, equation (34)] showed that

n—1

(4.2) > 1 b.n)* < n*H
b=1

for B being the set of primes and ¢ = 19, 1]. Their argument works as is for general B and gen-
eral ¢. Indeed, their proof proceeds by dropping the conditions (a,n) = 1 and (b —a,n) =1
from the sum defining J, applying the estimate ®gy < Fg (in the general case, this is Lem-
ma 2.3), and straightforwardly estimating the sum of positive terms that result, so their bound
applies to our sum as well.

Due to (4.2), we may apply Lemma 4.1 with Go(n) = CHn? to find that

3 HJH(b,,r,) €1 ]_[(rZHZ)

bby il [
Zbi/riEZ

Additionally, as |®g (x)| < Fg(x) < 1/| x|/, we have the simple bound

1 1

Ja (b, 2 2(logn)?,
};' ab.ml <n Z  minfa.n —a) / Z < min{[b —al.n—[b—al} " (logn)
b;éa

and hence, for any value of Z > 1,
J 1 / 2
Wi H) < H? Y it > J]dogr)

Flsenns rjE[B] Leeenly F1yeees er[B] i=1
[r1,...r;1>Z [r1,...r;1<Z

J B lem, j (1) -

SH? ) SRS 4 (102 2)Y ) them, (1)

r>7 r<Z

< nga—1+o(1) 4 zeto(l),
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We take Z = H//2 to find that the left-hand side is

< H5 o) o praGi—D+o(1)
as j > 2. ]

Taken together, Lemma 4.2 and Proposition 4.3 show that paired and non-repeated terms
in Cr.(H; ¢) are enough to recover the claimed main term.

5. Off-diagonal terms

In this section, we show that the repeated or non-paired terms contribute negligibly to
Ci(H; ¢). Our main tool will be a refinement of the Fundamental Lemma, due also to Mont-
gomery and Vaughan [34, Lemma 8]. However, we will also crucially use ideas of Nunes to
bound the range of r that we need to consider. We also will critically make use of the Pélya—
Vinogradov inequality to bound a certain term that appears in the refined Fundamental Lemma;
this is a new ingredient of our proof, and some argument of this sort seems to be essential when
the index « is less than or equal to 1/2 (see Remark 5.10 for a relevant discussion).

5.1. Preliminary estimates: Nunes’s reduction in the range of r. Following Nunes
[37], in this subsection, we will show that, in the sum defining Ci (H ; ¢), those r for which r is
large yet each r; is relatively small make a negligible contribution. We first make a few simple
observations.

The following bound follows directly from the Fundamental Lemma. (Very similar esti-
mates have been used in [34, p. 317, equation (9)], [17, equation (33)], and [37, Lemma 2.3].)

Lemma 5.1 (Montgomery and Vaughan). Given integers ri,r2, ..., > 1 belonging
to [B], we have

k

(5.1) Sy () < riry---rgr~" [ min{r. H}?
i=1

—1

N

<H2ryry---rgr

The following elementary estimate was proved by Nunes [37, Lemma 2.3] in the special
case B = {p™ : p prime} (m > 2).

Lemma 5.2 (Nunes). Givenry,...,rp > 1 belonging to [B], we have
k
(5.2) Su(x) < [ rilogr:.

i=1
Proof. Ignore the restriction Y | p; = 0 mod 1, and apply the first part of Lemma 2.2. ©

The Fundamental Lemma only sees the L2-norm of Fg (i /r). Lemma 5.2 is superior to
Lemma 5.1 in certain ranges, as it makes use of the much smaller L'-norm. As Nunes does,
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we may combine (5.1) and (5.2), obtaining the bound

k k k
Sg((r) K€ (l—[ ri) min{HAZr_l, l_[ logr,'} < 1_[ Fi -min{H%r_l, (log r)k}.

i=1 i=1 i=1

We now use Nunes’s bound (5.2) to deal with r with small lcm. They turn out to contribute
negligibly, a fact that is not detected directly by the Fundamental Lemma bound (5.1).

Lemma 5.3. Let H, M > 1. Suppose that (B) has index o € (0, 1). We have

r

K M%(ri) 1
¥ TTEE 0 < oo
i

Tyl >1i=1
r=

Proof. Appealing to (5.2), the contribution of r with » < M is at most

g ¢
< > [I=Z—TIlregri= > (ogn)
1

Tlseslkc>1 i=1 i=1 Tlyeees i >1
r<M r;€[Bl,r<M
< (log M)* >~ 7 jem i (r).
r<M
The claimed bound then follows from Lemma 2.4 since (B) has index «. O

We now use the Fundamental Lemma to show that, among those r with r > M, the
contribution of r with r; < N is small. Here M and N are parameters to be chosen later.

Lemma54. Let1 < N < H and M > 1. If (B) has index « € (0, 1), we have

k 2 (..
Y 1 sy « 5N e o),
Tlseens rg>1 i=1 i
ri <N for some i
r>M

Proof. Ifr; < N for some i, and all r; > 1 are in [B], then (5.1) implies that
Sg(r) K H%rlrz ---rkr_lN%

so that our sum is at most

ki3 (ri)
> 1= —Suw

Flseens re>1 i=1
r; <N for some i
r>M
k=1 1 1—[5;_1 ,U«%; (ri) k=11 B Jem k (1)
<H 2 N2 E _—SHzNEE;‘
r r
Tlyeens ri>1 r>M
r; <N for some i
r>M

The claimed bound again follows from Lemma 2.4, as (B) has index «. |
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5.2. Using the Fundamental Lemma. To estimate off-diagonal contributions, we use
the following variant of the Fundamental Lemma. It generalizes [34, Lemma 7] of Mont-
gomery and Vaughan, which corresponds to B being the set of primes and T = H 1/9 The
proof follows that of [34] essentially without change, and so we do not include it here.

Lemma 5.5 (Montgomery and Vaughan). Let H > 1 and 1 <T < HY. Let k > 3,
and let ry, ra, ..., ry be integers with ri > 1 and r; € [B]. Further, let r = [ry,...,r;] and
d = (r1,r2), and write d = st, where s | r3rg---ri and (t,r3rq---1;) = 1. Then

k
S L riry-rer YH2(Ty + To + T3 + Ty).

where
log H
TN =—.
T2
_ d=% ifr; > HT ™ forall i,
2 0 otherwise,
Ta — s_% ifri > HT_lforalli and ry = ra,
> 0 otherwise,

1
1 IrisTly2 Ir3sT[\2) 2
T4:(rrsH2 Z FH( ;/s ) FH( ris )
172 TeRp (1) 1 2
ifHT ' <ri,ra < H% t>d"Y?andd < (HT)Y?; otherwise, T4 = 0.

We use this to produce a first bound on repeated or non-paired r outside of the range
treated by Nunes’s bound.

Proposition 5.6. Let k > 3. Let N be in the range H > N > H3/° and M > 1. Sup-
pose that {B) has index o € (0, 1). We have

ko 2.
Z l_[ /LBr(."z) Sk (1)

r is repeated i =1
or non-paired

rl"r";r}‘";N <« ]—]%4‘0(1)(1\7% + H3 N~ 7%=D + Q%H_%)M“_H‘O(l),
where
g = Z g3 a2 Z ( Z a—a—IFH(”aST”)z)Z.
NVE=D << H)JN teRp(0) \ axan=1 as
(s,t)=1,s,t€[B],t>s N<ast<H?
a€[B]

Proof. Let r be a vector which is either repeated or non-paired with r > M and such
that r; > N for all i. It suffices to bound

k2 k2
ug(ri) ug(ri)
2. 1= =suw+ > [[==su0.
r is repeated i =1 ! r is non-paired i=1 !
T1yenns rie>N and non-repeated
r>M T1yeees >N

r>M
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If r is repeated with r;;, = r;, = r;;, then we apply Lemma 5.5 with r;,, r;, in place of rq, 3,
obtaining
k
SH() L riry--rer "H2(Ty + To + T3 + Ta).

(The parameter 7 is taken to be H /N .) To study the 7;’s, recall thatd = (r;,, r;,) = r;, factors

as d = st, where
s | 1_[ r; and (t, l_[ r,-)zl.

iF#i1,in i#i1,in
Inourcase,t =1ands =d =r;, > N. We have
log H _1 _1 _1 _1 _1
= -, Th=d +<N 4 Tz3=s52=d 2<N 2 and T4=0,
H\3
(%)

so the total contribution of the 7;’s in the repeated case is at most

1
< H%(N—% , N2logH lolgH) v 1« g5t vt 3 TB,lcm,k(”)’
Hz 71k >N r r>M 4
ri€[Bl,r>M
which is absorbed in the error term since the series over r is <« M~ 101,

Suppose that r is non-paired and also non-repeated. The contribution of r is 0 if there
is a prime p dividing only one of the r; (as then Sg (r) = 0), so we assume that each prime
divisor of r divides at least two of the r;. This implies that r; | [ | il As in [34, p. 323], this
implies r; <[] j=i(rj.ri), and so, for each i, there exists j 7 i such that

1 1
(rj.ri) =r/ " > N*&T,

We claim that there is at least one pair r;,7; with i # j, (rj,r;) > NY&=D and r; # r;.
Indeed, if there is no such pair, it means that each value in the multiset {r; : 1 <i < k} appears
at least twice. We also know that each value appears at most twice, as we are in the non-repeated
case. Hence each value appears twice, contradicting the fact that we are in the non-paired case.

Hence, necessarily, r;, # r;, with (r;,,ri,) > N 1/&=1) for some i = i>. We again apply
Lemma 5.5 with r;, r;, in place of ry,r2, and T = H/N. By definition, 753 = 0. As we have
T1 = (log H)/(H/N)l/2 and Tr = d V4 < N~V/@GE=D) ye get that the total contribution
of T1, T, and T3 in the non-paired case is at most

1
(log H)N 2 ) Z TB,lcm,k(r)
r 9

< H§(N‘4(k'—n+ 1
H?2

r>M

which is also absorbed in the error term.

We now treat the contribution of 74 when r is non-paired and non-repeated, and show
that it is at most Hk/2=1+o() pra—1+o(1) 1/2 g4 is absorbed as well.

Assuming always that Lemma 5.5 is applied with the first two elements of r (at the cost
of a constant of size k2 from permuting the indices), and recalling that if r is non-paired and
non-repeated, we may assume (rq,72) > N 1/ (k_l), we see that 74 contributes at most

(5.3) < ng;; T“r(r) < H%(Z TT‘%)%(Z %);

reX reX
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by Cauchy—Schwarz, where
X:{reNﬁl N <rir<H> N¥T <d <
t>d%,rl~ >N,r>M,r,~e[B]}

andd = (r1,r2),s = (d,r3---r;),t = d/s. (Note that the condition ¢ > d1/2 is the same as
t > s.) The second sum is at most

T r
Z B.iem,k (7) « Mo-1+o)
r>M r

To study the first sum, we write r as rjrystw, where r/ = r;/d and w = r/(r{ryst). Note
that r{, r5, s and ¢ are pairwise coprime, so w must be an integer. Instead of summing over
r1 and rp, we sum over r{, ré, s and ¢ (so r1 and r, are determined). Given ry, r, and w, we
have r; given r, r1 and r», there are at most k=2 (r) possibilities for r with these values of 7y,
ro and r since each r; (3 <i < k) divides r = wr! r2st Here 7 is the usual divisor function.
Hence we have

2 k—2 /v
ZT_4 - Z 1 T2 Z T (wrlrzst)
reX ro r’,rh,s,t€[B] copri riréSt ) W

157558, prime, £ >s w>M/(r1r2st)
N<r/st<H?(i=1,2) we[B]
NV&E=D <t <H/JN (w,s)=1
k—2(..1 .1 k—2
- Z TNTE(rrhst) T42 Z 7% (w)
—= 77 :
rerSt w

r{,r5,s,t€[B] coprime, t>s w>M/(r|rhst)
N<rist<H?(i=1,2) we[B]
NV&E=D<st<H//N

Because [B] has index o and t(n) = n°(, the innermost sum above is
M a—14o0(1)
Cre
so that 5 5
3 i < pa—1+o() o) 3 T;
r (r Sst)e

reX r1,r%,8,t €[B] coprime, t>s
N<rl{st<H?(i=1,2)
NV&=D<st<H/\/N
Plugging the definition of 74 in the last equation, and first summing over s, and only later
over 7/, we obtain

Z ‘4 << Ma—1+o(1)Ho(1)—2 Z S—a—3t—a—2

reX Nl/(k—l)SStSH/ /N
(s,t)=1,s,t€[B],t>s

2
<Y (D ety
teRp() © a:(a,t)=1

N<ast<H?
a€([B]

Plugging this bound in (5.3), we end up with H*/2-1+o() pra—1+o()g1/2, m



Gorodetsky, Mangerel and Rodgers, Squarefrees are Gaussian in short intervals 33

In order to get a good upper bound on &, we must estimate the frequency with which
lllast||/(as)]| is smaller than 1/H . We will do this by reduction to congruence conditions, and
we will bound sums over such congruence conditions using the following simple consequence
of the Pélya—Vinogradov inequality. (For P6lya—Vinogradov, see e.g. [21, Theorem 12.5].)

Lemma 5.7. Let y be a Dirichlet character modulo q, and suppose A > q. We have

‘ Z X(I)FH( ) ’ < AH if x is principal,
1=lil=q/2 min{AH, Hzﬂlogq} if x is non-principal.

Proof. By the definition of Fp,
: x(@)
Y xoFa(5 )]<<H2( S|+ Y B2
1<lil=q/2 1<|i|l<A/H li|>A/H

The bound for principal characters is evident, so we now consider non-principal ones. The sum
over smaller || satisfies the required bound by combining the Pdlya—Vinogradov inequality

> i) = 0(/qlogq)
1<|i|zn

with the trivial bound |y| < 1. To bound the sum over larger i, we can either use the trivial
bound <« H/A, or else again appeal to P6lya—Vinogradov together with partial summation as
follows:

N2

)Zx(b)‘« ‘ZX()‘ / \Zn<yX()\y Jqloggq

where N = A/H. i

In what follows, we use the notation a ~ x to mean x < a < 2x. The following propo-
sition will be used shortly.

Proposition 5.8. Suppose (B) is of index o € (0, 1). Let s,t € [B] be coprime positive
integers witht < H. Let r be a B-free divisor of t. Given A < H?, let

. 2
_ l
Gro(r) = A7@FD 37 FH(ZAst/r) 2 :

1<li|<t/(2r) a~A,a€[B], (a,1)=1
@i,t/r)=1 a=is~(z1/r)7! mod t/r

for Ty with (t, t1) = r. We have

H2 ((E)ZAO(I)
T /1ER B (1) $(F)\ N7
t,v)=r 140(1)
_ . t Ast\2 2
a2 (T S | Y )

x mod t/r a~A,a€[B]
(a,1)=1
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Proof. Expanding the square, we have

) 2 . 2
2 —2(a+1) 1 2
Z Gr,v(fl) L AT Z FH(ZAs[/r) FH(2ASZ‘/7’)

T1/teERpB() 1<lit|,liz|<t/(2r)
t,t1)=r (i1iz,t/r)=1

X Z Z 1.

T /teRp(t)  ai.ax~A,ay,a2€[B]
@,t1)=r (araz,t)=1
ar=iyps~ Nz /r)~! mod t/r
ar=i>s Y(r1/r)"! mod t/r

The two congruences in the innermost sum imply
. . !
5.4 ailia = azip mod —,
r

and we may replace the inner double sum over 71, a1 and a, with the sum

> 1.

ay,ax~A,ay,a2€[B]
(ajaz,t)=1
ajin=asiy mod t/r

We can detect (5.4) using orthogonality of characters, obtaining

Z Gr,v("/'l)2

T1/tEREB(2)
,t)=r

A—2((x+1) . ir \2 B
<t ¥ > xFu(5-) Y Tan
#(%) , 2Ast
r x mod t/r “1<|ii|<t/(2r) aj~A,a;€[B]
(a1,0)=1

(X wwr(on) T )

1<liz|<t/r ax~A,a€[B]
(az,)=1

it X ey om(E)T L el

x mod t/r 1<li|<t/(2r) a~A,a€[B]
(a,1)=1

By Lemma 5.7, the contribution of the principal character y = yg is

A°W  Hsty2

s ()

which gives the first term in the required bound. We now consider the non-principal characters.

Applying the pointwise bound for the sum of F' twisted by y as given in Lemma 5.7, we see
that they contribute

<

H?t Ast\2y 1 2

«? A min S0 (T5) ) o X | X @l
d d (P(;) xo#x mod t/r a~A,ac[B]
(a,t)=1

This gives the second contribution to the bound, and we are done. m)
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Proposition 5.9. Let N be in the range H > N > H8/°. Suppose that (B) has index
a € (0, 1). In the notation of Proposition 5.6, we have

€ < H2+0(1)((£3)a + N‘kﬁl).

N2

Proof. We dyadically decompose the inner sum over a in the definition of &. Given
coprime integers s,¢ € [B] with t > 1 and © = 11/t € Rp(¢), and setting r := (¢, 77) for
convenience, we have

. 2
e

a~U,a€[B] 1<i<t/(2r) a~U,a€[B], (a,t)=1
(a,)=1 @,t/r)=1 a=+is Yz /r)" mod t/r

. 2
i
< Z FH(ZUS[/V) Z !

1<|i|<t/(2r) a~U,a€[B], (a,t)=1
@,t/r)=1 a=is~ ' (r1/r)" mod t/r

for any positive integer U, as we now explain.
First, we may replace

Fr(1) i (19571
H as H 2Us

as, in general, if 0 < x,y < 1/2 satisfy y < x, then Fg(x) < Fg(y). The denominator of
the fraction ||ast|| in reduced form is exactly ¢ / (¢, t1) since both s and a are coprime with . We
write the left-hand side of (5.5) as a sum over the possible values of ||ast||, and need to count
the number of times a given value is obtained, that is, count solutions to |last| =i/(¢/r),
which is an equation that determines ¢ modulo #/r up to a sign, yielding the new inner sum
over 4.

Putting this in the definition of & and applying the Cauchy—Schwarz inequality, we thus
obtain

& <« H'W > STy > > a2,

NVE=D<si<H/JN rlt 2ve(N/(2st),H2/(st)) t1/t€Rp (1)
(s,t)=1,s,t€[B],t>s t,r)=r

Now, by orthogonality, we have

PP MDD D

x mod t/r a~2V ay,ar~2V
a€[B] ap,ar€[B]
(araz,t/r)=1

Thus, using this in the conclusion of Proposition 5.8 with A = 2V, we get

2(1)\2 2 v
Nl H*t /2Vst\2
> G (Sh e o (2007
rl(/tee)RB(t) ¢(7) | d g
t,11)=r
: 2200 Z 1ay=a5 mod t/r)-

ay,ar~2Y
ay,a2€[B]
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Inserting this estimate back into our upper bound for &, we obtain a bound
& < H¥ W (&) + & + &3),

where

&1 := > )™y

NV&E=D st <H//N rlt
(s,t)=1,t>s,s,t€[B]

S

NV&E=D st <H//N
(s,6)=1,1>s,5,1€[B]

N S ORI I

rlt N/(2st)<2V ap,ar~2Y

<H?Z/(st) ay,az€[B]
alj=as
&3 1= Z Z g3 Z 7—2(a+1v
r<H/JN  s€lB] N3/2/(2H)<2?
s<H/(r~/N) <HZ2/N!/ (k=1
x Z‘ Z (r&) ™2 min{ H¢, (2" s0)*}14)(a—a»)»
aj,ar~2Y L:rl€[B]

ay,a2€[B] max{N1/*=D n/ov+1}
aj#az <rsé<min{H/~/N,H?/2"}

where the variable £ in &3 represents the value of ¢#/r. We estimate each of these terms in
sequence. Utilizing the index « of [B], we easily bound

& <« H°W Z t(m)ym= %!

NY&E=Dem<H//N
mée[B]

< Ho(l).(Nﬁ)a—(a-i-l)-i-o(l) < Ho(l)N—ﬁ’

where 7 is the usual divisor function. To treat §,, we split the range of 2V at H/(s(t/r)"/?) for
s,t and r | ¢ given, which yields

82 < Ho(l) Z S—ot—3t—oe—2

NV&E=D st <H//N
(s,t)=1,t>s,s,t€[B]

—G+ayn (251Y? ~ )H_z’)
XZ( Z 2 +0lv(r)+ Z 22+avr

rlt "N/(@2st)<2? H/(s(t/r)/2)<2V
<H/(s(z/r)1/?) <H?/(st)
1 /st\@
o —a-1,-a _(_)
< SRR SN
NV&=D<st<H//N rlt

(s,£)=1,t>s,5,t€[B]

1 g2to() Z g—o—3,—a-1 Z 1 Z 7—(2+a)v
r

NV&=D<st<H//N rle 2v>H/(s(t/r)'/2)
(s,£)=1,t>s,5,t€[B]
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K HON=® Y 7t Y

s<H/N t<H/(sv/N)
se[B] t€[B]

+ g —ato) Z 15 Zr—z—%

NV&E=D s <H//N rlt
(s,£)=1,t>s,5,t€[B]

< H"‘”((%)a + H‘“(%)%) < H"“)(%)a.
2 2
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It remains to treat &3. In this case, we split the range according to the condition £ < (H/(s2"))?

as, when this inequality holds,
min{ H2¢, (2°s£)?} = 22V52¢2.
Hence, we further bound &3 < &} + &%, where we define

1

/. —a—2 —a—1
Eyi= ), Y s > e
r<H/~N s€[B] N3/2/(2H)<2?
ssH/(r\/ﬁ) <H?2/NV&=D
x ) > 1) (a1 -ar)-
ajy,ar~2V L:rl€[B]
a1,a2€[B] max{N1/&=D /(rs),N/(rs20T1)}
QF g<min{H/(rs/N),(H/(s2°))?}
{>s/r
1
LD YD SE S D DR TP
r<H/~N s€[B] N3/2/(2H)<2?
s<H/(r+/'N) <H?/NV&=D
x ) > MY 0y —ar)-
ay,ar~2Y L:rl€[B]

a1,a2€[B] max{N1/&=D /(rs),(H/(s2"))?}
ai#az <C<min{H/(rs~/N),H?/(rs2")}
{>s]r

Consider first &5. Note that the number of integers ¢ dividing a; — a> is
< lay —ax|*M = HOW.

The inner sum in &} is therefore

< Ho(l)min{ rsl ,2vrs}ot'
Nwe= N

Bounding the minimum trivially by rs/N 1/(k=1) ' we obtain

gy < HOW N ez 3 gmed > Lo

r<H/NN s€[B] N3/2/(2H)<2? Nt
s<H/(r~/N) <H?2/NV/&=D

< HONTF=T,



38 Gorodetsky, Mangerel and Rodgers, Squarefrees are Gaussian in short intervals

Finally, we treat &} in a similar way, using a divisor bound to count £ | (a1 — az). This leads

to
83/ <« H2+o(1) Z a2 Z g3

r<H/vN s€[B]
s5H/Jﬁ
2V\2ya+1
CX el ()
N3/2)(2H)<2 =
SHZ/NI/(kfl)

Using the bound min{A, B}*T! < A% B, we obtain

o 2V 2
R D VD Vi D M =V .

r<H/~N s€[B] N3/2/(2H)<2?
s<H/~N <H2/NV&=D

HoW 1 1 «
(1) v — 7%
< = E 5 E . < HYWN &,

NET _an " ses
ssH/«/N

It follows then that &3 <« H°M N~¢/(k=1) Combining this with our prior estimates for &
and &,, we obtain

€ < H2+0(1>(N—k'—1 + (i)a + N—k"‘—l) < H”"‘”((%)a + N‘k“—l),
N N2
as claimed. O

3
2

Remark 5.10. It is worth highlighting the main novelty of our argument over the work
in [34, Lemma 8], specifically the treatment of the expressions G, ,(71) in the notation of
Proposition 5.8.

For simplicity, assume that r = 1 and, fixing v, write A = 2. In the context of [34], we
may replace [ B] with the set of divisors 7 of the (squarefree) modulus ¢, in which case one may
estimate the inner sum in Gy ,(71) using the simple bound

A
Yoo ) < —+1

a~A,alq a~A
(a,n)=1 a=b mod t
a=b mod t

uniformly over both reduced residues » mod ¢, and over ¢. This follows from the equidistribu-
tion in residue classes of integers in an interval. While somewhat crude, this estimate suffices
to produce the required power savings in H in Montgomery and Vaughan’s analogue of &, as
found in Proposition 5.6.

In contrast, when B is a sparse set of index @ < 1, we cannot reasonably hope for such
equidistribution in residue classes in general. Even if, say, the optimistic bound

Yook (At)"(l)(ATa + 1)

a~A,a€[B]
(a,t)=1
a=b mod ¢

held uniformly in b € (Z/tZ)*, tracing through the remainder of the proof of [34, Lemma 8],
we would find that the corresponding savings obtained is of the shape H 1/2=a+0(1) 4pd there-
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fore only provides power savings for « > 1/2. To deal with the most general situation (i.e.,
potentially with & < 1/2 and no guarantee of equidistribution), we cannot simply rely on point-
wise counts for elements of [B] in residue classes. The proof of Proposition 5.9 demonstrates
that power savings in H may be obtained upon averaging in both the residue class b mod ¢ and
the modulus 7.

6. The central limit theorem for general weights ¢

6.1. A proof of the central limit theorem. We assemble the estimates of the previous
sections to show that Ci (H ; ¢) and therefore My (X, H; ¢) exhibit Gaussian behavior.

Theorem 6.1. Suppose ¢ is of bounded variation and supported in a compact subset
of [0, 00). Assume moreover that ¢ is non-vanishing on some open interval. If (B) has index
a € (0,1), then . '

Cr(H:9) = Co(H:9)2 (e + O(H™F))

for every positive integer k. Here ¢ is an absolute constant depending only on «.

Proof. By Lemma 4.2 and Proposition 4.3, we have

Ci(H:9) = ueCa(H:9)% (1 + O(H™@ o)) +0( > 1‘[’“‘3( ) e ))

r is repeated i =1
or non-paired
Tlseeesl i >1

Let H8/° < N < H and M > 1. By Lemmas 5.3-5.4 and Proposition 5.6, we have

Z HMB(’"I S(r)

r is repeated 7 =1
or non-paired

R < Meto® L g'5tHo) (N3 4 gaNTaE 4 g2 g z)pme o),

We apply Proposition 5.9 to bound & so that the right-hand side is
k
H2toM Ny} H\% minter/2.1/4}
< + 7 I + NE +

We now choose N = H!=¢1 and M = HK/2=¢2/k where ¢; are sufficiently small with respect
to &, and recall Co(H; ) = H*1 oM by Lemma 3.3. i

2

Obviously, this implies Theorem 1.10 and thus the central limit theorem, Theorem 1.11,
for flat counts in short intervals. In fact, more generally, combining Theorem 6.1 with Proposi-
tion 2.1, we see that, as long as H < X"“/k_s, we have

(6.1) My (X, H;9) = Co(H: 9) (jue + O(H ).

By the moment method, this implies that weighted counts also satisfy a central limit theorem.

Theorem 6.2. Let H = H(X) satisfy
log H

—0 as X — oo,
log X

H — 00, yet
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and choose a random integer n € [1, X| at uniform. Suppose that (B) is a regularly vary-
ing sequence of index o € (0,1) and ¢ is a real-valued function of bounded variation and
supported in a compact subset of [0, 00) and non-vanishing on some open interval. Then the
random variable

\/ﬁ( 2 g0(%)13-]%@(?«!) — Mp Z(p(%))

uez heZ

tends to the standard normal distribution Ng (0, 1) as X — oo.

6.2. An application to long gaps. Estimate (6.1) allows us to obtain strong information
about the frequency of long gaps between consecutive B-free integers. Given 1 < H < X, let

G(X,H) :=1{n < X : Np_ree(n, H) = 0}.

Thus |§(X, H)| records the number of length H intervals with an endpoint n € [1, X] that
contains no B-free numbers.
Improving on work of Plaksin [39], Matomiki [29] used a sieve-theoretic method to show
that, for any ¢ > 0,
19X, H)| < XH e forl <H < X6°°

(with no upper bound constraint on the range of H if B consists only of primes). As a conse-
quence of our k-th-moment bounds, we can prove the following.

Corollary 6.3. If (B) is of indexa € (0, 1), then foranyk > 1and1 < H < X¢o/k—¢
we have [§(X, H)| < XH ™G0k

Since we have (2 — )k > 1 whenever k > 1 and « € (0, 1), our result improves on that
of Matomiki in some range of H . Note that, for instance, if k = 2, then ¢y /k > 1/6 whenever
0 <a < (7—+/33)/2 =0.6277..., and our range contains hers, at least if B does not consist
only of primes.

Proof. Ifn € §(X, H), then we of course have

)2k

(NBfree(n, H) — MpH)™ = (MpH ).

Combined with Proposition 1.8 and Theorem 1.10, this implies that if H < X ca/k—e , then

19 (X, H)| 1 2k
T MpH) < =Y (Npswee(n, H) = Mg H)™ = Cor p(H) + o(H*)
n<X
_ k ka ka
= ok C2(H)" +o(H"™™) < H™™.
We deduce immediately that [§(X, H)| < XH**2k = X H=*(2=®) a5 claimed. m

7. Fractional Brownian motion

7.1. Convergence in C[0,1]. We now prove Theorem 1.14, showing that a random
walk on the B-frees tends to a fractional Brownian motion. There is ready-made machinery to
demonstrate that a sequence of random elements of C [0, 1], like Wy () in (1.4), tend in distri-
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bution to a limiting element, and we cite the relevant results here. (For a motivated exposition
on convergence of random functions in C |0, 1], see for instance [5].)

Theorem 7.1. IfY,Y1,Y,,... are random elements of C|0, 1], then Y, converges in
distribution to Y as n — oo as long as both of the following conditions are met:

(i) (convergence of finite-dimensional distributions) for any k > 1and (1. ..., t;) € [0, 1]%,
we have convergence in distribution of the random vector

(Yn(t1),.... Ya()) = (Y(t1)..... Y(1)):
(i) (tightness) the sequence of random elements Yy, of C[0, 1] is tight.¥
Proof. This is a direct consequence of [23, Lemma 16.2 and Theorem 16.3]. |
We also have the following device for proving tightness.

Theorem 7.2 (Kolmogorov—Chentsov). Using the notation of the previous theorem, if
Y, (0) = 0 for all n and if there are an absolute constant C and constants a,b > 0 such that

supE|Yy(s) — Y, ()| < Cls —t|'*?
n
forall s,t €0, 1], then the sequence of random elements Yy, of C|0, 1] is tight.
Proof.  This is a special case of [23, Corollary 16.9]. ]

7.2. The B-free random walk. We apply these results to the random functions Wy (¢)
with X — oco. We need one last lemma regarding regularly varying sequences.

Lemma 7.3. [fwe have a sequence of natural numbers J is regularly varying with index

a € (0, 1), then for any ¢ > 0,
Nj(tH)

Nj(H)
forallt <1 and H larger than the first element of J.

L 1%7F

Proof. Obviously, the result is true if tH < 1, so suppose tH > 1.

If J C N is regularly varying with index o € (0, 1), then there is some slowly varying
L such that Nj(x) < x¥L(x) for all x and Ny (x) > x*L(x) for all x larger than the first
element of J. For convenience, we will take L (x) to be defined for all x > 1 with

inf L(x)>0 forany K > 0.
x€[1,K]

(The reader should check that this may be done.)

4 That is, for all ¢ > 0, there is a compact subset K of C [0, 1] such that P(Y;, ¢ K) < ¢ for all sufficiently
large n. For C[0, 1], this is equivalent to the condition that ¥, (0) is a tight family of real-valued random variables
and limg_, o lim sup,,_, ., P(0 (Y. 8) > €) = 0, where the modulus of continuity of a function f € C[0, 1] is given
by o(f,8) = supjs_;<slf(s) — f(2)]; see [5, Theorem 7.3].
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It then follows from Karamata’s representation of slowly varying functions (see [26,
consequence (2.5) of Theorem 2.2, p. 180]) thatifr < 1,

L(tH) <ot
L(H) ~
for tH and H sufficiently large depending on ¢. By compactness, then
L(tH)
L(H)
for tH, H > 1, which implies the claim. O

L t7°

Proof of Theorem 1.14. Let {Z(t) : t € [0, 1]} be a fractional Brownian motion with
Hurst parameter «/2. By Theorem 7.1, we need only demonstrate (i) the finite-dimensional
distributions of Wy (¢) tend to those of Z(¢), and (ii) tightness for the family Wy.

Let us treat (i) first. Note, for each ¢ € [0, 1], we have EWx (t) — 0 as X — oo (which
agrees of course with EZ(¢) = 0). Moreover, for s, ¢ € [0, 1] with s > ¢,

E[Wx (s) — Wx (1)]?
1 1 X+|sH ]
= — Np. N —0)H]) — M —t)H o()?
AN () X 2o Waaeeln Ls = OH]) = Myl =0 H] + 00)
n=|tH |
N —t)H
NG =nE)
N(p)(H)
by Proposition 1.9. As Wx (0) = 0, this allows one to deduce that Wy (¢) has the same limiting
covariance function as Z(t).
Thus we will have the finite-dimensional distributions of Wy (¢) tend to those of Z(¢)

if we show for any kK > 1 and any 71,...,#; that the vector (Wx(#1),..., Wx(t)) tends to
a Gaussian vector. By the Cramér—Wold device [4, Theorem 29.4], this will be true if, for any
fixed real numbers 61, ..., 0, the random variable
k
0 Wx (1) = Q- H)
; i W (1 %x N Z ;0

tends to a real-valued Gaussian distribution. But

Ze 0 H) = Y ¢( " ) 1p-reet)

uez

— Mg Z ¢(%) +0(1) forp = 29]'1(0,;]-],

heZ

and so the Gaussian behavior follows from Theorem 6.2.
We now demonstrate (ii). Note that, for any positive integer v and ¢ > 0, we have

E|Wx (5) — W (1)[*"

| | X+lsH]
" (AaNpy (H)* X > INBaeeln, (s =) H]) = Mpl(s =) H] + O()*”
n=|[tH ]

(N¢gy((s —t)H) + 1)”
Ny(H)Y

< Lo |s — 1)@V
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as long as X (and thus H) is sufficiently large so that N(g)(H ) is non-zero, using Lemma 7.3
in the last step. Hence, choosing ¢ smaller than « and v large enough that (o —&)v > 1,
condition (ii) follows from the Kolmogorov—Chentsov Theorem. This completes the proof. O
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