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1. Introduction

Adaptivity is a key ingredient in modern finite element methods (FEMs), because it improves the accuracy of
computations at a reasonable computational cost. The two main types of adaptivity are h-adaptivity, which consists in
subdividing or “refining” a portion of the elements in the mesh to improve the solution, and hp-adaptivity, which also
adjusts the order of the polynomials on a portion of the mesh [1-4].

In [5], the authors presented a discontinuous Galerkin (DG) spectral projection-based method to solve the wave
equation with memory. In this paper, an adaptive version of the method is presented.

The model problem considered in the paper is the wave equation with memory, which is a source problem. However,
the focus of this paper is the adaptive strategy to compute a portion of the spectrum of the eigenvalue problem which
is used for spectral projection. A posteriori error estimators for eigenvalue problems [6-9] started to appear much later
compared to source problems.

The present paper extends the concept of hp-adaptivity adding a new dimension of k-adaptivity. k-adaptivity is the
process of automatically adapting the size k of the computed spectrum. The accuracy of a spectral projection method does
not depend only on the quality of the mesh as for standard finite element methods applied to steady state problems, but
also on the size and quality of the computed spectrum used to construct the numerical solution. If the computed spectrum
is too small, the numerical solution might be poor because the number of modes used in the approximation is very limited.
On the other hand, if the computed spectrum is too large, the method is computationally very expensive to run and a lot
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of the modes may not add much to the numerical solution. For these reasons, it is a good idea to adapt the size of the
computed spectrum to every problem.
The model problem considered in this paper is the following wave equation problem with memory

t
ug(X, t) — Au(x, t) —i—/ k(t —s)Au(x,s)ds = q(x, t), in 2 x(0,T],
0
ux,t) =0, on 92 x (0,T], (1)
u(x, 0) = uo(x) , in 2,
ur(x, 0) = vo(x) , in 2,

where 2 is a bounded connected Lipschitz domain in R and T > 0. Problem (1) can be used to model a variety of physical
systems like heat transfer with finite propagation speed, systems with thermal memory, viscoelastic materials with a long
memory, and acoustic waves in composite media [10,11]. Several authors have considered numerical methods based on
the inverse Laplace transform [12,13]. This is understandable because the Laplace transform of a differential equation in
time becomes an algebraic equation. However, there are important differences between the diffusion equation and wave
equations (with or without memory).

The Laplace transform of the diffusion equation u; — Au = f with u(x,0) = u(x) can be written in the form
A1(s)ll = f + up, with @i the Laplace transform of u and where A;(s) = s — A. It is then clear that A;(s)™! = (s — A)™!
can be defined everywhere except at a discrete set of points on the negative real axis (at the eigenvalues of A). Hence,
il = A(s)"(f + up) if s is not an eigenvalue of A and we have for r > 0 the following representation

1 r+ioo .

u(x, t) = —/ etAL(s)Th(x, s)ds, h(X,s) = f(X, s) + uo(X),
2mi r—ioco

in terms of the standard (Bromwich) integral. This integral oscillates rapidly, which causes numerical difficulties. Talbot’s

approach is to deform the standard contour in the Bromwich integral into I", where the contour I" begins and ends in

the left half-plane. Let s : (—m, w) — C denote a parametrization of I", such that Re s(o) - —oo when |¢| — 7 and

assume that I” is a contour around the spectrum of A;. Then, we have a representation of the form

b
u(x, t) = i / s (a)A] " (s(e)h(x, s(a)) der,
2mi J_,
where, since A;(s)”! is defined everywhere of R, we have large freedom in choosing I.

The situation changes completely for the wave equation uy — Au = f. The Laplace transform of the wave equation can
be written in the form A,(s)il = f + sug -+ vg, where A,(s) = s — A. It is then clear that A,(s)™' = (s> — A)~! can be defined
everywhere except at a discrete set of points on iR. Hence, a contour I" that crosses the imaginary axis at a finite point
cannot go around the spectrum of A,. Moreover, it is possible for the corresponding discrete problem to choose a contour
around the spectrum of A,, but it will in general be numerically very inefficient. The situation with a memory term (1)
is similar to the standard wave equation, but the spectral properties depend on « [14]. In the letter [5] we showed that
regardless of the above spectral properties it is possible to apply Talbot's approach to (1).

The paper is organized as follows. In Section 2 we present the numerical methods used to approximate the inverse
Laplace transform and the adaptive algorithm. In Section 3 numerical results are presented exploring the challenges of
numerically inverting the Laplace transform using Talbot’s method and a series of examples of the application of the
adaptive methods to the wave equation with memory. Conclusions are stated in Section 4.

2. The method
Under the assumption of separation of variables between time and space, problem (1) is solved using the same method

as in [5].
For the purpose of clarity, let us consider a simpler problem:

Up(X, t) — Au(x, t) =0, in (0,1)? x (0, T],
ux,t)=0, on 3(0, 1) x (0, T}, (2)

u(x, 0) = ug(x) , in (0, 1)?,

u(x, 0) = vo(x) , in (0, 1) .

Problem (2) is simpler than (1) in the sense that there is no memory term, the rhs is zero and the domain is the unit
square.
By applying the Laplace transform with respect to time to the PDE in (2) we obtain the time-independent problem

S —sug—vg— All=0. (3)



S. Giani, C. Engstrom and L. GrubiSic Journal of Computational and Applied Mathematics 429 (2023) 115212

The solution it can be expressed as a linear combination of the eigenfunctions ¢; of the Laplace operator with Dirichlet
boundary condition

Z f (s)gi(x Z fj(s) sin(zrn;x) sin(wm;y) ,

j=1

with x = (x, y).
Similarly, also the initial data can be projected onto the spectrum of the Laplace operator
o0
= a¢(x)
j=1

o0
X) =) biy(x)
j=1
Substituting the expansions back into (2) we obtain

(s*Tj(s) — sa; — by + ATi($))d(x) = 0, (4)

saj+bj

where }; is the eigenvalue of ¢;. From (4) is clear that fj(s) =2 for any value j. Then, the solution u can be found by
J

applying the inverse Laplace transform
[o¢]
u(x, t) = ) TH{t)(x)
j=1

where T; is calculated from T;. Note that T is singular at s = +i,/};. The singularities are important for choosing of

contour for the numerical inverse Laplace transform considered in the following subsection. For the more general case

(1), the same method can be applied as described in [5]. When q, the rhs of problem (1), is not zero, we have to assume
N ~ R A . . .

that g(x, s), the Laplace transform of g, can be expressed as §(x, s) = Y _._, Gi(s)gi(X), using a finite number of functions g;

depending only on X, see [5].

2.1. The numerical inverse Laplace transform

The inverse Laplace transform is for r > rg, |f(t)| < Ce™! given by the Bromwich integral

1 r+ico R
f0= 5 [ Foetas )
2mi r—ioco

Talbot’s approach to numerically computing the inverse Laplace transform is to deform the standard contour in the
Bromwich integral. The choice of the contour has implications for the numerical stability of the resulting numerical
method. Several contours and quadrature formulas have been proposed; see [15,16] and the references therein. In this
paper, we will use Talbot’s original contour [17] since it is already widely used in the community. However, the most
efficient contour will in particular depend on the spectrum of T where the Laplace transform of problem (1) can be
written as T(s)ii = q. Note that we target wave equations with memory terms. The optimal contour will then depend on
the particular kernel used in the memory term.

In Section 3.1, numerical instability due to a poorly chosen contour is analysed. It is clear that the method can be saved
by increasing the numerical precision of the machine. The algorithm used in this paper is based on [18], but the projection
approach for the numerical solution of the time-dependent problem is independent on which method to approximate the
Bromwich integral is used. Assume that r = 0 and consider Talbot’s contour parametrized by

s(a) = Ba(cot(a) +1i), —7m<a<m.

Furthermore, we assume that [f(s)l — 0 uniformly in Rs < 0 as |s| — oo. Then

1 (7.
= 5= f_ F(s(a))e s (@) dex. (6)

The parameter § should, if possible, be chosen such that no singularity of f is crossed in the deformation of the original
integration path. According to Cauchy’s theorem, the integrals (5) and (6) are equal.
In the following, we will use 8 = 2M/(5t), which is taken from [18] and when necessary adjust M such that s encloses
all relevant singularities in the inverse Laplace transform. Note that s(0) = 8, s(w/2) = i /2, s(37/2) = 3n(—1+1)8/4.
Assume that f is real-valued. Then, the Talbot algorithm for numerically approximating f(t) can be written as

M-1

=25 ()
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where for k=10, 1, ..., M, we have

5 _2M 5 _2kn cot km 4i
0 — 57 k = 5 M 5

—le‘SO = 1+ikn 1 + cot? ke i cot ke ek
=580 %= M M M

The described algorithm is presented in pseudo-language in Algorithm 1.

Algorithm 1 The Talbot Algorithm for Inverting the Laplace Transform from [18]
Input
M number of terms to use.
Value of t to use in approximating the inverse of the Laplace transform.
Coordinates x for which invert the Laplace transform.
F function to use in the inverse of the Laplace transform.
Output
fu(t) approximation of the inverse of the Laplace transform of F at t using M terms.
1: Define §p := ZTM and §; := 2’T’T(cot(jzr/M) +1), for 0 < j < M and where i is the imaginary unit.
2: Define yp := 3e% and y; := (1 + i(jw/M)(1 + (cot(jr /M))?) — icot(jm /M))e%, for 0 < j < M and where i is the
imaginary unit.
M—1

3: Compute fy(x, t) := 2 > ;75" Re(yF(x, §j/1)).

To explain how to apply the Talbot method, problem (2) is considered for simplicity. Assuming that (Apj, ¢h,j)jl-<:1 are
computed approximations of the K lowest eigenpairs of the Laplace operator with Dirichlet boundary conditions, then
we have that for any value x and t, the solution u(x, t) is approximated using

K

up(x, t) = ) Talboty (Fi(x,5), X, ), F(X,s) = Thj(s)pn;(%) (7)
j=1

where Talboty, is Algorithm 1 using M terms and 'T,u- is the numerical approximation of fj in (4). The Talbot method has
to be applied every time a new value of X or t is considered.

Due to its simple structure, the computational complexity of Algorithm 1 can be analysed. The computationally most
expensive part is step 3, which becomes dominant for large M. It has to be noted that an efficient way to evaluate F(-, -)
can decrease the overall computational time. Denoting n; x the number of distinct pairs (¢, X) to be used as input for
Algorithm 1, we have that the asymptotic complexity of a sequential implementation of algorithm is O(Mn; x). Since the
approximation of the solution is computed independently for each pair (t, X), it is straightforward to run multiple instances
of Algorithm 1 on different pairs (t, X) at the same time to reduce the computational time. Also, step 3 in Algorithm 1
can be parallelized, but a reduction operation is needed.

The advantage of this method compared to standard FEMs for non-stationary problems is that the solution can be
approximated for any value of t without the need to go through all time steps from the initial time to t. To compute an
approximation of the solution u on the entire domain and for a given value of t, the function u is projected onto the L*(£2)
space using (7) to sample the values of the function.

2.2. The SIPG method

The spectrum of the operator is approximated using the symmetric interior penalty discontinuous Galerkin (SIPDG)
method [19]. We assume that the domain £2 is partitioned into a shape-regular mesh 7 consisting of either triangles or
quadrilaterals. At most we allow one hanging node per edge. Let us define h = { h, : 7 € T} the vector containing all
the elemental diameters in the mesh. Denote by E an interior edge of 7 if E = 9t Ndt’— for two neighbouring elements
T+, 17 € 7 whose intersection has a positive measure. The set of all interior mesh edges is denoted by &(7).

Analogously, assume that the intersection E = dt N 952 of the boundary of an element T € 7 and 042 is of positive
measure. Then, the set of all boundary mesh edges of 7 is denoted by £3(7) and we set £(7) = &(7) U &g(T).

The diameter of an edge E is denoted by h.

The jumps of an elementwise smooth scalar function v and the averages of an elementwise smooth vector function g
across interior edges of the mesh 7 are defined as

1
e} = E(gﬂs +g7lg), Mvl=v'en"+v [gn,

where n' and n~ denote the unit outward normal vectors on the boundary of elements + and 7™, respectively.
Moreover, v*|g and v~ |¢ are the trace on E taken from inside either ™ and z~. The traces are defined similarly for
g"lr and g7 [k
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On a boundary edge E € &£p(T), we accordingly set {g}} = g and [v]] = vn, with n denoting the unit outward normal
vector on 052.

Let us define p, the order of the element t. The order of the elements is allowed to vary across the mesh under the
assumption that its variation across neighbour elements is not more than 1. For a mesh edge E € £(7), we introduce the
face polynomial degree pr by

. { max{p,+, p-}, ifE=0tTNat™ e &(7), (8)

Dr, ifE=0t N € &(T).
The DG finite element space with the degree vector p = {p, : T € 7} is defined as
Sp(T) ={v el*(R): v, € Hp (1), TET}, (9)

for triangular elements, 7, (t) = P, (7) is the space of polynomials at most of order p, on 7, and for quadrilateral
elements, H, (1) = Qp,(7) is the space of polynomials at most of order p, in each directions.
In view of (1), the spectrum of the operator can be approximated by solving numerically the problem

— Ap = 1, in 2, (10)
¢ =0, on 9£2.

The SIPDG discrete version of the eigenvalue problem (10) is: find (Ap, ¢n) € R x Sp(7) such that
A(¢n, vn) = An blen, vp), Y € Sp(T), (11)

with ||¢nllo.2 = 1. The bilinear form A(-, -) is given by

Aw, v) wa Vode— Y / (V) - [o] + (Vo) - [w]) ds

teT Ec&(T)
(12)
+ y”'f/[[w]] vl ds,
E€&(T)

where the broken gradient operator V is defined elementwise and the parameter y > 0 is the interior penalty parameter,
and where the bilinear form b(-, -) is the inner-product of L*(£2).
The DG norm can therefore be defined as:

YD}
19 lbe.r = D_1VOlG. + 3 NP (13)
teT E€&(T)
where || - |lo.. and || - [|o.¢ are respectively the I> norm on an element t and on an edge E.

2.3. khp-adaptive algorithm

In [5], we proved an error estimator for the solution of the wave equation in L?(£2) for any given value of t:

R
lu(t) — un(t)llo S Colt)eo + Ci(t)er + Z Gy (t)eg » (14)
=1

where &, &1 and &g for all i are computable quantities defined as:

K K K
h h h
o = Y Pt v = P ot
j=1 0 j=1 0 j=1 0

where || - ||o is the 2 norm on the entire domain 2 and where P! is the projection operator onto the eigenspace of the
computed eigenpair (A, ¢n ). The functions Co(-), C1() and Cg(-), for i from 1 to R, do not depend on the size of the
elements or the order of polynomials used, but they depend on t, on the portion of spectrum computed and on «(-),
see [5] for more details.

The error estimator (14) inspired the khp-adaptive algorithm, Algorithm 2. From (14), the projection errors of the data
must be controlled in order to control the error of the solution. From now on, the projection error onto the computed
spectrum of a function w is going to be called total error in view of the fact that it is going to be decomposed into parts.

<éo, <é1, |8

< ey,

5
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Considering the total error for a function w:

K 2 N 2
E h §

Hw - P] v - Hw - Ch’j¢h’j
j=1 0 j=1 0

Total Error

2

)

Z(C] — Cnj)oj + Z CJ¢1

j=K+1

ZC’” ¢h]

Truncation Error Approximation Error

where cp,j are the coefficients projecting w onto the eigenspaces of the computed eigenpairs (A, ¢5 ;) and where ¢; are
the coefficients projecting w onto the eigenspaces of the exact eigenpairs (1;, ¢;). The first term on the last line is called
truncation error in view of the fact that taking the limit on the mesh refinements:

K +o00 +o00
lim ’ E (¢ — cnj)dj + E G| = E Gij
h—0,p—+o0 || £ . .
j=1 j=K+1 0 j=K+1 0

Algorithm 2 is designed to control the total errors for all projected functions and the approximation errors. This is
because even if the total errors are what is used to construct the upper bound in (14), good approximations cannot be
found without a good approximation of the spectrum to start with. The approximation error can be controlled not only
with the I? norm. In [20], an asymptotically reliable error estimator for the DG norm for problem (11) is presented:

| #i — énjlloc, T < Mnj »

where

2 2 2 2 2 2
Mhj = Z Mo Mz = Mg, T Mir, + 105y, - (15)
TeT

The terms in (15) are define as:

Mok, = D7 B2l jdnj + Adnjl -

1 -
mr=5 2 P helIVonlG s

Eeg(r)
1 Y v°p:
My =5 2 o Menlige+ Yo S Ellenll
Ee&)(r) he Eep(t) he

where & (1) is the set of faces of the element 7 in the interior of the domain and &g(7) is the set of faces of the element
T on the boundary of the domain.
In Algorithm 2, the definition of the total error for a function w is:

)

K
etotal,l((w) = Hw - Z Ch.j¢h,j
j=1

and the definition of the approximation error is:
K

€approx.k (W) = Z [Chjlnng -
j=1
eapprox,k Uses the projection coefficients ¢y ; to focus on those eigenpairs that are more important for the approximation of
w. In this way, little computational power is used to improve the accuracy of eigenpairs not carrying much of the energy
of w.

In Algorithm 2, there are two points to exit the algorithm, namely lines 12 and 18. Line 12 is used when the accuracy
is reached before exhausting the number of meshes. Line 18 is used when the maximum number of meshes is reached
before getting to the required accuracy. The FE space Sp(7) is adapted until the approximation errors for all functions
w; are below the tolerance. At that point, if the total error is still not below the tolerance, the size of the spectrum is
increased since clearly more eigenfunctions are needed to approximate the functions w;. The spectrum and projection
coefficients computed in Algorithm 2 are used in (7) to compute an approximation of the solution to the wave equation.

The method can also be implemented in a different way called online/offline, designed specifically for solving several
times the same wave equation on the same domain for a series of different initial conditions. This version takes advantage
of the fact that the spectrum remains the same no matter the initial conditions. The online part consists in using (7) to

6
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Algorithm 2 khp-adapt Algorithm for the Spectrum
Input
Initial FE space Sy(7).
Maximum number of adaptive steps nmax.
Tolerance tol.
Initial size of the computed spectrum K.
Increment size of the compute spectrum Kjjc.
List of functions {w;} to approximate using the spectrum.
Output
Approximated spectrum.
Projection coefficients for each w;.

1:n:=1

2: while n < ny,,x do

3: Computing K eigenpairs for the problem.

4: for all w; do

5: Compute the projection coefficients for wj.

6: Compute the total errors eotal x(w;).

7: Compute the approximation errors €approx,x (W;).

8: end for

9: if For at least one wj, €approx.k(w;) > tol then

10: hp-adapt Sp(7") using as error estimator n;, = ,/ Zszl ﬂﬁ,j-

11: else if For all w;, eorarx(w;i) < tol then

12: Return current spectrum and projection coefficients for each w;.
13: else

14: Increase K by Kinc

15: end if

16: n:=n+1
17: end while
18: Return current spectrum and projection coefficients for each wj.

compute an approximation of the solution to the wave equation for any given set of initial conditions. In the online/offline
algorithm, the spectrum has to be adapted without knowing what functions w; are going to be approximated. For this
reason, we cannot use any more the above definition of the approximation error espprox k-

In Algorithm 3, only the error estimators from eigenpairs still above the tolerance are used to refine the mesh. If
Algorithm 3 is successful, all returned eigenpairs are approximated using an accuracy of at least tol. Algorithm 3 also
returns the error estimators ny j for the entire computed spectrum to control the error during the online part. In the online
part, the functions w; to approximate are know, therefore, using the values »; j, the approximation errors e,pprox,x(w;) and
the total errors ey x(w;) can be computed. This can be used to check if the computed spectrum is delivering a good
approximation of the functions w; and to decide whether to accept the computed solutions.

3. Numerics

All the simulations are run using ARPACK [21] to compute the eigenpairs and MUMPS [22] to solve the linear systems
as part of the iterative loop of ARPACK. For simplicity, all simulations are run on the sequential version of the code, i.e. only
one core of the CPU has been used. For consistency, all simulations are run on a 100 MHz Intel Xeon CPU E5-2620 with
64GiB of DDR3 RAM.

3.1. The Talbot Algorithm

In [18], it is stated that Algorithm 1 might push to the limit the precision of the machine for large values of M. In
this section, numerical instability due to a poorly chosen contour is analysed. In exact arithmetic, the accuracy of the
Talbot method increases with M and decreases with t. For a fixed t, there is a minimum value of M to get accurate
results. In order to keep the results accurate when t increases, M might have to be increased. In practice, small values
of M can deliver accurate results in double precision. However, to compute accurately values of the solution for larger
t, M has to be increased and this might lead to bad accuracy due to the limitation of double precision. In order to
better understand this issue, we tested the Talbot method on the wave equation on the unit square (0, 1)> without
memory with initial velocity zero and initial displacement equals to a up(X) = u(x,0) = sin(zx)sin(;ry). The exact

7
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Algorithm 3 khp-Adapt Algorithm for the Spectrum for the Offline version
Input
Initial FE space Sy(7).
Maximum number of adaptive steps nmax.
Tolerance tol.
Size of the computed spectrum K.
Output
Approximated spectrum.
Error estimators 7y, ;.

1:n:=1
2: while n < np,x do

3: Computing K eigenpairs for the problem.

4: R = 0.

5: for all Eigenpair j with n; > tol do

6: Addjto R

7: end for

8: if R not empty then

9: hp-adapt Sp(7T) using as error estimator n, = ‘/ZjGR |Ch.j|77ﬁ,j.

10: else

11: Return current spectrum and current 7, ; for the entire computed spectrum.
12: end if

13: n:=n+1
14: end while
15: Return current spectrum and current n; ; values for the entire computed spectrum.

solution is u(x, t) = cos(+/At)sin(x) sin(zry), where A = 272 Therefore, the function passed to the Talbot method
is T(s) :== 1/(s*> + A)s for the approximated solution. We tested the impact of different implementations of the Talbot
method in different precisions: double precision, quad precision, and arbitrary precision using the algorithm in [23]. In
Fig. 1, we reported the relative error on the value of the solution at (0.5, 0, 5) for different values of t and M. The issue is
very clear in Fig. 1(a) where double precision is used. For the same value of t, the error increases with M. This is clearly
not supposed to happen and it does not happen in exact arithmetic. Exactly the opposite is supposed to happen, i.e. the
accuracy should increase as M is increasing. But, because of the limitations of double precision to cope with the terms in
the series in the Talbot method, accuracy is poor for large enough M. The worse case is for M = 100 or higher, where for
no values of t, the error is small. Switching to quad precision, Fig. 1(b), the situation is not improved. In Fig. 1(c), 1200
digits are used to compute the Talbot method, and errors behave correctly. For the same t, we see smaller errors increasing
M and even for large t, there are values of M that deliver good results. It is important to notice that in all simulations,
only the Talbot method has been implemented in different precisions. Terms used in the method like the projection of ug
and the eigenvalues are still computed in double precision only. This is because it is not feasible to assume that for real
problems, the entire adaptive algorithm can be implemented and run in any precision.

In Fig. 2, the same tests have been repeated for an initial solution ug equal to the 200th lowest eigenpair of the Laplace
operator. The higher frequency of the solution is amplifying the issues. To keep a good accuracy for large t, more than 100
terms are needed. This is not a problem since we are far away from the limit of the used arbitrary precision. In conclusion,
the Talbot algorithm may be unstable in double precision for large t for problems of engineering interest. However, the
possibility to switch to arbitrary precision removes the issue. In the worst-case scenario, the arbitrary precision can be
pushed much higher than the 1200 digits used here.

3.2, Problem on the unit circle without memory
In this example, the domain is a disk of radius 1 centred in the origin with homogeneous Dirichlet boundary conditions
and we assume zero initial velocity and initial displacement
uo(x) = u(x, 0) = Jo(x|x|) ,

with Jy denoting the Bessel function of the first kind and « the first zero of J,. We also assume g and « in (1) to be zero.
Under these assumptions, the analytical solution is

u(x, t) = Jo(a|x|) cos(at) .
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Fig. 1. Precision of the Talbot algorithm (a) in double precision, (b) in quad precision and (c) in arbitrary precision with 1200 digits for a problem
involving the lowest eigenpair of the Laplace operator.

For any computed eigenpair (A, ¢nj), we can define the function

FX,5) = Ti(5)n1(%) = ﬁspﬁuo(x) ,
where Pjh is the projection operator on the eigenspace of the jth computed eigenpair.

To correctly approximate the shape of the domain, the transfinite interpolation method [24] is used to bend the edges
of the elements to exactly match the boundary of the domain.

The focus of this test is on the decay of the total errors ey x(Uo) using adaptivity. h-adaptivity is compared to hp-
adaptivity using Algorithm 2 to adapt the spectrum targeting ug, i.e. w1 = ug in Algorithm 2. The function ug belongs to
the eigenspace of the lowest eigenpair, therefore, the lowest computed eigenpair is the most important in this example.
For this reason, the size of the spectrum K is not increased from its initial value of 5.

In Fig. 3, we can see the comparison for the total error using different adaptive schemes. Clearly, hp-adaptivity is much
better than just h-adaptivity.

For each approximation of the spectrum, we compute the relative error of the approximated solution uj at the origin
with t = 1.0 using the Talbot method, Algorithm 1, with M = 35. In Fig. 4, the comparison between the two adaptive
schemes is presented. Clearly, better accuracy for the total error translates into a better approximation for uy. This is
further confirmed by Fig. 5 where the ratio between the total error for uy and the relative error for u, are presented.
The two errors look to be linearly dependent no matter what adaptive scheme is used. Fig. 5 seems to suggest that the
total error can also be used to control point-wise error. This is very interesting because it seems to extend the result (14)
which holds for the L? norm of the error.

In Tables 1 and 2, the cumulative time for the most computational demanding parts of Algorithm 2 are reported for
the two adaptive strategies. It is interesting to notice that even if the total computational time is similar for both h-
and hp-adaptivity, the delivered accuracy is vastly different, see Figs. 4 and 5. Also, the most computationally demanding
tasks are different for the two strategies. For h-adaptivity, most of the time is spent computing the residuals due to a
large number of elements, while for hp-adaptivity, the approximation of the spectrum is the most demanding task.

9
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Fig. 2. Precision of the Talbot algorithm (a) in double precision, (b) in quad precision and (c) in arbitrary precision with 1200 digits for a problem
involving the 200th lowest eigenpair of the Laplace operator.

1072 ; : ; . ‘
% —oe—hp-adapt
|
i‘ —+—h-adapt
103 F (ﬁ““ 4
| X
-
AL O ) ]
t. 10 &' *$
i} ‘ \
I ‘
© *~
F10%F @ oy ;
&; ¥ %
6L ] ,
10 \ %
o)
%
10-7 I L I L L
0 100 200 300 400 500 600
DOFY/2

Fig. 3. Total error for the adaptive methods for the problem on the unit disk with no memory.

3.3. Problem on the unit circle with memory

In this example, we consider the same setting as in the previous example except that this time we have that
k(t) = %e“ . This implies that the analytical solution is

u(x, t) = (—t?e™" + 1)ollx|)
10
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Fig. 4. Relative error for the adaptive methods for the problem on the unit disk with no memory.
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Fig. 5. Ratios between the total and relative error for the problem on the unit disk with no memory.

Table 1
Timing of the most demanding tasks in Algorithm 2 using h-adaptivity.
Total computational time 1082.67 s

Task Cumulative time (s) Cumulative time (%)
Calculation of the residuals 771.24 71.24
Mesh adaptation 136.94 12.65
Approximation of the spectrum 13591 12.55

Table 2

Timing of the most demanding tasks in Algorithm 2 using hp-adaptivity.
Total computational time 1636.90 s

Task Cumulative time (s) Cumulative time (%)
Approximation of the spectrum 929.15 56.76
Calculation of the residuals 392.29 23.97
Mesh adaptation 274.33 16.76

and
qx,t)= —t?et+1.
11
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Fig. 6. Total error for the adaptive methods for the problem on the unit disk with memory.
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Fig. 7. Relative error for the adaptive methods for the problem on the unit disk with memory.

For any computed eigenpair (As, ¢n ), we can define the function

F(X, 5) = Tj(s)n,j(X)
1

= 2+ (1 —R(s) (‘A](S)Szpjhuo(x) —(k(s)— l)&(S)kh,ijhuo(X)> )
j

where

N 1 2 . 1
V=5 "Grp “O=3x51
are respectively the Laplace transforms of g and «.
For this example K = 5 which is not changed during the simulation because the solution is proportional to the first
eigenfunction.
In Figs. 6-8 the behaviours of the total error, the relative error at the origin with t = 1 and their ratio are presented.
The presence of memory does not affect the results much.
In Tables 3 and 4, the cumulative time for the most computational demanding parts of Algorithm 2 are reported for
the two adaptive strategies. The same observations discussed in the previous example are applicable here.
In Tables 3 and 4, the inverse of the Laplace transform is calculated in double precision. The reported running times
have to be interpreted in view of the fact that the delivered accuracy is very high. In view of the results in Section 3.1,
in Table 5 the computational time to run Algorithm 1 on one pair of values (x,t) and with M = 35 is reported for

12
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Fig. 8. Ratios between the total and relative error for the problem on the unit disk with memory.

Table 3
Timing of the most demanding tasks in Algorithm 2 using h-adaptivity.

Total computational time 1045.62 s

Task Cumulative time (s) Cumulative time (%)
Calculation of the residuals 738.59 70.64

Mesh adaptation 134.53 12.87
Approximation of the spectrum 134.20 12.83
Table 4

Timing of the most demanding tasks in Algorithm 2 using hp-adaptivity.
Total computational time 1617.08 s

Task Cumulative time (s) Cumulative time (%)
Approximation of the spectrum 924.24 57.16
Calculation of the residuals 375.89 23.25
Mesh adaptation 275.41 17.03
Table 5

Timing to run Algorithm 1 in different precisions. 1200
digits is the default accuracy in the library [23].

Precision Time (s)
Double 4.00e—4
Quadruple 1.20e—-3
Precision Digits Time (s)
Arbitrary 34 2.00e—1
Arbitrary 100 291e—1
Arbitrary 500 1.29

Arbitrary 1200 4.96

different accuracies. Arbitrary precision makes the code much slower especially considering that 34 digits is about the
same precision as quadrupole precision. The main reason for the discrepancy is the fact that quad precision is supported
by the hardware of modern CPUs while arbitrary precision is done in software.

3.4. Error estimator for the wave equation

In [5] an asymptotic error estimator for the error ||u — uyl|o in the L> norm was presented for the spectral projection
based method without adaptivity, see Theorem 2 in [5]. The following results show the accuracy of the error estimator
in the adaptive case. The problem considered here is the wave equation with memory on the square domain (0, 1)?> with
homogeneous Dirichlet boundary conditions and with zero initial velocity and initial displacement

Up(X) = u(x, 0) = sin(2wx) sin(2wy) ,

13
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Fig. 9. Approximation error for the adaptive methods for the problem on the unit square with memory.

Table 6
Timing of the most demanding tasks in Algorithm 2 using h-adaptivity.
Total computational time 1421.07 s

Task Cumulative time (s) Cumulative time (%)
Talbot method 1217.05 85.64
Approximation of the spectrum 95.90 6.74
Calculation of the residuals 77.34 5.44
We also assume that «(t) = %e‘t and q(x, t) = —t?e~t 4+ 1. Under these assumptions, the analytical solution is

u(x, t) = (—t%e~t + 1)sin(27x) sin(27wy) .
For any computed eigenpair (A, ¢p ), we can define the

Fi(x, 5) = Ti(s)¢ni(x)
1 o o A
Tt y(1-&(5) (q(s)szlz-“uo(x) — (k(s) = 1)Q(5)/\hvfpfhu°(x)) ’
]

where

~ 1 2 R 1
1) =5 (s+1p3° )= 2(s+1)°
are respectively the Laplace transforms of g and «.

To adapt the spectrum, we used Algorithm 2 with tol = 1e — 50, np.x = 30, K = 10, Kirc = 10 and w; = uo. The values
of nmax and tol are chosen in such a way that the tolerance is never reached before running out of meshes. In particular,
tol is so small that is unreachable in double precision using 30 meshes, giving full control on the number of meshes used
in the simulation. The initial mesh is structured consisting of 64 square elements and the initial order of polynomials is
two. The function ug belongs to the eigenspace of the fourth lowest eigenpair, for this reason, the size of K remains equal
to 10 and it is not increased by Algorithm 2 during the simulation.

In the following figures, the performances of Algorithm 2 using either h-adaptivity or hp-adaptivity are compared.

In Fig. 9, the approximation error eapprox k (Uo) for the different adaptive scheme is presented. Clearly, the hp-adaptive
method outperforms the h-adaptive method.

Similar conclusions can be drawn by looking at the comparison for the total error e x(Uo) in Fig. 10.

The error estimator in [5] bounds the L? of the error for the wave equation. The Talbot method, Algorithm 1, with
M = 35, is then used to compute an approximation uy of the solution for t = 1 on the entire domain. In Fig. 11, for each
approximation of the spectrum, we compute the Error of the approximated solution uy. As before, there is a clear gap
between the performances of the two adaptive schemes, but more interesting is the fact that the error estimator is very
accurate in both schemes.

In Tables 6 and 7, the cumulative time for the most computational demanding parts of Algorithm 2 are reported for
the two adaptive strategies. Compared to the previous examples, here the two strategies have different run times. The

14
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Table 7
Timing of the most demanding tasks in Algorithm 2 using hp-adaptivity.
Total computational time 125.48 s
Task Cumulative time (s) Cumulative time (%)
Approximation of the spectrum 82.79 65.98
Mesh adaptation 19.12 15.23
Calculation of the residuals 11.6 9.27

hp-adaptivity is about ten times faster compared to the h-adaptivity delivering also much better results. For the h-adaptive
method, the most demanding task is the Talbot method. This is understandable since to compute the L?(£2) of the error
for t = 1, the solution is calculated on all integration points for all elements, resulting in a very large number of calls to
the Talbot method on a fine mesh. As in previous examples, the approximation of the spectrum is the most demanding
for the hp-adaptive method.

task for the hp-adaptive method. In contrast, the inversion of the Laplace transform takes only 2.16s (1.72%) of the time
3.5. k-adaptivity

In this next example, the focus is on the k-adaptivity. In order to do that, the problem is designed to include a high
15
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Table 8
Timing of the most demanding tasks in Algorithm 2.

Task Cumulative time (s) Cumulative time (%)
Approximation of the spectrum 6648.08 92.65

Calculation of the residuals 400.59 5.58

Projection of the spectrum 50.98 0.71

have to be considered. However, in this section, we want to push the algorithm to the limit. The problem considered here
is the wave equation with memory on the square domain (0, 1)*> with homogeneous Dirichlet boundary conditions and
with zero initial velocity and initial displacement

1-x*(1-y?,

et and q(x, t) = —t?e~f 4 1. Under these assumptions, the analytical solution is

Uo(x) = u(x, 0) = (xy)’

(

We also assume that (t) = 1
u(x, t) = (—t2e~" + 1)xy)*(1 — x*(1 —y)* .

For any computed eigenpair (A4, ¢ j), we can define the function

Fi(x, s) = Ti(s)¢n(X)
1

= m (@(S)SZI)]hUO(X) —(k(s) = 1)&(5))‘h,j13jhu0(x)) )
j

where

A 1 2 . 1
V=5 "Grp “O=3x31
are respectively the Laplace transforms of g and «.

To adapt the spectrum, we used Algorithm 2 with hp-adaptivity and with tol = 1e — 6, ny,x = 100, K = 50, Kj,c = 50
and wq = up. The initial mesh is structured consisting of 64 square elements and the initial order of polynomials is two.
In contrast to previous examples, the function uy does not belong to any eigenspace but it takes contributions from many
of them. For this reason, Algorithm 2 expands the size of the computed spectrum trying to capture enough of uq to reach
the tolerance, see line 14 in Algorithm 2.

In Fig. 12, the behaviour of the total error in terms of the size of the computed spectrum and the number of DOF
is presented. Looking at Fig. 12(a), it is clear that the decay of the error is linked to the number of eigenpairs used to
approximate ug. For the first few meshes, K is not changed. Instead Algorithm 2 is refining the mesh. The plateaus in
Fig. 12(b) correspond to those iterations in the main loop of Algorithm 2 when the method is refining the mesh rather
than increasing K. In Fig. 12(c), the results are reported in terms of DOF times the number of eigenpairs computed which
is interesting since K is adapted during the simulation.

In Table 8, the cumulative time for the most computational demanding parts of Algorithm 2 are reported for this
example. The approximation of the spectrum, line 3 in Algorithm 2, is clearly the bottleneck of the method in the current
implementation. The remaining part of the Algorithm 2 takes less than 8% of the time to run the code.

3.6. Concentrated peak

In this next example, the method is applied to a problem without memory and with initial data concentrated in a
small region in the domain (0, 1)?

—(x—xp)

Uo(X) = u(X, 0) = e 22 sin(x)sin(ry) ,

with x = (x, ¥), Xo = (0.5, 0.5) and with ¢ > 0. The exponential is multiplied by the function sin(x) sin(;ry) to enforce
o = 0 on the boundary of the domain. We also assume q and « in (1) to be zero. The solution of this problem is
unknown, therefore the results are compared to a reference solution u computed using the projection method on a very
fine structured mesh of 4225 elements with order of polynomials 4 using K = 500 and for t = 1. In Table 9, we reported
the L? norm of the error for t = 1 using the projection method on a structured mesh of 1089 elements with order of
polynomials 3 for different choices of ¢ and K. Clearly, the strength of the peak impacts the convergence of the method
in terms of both DOF and K.

Remark 1. We finish the discussion on k-adaptivity by recalling the paper(s) by S. Sauter [25], and the references therein.
The goal of the series of papers was to ascertain how many eigenvalues can be trusted for a given FEM space. Or better

T See also https://www.math.uzh.ch/fileadmin/math/preprints/17_07_rev.pdf
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Fig. 12. Decay of the total error (a) in terms of the size K of the computed spectrum and (b) in terms of DOF and (c) in terms of DOF times the
number of eigenpairs computed on each mesh.

Table 9

Error measured in the [? norm for t = 1.
c K llu — unllo
0.1 50 7.9527E—3
0.1 100 4.7307E—4
0.1 200 2.4513E—6
0.05 50 3.9207e—2
0.05 100 1.5648e—2
0.05 200 3.3528e—3
0.01 50 1.7146e—2
0.01 100 1.6512e—2
0.01 200 1.5508e—2

to say, how far are we allowed to go with k. To avoid the technical details, we quote the result [25, Remark 6.1] in
the case of p = 1 and using h-adaptivity. In this case, only eigenvalue approximations computed from the space whose
h < A,f can be trusted to be approximate eigenvalues of the Laplace operator (or stated in another way, to have a physical
meaning). In [25, Remark 6.1, Table 2] there are bounds related to other choices of the polynomial degree p. This should
be interpreted in a way that this paper does not give an asymptotic result (in k), but rather a practical algorithm that is
limited by the size of the finite element space (and the associated mass and stiffness matrices) which can be fitted into
the memory and subsequently the class of functions which can be resolved by such a piecewise polynomial space.

4. Conclusions

We have presented an adaptive numerical method for the wave equation with memory. The proposed method projects
the data on the span of approximated eigenvectors. Both the meshes used to approximate the eigenvectors and the portion
of the spectrum approximated by the method are automatically adapted to improve efficiency.

The proposed method can be used for 3D problems without modifications, the only difference is that a 3D eigenvalue
problem must be solved. The Talbot method (Algorithm 1) is the same for all numbers of dimensions. The computational
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cost of running Algorithm 1 for given pair (X, t) is determined by the number of terms M and not the number of
dimensions. The adaptive method (Algorithm 2) applies to 3D problems because the error estimator 2 works in both
2D and 3D.

The method can also be extended to variable diffusion coefficient in space since residual based error estimators, like
(15), are reliable as shown in [26,27].

As discussed in Section 2, the method can be divided into an offline part approximating the spectrum only once and
an online part approximating the solution of the problem for multiple values of t and x and possibly for various initial
conditions. As seen in the examples, the computation of spectra can be computationally demanding compared to the
application of the Talbot method. Therefore, it makes sense to relegate the offline part to HPC machines and the online
on desktop machines.

The proposed method is particularly efficient for applications where the spectrum computed in the offline part can be
reused several times. For example, the optimization of initial conditions or the right-hand-side of problem (1) to achieve
certain aims can be solved by computing the spectrum only once and then running the optimization only on the online
part. Different initial conditions or right-hand-side candidates can be quickly tested by projecting them onto the computed
spectrum and running Talbot’s method to approximate the solution.
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