Near optimal spectral gaps for hyperbolic surfaces

Will Hide and Michael Magee

Abstract

We prove that if X is a finite area non-compact hyperbolic surface, then
for any € > 0, with probability tending to one as n — oo, a uniformly
random degree n Riemannian cover of X has no eigenvalues of the Laplacian
in [0, i — ¢€) other than those of X, and with the same multiplicities.

As aresult, using a compactification procedure due to Buser, Burger, and
Dodziuk, we settle in the affirmative the question of whether there exists a
sequence of closed hyperbolic surfaces with genera tending to infinity and
first non-zero eigenvalue of the Laplacian tending to i.
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1 Introduction

Let X be a finite-area hyperbolic surface, that is, a smooth surface with
Riemannian metric of constant curvature —1. In this paper, all hyperbolic
surfaces are assumed complete and orientable. The Laplacian operator Ax
on L?(X) has spectrum in [0,00). The bottom of the spectrum is always a
discrete eigenvalue at 0 that is simple if and only if X is connected.

If X is non-compact, which is the first focus of our paper, then the
spectrum of Ax in [0, i) consists of finitely many discrete eigenvalues and
the spectrum is absolutely continuous in [%, o0) | |. As such, the spectral
gap between 0 and the rest of the spectrum has size at most i.

We are interested in the size of this spectral gap for random surfaces. The
random model we use is the random covering model from | , ,

]. For any n € N, the space of degree n Riemannian covering spaces
of X is a finite set that we equip with the uniform probability measure. We
say that a family of events, depending on n, holds asymptotically almost
surely (a.a.s.) if they hold with probability tending to one as n — oco. We
also note that any eigenvalue of the Laplacian on X will be an eigenvalue
of any cover of X, with at least as large multiplicity. Therefore these ‘old
eigenvalues’ must always be taken into account. As we explain in §§2.1, a
theorem of Dixon | ] implies that a uniformly random degree n covering
space of a fixed connected non-compact X will be connected a.a.s.

The first theorem of the paper is the following.

Theorem 1.1. Let X be a finite-area non-compact hyperbolic surface. Let
X, denote a uniformly random degree n covering space of X. For any e > 0,
a.a.s.

1 1
spec(Ax, )N |:0, 1 6) = spec(Ax) N |:0, 1 6)

and the multiplicities on both sides are the same.

This theorem is the analog, for finite-area non-compact hyperbolic sur-
faces of Friedman’s theorem [ | (formerly Alon’s conjecture | ]) stat-
ing that random d-regular graphs have almost optimal spectral gaps. Fried-
man also proposed in [ ] that a variant of Alon’s conjecture should hold
for random covers of any fixed finite graph, and this extended conjecture
was recently proved by Bordenave and Collins | ).

If X has Euler characteristic x(X) = —1, then a result of Otal and Rosas
[ , Thm. 2] states that spec(Ax) N [0, %) is just the multiplicity one
eigenvalue at 0. Taking such an X as the base surface in Theorem 1.1 we
therefore obtain the following corollary.



Corollary 1.2. There exist connected finite-area non-compact hyperbolic
surfaces X; with x(X;) — —oo and

inf (spec(Ax;) N (0,00)) — i
In fact one can take x(X;) = —i.

The corresponding question for closed surfaces X is as follows. If X is
closed then the spectrum of Ax consists of eigenvalues

0=MX(X) < A\(X) < < NX) <

with A\;(X) — oo as ¢ — oo. Suppose that X; are a sequence of closed
hyperbolic surfaces with genera g(X;) — oo. Huber proved in | ] that
in this case,

limsup A\ (X;) <

I

Therefore % is an asymptotically optimal lower bound for A;(X;). In the

same scenario, it was conjectured in | ] that lim;_ A1(X;) — 0. This
was corrected in | | where it was put forward that ‘probably’ there exist
a sequence of X; as above with

1
lim )\I(Xz) = —.
See [ , Conj. 5], | , Problem 10.3] for more recent iterations of

the question of whether A\;(X;) can go to i as the genus tends to infinity.
We are able to resolve this question here by combining Corollary 1.2 with

the ‘handle lemma’ of Buser, Burger, and Dodziuk [ ]; see Brooks and

Makover | , Lemma 1.1] for the extraction of the lemma. We obtain

Corollary 1.3. There exist closed hyperbolic surfaces X; with genera
9(X;) = 0o and A\ (X;) — 1. In fact one can take g(X;) = i.
1.1 Prior work

The analog of Theorem 1.1 was proved for conformally compact infinite
area hyperbolic surfaces by the second named author and Naud in | ,

following a previous work with an intermediate result [ ]. The reader
should see however | | for details because the spectral theory is more
subtle for infinite area surfaces and moreover the results in | | go beyond

statements about L? eigenvalues.



The very first uniform spectral gap for certain combinatorial models of
random surfaces (the ‘Brooks—Makover’ models), yielding both finite-area
non-compact and closed surfaces, appears in work of Brooks and Makover
[ ]. This spectral gap is non-explicit.

The analog of Theorem 1.1 for closed hyperbolic surfaces is still un-
known. The best known result in the random cover model is due to the
second named author, Naud, and Puder | ], building on [ |, that
gives an a.a.s. relative! spectral gap of size 1—36 — € for random covers of a
closed hyperbolic surface. The fact that a Weil—Petersson random closed
hyperbolic surface enjoys spectral gap of size 1—36 — e with probability tending
to one as genus — oo was proved independently by Wu and Xue | ]
and Lipnowski and Wright | ]. The first uniform spectral gap of size
~ 0.0024 for Weil—Petersson random closed surfaces was proved by Mirza-
khani in [ ]. Prior to the current work, the first named author proved in
[ | that Weil—Petersson random surfaces of genus g with O(g®) cusps,
with o < %, have an explicit positive uniform spectral gap depending on «
as g — oo, which coincides (for any fixed € > 0) with & — € if & = 0.

The fact that all models of random closed hyperbolic surfaces are cur-
rently stuck at \; = 1% — € is an obstacle to proving Corollary 1.3 by the
more direct method of proving that random closed surfaces of large genus
have almost optimal spectral gaps. This % barrier bears explanation; it
also appears in the famous 13—6 Theorem of Selberg [ . Very roughly
speaking, this barrier corresponds to fine control of probability events con-
cerning simple closed geodesics in random surfaces and not having as fine
control on non-simple geodesics. This splitting of geodesics into simple and

non-simple goes back to work of Broder and Shamir | | in the graph
theoretic setting. The appearance of % in | | is for different reasons
relating to Selberg’s use of Weil’s bounds [ | on Kloosterman sums.

The previous best results towards Corollary 1.2, just for the case of
X(X;) = —oo, all came from arithmetic hyperbolic surfaces. The records

were held by Selberg [ | (spectral gaps of size % = 0.1875), Gelbart and

Jacquet [ | (existence of spectral gaps larger than 1%), Luo, Rudnick,

and Sarnak [ ] (spectral gaps of size 1Lt ~ 0.218), Kim and Shahidi

[ , ] (spectral gaps of size oL ~ 0.23765), and currently, Kim
. . o 975

and Sarnak | , Appendix 2] (spectral gaps of size ;55 ~ 0.23804).

The history of Corollary 1.3 began with McKean’s paper | , ]
where it was wrongly asserted that the first eigenvalue of any compact hyper-
bolic surface is at least %; this was disproved by Randol in [ ] who ac-

'Here relative refers to disregarding eigenvalues of the base surface.



tually showed that there can be arbitrarily many eigenvalues in (0, i) Buser
proved in | | using Selberg’s % theorem and the Jacquet—Langlands
machinery | | that there exist closed hyperbolic surfaces X; with gen-
era g(X;) — oo and A\(X;) > <. Buser, Burger, and Dodziuk proved in
[ ] that one can get the slightly weaker result A1(X;) — - but with-
out using Jacquet—Langlands. This turns out to be instrumental in the
current work; see Lemma 8.1 below.

Following these works, all progress towards Corollary 1.3 ran parallel
to the previously discussed progress to Corollary 1.2. In particular, the
previous best known result towards Corollary 1.3 comes from combining the
Kim-Sarnak bound with either Jacquet—Langlands or | | to obtain
the first part of Corollary 1.3 with % replaced by %.

1.2 Overview of proof

The proof of Theorem 1.1 follows the following strategy. We view
X =T\H

where I' is a discrete torsion free subgroup of PSLo(R) and H is the hyper-
bolic upper half plane. We explain in §2 that the random degree n covers
of X are parameterized by

¢ € Hom(T', Sy,) — X

where ¢ is a uniformly random homomorphism of the free group I' into the
symmetric group S,. Because we disregard eigenvalues and eigenfunctions
lifted from X, we restrict our attention to the space L2, (Xy) of functions
that are orthogonal to all lifts of L? functions from X. The strategy is then,
for any sg > %, to asymptotically almost surely produce a bounded resolvent
operator

RX¢(S) : L?lew(Xﬁl’) — Hr21ew(X¢)

where H2,,,(Xy) C L2, (X,) is a suitable Sobolev space (see §2.2) such that

for any s € [so, 1] the identity
(Ax, = s(1 =) Rx,(s) =Tdiz_ (x,),

makes sense and holds true; this will forbid new eigenvalues in [0, so(1—sp)].
The way we build our resolvent is by a parametrix construction. The
fundamental structure of parametrix construction is to produce a bounded
operator
Mig(5) L (Xs) = Hing (X )

new



such that
(AX¢ — S(l — 8)) M¢(S) = IdL%cw(X(b) + L¢(8)

where we aim to prove L(s) has norm less than one as a bounded operator

on L2, (Xs) so that we can obtain our bounded resolvent

-1
Ry, (s) = My(s) (IdLgew(X¢) + L¢(s)> .

Often in a parametrix construction one also wants the L term to be
compact: this will also be the case here and turns out to be essential for the
application of random operator results.

The way we build My(s) is by patching together a ‘cuspidal parametrix’
Mg ™" (s) based on a model resolvent in the cusps and an an interior parametrix
Mi;t(s) that only depends on the localization of its argument to a compact
part of X,;. We then let

My (s) = M§*(s) + MG™P(s)
and we get a resulting splitting
Ly(s) = Lglt(s) + LZSUSP(S).

In §4 we show that for any ¢, the term M(C;Sp(s) can be designed so that

LG (s)[l < £ (or any small number), so that it will not essentially interfere
with our plans of obtaining || (s)|| < 1. The ability to do this is a particular
feature of the geometry of hyperbolic cusps.

The term Mglt(s) is based on averaging the resolvent kernel of the hy-
perbolic plane over the fundamental group of I" (suitably twisting by ¢) to
obtain an integral operator on L2, (X,). The problem with this is that the
averaging will not obviously converge, so we have to multiply the hyperbolic
resolvent kernel by a radial cutoff that localizes to radii < T + 1 to get a
priori convergence for all s € (3,1]. This gives us that Mi;t(s) is bounded
(Lemma 5.5).

The effect of this cutoff is that the error term Lg“(s) is an integral
operator with smooth kernel. We prove that we can unitarily conjugate
LI (s) to

Y ay(s) ® é(v)

vyel’

acting on L?(F) ® V), where F is a Dirichlet fundamental domain for I'
and V¥ is the standard n — 1 dimensional irreducible representation of S,,.



The a.(s) are compact operators on L?*(F) and there are only finitely many
v € I" for which a.(s) is non-zero.

If instead, the a,(s) were elements of End(C") for some fixed finite r,
because I' is free we would now be exactly in the situation to apply the
breakthough results of Bordenave and Collins from | ]. These random
operator results, combined with a linearization trick of Pisier [ |, would
tell us that for any € > 0, a.a.s.

ILE )] < || ay(5) @ poolr)| + € (L.1)
vyel

where ps : I' — End(¢2(T)) is the right regular representation. Because the
a~(s) are in reality compact operators on Hilbert spaces we can approximate
by finite rank operators to the same effect.

The key point (which is a sticking point in other approaches to this
problem using e.g. transfer operators) is that we understand the operator
in the right hand side of (1.1) well: it can be unitarily conjugated to an
operator on L%(H) that is the composition of multiplication with a cutoff
(with norm < 1) and an integral operator with real-valued radial kernel that
localizes to radii in [T, T + 1].

The key is that as this latter operator is self-adjoint we can use the
theory of the Selberg transform to estimate its norm in Lemma 5.2. By
choosing T sufficiently large in the beginning, we can force the norm in the
right hand side of (1.1) to be as small as we like, given any so > %, for all
s > Sp.

Assembling these arguments, for any s > sg > %, a.a.s. 14+Ly(s) can be
inverted which rules out Xy having a new eigenvalue at s(1 —s). To be able
to get this result for all s > sy with probability tending to one, we make
sure that [[Ls(s)|| < 2 at a fine enough net of s € [sg,1] and then use a
deviations estimate (Lemma 6.1) to show (deterministically) that ||Lg(s)]|
fluctuates at most by % from point to point.

A historical remark: a similar parametrix method in the context of hy-
perbolic surfaces (albeit for completely different purposes) goes back to work
of Guillopé and Zworski [ ] who used the method to give sharp upper
bounds on the number of resonances of geometrically finite hyperbolic sur-
faces in balls. In turn this method is based on Vodev’s ‘impressive refinement
of the Fredholm determinant method’ (ibid.) | , , | for the
control of scattering poles of perturbed Laplacians in Euclidean spaces.



Acknowledgments

We thank A. Gamburd, C. Bordenave, B. Collins, F. Naud, D. Puder, and
P. Sarnak for conversations about this work. This project has received
funding from the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme (grant agreement
No 949143).

2 Random covers

2.1 Construction

Let X be a finite area non-compact connected hyperbolic surface. We view
X as
X =I\H

where
H={z+iy: z,yeR,y>0}
with metric
daz? + dy?
Y2
where I is a discrete torsion-free subgroup of PSLy(R) that acts, via Mobius
transformations, by orientation preserving isometries on H.

For n € N let [n] o {1,...,n} and S,, denote the group of permutations
of [n]. For any homomorphism ¢ € Hom(I",S,,) we construct a hyperbolic
surface as follows. Let I" act on H x [n] by

et

V(z2) = (v2,0(7)[x])

and let

Xy € T\y (H x [n])

denote the quotient by this action. If we choose ¢ uniformly at random in
Hom(I", S,,), the resulting X4 is a uniformly random degree n covering space
of X. Note that I' is a free group freely generated by some

’yl,...,’YdGF

and choosing ¢ is the same as choosing

def .
o-iéqb(’y’i)a ZZl,"'ad



independently and uniformly at random in .S,,.

The surface X, is connected if and only if I' acts transitively on [n] via
¢. By a theorem of Dixon | ], two independent and uniformly random
permutations in S,, generate S, or A, a.a.s and it follows that a uniformly

random cover Xy is connected a.a.s.

Let V, & ?%([n]) and V;? C V,, the subspace of functions on [n] with zero

mean. The representation of S, on £2([n]) is its standard representation by
0-1 matrices and the subspace V,? is an irreducible subspace of dimension
(n—1): we write

po: T — End(V)

for the random representation of I' induced by the random ¢.

2.2 Function spaces

We define
L121ew (X¢)

to be the space of L? functions on X, that are orthogonal to all pullbacks
of L? functions from X. The elements f € L2, (Xs) have mean value 0
fiber-wise in the sense that for almost every € X we have > ;" | f(z;) =0
where z; are the lifts of z to Xj.
We have
L*(Xy) = L

new (Xo) ® L*(X).
This induces a multiplicity respecting inclusion spec(Ax) C spec(Ax,). All
other eigenvalues of Ay, (with multiplicities) arise from eigenfunctions in
the subspace L2, (X,).

Let F' denote a Dirichlet fundamental domain for X, that is, for some
fixed o € H,

e ﬂ {z€eH : d(o,2z) < d(z,0) }.
ver\{id}

This choice will be convenient for the proof of Lemma 5.4. Let C*(H; V,?)
denote the smooth V,%-valued functions on H. There is an isometric linear

isomorphism between
C®(Xg) N Liew (X)

and the space of smooth V,9-valued functions on H satisfying

f(vz) = pp(1) f(2) (2.1)



for all v € I', with finite norm

def
ey [ 17t < o0

We will denote Cg°(H; VYY) © C°(H; V%) for these functions. Under this
isomorphism, the Laplacian on C*°(Xy) N L2, (Xy) is intertwined with the
Laplacian that acts on C’go(H; V9) in the obvious way (this can be defined
by choosing any basis of V! and letting the Laplacian act coordinatewise
on VV-valued functions). The completion of CgO(H; VY) with respect to
| ® [[z2(r) is denoted by Li(H; VY); the isomorphism above extends to one
between Ly (Xy) and L (H; V).

Let Cg5,(H; V9) denote the elements of C3° (H; VY) that are compactly
supported when restricted to F' (in other words, compactly supported mod-
ulo T).

We also consider the following Sobolev spaces. Let H?(H) denote the
completion of C¢°(H) with respect to the norm

def
1F 2y = 112y + IAF T2y

We let H;(]HI, V9) denote the completion of Co (H; V) with respect to the

norm
def

||f||§{;(H;V79) = ||f”%2(F) + HAfH%mv)-
We let H?(X4) denote the completion of C°(X,) with respect to the norm

def
1 By 1 By + 1A ey

Viewing H?(X,) as a subspace of L?(X,) in the obvious way, we let

def

H(Xs) S H*(Xy) N LY (Xg).

Similarly to before there is an isometric isomorphism between HZ.,(X,)
and H;(H, VY) that intertwines the two relevant Laplacian operators.

3 Background random matrix theory

In this section we give an account of the breakthrough result of Bordenave

and Collins [ | and its amplification through a linearization trick that
appears in Pisier | , Cor. 14] (see also, historically, [ , ], and
[BC19, §6]).

10



Let std,, : S, — End(V)?) denote the linear action of S,, on V). We let
poo : I' = End(£?(T)) denote the right regular representation of I'. We are
going to use the following direct consequence of | , Thm. 2].

Theorem 3.1 (Bordenave—Collins). Suppose thatr € N and ag,aq,...aq €
Mat, «,(C). Suppose af = ag. Then for any € > 0, with probability tending
to one as n — 0o, we have

d
ap @ Idyo + Z a; @ stdy(0;) + af @ stdy, (o, 1)
=1 CreV0
d
< a0®Id£2(p) +Zai®poo(%) +a; ®Poo(%’_1) + €.
i=1 Cree(T)

The norm on the top is the operator norm on C" ® V). The norm on the
bottom is the operator norm on C™ ® £*(T).

Remark 3.2. Note in the above that std, (o;) = pg(7:)-

This will be combined with the following result of Pisier | , Cor. 14
and following remark].

Proposition 3.3 (Pisier). The result of Theorem 3.1 implies that for any
R,k € N, any non-commutative polynomials

P17P27"'7Pk

in the variables o1, ..., 04, 01_1, e ,021 with complex coefficients, and any
ai,...,ar € Matgrxr(C) we have the following. For any e > 0, with proba-
bility tending to one as n — 0o, we have

k
> ai®@stdy(Pi(on,..., 00,07, .. 05") (3.1)
k
<D e ®poo(Pi(v, - va i 0 Y) +e
i=1 CE@e2(T)

This type of ‘linearization’ is obviously extremely powerful and has
played a role in many of the major breakthroughs in random operators
in recent years | , , ]. Notice that one way to obtain an

operator as in (3.1) is as
>y @ pol)
~vel

11



where all a, € Matrxr(C) and there are only finitely many non-zero a..
Therefore we obtain combining Theorem 3.1 and Proposition 3.3 the follow-
ing:

Corollary 3.4. For any r € N and any finitely supported map v € I' —
ay € Mat,«,(C), for any € > 0, with probability tending to one as n — oo
we have

> ay ® py(7) <) ay @ poo(v) +e.

vel Ccrev) vel Cree2(T)

No originality is claimed here: Corollary 3.4 is essentially already con-
tained in | | and in fact, | , Thm. 3] is the version of this corollary
when all a; are scalar.

4 Cusp parametrix

To simplify notation, we assume there is just one cusp of the finite-area
non compact hyperbolic surface X. This does not affect the arguments. It
follows from the Collar Lemmas | , Thm. 4.4.6] that this single cusp
can be identified with

¢ (1,00) x 8!

with the metric ; N
dr® + dzx
T; (4.1)

here the z coordinate is in S* R/Z and the r coordinate is in [1,00). In

the following, Xg, Xc : C — [0,1] will be functions that are identically zero
in a neighborhood of {1} x S, identically equal to 1 in a neighborhood of
{oo} x S, and such that

XEXe = Xe - (4.2)

We will extend both these functions by zero to functions on X, and define

def
Xci',(;) = X?OW¢2X¢—)[O,1]

where 7y : Xy — X is the covering map. Indeed, the cusp of X splits in X
into several regions of the form

(1,00) x (R/mZ), (4.3)

12



with m € N, and with the same metric (4.1). In these coordinates the
covering map sends

g (r,e+mZ) — (r,e+Z).
In particular, it preserves the r coordinate.

Lemma 4.1. For any € > 0, it is possible to choose X% as above so that for

any ¢
IVXE plloos 1AXE 4llo < €.

Proof. Given € > 0, let Xér : [0,00) — [0, 1] be a function such that Xé’(T) =
0 for 7 in [0,1], x£ (7) = 1 for 7 > 79, for some 75 > 0, and such that we
have the following bounds for the derivatives of xé

N ™

sup |(x¢)'l; sup [(x¢)"| <
10,00) 10,00)

(this can be achieved by scaling some fixed cutoff).
Let C’ be any cusp region of X, as in (4.3). Using the change of coordi-
nates r = ¢” we view C’ as

(0,00); x R/mZ

with the metric (d7)? + e~27(dx)?; x being the coordinate in R/mZ. In
these coordinates, one calculates directly from the formula for the metric
that

IVX¢ Gll(Tox +mZ) = |[xt]' (1) < e
and
|AXE gl (T2 +mZ) = |[x¢]" (1) = x¢T (1) < e

as required. Finally, one can easily choose x; to be a function with . ()
=0for 7 < 79 and x, (1) = 1 for 7 > 279. This will fulfill (4.2). O

Let Cy denote the subset of X that covers C. It is convenient, to avoid
complicated discussions about Sobolev spaces, to extend C to the parabolic

cylinder

¢ % (0,00) x S

with the same metric (4.1), and let Cy be the corresponding extension of Cy
(the union of extensions of (4.3) to (0,00) x R/mZ).

13



Let H?(Cy) denote the completion of C2°(Cy) with respect to the given

norm dof
€
1172 = 122 + AN

The Laplacian A = Aé¢ extends uniquely from CZ° (C~¢) to a self-adjoint
unbounded operator on L?(Cy) with domain H?(Cy).

Lemma 4.2. For any f € H?(C4), we have (Af, f) > || f]1%.

Proof. This is similar to | , Lemma 3.2]. It suffices to prove this for
Cy replaced by (0,00) x (R/mZ) with the metric (4.1) i.e. with only one
connected component. Then changing coordinates to 7 we are working in
the region (—oo0,00) x (R/mZ) with the metric (d7)? + e~27(dz)?. The
corresponding volume f0r2m is e77dt A dx and the Laplacian is given by
A= —67%6*7% — 627%. Now suppose f € C((—o0,00) x (R/mZ)).
We calculate o o2
1
—71/2 T/2 __ 2T
e TPAT = st 1

so if g = e T/2f € C2((—00,00) x (R/mZ)) we have

/A[f]fe_TdT Ndr = /°° /n[B_TﬂAeT/Q] (9) gdr A dz
—oo0 J0

1 oo n 1 o0 n _
> / / ggdT ANdx = / / ffe Tdr Adx.
4 —o0 J0 4 —o0 J0

The inequality here used integrating by parts. The inequality obtained
now extends to H?(Cg) by density of C°(Cy) therein and continuity of

(Af, f)- N

Lemma 4.2 implies that the resolvent operator

Re,(5) = (A = s(1—9))7": LA(Cy) — H2(Cy)

is a holomorphic family of bounded operators in Re(s) > %, each a bijection
to their image. This gives an a priori bound for the resolvent: using

(A—s(1—5) R, (s)f = f

and Lemma 4.2 we obtain that for f € L?(Cy) and s € (3,00)

1
IR, (1l < (= 50-9)) £l (4.4

14



and as
AR@(S)f =f+s(l- S)RC~¢(s)f

we obtain for s € (1,00)

|ARs (3)fllz2 < IIfllz2 + (1 — 8)[|Re, ()7 12

s(1—s)
<14+
< ( i S)) 1122
1
pu— . 4-
We now define the cusp parametrix as
def _
M;USP(S) = X(‘;¢Ré¢(s)xc’¢. (4.6)

Here,

e (multiplication by) xc , is viewed as an operator from L*(X,) to

LQ(C~¢) by mapping first to L?(C4) and then extending by zero. This
is a bounded linear operator.

o Ré¢ (s) is a bounded operator from L?(Cg) to H?(Cy).

e (multiplication by) x& 4 1s viewed as a operator from H 2(Cy) to H?(Xy),
using that Xér o localizes to Cy and then extending by zero. This opera-

tor is bounded because derivatives of Xér » are bounded and compactly
supported.

Hence
Mg (s) : L*(Xy) — H?(Xy)

is a bounded operator.
_ The covering map Cy — C extends in an obvious way to a covering map
Cs — C that intertwines the two Laplacian operators. This, together with
the fact that multiplication by Xe. and XZ é leave invariant the subspaces
of functions lifted through the covering map, one sees that

MGP(s) (L2

0] new

(X)) C Hiow(Xo).
Because de)xad) = Xc_,¢>v
(A—s(1=8))MG™(s) = xc 6+ D xE gl Re, (5)Xc g = X o L (5) (4.7)
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where ot
€ —
L;usp(s) = [AaXc+7¢]Ré¢(S)Xc7¢

and [A, B| ' AB — BA denotes the commutator of linear maps. Here
again we view x , and Ré¢(s) as above, and [A, X(er¢] : H?(Cy) — L*(Xg).
This means that ]LZSHSP(S) is an operator on L?(X,). By similar arguments

to before, using that [A, Xér ¢] only involves radial derivatives (since Xg s 18
radial), we obtain

L™ () (Liew (X)) C Liew(Xp)-

Lemma 4.3. Given sg > 3, there exists C(so) > 0 such that for s € [so, 1],

cusp

the operator L (s) is a self-adjoint, bounded operator on L?*(Xy) with
operator norm

L5 6 < (IE ) loe + 293¢ o ) Cs0)
Proof. As an operator on H? (dﬁ)
[Aoxd gl = (Axd ) = 2Vxé,) - V-
The first summand is a multiplication operator; for f € H2(C,) we have

I(AXE ) e < IAXE ) oo 111 2 (4.8)

and by Schwarz inequality if || f|| g2 < 1 then

1(VxE ) Vi lze < 1IVXEgllool VIl

1 1ot

= Vg glloolAS, £)2 < 1IVXE gllcllAFIZ 1112
< Vg lloo- (4.9)
The two estimates (4.8), (4.9) hence show that [A, XZ 4] has norm bounded
by H(Axaﬁ)uoo + QHVX(?d,Hoo as a map H2(Cy) — L*(Xy). Since multipli-

cation by x , has norm <1 from L? to L?, and R@(S) has norm < C(sg)
from L?(Cy) to H?(Cy) by (4.4) and (4.5), we obtain the stated result. [

We can now obtain the following key proposition by combining Lemmas
4.1 and 4.3.
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Proposition 4.4. Given any sg > %, we can choose XZ and X, (depending
on sg) such that for any n € N and ¢ € Hom(T', S,,) and any s € [sg, 1], we
have for the operator norm of L™ (s) on L*(X)

1
LEUSP <z,
ISP ()l < £

We assume that x, and Xé_ have now been fixed to satisfy Proposition 4.4
in the rest of the paper. Hence all constants may depend on these functions.

5 Interior parametrix

5.1 Background on spectral theory of hyperbolic plane
Resolvent

Let

Ry(s) : L*(H) — L*(H),
Ru(s) € (Ag — s(1 — 5))%.

Since spec(Ap) C [, 00) | , Thm. 4.3], this is well defined as a bounded
operator for Re(s) >

Given z,y € H, we write r = dg(x,y) where dy is hyperbolic distance

g

N[

and o ,
e 2
- h (7) '
o = cosh” (5
The operator Rp(s) is an integral operator with kernel | , Prop. 4.2]

1 4s—177 _ 4)s—1
Ru(s;z,y) = 4171_/0 t((()_ltildt. (5.1)

For 0 > 1 and ¢ € (0,1) we have

QM = — ssinh (i) cosh (E) M7

or  (o—1)° 2 2) (o —t)5t1
R €D MO 0 S0 A W €O
95 (oD ‘lg<w—o> G-t
82 tsfl(l _ t)sfl B ) r r tsfl(l _ t)sfl
dsor (o —t)s sinh (5) cosh (5) (o —t)st!

Lo (=9))
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Each of these are smooth in (s,7,t) € [5,1] x [1,00) x (0,1). Because for
s,r in a fixed compact set of [3,1] x [1,00), these all have absolute values
majorized by integrable functions of ¢ € (0, 1), we can interchange derivatives

and integrals to get corresponding bounds for Ry as follows. We define

Rua(s;7) = Ru(s; 2,y).
Firstly, there is a constant C' > 0 such that for 79 > 1 and s € [%, 1]we have

ORm

[Ru(s;70)] 'm(s; ro)| < Ce™?". (5.2)

Secondly, for any 7" > 1 and ry in the compact region [1,7 + 1] we obtain
for constant ¢ = ¢(T') > 0, for all sg € [3, 1],

—8RH(5 i70)
Os 0,70)| >

< ¢(T). (5.3)

Integral operators

If kg : [0,00) — R is smooth and compactly supported, which will suffice
here, then one can construct a kernel

k(x,y) o ko(du(z,y))

with corresponding integral operator C*°(H) — C*°(H)

K[f)(z) / ) f() ()

where dH is the hyperbolic area form on H. Such an operator commutes
with the Laplacian on H and hence preserves its generalized eigenspaces. If
f € C*(H) is a generalized eigenfunction of A with eigenvalue i+§2, £>0,
then by | , Thm. 3.7, Lemma 3.9] (cf. also Selberg’s original article

[Sel56])

where

:ﬂ/w /|u| \/cosh Sliﬂ;f)psil(u)dp du

By our assumptions on kg the integral above is convergent. It will be esti-
mated more precisely for particular choice of kg in the proof of Lemma 5.2.
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For now note that if kg is real valued then h is the Fourier transform of a
real valued even function and hence real-valued. Since L?(H) has a general-
ized eigenbasis of C'*° eigenfunctions of the Laplacian, by Borel functional
calculus K extends from e.g. C2°(H) to a (possibly unbounded) self-adjoint
operator on L?(H) with operator norm

I K| £2(my = sup |R(E)]- (5.4)
£>0

5.2 Interior parametrix on hyperbolic plane

Let xo : R — [0,1] denote a smooth function with xo|(—c,0)= 1 and
XO’[l,oo): 0. Then let

xr(t) & xo(t = T)

so xr is supported on (—oo, T + 1]; note for later that all derivatives of xp
are supported in [T, T + 1] and have uniform bounds independent of 7.
We define
R (s:7) = e (r) B (s:7).

Let RI(HIT)(S) denote the corresponding integral operator. In radial coordi-
nates the Laplacian on H is given by | , pg. 65]

F 10 1
Or?  tanhrOr sinh?r 062"

We now perform the following calculation, writing A, for the Laplacian
acting on coordinate x:

[Ay — s(1— )] R (557) = [Ap — s(1 — 8)] (x(r) Ru(s;7))
[ 8 1 9

_ [_873 _ ma,xT Ry(s;r) + 0r—0 (5.5)

which is understood in a distributional sense. We further calculate

02 1 9 0? 0 0 1 9
ot = i e = ~gralirl 2 bl — vl (56)

Combining (5.5) and (5.6) we expect an identity of operators

A —s(1— )R (s) =1+ LY (s) (5.7)
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where ]LEHIT)(S) is the integral operator with real-valued radial kernel

0?2 1 9

(T)... ydef [ O _ o 0 ORy
Ly (5370) = < or? e tanhr Or

[XT]) Ru(s;ro0) — QE[XT} or

(s;70).

(5.8)
The identity (5.7) will be established in Lemma 5.3 below.
We note the following properties of this kernel that are straightforward
consequences of the way xr was chosen and (5.2), (5.3).

Lemma 5.1. We have

1. ForT >0 ands € [3,1], LI(EHT)(S? e) is smooth and supported in [T, T +
1].

2. There is a constant C' > 0 such that for any T > 0 and s € [%, 1] we
have

LD (55m0)] < Cem*70

3. For any T > 0 there is a constant ¢(T) > 0 such that for any ro €
[T,T + 1]

aL(T)
£ (s0570)

< (7).

We can now show the following.

Lemma 5.2. There is a constant C > 0 such that for any T > 0 and

s € [%,1] the operator LI([-]IT)(S) extends to a bounded operator on L*(H) with
operator norm

I ()2 < CTez=2)T,
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Proof. We do this using (5.4) which tells us
o0 h(p
\/5/ / spsm()dpdu
|u| \/cosh — cosh(u)

: f/ /|u| \/cosh —s;:l:}f( )) dpdu

T+1 T+1 —sp h
< Q\fC/ / ¢ sinh(p) dpdu
ax(|ul,T) \/cosh(p) — cosh(u)

T+1 ,T+1 .
o / sbp)
max(ju.T) v/cosh(p) — cosh(u)

L ()12 = sup

T+1 cosh(T+1)
— Cl —ST/ / Ldu
coshmax(|ul,T) \/Y — COSh(u)
_ o —sT e
=C"e V/cosh(T + 1) — coshu
0

— /coshmax(|u|,T) — cosh\u|] du

< C///Te(%fs)T
where the third inequality used Lemma 5.1. O

The implication of this is that for any sy > 1 we can choose T = T'(s¢)
such that for all s € [sg, 1] we have

1
ILE () e < =

We will do this later. The following lemma shows that smoothly cutting off
Rp(s) at radius 7" does not significantly affect its mapping properties.

Lemma 5.3. For anyT >0 and s € [%, 1], for any compact K C H, there
is C =C(s,K,T) >0 such that:

1. For any f € C°(H) with supp(f) C K we have RH ( )f € H*(H)
and

IR () fll 2 < Cls, K, T) || f | 2.

2. Furthermore, with f as above

(A —s(1— )RS ()[f] = f + LY (s)f]

in the sense of equivalence of L? functions.
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Proof. Suppose that compact K is given and f € C2°(H) with supp(f) C K.

For y € K we have Rg)(s;:c,y) = 0 unless

ze K'(T,K) Y {2 : dz, K)<T+1}

with K’ compact. Therefore using the usual Hilbert-Schmidt inequality we
obtain

1R A 2qe
=[] A s saG)
<[ (] e prane) ([ P ) me). 6o

Recall that we write r = dg(x,y), hence the inner integral can be written
in polar coordinates as

2w poo
/ R](HT)(S; z,y)2dH(y) = / / R](HT)(S; r)? sinh r dr df
yeK 0 0

2
dH(z)

M
< 27r/ RI(HIT)(S? r)? sinh r dr (5.10)
0

for M = M(K,T). Because xr = 1 near 0, the type of singularity that
RI(HITQL(S;T) has at » = 0 is exactly the same as the type of singularity of

Ry (s;r) near r = 0; namely by | , (4.2)]
(D) (g 1) = — oo (©
Ry (s;r) = gy log (2> +0(1) (5.11)

as r — 0. The function RI(EHT)(SV'”) is smooth away from 0. Hence, since
(log (%))2 sinhr — 0 as r — 0, RI(HIT)(S; ) is in particular square integrable

on [0, M]. This gives from (5.9)

IR < [ Clo T andbi) < €5, KT e
(5.12)
We now aim for a bound on HAR]%IT) (s)[f] H%Q(H) S0 as to prove RI(HIT) (s)[f] €

H?(H) and bound its H?-norm.
Let g € C°(H) be a test function and f € C°(H) with support as
above. Consider

RD) (s)[1], Ag) = /

([ mD s s ) sgtaic).
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Because f and g are compactly supported and the singularity of RI(HIT)(

is locally L' using (5.11), we can use Fubini to get

z,y)

T _
@80 = [ ([ D s age) e ) o)),
ye
(5.13)
We use hyperbolic polar coordinates for the inner integral, writing r» =
d(z,y) and 6 for polar angle, G(r,0) def g(z), and the inner integral is
understood as an improper integral as follows:

3

/ R (s;2,y) Ag(a)dH(z)
~ 2 ~ ~
) (7,0) + (1 66063, (7, 0)) dodr

2 o
=— hm/ / R < (Slnh’l“ 5
0 0 sinh )
I RO 9 (simh 7.0) | dodF
——;_I}I(l)/ / e CHE (8 sin 7‘— (7,6) T
2T (T B 5 B
= — lim / R ) (s;7 <8 (smh'r’) (f,@)) drdf

e—0
2
i B0 (s: ) s Gy 5
lg%R (s,e)smhe/o o (e, 0)dh

3

3

27 T)
+ lim / aR (s; r)smhr%( ,0)drdl

e—0 T

, 2m 8R 0Gy s s
:lg% / o (7, 8)drdo (5.14)

where the last equality used (5.11) with smoothness of G,. Now a similar
calculation gives

2w OR ) B 5
lim / af (s;7)sinh r%(ﬁ 0)drdf

e—0 or
aR(T) 2T o
= — i H_(s;¢)sinh
lim — - (s;€)sinhe ; Gy(e,0)df
2m aR(T)
- lgr(l) / o (smhr o (5;7)Gy (7, 0)didf

2w R( ) N _
=g(y) — lim / o sinhr o (s;7)Gy(T,0)drdb. (5.15)
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The second equality used [ , pg. 66]

orl 1
L (s:6) = =5+ O(1)

as € — 0 with lim._,0 Gy (¢,0) = §(y). Now we note

(T)
L 9 <sinhraRlHI ) (s;7) = AR]%IT)(S;f)
r

sinhr Or

and so using (5.5), (5.6) and (5.8) we get, for 7 > 0,

19 ORY’
‘sinhr&.(ﬁnh?“ o | (5:7) = s(1 = )Ry (s:7) + Lig (7).

-
Therefore
oo (R
—15% ; /E o <smhr B (8;7)Gy(T,0)drdf
=lim (s(l — S)R[(HIT)(S; )+ L](HT)(S; d(x,y))) g(x)dH(x)

=0 Jd(z,y)>e

:/EH <8(1 — )R (s;d(z,y)) + LY (s; d(x,y))> glx)dH(z)  (5.16)

and this last integral is easily seen to converge by working in polar coordi-
nates centered at y and using g € C°(H) and (5.11).
Now combining (5.14), (5.15), and (5.16) gives, for (5.13),

(RS (s)[f), Ag)
= f(y)g(y)dH(y)

yeH
+ /yEH </z€H (s(l - s)R]%IT)(s; d(z,y)) + LI(H[T)(S; d(z, y))) g(x)dH(x)> F(y)dH(y)

= (f,9) + (s(1 — )RS (5)[f). 9) + (LY ()[ 1], 9)-

Note that by (5.12) and Lemma 5.2 all functions above are in L?(H). This
identity now clearly extends to any g € H?(H) and now self-adjointness of

Ay on H?(H) (see [ ]) gives that R[(HIT)(S)[f] € H?(H) and moreover
(A = s(1 = )R ($)f] = F + LG ()]
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in the sense of elements of L?(H). This proves part 2 of the lemma.
We now rewrite this identity as

ARG (s)[f] = f +5(1 = s)RG (s)[f] + LY (5)[f]

and using Lemma 5.2 and (5.12) now gives

AR () )l 2y < (s, K, T)If | 2oy

Combining this with (5.12), this proves part 1 of the lemma. O

5.3 Automorphic kernels

At two points in the rest of the paper we use the following geometric lemma.
Recall that F' is a Dirichlet fundamental domain for I' in H.

Lemma 5.4. For any compact set K C F, and T > 0, there is another
compact set K' = K'(K,T) C F and a finite set S = S(K,T) C I" such that
for all x,y € H with

veF ye|Jy(K), d=y <T,
~yel’

we have

reK', ye|JvK).
YES

Proof. Suppose that y = vy’ with ¢/ € K, x € F, v € T and d(z,y) < T.
Then d(vy',x) = d(y',y 'z) < T implies v~ ' F intersects the compact set

{z:d(z,K)<T}.

Since we took F' to be a Dirichlet fundamental domain, by [ , Thm.
9.4.2] there are only a finite number of « for which this is possible. Let S
be this finite subset of I'. Then furthermore, if we let o denote a fixed point
in K we have

d(z,0) < d(x,vy') + d(vy',v0) + d(v0,0).
<T+d(y',0) +d(yo,0) < C'(K,T).

This implies that  must be in some compact set K/ = K'(K,T) C F. [
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Define

R (s;z,y) © RY) (552, y)1dyo,

,n

L]%—HJ:BL(S; z,y) © LY (sy2,y)ldyo,

and R]%IT’V)l(S)7 LI(EﬂTi(S) the corresponding integral operators. In the next lemma

we describe the mapping properties of these integral operators and describe
a functional identity that they satisfy that arises from (5.7). In the follow-
ing we regard the function x, defined in §4 as a I'-invariant C*° function
on H. The action of multiplication by x. , on new functions in L2, (Xy)

corresponds to multiplication by the scalar-valued invariant function x, on
Lé(H; VY.

Lemma 5.5. For all s € [3,1],

1. The integral operator Rgz(s)(l — Xc ) is well-defined on C2% (H; V9)
and extends to a bounded operator

T _
R (s)(1 - xg) : L3(H: V) — HA(H; V2).

2. The integral operator Léﬂ(s)(l — X¢ ) 15 well-defined on CZ5 (H; V9)
and and extends to a bounded operator on Lé(H; VY.

3. We have
(A= s(1 =) R ()1 = xg) = (1= xg) + L (5)(1 = xg) (5.17)
as an identity of operators on Lé(H; VY.

Proof. Suppose first that f € C’%(H; VY) (i.e. automorphic, smooth, and
compactly supported modulo I'). We have for = € F

T _ def T _
Rin@ 1= x))@) = | B s0.0) (1 xe W) )dM(). (519)
ye
The integrand here is non-zero unless d(z,y) < T + 1 and y is in the
the support of 1 — x., which is a union of the I'-translates of a compact
set K of of F. _Applying Lemma 5.4 tells us then that there is compact
Ky = Ki(T) C F and finite set S = S(T") such that the integrand in (5.18)

is supported on the compact set Ko def Uvesfy_lK and the whole integral is
zero unless © € K1 (given x € F to begin with).
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Let ¢ be a smooth function that is = 1 in Ko U K, valued in [0, 1] and
compactly supported. Let {e; : i € [n — 1]} denote an orthonormal basis

for V0 and let
def

fi = (f,e;) € C(H).

The above shows that for x € ' we have
R (5)(1 - xg)[f)(@) = Rﬁﬂ(s)(l X&) f)(@)
—ZR [(1—xg) vfi] (@)e; (5.19)

hence
IRE ()1 =)@ = (Rm ) [(1-xg) ] (@)
=1
n—1
IARD )1 = U@ = 3 [ARD () [(1-x¢) 0] <x>12
i=1

Each function (1 - Xc ) 1 f; is smooth here and has has compact support
depending only on T" and X, .

Now using Lemma 5.3 Part 1, the fact that (1 — XE) is valued in [0, 1],
using ¢ is supported only on finitely many I'-translates of F', together with
automorphy of f, we get by integrating over F’

IRG ()1 = X )12y < cZ 1 fillF o) < ClAI 2y
ARG ) (5)(1 = xg)f1220py < cZ 1 il 22y < C' 1122y

where C, C’ depend on s, T. Now this bound clearly extends to f € Lé(H; V).
This proves the first statement of the lemma.

The statement that Léﬂ(s) is well-defined and bounded on Li(H; V9)
is just an easier version of the previous proof using Lemma 5.2 instead of
Lemma 5.3. This proves the second statement of the lemma. We note that

we also obtain

n—1
L)1 - xo)lf) = S L) [(1-xg) filei (5:20)
=1

analogously to (5.19).
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Now going back to (5.19) and using Lemma 5.3 Part 2 gives, considered
by restriction as equivalence classes of measurable functions on F,

(A = s(1—8))REA(s)(1 = xg)If]
n—1

=3"(A—s(1 - 5)RY (5) [(1 - xg) v fi] e
=1

=(1-xg) F+LELs) (1 xg) 1]

On the other hand, the fact that all functions at the two ends of the string
of equalities above satisfy the automorphy equation (2.1) almost everywhere
implies that indeed

(A —s(1—s)RY ()1 = x)If] = (1= xg) F+LEN(s) (1 —xg) [f]

as equivalence classes of measurable functions on H. This proves the final
part of the lemma. O

Lemma 5.5 allows us to define our interior parametrix

Mg" () : Liew(Xo) = Hyey (Xo)

new

to be the operator corresponding under L2, (X ) = Li(H; V9) and HZ,, (X,) &

new
H;(H, V9) to the integral operator R](HTBL(S)(l —Xc )- The equation (5.17) be-
comes for s > %

(Ax, —s(1— s))Mglt(s) =1 =xcy) + ]Li;t(s) (5.21)

where .
}Lgm(s) L2

new

(Xg) = Laew(Xp)

is the operator corresponding under L2, (Xy) = Li(H; V9 to the integral

new
operator L]gﬂTZL(s)(l — Xc ) (the dependence on T is suppressed here but re-

membered).
Therefore if we define

def

Mg (s) = Mg*(s) + Mg (s),

we have
My (s) 1 Liy (Xg) = Hpon(Xp)

new

28



and combining (4.7) and (5.21) we obtain
(Ax, —s(1—8)) My(s) = (1 = xg 4) + L§*(s) + xc s + LG (s)
=1+ Lg% (s) + L™ (s). (5.22)
The aim is to show that, with high probability, we can invert the right hand

side of (5.22) to define a bounded resolvent in s > so > % Since we have
already suitably bounded L;uSp(s) in Proposition 4.4, it remains to bound

the operator Lg’t(s); this random operator will be studied in detail in the
next section.

6 Random operators

6.1 Set up
Suppose that f € C2°(H; V,0) with || f[|2, 2(pry < 00. We have

LE) ()1 - x2)f)(x) = / LD (s )1 =3 ) )
ye

=Y [ L mnt - G @)
vyel ye

(6.1)

Using that LI(PHT%(S; x,y) localizes to d(z,y) < T+ 1, Lemma 5.4 implies that
there is a compact set K = K(T') C F and a finite set S = S(T') C I such
that for z,y € FFand vy € T’

Lif ) (572, 9)pe(v 1)1 = Xg () = 0

unless z,y € K and v € S.
The point of view we take in the rest of this section is that there is an
isomorphism of Hilbert spaces

L3(H; V) = L*(F) © V),
F) (e ehvo @ e

€

where e; is an orthonormal basis of V,? (the choice of this basis does not
matter). When conjugated by this isomorphism, (6.1) shows that

T
L ()1 —xg) =Y alP(s) @ ps(y ™)
yeS
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where
(D) (s) : LA(F) — L*(F)
)
(

o) (s)[f](x) < yEFLI%HT siva,y) (1= xg () f () dH(y).

Again, this sum is supported on a finite set S = S(T") C I depending on T
(and the fixed x; ).

Since ]LI(HIT)(S; ~vx,y) is bounded depending on 7" and smooth we have
T _
[ LD P - g o)) dEG) -
xvye

/ st 9) (1= X ()P () < o

(T)

This shows that each integral operator as ’(s) is bounded, and in fact
Hilbert-Schmidt, so compact. We also produce the following deviations es-
timate for the agyT)(s).

Lemma 6.1. For fized T > 0, there is a constant ¢; = c¢1(T') > 0 such that
for s1,82 € [3,1] and v € S(T) we have

16 (s1) — alD) (s2) | 12y < eals1 — sa-
(T) (T)<

Proof. Suppose s1, s2 € [%, 1], and 7y is fixed. The operator ay ’(s1)—ay
is a Hilbert-Schmidt operator on L?(F) with kernel

32)

L (51572, ) — LY (2572, 9)](1 = xg (1);

once again this is zero unless x,y are in compact set K(T).
We have by Lemma 5.1 Part 3 that for all z,y € K

L (51372, y) — LY (s9572, )| < e(T)]s1 — sal-

It follows that there is a constant ¢; = ¢1(T") such that, writing || e ||i.g. for
Hilbert-Schmidt norm of a Hilbert-Schmidt operator on L?(F), we have

1) (1) — alT (s2) |l 22y < NLG (s1) — Lig ) (s2)](1 = X&)l
S Cl(T)|51 — 52|.

Finally, because 7 is in the finite set S(7"), the estimate can be taken uni-
formly over all v € S(T') by taking the maximal value of ¢;. O
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6.2 The operator on the free group

We are momentarily going to apply Corollary 3.4 to the random operator

(1) def
Lo = 2 aD e @pslr )
vES

Up to an intermediate step, where we approximate the coefficients aS,T)(S)

(T)

by finite rank operators, we expect to learn that the operator norm of £ é
is close to the operator norm of

def —
LSy alD(s) ©pos(y ™)
vES
on L?(F) ® ¢2(T"), where
s : ' = End(£2(I)))

is the right regular representation of I'. So we must understand the operator

EgTO)O Under the isomorphism

I2(F) ® (T) = L(H),
f@8, = foy!

(7)

(with f oy~ ! extended by zero from a function on yF') the operator L is
conjugated to none other than

LY (5)(1 - xg) : L*(H) — L*(H)

from §85.2. Since (1—x, ) is valued in [0, 1], multiplication by it has operator
norm < 1 on L?(H). Hence we obtain the following corollary of Lemma 5.2.

Corollary 6.2. For any sg > % there is T = T(sg) > 0 such that for any
s € [so0, 1] we have

01\»—t

1L L2 (ryoe @) <

6.3 Probabilistic bounds for operator norms

The aim of this section is to prove the following result as a consequence of
Corollary 3.4.

31



Proposition 6.3. For any sg > % there is T = T(sp) > 0 such that for s
fized in [sg, 1], with probability tending to one as n — oo,

U‘\l\’)

T
£ N 2 mysve <

Proof. Let T be the one provided by Corollary 6.2 for the given sg, so that

(6.2)

U!M—t

ILEL L2 (ryoe @) <

Fix s € [so, 1]. Recall that the coefficients a(,yT)(s) are supported on a finite

set S = S(T) C I'. Because the agT)(s) are Hilbert-Schmidt, and hence
compact, we can find a finite-dimensional subspace

W c L*(F)

and operators bgT)(s) : W — W such that

1

(T) () — (D) < -
||b7 (S) ay (S)||L2(F) = QO’S(T”

for all v € S(T'). Therefore, since each py(7y) is unitary on V) we get

1
1250 = - 80() © po(r D lzmerg < 55 (6.3)
YES

We now apply Corollary 3.4 to the operator ¢ by )( ) ® pp(v71) to
obtain that with probability — 1 as n — oo,

_ 1
1> 60 () @ps (v Hlwave < 1Y B (8)@poo(y 1)|’W®€2(F)+?0- (6.4)
vES yeS

(Above, 2—10 could be replaced by any e > 0 but this is not needed here.)
On the other hand, we also have by the same argument as led to (6.3)

1
T) < —
157 = "B (8) @ poo (V) myeez(r) 50" (6.5)
veS
Then combining (6.2), (6.3), (6.4), and (6.5) gives the result. O
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7 Proof of Theorem 1.1

Given € > 0 let sg = 5 4 /€ so that so(1 — s9) = 1 — €. We assume X% were

chosen as in Proposition 4.4 for this sy so that

1
L™ (sl < ¢ (7.1)
for all s € (so,1].

Let T'= T (so) be the value provided by Proposition 6.3 for this so. To
control all values of s € [sg, 1] we use a finite net. For s1, s2 € [so, 1] we have

Ly =Ly =P —aDlept™ (1)

yES

where S C I is a finite set depending on 7. Lemma 6.1 tells us that for
c1 =c1(T) > 0 we have

la{") (1) — al") (s2) | 2y < c1]s1 — 52

for all v € S and si1,s2 € [sg,1]; hence we obtain from (7.2) and as each
ps(7~1) is unitary that

HE(T) . £(T)

o6~ Loyl < [Slerls1 — sof. (7.3)

We choose a finite set Y, depending on sg, of points in [sg, 1] such that every

point of [sg, 1] is within
1

5‘5 ’Cl
of some element of Y. Now, applying Proposition 6.3 to each point of Y we

obtain that with probability tending to one as n — oo we have

T 2
leso vy < 5

for all s € Y. Hence also using (7.3) we obtain that with probability tending
to one as n — 0o we have
T 3
Hﬁg,qs)Hm(F)@vg < 5
for all s € [so, 1].
Recall that we defined

def

My (s) 2 M (s) + DI (s).
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By Lemma 5.5 and the discussion after (4.6), for s >  My(s) is a bounded
operator from L2, (Xy) to HZ.,(X,). We also proved in (5.22)

new new

(Ax, — s(1—s)) My(s) =1+ L§(s) + Ly (s)

on L2

sew(Xg). The operator Lid?t(s) is unitarily conjugate to Eg)) as in
.1 and hence a.a.s. has operator norm at most 2. Hence also using the
6.1 and h h t t most 2. H Iso using th

deterministic bound (7.1) we obtain that

(SR

ILEH(5) + L™ (g <

and hence a.a.s. .
(14 L () + L5™P(s) )

exists as a bounded operator from L2, (X,) to itself. We now get

(A, = (1= ) Mg(o) (1+LE () +L5™(5) =1

which shows there is a bounded right inverse to (A X, —s(1— s)); this shows
that (AX(25 — 5(1—s)) maps HZ.,(Xy) onto L2, (X4) and since it is self-

new new

adjoint for s € [3,1], cannot have any kernel in L2, (X4). This shows a.a.s.

that Ax, has no new eigenvalues A with A < so(1 — s9) = i — €. This
concludes the proof of Theorem 1.1.

8 Proof of Corollary 1.3

Take X to be a once-punctured torus or thrice-punctured sphere and apply
Corollary 1.2 to obtain a sequence of connected orientable finite area non-
compact hyperbolic surfaces X; with x(X;) = —i and

1
inf (spec(Ax,) N (0,00)) — T
Suppose X; has genus g; and n; cusps. We have
—i = x(Xi) =2 —2g; — n;

which shows
i = x(X;) = n; mod 2.

In particular, for even i, we have an even number of cusps in X;. We use the
following result of Buser, Burger, and Dodziuk [ ]. See Brooks and
Makover | , Lemma 1.1] for the extraction of this lemma from | ].
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Lemma 8.1 (Handle Lemma). Let X be a finite area hyperbolic surface
with an even number of cusps {C;}. It is possible to deform the surface
X in a certain way to a finite area hyperbolic surface with boundary, where
each cusp becomes a bounding geodesic of length t, and then glue the geodesic
corresponding to Co;—1 to the one corresponding to Co; to form a family of
closed hyperbolic surfaces X such that

lim sup A (X ®) > inf (spec(Ax) N (0,00)).
t—0
In particular, since each Xy has an even number of cusps, we can con-
struct a closed hyperbolic surface Xy of Euler characteristic —2k and

M (Xa) > inf (spec(Ax,, ) M (0,50)) — %

On the other hand, the upper bound of Huber | ] now implies A (Xop,) —

1 .
7 as required. [J
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