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population ecology and systems biology. Species numbers are modelled using a continuous-
time stochastic process, and, depending on the application area of interest, this will
typically take the form of a Markov jump process or an Itd diffusion process. Widespread
use of these models is typically precluded by their computational complexity. In particular,

'S(fﬁ,ﬁfc Kkinetic model performing exact fully Bayesian inference in either modelling framework is challenging
Markov jump process due to the intractability of the observed data likelihood, necessitating the use of
Linear noise approximation computationally intensive techniques such as particle Markov chain Monte Carlo (particle
Bayesian inference MCMC). It is proposed to increase the computational and statistical efficiency of this
Delayed acceptance approach by leveraging the tractability of an inexpensive surrogate derived directly from

Metropolis adjusted Langevin algorithm either the jump or diffusion process. The surrogate is used in three ways: in the design

of a gradient-based parameter proposal, to construct an appropriate bridge and in the
first stage of a delayed-acceptance step. The resulting approach, which exactly targets the
posterior of interest, offers substantial gains in efficiency over a standard particle MCMC

implementation.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

A stochastic kinetic model (SKM) typically refers to a reaction network, an associated rate law and a probabilistic descrip-
tion of the reaction dynamics (see e.g. Wilkinson, 2018). A Markov jump process (MJP) provides the most natural description
of the time-course behaviour of the species involved in the reaction network. In scenarios where species numbers can be
reasonably regarded as continuous, it is commonplace to approximate the MJP to give an Itd stochastic differential equa-
tion known as the chemical Langevin equation (CLE). The modelling framework arising from either the MJP or CLE is fairly
flexible and consequently, has been used ubiquitously in areas such as epidemiology (O’Neill and Roberts, 1999; Lin and
Ludkovski, 2013; McKinley et al., 2014), population ecology (Boys et al., 2008; Sun et al., 2015) and systems biology (Owen
et al.,, 2015a; Georgoulas et al., 2017; Golightly et al., 2019).

In order for the modelling framework to be of practical use, plausible parameter values must be obtained given data at
discrete times, that may be incomplete (in the sense of information on a subset of species in the reaction network) and
subject to error. This setting, when combined with either the MJP or CLE modelling framework precludes straightforward
likelihood-based inference owing to the intractability of the observed data likelihood. Various sampling based solutions to
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this problem have been proposed including the use of data augmentation (e.g. Boys et al., 2008) and approximate Bayesian
computation (ABC, e.g. Owen et al,, 2015b; Wu et al,, 2014). Since it is straightforward in principle to unbiasedly estimate
the observed data likelihood with a particle filter, particle Markov chain Monte Carlo (particle MCMC, Andrieu et al., 2009)
provides another sampling-based solution to the intractable likelihood problem, and has been widely adopted (e.g. McKinley
et al., 2014; Golightly and Wilkinson, 2015; Koblents and Miguez, 2015). Several modifications to the simplest particle
MCMC scheme have been found to increase computational efficiency e.g. use of guided proposals inside the bootstrap
particle filter (Golightly and Sherlock, 2019; Golightly et al., 2019), correlated particles (Dahlin et al., 2015; Deligiannidis
et al,, 2018) and use of a computationally cheap surrogate to prune out parameter proposals that are likely to be rejected
giving a delayed acceptance scheme (Golightly et al., 2015; Quiroz et al., 2018; Banterle et al., 2019).

Herein, it is recognised that the above acceleration techniques typically leverage the tractability of a common surrogate
model, and a novel combination and extension of these ideas are proposed to give a unified inferential framework. Specif-
ically, the surrogate is constructed as a linear noise approximation (see e.g. van Kampen, 2001; Komorowski et al., 2009;
Fearnhead et al., 2014) which can be directly derived from either the MJP or CLE to give a linear Gaussian approximation of
the transition probability governing the SKM. The surrogate is used in three ways: firstly, in the design of a Metropolis ad-
justed Langevin algorithm (MALA, see e.g. Roberts and Tweedie, 1996); secondly, to construct an appropriate bridge for use
in the bootstrap particle filter; thirdly, in the first stage of a delayed-acceptance step, which is proven to be compatible with
the use of correlated particles. The LNA requires the (numerical) solution of an ordinary differential equation (ODE) system
whose number of components grows quadratically with the number of species. An efficient implementation that avoids
unnecessary repeat runs of the ODE system is therefore considered. Crucially, the proposed framework exactly targets the
posterior under either the CLE or MJP rather than under the surrogate model. The performance of the resulting framework
is compared with existing approaches in three examples involving either the MJP or CLE as the inferential model.

The remainder of this paper is organised as follows. The modelling framework (including the MJP, CLE and LNA) is
described in Section 2. Section 3 gives the inference task, whilst Section 4 provides details of the proposed acceleration
techniques. Applications are considered in Section 5 and conclusions drawn in Section 6.

2. Stochastic kinetic models

Consider a chemical reaction network (CRN) with s species (also known as reactants) and r reactions, defined by the
tuple ' = (A, B, X, ¢) with components as follows. We have that X = (X7, X5, ..., X;)" is an s-vector of species, and A
and B are r x s matrices whose respective elements {a;;} and {b;j} are non negative integers known as stoichiometric
coefficients. Additionally, c = (c1, ..., c) is an r-vector of rate constants associated with an ordered reaction list given by

AX — BX.

It should then be clear that a;; denotes the number of molecules of X consumed by reaction R; and b;; denotes the
number of molecules of X; produced by reaction R;; the elements of AX are typically termed complexes. The effect of all
reactions on all species can be encoded succinctly in the s x r stoichiometry matrix S = (B — A) so that, for example, the
ith column of S, denoted S ;, gives the change in the number of each species upon the occurrence of reaction i.

Let X;; denote the (discrete) number of species X at time ¢, and let X; be the s-vector X; = (X1, X2t ..., Xs,t)'. We
model the process {X;,t > 0} via a Markov jump process (MJP), so that the state of the system at time t is

Xe=X0+)_SiRit, (1)
i

where xg is the initial system state and each R;;, i =1,...,r, is a counting process with intensity h;(x;), known in this
setting as the reaction hazard, which depends explicitly on the current state of the system x;. Following Kurtz (1972) (see
also Wilkinson (2018))

t

Rir=Y; /hi(xt’)dt/ , (2)
0
where the Yj, i=1,...,r are independent, unit rate Poisson processes. In what follows, the standard assumption of mass-

action kinetics is assumed, so that

N
Xjt
hi(xt):Cil_[< ! )
- o\ ajj
Jj=1
with explicit dependence on the rate constant ¢; > 0 omitted for notational convenience.
Given a value of the initial system state xy and rate constants c, exact realisations of the MJP can be generated via
Gillespie’s direct method (Gillespie, 1977). In brief, if the current state of the system is x;, the time to the next reaction is T ~
Exp(Zlf=1 hi) and will be reaction i with probability proportional to h;, where h; := h;(x;). Although the forward simulation

2



TE. Lowe, A. Golightly and C. Sherlock Computational Statistics and Data Analysis 185 (2023) 107760

is straightforward, the reverse problem is not. That is, the problem of inferring the rate constants ¢ given observations on
X; at discrete times. The main barrier to inference in this setting arises from the intractability of the transition probability
p(X¢|X0), which can be shown (van Kampen, 2001) to satisfy the chemical master equation (CME):

d r

g P(elo) = ;‘ [hi(Xe — S )P (e — S.il%0) — hi(X)p (xe|%0)]
Unfortunately, the CME can rarely be solved in practice, with the exactly solvable cases described in McQuarrie (1967).
Consequently, given data D = (X, ..., X, ), analytic evaluation of the observed data likelihood p(D|c) is typically not possible.
On the other hand, the complete data likelihood (see e.g. Wilkinson, 2018), given by p(x|c) where x = {x;, tg <t <t,}, can be
evaluated as

th

p(x|c) = p(xey) {]_[hui (Xs”)}eXP —fzhi (x) dt
i=1 5 i=1

Here, n, denotes the total number of reaction events; reaction times (assumed to be in increasing order) and types are
denoted by (sj,vi), i=1,...,n, v; €{1,...,r} and we take sg = tg. Note that the exponent requires integration of the
combined hazard function, which can be calculated analytically by recognising that the combined hazard function is piece-
wise constant in x;. Although a complete data scenario is likely to be practically infeasible, the tractability of the complete
data likelihood motivates simulation based approaches to inference based on data augmentation, whereby a sampler is
constructed to target the joint posterior of ¢ and the latent jump process between observation instants, or uncertainty for
the latent process, is integrated over via Monte Carlo. These techniques can be computationally prohibitive. Therefore, an
approximation to the MJP is also considered, for which the computational cost can be controlled via time discretisation.

2.1. Discretised chemical Langevin equation

Consider an infinitesimal time interval, (t,t + dt], over which the reaction hazards will remain constant almost surely.
Consequently, via (2), the counting process over this interval for the ith reaction, denoted by dR;;, is Poisson distributed
with rate h;dt. Stacking these quantities in dR; and noting that from (1) dX; = SdRy, it should be clear that

E(dX;) = S h(x;)dt, Var(dX;) = S diag{h(x;)}S'dt,

where h(x;) = (h1(x¢), ..., h:(x;)). Hence, an It6 Stochastic differential equation (SDE) can be constructed, with an infinites-
imal mean and variance that match those of the MJP. This is given by

dX; = Sh(x))dt + /S diag{h(x)}S’ dW, (3)

where W, is as s-vector of standard Brownian motion and ./Sdiag{h(x;)}S’ is an s x s matrix B such that BB’ =
Sdiag{h(x;)}S’. Equation (3) is typically referred to as the chemical Langevin equation (CLE). The CLE can rarely be solved
analytically, and it is common to work with a discretisation such as the Euler-Maruyama discretisation which gives

Xt+At =Xt + Sh(Xt)At ++/S diag{h(xt)}S’At Z,

where Z is a standard multivariate Gaussian random variable. However, the transition density pe (X ,|X,c) under the
Euler-Maruyama scheme is likely to be inaccurate unless At =t;1q —¢t; is ‘small’. Hence, it is commonplace to introduce
intermediate time points between observation instants allowing the discretisation to operate over a time step chosen by the
practitioner. To this end, consider an equally spaced partition of [t;, t;+1] as

ti=Tio<Ti1<...<Tim-1<Tm=Llit+1,

with 7; j41 — 7;,j = At =1/m for j=0,...,m — 1. The value of m is chosen to balance accuracy and computational ef-
ficiency, with a common practice being to perform short pilot runs with increasing values of m, until a threshold value
is found whereby posterior output for any larger values of m is approximately equal (see e.g. Stramer and Bognar, 2011;
Golightly et al., 2019). The transition density under this augmented Euler approach is

P (X, 1%y, ©) = / Pe Xty t5,111Xe0 OdX e 11,1

where X, t;,1) = (Xg; 1 - - - Xz ,,_;) COnsists of grid points strictly between ¢; and i1, and X, ;4] = (X7, - - -, Xr;,) includes
Xt itself. Finally, pe(X(,t,,11Xt,€) is a product of one step Euler transition densities over the intermediate time points.
Then, given data D = (X, ..., X¢,), the observed data likelihood is
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n—1
pe™ (Dlo) = p(g) [ | P& (ke [ ©).
i=0

which is typically intractable, owing to the intractability of the constituent terms. On the other hand, as with the MJP,
the complete data likelihood pe(x|c), where X = (X[rg,¢,)- X[t1.t2)5 - - - » X[ta_1.ta])» CaN De easily evaluated. Nevertheless, infer-
ence schemes based on p.(x|c) can be computationally prohibitive depending on the choice of m. This motivates a further
approximation to the CLE (and therefore MJP) for which the observed data likelihood is tractable.

2.2. Atractable surrogate

The CLE can be appropriately linearised to give a tractable Gaussian process approximation known as the linear noise
approximation (LNA, see e.g. Kurtz, 1972; Komorowski et al., 2009; Stathopoulos and Girolami, 2013; Fearnhead et al., 2014).
Let {n:,t > to} be the deterministic process satisfying the ODE
dne

—L — Sh(ny), =10, 4
it M) Nto = Mo (4)

and consider a residual stochastic process {R; = X; — n¢, t > to} satisfying

dRy = {Sh(xt) — Sh(ny)}dt + /S diag{h(x;)}S’ dW. (5)

This SDE can be approximated to give a tractable solution R¢ and in turn X, = ne + R:. This is obtained by Taylor expanding
Sh(x¢) and S diag{h(x;)}S’ about 7. Retaining the first two terms in the expansion of the former and the first term in the
expansion of the latter gives

dR; = F¢R; dt + /S diag{h(1;)}S’ dW¢, (6)

where F; is the Jacobian matrix with (i,j)th element given by the partial derivative of the ith component of Sh(n;) with
respect to the jth component of ;.

Given an initial condition ﬁto ~ N(fo, \70), we obtain k[ as a Gaussian random variable. In particular, for the fixed value
7o = Xty — Nry, it can be shown that the approximating distribution of X; is

Xt Xtg = Xto ~ N(n¢ + Gefo, Ge e Gy),

where 7 satisfies (4), the fundamental matrix G; satisfies

dG

d_tt =FiGt, Gey=1s, (7)
and v satisfies

d _ . “1\

% =G; 1Sdlag{h(m)}s’ (Gt 1) s Yty =0s. 8)

Note that I; denotes the s x s identity matrix and Os the s x s zero matrix.
An equivalent representation of the LNA can be achieved by writing

(Rt|Rey =Fo) ~ N(me, Vo), (9)
where

dm[ A

— = Fim¢, mg, =Ty, 10

dt thite to 0 ( )
and the ODE for V; = GG} can be found using the product rule to give

dv; , . ,

Pk ViFp + Sdiaglh(ne)}S" + FeVe,  Viy = V. (11)

The approximating distribution of X; for this alternative representation is

(X¢| Xty = Xtg) ~ N(e +my, V).

Note that for the initial conditions 1, = x;, and m¢, = Os, the ODE satisfied by m; need not be solved since m; = 05 for
all t > to. A theoretical treatment of the LNA, and in particular, the conditions under which the LNA can be regarded as an
adequate approximation to the CLE can be found in Wallace et al. (2012). The accuracy of the LNA is further discussed in
an inferential setting in Section 4.
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2.3. Example: epidemic model

A susceptible-Infected—-Removed (SIR, e.g. Keeling and Rohani, 2007) compartment model has two species (susceptibles
X1 and infectives A5 ) and two reaction channels (infection of a susceptible and removal of an infective):

C1

Rq: X1+X — 24
Ry : Xo e 0.

Let X; = (X1.t, X2,¢)" denote the system state at time t. The stoichiometry matrix associated with the reaction system is
given by

-1 0
s =
1 -1
and the associated hazard function obtained under the assumption of mass-action kinetics is

!
h(x¢, ©) = (c1x1,eX2,¢, CoXo t)'.

The CLE for this model is given by

1
Xt _ —C1X1,tX2,t C1X1,6X2.t —C1X1,tX2,t 2 (Wi
d = dt + d
Xo¢ C1X1,tX2,t — C2X2 ¢t —C1X1,tX2,t  C1X1,tX2,t + CaXo ¢ Wot
where W1 and Wy, are independent standard Brownian motion processes. The LNA for this model is specified by the
coupled ODE system given by (4), (7) and (11), which requires the Jacobian matrix given by

F, = —CiM2,t  —CiMit
Cinze  CiMie—C2 )"
Given initial conditions xo and values of the rate constants c, simulation (at discrete times) of with the MJP, CLE or LNA
representation of the above reaction system is straightforward. The focus here is the inverse problem, that is, given (assumed

noisy) observations on (a subset of components of) X, plausible values of the rate constants c are found. In what follows,
the learning objective is described and the proposed approach is outlined.

3. Bayesian inference

Suppose that the stochastic kinetic model (MJP or discretised CLE) is not observed directly, but observations (on a regular
grid) yi,i=0,1,...n are available and assumed conditionally independent (given the latent process), with conditional
probability distribution obtained via the observation equation,

Yo, =P'Xe, + 6, &, ~N(0,%), i=01,....,n (12)

Here, Y; is a length-p vector, P is a constant matrix of dimension s x p and &; is a length-p Gaussian random vector. The
density linking the observed and latent process is denoted by p(yy,|xt;). For simplicity it is assumed that X is known.

Let D = (yt,,--., Yt,) and suppose that 7 (c) is the prior density ascribed to c. Throughout this article, it is assumed
that interest lies primarily in inference for the rate constants c. Therefore, the marginal parameter posterior density is
constructed as

7 (c|D) o7 (c) / p(xlco)p(D|x)dx
x 7T (c)p(Dlc), (13)

where p(Dlx) = H?:oP(J’tJXn) and p(x|c) is the complete data likelihood under either the MJP or the discretised CLE
(and no distinction between the two is subsequently made). As noted earlier, the intractability of the observed data likeli-
hood p(D|c) complicates the inference task. In what follows a particle MCMC approach for generating draws from (13) is
described, and the resulting algorithm is used as a starting point for further acceleration techniques.

3.1. Particle MCMC

Given a non-negative estimator of p(D]c) that is unbiased up to a multiplicative constant (independent of the rate
constants), the particle marginal Metropolis-Hastings (PMMH) scheme of Andrieu et al. (2009) targets a joint density for
which the desired posterior 7 (c|D) is a marginal.

Denote the estimator of the observed data likelihood by py (D|c), where U ~ g(u) is the set of random variables used
to generate the estimator. The PMMH scheme targets the joint density

5
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7 (¢, u|D) x 7w (c)pu(Dlc)g(w), (14)

for which it is easily shown that 7 (c|D) is obtained by integrating over the auxiliary variables u:

/fr(c,uﬂ))du=/n(c)f3u(D|c)g(u)du

= Eylm (©)pu(D|c)]
o 7 () p(Dlc).

It remains to generate realisations of an unbiased estimator py (D|c). The observed data likelihood can be factorised as

n
P(DIO) = p(Yeol©) [ [ PWtisr 12011 ©), (15)
i=0

where yi.; = (Vo - - - ¥;)- This immediately suggests a sequential approach for constructing py (D]c). The bootstrap par-
ticle filter (see e.g. Gordon et al., 1993) consists of a sequence of weighted resampling steps, whereby N state particles are
propagated forward, appropriately weighted using the complete data likelihood and observation density, and resampled with
replacement (e.g. systematically as in Deligiannidis et al., 2018) to prune out particle paths with low weight. The reader is
referred to Pitt et al. (2012); see also Del Moral (2004) for a detailed explanation of the bootstrap particle filter as well as
a proof of the requisite unbiasedness property; namely that the product (over time) of the average unnormalised particle
weights gives an unbiased estimator of p(D|c).

Step i of the particle filter is given in Algorithm 1. Note that the terms of the complete data likelihood p(xgl:i)’tl_+l]|xg<), c)
will differ depending on whether the CLE or the MJP is used as the inferential model. A key ingredient of the algorithm is
an appropriate construct q(-|xs;, ¥¢;,,,¢) for generating particle paths between observation instants t; and t;;1. Discussion
of this construct is deferred to Section 4.2.2.

Algorithm 1 Step i of the Particle Filter.

Input: Rate parameters ¢, next observation y, ,, N particles [xf:‘)],’(vzl.

1. Propagate forward to time step t;;; using

(k) (k)
Xtitin1 ™ q('lxtl Vi1 0

for k=1, ..., N, using an appropriate proposal mechanism q(-|-) (see Section 4.2.3 for details).
2. Compute the weights. For k=1,...,N

(k) (k) (k) =~ (k)
~ (k) _ p(y[fﬂ |xf;+1 ’ C)p(x(fi~f;+1] ‘Xfx :€) ky _ Wff+1
tiy1 — (k) (k) ’ lis1 7 N ()
Q(X(fivtx+1 1 ‘Xti s Yeia5 ©) Z]=1 Wiin

3. Resample N particles using a systematic resampling step with weights {wgi)1 }L":].

Output: N particles {xgi) . },’Ll to be used in step ti;1, an estimate for the current marginal likelihood term py (Vi |Veo:t;. ©) = % ZLV:] Wg‘zl

The PMMH scheme uses a proposal kernel q(c*|c)g(u*), which, for the target in (14) leads to an acceptance probability
of the form

o (¢ =min f1, TR L A,
7 (¢)pu(Dlc) q(c*|c)

Thus, each iteration of PMMH requires running a bootstrap particle filter with N particles to obtain py«(D|c*). This can
be computationally costly, since the number of particles should be scaled in proportion to the number of data points to
maintain a desired variance of the logarithm of the likelihood estimator (Bérard et al., 2014).

4. Acceleration techniques

In this section, a unified inference framework that simultaneously aims to avoid unnecessary calculations of p,«(D|c¥),
reduce the variance of the likelihood estimator for a given N and use a parameter proposal mechanism informed by an
approximation of the marginal posterior density, is described. To facilitate these techniques, the tractability of a surrogate
model is leveraged; this is the linear noise approximation (LNA) described in Section 2.2. In what follows, therefore, the
necessary surrogate preliminaries are described as well as their use for accelerating the particle MCMC scheme given in the
previous section. An overview of the resulting algorithm, with reference to the techniques discussed in this section, can be
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found in Appendix C. Finally, it is worth emphasising that the role of the surrogate is to improve statistical and/or com-
putational efficiency relative to the most basic particle MCMC scheme; the resulting algorithm exactly targets the posterior
under the MJP or CLE.

4.1. Surrogate posterior and gradient information
Denote the posterior under the LNA by

TN (C|D) x 7T (¢) pLna(DIc)

where the observed data (surrogate) likelihood pina(D]c) can be factorised as

n
PLNA(DIC) = PLNA (V1o IC) 1_[ PINA(Vtip 1 [ Yeoitis ©)- (16)
i=0
Constituent terms in (16) are tractable, and can be computed recursively using a forward filter; step i of this approach can
be found in Algorithm 2. In brief, Bayes Theorem is applied sequentially by combining the Gaussian prior distribution of
Xt;111Yeye; with the linear Gaussian observation equation (12) to obtain a Gaussian posterior distribution of X |ye;:t;,,
which is used to construct the prior at the next observation time. To alleviate potential inconsistencies between the LNA
and CLE mean, which can be increasingly problematic over long inter-observation intervals, the algorithm of Fearnhead et
al. (2014) (see also Minas and Rand, 2017, for an alternative approach) is used; this approach re-initialises the LNA mean
and variance at the mean and variance of the filtering distribution at the start of each inter-observation window.
It is also necessary to compute the log gradient V logmina(c|D) (see Section 4.2.1). This requires V log pina(D|c) which
we obtain by differentiating the logarithm of the terms in (16). Explicitly, from the observation model (12),

V10g pina (Ve [Vegir; ©) = VIOgN (Y1 : P’y PV P+ 5).

For ease of notation, set wu(c,t) = P'n¢+q and W(c,t) = P’'Vi11P + %, where 141 and V11 are both implicitly dependent
on the rate parameters c. Then,

dlog N(y; /La(cc B, ¥, 0) _ %Tr {(WT — e )

8\1Ja(c, t)}_H/TapL(c, t) (17)

i aci

where y =W 1(c, t){y — u(c, t)}. Evaluating (17) requires the partial derivatives duu(c, t)/dc; and dW(c, t)/dc; which can be
viewed as the first order sensitivities of the ODE system governing w(c,t) and W(c,t). Although these are not in general
available analytically, expressions for du(c, t)/dt and dW¥(c, t)/dt can be used to find expressions for the time derivatives of
the first order sensitivities by augmenting the system of ODEs giving the LNA solution. Let & be the ng-vector of all elements
of u(c,t) and all lower triangular elements of W(c, t), and note that ng = s+ s(s + 1)/2. The first order sensitivity of the jth
element of & with respect to the ith rate constant c; is given by

s _ %
J aCj

Due to the symmetry of second derivatives, the time derivatives of these sensitivities can be written as

, j=1,....ns, i=1,...,r.

ng
doir _Ngn d d5j 0 dj

Ve —_— s :1’_,,,’1, izl,...,r. 18
dr™J p ! & dt ac; dt * e

For further insight into first-order sensitivity equations, see Calderhead and Girolami (2011). Given an initial condition of
S;” =0 at time tp, these time derivatives can then be integrated forward numerically along with the rest of the component
ODEs giving the LNA solution. Conveniently, calculation of Vlog pina(Vt;,,|Y¢o:t;» €) can be performed as part of the forward
filter; see Algorithm 2.

Finally, note that the augmentation of the LNA ODE system does come with an additional computational cost. With the
addition of the sensitivity ODEs, the augmented ODE system has (r + 1) (s 4+ s(s + 1)/2) ODEs in total to be solved, which
can be computationally prohibitive for reaction systems with many species and/or reactions. This computational cost can be
alleviated by making a further approximation and basing the gradient information solely on the deterministic part of the
LNA. This is equivalent to ignoring the dependence of W(c, t) on c. The partial derivative in (17) becomes

dlog N(y; p(c,t), W(c, b)) T ap(c, o
aCj ac;i
thereby reducing the number of ODE components to (r + 1)s +s(s +1)/2.

(19)
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Algorithm 2 Step i of the LNA Forward Filter.

Input: a;;, and By, the initial conditions of (4) and (11); piNa(Yto:;1¢) and V1og pina(Yeq:t;1€), the current marginal likelihood and log gradient thereof;
Yt the next observation.

1. Prior at t;;q. Initialise the LNA with n, =ar,, m; =0 and V¢, = By,. Integrate (4), (11) and (18) forward to tjyq to obtain n,,,, Vi, du(c,t)/dc and
aW(c,t)/ac. Thus

(Xeiq 1Y) ~ Nty s Vi)-

2. One step forecast. Using the observation equation, we have that

Yoy 1Y) ~ NP’ ey, PPV P+ 2.

Hence compute

PINA(Vto:tiyq 1€) = PINA(Vito:t; 1€) PINA (Vi | Vegit; s ©

and

V10g piNa (Vtgiti 41 1€) = V108 PINA (Veo:t; [€) + V108 PINA (Ve [ Vegit; > ©)-

3. Posterior at tj;1. Combining the distributions of X, and Y, (given yg.;) and then conditioning on yr , gives (Xt |Vegtiy) ~ N(@r . Beiyy)
where

at1+] = ntl+1 + foH P(P/Vt|+1 p + 2)7‘1 (ytxﬂ - P/ntxﬂ)

Bfm = Vti+1 - fo+1 P(P/me P+ E)_l P/me .

Output: piNa(Vegitis, [€), V108 PINa (Vegit;ys 1€, Gryy and By, .

4.2. Delayed-acceptance

Consider now the particle MCMC scheme of Section 3.1 targeting the 77 (c, u|D) in (14) for which m (c|D) is a marginal.
Ideally, iterations that run the particle filter to compute p,«(D|c*) when c* is likely to be rejected should be avoided.
This motivates the use of a screening step, whereby the particle filter is only run for proposals accepted under the surrogate
posterior. This is known as delayed-acceptance (DA); a brief exposition is provided here and the reader is referred to relevant
work (Christen and Fox, 2005; Golightly et al., 2015; Banterle et al., 2019) for further details.

For a given iteration with current state (c, u), Stage One of the DA scheme proposes c* ~ q(-|c), computes pina(D]|c*)
and the screening acceptance probability

7 (c*)piNa(Dc*) 9 q(CIC*)}
7 (c)pNa(DIc) q(c*lo) |

o1 (¢*|c) = min {1, (20)

If this screening step is successful, Stage Two of the DA scheme is to propose u* ~ g(-), construct the estimate p,(D|c*)
and the Stage Two acceptance probability

pu+(D|c* D
o (€ )], w) =min{1, Pu I PLn(DIO } . 1)
pu(Dlc)  pina(DIc*)
Thus the overall acceptance probability for the scheme is
a{(c* uM)(c,w)} =ar (c*|c) aan {(c* uM)l(c, )}, (22)

and standard arguments show that the resulting DA scheme defines a Markov chain that is reversible with respect to the
target in (14). Extensions of the two-stage approach that are robust to potentially poor choices of the surrogate can be
found in Banterle et al. (2019).

Three modifications of the standard DA scheme (henceforth DA-PMMH) are now considered, with the aim of improving
overall efficiency. These are achieved through a combination of a gradient-based Stage One proposal and by reducing the
variance of the Stage Two acceptance probability for a given number of particles N, for which two methods are suggested,
that may be implemented separately or together.

4.2.1. Stage One proposal
A common choice of proposal mechanism in MCMC schemes is the random walk Metropolis (RWM) proposal, in which

*=c+ArZ, Z ~N(0, X71)
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for some tuning matrix Xt. For example it is common to take Zr :\7a\r(c|D) estimated from a pilot run, with A tuned to
meet a desired acceptance rate. Further comments on tuning are given in Section 4.4.

It is desirable to find a proposal that uses local information about the posterior to sample from areas of higher posterior
density. The Metropolis adjusted Langevin algorithm (MALA) (Roberts and Stramer, 2002) incorporates the gradient of the
log posterior density Vlog (c|D) in the proposal mechanism. As with RWM, a preconditioning matrix (see e.g. Marnissi et
al.,, 2020) is included to give a proposal of the form

)\2
¢*=c+ S IrVlog(n(c|D) +4Z. Z~N(O, 3r).

Unfortunately Vlogm(c|D) is typically intractable. Estimates of this gradient can be computed via modification of the
particle filter (Poyiadjis et al., 2011; Nemeth et al., 2016). However, and as discussed in Nemeth et al. (2016), the asymptotic
properties of the resulting algorithm depend crucially on the accuracy of the estimate of Vlogsm (c|D) as the number of
parameters increases. This approach is therefore eschewed in favour of replacing the idealised gradient with the analytically
tractable gradient of the log posterior under the surrogate model V logmna(c|D), calculated using either (17) (henceforth
full MALA) or (19) (henceforth simplified MALA or sMALA). This is obtained through recursive application of Algorithm 2.

4.2.2. Stage Two variance reduction via correlated particles

In this section, the recently proposed correlated PMMH (CPMMH) method (Dahlin et al., 2015; Deligiannidis et al., 2018)
is adapted to the delayed acceptance setting (DA-CPMMH). The idea is to induce strong and positive correlation between
successive values of the likelihood estimates, as used in the Stage Two acceptance probability. Use of correlation within
PMMH schemes in a delayed acceptance framework has been studied before by Quiroz et al. (2018), who utilised the block
pseudo-marginal approach of Tran et al. (2016) to induce correlation between the likelihood estimates. By contrast, we
correlate the auxiliary random variables u used to construct the estimator p,(D|c), by replacing the proposal u* ~ g(u*)
with u* ~ K (u*|u) where the kernel K(:|-) satisfies the detailed balance equation

gWK @™ lu) =g Kulu®). (23)

Without loss of generality, take g(u) =N (u; 0, I;) where d denotes the number of components of u, and K(u*|u) to be the
density associated with a Crank-Nicolson proposal. That is

K(u*|u) =N@u*; pu, (l - pz) 1), (24)

where p is a tuning parameter between 0 and 1 that determines the correlation between u* and u. Setting p = 0 gives the
standard DA-PMMH scheme, as in this case K(u*|u) = g(u*). However, in practice p is generally taken to be close to 1, so as
to induce strong positive correlation between successive estimates from the particle filter. It is expected that the resulting
reduction in the variance of the Stage Two acceptance probability results in far fewer particles required for DA-CPMMH
than for DA-PMMH, significantly reducing the relative computational cost. The use of correlation here is likely to be of most
benefit in low dimensional models, since it is likely that N can be scaled at rate n!/? for univariate models and n%/3 for
bivariate models (Deligiannidis et al., 2018), as opposed to at rate n for the standard PMMH scheme (Bérard et al., 2014).

Appendix A shows that a delayed acceptance scheme with proposal kernel gq(c*|c)K(u*|u) and acceptance probability
given by (22) satisfies detailed balance with respect to the target density (14).

4.2.3. Stage Two variance reduction via bridge constructs

Algorithm 1 requires the use of a proposal mechanism that can generate paths between observations for the particles,
conditional on the current state of the particle, the next observation and the rate constants. These paths are often referred
to as bridges, and the mechanisms for generating them are known as bridge constructs. Gordon et al. (1993) originally
proposed generating particles via forward simulation from the model from one time point to the next, without taking into
consideration the observation at the end time point. This method is termed the myopic approach. However, as explored
in Del Moral et al. (2015) and Golightly et al. (2015) (see also Golightly et al. (2019)), when the observation variance is
small relative to the intrinsic stochasticity exhibited by the latent process, this implementation can lead to a highly variable
estimator of the marginal likelihood. In this case, as the precision of an observation increases, its compatibility with most of
the paths reduces, leading to low weights, and the efficiency of bootstrap particle filter-driven (C)PMMH scheme decreases
substantially. By conditioning on the next observation, bridge constructs play an important role in reducing the variance of
Pu(D|c) relative to this myopic approach.

Without loss of generality, consider a time interval (0,T] for which we require a bridge construct with density
q(x,11lX0, y7, ). Consider first the MJP as the inferential model and suppose that we have simulated as far as time ¢t.
A suitable bridge construct can be found by noting the conditioned hazard (CH) associated with reaction R; is

pyTIXe =%)

hi(x = h;(x ,
iXelyT) i( t)p(yTIXt:xt)
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where X' = x; + S ;. The transition density p(yr|x;) will typically be intractable and we follow Golightly and Sherlock (2019)
by replacing it with the transition density under the surrogate model

pina(YT1Xe = %) = N3 P'[n710 + G116 (X — N110)]1, P'V1)e P + ).

Here, the notation 7y, Gy|r and Vi is used to denote the solution of the ODE system in (4), (7) and (11) at time t’,
integrated over (t,t'] with initial conditions z; = x¢, G; = Is and V; = 0. A single integration of the ODE system over [0, T]
gives ntjo, Gejo and Vi for t € [0, T]. Then, obtain G and V1 via the identities

Gre= GT\OGJ&, Vrie = V10 — G1ieVe(oG Ty (25)

which are derived in Golightly and Sherlock (2019). Use of (25) avoids reintegration of the ODE system at each jump event.
By ignoring the explicit dependence of h;(x;|yr) on t, sampling the resulting bridge proposal q(x(,r]lX0, ¥7,¢) can be
achieved by executing Gillespie’s direct method with h;(x;) replaced by h;(x¢|yr). Evaluating q(x(o,1}|X0, yT,¢) is straight-
forward via the complete data likelihood of x(o, 17, again with h;(x;) replaced by the conditioned hazard function.

Consider now the discretised CLE as the inferential model. In this case, x( 1] denotes the process over equally spaced
intermediate times t1,..., T, = T with time step AT, given an initial value xo = x,. Herein, the residual bridge construct
of Whitaker et al. (2017b) is adopted. In brief, we partition X; as X; = ¢ + Rt where

dge = f(gdt, o = Xo,
dRy = {Sh(X;) — f(gr)}ydt + /S diag{h(X;)}S'dW¢, Ro=0,

for some function f(-). Although the conditional distribution Ry, |r, yT will necessarily be intractable (even under dis-
cretisation), a tractable linear Gaussian approximation can be constructed (Whitaker et al., 2017b). Full details are given
in Appendix B. Finally, two choices of the function f(-) are considered. The first is f(-) = Sh(-) with ¢ = n; giving the
simple residual bridge (RB). The second choice has ¢ = ¢ + p¢, where pp = E[ﬁt|r0, yr] is a surrogate approximation of the
conditional expected residual at time t. Using the LNA, g; is computed as

Pt = Grjoro + Vt|o(G§|o)_1GT\OP(P/VT\OP + ) Yyr — P'nrjo — P'Grioro).

The derivation of this expectation is given in Appendix B. The resulting bridge construct is referred to as the residual bridge
with extra subtraction (RB™).

4.3. Computational considerations

Use of the surrogate LNA model in a delayed-acceptance step, the MALA parameter proposal and to construct bridge
proposals inside the particle filter each require the solution of an ODE system. However, there is some overlap in the ODE
components that must be solved to perform each technique, and as such, if implemented correctly, further computational
savings can be made when using several of these techniques at once.

Computing the observed data likelihood under the LNA for use in a delayed-acceptance step requires the solution of
(4) and (11), restarted at the posterior mean and variance given by the forward filter at each observation time. Computing
the gradient information to use full MALA requires the solution of (4) and (11), as well as the first order sensitivities
ou(c,t)/dc; and 0W(c,t)/dc; fori=1,...,r; see (18). The gradient information using simplified MALA does not require the
solution of dW(c, t)/dc;. The simple residual bridge, RB, requires only the solution of (4). The residual bridge with additional
subtraction, RB~, and conditioned hazard, CH, require the solution of (4), (7) and (11).

Except for RB, all of these techniques require the solution of (4) and (11). Thus, it is desirable to solve these ODEs once
per (C)PMMH iteration and use the output in several different techniques. Running the forward filter to obtain the surrogate
likelihood used in delayed acceptance also solves several of the ODE components used in determining the gradient of the
log posterior for MALA. Care must be taken when implementing the bridge constructs, which, for an arbitrary observation
interval [t;, t;11] and time t € (&;, tiy1], require the LNA variance Vi, initialised at Os, whereas the forward filter restarts
this variance at the filtering mean B; (see Algorithm 2). This “disconnect” is alleviated via the second identity in (25) which
can be written as

Vi = Ve — G VG,

where V; and G; are obtained from the forward filter. The resulting bridge constructs in this setting are denoted by RBiter,
RB;,. and CHije,. The accuracy of the bridges over [t;,t;11] can be improved by re-integrating the ODE system given by
(4) and (11) for each particle xgo. That is, 7, is set at xg‘) and V¢, = 0s. The resulting bridge constructs are denoted by
RBpart, RBI;art and CHpart. Although use of the latter compared to the “once per iteration” approach is likely to result in an
estimator of observed data likelihood with lower variance and in turn, better mixing of the (C)PMMH scheme, it comes
with an additional computational cost. Given s species and N particles, “once per particle” bridges require the solution

10
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Table 1

Order of complexity in terms of ODE components required to be solved for dif-
ferent bridge construct implementations, and the additional computational cost
required to enact delayed acceptance, simplified or full MALA. Note that N, s
and r denote the number of particles, species and parameters respectively.

(C)PMMH da(C)PMMH Simplified MALA  Full MALA

RBjter 0(s) +0(s?) +0(sr) +0(s%n)
RB,. 0(s%) - +0(sr) +0(s?r)
RBparr  O(sN) +0(s?) +0(sr) +0(s%n)
RB_ 0(s2N) +0(s?) +0(sr) +0(s?r)

part

of an additional SN ODE components. Table 1 shows the relative computational complexity (in terms of the number of
ODE components that must be solved) for different acceleration techniques. Note that CHjer and CHpa¢ have the same
computational complexities as RB;,. and RB,.

4.4. Tuning

Schemes employing CPMMH require specification of a correlation parameter p, and irrespective of the acceleration tech-
nique employed, all schemes require specification of several other tuning parameters. These include a number of particles
N, a preconditioning matrix X7 and scaling parameter A, with the latter two tuning parameters used in the RWM or MALA
proposal mechanism. As the rate constants ¢ must be strictly positive, their natural logarithms are used when generating
proposed values, by applying RWM and MALA to logc. Hence, all schemes take X1 = \7a\r(logc|D) estimated from a short
pilot run, and, using several short pilot runs, find a value of p that gives an effective sample size (ESS) value for the auxil-
iary variable chain consistent with the minimum (over parameter chains) ESS value (mESS). If several permissible values of
p are found, the value that gives the pilot run with the largest mESS (over parameter chains) is chosen.

Practical advice for choosing the number of particles N for PMMH can be found in Doucet et al. (2015) and Sherlock et
al. (2015); see also Schmon et al. (2021) for parameter dimension guidelines. For CPMMH, the guidance in Deligiannidis et
al. (2018) is used by choosing N so that the variance of the logarithm of the ratio py«(D]|c)/pu(D|c) is around 1 with ¢ set
at some central posterior value. For RWM, the guidance in Schmon et al. (2021) is used by setting A to give an empirical
acceptance rate of around 20%, depending on the number of parameters to be inferred. When using MALA, the practical
advice of Nemeth et al. (2016) is applied and by aiming for an acceptance rate of around 40% — 50%. Guidance on tuning
delayed acceptance (RWM) schemes can be found in Sherlock et al. (2021). For DA-CPMMH schemes with either a RWM or
MALA proposal, the number of particles is chosen by following the procedure above, and then conditional on this choice, the
scaling is tuned to optimise mESS. Finally, with this scaling, the number of particles is chosen to optimise overall efficiency
(in terms of minimum effective sample size per second).

5. Applications

In what follows, all algorithms are coded in R and were run on a desktop computer with an Intel quad-core CPU. For all
experiments, the performance of competing algorithms is compared using minimum (over each parameter chain) effective
sample size per second (mESS/s), computed using the R coda package (Plummer et al.,, 2006) and wall clock computing
time. The latter is based on main monitoring runs of the MCMC scheme considered and it is noted that the CPU cost
of tuning was small relative to the cost of the main run and comparable across competing schemes. Marginal posterior
densities are estimated using the output of the best mixing scheme. When using the discretised chemical Langevin equation
as the inferential model (second and third application), At was fixed at 0.1, which gave a reasonable balance between
accuracy and computational efficiency. Further details regarding the form of the model employed in each application can
be found in Section 2.3 and Appendix D. Computer code to implement all methods can be downloaded from https://
github.com/t11995/daCPMMH_MALA.

5.1. Epidemic model

Consider the well studied Eyam plague data set (see e.g. Raggett, 1982) consisting of 8 observations on susceptible and
infective individuals during the outbreak of plague in the village of Eyam, England, taken over a four month period from
June 18th 1666. These data are presented here in Table 2.

For this application, the Markov jump process representation of species dynamics was taken as the inferential model.
The challenging scenario of exact observation of all model components (albeit at discrete times) was assumed, for which the
particle filter in Algorithm 1 assigns a non zero weight to the particle Xglr{,-).r,-ﬂ] if and only if xg?] is equal to the observation
Yt~ That is, simulated trajectories must “hit” the observation or else receive zero weight. In this exact observation setting,
no resampling is required and the particle filter coincides with a series of independent importance samplers (over each
observation interval). Hence, the ODE solution required to implement the conditioned hazard approach of Section 4.2.3
need not be re-initialised for each particle and therefore CHjte; and CHpart coincide.
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Table 2
Eyam plague data.

Time (months)

0 0.5 1 1.5 2 2.5 3 4
Susceptibles 254 235 201 153 121 110 97 83
Infectives 7 14 22 29 20 8 8 0

Table 3

Epidemic model. Number of particles N, acceptance rates o, o)1 and «, CPU time (in seconds), mini-
mum ESS, minimum ESS per second, and relative (to the worst performing scheme) minimum ESS per
second. All results are based on 10* iterations of each scheme.

Scheme N o a1 o CPU (s) mESS mESS/s Rel.
PMMH /| RWM (Myopic) 5000 - - 0.16 68177 863 0.013 1.0
PMMH | RWM 100 - - 0.19 25752 644 0.025 2.0
CPMMH /| RWM 75 - - 0.25 15796 609 0.039 3.0
CPMMH | MALA 75 - - 0.41 16040 1360 0.085 6.7
CPMMH | sMALA 75 - - 0.42 15799 891 0.056 4.4
daCPMMH | RWM 75 0.28 0.49 013 4746 340 0.071 5.6
daCPMMH | MALA 75 0.15 0.45 0.07 2840 386 0.136 10.7
RWM MALA
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Fig. 1. Epidemic model. Joint posterior density and the first 100 iterations of CPMMH-RWM (left) and CPMMH-MALA (right).

The independent prior specification of Ho et al. (2018) was used, with a N(0, 10%) distribution assigned to the logarithm
of each rate constant. The bridge-based CPMMH (o = 0.99) was run with and without MALA, with and without delayed
acceptance. For bench-marking, the standard PMMH (based on forward simulation, denoted “Myopic”) and bridge-based
PMMH were also run. The main monitoring runs consisted of 10* iterations and this output is summarised in Table 3. Use
of the conditioned hazard and correlating reaction times | types between successive runs of the particle filter gives a modest
improvement in overall efficiency (by a factor of 3) compared to the most basic PMMH scheme. For this particular target
posterior (see Fig. 1) MALA is clearly more effective than RWM and is more than twice as efficient (in terms of minimum
ESS per second) compared to RWM. Combining CPMMH, delayed acceptance and MALA gives the best performing scheme.
The increased performance due to delayed acceptance is unsurprising, given the accuracy of the surrogate (as evidenced by
the Stage-Two acceptance probability) and its computational efficiency (with a relative cost of calculating the observed data
likelihood under the surrogate versus an estimate from the particle filter scaling of around 1:100).

Finally, Fig. 2 and Table 3 suggest that although simplified MALA (sMALA, using equation (19)) gives gradients of the
log posterior that are generally comparable to full MALA (using equation (17)), the reduction in CPU time is negligible, and
not sufficient to overcome the reduction in mixing efficiency. This is unsurprising given that CPU time is dominated by the
particle filter, as noted above.

5.2. Aphid model

Aphids, also known as greenflies, are small, sap-sucking insects that feed on plants, often on the underside of leaves.
Cotton aphids (Aphis gossypii) are a species of aphid that are hosted on several plants, including cotton. When aphids initially
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Fig. 2. Epidemic model. Full versus simplified gradient of the log posterior density with respect to c; (left) and c; (right) computed for 1000 draws from
the joint posterior over c.

infest a plant, they tend to reproduce far faster than they die. However, as well as damaging the plant directly, they also
secrete honeydew over the plant leaf, and whilst this can damage the plant further, it also forms a cover over the leaf which
prevents the aphids from moving or sucking more sap, and so causes starvation (Prajeshnu, 1998). The more aphids that
have been on a leaf, the more honeydew there is and so the faster the aphids die, until the rate of death overtakes the
rate of reproduction. Matis et al. (2006) describe a model for the population growth of aphids with two species, the current
population X7, and the cumulative population AX5. It should be noted that although X7 and A% are different ‘species’ in
terms of the reaction network, they are tracking the same population of aphids, but in different ways. The reaction list is

Ri: X -5 22X+ A
Ra: X+ 2 X

The CLE was taken as the inferential model, details of which can be found in Appendix D.1. Using parameter values in-
spired by the real data example in Whitaker et al. (2017a), synthetic data were generated at 8 integer times using Gillespie’s
direct method with ¢ = (1.75,0.001) and X1,0= X2,0 = 5. The data for {X»;} were then discarded to obtain a challenging
partial observation scenario, and the resulting data set was corrupted with Gaussian error. Following Whitaker et al. (2017a),
the variance was taken as proportional to the current number of aphids in the system, which was found to give a better
predictive fit in real data applications. Hence,

Y =P'X; + &, EtNN<O’02P/Xf)7 t=0,...,7 (26)

where P/ = (1, 0).

The data are shown in Fig. 3, alongside the underlying latent X;, process that produced the data. It is clear that the
behaviour of the latent process between observations is nonlinear. This precludes the use of bridge constructs that push the
particles towards the observations in a linear fashion, such as the modified diffusion bridge of Durham and Gallant (2002).
A computationally inexpensive option is to use the myopic approach discussed in Section 4.2.3. However, as previously
mentioned, when the observation variance is small relative to the intrinsic stochasticity exhibited by the latent process, this
implementation can lead to a highly variable estimator of the marginal likelihood, thus necessitating a far larger number of
particles. This in turn can negate any computational benefit arising from the simplified form of the simulator and associated
weight (compared to when using a bridge construct).

The performance of PMMH and CPMMH was therefore compared using either myopic simulation or the simple residual
bridge. An independent prior specification was adopted, with N(0, 10%) distributions assigned to logc; and logc,. The
observation variance o and initial conditions X1 o and X, o were treated as fixed and known. Using p ~ 1 in this application
led to long term dependence between parameter draws, which reduced the effective sample size of the schemes. Therefore,
p was reduced to 0.75 for this application, which was found to be optimal in terms of mESS of the resulting scheme. To
implement the residual bridge construct, c2P’X; was replaced by o>P’n; where 7, is the solution to (4) at observation
time t. It is emphasised that this is necessary to obtain a tractable bridge and does not introduce any further approximation
in terms of the posterior output.

Fig. 4 and Table 4 summarise the output of each scheme. It was found that using delayed acceptance and/or MALA
gave no significant improvement in overall efficiency relative to the best performing schemes in Table 4. Relatively few
particles are needed for the particle filter when using residual bridge constructs, and there are few observations in the
dataset, consequently the computational gains provided by using a delayed acceptance step do not overcome the loss in
statistical efficiency. Similarly, the partial observation regime limits the gradient information gained by MALA, meaning the
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Fig. 3. Observations from the aphid data set, with the latent process (solid line) overlaid. The dashed lines are the mean, 2.5% and 97.5% quantiles of 1000
bridges generated using the ground truth for ¢y and c;.
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Fig. 4. Aphid model. Marginal posterior plots for the two parameters. The ground truth for each parameter is indicated by a circle on the corresponding
plot.

additional cost of computing the gradient outweighs the statistical gains. Results for these schemes are therefore omitted.
Table 4 shows that the simple residual bridge-based schemes outperform the myopic schemes in terms of overall efficiency
(by around a factor of 3). The behaviour of the simple residual bridge can be seen in Fig. 3, and adequately captures the
dynamics of the latent process. Indeed, no improvement in overall efficiency when using the residual bridge with additional
subtraction was found (results omitted). Finally, note a small improvement in overall efficiency by solving the ODE system
used by the residual bridge, once per iteration as opposed to once per particle.
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Table 4

Aphid model. Number of particles N, acceptance rate «, CPU time (in seconds), min-
imum ESS, minimum ESS per second, and relative (to the worst performing scheme)
minimum ESS per second. All results are based on 10° iterations of each scheme.

Scheme N o CPU (s) mESS  mESS/s  Rel.

PMMH / RWM | Myopic 100 010 15320 4172 0272 1.0
CPMMH | RWM | Myopic 35 009 4452 2482 0558 21

PMMH /| RWM [ RBpart 5 0.19 6527 4857 0.744 2.7
PMMH | RWM | RBjter 5 017 5030 4226  0.840 31
CPMMH |/ RWM | RBpart 2 0.19 2593 3563 1374 5.1
CPMMH |/ RWM | RBjter 2 018 2493 3737 1499 55
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Fig. 5. Lotka-Volterra model. Full versus simplified gradient of the log posterior density with respect to c; (left), c2 (centre) and c3 (right) computed for
1000 draws from the joint posterior over c.

5.3. Lotka-Volterra

The Lotka-Volterra system consists of two species, prey (X7) and predator (X>), and three reactions: R denotes the
reproduction of a member of the prey species, R, denotes the death of a member of prey and the reproduction of a
predator, and R3 denotes the death of a predator. The resulting reaction list is

C1

Ri: X, — 2X
Ry : X1+ X, =2, 24,
Rs: Xo i) 0

The system is typically used to benchmark competing inference algorithms; see e.g. Boys et al. (2008), Koblents and Miguez
(2015) when using the MJP representation or Fuchs (2013), Ryder et al. (2021), Graham and Storkey (2017), Golightly et
al. (2019) when using the CLE. Here, we adopt the latter as the inferential model (see Appendix D.2 for details of the CLE
derivation).

A single realisation of the jump process at 51 integer times was generated via Gillespie’s direct method with rate con-
stants as in Boys et al. (2008), that is ¢ = (0.5, 0.0025,0.3)" and an initial condition of Xo = (100, 100)’. The data for both
species were corrupted with independent, additive Gaussian error and standard deviation o = 1. The corresponding obser-
vation equation (12) becomes

Ye=Xc+&, &~N (o, diag(02,02)> . t=0,...,50.

An independent prior specification for ¢ was assumed, with N(0, 10%) distributions assigned to the logarithm of each rate
constant. CPMMH was run with 4 different bridge implementations: RBjter, RBpart, RB,, and RBparts along with the presence
or absence of two techniques: simplified MALA and delayed acceptance. Since the residual bridge with extra subtraction
(RB™) typically outperformed the simple residual bridge (RB) up to a factor of 2 in terms of overall efficiency (depending
on the acceleration technique employed), results are reported for RB~ only. Similarly, little difference between the gradients
employed by simplified MALA versus full MALA (see Fig. 5) was found; results for the former are reported.

All schemes were implemented for 10° iterations, including PMMH (with RB;... which performed best of all bridge
implementations) for benchmarking. Fig. 6 and Table 5 summarise findings. The former gives marginal parameter posterior
densities from the output of the best performing inference scheme (with consistent results obtained from other schemes
but not shown) from which we see consistency with the ground truth values. From Table 5, the most basic CPMMH scheme
(without MALA or delayed acceptance) gives an improvement in overall efficiency over PMMH of around a factor of 3. It
is also clear that while the per iteration implementation of RB™ results in a small reduction in minimum effective sample

size compared to the per particle implementation, the computational saving is worthwhile. Replacing the RWM parameter
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Fig. 6. Lotka-Volterra model. Marginal posterior plots for the three parameters. The ground truth for each parameter is indicated by a circle on the corre-
sponding plot.

Table 5

Lotka-Volterra model. Number of particles N, acceptance rates «, a1 and «, CPU time (in seconds),
minimum ESS, minimum ESS per second, and relative (to the worst performing scheme) minimum ESS
per second. All results are based on 10 iterations of each scheme.

Scheme N o o)1 o CPU (s) mESS mESS/s Rel.
PMMH /| RWM [ RB; . 2 - - 013 25735 2809 0.109 1.0
CPMMH | RWM [ RBj. 2 - - 021 25372 7705 0.304 2.8
CPMMH | RWM | RBp,¢ 2 - - 025 31568 8445 0.280 2.6
CPMMH | sMALA | RB . 2 - - 044 28898 24709 0.855 7.8
CPMMH /[ sMALA | RB_ 2 - - 044 39643 25545 0.644 5.9
daCPMMH | RWM | RB; 2 022 085 019 10877 6415 0.590 5.4
daCPMMH [ sMALA | RB;,. 2 046 084 039 18339 19944 1.088 10.0

proposal with MALA gives a relative increase in overall efficiency by a factor of 3. It is evident that the combination of
delayed acceptance and MALA gives the best performing scheme, with an order of magnitude increase in mESS/s against
the benchmark.

6. Discussion

This work considered the problem of Bayesian inference for the parameters governing two commonly used representa-
tions of a stochastic kinetic model (SKM), namely the Markov jump process (MJP) and (time-discretised) chemical Langevin
equation (CLE) representations. Although the MJP is the most natural description for the dynamics of a collection of species
whose discrete-valued states vary continuously in time, it is often eschewed in favour of the CLE which models species
dynamics according to a nonlinear multivariate It6 diffusion process. Inference under either approach is made challenging
by the intractability of the observed data likelihood, whose computation requires integrating over reaction times and types
(in the case of the MJP) or intermediate states (in the case of the CLE) between observation instants (although for the CLE,
the number of intermediate states is controlled by the practitioner, lending to its appeal). Consequently, the usual method
of choice is particle Markov chain Monte Carlo (particle MCMC) whereby a bootstrap particle filter is used to give realisa-
tions of an unbiased estimator of the intractable likelihood. For systems where this approach is likely to be computationally
prohibitive, an inexpensive surrogate can be used as the inferential model. Work in this direction has included, inter alia,
Gaussian process emulation (see e.g. Rasmussen, 2003; Fielding et al., 2011) and direct approximation of the SKM using the
linear noise approximation (LNA, see e.g. Komorowski et al., 2009; Stathopoulos and Girolami, 2013; Fearnhead et al., 2014).

Recent work that has attempted to leverage the tractability of the LNA to accelerate inference under the SKM (rather
than the surrogate) includes the use of delayed acceptance (Golightly et al., 2015) and bridge constructs (Whitaker et
al,, 2017b; Golightly and Sherlock, 2019). The contribution here is a novel combination of these techniques, to which a
gradient-based parameter proposal via the Metropolis adjusted Langevin algorithm (MALA) and the use of correlated particle
filters are added. The result is a unified inference framework that targets the posterior under either the MJP or CLE. Two
implementations of the surrogate-based bridge construct were considered; one in which the ODE system governing the LNA
is re-solved per particle (with initial conditions informed by the current state particle), and one in which the ODE system is
solved once per iteration. For the two applications that allowed this comparison, it was found that a small increase in overall
efficiency was possible by solving the ODE system once per iteration. Not surprisingly, the likely difference depends on the
number of particles employed by the particle filter and on the type of bridge being implemented; for example, the residual
bridge requires the integration of order s components versus order s> when using the extra subtraction. Nevertheless,
use of a bridge construct (irrespective of the aforementioned implementation options) is crucial in obtaining significant
improvements in overall efficiency compared to standard (C)PMMH implementations based on forward simulation.
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In addition to the use of LNA-based bridge constructs, the use of the gradient of the log posterior under the LNA to obtain
a MALA proposal, and the use of the LNA likelihood in a delayed acceptance scheme were investigated. The results suggest
that these approaches are likely to be most effective in scenarios where the overall computational cost is dominated by
the particle filter; that is, when obtaining the LNA-based gradient and likelihood is relatively inexpensive. It is well known
(see e.g. Roberts and Rosenthal, 1998) that MALA performs increasingly well in terms of statistical efficiency compared to
random walk Metropolis (RWM) as the dimension of the target increases; nevertheless, we were able to demonstrate an
order of magnitude increase in overall efficiency for a 3-dimensional target. It is anticipated that greater improvements in
relative mixing efficiency are possible as the number of rate constants r increases, but note that this must be tempered by
the increased computational cost associated with solving the associated ODE system, which scales linearly in r. Study of the
conditions under which greater improvements in efficiency can be made merits further attention.

In scenarios when only a few (e.g. N < 10) particles are required, use of a simplified gradient requiring fewer ODE
components to be integrated was investigated. The success of this approach depends on the extent to which the dependence
of the LNA variance on the parameters can be ignored and merits further consideration. Use of the surrogate gradient inside
a Hamiltonian Monte Carlo (HMC, Duane et al,, 1987) scheme is also of interest to us. HMC was successfully applied in
the SKM setting by Stathopoulos and Girolami (2013), albeit in a sacrificial observation setting, and with the LNA as the
inferential model. It is expected that in the setting considered here, HMC would not perform well when using the simplified
surrogate gradient, as ignoring the dependence of the variance on the parameters means that potential energy will not be
conserved even if the step size used in the numerical integrator is very small, leading to lower overall acceptance rates.
Nevertheless, further work is required to assess the potential benefits of using HMC with the full surrogate gradient, for
observation scenarios such as those considered here.
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Appendix A. Validity of delayed acceptance CPMMH

It is shown that a delayed acceptance Metropolis-Hastings scheme with proposal kernel q(c*|c)K(u*|u) and the accep-
tance probability given in (22) satisfies detailed balance with respect to the target density 7 (c)py (D|c)g(u). Moves that are
rejected satisfy detailed balance trivially, as the new state of the chain is equal to the previous state. When the chain does
move, we have that

7 (0) pu (Do) g(w)q(c*|0) K (u*|u)ery (c*[c) oz {(c*, u™)|(c. )}
pu(Dlo)gW)K (u*|u)
pPiNA (D)

= 7 (c) piNa(Dlo)q(c*|c)ary (c*[c) x oo {(c*, u®)|(c )}

Now,

7 (©)pNa(Plo)q(c*|c)ery (¢*|c) = min {7 (€) pina(Plo)g(c*[c), 7 (¢*) pina(Plc)q(clc®) }
which is clearly symmetric in (c, u) and (c*, u*). Similarly,

Pu(Dlo)gW)K (u*|u) .
@i 2 il w)
— min { Pu(DlOgW)KW*|u) pu (DIc*)gW*)K (ulu®) }
pna(D(c) ' pNa(D|c*)

since g(u)K (u*|u) = g(w*)K(u|u*) from (23), and we again have symmetry in (c, u) and (c*, u*). Hence, detailed balance is
satisfied and the daCPMMH schemes targets 77 (¢c)py (D|c)g(u) for which 7 (c|D) is a marginal density.

Appendix B. Residual bridge details

Without loss of generality, consider a time interval [0, T] partitioned as

O=1<T1<...<Tp1 <Tm=1T, (B.1)

with 7j41 — 7; = AT =T /m. Suppose that xo and yr are observed at times 0 and T, and we seek a density q(x(o,71|X0, YT, C)
corresponding to either the residual bridge (RB) or residual bridge with additional subtraction (RB™).
For the residual bridge, we partition X; as X; = n; + Ry where n; satisfies
d?’][

— =Sh .
i (Mc)
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By partitioning X; as above, (12) can be written as

Yr — P'nr =P'Rr +€r, er ~N(0, ).

Then, the modified diffusion bridge can be used to approximate the joint distribution of Ry, and Y — P’nr conditional
on the residual process at the previous time point r;, to obtain

Ry, Yo n ro + (i — §) AT BLAT BiPAT
Yr —P'nr )| % P'{nr +rg + (ak — ) A} ) "\ P'BAT P'BPA+E )|

Here, oy = Sh(xy,), B = Sdiag{h(x;)}S’, Ay =T — 1, and 5,’3 is an approximation of dn/dt give by

Nt — N
ATt
Conditioning on yt — P'nr gives

n_
Sk -

(Reeq I, Y1) ~ N(trB, WRB).
where

[RB = T7, + (@ — VAT + BPAT(P'BP A+ )yt — P/{nr + 1o + (a — 8 AL}, (B.2)
and

\IJRB:ﬂkA‘C—ﬂkPA‘L’(P/,BkPAk—i-Z)ilp/ﬂkAT. (B.3)
The partition of X; then yields

(X‘L',H,] |X‘[k7 J’T) ~ N(nfk+1 + URB, lIJRB)'

If n; doesn’t adequately capture the dynamics of the target process, a second residual bridge can be obtained by instead
partitioning X; as X; = n; + pr + R, where p; = E(§t|ro, yr) is an approximation of the conditional expected value of the
residual process, and R, is the residual stochastic process that now remains after this further decomposition. We obtain R
using the LNA; see Section 2.2. Thus, the joint distribution of R[ and Y7 — P'nr (conditional on 7p) is

R : Yo n( Gifo Ve V(GG P
Yr—pPyr)|’° P'Grio )\ P'GrG7'Ve PVrP+x )

Conditioning on yr — P'nr gives

Pt =E[R¢|ro, yr1= Gifo + V(G T'Gr P(P'VTP + %)~ (y1 — P'nr — P'Grp).

The modified diffusion bridge for the residual process (after subtracting both the drift and our conditional expected residual
term) is then constructed by finding the approximate joint distribution of R;Hl and Y7 — P’'(nt + pr) conditional on o
This step follows as above and so it is omitted for brevity. Conditioning on yr — P’'(n1 + pr) gives

(Re I 1) ~ NGt Wi ),
where Wpp- = Wgg, and

Irg- =Tz + (@ — 8] —8)AT + BPAT(P' AP A+ 2) 'yt — P'{nr + pr + 17, + (o — 8 — ) A}l (B4)
Here,

lal’k_H - ﬁrk
AT
Finally, use the partition of X; to give

P _
Sk -

(Xopn Xz Y1) ~ Nepy + Pryy + Hgp-» Yra-)-
Appendix C. Accelerated PMMH: general algorithm

Here, an overview (see Algorithm 3) of the pseudo-marginal Metropolis-Hastings algorithm augmented by the accelera-
tion techniques described in Section 4 is presented. In the applications considered in Section 5, a fixed and known initial
condition x¢, is assumed; Algorithm 1 is therefore initialised with equally weighted particles xgg) = X, for all k, and Algo-
rithm 2 is initialised with ar, = x;, and By, = 0. For unknown x,, the parameter vector ¢ can be augmented to include the
components of X¢,, and the initialisation choices follow as above.
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Algorithm 3 Accelerated PMMH.
Input: parameter proposal tuning parameters X1 and 2, correlation parameter p, number of particles N and the number of iterations njters.

1. For iteration j =0:
(a) Set ¢ in the support of 7 (c) and initialise the auxiliary variable u® ~ N(0, Iy).
(b) Compute pina(D|c@) and V log pina(D|c@) via recursive application of Algorithm 2. Hence compute V log mina(c@|D).
(c) Compute p, 0 (D|c©®) via recursive application of Algorithm 1.
2. Foriterationi=1, ..., Njers:
(2) Draw Z ~ N(0, £1) and set ¢* = cU=1 4 & 5,V log (mina (¢~ D)) + AZ.
(b) Stage One:
(i) Compute pina(D|c*) and V log pina(D|c*) via recursive application of Algorithm 2. Hence compute V logmwina(c*|D).
(ii) With probability oq(c*|c) as given by (20), go to 2(c), otherwise set ¢ = cU=D y@ = yU=D  pa(Dic?) = pina(DIci=—D),
Vlog mina (€| D) = Vlog mina (€Y~ |D), Py (DlcY)) = pyii-n (Plel=D), increment j and return to step 2(a).
(c) Stage Two:
(i) Draw @ ~ N(0, Ig). Put u* = pu=D 4+ /1 = p2ew.
(ii) Compute py+(D]|c*) via recursive application of Algorithm 1.
(iii) With probability a1{(c*, u*)|(c¥=D,ul=D)} as given by (21), put ¢ = c*, u¥ =u*, pna(DIcP) = pna(DIc*), Vlogmna(cW|D) =
Viog mina(c*|D), Py (DIcW) = pys (D|c*). Otherwise set ¢ = cU=D, u® =y~ pia(DIc?) = pina(DIcY™D), Viogrma(cW|D) =
Vlog mina (€Y= ID), Py (DIcP) = pyi-1 (DIcY=D). Increment j and return to step 2(a).

Output: ¢V .. citers),

Appendix D. Applications: further modelling details
D.1. Aphid growth model

Let X; = (X1.t, X2,1)" denote the state of the system at time t. The stoichiometry matrix associated with the reaction
system is

1 -1
s=(1 75
and the associated hazard function is

h(xt, ©) = (C1X1,t, C2X1,¢X2,1) .

The CLE for this model is

1/2
d X1t ) _ (C1X1.e — C2X1eXot dt + C1X1,t + CaX1tX2t C1X1¢ d Wi
Xt C1X1,¢ C1X1,¢t C1X1,t W

Similarly, the LNA for this model is specified by the coupled ODE system

dne ,

& (1M, — c2n1.em2.e,C101,e) s

dGe _(C1—Cme —CMir) o

dt c1 0 t

dv, Ci—Cne O CiM,e+CN1eM2,e CiN1e C1 —C2Nc,t —C2MNt
—t=v : : A1, ’ : A ve.
dt t( —c2nie 0 + C1M1,¢e C1M1t + 1 0 t

D.2. Lotka-Volterra model

Let X; = (X1, X2,t) denote the system state at time t. The stoichiometry matrix associated with the reaction system is
given by

1 -1 0
S= (0 1 -1 )
and the associated hazard function is

h(xt, ©) = (C1X1,t, C2X1 X2, 1, C3X2.) .

The CLE for this model is given by

1
d X1\ _ [ C1X1,6 — CaXqtXo¢ de + [ C1¥1e + CaX1,tXa —CaX1,tX2 ¢t 2 d Wi
Xt C2X1,tX2,t — C3X2 ¢ —CaX1,tX2 ¢t C2X1,¢X2,t + C3X2 ¢ W
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where W1 and Wy, are independent standard Brownian motion processes. The LNA for this model is specified by the
coupled ODE system

dnt /

@ (C1M1,e — C2M1,tM2,t, C2M1,t N2, — C3M2,8) s

dGe _ (G —Ccme  —CoMm

dt C2M2,¢ C2M1,t — €3

Ve _ (- cme CMe+Camiemae  —Calielae

dt —C2N1e C2M1,t —C3 —CaN1.tM2,t CoN1,eM2,t +C3M2 ¢

C1 — M2t —C2M1,t

+ 4 e )y,
Canat N1, —C3
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