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A B S T R A C T 

Secure confirmation that a gravitational wave (GW) has been gravitationally lensed would bring together these two pillars 
of General Relativity for the first time. This breakthrough is challenging for man y reasons, including: GW sk y localization 

uncertainties dwarf the angular scale of gravitational lensing, the mass and structure of gravitational lenses is diverse, the mass 
function of stellar remnant compact objects is not yet well constrained, and GW detectors do not operate continuously. We 
introduce a new approach that is agnostic to the mass and structure of the lenses, compare the efficiency of different methods 
for lensed GW disco v ery, and e xplore detection of lensed kilonova counterparts as a direct method for localizing candidates. 
Our main conclusions are: (1) lensed neutron star mergers (NS–NS) are magnified into the ‘mass gap’ between NS and black 

holes, therefore selecting candidates from public GW alerts with high mass gap probability is efficient, (2) the rate of detectable 
lensed NS–NS will approach one per year in the mid-2020s, (3) the arri v al time dif ference between lensed NS–NS images is 
1 s � � t � 1 yr, and thus well-matched to the operations of GW detectors and optical telescopes, (4) lensed kilonova counterparts 
are faint at peak (e.g. r AB 

� 24–26 in the mid-2020s), fade quickly ( d < 2 d), and are detectable with target of opportunity 

observations with large wide-field telescopes. For example, just � 0.25 per cent of Vera C. Rubin Observatory’s observing time 
will be sufficient to follow up one well-localized candidate per year. Our predictions also provide a physically well-defined basis 
for exploring electromagnetically the exciting new ‘mass gap’ discovery space. 

Key words: gravitational lensing: strong – gravitational waves. 
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 I N T RO D U C T I O N  

ra vitational wa ves (GWs) are magnified, deflected, and delayed as
he y trav erse gravitational fields, just like the more familiar gravi-
ational lensing of light from distant galaxies and quasars (Ohanian
974 ; Wang, Stebbins & Turner 1996 ; Nakamura 1998 ), pointing
o exciting opportunities to detect multiple gravitationally magnified
mages of a distant GW source. Detection of gravitationally lensed
Ws will be the first opportunity to combine these two pillars
f Einstein’s General Relativity in a single experiment, leading to
o v el tests of General Relativity and general metric gravity theories
e.g. Mukherjee, Wandelt & Silk 2020a , b ; Finke et al. 2021 ; Goyal
t al. 2021 ), measurements of the Hubble constant and tests of the
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riedmann–LeMa ̂ ıtre–Robertson–Walker metric (e.g. Sereno et al.
011 ; Liao et al. 2017 ; Cao et al. 2019 ; Li, Fan & Gou 2019 ;
annuksela et al. 2020 ; Hou et al. 2020 ), testing the speed of GW
ropagation (e.g. Baker & Trodden 2017 ; Collett & Bacon 2017 ;
an et al. 2017 ), and constraints on intermediate mass black holes
BH) and primordial BHs via their microlensing signal (Lai et al.
018 ; Diego 2020 ; Oguri & Takahashi 2020 ; Wang, Herrera-Mart ́ın
 Hu 2021 ; Urrutia & Vaskonen 2022 ). These studies set a broad

xpectation that gravitationally lensed GWs is the science of the late
030s and 2040s when the third generation of GW detectors will
egin operations, generally focus on lensed binary black hole (BH–
H) mergers o v er lensed binary neutron star (NS–NS) mergers, and

end to assume that the only rele v ant population of lenses is massive
arly-type galaxies. We discuss these three themes in turn below. 

In the more familiar realm of gravitational lensing of electromag-
etic (EM) radiation, early detections of gravitationally lensed high
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edshift galaxies, some of which were the redshift record breakers of
heir day (e.g. Soucail et al. 1987 ; Lynds & Petrosian 1989 ; Mellier
t al. 1991 ; Franx et al. 1997 ; Ellis et al. 2001 ; Kneib et al. 2004 ),
re-dated systematic studies of large samples of lensed galaxies by 
everal decades (e.g. Atek et al. 2015 ; McLeod, McLure & Dunlop
016 ; Ishigaki et al. 2018 ; Bhatawdekar et al. 2019 ). Current progress
owards the first detection and early science of gravitationally lensed 
Ws therefore resonates with the status of lensed high redshift 
alaxies in the mid-1980s and detection of lensed quasars a little 
arlier than that (Walsh, Carswell & Weymann 1979 ) – i.e. the years
eading up to the first detection. Likewise, systematic study of large 
amples of lensed GWs with next-generation GW instruments in the 
030s and 2040s will resemble the status of lensed galaxy and lensed
uasar studies of the last decade. 
A growing suite of predictions are consistent with a rate of

etection of lensed GWs of around one per year in the coming years
ith the current generation of GW detectors (Li et al. 2018 ; Ng et al.
018 ; Oguri 2018 , 2019 ; Smith et al. 2019a ; Wierda et al. 2021 ;
u, Ezquiaga & Holz 2022 ). Echoing the progress driven by the

mergence of charge coupled devices (CCDs) in optical astronomy 
n the 1980s, several groups have therefore been considering whether 
ny of the gravitationally lensed GWs detected by current instruments 
re lensed (e.g. Broadhurst, Diego & Smoot 2018 ; Smith et al. 2018 ,
019b ; Hannuksela et al. 2019 ; Singer, Goldstein & Bloom 2019 ;
bbott et al. 2020 ; Dai et al. 2020 ; McIsaac et al. 2020 ; Diego,
roadhurst & Smoot 2021 ; Liu, Maga ̃ na Hernandez & Creighton 
021 ; The LIGO Scientific Collaboration 2021 ; Bianconi et al. 2022 ).
n turn, this is moti v ating de velopment of techniques to identify
andidate lensed GWs (e.g. Li et al. 2018 ; Ng et al. 2018 ; Oguri
018 ; Smith et al. 2019a ; Hannuksela et al. 2020 ; Robertson et al.
020 ; Ryczanowski et al. 2020 , 2022 ; Wierda et al. 2021 ; Wempe
t al. 2022 ; Xu et al. 2022 ; Yang et al. 2022 ), and joint investigations
f lensed GWs and the stocahastic GW background (Buscicchio et al. 
020a , b ; Mukherjee & Silk 2021 ). 
It is inarguable that multimessenger detection of a lensed GW will 

e transformational, i.e. detection of a lensed NS–NS merger and 
ts lensed EM counterpart. This is because the EM detection will 
ocalize the GW source to � 1 arcsec accuracy with ground-based 
ata, and potentially � 10 milliarcsec accuracy with space-based 
bservations. This will be the lensing analogue of the localization of
W170817 to a specific location in the outskirts of its host galaxy
GC4993 via the detection of its optical/infrared and short gamma- 

ay burst (SGRB) counterpart (Abbott et al. 2017b ; Margutti & 

hornock 2021 , and references therein). Such accurate localization 
ould eliminate reliance on statistical arguments for or against 

everal poorly localized BH–BH detections being images of the 
ame lensed source and se veral dif ferent galaxies being the lens
nd/or the host (e.g. Hannuksela et al. 2020 ; Wempe et al. 2022 ).
oreo v er, despite intriguing candidates (e.g. Graham et al. 2020 ),

here are no confirmed EM counterparts to BH–BH mergers available 
o help with localization. Whilst the detection rates of GW signals
rom lensed NS–NS mergers are expected to be lower than for lensed
H–BH mergers, preliminary estimates indicate that multimessenger 
etection of lensed NS–NS mergers will be feasible in the 2020s 
Oguri 2019 ; Smith et al. 2019a ). 

Detection of multiple images of the lensed EM counterpart will 
lso expand the science of lensed GWs, for example into the chemical
nrichment history of the universe and the physics of kilonovae. 
 or e xample, detection of the trailing image of the lensed kilonova
ill potentially probe the rising portion of the kilonova in the rest-

rame ultraviolet (UV). This would shed light on arguably the biggest 
nsolved mystery of GW170817, namely the physics responsible for 
he very bright blue early component of its emission (e.g. Arcavi
018 ; Piro & Kollmeier 2018 ; Nicholl et al. 2021 ). The feasibility
f such measurements will depend on the arri v al time dif ference
etween the images and the reliability of any predictions that are
equired, as highlighted by resolved and confirmed detections of 
trongly lensed supernovae (Kelly et al. 2015 ; Jauzac et al. 2016 ;
reu et al. 2016 ; Goobar et al. 2017 , 2022 ; More et al. 2017 ). 
The optical depth to strong lensing (defined here as large lens
agnification, μ > 10) spans galaxies, groups, and clusters of 

alaxies (Hilbert et al. 2008 ), with the latest calibration being
onsistent with lenses in each decade of mass spanning 10 12 ≤
 200 ≤ 10 15 M � contributing approximately equally to the optical 

epth (Robertson et al. 2020 ). The scaling of lensing probability
ith magnification in the strong lensing regime is also well defined

nalytically as d p /d μ∝ μ−3 and – importantly – independent of the
ens mass (Blandford & Narayan 1986 ). Consequently, Hilbert et al.
nd Robertson et al.’s results persist at all magnifications of μ > 2. 

The relationship between lens magnification and image multiplic- 
ty is less well defined, as it depends on the relationship between
he mass and the density profile slope of lenses. The basic idea
 as sk etched by Turner, Ostrik er & Gott ( 1984 ) and is still valid

oday (e.g. Smith et al. 2001 ; Gavazzi et al. 2003 ; Sand et al. 2004 ;
mith et al. 2009 ; Richard et al. 2010 ; Umetsu et al. 2016 ; Fox et al.
022 ). Briefly, galaxy clusters tend to have shallower density profiles
han individual galaxies and therefore the former are less efficient 
han the latter at forming multiple images of background objects at
ow magnification, typically 2 < μ � 10. Ho we ver, clusters still
ontribute their ‘fair share’ of the optical depth at low magnification,
hey just do so by forming a single image. This is important in
he context of predicting rates of and searching for gravitationally 
ensed GWs. In particular, a currently un-constrained and potentially 
ignificant fraction of the optical depth to lens magnifications of 2 <
� 10 does not contribute to multiple image formation. Conversely, 

s highlighted by resolved confirmed strongly lensed supernova 
isco v eries (Kelly et al. 2015 ; Goobar et al. 2017 , 2022 ), searching
or high magnification strong lensing requires consideration of lenses 
panning galaxies, groups, and clusters and not just a focus on
lusters. 

Decisive progress towards robust and unchallenged detection of 
 gravitationally lensed GW rests on identifying candidates and 
ocalizing them to a lensed host galaxy. Searches for candidates have
o far identified either pairs of GW detections with sky localizations
nd waveforms that are consistent with being lensed images of the
ame source, and/or individual GW sources that appear to have an
nomalous mass relative to an assumed underlying mass function 
Smith et al. 2018 , 2019b ; Hannuksela et al. 2019 ; Singer et al.
019 ; Abbott et al. 2020 ; Dai et al. 2020 ; McIsaac et al. 2020 ;
iego et al. 2021 ; Liu et al. 2021 ; The LIGO Scientific Collaboration
021 ; Bianconi et al. 2022 ). The former approach relies on the GW
etectors collecting data of the required quality when ≥2 of the
ensed images arrived at Earth, and the latter approach is sensitive to
he assumed mass function. For example, Broadhurst et al. ( 2018 ),
roadhurst, Diego & Smoot ( 2019 ), Broadhurst, Diego & Smoot
 2022 ) argue that if the true stellar remnant BH mass function
n the universe peaks at M BH � 10 M � (i.e. well-matched to the
Hs thus far detected in the Milky Way), then the GW detections
pparently from systems comprising BH in the range M BH � 20 M �
re dominated by lensed events. 

Efficient selection of candidate lensed GWs therefore faces several 
mportant challenges. First, how to define anomalous when the 
nderlying mass function of sources is not known a priori? Secondly,
o w ef ficient is searching for multiple detections in a rapidly growing
MNRAS 520, 702–721 (2023) 
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atalogue of GW detections from the LIGO, Virgo, and KAGRA
LVK) detectors that are dominated by sources with 90 per cent
redible sky localization uncertainties of �90 > 100 de gree 2 (Petro v
t al. 2022 )? Moreo v er, the GW detectors rarely operate uninterrupted
or more than a few hours and are offline for technology upgrades
or time-scales of � 1 yr. 

In this article, we develop a new magnification-based approach
o predicting rates of gravitationally lensed GWs that naturally
ntegrates strong lenses of all masses and thus allows us to calibrate
oth the rates of lensed GW detections, the typical magnifications that
hey suffer, and their location in the mass–distance plane. We apply
his approach to lensing of both BH–BH and NS–NS mergers and
ombine our magnification-based predictions with time delay theory
o identify the typical arri v al time differences for these sources and
enses of different mass and structure. This enables us to combine
ur predictions in the mass–distance plane with expected arri v al
ime differences to develop efficient strategies for identifying and
ocalizing candidate lensed GWs. This leads us to predicting the light
urves of lensed kilonova counterparts of lensed NS–NS mergers and
onsidering their detectability with the Vera C. Rubin Observatory
Rubin). 

We re vie w the theory and phenomenology of strong lenses and
evelop our new magnification-based approach in Section 2 , then
escribe the GW source populations that we consider in Section 3 ,
efore applying the former to the latter and making our predic-
ions in Section 4 . We combine our lensed GW predictions with
icholl et al.’s ( 2021 ) kilonova light curve models to predict lensed
ilono va light curv es and assess the feasibility of detection with
ubin Target of Opportunity observations in Section 5 , and close
ith a summary in Section 6 . We assume a flat cosmology with
 0 = 67 . 9 km s −1 Mpc −1 , �M 

= 0.3065 (Ade et al. 2016 ). All
agnitudes are stated in the AB system. 

 G R AV I TAT I O NA L  LENSING  T H E O RY  A N D  

H E N O M E N O L O G Y  

e begin with an overview of the main tak e aw ay points in
ection 2.1 . For readers interested in more detail, we outline some
ey elements of gravitational lensing theory in Section 2.2 , before
oti v ating our focus on gravitational magnification in Section 2.3 ,

ustifying our model for optical depth in Section 2.4 , and explaining
ow we predict arrival time difference for magnified image pairs in
ection 2.5 . 

.1 Ov er view 

e consider strong gravitational lensing of GW and EM signals from
ergers of compact object binaries, where the lenses are galaxies,

roups, and clusters of galaxies that are serendipitously located along
he line of sight to the merger. We ignore any microlensing by stars or
ompact objects that may be located close to the critical curves of the
macrolens’ – i.e. the galaxy/group/cluster lens. Whilst microlensing
an be important, especially in high magnification regions of very
ense macrolenses (e.g. Diego 2019 ; Diego et al. 2019 ; Meena &
agla 2020 ; Mishra et al. 2021 ), it is beyond our current aim of
stablishing baseline predictions of, and follow-up strategies for,
andidate gravitationally lensed GWs. As such our approach is likely
o yield lower limits on the detectable rates of lensed GWs. 

The geometrical nature of gravitational lensing and the growth of
arge-scale structure in the universe result in strong lensing being
ominated by lenses at redshifts of z L � 0.2–0.6 and sources at
edshifts of z S � 1. The typical comoving distance travelled by a
NRAS 520, 702–721 (2023) 
ignal from a strongly lensed GW source is therefore expected to be
 7 Gpc ( � 10 26 m). This is three orders of magnitude larger than

he comoving virial radius of the most massive galaxy clusters in the
bserv able uni verse (Bianconi et al. 2021 ). It is therefore valid to
dopt the so-called thin lens approximation. 

The distance to strongly lensed GW sources also dwarfs their
hysical size ( � 10 3 m), allowing us to treat them as point sources of
M and gravitational radiation. This allows us to ignore finite source
ize effects when considering large lens magnifications. Despite the
avelength of GWs ( λGW 

� 10 7 m for LVK) being much longer than
M radiation, the former is still many orders of magnitude smaller

han the physical scale of the lenses (Einstein radii corresponding to
hysical scales of � 10 19 m, i.e. � 300 pc, and thus � 0 . 1 arcsec at z
 0.2). For the purposes of our calculations, we are therefore safe to

reat both GWs and EM radiation in the geometric optics limit and
hus ignore wave effects. 

We predict the rates and properties of gravitationally lensed
Ws and their EM counterparts as a function of gravitational lens
agnification. As discussed in Section 2.3 , this is the least model-

ependent approach to predicting the ensemble of lensed detections
hat are feasible with GW detectors and wide-field optical telescopes
t the current time. In particular, we side-step the challenge of solving
he lens equation (equation 6 ) and the requirement to assume a
orm for the deflection potential that this would entail. The main
dvantage of our approach, beyond computational speed, is that not
ssuming anything about the structure of the lens population means
hat our predictions are not biased to any type of lens and are thus
ele v ant across the full range of lens mass (10 12 � M 200 � 10 15 M �;
obertson et al. 2020 ). The main disadvantage is that the efficiency
f multiple image production at low lens magnification (2 < μ � 10)
epends on lens mass, with individual galaxy-scale lenses (relatively
teep density profiles) being more efficient than group- and cluster-
cale lenses (relatively shallow density profiles) at low magnification.
are is therefore needed at μ � 10, because some of the predicted
agnified detections will be single images. 
We adopt a threshold magnification of an individual GW detection

f μ > μth = 2. This threshold corresponds to a bias by a factor of
 

√ 

μth = 1 . 4 in the luminosity distance to a lensed source if the
agnification is ignored (equation 12 ), i.e. comparable with or larger

han the typical 90 per cent posterior credible intervals on luminosity
istance in LVK’s GW data analysis. This threshold also marks the
nset of multiple image formation by a lens – such as an isolated
arly-type galaxy – that is well-described by an isothermal density
rofile. It is ho we ver important to note that the fainter of two images
ormed by an isothermal lens is demagnified, i.e. 0 ≤ | μ−| ≤ 1, if
he magnification of the brighter image is in the range 2 ≤ μ+ 

≤ 3
equation 16 ). The formation of multiple images therefore does not
utomatically imply the detectability of multiple images, although
etections at μ � 10 will be dominated by multiply-imaged systems
Fig. 1 and Section 2.3 ), and be accompanied by other similarly
agnified images independent of the structure of the lens. 
We use analytic expressions to convert the predicted magnifica-

ions of gravitationally lensed GWs into predictions of the time since /
ntil another signal from the same source arrived / will arrive at Earth
equations 21 and 22 ). These expressions are based on two common
cenarios for the formation of bright highly magnified image pairs,
nd are shown to capture the time delay behaviour of the systems
hat have been discovered to date (Fig. 2 ). The expressions capture
he dependence of time delay on both the mass and the structure of
he lens, bearing in mind that group/cluster-scale lenses tend to be
enser and flatter than galaxy-scale lenses at their respective Einstein
adii (Fig. 1 ). The details of the time delay and its dependence on lens
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Figure 1. Left-hand panel: The distribution of density κE versus density profile slope ηE , measured from the lens models of 79 group- and cluster-scale lenses. 
Groups and clusters are denser and shallower at their Einstein radius than the SIS model that is a good description of individual galaxy-scale lenses. Centre: 
The run of f multiple with lens magnification for the lenses shown in the left-hand panel, where f multiple is the fraction of lines of sight at a given lens magnification 
that are multiple, i.e. have image multiplicity of greater than one. The threshold magnification at which lenses are efficient at forming multiple images of distant 
sources is a function of density profile slope. Right-hand panel: Different predictions of the source plane optical depth as a function of source redshift agree 
within a factor of � 2. The three models shown by solid curves are discussed by Robertson et al., and are based on three different approaches to integrating 
the optical depth to lens magnification o v er the full dynamic range of the dark matter halo mass function. The BAHAMAS + EAGLE curve is based on modern 
high resolution cosmological hydrodynamical simulations, the Tinker curve combines the analytic form of the Tinker et al. ( 2008 ) mass function with the 
cross-section of the singular isothermal density profile model, and the millennium curve is based on the semi-analytic approach of Hilbert et al. ( 2008 ) that 
pastes analytic galaxies into the dark matter-only millennium simulation. The dashed curve, from Haris et al. ( 2018 ), is a prediction of the optical depth to 
multiple imaging that assumes that all gravitational lenses are individual massive galaxies with isothermal density profiles. 

Figure 2. The distribution of arri v al time dif ferences obtained by authors 
cited in Section 2.5 for known time delay lenses including lensed quasars and 
Supernova Refsdal, split into those for lenses that produced just two images 
and those that produced more than two images. Arri v al time dif ference has 
been renormalized to the same lens geometry of D = 3 . 3 Gpc and Einstein 
radius of θE = 1 arcsec. 
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roperties are described in Section 2.5 and the supporting deri v ations
re presented in Appendix A . 

.2 Lensing fundamentals 

e consider an infinitely thin mass distribution at redshift, z L , and
istant sources at redshift z S > z L . The true and unmeasurable
ositions of the sources on the celestial sphere are β and the observed
ositions are θ . Following precepts laid down by Schneider ( 1985 ),
landford & Narayan ( 1986 ), and others, the time for a lensed signal

o travel from the source to the observer differs from the traveltime in
he absence of lensing by an amount that depends on a dimension-less
calar field called the Fermat potential, τ : 

 t = D τ ( θ, β) , (1) 

here D = D 

C 
L D 

C 
S /D 

C 
LS , D 

C 
L and D 

C 
S are the comoving distances

rom the observer to the lens and the source respectively, and D 

C 
LS =

 

C 
S − D 

C 
L . The Fermat potential comprises a geometrical term that 
epends on image and source positions, and the deflection potential, 
, that describes the so-called Shapiro ( 1964 ) delay: 

( θ, β) = 

( θ − β) 2 

2 
− ψ( θ ) . (2) 

he deflection potential satisfies the Poisson equation, 

 

2 ψ = 2 κ, (3) 

here κ is the projected density of the lens in units of the critical
urface mass density, � crit , 

( θ) ≡ �( θ ) 

� crit 
, (4) 

here 

 crit = 

c 2 

4 πG 

D S 

D L D LS 
, (5) 

nd D L , D LS , and D S are angular diameter distances. 
By Fermat’s principle, the measurable positions of gravitationally 

ensed sources (commonly referred to as images) are located at the
tationary points of the surface described by equation ( 2 ). Taking the
radient and setting ∇τ = 0 yields the lens equation: 

= β + ∇ψ( θ ) = β + α( θ) , (6) 

here α = ∇ψ is referred to as the deflection angle. In the strong
ensing regime multiple images of a distant source that is observed
hrough a gravitational lens occur if equation ( 6 ) has multiple
olutions, θ k , for a given source position, β. 

The angular offset of multiple images of a distant source from the
entre of a lens is often characterized by the Einstein radius of the
ens. Formally, this is the radius of a continuous ring-like image of a
ource that is located precisely on the axis of an axisymmetric lens: 

E = 

(
4 GM 

c 2 

D S 

D L D LS 

)1 / 2 

, (7) 

here M is the projected mass interior to θE . Whilst observed
ravitational lenses are only approximately axisymmetric, θE is a 
seful approximation for the location of strongly lensed images of 
MNRAS 520, 702–721 (2023) 
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istant sources. It also emphasizes the convenience of κ , because κ
1 is sufficient for the formation of multiple images (Subramanian
 Cowling 1986 ), and 〈 κ( < θE ) 〉 ≡ 1 for axisymmetric lenses. 
The time delay relative to an unperturbed signal, as defined by

quations ( 1 ) and ( 2 ), is not measurable because true source positions
re not measurable in the presence of a lens along the line of
ight. The measurable quantity is the arri v al time dif ference between
wo gravitationally lensed images of the same source, which is
roportional to the difference between the Fermat potentials traversed
y the two signals, here denoted k = 1, 2: 

 �t 1 , 2 = D 

[
τ ( θ1 , β) − τ ( θ2 , β) 

]
. (8) 

quations ( 2 ) and ( 8 ) reveal that the arrival time difference depends
n the details of the gravitational potential of the lens, as discussed
urther in Section 2.5 and Appendix A . 

The apparent size and brightness of gravitationally lensed images
iffer from the source in the absence of lensing by a factor μ, the
ens magnification. This is a geometrical effect described by the
eterminant of the Jacobian matrix of the coordinate transformation
rom the ‘source plane’, β, to the ‘image plane’, θ : 

= 

1 

det A 

, (9) 

here 

 ( θ ) = 

∂ β

∂ θ
= δij − ∂ 2 ψ( θ ) 

∂ θi ∂ θj 

= δij − ψ ,ij (10) 

nd δij is the identity matrix. Equation ( 10 ) implies that the magnifi-
ation factor is the ratio of the solid angle subtended by a magnified
mage, ω I , to the solid angle that the source would subtend if it were
ot lensed, ω S : 

= 

ω I 

ω S 
. (11) 

he estimated distance to a magnified source of known luminosity is
herefore systematically biased by an amount implied by the inverse
quare law: 

= 

(
D ˜ D 

)2 

⇒ 

˜ D = 

D √ 

μ
, (12) 

here D is the true luminosity distance to the source, and we
ntroduce ˜ D as the luminosity distance that would be inferred if μ =
 is assumed for a source for which μ = 1. Phrasing magnification
n terms of distance (equation 12 ) is useful in the context of
ravitationally lensed GWs, because the LVK collaboration assumes
= 1 when analysing their data immediately after detection of a

W, and therefore they infer ˜ D . 

.3 Image multiplicity versus magnification 

n principle, calculating the number of gravitationally lensed images
f a given source population involves choosing a deflection field, ψ ,
nd using equation ( 6 ) to compute all possible image positions, θ k , for
ll possible source positions, β. Ho we ver, whilst it is straightforward
o compute β given ψ and θ k , the inverse mapping from β to
n unknown number of θ k can only be solved analytically for
ery simple mass distributions, and is time consuming to solve
umerically. 
Simple models for the extended mass distributions of gravitational

enses describe the projected density of the lens as a monotonic
unction of projected physical distance from the centre of the lens, R
 θD L : 

( R) ∝ R 

−η, (13) 
NRAS 520, 702–721 (2023) 
ith a global power-law slope η > 0 at all radii. The singular
sothermal sphere (SIS; η = 1) is the canonical analytically solvable
ase and is also rele v ant because models with an isothermal slope
generally singular isothermal ellipses) are appropriate to isolated
alaxy-scale lenses (e.g. Koopmans et al. 2006 ). The projected mass
ensity profile of an isothermal mass distribution is given by: 

( R) = 

σ 2 

2 GR 

, (14) 

here σ is the line-of-sight velocity dispersion of the particles in the
ens (Binney & Tremaine 1987 ), and for which it can be shown that
he deflection angle is constant and equal to the Einstein radius: 

= θE = 

4 πσ 2 

c 2 

D LS 

D S 
. (15) 

SIS lenses produce pairs of gravitational images with total mag-
ifications of μp > 2, where μp is the sum of the magnifications
uffered by the image pair (Turner et al. 1984 ). The limiting case
f μp = 2 corresponds to one image (generally denoted as ‘ + ’)
agnified by μ+ 

= 2 and the other image (generally denoted as
 −’) demagnified such that μ− → 0. In general the magnifications
uffered by these images are given by: 

+ 

= 1 + 

θE 

β
and μ− = 

θE 

β
− 1 , (16) 

or β ≤ θE . SIS lenses therefore produce two images that are
oth brighter than the source when β < θE /2, which yields μp 

 μ+ 

+ μ− > 4. Note that the lensing behaviour outlined here
elates to the pseudo-caustic catastrophe discussed in Section 2.5 .
ealistic isothermal lenses (i.e. perturbed from circular symmetry
y the ellipticity of the lens and/or external shear) can also produce
dditional images, for example quadruply imaged quasars (e.g.
illon et al. 2020 ). 
Group- and cluster-scale lenses are more massive than galaxy-

cale lenses (hence larger θE ) and typically have density profile slopes
t their Einstein radius that are shallower than isothermal. Strong
ensing constraints on the density profile slope of group- and cluster-
cale lenses have been discussed e xtensiv ely in the literature dating
ack to early theoretical work by Turner et al. ( 1984 ) and spanning
ore recent observational studies of increasingly large samples (e.g.
mith et al. 2001 ; Gavazzi et al. 2003 ; Sand et al. 2004 ; Smith et al.
009 ; Richard et al. 2010 ; Umetsu et al. 2016 ; Fox et al. 2022 ). We
llustrate this in Fig. 1 , based on 79 cluster lens models assembled
rom Richard et al. ( 2010 ), Fischer et al. ( 2019 ), and Fox et al.
 2022 ), including some models from the SGAS collaboration (Sharon
t al. 2020 ), and the RELICS collaboration (Coe et al. 2019 ). It is
lear that clusters are both denser (relative to � crit ) and flatter than
he isothermal model that is typical of galaxy-scale lenses, where
e introduce κE and ηE as the density and density profile slope,

espectively, at the Einstein radius. For reference, the median cluster
n this sample is at a redshift of z = 0.375, with θE = 10 arcsec, κE =
.78, and ηE = 0.48, where θE and κE are stated for a source redshift
f z = 1.6 as the typical source redshift found in Section 4 . 
We show the implications of the structure of cluster-scale lenses for

mage multiplicity as a function of magnification in the central panel
f Fig. 1 . The magnification threshold abo v e which cluster-scale
enses produce multiple images is larger than the threshold rele v ant
o SIS lenses discussed abo v e, and is a function of the profile slope,
E . The magnification threshold for an individual image (i.e. not the
um o v er an image pair) at which f multiple ≥ 0.5 for the steepest cluster-
cale lenses ( ηE > 0.8) is μ � 6, and for the shallowest cluster-scale
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enses ( ηE < 0.4) is μ � 20, with a threshold for the median cluster
t μ � 10. 

Detailed predictions of the population of multiple images of distant 
ources formed by the full population of lenses are not feasible 
t the current time. This is because a model for the covariance
f θE , ηE , and κE across the rele v ant portion of dark matter halo
ass function (10 12 � M 200 � 10 15 M �) is available neither from

bservations nor from simulations. Constructing this model will be an 
mportant step in the future development of this work. Nevertheless, 
he observed lenses and supporting theoretical work are sufficient 
o identify the rele v ant region of parameter space that brackets the
xpected behaviour of the rele v ant lenses. We therefore base our
redictions on lens magnification, and e x ercise caution in interpreting 
ur predictions in terms of multiple imaging in the low-magnification 
egime (2 < μ � 10). We adopt a threshold lens magnification of μ
 μth = 2, as this is the lowest magnification at which any of the

enses considered here produce multiple images. 

.4 Optical depth 

n this context ‘optical depth’ refers to the fraction of the celestial
phere that is magnified by a certain amount. It can be expressed
ither in differential form, d τ = τμ d μ, as the fraction of the sphere
agnified by an amount in the range μ → μ + d μ, or cumulative

orm, τ ( μ > μth ), as the fraction magnified by more than μth . It is
lso important to distinguish between the optical depth in the image 
lane, τ I , and the source plane, τ S . The former is the fraction of the
bserv ed sk y – the sphere on which the images are located – that is
agnified, whilst the latter is the fraction of the unobservable sphere 

n which the sources are located that is magnified. In this article
e are interested in the number of gravitationally magnified images 
f a given population of sources. The source-plane optical depth is
herefore the most rele v ant quantity, defined as follows: 

S ( μ > μth ) = 

∫ ∞ 

μth 

d μ
τ I 
μ

μ
, (17) 

ollowing Robertson et al. ( 2020 ). In particular, computing τ S 

rom τ I 
μ/μ ensures that both magnification bias is remo v ed and 

he optical depth is proportional to the number of images that 
re potentially detectable. Therefore, we predict the number of 
ravitationally magnified images and thus implicitly integrate over 
mage multiplicity. 

F ortunately, the inte gral of optical depth o v er lens mass is relativ ely
nsensitive to how the structure of gravitational lenses varies with 
ens mass. Numerous calibrations of τ S as a function of source 
edshift agree within a factor of 2 (Fig. 1 ), and show a consistent
icture of non-negligible optical depth for dark matter haloes span- 
ing masses 10 12 � M 200 � 10 15 M �, i.e. ranging from individual
assive galaxies through to massive galaxy clusters (Robertson et al. 

020 ). As alluded to in Section 2.3 , it is also possible to predict
he optical depth to multiple imaging by invoking a model for the
rojected density profile of lenses. We show a recent example of the
redicted optical depth to multiple imaging from Haris et al. ( 2018 )
s the dashed curve in Fig. 1 , which they describe with a simple
nalytic function that we write as: 

mul ( z S ) = 

[
D 

C 
S 

62 . 2 Gpc 

]3 

. (18) 

he close agreement between τmul and τ S ( μ > 2) in Fig. 1 is
triking, ho we ver it masks important subtleties. Predictions of τmul 

ssume that the lenses are all individual galaxies with isothermal 
ensity profiles (e.g. Haris et al. 2018 ; Ng et al. 2018 ; Oguri 2018 ),
either of which reflect the true population of lenses as discussed in
ection 2.3 . Moreo v er, the threshold total magnification at which an
IS lens produces image pairs is μp = μ+ 

+ μ− = 2. Therefore,
ormally, Haris et al.’s τmul = τ S ( μp > 2) applies just to SIS lenses.
evertheless, equation ( 18 ) is a convenient analytic approximation 
f τ S ( μ ≥ μth , z S ), and we therefore use it to derive an analytic
xpression for the differential source-plane optical depth, τ S 

μ , by 
etting ∫ ∞ 

μ= μth 

d μτ S 
μ( z S ) = τ S ( μ ≥ μth , z S ) � τmul ( z S ) (19) 

nd using the universal scaling τ S 
μ ∝ μ−3 for high magnification 

Blandford & Narayan 1986 ), to obtain: 

S 
μ( z S ) = 

[
D 

C 
S 

31 . 1 Gpc 

]3 

μ−3 . (20) 

e use equation ( 20 ) in Section 3 when predicting the rate of
etectable gravitationally magnified GWs. 

.5 Time delay 

he arri v al time dif ference between images is directly proportional
o the difference between the Fermat potentials (equation 8 ). Longer
rri v al time dif ferences are therefore qualitati vely interpreted as
eing attributable to cluster-scale lenses and shorter differences being 
ttributable to galaxy-scale lenses (e.g. Dai et al. 2020 ). Ho we ver,
he arri v al time dif ference also depends on the lens magnification
nd on the structure of the gravitational potential of the lens (Witt,
ao & Keeton 2000 ; Kochanek 2002 ). At a deeper level, the arrival

ime difference for an image pair also depends on the type of lens
atastrophe that is responsible for forming the image pair. We discuss
his in detail in Appendix A , where we show that for two common
atastrophes – the pseudo-caustic of lenses that form just two images 
of which the SIS is the archetype) and the fold caustic of lenses
hat are capable of forming more than two images – the arri v al time
ifference between a pair of magnified images is given by: 

�t pseu 

92 d 
= 

[
θE 

1 arcsec 

]2 [
μp 

4 

]−1 [1 − κE 

0 . 5 

] [ D 

3 . 3 Gpc 

]
, (21) 

�t fold 

3 . 9 d 
= 

[
θE 

1 arcsec 

]2 [ μp 

4 

] −3 [ ηE 

1 

] −2 [ κE 

0 . 5 

] −2 
[

1 − κE 

0 . 5 

]−3 

×
[ D 

3 . 3 Gpc 

]
. (22) 

Equations ( 21 ) and ( 22 ) are compatible with published measure-
ents of arri v al time dif ference. In Fig. 2 we sho w a compilation of ar-

i v al time difference measurements from lensed quasars (Fohlmeister 
t al. 2008 , 2013 ; Dahle et al. 2015 ; Millon et al. 2020 ) and supernova
efsdal (Kelly et al. 2016 ; Rodney et al. 2016 ). The arri v al time
ifference distribution for lenses that produce just two images ( N img 

 2) peaks at �t � 100 d, in good agreement with equation ( 21 ) at
ow magnification. The tail to smaller � t for N img = 2 is mainly due
o a small number of higher magnification pairs. The arri v al time
ifference distribution for lenses that produce more than two images 
 N img > 2) is broader and extends to lower � t , due to the broader
ange of lensing catastrophes included within this sample, and the 
tronger dependence of � t on μ, κE , and ηE for fold caustics. For
xample, these lenses include galaxy-scale quadruply imaged quasars 
n addition to the wide separation quasar lenses SDSS J1004 + 4112,
DSS J1029 + 2623, and SDSS J2222 + 2745, and the massive galaxy
luster MACS J1149.5 + 2223 that was responsible for supernova 
MNRAS 520, 702–721 (2023) 
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M

Table 1. Models for gravitational wave source populations. 

Model Integration limits Mass function............................. Evolution.................. � 

m min m max γ 1 γ 2 m br m 0 σm 

φp α β z p 
(M �) (M �) (M �) (M �) (M �) 

NS–NS mergers 
Baseline 1 2.5 0 0 ... ... ... 0 2.7 2.9 1.9 1.00 
Steep 1 2.5 −2 −2 ... ... ... 0 2.7 2.9 1.9 0.73 
Light 1 2 0 0 ... ... ... 0 2.7 2.9 1.9 0.65 
Heavy 1 3 0 0 ... ... ... 0 2.7 2.9 1.9 1.45 
Delayed 1 2.5 −2 −2 ... ... ... 0 3.3 2.7 1.5 1.03 
Maximal 1 2.5 −2 −2 ... ... ... 0 4.5 2.5 1.0 1.08 
Power 
law 

1 2.5 −2 −2 ... ... ... 0 2.7 0 ∞ 1.00 

Non- 
evolving 

1 2.5 −2 −2 ... ... ... 0 0 0 ∞ 0.89 

BH–BH mergers 
Baseline 5 500 −3.3 −∞ 50 ... ... 0 2.7 2.9 1.9 1.00 
Tapered 5 500 −3.3 −6 50 ... ... 0 2.7 2.9 1.9 1.28 
Steep 5 500 −3.3 −16 50 ... ... 0 2.7 2.9 1.9 1.21 

Perturbed 
5 500 −3.3 −16 50 33 2 0.03 2.7 2.9 1.9 1.81 

Delayed 5 500 −3.3 −∞ 50 ... ... 0 3.3 2.7 1.5 1.36 
Maximal 5 500 −3.3 −∞ 50 ... ... 0 4.5 2.5 1.0 1.79 
Power- 
law 

5 500 −3.3 −16 50 ... ... 0 2.7 0 ∞ 1.19 

Non- 
evolving 

5 500 −3.3 −16 50 ... ... 0 0 0 ∞ 0.64 
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efsdal. This distribution extends up to �t � 100 d, as expected
rom equation ( 21 ), and extends down �t � 1 h. Such short arri v al
ime differences are compatible with the levels of magnification ( μp 

 40) suffered by image pairs produced by typical galaxy cluster
enses ( ηE � 0.5, κE � 0.8), based on equation ( 22 ). 

 GRAV ITATIONA LLY  LENSING  

R A  V I TAT I O NA L  WA  V E S  

e begin with an overview of the key take away points in Sec-
ion 3.1 . For readers interested in more detail, we explain how
e apply the lensing formalism from Section 2 to GW source
opulations in Section 3.2 , which in turn specifies the informa-
ion that we need about the GW sources. We then describe the
opulations of NS–NS and BH–BH mergers that we adopt for
ur lensed GW predictions and v erify that the y are compatible
ith the population of sources that have been detected to date in 
ection 3.3 . 

.1 Ov er view 

he basic ingredients required to predict the rates of gravitationally
ensed detections of a distant population of objects are (1) the
omoving number density of the objects as a function of redshift
nd a parameter that summarizes signal strength, (2) the comoving
olume element as function of redshift, which in turn relies on
he cosmological model, (3) the lensing probability, and (4) the
etector sensitivity. The least well understood of these ingredients
ill therefore dominate the uncertainties in the predictions. It is

herefore immediately apparent that the least certain ingredient
s the first, namely the comoving merger rate density of binary
ompact object mergers, its evolution with redshift, and the mass
unction of compact objects ( LVK2021 ). In contrast, the cosmo-
ogical parameters are known to � 10 per cent, and the optical
NRAS 520, 702–721 (2023) 
epth to gravitational magnification is known to a factor of � 2
Section 2.4 ). 

We adopt a range of models for the underlying population of GW
ources that are compatible with the population detected to date.
his includes mass functions that capture the main features of the
H mass function such as a declining logarithmic slope as a function
f mass, possible structure superposed on that broadly declining
ass function, and reduced efficiency of BH production from stellar

volution at high mass ( � 50 M �) due to the pair instability. We also
nclude a broad range of evolution models that are compatible with
he data, that are variants on the double power law that is commonly
sed to describe the evolution of the cosmic star formation rate
ensity evolution. 
In Sections 4 and 5 , we concentrate on our Baseline models of the

H–BH and NS–NS merger populations, as these represent a broad
onsensus view of the compact object populations. Importantly, in
ection 4 we establish that departures from our Baseline models have
nly a small effect on the predicted rate of lensed detections. The
aseline models and indeed all other models are specified in Table 1 .

n brief the Baseline ties redshift evolution to the evolution of the
osmic star formation rate density, and adopts a BH mass function
hat spans 5 < m < 50 M � with a power-law slope of −3.3, and a
at NS mass function that spans 1 < m < 2 . 5 M �. We also make
everal simplifying assumptions that are consistent with our aim to
ake broad analytic predictions of the lensed population, that are

onsistent with the data, and that impact our predictions at the level
f a factor of � 2. The most important of these is that we assume
qual mass mergers. 

.2 Arri v al and detection rates 

he number of gravitationally magnified GWs arriving at Earth per
ear can be expressed as a function of their apparent mass and
istance, ˜ M and ˜ D , i.e. before correction for the effects of lens
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agnification, as follows: 

d 2 N arr 

d ̃  M d ̃  D 

∣∣∣∣
μ≥μth 

= 

∫ z max 

z 0 

d z 
R ( M , z) 

1 + z 

d V 

d z 
τ S 
μ( μ) , (23) 

here R is the merger rate per unit comoving volume per unit chirp
ass, d V /d z is the comoving volume element, μ( z) = [ D( z) / ̃  D ] 2 , z 0 

s the redshift to the distance D 0 that satisfies μ = μth = ( D 0 / ̃  D ) 2 ,
nd as discussed in Section 2.3 we adopt μth = 2. Henceforth, we
enote z S by z. The chirp mass, M , is defined in the usual way: 

 = 

( m 1 m 2 ) 3 / 5 

( m 1 + m 2 ) 1 / 5 
, (24) 

ith all masses scaling with (1 + z) −1 , consequently the mass ratio, q
 m 2 / m 1 , is invariant to lens magnification. When needed, we adopt

he convention m 1 > m 2 . 
The number of gravitationally magnified GWs that are actually 

etectable per year at Earth depends on the sensitivity of the GW de-
ectors and whether or not they are operating when the signal arrives.

e construct p det ( ̃  M , ˜ D ) for a given GW run using LIGO (the most
ensitive of the GW detectors) sensitivity curves based on Martynov 
t al. ( 2016 ) and take account of the impact of the orientation of
he GW detectors with respect to incoming signals from close to the
etector’s horizon following Chen et al. ( 2021 ). Although we do not
reat the sky localization of GW signals explicitly in this article, we
tress that the Virgo and KAGRA detectors play a crucial role in
educing the sky localization uncertainties of GW detections, as for 
xample demonstrated by the detection of GW170817 (Abbott et al. 
017a ). We return to this in Section 5 when we discuss EM follow-up
bservations. 
We write the total number of magnified GWs that are available to

e detected per year at Earth as: 

 det = 

∫ D max 

0 
d ̃  D 

∫ M max 

M min 

d ̃  M 

d 2 N arr 

d ̃  M d ̃  D 

p det , (25) 

ith integration limits chosen to span the full region of parameter 
pace o v er which p det > 0. Note that our approach to describing GW
etector sensitivity ignores the presence of a network of detectors 
nd assumes that GW waveforms used to search for GW signals
re well matched to the lensed source population. Recent work 
y Yang et al. ( 2022 ) indicates that this contributes a systematic
ncertainty of order a factor of 2 to our calculations, which is
ubdominant. 

.3 Gra vitational wa ve source populations 

e concentrate on NS–NS and BH–BH mergers of roughly equal 
ass binaries, q = 1, as these dominate the GW detections to date

LVK2021). The mass of the compact objects that merge are therefore 
ritten as m = m 1 = m 2 = 2 0 . 2 M , when convenient to do so below.
ote that � 10–20 per cent departures from q = 1 have no more that
 factor of 2 impact on the volume to which the GW detectors are
ensitive, and thus considering only q = 1 is both well-moti v ated by
ata and not a significant source of systematic bias in our calculations.
We write R as a separable function of mass and redshift: 

 ( z, m ) = R 0 g( z) f ( m ) � −1 , (26) 

here R 0 is the comoving merger rate density of binary com- 
act object mergers in the local universe (Section 3.3.1 ), g ( z)
nd f ( m ) are functions that describe the distribution of sources
s functions of redshift and compact object mass, respectively 
Sections 3.3.2 and 3.3.3 ). Note that g ( z) is normalized to ensure
hat g ( z = 0) = 1 and f ( m ) is normalized to integrate to unity over
he mass range considered. We choose � to ensure the predicted
umber of GW detections that are not lensed is invariant between the
opulation models (Table 1 ). 

.3.1 Local comoving merger rate density, R 0 

e adopt local comoving merger rate densities based on the credible
anges from LVK2021, and consistent with Abbott et al. ( 2018 ,
021b ). Formally, these rates assume that the source population does
ot evolve with redshift, and thus are inconsistent with the broad
xpectation that the populations do evolve with redshift. However, 
he difference between local rates based on assuming evolving and 
on-evolving populations is small compared with other uncertainties 
Abbott et al. 2021b ). Moreo v er, � � 1 for all models that we consider
Table 1 ). Therefore, this has negligible impact on our conclusions,
nd we adopt � = 1 for all models, 13 < R 0 < 1900 Gpc −3 yr −1 for
S–NS, and 16 < R 0 < 130 Gpc −3 yr −1 for BH–BH. 

.3.2 Redshift evolution, g ( z) 

e parametrize redshift evolution as a double power law for both
S–NS and BH–BH mergers: 

( z) = C(1 + z) α
[ 

1 + 

(
1 + z 

1 + z p 

)α+ β
] −1 

, (27) 

here z p is the redshift at which the redshift evolution pivots from
 ∝ (1 + z) α to g ∝ (1 + z) −β , and C = 1 + (1 + z p ) −( α + β) ensures
hat g ( z = 0) = 1, following Callister et al. ( 2020 ). 

Our Baseline model adopts the canonical values of α = 2.7, β =
.9, and z p = 1.9, based on measurements of the star formation rate
ensity (SFRD) history of the universe (e.g. Madau & Dickinson 
014 , and references therein). This is equi v alent to assuming that
he elapsed time from star formation to merger of binary compact
bjects is zero. Whilst this is clearly unphysical, connecting g ( z) with
he cosmic SFRD is a physically well-moti v ated ansatz, and broadly
onsistent with population synthesis models of binary compact object 
ergers (e.g. Dominik et al. 2013 ; Santoliquido et al. 2021 ). This
odel is consistent with the GW source populations detected to date

LVK2021). Moreo v er, all but the most extreme delay times between
tar formation and binary compact object mergers – approaching the 
ge of the universe – have a negligible effect on the predicted rate
f lensed GWs (Mukherjee et al. 2021 ). We explore and confirm this
y experimenting with alternative models below. 
Whilst LVK2021’s detection of redshift evolution is strong, their 

onstraints on α (their κ) are quite uncertain ( α = 2 . 7 + 1 . 8 
−1 . 9 ), and only

xtend to z � 1, i.e. 2 . 4 Gyr later than the pivot redshift z p = 1.9.
e therefore experiment with a Delayed model ( α = 3.3, β = 2.7,

 p = 1.5) and a Maximal model ( α = 4.5, β = 2.5, z p = 1.0). The
arameters of these models were chosen by fixing the pivot redshift
t z p = 1.5 and z p = 1, respectively, so as to bracket the range of
 p compatible with the cosmic star formation rate history and GW
onstraints on evolution to date. This forces α for these two models
o be steeper than for the Baseline model. We chose α = 4.5 for the

aximal model, i.e. at the steep end of LVK2021’s constraints, then
btained β = 2.5 for this model by requiring the integral of g ( z) to be
nvariant to choice of model parameters – i.e. invariance of the total
umber of stellar remnant compact object binaries in the universe. 
e followed a similar procedure to choose α and β for the Delayed
odel. For reference, we also use Non-evolving ( α = 0, β = 0, z p 
 ∞ ) and power-law ( α = 2.7, β = 0, z p → ∞ ) models. 
MNRAS 520, 702–721 (2023) 
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Figure 3. The source-plane chirp mass distribution of objects with ˜ M > 

5 / 2 0 . 2 � 4 M � detected by LIGO and Virgo in their third run, compared 
with that computed from our BH mass function models (Section 3.3.3 ), 
using equation ( 25 ) with lensing turned off. The model curves adopt R 0 = 

18 . 3 Gpc −3 yr −1 = 30 / 1 . 2 2 . 7 based on the ‘best constrained’ BH–BH merger 
rate at z = 0.2 given by LVK2021, and reflect a run duration of 11 months 
with detectors in operation 70 per cent of the time. 

Table 2. Predicted relative rates of lensed GW detections as a function of 
GW detector sensitivity and compact object mass function, expressed as the 
ratio of the number of detectable events magnified by μ > 2 to the number 
of detectable events that are not lensed. 

Model O1 O2 O3 O4 O5 
‘Design’ ‘A + ’ 

NS–NS mergers: 
Baseline 1: 4400 1: 3500 1: 2500 1: 1900 1: 970 
Heavy 1: 3900 1: 3100 1: 2200 1: 1700 1: 860 
Light 1: 5200 1: 4100 1: 2900 1: 2300 1: 1100 
Steep 1: 4800 1: 3800 1: 2700 1: 2100 1: 1000 
Delayed 1: 3900 1: 3000 1: 2200 1: 1700 1: 890 
Maximal 1: 3500 1: 2800 1: 2000 1: 1600 1: 890 
Non-evolving 1: 21000 1: 16000 1: 11000 1: 8600 1: 3800 
Power law 1: 660 1: 510 1: 360 1: 270 1: 130 

BH–BH mergers: 
Baseline 1: 1100 1: 870 1: 750 1: 570 1: 520 
Tapered 1: 1100 1: 880 1: 770 1: 590 1: 550 
Steep 1: 1100 1: 850 1: 750 1: 570 1: 540 
Perturbed 1: 1000 1: 800 1: 740 1: 540 1: 600 
Delayed 1: 980 1: 790 1: 710 1: 580 1: 600 
Maximal 1: 980 1: 840 1: 810 1: 730 1: 820 
Non-evolving 1: 4100 1: 3000 1: 2400 1: 1600 1: 1100 
Power law 1: 320 1: 230 1: 210 1: 120 1: 100 
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.3.3 Mass function, f ( m ) 

n general, we parametrize the mass function as a double power law: 

 ( m ) ∝ 

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

0 : m < m min 

( m/m br ) γ1 : m min < m < m br 

( m/m br ) γ2 : m br < m < m max 

0 : m > m max , 

(28) 

here m br is the ‘break’ at which the power-law slope changes,
nd m min and m max are ef fecti v ely the inte gration limits of the mass
unction. 

For NS–NS mergers, we adopt a Baseline model with γ 1 = γ 2 =
, m min = 1 M �, and m max = 2 . 5 M �, in line with LVK2021. To test
he sensitivity of the predicted rate of lensed NS–NS mergers to these
hoices, we also use a Heavy model that extends to m max = 3 M �,
 Light model that is restricted to m max = 2 M �, and a Steep model
ith γ 1 = γ 2 = −2. 
For BH–BH mergers, we explore a range of mass functions that

re consistent with the theoretical expectation that the efficiency of
H production by stellar evolution declines at m � 50 M � due to

he pair instability, and the broad features of the GW population
etected to date, namely a steeply declining BH mass function and
ossible structure (i.e. peaks) in the mass function (LVK2021). Our
aseline BH mass function is an unbroken power law, implemented
s γ 1 = −3.3, γ 2 → −∞ , m br = 50 M �, and with 5 < m < 500 M �.
his model ef fecti vely mandates that detections of BH–BH mergers
onsistent with component masses m > m br = 50 M � are gravita-
ionally lensed – a physically plausible model that is based on well-
nderstood physics. Ho we v er, γ 2 → −∞ may be rather e xtreme,
nd so our Tapered model differs from Baseline by a less aggressive
eduction in efficiency of BH production via γ 2 = −6, and is
ualitatively able to match the detection of a few very massive BH–
H mergers without mandating that they are lensed. Our Steep model

s intermediate between Baseline and Tapered , with γ 2 = −16,
hich has been tuned to give a comparable number of apparently
 ery massiv e BH–BH mergers from both lensing and massive BH
ormation channels. Finally, our Perturbed model differs from our
teep model by adding a normally distributed perturbation that is
entred at m 0 = 33 M �, with width σm 

= 2 M �, and a fraction of the
Hs described by the mass function that inhabit this perturbation of 
p = 0.03. 
As a consistency check, we show in Fig. 3 that all of the BH
odels are able to reproduce the broad features of the source-frame

hirp mass distribution of BH–BH mergers from LIGO and Virgo’s
hird run. We use the population of detected BH–BH mergers for this
urpose, and not NS–NS merger detections, because of the small
umbers of the latter detected to date. 

 RATES  A N D  PROPERTIES  O F  

RAV ITATIONA LLY  LENSED  G R AV I TAT I O NA L  

AV ES  

e present our predictions for the population of gravitationally
agnified GWs from BH–BH and NS–NS mergers, concentrating

n the Baseline model described in Section 3.3 and summarized
n Table 1 , discussing the stability of our predictions to model
hoice where rele v ant. The predictions are organized as follows:
etection rates and disco v ery time-scales (Section 4.1 ), distance
nd magnification distributions (Section 4.2 ), mass distributions
Section 4.3 ), and time delay distributions (Section 4.4 ). We compare
ur predictions with previous work in Section 4.5 and summarize the
mplications of our predictions for disco v ery strate gies in Section 4.6 .
NRAS 520, 702–721 (2023) 
.1 Rates of detectable lensed BH–BH and NS–NS mergers 

e predict that in the fifth GW run � 0.1 per cent of NS–NS merger
etections and � 0.2 per cent of BH–BH merger detections will be
agnified by μ > 2 (Table 2 ). These relative rates are � 5 × and �
 × larger than in the first run for NS–NS and BH–BH, respectively.
nterestingly, the relative rates for lensed NS–NS mergers in the fifth
W run are comparable with the relative rates for lensed BH–BH
ergers in the first run. Our predictions are stable to varying the
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Table 3. Predicted absolute number of detectable lensed (magnified by μ ≥ 2) GWs per year as a function of GW detector sensitivity and compact object mass 
function. 

O1 O2 O3 O4 (Design) O5 (A + ) 

NS–NS mergers: 
Baseline 1 × 10 −5 −2 × 10 −3 3 × 10 −5 −5 × 10 −3 1 × 10 −4 −2 × 10 −2 3 × 10 −4 −5 × 10 −2 7 × 10 −3 −1.0 
Heavy 2 × 10 −5 −3 × 10 −3 5 × 10 −5 −8 × 10 −3 2 × 10 −4 −3 × 10 −2 6 × 10 −4 −8 × 10 −2 1 × 10 −2 −1.7 
Light 7 × 10 −6 −1 × 10 −3 2 × 10 −5 −3 × 10 −3 7 × 10 −5 −1 × 10 −2 2 × 10 −4 −3 × 10 −2 4 × 10 −3 −0.6 
Steep 8 × 10 −6 −1 × 10 −3 2 × 10 −5 −3 × 10 −3 9 × 10 −5 −1 × 10 −2 2 × 10 −4 −3 × 10 −2 5 × 10 −3 −0.7 
Delayed 1 × 10 −5 −2 × 10 −3 4 × 10 −5 −5 × 10 −3 2 × 10 −4 −2 × 10 −2 4 × 10 −4 −6 × 10 −2 8 × 10 −3 −1.2 
Maximal 2 × 10 −5 −2 × 10 −3 4 × 10 −5 −6 × 10 −3 2 × 10 −4 −2 × 10 −2 5 × 10 −4 −7 × 10 −2 9 × 10 −3 −1.3 
Non-evolving 2 × 10 −6 −3 × 10 −4 6 × 10 −6 −9 × 10 −4 3 × 10 −5 −4 × 10 −3 7 × 10 −5 −1 × 10 −2 1 × 10 −3 −0.2 
Power-law 8 × 10 −5 −1 × 10 −3 2 × 10 −4 −3 × 10 −2 9 × 10 −4 −0.1 2 × 10 −3 −0.4 5 × 10 −2 −7.4 
BH–BH mergers: 
Baseline 4 × 10 −3 −4 × 10 −2 1 × 10 −2 −0.1 4 × 10 −2 −0.3 0.1 −1.0 1.4 −11 
Tapered 6 × 10 −3 −5 × 10 −2 2 × 10 −2 −0.1 5 × 10 −2 −0.4 0.2 −1.3 1.6 −13 
Steep 5 × 10 −3 −4 × 10 −2 2 × 10 −2 −0.1 5 × 10 −2 −0.4 0.2 −1.3 1.6 −13 
Perturbed 9 × 10 −3 −7 × 10 −2 2 × 10 −2 −0.2 8 × 10 −2 −0.6 0.3 −2.0 1.9 −16 
Delayed 6 × 10 −3 −5 × 10 −2 2 × 10 −2 −0.1 6 × 10 −2 −0.5 0.2 −1.4 1.8 −14 
Maximal 8 × 10 −3 −6 × 10 −2 2 × 10 −2 −0.2 7 × 10 −2 −0.6 0.2 −1.6 1.8 −15 
Non-evolving 1 × 10 −3 −8 × 10 −3 3 × 10 −3 −2 × 10 −2 8 × 10 −3 −7 × 10 −2 3 × 10 −2 −0.2 0.2 −2 
Power law 2 × 10 −2 −0.2 6 × 10 −2 −0.4 0.2 −1.5 0.7 −6.0 9.0 −73 

Figure 4. Predicted cumulative number of detected gravitationally magnified 
BH–BH (red upper shaded band) and NS–NS (blue lower shaded band) 
mergers for the Baseline models described in Section 3.3 and Table 1 . 
Detection of magnified BH–BH mergers are predicted to be a regular 
occurrence in the fifth GW run and beyond, and detection of magnified 
NS–NS mergers are predicted to become more likely the longer that LIGO 

in particular operates at its A + sensitivity or better in the fifth run. In this 
figure N det is lower than the integral of N det from equation ( 25 ) by a factor 
equal to the GW detector duty cycle, which is taken to be 0.6 in the first two 
runs and 0.7 in later runs. The durations of the first three runs are matched 
to their actual duration, the fourth run is assumed to last 1 yr (expected 
to start in 2023), and the fifth and later runs are assumed to span multiple 
years into the late 2020s. The horizontal solid line marks the detection of 
one magnified source, N det = 1. The width of the shaded bands matches the 
ranges quoted on the values listed in Table 3 , i.e. they reflect the full range of 
uncertainties discussed by LVK2021. The dotted curves show predictions that 
correspond to the central values of the three compact object mass functions 
from LVK2021 that contribute to the ranges on R 0 that we adopt; the dashed 
curves correspond to LVK2021’s ‘PDB (pair)’ model. 
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ource population models, with the relative rate of lensed detections 
arying by just � 10–20 per cent between models (Table 2 ). The
nly exceptions are the non-evolving and power-law models that 
ave been included here for reference. 
We predict that the number of detectable gravitationally lensed 

H–BH mergers will for the first time approach one per year in
he fourth GW run (Table 3 ), with a handful of detections per
ear in the fifth run. We also predict that the number of detectable
ravitationally lensed NS–NS mergers will lag just one run behind 
ensed BH–BH mergers, with up to � 1 lensed NS–NS being
etectable per year during the fifth run (Table 3 ). The dominant
ncertainty on these rates is the uncertainty on the local rates of
ompact object mergers (LVK2021). Importantly, the predicted rates 
ary by less than a f actor tw o across the rele v ant source population
odels, with only the non-evolving and power-law models deviating 

trongly. 
We combine the predicted detection rates from Table 3 with the

lobal fraction of an LVK run for which the GW detectors are obtain-
ng data to show the predicted cumulative number of detectable GWs
s a function of run time in Fig. 4 . The predicted cumulative number
f gravitationally magnified compact object merger detections grows 
teadily with time, with detection becoming routine in the mid-2020s. 
iven the strong prospects for first detection in upcoming runs, it is

mportant to consider how to recognize a lensed detection among the
rowing number of detections that will be made. We address this in
he following sections. 

.2 Distance and magnification distributions 

ravitationally lensed BH–BH and NS–NS mergers are detected as 
eing louder and closer to Earth than they really are, as a consequence
f the lens magnification (equation 12 ). We predict that the centre
f the true mass–distance ( m –D ) distribution of both lensed BH–
H and lensed NS–NS mergers is located at D � 15 Gpc for all
ve GW runs considered in this article (dashed contours in Fig. 5 ).
s the GW detectors become more sensitive from one run to the
MNRAS 520, 702–721 (2023) 
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M

Figure 5. Predicted distributions of gravitationally magnified NS–NS (red 
contours) and BH–BH (blue contours) merger detections in the third (top 
panel) and fifth (bottom panel) GW runs for our Baseline models. Solid 
and dashed contours show the ˜ m - ˜ D (i.e. as inferred in low latency by the 
LVK collaboration assuming μ = 1) and m - D (i.e. true intrinsic values) 
distributions, respectively. In each case the thicker (inner) and thinner (outer) 
contours encircle 50 and 90 per cent of the predicted magnified population, 
respectiv ely. The gre y horizontal bands show the mass range encompassed by 
the mass functions in our Baseline models. The points show the masses of the 
individual compact objects that comprise the population of binary compact 
object mergers detected through to the end of the third GW run. The thick 
black curve in each panel shows LIGO’s horizon for equal mass mergers 
based on Martynov et al. ( 2016 ). 
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Figure 6. Predicted lens magnification distributions as a function of sensitiv- 
ity achieved/forecast in the first, third, and fifth GW run, for lensed BH–BH 

(dashed) and lensed NS–NS (solid) mergers, and based on our Baseline 
models. The black (left-most) dashed and solid curves show that in the fifth 
run lensed BH–BH will be dominated by lo w-magnification e vents μ � 

2 −10, whilst lensed NS–NS will typically magnified by μ � 100. The latter 
is comparable with the typical lens magnifications suf fered by putati ve lensed 
BH–BH in the first run (right-most dashed curve) in the first run. The predicted 
rate of detectable lensed NS–NS in O5 is higher than for detectable lensed 
BH–BH in O1 (Table 3 ) because the intrinsic comoving merger rate density 
of mergers is higher for NS–NS than for BH–BH (LVK2021). In general, the 
curv es mo v e to the left (lower lens magnification required for detection) as 
the GW detectors become more sensitive, as seen for example in the LIGO 

horizon in O5 being rightwards of their horizon in O3 in Fig. 5 . 
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ext, the distance out to which it is possible to detect gravitationally
agnified GWs increases, as seen in the rightward shift of the solid

ontours between left and central panels in Fig. 5 . This signifies the
radual reduction in the lens magnification required to bring faint
istant sources within the LIGO horizon. This is summarized in
ig. 6 , where we see that the typical lens magnification rele v ant to
H–BH mergers reduces from μ � 50 in the first run to μ � 2 in

he fifth run, and rele v ant to NS–NS mergers from μ � 2000 in the
rst run to μ � 100 in the fifth run. Therefore in the fifth run, the

ens population responsible for detectable multiply-imaged BH–BH
ergers will be dominated by galaxy-scale lenses, with cluster-scale

enses also contributing detectable singly imaged magnified BH–BH
ergers. In contrast, lenses of all mass scales will contribute to the

etectable multiply-imaged NS–NS population in the fifth run, with
NRAS 520, 702–721 (2023) 
 negligible fraction of detectable singly imaged NS–NS mergers
ocated behind cluster-scale lenses. 

.3 Mass distributions 

n this section, we use Fig. 5 to consider the ˜ m distribution as a tool
or selecting candidate lensed GWs. 

The majority of lensed BH–BH mergers do not have anomalously
arge ˜ m , with just 20 per cent and 5 per cent of them having˜ 
 > 50 M � in LIGO/Virgo’s third and fifth runs, respectively. The

ordinariness’ of the predicted ˜ m values of lensed BH–BH mergers is
aused by the declining slope of the BH mass function (LVK2021), as
mplemented in all of our mass function models (Table 1 ) – i.e. there
re relatively few BH–BH mergers of intrinsically high mass avail-
ble to be magnified so as to appear to have anomalously large mass.
electing candidate lensed BH–BH mergers based on ˜ m is therefore

nefficient. We stress that we do not interpret Fig. 5 as indicating that
ost BH–BH detections to date are lensed, and draw attention to the

elative detection rates of lensed GWs listed in Table 2 . 
Selecting candidate lensed NS–NS based on ˜ m appears promising

ecause the predicted ˜ m -distribution of lensed NS–NS mergers peaks
ithin the mass gap between NS and BH (Figs 5 ). Crucially, the

ensed NS–NS 

˜ m distribution peaks in this region of parameter space,
n contrast to the tail of lensed BH–BH mergers at ˜ m > 50 M �
iscussed abo v e. The fraction of lensed NS–NS mergers predicted
o be inferred by the LVK collaboration to be in this mass gap at
 . 5 < 

˜ m < 5 M � is 62 per cent in their fifth run – i.e. � 12 × more
fficient as an approach for candidate lensed GW selection than the
 per cent discussed abo v e for lensed BH–BH candidates. This is
nsensitive to the choice of NS population model (Table 1 ): � 50 per
ent of lensed NS–NS detections reside in the lower mass gap for all
f the NS mass functions considered. 
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Figure 7. Lensed NS–NS mergers are better matched to the duration of GW detector runs than lensed BH–BH mergers because the arri v al time difference 
between the GW signals from a lensed NS–NS image pair is predicted to be sub-year (left-hand panel), whilst the arri v al time dif ference for lensed BH–BH 

image pairs is predicted to extend out to numerous years and potentially decades (right-hand panel). The panels show predicted arri v al time dif ference based 
on our Baseline model at the sensitivity forecast for the fifth GW run. Distributions are shown for typical galaxy-scale ( θE = 1 arcsec, κE = 0.5, ηE = 1) and 
cluster-scale ( θE = 10 arcsec, κE = 0.8, ηE = 0.5) lenses, as discussed in Section 2.5 . 
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.4 Time delay distributions 

e use equations ( 21 ) and ( 22 ) to transform the predicted magnifi-
ation distributions derived from our models (Fig. 6 ) into predicted 
rri v al time dif ference distributions ( � t pseu and � t fold ) for typical
alaxy-scale ( θE = 1 arcsec, κE = 0.5, ηE = 1) and cluster-scale 
 θE = 10 arcsec, κE = 0.8, ηE = 0.5) lenses (Fig. 7 ). We adopt
 = 3 . 3 Gpc, based on z S = 1.6 which corresponds to the peak

f the predicted true distance ( D ) distribution discussed abo v e, and
 L = 0.5 which corresponds to the peak of the optical depth to
trong lensing (Robertson et al. 2020 ). At fixed lens mass and
tructure the predicted � t fold distributions are broader than the 
redicted � t pseu distributions due to the stronger dependence of 
he former on lens magnification, μ. Also, the predicted � t fold 

istributions peak at smaller arri v al time dif ferences than the pre-
icted � t pseu distributions, again due to their respective dependence 
n μ. 
Gravitationally lensed BH–BH mergers suffer longer arrival time 

ifferences than gravitationally lensed NS–NS mergers because the 
ormer are typically less strongly magnified ( μ � 10) than the 
atter ( μ � 100; Fig. 6 ). Importantly, the predicted arri v al time
ifferences for lensed NS–NS mergers are dominated by sub-year 
ime-scales, whilst the arri v al time differences for lensed BH–
H mergers can extend to numerous years, and in some cases 
ecades. Detection of multiple signals from gravitationally lensed 
S–NS mergers are therefore better matched to the length of GW 

etector runs than detection of multiple signals from lensed BH–BH 

ergers. 

.5 Comparison with previous work 

ur predictions for the rates of lensed GWs are broadly consistent 
ith comparable earlier studies (e.g. Li et al. 2018 ; Ng et al. 2018 ;
guri 2018 , 2019 ; Wierda et al. 2021 ; Xu et al. 2022 ). This is largely
ue to these studies adopting a broadly consistent description of the 
ource populations and the lensing optical depth. Ho we ver, these 
tudies assumed that all lenses are galaxy-scale lenses and thus 
redicted the rate of multiply-imaged BH–BH (and in some cases 
S–NS) mergers under that assumption. In contrast, we predict 

he rate of gravitationally magnified GWs agnostic to the mass 
f the dark matter halo that hosts the lens, and then interpret that
rediction in the context of the predicted magnification distribution 
nd the phenomenology of lenses as a function of their mass and
tructure (Section 2.3 ). For reasons discussed in Section 2.4 , only
 subset of the predicted lensed BH–BH population predicted in 
arlier work will be multiply-imaged due to the inefficiency of 
roup/cluster-scale lenses at forming multiple images at μ < 10. This 
nderlines the importance of characterizing the relationship between 
agnification and image multiplicity as a function of lens mass and

tructure with upcoming surv e ys such as the Vera C. Rubin Obser-
atory’ s (Rubin’ s) Le gac y Surv e y of Space and Time (LSST), ESA’s
uclid mission, and spectroscopic follow-up with ESO’s 4MOST 

nstrument. 

.6 Implications for disco v ery strategies 

ooking across the population of GW detections, it is clear from
ig. 5 that essentially all GW detections within � 1 decade in˜ 
 of the horizon and with compact object masses in the range
 < 

˜ m < 100 M � are candidate lensed detections. It is therefore
articularly challenging to identify an individual detection at ˜ m > 

 M � as a candidate lensed event because this o v erlaps with the
H mass function and the majority of BH–BH detections that are
ot expected to be lensed. Moreover, selecting candidate lensed 
H–BH mergers in the ˜ m – ˜ D plane can be sensitive to population 
odel choices (e.g. Broadhurst et al. 2022 ). In the ˜ m – ˜ D plane,

electing candidate lensed NS–NS is � 10 × more efficient (and less
odel dependent) than selecting candidate lensed BH–BH, because 

he majority of the former resides in the mass gap between NS
nd BH products, 2 . 5 < 

˜ m < 5 M � (Fig. 5 ). Indeed, objects have
lready been detected with non-zero probability in this region of the
arameter space (LVK2021), some of which have been followed up 
lectromagnetically (Bianconi et al. 2022 ). 

Detection of two GW signals with consistent sky locations can 
lso moti v ate the identification of candidate lensed objects (e.g.
ai et al. 2020 ; The LIGO Scientific Collaboration 2021 ; Bianconi

t al. 2022 ). This strategy has two main disadvantages. First, the
ignificant sky localization uncertainties of a growing catalogue of 
W detections (Petrov et al. 2022 ) are prone to generating false
MNRAS 520, 702–721 (2023) 
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M

Figure 8. Distribution of coincident segment durations from the third GW 

run, as discussed in Section 4.6 , and based on data obtained from the 
Gra vitational Wa ve Open Science Centre (Abbott et al. 2021a ). 
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Table 4. Physical parameters of 170817-like and conserv ati v e kilono va 
models used for light-curve predictions. 

Parameter Conserv ati ve 170817-like 

Chirp mass, M 1 . 2 M � 1 . 188 M �
Mass ratio, q 0.9 0.92 
Viewing angle 60 ◦ 32 ◦
Blue ejecta enhancement factor 1 1.6 
Cocoon opening angle 0 ◦ 24 ◦
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ssociations between detections. Secondly, each GW detector only
ollects data of a quality required for detection of binary compact
bject mergers for � 70 per cent of the duration of a run, and the
ypical coincident segment length is up to just a few hours. A segment
s a period of time that a detector is collecting data and coincidence
efers to o v erlap of se gments at the different detectors (Fig. 8 ).

oreo v er, the typical run length is a year with inter-run gaps of
 similar duration. Putting these practical constraints together, the
istribution of coincident segment lengths points to o v erlapping sk y
ocalizations (and other parameter posteriors) of multiple detections
ithin a few hours – i.e. relatively short arrival time differences
as being a good match between the operation of GW detectors

nd the predicted lensed GW population. This is an excellent match
ith lensed NS–NS mergers that produce image pairs formed by
 fold caustic (Fig. 7 ). Clearly longer GW runs and within-run
perational strategies that offset downtime of the different GW
etectors, and thus minimize gaps between coincident segments will
e advantageous for the detection of more than one image of a lensed
W. 
In summary, multiple arguments point to lensed NS–NS as having

ignificant advantages for securing a robust and unambiguous lensed
W detection. These include short time delays, potential localization

o a lensed host galaxy, and selection of candidates in the ˜ m – ˜ D plane
n low latency that is less model dependent and � 10 × more efficient
han for candidate lensed BH–BH mergers. 

 LENSED  K I L O N OVA  COUNTERPA RTS:  
I G H T  C U RV E S  A N D  OBSERV ING  STRATEGY  

e now discuss the prospects for localizing candidate lensed NS–
S mergers via the EM signal that accompanies them, focusing
n prompt optical detection of kilonova counterparts because the
etection of kilonovae is less dependent on viewing angle than
he detection of SGRBs (Metzger, Thompson & Quataert 2018 ). In
ection 5.1 we give an overview of the kilonova models that we use,

n Section 5.2 we present and discuss predicted light curves of lensed
ilonova counterparts, in Section 5.3 we show that our reference light
urve predictions are relatively insensitive to our assumptions, and
n Section 5.4 we discuss observing strategies required to detect the
ensed kilonovae. 
NRAS 520, 702–721 (2023) 
.1 Ov er view of kilono v a models 

e use the recent kilono va light-curv e models from Nicholl et al.
 2021 ). These models, implemented within the Modular Open Source
itter for Transients ( MOSFIT ; Guillochon et al. 2018 ), include low,
igh, and intermediate opacity ejecta components, representing the
olar dynamical, tidal dynamical, and post-merger (wind) ejecta,
espectively. The mass and velocity of each component is determined
or a given binary configuration (chirp mass, mass ratio, and tidal
eformability) using fits by Dietrich & Ujevic ( 2017 ) and Coughlin
t al. ( 2019 ) to numerical merger simulations. 

The luminosity is computed using the r -process decay heating
ate (Korobkin et al. 2012 ) with time-dependent thermalization
fficiency (Barnes et al. 2016 ) and the Arnett ( 1982 ) photon diffusion
pproximation. Further details of the r -process decay luminosity
n MOSFIT are provided by Villar et al. ( 2017 ). The Nicholl et al.
odels also include a viewing angle dependence based on Darbha
 Kasen ( 2020 ), and an additional luminosity source from cooling

mission of a ‘cocoon’, shock heated by a GRB jet escaping the
jecta, following Piro & Kollmeier ( 2018 ). At a given time and
avelength, the apparent magnitude is calculated by summing black-
ody spectral energy distributions for each component, adjusting for
osmological expansion at the specified redshift, and convolving
ith the transmission curve of the respective optical/near-infrared
lters. 
Gi ven the di verse light curves that this model can produce,

e elect here to study two representative cases that encapsulate
he plausible range in luminosity. The optimistic or ‘170817-like’
odel simply takes the best-fitting parameters for GW170817, as

etermined by Nicholl et al. (using the chirp mass inferred from
ts GW signal; Abbott et al. 2017a ), and e v aluate this model at each
edshift of interest. In the ‘conserv ati ve’ case, we choose a chirp mass
 M = 1 . 2 M �) and mass ratio ( q = 0.9) that are typical of known
eutron star binaries that will merge within a Hubble time (Farrow,
hu & Thrane 2019 ). These values are similar to the 170817-like
odel, but three factors conspire to make this conserv ati ve case

ainter (especially at blue wavelengths): we do not include blue
jecta enhancement by magnetic winds (Metzger et al. 2018 ) or
hock heated GRB cocoon emission (Piro & Kollmeier 2018 ), and
e rotate to a more representive viewing angle of 60 ◦ from the
inary axis. The latter step further suppresses the blue emission
compared to the 170817-like model at ≈30 ◦ off-axis), as less of
he low opacity (lanthanide-poor) polar ejecta is within the line of
ight for an edge-on observer. Both models are summarized in 
able 4 . 

.2 Reference light cur v es of lensed kilono v ae 

he observable light curve of a gravitationally magnified kilonova at
 redshift of z is related to the intrinsic light curve of the kilonova
ia the lens magnification and can be written in terms of apparent
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Table 5. Typical distances, redshifts, and magnifications of lensed NS–NS 
and lensed kilonova counterparts as a function of GW detector sensitivity. 

Parameter O1 O2 O3 O4 O5 

˜ D (Mpc) 270 350 500 600 1250 
D (Gpc) 12 .1 12 .1 12 .1 12 .1 12 .1 
μ 2000 1200 600 400 100 
2.5log μ 8 .3 7 .7 6 .9 6 .5 5 .0 
˜ z 0 .059 0 .075 0 .10 0 .13 0 .24 
z 1 .6 1 .6 1 .6 1 .6 1 .6 
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agnitudes in a given filter as: 

 obs ( z) = m int ( z) − 2 . 5 log μ

= m int ( z) − 5 log ( D/ ̃  D ) . (29) 

 forward prediction of m obs for a giv en kilono va model therefore
equires a library of intrinsic light curves that describe m int (in our
ase, based on Nicholl et al.), and a choice of ˜ D and D . To establish
eference light curves for lensed kilonova counterparts to lensed 
S–NS mergers, we base our forward predictions on our Baseline 
S–NS model, the peak of the distributions shown in Fig. 5 for the

ourth and fifth GW runs (Table 5 ), and the transmission curves of
he Rubin/LSST ugrizy -band filters. 

Our reference light curves reveal that lensed kilonova counterparts 
re faint and fade very quickly (Fig. 9 ). In the fourth GW run ‘170817-
ike’ and ‘conserv ati v e’ lensed kilono vae will be detectable at AB �
2 and AB � 24 − 25 close to peak, respectively, corresponding to
 typical lens magnification for detectable lensed NS–NS mergers 
f μ � 400. Because the sensitivity to faint or less magnified events
ill impro v e in the fifth GW run ( τ S ∝ μ−2 ; equations 19 and 20 ),

he typical lens magnification will be lower, at μ � 100. A typical
ight curve will thus peak 1.5 mag fainter than in the fourth run, at
B � 23 . 5 and AB � 25 . 5 − 26 . 5 for 170817-like and conserv ati ve
ilonov ae, respecti vely. All the bright events will still be detectable –
he o v erall endea v our is not becoming more challenging – but there
ill be many more frequent events at lower magnifications that can 
e explored. 
Looking at gri -bands as the most sensitive of the optical/near- 

nfrared filters from the ground, a clear signature of lensed kilonova 
ounterparts is that they fade by � 1 magnitude per day within
he first few days after peak (Fig. 9 ). As such, they are the fastest
ading class of transient sources, with a duration of d � 1 d (time
ak en to f ade by a f actor of tw o in flux from peak brightness in the
bserv er’s frame). The y fade ev en faster than kilono vae that are not
ensed, fast blue optical transients (FBOTs), and rapidly evolving 
ransients (RETs), that all have d � 2 d in the observer’s frame
e.g. Perley et al. 2020 ). This rapid evolution, and in particular its
ace relative to kilonovae that are not lensed, is due to the filters
robing the cosmologically time-dilated rest-frame UV emission 
rom the distant lensed kilonovae ( λrest � 150 − 300 nm), as opposed
o the rest-frame optical emission for nearby kilonovae that are not 
ensed ( λrest � 400 − 700 nm). Importantly, the pace of evolution 
f lensed kilonova counterparts is independent of the kilonova 
odel, as can be seen by comparing solid and dashed curves in 
ig. 9 . 
In summary, lensed kilonova counterparts are distinctive because 

hey fade faster than other optical transients studied to date. Also, 
n the mid/late-2020s they will typically be even fainter than the 
ptical transients that Rubin/LSST is expecting to discover. Fast 
spanning a few hours to a few days) and deep (AB � 25 − 26) target
f opportunity observations will therefore be required to detect them. 
.3 Sensitivity of light curves to parameter choices 

he features of our reference light curves are robust to changing
he chirp mass and mass ratio of the lensed NS–NS merger from
hich the lensed kilonova emission emanates. In Fig. 10 we show

hat varying chirp mass in the range 0 . 9 < M < 1 . 8 M � affects the
pparent magnitude at peak brightness by � 0.5 magnitudes, and that
he slope of the light curves within the first 2 d post NS–NS merger
s not significantly altered by variations in chirp mass. We also show
hat more extreme mass ratio mergers produce brighter kilonovae 
ith light curves that fade more slowly than those with q � 0.9 −1,
nder the assumption that the fraction of ejecta shock heated by
he GRB jet is independent of q . Ho we ver, in mergers with smaller

ass ratios the bulk of the ejecta may be in the tidal plane, so this
ssumption may not hold if the GRB jet does not interact with such
jecta. Nev ertheless, the most e xtreme mass ratio considered here ( q
 0.5) still has an observer frame duration of d < 2 d, and thus our

onclusion that lensed kilonovae are faster than all other transients 
s robust to variations in q . Basing our reference light curves on q
 0.9 is therefore conserv ati ve in the context of considering optical

ollow-up observing strategies in Section 5.4 . 
Basing our reference light curves on the most probable distances 

nd redshifts derived from our lens models is convenient, ho we ver
he distributions shown in Fig. 5 are broad. We therefore examine
he sensitivity of our reference light curves to these distributions. 
ensitivity to ˜ D for a given D is relatively straightforward to deal
ith, because the faintness of lensed kilonovae implies that it is
nly sensible to follow-up the candidate lensed NS–NS mergers 
ith relatively small sky localization uncertainties. Better localized 
W detections are located at smaller distances than worse localized 
etections (Petrov et al. 2022 ), which implies smaller ˜ D for a
iven D , and thus larger lens magnification and brighter kilonovae.
herefore, when observing strategy considerations are folded in, 
asing the reference light curves on the peak distances and redshifts
s conserv ati ve. 

Nevertheless, D is clearly unknown when identifying candidate 
ensed NS–NS mergers in low latency, when the LVK collaboration 
nnounces estimates of ˜ D , sky localization posteriors, and the 
robability that one of the compact objects occupies the lower mass
ap at 3 < 

˜ m < 5 M �, p gap . We therefore introduce a k -correction,
( ̃  z , z, λ), as a convenient way to capture the uncertainty arising from
nknown D . We write m int ( z) in terms of the apparent magnitudes
he kilonova would have if it was located at ˜ z , m int ( ̃  z ), a term to
ccount for the inverse square law that recognizes the impact of the
ifference between ˜ D and D , and the k -correction that accounts for
he different amounts of redshifting of the rest-frame spectrum: 

 int ( z) = m int ( ̃  z ) + 5 log ( D/ ̃  D ) + k( ̃  z , z, λ) , (30) 

nd then substitute equation ( 30 ) into equation ( 29 ) to obtain the
ollowing simple equation: 

 obs ( z) = m int ( ̃  z ) + k( ̃  z , z, λ) . (31) 

quation ( 31 ) can be paraphrased as the light curve of the lensed
ilonova counterpart to a lensed NS–NS merger is set by the light
urve the object would have if it was really located at ˜ D and the k -
orrection between ˜ D and D . In other words, the inverse square law
ancels with the lens magnification, and the unknown D is encoded
n the k -correction. 

The k -corrections at redshifts of interest are not well constrained
y existing data. At z � 1 −2, most of the optical filters probe rest-
rame UV emission, and even AT2017gfo was too faint for UV
pectroscopy by the time observations were attempted ( t = 5 . 5 d;
MNRAS 520, 702–721 (2023) 
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Figure 9. Predicted light curves in the observer frame for lensed kilonova counterparts to lensed NS–NS mergers, based on the Vera C. Rubin Observatory’s 
ugrizy -band transmission curves, with each panel labelled according to the respective filter. The solid and dashed curves show the predicted light curve for a 
kilonova counterpart that is similar to AT2017gfo counterpart to GW170817, and a redder more conserv ati ve model, respecti vely. The upper and lo wer solid 
curves show the predicted 170817-like light curve for lens magnifications representative of lensed NS–NS detections in the fourth and fifth GW runs, respectively 
(Table 5 ). Similarly, the upper and lower dashed curves are representative of the fourth and fifth runs, respectively. The green (upper) and pink (lower) shaded 
regions therefore indicate the predicted range of light curves for the fourth and fifth runs, respectively. Thin horizontal lines show the depth expected to be 
reached by the Vera C. Rubin Observatory with LSSTCam with integration times of 30, 180, and 1800 s, as indicated in the top right-hand panel. The time axis 
is relative to the time of the NS–NS merger in the observer frame. Note that these light curves correspond to a lensed kilonova counterpart at a redshift of z = 

1.6, therefore the most sensitive filter ( r -band) corresponds to a rest-frame wavelength of λrest � 230 nm. 

Figure 10. Predicted r -band light curves for kilonova counterparts to lensed 
NS–NS mergers, concentrating on the fifth GW run, and demonstrating the 
sensitivity to the chirp mass (left-hand panel) and mass ratio (right-hand 
panel) of lensed NS–NS mergers with (as examples) cocoon opening angle of 
30 ◦ and a viewing angle of 60 ◦. Kilonova counterparts to heavier lensed NS–
NS mergers are brighter and fade more quickly than the counterparts to lighter 
lensed NS–NS mergers. Kilonova counterparts to less equal mass lensed 
NS–NS mergers are brighter and fade more slowly than the counterparts 
to more equal mass mergers. Ho we ver, the duration of the most extreme 
mass ratio systems ( q = 0.5) is d < 2 d, and thus shorter than the general 
population of fast transients discussed in Section 5.2 . These characteristics are 
insensitive to the choice of opening and viewing angles. All other details of the 
figure are as stated in the caption to Fig. 9 . The black curves in both panels are 
identical. 
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icholl et al. 2017 ). An estimate of the k -correction therefore
equires models and assumptions about the kilonova physics. The
icholl et al. ( 2021 ) models assume a multicomponent blackbody

pectral energy distribution, which is inevitably o v erly simplistic
iven the complicated atomic structures of the r -process elements
hat comprise the kilonov a ejecta. Ho we ver, e ven sophisticated
adiative transfer models are likely to be unreliable at line-rich UV
avelengths, due to the difficulty of computing the atomic structure
f all rele v ant species and the approximations used to get around
his – for example, using statistical properties of atoms rather than
ndividual lines (Kasen et al. 2017 ), or specifying opacities rather
han composition (Bulla 2019 ; Tanaka et al. 2020 ). 

Importantly, the Nicholl et al. ( 2021 ) model fits well the observed
uminosity of AT2017gfo (ef fecti vely at z = 0) in the Swift UV bands
2000–3500 Å) at the most rele v ant time of t � 1 d. The observer-
rame light curves of the 170817-like model should therefore be
elatively trustworthy in all bands redder than u at z � 1 −2, but by z

3 the k -correction is not well-constrained bluewards of the i -band.
ince z � 3 is the redshift out to which lensed NS merger candidates
an be identified through their detection in the lower mass gap, we can
t least be confident that our predictions for a 170817-like kilonova
re robust in the i , z, y -bands o v er the entire redshift range of interest
and in g and r o v er much of that range). For the conserv ati ve model,
he k -correction is less secure at all wavelengths/redshifts, since this
odel has not been calibrated directly against an observed kilonova.
s a guide, we therefore use the Nicholl et al. ( 2021 ) models to

stimate k -corrections 1 d post-merger in the i -band across the true
edshift range ̃  z < z < 3 for a source placed at ̃  z = 0 . 1 in low latency,
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btaining −1 � k � 0. This suggests that the k -corrections work in
ur fa v our and cause lensed kilonova to be a little brighter than if
 -corrections are ignored. Therefore, despite the large uncertainties, 
he unknown true distance to lensed NS–NS appears unlikely to be a
evere impediment to detecting their lensed kilonova counterparts. 

.4 Outline observing strategy 

t is unlikely that a wide-field surv e y telescope will be observing the
ele v ant sk y re gion to the required depth when a candidate lensed
S–NS merger is detected by the GW detectors and announced as a
ublic alert by the LVK collaboration. Target of Opportunity (ToO) 
ptical observations will therefore need to be triggered in response 
o such a detection, with the upcoming Vera C. Rubin Observatory 
eing the most powerful facility in the mid-2020s when detection 
ates approach one per year (Section 4.1 ). 

A sensitivity of � 26 −27th magnitude is required to probe a
road range of kilonova models (Sections 5.2 and 5.3 ). As previously
ketched by Smith et al. ( 2019a ), ToO observations that aim to detect
ensed kilonova counterparts to candidate lensed NS–NS mergers 
magnified into the mass gap between NS and BH) need to be much
eeper than those envisaged to follow-up NS–NS mergers that are 
ot lensed (Andreoni et al. 2022 ). The light curves in Fig. 9 indicate
hat up to � 30 min per pointing per epoch per filter will be required,
epending on the expected magnification of the source. Such deep 
bserv ations therefore moti v ate selecting well localized candidate 
ensed NS–NS mergers. Moreo v er, the combination of faint flux 
evels and distinctive short duration of lensed kilonovae motivates 
rioritizing sensitivity in a single filter o v er attempting to measure
olours from observations through multiple filters. 

Adopting nominal parameters of five Rubin/LSSTCam pointings 
9 . 6 deg 2 per pointing), three epochs, one filter (preferably r -band),
nd � 30 min integration per pointing per epoch gives a ballpark
stimate of � 7.5 h of observing time per candidate lensed NS–
S – i.e. � 0.25 per cent of a year’s observing time (assuming
000 h yr −1 ). This observing strategy will be sensitive to a broad
ange of blue and red kilonova models across the first two observer
rame days post-GW detection. Two epochs on these time-scales will 
im to detect the rapid fading of the rest-frame UV ( λrest � 230 nm
or the observer’s r -band) lensed kilonova emission. Crucially, the 
osmological time dilation and redshifting renders lensed kilonovae 
he f astest f ading known transients at � 1 mag d −1 . The third epoch
say) � 4 d post-GW detection would provide a post-hoc template 
mage. 

Even a modest factor 2 reduction in the amount of observing time
er candidate will help us to increase the number of candidates that
an be followed up and/or reduce the observing time requirement. 
n particular, release of additional mass information in low latency 
y the LVK collaboration would help us to constrain our lensed 
ilono va light-curv e predictions. F or e xample, the light curv es of
bjects with lower mass ratios are brighter and fade slower than 
or higher mass ratios (Fig. 10 ; note the mass ratio q is lensing
nvariant and thus low latency posteriors on this parameter are 
traightforward to interpret). If av ailable, lo w latency posteriors 
n ˜ M would also help considerably, as highlighted by Bianconi 
t al. ( 2022 ) – two of the three mass gap detections ( p gap > 0.94)
ollowed up in the third GW run were later identified as having chirp
asses of ˜ M � 8 M �. Low latency chirp mass posteriors would

herefore enable a cleaner selection of candidates for e xpensiv e 
ollo w-up observ ations. Such information will be similarly helpful 
or ToO follow-up observations with 4-m class telescopes including, 
FHT/MegaCam and Blanco/DECam and dedicated GW follow- 
p facilities such as BlackGEM and GOTO. The latter facilities also
ypically have a very broad VR -band (or similar) filter, that ef fecti vely
nhances ‘light collecting power’ by a factor two o v er (say) the r -
and. This can help us to offset the smaller aperture size of these
acilities when searching for faint fast lensed transients. 

In summary, rapid response deep ToO observations with the Vera 
. Rubin Observatory are capable of detecting a lensed kilonova 
ounterpart to a lensed NS–NS merger in the mid-2020s. Designing 
hese observations to be useful for other science interests and 
aining access to mass-related information in low latency will both 
o a long way to optimizing the observations for mutual benefit
cross the community. GW detections in the mass gap are also
cientifically compelling independent of the lensing interpretation. 
he observations outlined here therefore provide a physically well- 
oti v ated approach to exploring the mass gap electromagnetically, 

nd will inform non-lensing interpretations of objects disco v ered in
his region of parameter space. 

 SUMMARY  

e hav e inv estigated gravitational lensing of GWs in the context of
he mass functions of compact object remnants of stellar evolution, 
nd of strong gravitational lenses. We developed a new analytic lens
agnification-based approach to predicting the detectable rates of 

ensed GWs with the current generation of detectors, and transformed 
hese predictions into estimates of the arri v al time dif ference between
ensed images of the distant GW sources. This enabled us to compare
ifferent methods for selecting candidate lensed GWs, and to identify 
electing candidate lensed NS–NS mergers that have been magnified 
nto the mass gap between NS and BHs as the most efficient method
ased on data that are publicly available immediately following the 
W detection. Moreo v er, rapid selection of candidates lends itself to

lectromagnetic follo w-up observ ations and localization of candidate 
ensed NS–NS merger to a lensed host galaxy. This is the most
irect way to test the interpretation that ‘mass gap’ ev ents hav e been
ravitationally lensed, to shrink the sky localization uncertainties of 
andidate lensed GWs to the angular scale of gravitational lensing, 
nd thus to potentially achieve a secure first discovery of gravitational 
ensing of gravitational waves. We therefore combined our lensing 
redictions with recent models of kilonova light curves from Nicholl 
t al. ( 2021 ) to predict the optical light curves of lensed kilonova
ounterparts to lensed NS–NS mergers in the filters that will be used
y the upcoming Vera C. Rubin Observatory. Our main conclusions 
re as follows: 

Lensed GW detection becomes likely from 2023 onwards. 
he predicted rates of lensed BH–BH and lensed NS–NS mergers 
vailable to be detected will encroach on one per year during the
ourth and fifth GW runs, respectively. The predicted rates are 
elati vely insensiti ve to the details of the mass functions we employed
or the source populations, ho we ver significant uncertainty is due to
he underlying local comoving merger rate density, with lensed rates 
f � 1 −10 and � 0.01 −1 per year for lensed BH–BH and lensed
S–NS mergers respectively from the mid-2020s. 
Detection of lensed BH–BH mergers in low latency is challeng- 

ng. Although more numerous than lensed NS–NS mergers, lensed 
H–BH mergers are challenging to identify in low latency because 

heir masses inferred assuming no magnification is at play ( μ =
) o v erlap with the population that is not lensed. In other words,
n the mass–distance plane essentially every BH–BH detection is a 
andidate lensed BH–BH. This is due to the steep slope of the BH
ass function that has emerged from the catalogue of GW detections

o date. This does not imply interpreting all BH–BH detections as
MNRAS 520, 702–721 (2023) 
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eing lensed – the relative rate of lensed detections is � 1: 1000
Table 2 ). 

Multiple detections of lensed BH–BH mergers are challenging.
etection strategies based on identifying more than one lensed

mage of a BH–BH are also challenging. This is because lensed
H–BH mergers are predicted to be dominated by relatively low

ens magnifications of μ � 2 −10. Consequently, the arri v al time
ifference between lensed images of distant BH–BH mergers is
ypically long compared with the hour-long time-scales on which
W detectors operate continuously without interruption. Moreo v er

t these magnifications, lenses with relatively flat density profiles
uch as groups and clusters of galaxies are prone to only produce
ne lensed image. These issues reduce the efficiency of this selection
ethod and moti v ate longer GW detector duty cycles that maximize
 v erlap between different GW detectors and detailed work on the
elationship between magnification and multiplicity across the lens
ass function. 
Lensed NS–NS mergers are magnified into the mass gap.

election of candidate lensed NS–NS mergers in the mass–distance
lane in low latency is relatively efficient because > 50 per cent of
hem are predicted to have been magnified into the mass gap between
S and BH. Selection of candidate lensed NS–NS mergers on the p gap 

easure that the LVK collaboration began releasing in low latency in
heir third run is therefore a useful tool. Ho we ver, cleaner selection
f candidates would be achieved if mass and/or mass ratio posteriors
ould be made available in low latency (Bianconi et al. 2022 ). 

Lensed kilono v a counter parts are detectable. Combining our
ensing models with Nicholl et al. ( 2021 ) kilonova models, we show
hat lensed kilonova counterparts peak at � 22 −26th magnitude,
epending on the level of lens magnification and whether a 170817-
ike or more conserv ati v e (redder) kilono va model is adopted. Whilst
hey are faint and fade quickly (the fastest fading transients, with
 duration of d < 2 d), the true redshift of the lensed kilonovae
 z � 1.6) helps us to stretch the light curves and make detection
f the rest-frame UV emission feasible. We concentrate on deep
arget of opportunity observations with the upcoming Vera C. Rubin
bserv atory, and sho w that three epochs of r -band observ ations,

panning a sky localization region of �90 � 50 deg 2 , would be
ensitive to a broad range of kilonova physics, and thus enable
etection of a lensed kilonova counterpart to a candidate lensed
S–NS. This equates to � 0.25 per cent of a year’s observing time
er candidate lensed NS–NS. The most strongly magnified lensed
ilonovae will also be detectable with smaller aperture telescopes,
hich will also benefit from using a broad VR -band (or similar) filter.
Arri v al time differences for lensed NS–NS/kilono v ae are short.
ultiple detections of lensed NS–NS mergers are less challenging

han for lensed BH–BH mergers because the former are more strongly
agnified than the latter. In particular, the arri v al time difference

etween lensed images of distant NS–NS mergers (sub-day) is
ypically comparable with the duty cycle GW detectors (see abo v e).
t is therefore plausible that the second lensed image of a distant NS–
S merger is detected and the lensed kilonova counterpart starts to
righten during the optical follow-up observations that were triggered
n response to the first image. This opens up the possibility of
easuring the rest-frame UV light curve of a kilonova at a true

edshift of z � 1 −2 simultaneously with the NS–NS merger. 
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PPENDIX  A :  G R AV I TAT I O NA L  TIME  DEL AY  

e consider lenses that are approximately circular in projection on
he sky, with a density profile local to a gravitationally lensed pair of
mages of the same source of: 

( x) = 〈 κ〉 x −η, (A1) 

here κ is defined in equation ( 4 ), x = θ / θE is the angle from the
entre of the lens in units of the Einstein radius, 〈 κ〉 is the density of
he lens in the annulus that is bound by the location of the image pair,
hich for an axisymmetric lens is the convergence at the Einstein

adius ( κE ), and 0 ≤ η ≤ 1. The arri v al time dif ference between the
mages is conventionally phrased in terms of the image positions via
θ , the width of the annulus referred to abo v e, with the dependence

n �θ differing between different types of image pairs. For singular
enses that form just two images (by virtue of their pseudo-caustic),
 t pseu ∝ �θ (e.g. Kochanek 2002 ), whilst for image pairs formed at

old and cusp catastrophes of non-singular lenses, � t fold ∝ �θ3 and
 t cusp ∝ �θ4 , respectively (e.g. Congdon, Keeton & Nordgren 2008 ).
ere we consider � t pseu and � t fold , as they bracket the observed
ehaviour of lenses with measured time delays (Section 2.5 ). In the
ollowing sections, we derive expressions for � t pseu and � t fold in
erms of lens magnification, μ, and lens structure, i.e. η and 〈 κ〉 . 
NRAS 520, 702–721 (2023) 
1 Arri v al time difference for the pseudo-caustic 

ochanek ( 2002 ) showed that the arrival time difference for an image
air formed by a pseudo-caustic is given by 

t pseu = 2 �t SIS 

[ 

1 − 〈 κ〉 − 1 + (1 − η) 〈 κ〉 
12 

(
�θ

〈 θ〉 
)2 

+ O 

( (
�θ

〈 θ〉 
)4 

) ] 

, (A2) 

here � t SIS is the arri v al time difference between two images formed
y a singular isothermal sphere (SIS lens). Since 1 ≥ η ≥ 0 and 0.5
〈 κ〉 ≤ 1 (Fig. 1 ), it is clear that the ( �θ / 〈 θ〉 ) 2 term contributes no
ore than � 10 per cent to � t pseu , even for �θ / 〈 θ〉 � 1. Therefore,
 t pseu is mainly influenced by the density of the lens, 〈 κ〉 : 
t pseu � 2 �t SIS 

[
1 − 〈 κ〉 ]. (A3) 

herefore, � t pseu → 0 for a flat density profile ( η → 0, 〈 κ〉 → 1),
nd we reco v er � t pseu = � t SIS for an isothermal lens ( η = 1, 〈 κ〉 =
.5). 
The arri v al time dif ference for a SIS lens is typically written in

erms of the positions of the two images, θ+ 

and θ−: 

 �t SIS = 

D 

2 

[
θ2 
+ 

− θ2 
−
] = D 〈 θ〉 �θ, (A4) 

here D is defined adjacent to equation ( 1 ). We now use equation ( 16 )
o re-write equation ( A4 ) in terms of magnification. Specifically, the
um of the lens magnifications suffered by the image pair is μp =
 θE / β = 2 〈 θ〉 / β, where β is the source position, and θ± = β ± θE ,
herefore �θ = 2 β. Putting this together, we obtain 

 �t SIS = 

4 D 〈 θ〉 2 
μp 

, (A5) 

nd thus 

t pseu � 

8 D 

[
1 − 〈 κ〉 ] 〈 θ〉 2 

c μp 
, (A6) 

e also write equation ( A6 ) as a convenient scaling relation: 

�t pseu 

92 d 
= 

[
θE 

1 ′′ 

]2 [
μp 

4 

]−1 [1 − κE 

0 . 5 

] [ D 

3 . 3 Gpc 

]
, (A7) 

here D = 3 . 3 Gpc corresponds to z L = 0.5 and z S = 1.6, and we
ave approximated κE = 〈 κ〉 and θE = 〈 θ〉 . 

2 Image pairs formed by fold catastrophes 

e start from Schneider, Ehlers & Falco ( 1992 ) expression for
he arri v al time dif ference (their equation 6.21a) between two fold
mages: 

 �t fold = 

D �θ2 

6 μp 

∣∣∣τ (0) 
11 

∣∣∣ , (A8) 

here τ
(0) 
11 is the partial second-order deri v ati ve of the Fermat

otential e v aluated at the critical point of the lens mapping, i.e.
here det ( A ) = 0) at the mid-point between the images. We then
se Schneider et al. ( 1992 )’s equation (6.20) to eliminate �θ , to
btain t 

 �t fold = 

2 D 

3 μ3 
p 

∣∣∣τ (0) 
11 

∣∣∣3 ∣∣∣τ (0) 
222 

∣∣∣2 . (A9) 
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Next, we address the dependence of � t fold on the structure of the
ens. Taking τ 11 first, we obtain from equations ( 2 ) and ( 10 ): 

11 = 1 − ψ 11 = A 11 , (A10) 

here the subscripts on A denote the elements of the Jacobian matrix. 
ollowing Schneider et al. ( 1992 ), we can write this as 

11 = 2(1 − κ) , (A11) 

nd then e v aluate τ 11 at the mid-point of the image pair to obtain: ∣∣∣τ (0) 
11 

∣∣∣ = 2 
∣∣1 − 〈 κ〉 ∣∣. (A12) 

Turning to τ 222 , we differentiate equation ( 2 ) to obtain: 

222 = −ψ 222 , (A13) 

hich shows, in line with many previous works (e.g. Goldberg & 

acon 2005 ; Bacon et al. 2006 ; Lasky & Fluke 2009 ), that second
rder lensing (flexion) depends on deri v ati ves of the convergence κ .

e therefore adopt τ 222 = ∂ κ/ ∂ θ and write 
∣∣∣τ (0) 

222 

∣∣∣ as: ∣∣∣τ (0) 
222 

∣∣∣ = 

∣∣∣∣d κ

d θ

∣∣∣∣
〈 θ〉 

, (A14) 
here the subscript denotes e v aluation of the deri v ati ve at θ = 〈 θ〉 .
ubstituting equation ( A1 ) into equation ( A14 ) then yields ∣∣∣τ (0) 

222 

∣∣∣ = 

η 〈 κ〉 
〈 θ〉 . (A15) 

Substituting equations ( A12 ) and ( A15 ) into equation ( A9 ) we
btain: 

t fold = 

D 〈 θ〉 2 
12 c μ3 

p η
2 〈 κ〉 2 [1 − 〈 κ〉 ]3 , (A16) 

hich can be phrased as a convenient scaling relation: 

�t fold 

3 . 9 d 
= 

[
θE 

1 ′′ 

]2 [ μp 

4 

] −3 [ ηE 

1 

] −2 [ κE 

0 . 5 

] −2 
[

1 − κE 

0 . 5 

]−3 

×
[ D 

3 . 3 Gpc 

]
. (A17) 
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