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1. Introduction

We consider generators £ of symmetric diffusion semigroups on metric measure spaces M and investigate
whether or not the removal of a small closed subset X' C M leads to a loss of essential self-adjointness or
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LP-uniqueness. Recall that in general an operator, given on a dense a priori domain A in L?(M), may have
different self-adjoint extensions, and each such extension encodes a specific type of boundary condition. We
assume that the restriction £] 4 of the generator £ to a suitable a priori domain 4 is essentially self-adjoint,
i.e., that the operator £] 4 has a unique self-adjoint extension, namely £. This property may be viewed as the
uniqueness of the quantum system determined by L] 4, [81, Section X.1 p. 135]. Since in general no classical
notion of differentiability is available, we introduce a number of abstract conditions the a priori domain
A should satisfy. Cutting out a small closed set X from M, one can restrict £ to the space A(M \ X) of
those elements of A whose support lies in the complement of X. If X' is small enough, it is ‘ignored by the
operator’ and L] 4(ar\ ) has the same unique self-adjoint extension £. In this case we say that X is removable
(from the point of view of operator extensions). If X is too large, the operator perceives it as a boundary at
which different boundary conditions can be imposed. The critical size of X~ can be characterized in terms of
capacities and Hausdorff (co-)dimension. A very similar logics applies to LP-uniqueness, that is, the question
whether the extension to the generator of a strongly continuous semigroup on LP is unique.

One motivation to study the removable sets in general metric measure spaces comes from recent
developments of geometric analysis under synthetic lower curvature bound such as Alexandrov spaces, Ricci
limit spaces and RCD spaces. If M satisfies such assumptions and has empty boundary (in an adequate
sense), then it can be decomposed into a regular part R that is equipped with an open manifold structure,
and a singular part S that is a closed set having no manifold structure, but its size in terms of the Hausdorff
dimension is controlled (see, e.g., [24,28,61,78]). If the singular part S is removable, then the diffusion
operator is already fully determined only by its behavior on the regular part R, where it can be treated
using classical theory. See Theorem 12.9 for the case of Ricci limit spaces.

We first provide a general result, Theorem 4.3, it characterizes the critical size of X in terms of capacities
based on A, cf. Section 3. We then prove the equivalence of these capacities and capacities based on resolvent
operators as commonly used in potential theory, these capacities are more amenable objects in connection to
Hausdorff measures. Our key tool for this comparison of capacities is an estimate for truncations of potentials
with respect to the graph norm of the generator, Theorem 6.1. After making the link to Hausdorff measures in
Sections 8 and 9, we apply our results to Riemannian manifolds, sub-Riemannian manifolds and RCD*(K, N)
spaces in Sections 10-12.

For Sobolev spaces and elliptic operators on Fuclidean domains the connection between capacities and
removable sets is a classical topic, [4,48,69-74]. In this context removability had typically referred to the
extendability of solutions, see [3, Section 2.7]. The uniqueness or non-uniqueness of self-adjoint extensions
of Schrodinger operators after the removal of a single point had been addressed in [81, Theorem X.11].
The uniqueness of Markovian self-adjoint extensions of operators had been studied in [94], see also [36,40];
this type of uniqueness is the correct notion to guarantee the uniqueness of associated symmetric diffusion
processes. Clearly essential self-adjointness implies the uniqueness of Markovian self-adjoint extensions.
For Laplacians and their powers on Euclidean spaces the connection between uniqueness of self-adjoint
extensions, capacities of removed sets and Hausdorff codimension were spelled out in more detail in [11,54].
In [53] related LP-uniqueness results were established on infinite-dimensional spaces. First results on essential
self-adjointness and removable sets for the Laplacian on Riemannian manifolds were provided in [29], where
X was assumed to be a single-point set, and in [67], where X was assumed to be a smooth submanifold.

Our results are structure-free in the sense that we do not assume X' to have any specific structure (such as
being a smooth submanifold). This structure-free characterization extends the aforementioned results in the
case of the Euclidean space to the case of general Riemannian manifolds as well as singular spaces including
sub-Riemannian manifolds and metric measure spaces. For instance, if (M, g) is a complete Riemannian
manifold of dimension d > 4, i denotes the Riemannian volume and A, the classical Laplacian, then we
observe that for any closed set X' C M, we obtain the following characterization of the critical size:
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(i) If d > 4, p(X) = 0 and A,|cso(ar x) is essentially self-adjoint, then HI~*T¢(L) = 0 for all ¢ > 0.
Ifd =4, u(¥) = 0 and Aulcxr x) is essentially self-adjoint, then H"(E) = 0 for any Hausdorff
function h satisfying fol h(r)% < +oo.

(ii) If d > 4 and H4™*(2) < +o00 or d = 4 and H"2(X) < 400, then A,|coo(ar x) is essentially self-adjoint.

Here H* denotes the s-dimensional Hausdorff measure, H" a generalized Hausdorff measure with Hausdorff
function h, and ha(r) == (1+log, 1)=!, 7 > 0. See Section 8 for definitions and Theorem 10.12 in Section 10
for the result. Our structure-free results work well also for metric measure spaces M. In particular, they are
robust enough to deal with the singular sets that arise in non-collapsing Ricci limit spaces with two-sided
Ricci curvature bounds, see Theorem 12.9.

We proceed as follows. In Section 3 we introduce related (2,p)-capacities capé‘fp of a similar type as
in [48,73] and use them to characterize the critical size of X' at which a loss of LP-uniqueness occurs, see
Theorem 4.3 in Section 4. This includes the discussion about the essential self-adjointness of L|4n 5
as the special case p = 2. Under the assumption that the associated Markov semigroup (P;)¢>¢ is strong
Feller, we then introduce a different well-known type of (2, p)-capacities Cap, ,, in Section 6, now based on
associated resolvent operators Gy, [3, Section 2.3]. These capacities are more suitable to discuss connections
to Hausdorff measures and dimensions later on, so it is desirable to show they are equivalent to the capacities
capé‘fp. The dominance of cap“z‘}p over Cap, , is easy to see, Corollary 5.3, but the opposite inequality is not
at all automatic. It can be proved (Corollary 6.3) if one has a truncation property at the level of the operator
domain D(L); for p = 2 it is of the form

1F 0 Gafllpiey < e Ifllipzany, feCe(M), [f=0,

where F is a suitable function in C?(R). In Theorem 6.1 in Section 6 we establish such a truncation property
under the assumption that the semigroup satisfies

VF(Ptf)S%Patf

for f as above and with 1 < a < 2; we refer to this condition as (LG). Rewritten in terms of heat kernels,
it is seen to be a kind of logarithmic gradient estimate, see (L.G') in Section 6. The truncation result in
Theorem 6.1 is not at all trivial - recall that even in the Euclidean case Sobolev spaces W?2? are not stable
under compositions with smooth bounded functions, [3, Theorem 3.3.2]. It is a partial generalization of a
well-known truncation property for Bessel-potentials, [3, Theorem 3.3.3], which follows by a method due
to Maz’ya, [69], combined with a multiplicative estimate for derivatives of potentials in terms of maximal
functions. The proof for the Euclidean case employs gradient estimates for resolvents and the Hardy—
Littlewood maximal inequality, see [2, Lemma 1], [3, Proposition 3.1.8], [49]. For manifolds and metric
measure spaces estimates for semigroups or heat kernels and their gradients are well-studied and widely used.
This motivates us to formulate a proof of Theorem 6.1 using (LG) and the semigroup maximal inequality,
see Section 7. In Sections 8 and 9 we connect the capacities Cap, ,, to Hausdorff measures and dimensions,
provided that volume measure and resolvent densities admit suitable asymptotics respectively estimates,
Lemmas 8.3 and 9.1. We provide applications to complete Riemannian manifolds M in Section 10; in this
case O.ét = C°(M) is a natural choice. For p = 2 a characterization of the critical size of X in terms of
capgjc2 M)
terms of the capacities Cap,, we assume volume doubling and a gradient estimate, see Theorems 10.2,

is valid without further assumptions, Theorem 10.1. For p # 2 and for characterizations in

10.4 and 10.5. For a characterization of essential self-adjointness in terms of Hausdorff measures we can
again drop all additional assumptions, see Theorem 10.12. This result is proved using localizations to small
enough balls, and as mentioned before, it generalizes the former results in [29,67] in the sense that X may
now be an arbitrary closed set. In the case of manifolds of dimension 4 the size of X' on a logarithmic
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scale determines whether essential self-adjointness is lost or not, and one can find positive and negative
examples, see Remark 10.14. Applications to sub-Riemannian manifolds are discussed in Section 11, see
Theorems 11.1 and 11.2, links to [1] are pointed out in Remark 11.3. In Section 12 we discuss the natural
Laplacian £ on RCD*(K, N) spaces and its restriction to an abstract core A, see (71) and Proposition 12.4.
We obtain characterizations of the critical size of X for essential self-adjointness and LP-uniqueness in terms
of capacities, Theorem 12.5, and for the case of (Ahlfors) regular measures or CAT(0)-spaces also in terms
of Hausdorff measures, Theorems 12.6 and 12.8. An interesting application appears for Gromov-Hausdorff
limits of non-collapsing manifolds, [27,28]: Since by the results in [60] the singular part S of the limit space
M is known to have finite Hausdorff measure of codimension four, the operator £|4.(z) on the regular part
R = M\S is essentially self-adjoint with unique self-adjoint extension L. Since L] 4.(r) extends the classical
Laplacian A, |cse(r) on the regular part and C2°(R) is seen to be dense in A.(R) with respect to the graph
norm, it follows that also A,|ce () is essentially self adjoint on L?(M) with unique self-adjoint extension

L.

2. Basic setup, notation and preliminaries

Let (M, o) be a locally compact separable metric space and let p a nonnegative Radon measure on M
with full support. We write LP(M) := LP(M, pn), 1 < p < 400 for the LP-spaces of p-classes of p-integrable
functions on M with respect to p and similarly, LP(A) := LP(A, p|4) if A is a Borel subset of M.

Let (£,D(L)) be a non-positive definite densely defined self-adjoint operator on L?(M) and let (€, D(E))
be its quadratic form, i.e. the unique densely defined closed quadratic form on L?(M) satisfying

E(f,9) == (L9 2y €DL), g €DE). (1)

Endowed with the norm o
ey = (£ 1) + 17122

the form domain D(€) is a Hilbert space. Given A > 0, we equip the operator domain D(L) with the Hilbert

space norm

Hf”p(c) =[(A— [’)fHLQ(M) : (2)

From (1) and the Cauchy—Schwarz inequality for £ it is immediate that this norm is equivalent to the graph
norm of £. The parameter \ will always remain fixed, we therefore suppress it from notation; suitable choices
will be addressed later.

We also make use of the variational definition for L. Let (D(£))* be the topological dual of D(£). For any
f € D(E) we can define Lf as a member of (D(€))* by

We then observe by a simple application of the Riesz representation theorem and the density of D(£) in
L?(M) that

D(L) = {f € D(E): £f € (M)} (4)

We assume that (£,D(€)) is a Dirichlet form on L?(M), [40], and that it admits a carré du champ, in

other words, that there is a bilinear nonnegative definite map I" from D(£) N L>(M) x D(E) N L>®(M) into
L'(M) such that

3 {EUh) +E(fgh) = g} = [ WT(Gg)dn, fogh e DE)NL=(A)
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[19, Chapter I, Definition 4.1.2 and Proposition 4.1.3]; recall that by the Markov property the space
D(E) N L*®(M) is an algebra, [19, Chapter I, Corollary 3.3.2]. Using truncations and approximation one
can naturally extend I to a bilinear map from D(€) x D(&) into L*(M).

We further assume that (£,D(E)) is regular and strongly local, [40, Section 3.2]. One then refers to its
generator (£, D(L)) as symmetric diffusion operator. Strong locality implies that if f € D(L) is constant on
an open set U C M then Lf = 0 p-a.e. on U. It also implies that if f € D(E)NC.(M) and its support supp f
is contained in an open set U, then I'(f, f) = 0 p-a.e. on U°. In particular, we have E(f,g) = [,, I'(f,g) du
for all f,g € D(E) N C.(M). Moreover, by the Markov property and strong locality, D(€) is stable under
taking compositions F(fy,..., fn) of elements f; € D(£) with functions F' € C'(R") satisfying F(0) = 0
and having uniformly bounded first derivatives. The carré obeys the chain rule

P(F(o f)s8) = 3 oo (e )T (fing) e o)
i=1 "

for any fi1,..., fn,g € D(E) and F as stated, see [19, Chapter I, Proposition 3.3.1 and Corollary 6.1.3] or [40,
Theorem 3.2.2]. For n = 1 this remains true for Lipschitz F with F(0) = 0, see [19, Chapter I, Corollary
7.1.2).

Let (P;)i>0 be the unique symmetric Markov semigroup generated by (£, D(L)), [19,33,40], also referred
to as symmetric diffusion semigroup. The restriction of (P;);~o to L*(M)NL>®(M) e
semigroup (Pt(p))t>0 on each LP(M), 1 < p < +oo, strongly continuous for 1 < p < +oo, [33, Theorem
1.4.1]. Clearly Pt(z) = P;. For any 1 < p < 400 the generator (L®), D(LP))) of (Pt(p))t>0 on LP(M) is the
smallest closed extension of the restriction of £ to the a priori domain

xtends to a contraction

D, = {f € D(L)NLP(M): Lf € LP(M)}. 6)
Clearly £ = £. Also for p # 2 we endow each D(£)) with the norm

1o, = |3 = £®)y]

(7)

Lp(M)

The space D(LM)) N L>®°(M) is an algebra, and we have
L M M
I(f.9) =5 {£D(f9) = F£Vg — 9LV s} ®)

for any f,g € D(LM) N L>®(M), seen as an L'(M)-identity, [19, Chapter I, Theorem 4.2.1].

If A is a vector space of real-valued Borel functions on M and U C M is an open set, then we write A(U)
to denote the subspace of A consisting of functions with support contained in U. Clearly A(M) = A. We
write A, and A.(U) for the subspaces of A respectively A(U) consisting of compactly supported functions.

We write L% (M) for the cone of nonnegative elements in LP(M). By L°(M) we denote the space of
p-equivalence classes of Borel functions on M and by B(M) (respectively By, (M)) the space of Borel functions
(respectively bounded Borel functions) on M. If § is a vector space of p-classes of functions on M, we write
f e B(M)NS (respectively f € By(M)NS) to say that the p-class of f is in S. Set inclusions and other
statements involving functions and classes are silently understood in a similar manner. We use the shortcut
notation I'(f) := I'(f, f), similarly for other symmetric bilinear quantities.

3. Capacities based on spaces of functions

Let A be a vector space of real-valued Borel functions on M. Given a compact set K C M we write w}‘}
for the set of functions u € A such that © = 1 on an open neighborhood of K.
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Suppose that 1 < p < oo and A C D(LP). For any compact set K C M we define the (2, p)-capacity
capé‘}p(K) of K with respect to A by

capép(K) = inf{HuH];(E(p)) Tu € w}é} (9)

with capép(K) = +oo if wit = (). For general sets £ C M we then set
capép(E) = sup {capép(K) : K CE, K CM compact} . (10)

Early references on definition (9) on Euclidean spaces are [48,70-72,74], detailed comments can be found
in [3, Section 2.9]. In comparison with [48] identity (9) means that we use [48, Theorem 2.1] as a definition;
the identity in [48, Definition 1.1] then follows as a result, see Proposition 3.2. Only Proposition 3.1(i) and
condition (B) below will be used in the following sections. Propositions 3.1(ii) and 3.2 are stated to make
clear that (9) and (10) are in line with [48].

Proposition 3.1. Suppose that 1 < p < co and A C D(LP)).

(i) If By C Ex C M then capf}p(El) < capé‘fp(Eg).
(ii) For any K C M compact we have capffp(K) = inf {capép(G) K CG@qG, G open}.

Proof. For compact sets (i) is obvious from (9), and by (10) it extends to general sets. Statement (ii) follows
as [3, Proposition 2.2.3]: Suppose K is compact and € > 0. By (i) we may assume that capé‘fp(K) < +o00.
Then there is some u € A such that ||u||%(£(p>) < capé‘}p(K) + ¢ and v = 1 on an open neighborhood U
of K. Let G be a relatively compact open neighborhood of K such that G C U. Clearly u € wg, so that
caps',(G) < capg',(G) < Hu||%(£<p)). Thus, we obtain capép(K) < capy',(G) < capép(K) +e. O
We say that condition (B) is satisfied if
For any compact K C M the set wy is nonempty. (B)

In the manifold case with A = C(M) it is implied by the existence of smooth bump functions.
Condition (B) will be used in the later sections, in the present section it is used only for Proposition 3.2
below.

Suppose that 1 < p < +oc is fixed and A € D(LP). Given f € LI(M),
as a linear functional on A by

+ L =1, we define (A — L) f

141
P q

(A= L) f(g) = /M FO—LP)gdp, ge A

and, mimicking classical definitions in the theory of Schwarz distributions, define the support supp 4 (A —
LDV of (X — LD)f with respect to A as the set of all + € M with the property that for any open
neighborhood U, of x there is some g € A(U,) such that (A — L9 f)(g) # 0. The set supp 4(A — L) f
is seen to be closed. If (B) is satisfied, f € L9(M) and supp 4(A — LD)f is compact, then we can define
(A = LY (1) = (A = LD)f)(g) with an arbitrary function g € A satisfying ¢ = 1 on an open
neighborhood of supp 4(A — £(@) f. The following observation reconnects to [48, Definition 1.1].

Proposition 3.2. Suppose that condition (B) is satisfied, 1 < p < 0o and A C D(LP)). Then

caps, ()7 = sup {|(A = L))+ f € LYM), | f | aqary < 1, (11)
supp 4 (A — LDYf compact and contained in E}

forany E C M, where%—l—%:l.
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Proof. We can follow [48, Theorem 2.1]: If ¢(F) denotes the right-hand side of (11), then
¢(E)=sup{c(K): K CE, K compact}, E C M. (12)

Since obviously ¢(E) > ¢(K) for any compact K C E, the inequality > in (12) is clear. On the other hand,
for any € > 0 we can find f as in (11) such that ¢(E) < |[(A — £@)f)(1)| +&. Since K := supp 4(A — L) f
itself is compact, the preceding is bounded by ¢(K) + ¢ and in particular, by the supremum in (12) plus e.
Letting € go to zero gives < in (12). Consequently it suffices to verify (11) for compact sets K in place of E.

Let K be a compact set. If f € LI(M), || fllpaar) < 1 and supp4(A — L@)f C K, then for any g € wi
we have

(=21 1) = 1 (A= £D)f,g) | = | (£. (0= LP)g) | < | (A = £P)g]

by the Holder inequality, and therefore ¢(K) < capffp(K )1/ P, Now suppose h € wK. By the Hahn—Banach
theorem, there is some f € LI(M) with [|f[[q(pp) < 1 such that

LP (M)

(F.O=LP)e) =0, @AM\ K), (13)

and

<f,()\—£(p > mf{H —LO)(h— @‘LP(M): o € AM\ K)} = cap (K)V/7, (14)

see [82, Corollary 3 of Theorem I11.6]. From (13) it follows that supp 4(A — £9)f C K, and with (14) we
arrive at capsl, (K)/? = (A= LD)f,1) < ¢(K). O

Remark 3.3. The capacity capé‘fp is not expected to be a Choquet capacity, see [48, p. 184].

4. LP-Uniqueness and removable sets

Let (Lg,.Ap) be a linear operator on LP(M). We call it LP-unique if its domain Ay is dense in LP(M) and
there is at most one strongly continuous semigroup on LP(M) whose generator extends (Lo,.Ap). See [36,
Chapter I, Definition 1.3]. If p = 2 and (Lo, Ap) is symmetric and semibounded, then it is L2-unique if and
only if Ag is dense in L?(M) and (Lo, Ag) is essentially self-adjoint, [36, Chapter I, Corollary 1.2].

In the sequel we assume that the LP-uniqueness holds for the restrictions L(”)| 4 of the globally defined
operators £®) from Section 2 to a given space of real-valued Borel functions A and investigate whether the
removal of a small closed subset X' of M leads to a loss of LP-uniqueness or not. To prepare the discussion
we formulate structural conditions on A.

The first condition guarantees certain boundedness and multiplication properties:

The space A is a subalgebra of B,(M) N L' (M), contained in D(£™)), (L)
and such that I'(f) € L°°(M) and Lf € L*>°(M) for all f € A.

Remark 4.1. If (L>°) holds and A C D(L), then A C D), for all 1 < p < 4o0.

Given 1 < p < 400 we consider the following condition.
The space A is contained in D(£P)) and the operator £P|4 is LP-unique. (Cp)

Recall that a subspace of the domain of a closed operator is said to be a core if the closure of the restriction
of the operator to this subspace agrees with the initially given closed operator. It is well known that (C,)
is equivalent to saying that A is a core for (LP,D(LP)), [36, Chapter I, Appendix A, Theorem 1.2]. If (C,,)
holds, then the closure of £P|4 is (L®), D(L®))); in the special case p = 2 it follows that (£, D(L)) with
D(L) =D(E)ND((L]4)*) is the unique self-adjoint extension of L] 4.

7
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Remark 4.2. If (C,) holds and A. is dense in A with respect to H . HD(MP)), then LP| 4, is LP-unique with
closure (L), D(LP))), where A, was defined in the beginning of p.6.

We formulate yet another condition needed for p # 2; for p = 2 it is always satisfied.

There is a constant ¢(p) > 0 such that (Ip)
1/2
[P 72, 0, = @) 1 ey forall e A

Now suppose that X C M is a closed set. We write M:=M \ 2. For elliptic operators £ on Euclidean spaces
it is well known that the LP-uniqueness of L] coo(ar) Can be characterized in terms of the (2, p)-capacity of
X, see for instance [48,73,75] and the references listed in [3, Section 2.9]. The following theorem is a general
version of this fact, applicable to manifolds and metric measure spaces.

Theorem 4.3. Let1 < p < 400 and assume that condition (C,,) holds.

1) Suppose that also olds. C 1s closed, =0 an oy 45 LP-unique, then we have

i) S hat also (B) holds. If ¥ ¢ M losed, p(X 0 dLA(M) Ly h h
capf}p(ﬂ) =0.

(ii) Suppose that also (L>°) and (I',) hold. If ¥ C M is compact and capf}p(ﬂ) =0, then we have pu(X) =0
and L] 5 ypy is LP-unique with closure (LP) D(LP)Y). If A, is dense in A with respect to || - e
then the conclusion remains true for general closed X C M ; in this case also £|AC(M) is LP-unique with
closure (L®P), D(LP))).

Proof. We verify (i). Since the operator L[ 4y is densely defined and closable in LP(M), and its smallest
closed extension coincides with (£®), D(£®)), the adjoint L* of L := (L] 4r))" equals £®) ] [62, Chapter
ITI, Theorems 5.28 and 5.29]. Let (X;);>1 be a sequence of compact sets X; C X' such that

cap{fp(Z) = sup capép(Zi), (15)

by (10) such a sequence exists. For fixed i let f; € A be such that f; = 1 on a neighborhood of X;, by
condition (B) such f exists. Since A € D(LP)) we can find g € LP(M) such that (Lh, f;) = (h,g) for
all h € D(L). Because pu(%;) = 0 we also have (Lh, fi|y,) = (h,g) for all h € D(L), in other words,
filyy is an element of D(L*) = D(LP)). Accordingly there exists a sequence (fin)n>1 C A(M) such

that lim, ||f; — fi7n||D( L) = 0. The functions e;,, = f; — fin are elements of wﬁi and consequently
capé‘fp(Ei) < lim, ||ei7n||§;(£(p)) = 0. By (15) this implies capé‘fp(E) =0.

To see (ii), suppose that capﬁp(ﬂ ) = 0. Then pu(X) = 0, as follows straightforward from the definitions,

and therefore LP(M) = LP(M). Denote by D(LM) the closure of L] gypy in LP(M). It suffices to prove
D(LM) = D(LWP). Since A(M) C A we have D(LM) c D(£P)), and it remains to show that
D(LM) > D(L®). (16)

For any f € D(L®) let (fu)n>1 C A be such that f, — f in D(LP)); if 5 is noncompact, then we
may assume the f,, have compact support. For any n the set K,, := X Nsupp f, is compact and satisfies
capép(Kn) < capép(E) = 0. Accordingly we can find a sequence (e ;);>1 C wﬁn such that e,; — 0 in
D(E(p)) asl — o0. Set fn1 = (1—en)fn- Then f,; € Aby (L>°), and since (1—ey ;) = 0 on a neighborhood
of K,, and f,, =0 on M \ supp fy, it follows that f,; € A(M) We have

| g = Fullzeary = lenifalloeany < llenilloean |l fall oo (arys

which goes to zero as I — oco. Moreover, using (8) we see that

L fna = Lfalle
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= 1£0 (en.ifu) Lo ar)

1/p
< LD en) fullear + 2 (/ |F(6n,l,fn)pdu> + [lent £Y full o an
M

1/2
< [ Lenllzeanll fall oo + 2T (en) 2 Lon I T % gy + lenllzo @ | £ Fall oo ary,

which converges to zero as | — oo by (L); for p # 2 we also use condition (I7,) on the second summand
in the last line. Hence the functions f,,; € .A(M) approximate f in D(L®), which shows that f € D(LM),
and consequently (16) holds. O

The density of A, in A with respect to the graph norm follows if there is a suitable approximation of the
identity. We say that condition (A) holds if

There is a sequence (hy),,; C Ac such that 0 < h, <1, h, T 1 as n — oo, (A)

supHF(hn)l/2 < 400 and supHLh < 4o00.

e (ary ll o gary

We record the following observation for later use.

Lemma 4.4. Assume that (L) holds and A C D(L). Let 1 < p < +oo and assume further that (I,) holds

and that A is dense in L1(M), = 1. Then (A) implies the density of A. in A with respect to | - ||D(£(p)).

1
q
Proof. Let g € A. Then h,g € A., and using (8) we see that

[[(A = E)(hng)”LP(M) <A ”hn”LOO(M) ||g||LP(M) + ||£(hn9)HLp(M)
< Mgl zoary + LR oo (ary 91 o (ar)
1/2 1/2
270 oy [ 760072y Wl any 1812 car

<c ”.‘]HD([;(p))

with a constant ¢ > 0 independent of g and n. In particular,
sup [|[(A = £)(hng = 9)ll p(ar) < +00,

so that by reflexivity and Banach—Alaoglu we can find a sequence (ng)x and a function go € LP(M) such
that

lim (A = £) (b9 = 9) = g0, f) =0, f € LYM).
By Mazur’s lemma we may assume that
1
lim || - ;@ = L)(hny. = 9) = 90/l o ary = 0

otherwise pass to a subsequence. On the other hand
lim (A=L)(hnyg—9), [) = liI£n<(hnkg —9),(A=L)f)=0, feA,

by the symmetry of £|4 and dominated convergence, so that by the density of A in LI(M) we have go = 0.
Setting gy = + ZkN:1 hn, g we obtain a sequence (gn)n C A, such that limy gy = g in D(LP). O
9



M. Hinz, J. Masamune and K. Suzuki Nonlinear Analysis 234 (2023) 113296

5. Capacities via resolvents, and a first comparison

We recall another well-known definition of capacities and record a simple first comparison result for the
two types of capacities.

Recall that (P;)¢~o denotes the symmetric Markov semigroup generated by (£,D(L)). For any A > 0 we
write G\ to denote the associated A-resolvent operator, defined by

Gaf = /OOO e MPfdt (17)

for f € L2(M). For any 1 < p < +00 the restriction of G to L'(M) N L>°(M) extends to a bounded linear
operator Gg\p) : LP(M) — LP(M), and for all f € LP(M) an analog of (17) holds with Gg\p) and (P");~0 in
place of Gy and (P;)¢s¢. For any 1 < p < 400 we have Gf\p) = (A—L£®)~1 Since in the sequel the meaning
will be clear from the context, we suppress the superscript (p) from notation.

We say that (P;)iso is a strong Feller semigroup if for any ¢ > 0 and any f € L°°(M) we have
P.f € Cy(M), where C,(M) is the space of continuous bounded functions on M. See e.g. [18, Section V.2].
In the following we assume that (P;);s0 is strongly Feller. Then

Pz, A) = Pla(z), t>0, xze€M, AC M Borel, (18)

defines a (sub-)Markovian kernel (P;(x, dy)):>0, and we have P, f(x) = [,, f(y)Pi(x,dy) forallt > 0, z € M,
f € L>(M). Clearly then also G f € Cp(M) for all f € LOO(M). For any f € L (M) we can define G, f as
an element of Lgr (M) by (17) and taking limits of increasing sequences. The following is immediate.

Proposition 5.1.  If (P)>0 is strongly Feller, then for any f € LY. (M) and X > 0 the function G\ f is
lower semicontinuous on M.

Standard definitions yield a second type of capacities, now based on resolvent operators associated with
the symmetric Markov semigroup. See [34,55] for (r,2)-capacities and [39] for general (r, p)-capacities. By
Proposition 5.1 we can proceed similarly as in [3, Section 2.3]. For our purposes it is convenient to use the
A-resolvent operators G for A > 0 as in Section 2. Since different choices of A lead to comparable values for
the capacities and do not change our results, we suppress A from notation.

For aset E C M let

Caps,,(E) := inf {||f||L,,(M) f € L2 (M) with Gy f(z) > 1 for all z € E} : (19)
with Cap, ,(E) := +oc if no such f exists. The cone L% (M) can be replaced by the space LP(M), that is,
Cap, ,(E) = 1nf{||f|\Lp M) . f e LP(M) with Gy f(x) > 1 for allazEE}, (20)

[3, p. 28], note that for fi := f V0 we have ||f+||Lp(M) < ||f||Lp(M) and Gaf < Gafs.
Proceeding as in [3, Section 2.3], we can observe the following basic properties.

Proposition 5.2. Let 1 < p < oo and assume that (P;)i>o is strongly Feller.

(i) If Ex C Ea C M then Cap, ,(E1) < Capy ,(E2).
(if) For any E C M we have

Cap, ,(E) = inf {Cap, ,(G) : EC G, G C M open} .

(iit) If B; € M,i=1,2,... and E = J;2, E;, then Cap, ,(E) < 3%, Cap, ,(E;).

10
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(iv) The capacity Cap, ,, is a Choquet capacity. In particular, for any E C M we have
Cap, ,(E) = sup {Cap, ,(K): K CE, KC M compact} .

Proof. We can follow the same arguments as used in [3, Propositions 2.3.4, 2.3.5 and 2.3.12]: Statement
(i) is immediate, (ii) and (iii) can be seen as in [3, Propositions 2.3.5 and 2.3.6]. Since Cap, ,(#) = 0 and
we already know (i) and (ii), a proof of (iv) is achieved if we can verify that for any increasing sequence
(Ei)iz1 of subsets E; C M we have Cap, (U2, Ei) = lim; o Cap, ,(E;), see [3, Theorem 2.3.11 and
the comments following it]. This can be shown as in [3, Proposition 2.3.12]: One inequality is trivial by
monotonicity. For the other we may assume that lim;_,, Cap, ,(E;) is finite. Then uniform convexity implies
that the sequence (f¥i);>1 of capacitary functions f¥i for the sets F; converges in LP(M) to a limit f >0
with Hf||’L)p(M) = lim; ;o Cap, ,(E;), cf. [3, Corollary 1.3.3, Theorem 2.3.10]. Using closure properties in
LP(M), [3, Proposition 2.3.9], together with (iii), one can then show that G\ f > 1 Cap, ,-quasi everywhere
on E and conclude that || f[[7, 5 > Capy,(E). O

A first comparison of the capacities capép and Cap, ,, is now straightforward.

Corollary 5.3. Let A be a vector space of real-valued functions satisfying condition (B). Suppose that
1<p<oo, ACD(LP) and (Py)i~o is strongly Feller. Then for any set E C M we have

Capy ,(B) < caps, (). (21)

Proof. By (10) and Proposition 5.2(iv) it suffices to verify the respective inequality for compact sets
K C M. Let K be compact, we may assume that capffp(K) < +o0. Let ¢ > 0. By (9) can find u € wf
such that ||uH%(£(p>) < capy',(K) + ¢. Since wi C D(LP)) we have u = G f with some f € LP(M). If now
U C M is an open neighborhood of K such that «w =1 on U, then, by noting (20), it holds that

A
Capsp(K) < Capy  (U) < [1F % ary =l i) < camsiy(K) +2. O
6. Truncations of potentials, and a second comparison

An inequality opposite to (21) is less trivial. To prove it, we first establish a norm estimate for truncations
of potentials.

We say that (Py)¢~o satisfies condition (LG) if there are constants ¢; > 0, ¢ > 0 and 1 < o < 2 such
that for any nonnegative f € C.(M) and any t > 0 we have

cy ec2t
VI(Pf) < ——— Py f p-ae on M. (LG)
Vit
Condition (LG) can be verified for large classes of manifolds and metric measure spaces, see the comments
at the end of this section and the examples in Sections 10, 11, and 12.
The following theorem is a generalization of well-known truncation estimates for potentials on Euclidean
spaces, [2-4,49,69]. We provide a proof in Section 7.

Theorem 6.1.  Assume that (P;)i~o is a strong Feller semigroup satisfying (LG). Let F € C*(R,) be a

function such that
sup |t PP ()| < L, i=0,1,2, (22)
t>0
11
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with a constant L > 0, where F%) denotes the ith derivative of F. Then for any1 < p < +o0, any X > ﬁ Ca
and any nonnegative f € LP(M) we have F o Gy f € D(L®P)) and

||F o G>\f||D(£(p)) S C3 ||f||LP(M) (23)

with a constant c3 > 0 depending only on ¢y, co, L, \, a and p. For all A > ﬁ co and all nonnegative

f € Ce(M) we have L(F o G\ f) € L*(M) and ||L(F o Gxf)ll oo (ary < €3[|l oo (ary with a constant c5 > 0
depending only on c1, ca, L, X and a.

Remark 6.2. If (LG) is assumed for all nonnegative f € L*(M) N L (M), then also the stated results in
the case p = +oo hold for all such f.

Theorem 6.1 allows to establish an inequality opposite to (21), provided that A is rich enough to contain
suitable truncations of potentials. To an increasing function F € C%(R) with 0 < F < 1, F(¢) = 0 for all
t <ty with some fixed 0 < tp < 1 and F(t) = 1 for all t > 1 we refer as a C2-truncation. Any C?-truncation
satisfies (22). Consider the following condition on A:

There is a C%-truncation F such that F o Gyf € A (F)

for any nonnegative f € L*(M) N L (M).

The next corollary is similar to the less straightforward part of [3, Proposition 2.3.13 and Corollary 3.3.4];
it follows by analogous arguments as used there.

Corollary 6.3. Assume that (P;)¢>o is a strong Feller semigroup satisfying (LG) and let A be a vector space
of real-valued Borel functions satisfying (B) and (F). Suppose further that 1 < p < co and A C D(L®)). Then
for all E C M we have

capép(E) < Cap, ,(E),

where c3 > 0 is as in (23).

Proof. As in the proof of Corollary 5.3 we may assume that £ = K is compact. Given ¢ > 0 let
f € LP(M) be nonnegative with Gxf > 1 on K and such that || f|[7,y < Capy,(K) +e. Fix 20 € M
and let f,(z) = 1pyn)(x)(f(z) A n). Then all Gyf, are continuous, Grf, < Gxfnq1 for all n and
GAf = sup,, Gy fn. By the Dini-Cartan lemma, [52, Lemma 2.2.9], we can find n so that G5 f, > 1 on
K. Clearly also an||1£p(M) < Cap, ,(K) 4 €. By condition (F) we can find a C*-truncation F such that
FoG) fn = 1 on a neighborhood of K and FoG) f, € A. By (9) and (23), capg',(K) < [|[F o Gy f||

ch ||fn||l£z7(M) < Cg(Capz,p(K) +¢). O

P
D(L(P) <

If the symmetric Markov semigroup (P;)¢~¢ is strongly Feller, then for any ¢ > 0 and « € M the Borel
measure P;(z,dy) defined in (18) has a density p; , € L'(M) with respect to u, [40, Exercise 4.2.1]. By [96,
Theorem 2] the integrals py(x,y) == [, Pt/2,2(2)Pr)2,y(2)11(dz) then define a (unique) heat kernel for (P;);>o,
that is, a real valued function (¢, z,y) — pi(x,y) on (0,+00) x M x M such that for any ¢ > 0 the function
(x,y) — pe(z,y) is measurable, we have

Pf@) = [ maa)fntdn), ¢>0, 2, fe L),
pi(x,y) = pe(y,z) for all t > 0 and x,y € M and

Ders(x,y) = / pi(x, 2)ps(z,y)p(dz), s,t>0, xz,y€ M. (24)
M

12
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The strong Feller property also implies that for any ¢ > 0 and y € M the function p.(-,y) is lower
semicontinuous.

In presence of a heat kernel p;(z,y) condition (LG) follows from a (relaxzed) logarithmic gradient estimate.
We say that p;(z,y) satisfies condition (L.G) if there are constants ¢; > 0, co > 0 and 1 < o < 2 such that

I'(pe(,-))(y) ca e“2!
pat(z,y) T WVt

(LG')
for all t > 0 and p-a.a. z,y € M.
Proposition 6.4. If (P;);~0 admits a heat kernel pi(z,y) and satisfies (LG'), then (Py)i~o satisfies (LG).

Proof. By (24) we have py(z,-) € L*(M) for all t > 0 and @ € M. Since p;(x,-) = P;/ops)2(x, ), semigroup
regularization implies that p.(z,-) € D(E), see for example [40, Lemma 1.3.3] or [33, Theorem 1.4.2].

Let f € C.(M) be a nonnegative function. The element P, f of D(E) is the integral of the D(E)-valued
function y — p:(+,y) with respect to the measure f(y)u(dy). For any nonnegative ¢ € C.(M) the map

g llgll, = /M VTG @)e(e)u(de) (25)

defines a seminorm on D(€). By Cauchy—Schwarz and contractivity in L?(M) it satisfies lgll, < llell2ar
£(g)'/?, and in particular, it is continuous on D(E). The corresponding triangle inequality for D(E)-valued
integrals gives

1P, = || [ o fm@nll, < [ ol s,

Since this is true for any such ¢, Fubini’ theorem and (LG’) yield

cot cot

VI(Pif)(x) < /M VI (pe(z, ) () f(y)u(dy) < 61\2 /Mpat(%y)f(y)u(dy) = 61\2 Porf(x)

for pra.e. x € M. O

7. Proof of the truncation estimate

The main tool to prove Theorem 6.1 is the following logarithmic type LP-estimate for potentials of
nonnegative functions.

Proposition 7.1. Assume that (Py);>q is strongly Feller and satisfies (LG). Then for any X > ﬁ Co, any
1 < p < +o0 and any nonnegative f € C.(M) the function u = G f satisfies 1,50y —; L) ¢ L?(M) and

F(u)‘

|10y < | flloan (26)

LP(M)
with a constant cq4 > 0 depending only on c1, c2, a, A and p.

The proof of Proposition 7.1 uses the LP-boundedness of the semigroup maximal function in the sense
of Rota and Stein, see [14, Lemma 1.6.2], [88, Corollary 2] or [89, Chapter III, Section 3, p.73, Maximal

Theorem]. For our purposes the following form of this result is suitable: For any 1 < p < 400 there exists a
constant ¢(p) > 0 such that

| iggPtfHLp(M) <c® I fllpoary, f€ LY (M) N L>(M). (27)

13
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The case p = 400 is immediate with ¢(+00) = 1 since each P, f is continuous and g has full support.

A second tool to prove Proposition 7.1 is the following pointwise multiplicative estimate based on (LG).
Since the p-null sets on which the estimate (LG) does not need to hold may depend on ¢, we use an additional
regularization by the strong Feller semigroup (P;)¢>o.

Lemma 7.2. Assume that (P;)¢>0 has the strong Feller property and satisfies (LG). Then for any A > %02
there is a constant cs > 0 depending only on c1, co, a and A such that for all nonnegative f € C.(M), all
s,t >0 and all x € M we have

/O T e (T @)dt < o5 (PG f ()2 (sup P2 f@))” . (28)

Proof. By the strong Feller property and (LG) the functions Py(\/I'(P:f)) and Psya¢f are continuous for
any s,t > 0, so that by the positivity of P we have

c1 eczt

Vit

for all z € M. We may now assume that z is such that sup,. P.f(z) > 0, otherwise the right-hand side of
(29) is zero for any s,t > 0 and (28) is trivial. For arbitrary fixed 6 > 0 the sum of integrals

Ps(VI(Pf))(x) < Poatf() (29)

[eS) é oo
/ el N=2p L f(z)dt = / el N2 P o f(x)dt + / 2™V =2p L f(x)dt (30)
0 0 é

dominates the left-hand side of (28) up to a factor ¢;. By the hypothesis on A we can find o < 8 < 2 such
that A\ > ﬂﬁfa ¢, where %—l— % = 1. This implies that A(1 — ) > c2 and A(1 — §7) > c2. By Hélder’s
inequality the first summand on the right-hand side of (30) is bounded by

5 N 1/8 s 1/8
(/ eCQBt_)\(l_BI)ﬁtt_ﬂ/QPeratf(x)dt) (/ e—/\atps+atf(x)dt>
0 0

- 1/8 0o 1/8'
i (swwrs@) ([ e Pas@ar)
0

S NV
(1-— g)l/ﬁal/ﬂ >0

/

For the second summand in (30) we can swap the roles of 5 and 5’ and use the fact that 3’ > 2 to deduce
the analogous bound

§1/8'=1/2 1/8 o0 1/8
(swrs@) ([T Pns@ar)
0

(%’ —1)YB /B \t>0
Now the choice N
_ Jo € M Poy, f(x)dr

sup;.o F1.f () (31

yields the claimed inequality. [J
We prove Proposition 7.1.
Proof. Let ¢ > 0. Since I'(u) € L*(M) we have lims_,o Ps(/I'(u)) = v/I'(u) in g-measure, so that Fatou’s

lemma yields
I'(u)? P,\/T(u))*
/ ﬂ<p dp < lim inf/ wg@ du (32)
{u>e} up 50 {u>e} up
for any 1 < p < +o0 and any nonnegative ¢ € L (M).
14
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The integral [ e=* P, f dt converges in D(E). For any nonnegative 1 € L*(M) N L>(M) and s > 0 we
consider the seminorm g — |\gl|p,y = [;, /I (9)Pst dp on D(E) as defined in (25). By the symmetry of the
semigroup, the triangle inequality for integrals of D(€)-valued functions and Fubini, we have

/ Y P/ T(GAf) dp = |G fll p,y = ||/ e NP f dtHPsw = / e M Pufll py dt
M " 0 0
:/ ¢/ e MP\/T(P,f) dt dp.
M Jo

Since 1 was arbitrary, it follows that

P\/T(GAf) < /Ooo e MPN/T(P.f)dt

p-a.e. on M. Therefore we have

/{u>5} UDSZZ@@ dp < /{ R (/Ooo e/\tpsmdt> 2p »

u>e} up
< 2p "2 p P
<cs — (Psuw)P(sup P.f ) du, (33)
{u>er UP >0
the second inequality follows using Lemma 7.2.

Clearly we have limg_,o(Psu)? = uP in p-measure. In the case that 1 < p < 4oo it suffices to
consider the choice ¢ = 1, for which the integrand of the last integral in (33) admits the majorant
e P ||u||}£oo(M) (supysg Ptf)p. By (27) this majorant is integrable, and the dominated convergence theorem
gives

1 P p
lim/ —(Psu)p<suthf) du:/ (suthf) du. (34)
520 Jrusey uP >0 {u>e} >0

Combining (32), (33) and (34) and using (27) we obtain

I(u)”
/ du < " e(p) 1 f 170 ary »
{u>e}

ub
and letting € go to zero we arrive at (26). Similarly, we have
lim f(Psu) (sup Ptf) dp = / go(sup Ptf> du
s—0 {u>e} u t>0 {u>e} t>0

for any nonnegative ¢ € L>(M) N L*(M), note that in this case ¢! lull oo ary 1| oo (ary ® Provides an
integrable majorant. This gives

I'(u
/ LW g < 03/ w(suthf) dp < 3 || fll oo ary 121l 21 ey
{u>e} U {u>e} t>0

for any such ¢. Using the standard decomposition and approximation and letting ¢ — 0, we find that

I'(u
/ OB
{u>0} u

for arbitrary ¢ € L' (M). Consequently 1,0} I is an element of L (M) and its L>° (M )-norm is bounded

by c3 Hf”LOO(M)- O

< & 1l oo any 1l cany

To prove Theorem 6.1 we combine Proposition 7.1 with the chain rule. The standard chain rule for
generators says that if F € C?(R) is such that F(0) = 0, F'(0) = 0 and F” is bounded, then for any
u € D(L) we have

Fu)eD(LM) and LYF(u) = F'(u)Lu+ F"(u)I'(u); (35)
see [19, Chapter I, Corollary 6.1.4]. The following variant is in line with Maz'ya’s original proof of the
quantitative estimate (23), it allows F” to be singular at zero. See [2,69].

15
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Lemma 7.3. Assume that (P;)i~o is a strong Feller semigroup satisfying (LG). Let F be as in Theorem 6.1,
A> ﬁ co and let u = Gy f with nonnegative f € C.(M). Then F(u) € D(E) and

L)) = [

(Lu)F' (u)vdp +/ F"(u) I (u)vdp, v € D(E). (36)
M

{u>0}

Proof. Clearly uis in D(E)NCy(M), hence also F(u) is in this space by (22) and the Markov property. Let
e > 0. Set F.(t) := F(t) — F'(e)t. Since F.(t) = F'(t) — F'(¢) and F! = F" is bounded by L/e on the range
of u V e, the Markov property also implies that F.(uVe) € D(E) N Cy(M), and on {u > €} this function
equals F!(u) p-a.e. Making use of (5) we observe that

/ I(F.(u),v)du :/ Fl(uVe)l(u,v)du
{u>e}

{u>e}

= / F(u,FE’(u\/s)v)du—/ vl (u, Fl(uVe))du
{u>e} {u>e}

= — /M(Eu)FE’(u Ve)vdp — / vF (u) I (u, w)dp

{u>e}

for any v € D(E). Taking limits as e — 0, using the continuity of F’, dominated convergence and
Proposition 7.1 we obtain

L)) = —E(F(u),v) = /{ PRGOS /{ PRAGDR

= /M(L'u) F'(u)vdp + /{u>0} F"(uw) I (u, u)vdp — /{u_O} I'(F(u),v)du

for any v € D(E). The last integral in the last line is zero, because it is bounded in modulus by
/2

L (f{u:O} F(u)du) E(w)/? and f{u:O} I'(u) dp = 0, as follows for instance from [19, Chapter I, Theorem

5.2.3 and Theorem 7.1.1 and its proof]. This proves (36). O

We can now prove Theorem 6.1.

Proof. As before let u = G, f. Suppose first that f is a nonnegative element of C.(M). Clearly u € D(L)
and also F(u) € LP(M) for any 1 < p < +00. By Cauchy—Schwarz, (22) and Proposition 7.1 we have

| o Pyl < L ul gy Tols2an

and
| /{ PR v < e L1l an Pz
u>

for all v € D(€), and using the chain rule (36) and the density of D(€) in L?(M) it follows that LF(u) €
L?(M). Therefore F(u) € D(L) by (4). A similar argument yields LF(u) € LP(M), 1 < p < +oc. For all
1 < p < 400 we therefore have F(u) € D, C D(LP) by (6). To see (23) for 1 < p < -+oo, note that
combining (36) and Proposition 7.1 gives

(A= E)F(U)”LP(M) <AL HU‘”LP(M) + ||£F<u)||LP(M) (37)
F(U)’

<)L Hu||Lp(M) +L HﬁUHLp(M) +L Hl{u>0}

< @+l fllzocar

LP(M)

which is (23). The estimate for p = 400 follows similarly.
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For 1 < p < +o00 we can now extend (23) similarly as in [3, Theorem 3.3.3]. Suppose that f e L% (M)
and let (f,), be a sequence of nonnegative functions f,, € C.(M) such that lim, f, = f in L?(M). Then
also

1iTILn [FoGxfn—Fo GAfHLp(M) <L 117?1 |G fr — GAfHLp(M) =0

by (22), the mean value theorem and the boundedness of G on LP(M). Set
gn = (A= LP)F o G f.
By (23) we have [|gnl| p(ar) < €a supy, [[fnllpo(ary < €a [[fllpp(ary for all n, hence we may assume that (gn)n
converges to some g weakly in LP(M). As a consequence,
HGAQHD(L(p)) = ”g”LP(]\/[) < Hf”LP(M)'

Since by weak convergence also lim, F' o G\f, = lim, Gxrg, = Gig weakly in LP(M), we must have
Fo G)\f = G)\g. ([

8. From finite Hausdorff measure to zero capacity

Sufficient conditions for a set to have zero (2, p)-capacity can be stated in terms of its Hausdorff measure
respectively dimension. For Euclidean spaces these results are standard, [3, Chapter 5], we provide adapted
versions for metric measure spaces.

The discussion in Section 6 and well-known facts, [40, Lemma 4.2.4], give the following.

Proposition 8.1. Let (P;)i>0 be strongly Feller and A > 0. Then gx(z,y) fo Mpy(z,y) dt defines a
function gy : M x M — [0,400] that is symmetric and jointly measurable in (SE y), and we have

Grf(@) = [ arle)fn(dy), =€, (3%)
M
for any f € LY. (M). For any y € M the function gx(-,y) is lower-semicontinuous on M.

Let M (M) denote the cone of nonnegative Radon measures on M. The integral representation (38)
generalizes to

Gyv(z) = /M ax(z,y)v(dy), x€ M, (39)

for any v € M4 (M). For any « € M the map u — Gv(z) is lower semicontinuous on M4 (M) w.r.t. weak
convergence of measures. This follows using monotone convergence since by Proposition 8.1 the function
gx(-,y) can be approximated pointwise by an increasing sequence of nonnegative continuous compactly
supported functions on M, [3, Proposition 2.3.2 (b)].

The following is a variant of a well-known dual representation of capacities. As in the preceding sections
we keep A > 0 fixed.

Corollary 8.2. Let1 < p < 400, assume that (P;)s~o is strongly Feller. Then we have
CapQ,p(E)l/p = sup {Z/(E) t v € My (M), suppr C E, [|Gav|lpqp) < 1}

for any E C M Borel, where % + % =1.

Proof. The result follows from an application of the minimax theorem, [3, Theorem 2.4.1], to the bilinear
map (v, f) — fM Grfdv = fM Gyv f du, where p ranges over all Radon probability measures on M and f
over the closed unit ball in LP(M), see [3, Theorem 2.5.1 and Corollary 2.5.2] or Corollary 10.10 below for
details. O
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Let h : [0,400) — [0, +00) be a non-decreasing and right-continuous function, strictly positive on (0, +00)
and having the doubling property h(2r) < ¢ h(r), r > 0, where ¢ > 1 is a fixed constant. We call such h a
Hausdorff function.

Let £ C M. For any § > 0 let H*(F) be the infimum over all sums Y ;- h(diam(FE;)), where E; C M
are sets with diam(E;) < § and such that E C |J; E;. This quantity is decreasing in ¢, and its limit

HM(E) = lim H}(E)
6—0
is called the Hausdorff measure of E with Hausdorff function h. See for instance [3,57,68, p. 132] or [74,
Section 7.2.3]. For s > 0 and h(r) = r° we obtain the s-dimensional Hausdorff measure, for which we use
the traditional notation H®. Recall that the Hausdorff dimension of E is defined as the unique nonnegative
real number dimgy E at which s — H*(E) jumps from infinity to zero.

If g)(z,y) admits adequate asymptotics, then the finiteness of a suitable Hausdorff measure of a set
Y implies that Cap, (%) is zero. Given 1 < p < +oc we consider the Hausdorff function %, defined by
hp(0) := 0 and

1\1-p
hy(r) == (1 +log, ;) , >0, (40)

where log, denotes the nonnegative part of log.

Lemma 8.3. Let (P,)i~o be strongly Feller and X C M a closed set. Let 1 < p < 400, d > 0, assume that

B
lim inf M >0, zeX, (41)
r—0 r
and that
lim  inf  o(y,2)? %ga(y,2) >0, z€X. (42)

r—0y,z€B(z,r)

If d > 2p and H*¥7?P(X) < oo, then Cap, ,(£) = 0. If d = 2p and H"» (L) < 4oc, then we also have
Cap, ,(¥) = 0.

Remark 8.4.
(i) Clearly dimy ¥ < d — 2p implies H4~2P(X) = 0.
(if) By Proposition 5.2(i) and (iii) the conclusion of Lemma 8.3 remains true if (X;);>1 is a sequence of
closed sets X such that ¥ C |J, X; and instead of H4™?P(X) < +oo (resp. H'?(X) < 400) we have
HI=2P( ) < 400 (resp. H'? (X)) < +o0) for all 4.

Given 1 < p < 400 and v € M4 (M) we consider the Maz’ya—Khavin type nonlinear (2, p)-potential of v
on (M, u), defined by

Ve, (@) = /M 92(z,) ( /M o (2, y)u(da)ql u(dy), © €M, (43)

where % + % = 1. See [75, formula (2.1)] or [3, Definition 2.5.4], and see [25] for related definitions. By
Fubini’s theorem we have

| Vi v = 16w (44)

Lemma 8.3 follows by versions of well-known arguments, cf. [68, Theorem 8.7].

Proof. Suppose that d > 2p and H*?/(¥) < 400 but Cap, ,(X) > 0. Then Corollary 8.2 guarantees
the existence of some v € M, (M) with suppr C ¥ and such that [,, V3, dv < 1 by (44). Accordingly
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there is a Borel set Xy C X with 0 < v(Xp) < +oo such that V' (z) < +oo for all x € Y. For any such
x conditions (41) and (42) guarantee the existence of r, > 0 and ¢, > 0 such that u(B(z,7)) > ¢, r¢ and
g (y,2) > ¢z o(y,2)> ¢ forall 0 < r < r, and y, 2z € B(z,r). For 0 < r < r,/3 we therefore have

g—1
Vlp(z) = /B - gx(z,y) < /B o gx(y,Z)V(dZ)> (dy)

q—1
zcgj" m%yf-d</ f‘%%dﬂ@@) u(dy)
B(z,r) B(y,2r)

> cr(2—d)q/ v(B(y,2r))"  u(dy)
B(z,r)

> ¢ rld=20) =0y (B(z, 7)1,

note that B(y,2r) D B(z,r) for any y € B(x,r) and that 2p(q — 1) = 2¢. Since the integral in the first line
above goes to zero as r — 0, we obtain

v(B(x,r))

d—2p =0, xe€ly,

lim sup
r—0
and by Egorov’s theorem there is a Borel set Xy C Xy with (%) > 2v(X) and such that for any € > 0 we
can find 7. > 0 that guarantees

v(B(z,r)) <er?™ ze 5, 0<r<r..

Take € > 0. Let A1, Ao, ... be Borel sets with r; := diam(4;) < r. and A; N X # ( for all 4 and such that
Yy, Aiand ), diam(A4;)%=% < H?=2P(5)) + 1. For any i let z; be a point in A; N X;. Then

%V(El) < ZV(B(%,H)) <e er_% <e (HIT2(X) +1).

3

Since € > 0 was arbitrary, this would imply H9~2?P(X) = +o0, a contradiction. In the case that d = 2p we
obtain

wungé(gmm*%wmww*mmzcemmwm@le

for any x € Xy and small enough 7, note that Fubini’s theorem (cf. [68, Theorem 1.15]) gives

—2d
T dt

[ ety = [ B iz e, [ = cd(-logn)
B(z,r) 0 r—d t

Similarly as before these inequalities imply that limsup,_,ov(B(z,r)) hy(r)~! = 0, and the result follows

by analogous arguments. [J

Remark 8.5. For Hajlasz—Sobolev spaces on metric spaces with doubling measure (condition (D) in
Section 10 below) results relating Hausdorff measures and (1, p)-capacities were provided in [64, Theorems
4.13 and 4.15]. Results for (1, p)-capacities based on Newtonian Sobolev spaces can be found in [17, Chapter
6]. For a complete metric space with doubling measure and supporting a p-Poincaré inequality these Sobolev
spaces agree, and they also agree with Sobolev spaces based on Cheeger gradients (cf. Section 12), see for
instance [51, Theorem 12.3.14]. The main difference between the results in [64] and our results in this and
later sections is that we relate Hausdorff measures and (2, p)-capacities (that is, capacities at the level of
generators).
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9. From zero capacity to zero Hausdorff measure

We also provide a version of the opposite implication that zero capacity implies zero Hausdorff measure
of sufficiently large dimension.

Lemma 9.1. Let (M, o) be complete, (P;)¢o strongly Feller,

a(z,y) <cso(z,y)* ™t x,yeM, (45)

and
,LL(B($,7")) <cz Tdv T e M7 r> 07 (46)

with positive constants cg and c;7. Let ) C M be a closed set.

(i) Ifd > 4 and £ > 0, then Cap, ,(X) = 0 implies H'™*5(X) = 0. If d = 4, M is bounded and h is a
Hausdorff function satisfying

/1 h(r)ﬂ < 400, (47)
0 r

then Cap, 5(X) = 0 implies H"(X) = 0.
(ii) Suppose that 1 < p < 400, d > 2p and € > 0. For p # 2 assume in addition that

1
,u(B(x,r))ZC—rd, xeM, r>0. (48)
7

Then Cap, ,(¥) = 0 implies H~2P+¢(X) = 0.
Our proof of Lemma 9.1(ii) for p # 2 employs a result from [79], and we assume (48) to ensure its
applicability.
Remark 9.2.
(i) Clearly He=2r+¢(X) = 0 implies that dimg X < d — 2p.
(ii) For any & > 0 the functions h(r) = r¢ and h(r) = (14 log, 1)7!7¢ satisfy (47).
Lemma 9.1(i) can be shown using (45), (46) and standard arguments, [68, Theorem 8.9].

Proof of Lemma 9.1(i). We first consider the case d > 4. By (45) and (46) we have

||G,\V||i2(M) < C/M /M o(z, 2)* " v(d2)v(dx) (49)

for any v € M (M) with ¢ > 0 depending only on ¢g and ¢7. This can be seen from (46) and elementary
estimates, see [12, Proposition 4.12]: With r := %Q(l‘, z) one finds that

/ o(z,y)* oy, 2)* “u(dy) < 7“2“1/ o(z,y)* “u(dy) (50)
M

B(z,r)

+r2 / o(y, 2)* ™ p(dy) + / oy, 2)* > u(dy),
B(2,3r)\B(z,r) M\B(z,3r)
which does not exceed c o(z, 2)*~%, and (49) follows by Fubini.
Now suppose that ¢ > 0 and H44+5(X) > 0. By Frostman’s lemma for complete separable metric
spaces, see [68, Theorem 8.8 and comments on p. 117], there is some v € M (M) with 0 < v(X) < +oo,
supp v compact and contained in X, and there is a constant ¢ > 0 such that v(B(x,r)) < crd=4F¢ for
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all z € X and r > 0. This, together with (49), implies [|GAv||;2(y;) < 400 and therefore Cap272(2)1/2 >
v(X) HG>\V||£21(M) > 0 by Corollary 8.2; this contradicts Capg () = 0.
In the case that d = 4 and M is bounded, (50) gives

/M oz, y)20(y, 2)~2p(dy) < e(1 + log, ), zye M.

1
o(x, 2)
If we had H"(X) > 0 with h as indicated, Frostman’s lemma would guarantee the existence of some
v € M (M) with value and support as before and v(B(z,7)) < ¢ h(r) for all z € X and r > 0. See
for instance [3, Theorem 5.1.12], the statement remains valid under the present hypotheses. The preceding
would produce the same contradiction because

1
|Gav|? <c / / 1+1log, ——)v(dz)v(dx) < +o0,
L2(M) o M( + g(w,z))
note that for any fixed x € M the inner integral is bounded by

L 1 ! dr
/B(Iyl)(l + 10g+ M)V(dz) + /M\B(Ll) (1 + 10g+ m)l/(dz) <c /0 h(T)7 +2v(M).

Here we have used that

- —t = 11/ xz, T dr c 1 r dr
/B(%l)(—logg(x,z))u(dz):/0 v(B(x,e ))dt—/0 (B(x,r)) . < /0 h(r) . O
For any s > 0 and v € M4 (M) let
Uvla) = [ el “vidy), we M, (51)
M

denote the Riesz type potential of v of order s on M. The right-hand side of (49) equals the square of the
L2-norm of U2~ 4y. Lemma 9.1(ii) follows similarly as (i) if the LP-norm of U?~%v can be controlled suitably.
Given 1 < p < 400, s > 0 and a nonnegative Radon measure v on M, we define the Wolff type nonlinear
p-potential of v of order s on (M, u) by

Y g / B(y,27)" " u(dy). = e M, (52)
j=—00 (z,2— J
where % + % = 1, see [3, Definitions 4.5.1 and 4.5.3] and [50] for the classical case. We have the following
version of Wolff’s inequality, [50, Theorem 1].

Proposition 9.3. Let 1 < p < 400, assume that (46) and (48) hold and that 0 < s < d. Then there is a
constant ¢ > 0 such that [, (Usv)4dp <c [, WS”J, dv for any v € M (M).

A short proof of Proposition 9.3 is given at the end of this section, it relies on a metric measure space
version of the Muckenhoupt—Wheeden inequality, [77], shown in [79, Corollary 2.2]. The definition (52) of
Ws" » as potentials of homogeneous type is chosen for an easy fit with the Riesz type potentials (51) and
maximal functions used in [79, Corollary 2.2].

Lemma 9.1(ii) now follows as in the Euclidean case, [3, Theorem 5.1.13].

Proof of Lemma 9.1(ii). Suppose that H9=2P+¢(%) > 0. Then, again by Frostman’s lemma, there is some
v € M4 (M) with 0 < v(X) < +00, supp v compact and contained in ¥, and such that v(B(z,r)) < cré=2r+e
for all x € X and r > 0. This implies

(v(B(z,279)T < ¢ 9—i(d=2)q 9jd 9—jeq/p
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By (46) and since v(B(x,277)) < v(X) for j < 0, we see that for any z € X we have
o) -1
Wy, ,(x) < CZQ—qu/p +e V(g)q/p Z 9i(d=2p)a/p —. § « 40,
§=0 j=—o0
By (45) we have Gyv < cU2p, so that 1GAV || Lagary < cSYay(X)14 by Proposition 9.3 and the preceding.
Using Corollary 8.2 we obtain the contradicting fact that

z )/
Capy (2)7 > M) M)

>0. O
NGl ey T e SYe

Proposition 9.3 can be proved following the method in [3, Corollary 3.6.3 and Theorem 4.5.2]. Given s > 0
and v € M4 (M), let

Mgv(z) =supr °v(B(x,r)), x€ M, (53)
r>0

denote the mazimal function of v of order s.

Proof. From (46) and (48) it is immediate that p is a doubling measure (cf. (D) below) and

(;)_smgc(;)d_s, reM, 0<r<R.

We may therefore apply [79, Corollary 2.2], which shows that with a constant ¢ > 0 we have
”USVH%q(M) < CHMSV”thz(M) (54)

for all v € M (M).
For any r > 0 we can find j € Z such that 27771 < » < 277 and if v € M, (M) and * € M then
r=v(B(z,r)) < 27°27%p(B(x,277)), and taking suprema, we see that

M) < e |[(@ V(B 27), |, <e||@B@.27)),,

49
for any & € M. Taking gth moments, using (46) and Fubini, we obtain
Mgy < | S 295 (u(Bly, 27)))" uldy)
j=—00
s —1
—c Y o / N e @r(dontdy)
j=—o00 M
—cf 3 g / (Bly,29))""" uldy) | v(de)
M\ B(z,2~ J)
= c/ Ws"pdy.
W

Combination with (54) now yields the result. O

10. Riemannian manifolds

We provide results on essential self-adjointness and LP-uniqueness on Riemannian manifolds after the
removal of a set X

22



M. Hinz, J. Masamune and K. Suzuki Nonlinear Analysis 234 (2023) 113296

10.1. Essential self-adjointness and capacities

Let (M, g, ) be a weighted manifold in the sense of [47, Definition 3.17], that is, M = (M, g) is a complete
Riemannian manifold and p a Borel measure which has a smooth and positive density with respect to the
Riemannian volume. Riemannian manifolds appear as the special case that the density is identically one, so
that p is the Riemannian volume. The distance g as in Section 2 is the geodesic distance on M. We point
out that M is assumed to be second countable, [47, Definition 3.2]. Throughout the entire section we silently
assume that M is connected.

We consider the Dirichlet integral on M, defined by

E(f,9) = /M (Vf, v9>TM du,

where f, g are elements of D(£) = W} (M), defined as the closure of the space C2°(M) of smooth compactly
supported functions on M in the space W(M) of all u € L?(M) with |Vu| € L?(M) and endowed with the
Hilbert norm determined by

”uH%/Vl(M) = HU||2L2(M) + ||VUH2L?(M) :

Clearly I'(f, g)(x) = (Vf(z),Vg(x))p, pr» * € M. The operator (£, D(L)) is the Dirichlet Laplacian on M,
i.e. the Friedrichs extension of the classical Laplace operator A,|ce sy, [47, Section 3.6]. If M is complete,
then this self-adjoint extension is unique, see [47, Theorem 11.5] or [90, Theorem 2.4]. The domain D(L) of
L is
W3 (M) = {ue Wy (M) : Ayue L*(M)}, (55)

[47, Theorem 4.6]. With the choice A(U) = C°(U) for any open U C M conditions (B), (L°°) and (Cs) are
satisfied. In the sequel X will always denote a subset of M and M:=M \ X its complement.

The following characterization of the critical size of X" in terms of the capacities cap, 5 is immediate from
Theorem 4.3.

Theorem 10.1. Let M be a complete weighted manifold and ¥ C M a closed subset. Then we have
capgg (M)(E) =0 if and only if n(X) =0 and Au|Cg°(M) is essentially self-adjoint.

Additional conditions allow a result in terms of the capacities Cap, 5. The measure p is said to satisfy
the doubling condition (D) if there is a constant c¢p > 1 such that

w(B(x,2r)) < cpu(B(x,r)), xe€ M, r>0. (D)

The heat semigroup (P;):~o on M is strongly Feller, [47, Theorems 7.13 and 7.15]. Its heat kernel p;(x,y)
is said to satisfy the gradient upper estimate (G) if there is some ¢ > 0 such that

[Vypi (2, -)|(y) (G)

= Vin(B(z V)

for all z,y € M and ¢t > 0. By [32, Proposition 2.1], [46, Theorem 1.1] and [65], (D) and (G) imply Li-Yau
type heat kernel estimates [45,65,83], that is,

1 Q(xay)Q Cg Q(l',y)Q
m eXP(*Cg v ) <p(z,y) < m exp(f oot ) (LY)

for all ,y € M and t > 0 with universal constants cg > 1 and cg > 1; see [32, p. 687].
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Theorem 10.2. Let M be a complete weighted manifold and X C M a closed subset.

(i) If p(X) = 0 and Ap|coo(nyy is essentially self-adjoint, then Capy 5(X) = 0.
ii) Suppose that (D) and (G) hold. If Capyo(X) = 0, then u(X) = 0 and A,| ooy 18 essentially
2,2 mlege (v
self-adjoint.

Proof. Statement (i) follows from Corollary 5.3 and Theorem 10.1. Under (D) condition (G) is equivalent

c o(z,y)*
< Vit ) 0

valid for all z,y € M and ¢ > 0; here ¢ and ¢’ are universal positive constants. This follows using the upper
estimate in (LY) together with [35, Theorem 1.1]. Combining the lower estimate in (LY) with (56) and using
(D), we obtain (LG’) with a = 1. Using the hypothesis and Corollary 6.3 we see that capf}Q(Z) = 0 with
A=D(L)NCE(M).

We claim that this implies capggo(M)(Z) = 0. If so, then (ii) follows by Theorem 10.1. By (10) it suffices

to the estimate
Vype(,-)[(y)

to prove the claim for compact X. Let ¢ € wgcoo(M) and given € > 0, choose v € wi such that ||’UH2D(£) <e.
Then ¢v € wgso(M) and
1/2
vl L2 cany + 1260 L2ar) < 10l oo ary 10l L2ary + 2] T ()Y | o aryE@)2 (57)

1l oo qany 120l 2y + 146l oo oy 1ol 2oy
< o (IIvll g2an) + 100l 2

with
1/2

Co = 2(”‘PHLOO(M) + HF(@) HLoo(M) + HAM‘PHLOO(M))Q

oo

we have used (8). Consequently ||<va%(£) <c Hv||%(£) and therefore also CaPQC,CQ (M)(E') <cewithe >0
independent of ¢, and this proves the claim. [

Remark 10.3. Another proof of (56) could be formulated using [31, Theorem 4.9] together with (D) and
(LY).

10.2. LP-Uniqueness and capacities

Suppose that M is a complete Riemannian manifold and 1 < p < +oo. Clearly also condition (C,) is
satisfied for A(U) = C°(U), see [90, Theorem 3.5]. For compact M also the validity of condition (I7,) is
well known, see [85] and [90, Section 6]. A sufficient condition for the validity of (I],) on a general (possibly
non-compact) manifold M is the LP-gradient bound

c(p)
IV Pfll o ary < Vi I lpary,  f € CE(M), (Gp)
for the heat semigroup (P;)¢~o; the sufficiency follows from [32, Proposition 3.6] and its proof. Further

sufficient conditions could be formulated using the results in [13,30]. The following is then immediate from
Theorem 4.3.

Theorem 10.4. Let M be a complete Riemannian manifold, X C M closed, and 1 < p < +00.
g (x) = 0.

(i) If u(X) =0 and Au|cg°(z\°4) is LP-unique, then cap,,
(X) = 0, then u(X) = 0 and AH|CCOO(M) is

(i) Suppose that M is compact or (G,) holds. If cap
LP-unique on M.

Ce (M)
2,p
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It is straightforward to see that (LG) implies (G,,), therefore also (LG’) implies it and the following can
be seen similarly as Theorem 10.2.

Theorem 10.5. Let M be a complete Riemannian manifold, X C M closed, and 1 < p < +00.

(i) If p(X) = 0 and Ap|coo 5y is LP-unique, then Cap, ,(X) = 0.
(ii) Suppose that (D) and (G) hold. If X is closed and Cap, ,(X) =0, then Au|qoo(yyy is LP-unique.

10.8. Localized arguments for compact sets

For compact X we can rely on localized estimates to arrive at a variant of Theorem 10.2(ii) that does not
need (D) or (G). We establish it using truncated Laplace transforms of the semigroup and related capacities.
Let B C M be a domain (a connected open subset) with smooth boundary 0B and let p?(x,y) denote the
Neumann heat kernel on B. Given 0 < T' < 400 and A > 0 let

T
B, T —
g)\7 (1‘,:(}) ::/ € )\tptB(‘ray) dt) xay€B7
0

and consider

GYT () = /B g " (@, y) f(y) pldy) (58)

for f € L*(B). Obviously G¥ = Gf’oo is the A-resolvent operator for the Neumann Laplacian (L2, D(LP))
on B. Also (58) induces bounded linear operators GE’T on LP(B), 1 < p < +4oo. For any 1 < p < 400 and
f € L?(B) we have Gf’Tf € D(LE ), where L5(?) is the LP-realization of the Neumann Laplacian on B,
and (A — £B7(p))Gf’Tf = f — e APEBf where (PP);~o denotes the Neumann heat semigroup on B.

Let {2 C B be an open set. For compact K C {2 we define

Caps (K, Q) = inf{||f||’2p(B) : fe L% (B) with f =0 p-a.e. on B\ 2

2,p

and Gf’Tf(x) >1forallz e K}

We provide variants of Theorem 6.1 and Corollary 6.3 in terms of the operators GZ7 and the capacities
Capgf(-, 2). The boundary 0B C M of B is said to be infinitesimally convez [16], if its second fundamental
form is nonnegative definite at all of its points.

Theorem 10.6. Let M be a complete Riemannian manifold and B C M a smooth bounded domain such
that OB is infinitesimally convex. Let 2 be open and such that 2 C B and write T = dist(2,9B)?. Suppose
that F € C?(Ry) is a function satisfying (22). Then for any 1 < p < 400, A > % and nonnegative f € LP({2)
we have F o Gf’Tf e D(LE®) and

B,T
||F o Gy fHD(LBv(P)) <cs ”f”LP(B) . (59)
with a constant cs > 0 independent of f.
To prove Theorem 10.6 we use the following Lemma 10.7. The assumption A > % in Theorem 10.6 ensures

that ¢ in (65) is smaller than 7', so that we can verify Lemma 10.7 by similar arguments as used to prove
Lemma 7.2.

Lemma 10.7. Let f € C.(£2) and suppose all other hypotheses of Theorem 10.6 are in force. Then there is
a constant cs > 0, independent of f, such that

/OT e TEP D)@yt < o5 (G5 1)) (sup P2 ) (60)

t>0
forallz € B.
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Since M is complete B is relatively compact and can therefore be covered by finitely many relatively
compact coordinate charts. Consequently we can find ¢ > 1 such that

L a4

o <u(B(y,r) <ecrt, ye, 0<r<VT, (61)
where d is the dimension of M. There are constants cg > 1 and ¢9 > 1 such that
1 2 2
- tfd/Q eXp(—Cg Q(CC, y) ) < ptB(m7 y) < cg 2ffd/2 exp(— Q(I, y) ) (62)
Cg t Cgt

forall 0 <t < T,y € 2 and x € B. The upper bound in (62) is due to [65, Theorem 3.2], applied to B and
combined with (61). The lower bound in (62) is a consequence of [65, Theorem 2.3] together with standard
arguments, [33], involving the conservativeness of the Neumann heat semigroup on B and (61). Since for
any 0 <t < T and any y € £2 we have v/t < dist(y,dB), [97, Theorem 2.1] yields the logarithmic gradient

estimate V08 (2. )](1) (1)
ypt x, ) |I\Y o |V lo B CB,T o\x,y
— 5 = gpy (z,)|(y) < 1+ (63)
pf (z,y) e Vi Vi
forallz € B,y € 2 and 0 <t < T here cg,r > 0 is a constant depending on B and T See also [58,87] and
the references cited there. We use these ingredients to prove Lemma 10.7.

Proof. Set xi(z,y) =1+ Q(L\/’Ey). By (63) we have

T T
/0 /B V08 ()| () F)ldy)dt < cr / 12 /B xe(@, 9P (@, ) F () p(dy) e,

and for any 0 < & < T we can split the integral on the right-hand side similarly as in (30) into two integrals
over (0,0) x B and [0,T) x B, respectively. Holder’s inequality with 1 < 8 < 2 and % + % = 1 and with
respect to p(dy)dt gives

)
/ N2 / e ()P (0, 9) () ()t (64)

// T e e e dydt 1/ // M f(y)u(dy)dt)l/ﬂl.

Using (62) it follows that for any v > 1 and 1 S+ 7 =1 we have

2 2
oz, oz,
¢y 2BY) ) exp(- (,3) )
cyvyt coY't
2

C (2 \—d/2 ( o(z,y) )
< = (2t —cg ST
< 2 () e 50

xe (2, 9)°pP (2,y) < cs ™42 x4 (2, y)? eXp(—

<epz,(n.y)

with a constant ¢ > 0 independent of z, y and ¢. For the second inequality note that the function
2
s (14 s)7 exp(— C;y,) is bounded on [0, +00). Consequently the right-hand side of (64) is bounded by

(c / v ﬁ/QPcBwf(x)dt)l/ E(Gf’Tf(@)l/B/ < ¢ 6512 (sup PP f(x))l/ ’ (a3 f(a:))l/ "
0

t>0

We can proceed similarly for the integral over [4,T"). Choosing
T
sup;so PP f(z)

and using the estimates in the proof of Proposition 6.4 we arrive at (60). O

Now Theorem 10.6 follows quickly.
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Proof. For f € C.(f2) Proposition 7.1 and Lemma 7.3 hold with Gf’Tf in place of G f. As in the
proof of Theorem 6.1 we obtain LEF(u) € LP(M) for u = Gf’Tf and arbitrary nonnegative f € C.(2)
if 1 < p < 400, and for 1 < p < +o0 also F(u) € D(LPP)). Similarly as in (37) we see that such f satisfy
|(A = EB)F(U)HLP(B) <B+e M+l [ flzp(p)- The extension to f € LP({2) follows as in the proof of
Theorem 6.1. O

. . . . B,T
As a consequence, we obtain a variant of Theorem 10.2(ii). Here and in later occurrences of G or
B,T
Capy, (-, £2) we agree to always use A > 7.

Corollary 10.8. Let M be a complete Riemannian manifold and B C M a smooth bounded domain such
that OB is infinitesimally convex. Let 2 be open and such that 2 C B and write T := dist(£2,0B)%. If ¥ C 2

is closed and Capg’QT(Z, 2)=0, then capggo(M)(E) = 0. In this case A#‘CSO(I\;I) is essentially self-adjoint.

Proof. Given ¢ > 0 let f € L?(B) be nonnegative, zero p-a.e. on B\ £, with Gf’Tf > 1 on X and such
that || f ||2Lg( p) <& Let (fu)n>1 C Cc(£2) be an increasing sequence of nonnegative functions approximating
f pointwise from below. As in the proof of Corollary 6.3 we can find n such that GE’T fn > 1on XY and
||fn||2L?(B) < e. If F is a C2-truncation, then the function v :== FoGY'" f, is in D(LP)NC>(B) and satisfies

v = 1 on a neighborhood of X. By (59) we have HU||2D(1:B) < an||iz(3). Now choose ¢ € wg‘go(fz).
Then v € wgi‘”(”’, and proceeding as in (57) we obtain H<pv||%(£3) <ec Hv||%(£B). This implies that
capg:é;(M)(E) < ce with ¢ > 0 independent of e. [

For later use we provide variants of Lemmas 8.3 and 9.1. Recall (40).

Lemma 10.9. Letl < p < 400, let M be a complete Riemannian manifold of dimension d and B C M a
smooth bounded domain such that OB is infinitesimally convex. Let £2 be open and such that 2 C B and write
T = dist(£2,0B)%. Suppose that ¥ C £ is closed. If d > 2p and HI2P(5) < +oo, then Capg’pT(E, ?)=0.
If d = 2p and H"» (%) < +oo, then we also have Capif(ﬂ, ) =0.

Proof. Integrating the lower estimate in (62) gives gf’T(y, 2) > co(y,z)?~¢ for all y,z € £2. One can now
follow the proof of Lemma 8.3 using (61), the obvious analogs of (43) and (44) and the following variant of
Corollary 8.2. [

Corollary 10.10. Let M, B, 2 and T be as in Lemma 10.9. Then for any 1 < p < 400 and any compact
set K C 2 we have

B,T ) B, T
Cap, ,, (K, )P = sup{v(K): v e My (K), ||G>\ z/HLq(Q) <1},
1,1 _
where sto= 1.
The proof is similar as in [3, Theorem 2.5.1], we sketch it for convenience.

Proof. Let Y be the set of all f € L% (B) with f = 0 p-a.e. on B\ 2 with 1fllp() < 1 and let P(K)
be the set of all Borel probability measures on K. We have sup ¢y fB Gf’TVf dp = ||Gi3’T d
consequently

V”Lq(Q) an

165" vl o0y

. B,T
min sup | Gy vfdu=
/B o vfdp vEM 4 (K) v(K)

veEP(K) fey
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On the other hand, min,ep (k) [ Gf’TVfd,u = mingecx Gf’Tf(x). The set P(K) is convex, and it is compact
with respect to weak convergence. Also Y is convex. For any fixed f € Y the map v — fM Gf’Tz/f du is
lower semicontinuous on P(K). Therefore the minimax theorem, [3, Theorem 2.4.1], allows to conclude that

B, T
min 16X VHLq(Q) B {minmeK Gyl f(x)
vemy(x)  v(K) 1l o)

=sup{||floy: fELP(B), f=0p-ae on B\Rand Gy f>1o0n K}
= Capy,/ (K, 2)""*. O

: feLP(B), f=0 u-ae. onB\Q}

We write Capgg(-, 2) = Capf,’goo('a 02).

Lemma 10.11.  Let M be a complete Riemannian manifold of dimension d and B C M a smooth
bounded domain such that OB is infinitesimally convex. Let §2 be open and such that 2 C B and write
T = dist(£2,0B)2. There is some Ap,r > 0 such that for all A > Ap.r and any closed set X C {2 we have
the following: If d > 4, CapﬁQ(Z, 2)=0ande >0, then HI=4+5(5) = 0. If d = 4, Capgz(Z, 2) =0 and
h is a Hausdorff function satisfying (47), then H"(X) = 0.

Proof. We first claim that the density gf = gf’oo of Gf satisfies
B 2—d
9x (z,y) < co(z,y) TEB, yen (66)

with a universal constant ¢ > 0. By [65, Theorem 3.2] we have

cg €10t o(z,y)?
————exp(— )
#(B(y, V1)) Col

for all z,y € B and ¢t > 0 with universal positive constants cs, cg and c19. Using (61) and choosing
A> A= % V c19, we obtain

pP(x,y) <

T e’}
gf(x,y)<c/ o~ (—cr0)ty=d/2—olw.w)? feot gy | _C8 / o~ (r—e10)t —o(wv)* /eat gy
—Jo w(B) Jr

<co(z,y)?* t+¢

for all z € B and y € {2, where ¢ and ¢’ are positive constants not depending on x or y. Since B is bounded,
(66) follows by readjusting constants.

Now we can proceed as in Lemma 9.1: If d > 4 and we had H4~*+¢(X) > 0, then Frostman’s lemma
would produce nonzero finite v € M, (M) with support inside X such that v(B(z,7)) < cr?=4t¢ z € %,
r > 0. Similarly as before we could use (61) to see that

60 lay < e [ [ oloaytuldapmiaz) < o

contradicting Capg o(X, £2) = 0. The argument for the limit case d = 4 is analogous. O

10.4. FEssential self-adjointness and Hausdorff measures

For the case p = 2 we provide a characterization for essential self-adjointness in terms of the Hausdorff
measure and dimension of Y.

Theorem 10.12. Let M be a complete Riemannian manifold of dimension d > 4 and ¥ C M a closed
subset.
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(i) If d > 4, (L) = 0 and Ao yyy is essentially self-adjoint, then HIAHE(D) = 0 for alle > 0. If
d=4, n(X)=0 and Au|cg°(zv°1) is essentially self-adjoint, then H"(X) = 0 for any Hausdorff function
h satisfying (47).

(ii) Ifd > 4 and H*(X) < +o0 ord =4 and H"2(X) < +oo, then Apleoe (ary is essentially self-adjoint.

Proof. If X' is as in (i), then cap2 S (M)(Z') = 0 by Theorem 4.3, hence capggo(M)(Zo) = 0 for any compact
subset Xy C Y. If we could prove that H9=4+¢(X%)) = 0 for any such Xy, the inner regularity of H~4+¢
on XY would imply the result of (i). Similarly, if E s as in (ii), then by (10) we can find an increasing
sequence (X;);>1 of compact sets X; C X with caup2 5 (M)(Z') = lim; cap2 s (M)(Z-) By hypothesis we have

(M)( X;) = 0, this would give the result of

HI4(X;) < +oo for any i, and if we could conclude that cap2 5
(ii). We may therefore assume that X' is compact.

By compactness we can find finitely many (geodesically) convex balls B; := B(xz;,2r;), j =1,...,k, with
z; € X and r; > 0 such that X' C U?Zl B(zj,r;). For each j set Xj := ¥ N B(zj,r;), £2; == B(z;, 3r;) and
T; = 7']2 /4. Choose A > max; A BT, with notation as in Lemma 10.11. Clearly convex balls are infinitesimally
convex.

To see (i) note that capc (M) (X;) = 0 for all j by the stated hypothesis, Theorem 10.1 and monotonicity.
Consequently for any fixed j and any § > 0 we can find v € C®(M) with v = 1 on an open
neighborhood of X and ||(A — 4,)v ||ig ay < 0. Now let ¢ € wzoo( %)
[I(A — A“)(gm;)HLg(M < ¢d with a constant ¢ independent of § and v. On the other hand gv € D(L5), s
that v = Ajf with f € L?(B;), and by locality f vanishes outside Q Consequently Cap2 2(X;, 02 )
||f||iQ(Q )= =[|(A— )(gov)HLg(M Since § was arbitrary, this gives Cap2 5(%;,£2;) = 0, and by Lemma 10.11
also H4~4¢(5;) = 0. Since this works for all j, we have H4=4+¢(X) = 0 by subadditivity, and this proves
(i) for the case d > 4. The case d = 4 is similar.

To see (ii) for d > 4, note that since HI~4(%;) < HI~ 4( ) < +oo for all j, Lemma 10.9 implies that
CapQ’2 I(X;,02;) = 0 for all j. Corollary 10.8 yields cap22 (M)(E) 0, and given § > 0 we can find
v; € CX(M) with v; = 1 on an open neighborhood U; C Bj; of X and ||(A — AN)’U]HLZ(M) < 4. Let
{@;}h_, € C°(M) be a partition of unity subordinate to the finite open cover {B(z;,;)}¥_, of £. We may
assume that Zj pj=1lonU := Uj Uj, otherwise shrink the U;. Similarly as in (57) we see that

. Proceeding as in (57) we find that

1N = A (P02 (ar) < €6

with a constant ¢ > 0 independent of v;, j and d. Clearly ¢;v; = ¢; on Uj, respectively, and consequently
v =} ¢;v; equals one on the neighborhood U of X. Since

cap

G5O ()12 < [0l peey = IO = A0l 1o apy < DI = ) (0509l p2ary < kVeVs
J

with a constant ¢ independent of 4, it follows that cap2 S (M)(E ) =0, by Theorem 10.1 this entails the claim
in (ii). The arguments for d = 4 are similar. O

Remark 10.13.

(i) For more specific X' there are established results for general complete Riemannian manifolds M: For
d > 4 and one-point sets X = {x} the essential self-adjointness of A[qeo(yyy had been shown in [29],
along with counterexamples for d = 2, 3; see [81, p. 161] for the Euclidean case. For d > 4 any countable
subset of M has H? - resp. H"2-measure zero, so Theorem 10.12(ii) recovers and extends the positive
result for one-point sets.
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(ii) For the case that X' is a closed submanifold it had been shown in [67, Theorem 3] that Au|ceo () is
essentially self-adjoint if any only if dimyg Y < d — 3. Theorem 10.12 requires d > 4 but makes no
further assumptions on the closed set Y.

(iii) A partial generalization of Theorem 10.12(ii) has been provided in Corollary 1.7 (a) of the recent
preprint [80].

Remark 10.14. For the limit case d = 4 one can construct uncountable sets of zero Hausdorfl dimension
whose removal may or may not destroy essential self-adjointness: Let M = R* and let i be the 4-dimensional

Lebesgue measure. For any € > 0 one can construct a finite measure p. € M, (R*) with compact support
Y. C R* such that

cH=logr) ™' 7 < u(B(x,r)) <c(—=logr)™'7%, ze X, 0<r<l,

with a constant ¢ > 1 (depending on ). See [21, Theorem 3.3 and Examples 3.8] and the references cited
there. Let h(®)(r) := (1 +log, 1)717¢, note that h(®) = hy with notation as in (40). Then 0 < ' (X)) <
+00, and all X, are uncountable sets with dimy Y. = 0, [21, Proposition 3.5]. By Theorem 10.12(ii) the
operator A |cooray 5, is essentially self-adjoint on L?(R*), but by Remark 9.2 and Theorem 10.12(i) none
of the operators A, |coo(gay 5y, € > 0, is.

Remark 10.15. Lemmas 8.3 and 9.1 together with Theorem 10.5 also permit characterizations of
LP-uniqueness using Hausdorff measures. We leave this to the reader.

11. Sub-Riemannian manifolds

We provide similar results for Sub-Riemannian manifolds.

11.1. Essential self-adjointness and capacities

Let M be a smooth (connected) manifold and let Vi,...,V,, be linearly independent smooth vector fields.
Set D' :=span{V1,...,V,,} and D* .= D*~! + [D' D*~1], k > 2. The vector fields V1,...,V,, are said to
satisfy the Hérmander condition if for any € M there is some k such that T,M = {V, : V € DF}, and
if so, then (M, {Vi,...,V,,}) is said to be a sub-Riemannian manifold. We assume this is the case. The
corresponding sub-Riemannian gradient is then defined by

V=) Vil\Vi, feCE(M).
=1

Let 4 be a smooth measure (that is, a Borel measure with a smooth density in every local chart) and let div,,
be the divergence, defined as minus the formal adjoint of V with respect to p. The sub-Laplacian A,,, [44],
defined by

Auf =Y VEf+(div,V)Vif, feCx(M),

i=1

is symmetric in L?(M, ). Let o be the natural Carnot—Caratheodory metric defined by Vi,..., Vi, [5,
Section 3.2]. If the metric space (M, o) is complete, then A,|coo(pyy is essentially self-adjoint, [91, Section
12]; see also [1, Theorem 1.5]. Given a closed set X' C M we write again M for its complement. We have the
following special case of Theorem 4.3.
Theorem 11.1. Suppose that (M, o) is complete and X C M is closed. Then capg‘;o(M)(E) = 0 if and only
if p(X) =0 and AM|C°°(M) is essentially self-adjoint.
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11.2. LP-Uniqueness on Carnot groups

Let G be a simply connected Lie group whose Lie algebra is the sum g = V; & --- @ Vy of nontrivial
subspaces V; such that [V1,V;] = Vi1, =1,...,N — 1, and [V;,Vn] = {0}. Then G is called a Carnot
group of step N, see [15]. Let Vi,...,V,, be a basis of V;, we may interpret the V; as left-invariant vector
fields on G; they satisfy Hormander’s condition. We endow G with the corresponding Carnot—Caratheodory
metric o, [95, Section II1.4], and the Haar measure p. Then there are positive constants ¢, ¢’ such that

cr? < p(B(z,r)) < r? (67)

for all x € G and r > 0, where d = vazlz dim V;, [95, IV.5.9 Remark]. The sub-Laplacian defined by

m
Auf =Y _V2f, feCX(G),
i=1
is symmetric with respect to p and essentially self-adjoint. We consider a closed subset X' C G and write
G=G \ 2. Recall that in the symmetric and semibounded case L2-uniqueness is equivalent to being densely
defined and essentially self-adjoint.

Theorem 11.2. Let G be a Carnot group, let X C G be a closed set and let 1 < p < 400.

(i) If u(X) = 0 and AM|C§°(G") is LP-unique, then capzcg(G)
d > 2p, then H4=2P+¢(X) =0 for any e > 0.
(ii) If Capy,(X) = 0, then Capg‘;, (G)(E) =0 and Au‘cgo(é) is LP-unique. This happens in particular if

d > 2p and H¥?P(X) < 400 or d = 2p and H"»(X) < +o0.

(¥) = 0 and Cap, ,(¥) = 0. If in addition

Proof. We have I'(f) = Y.7",(V;f)?, f € C>(G), and [95, VIIL.2.7 Theorem| the gradient estimate
I(pe(e, ) (z) < et=@H1/2 exp(—p(e, )2 /ct) holds for all z € G and ¢ > 0 with universal positive constants
c and ¢’; here e denotes the group identity. This implies condition (I7},). By [95, VIII.2.9 Theorem] two-sided
heat kernel estimates of form (LY) hold, and together with (67) they give (42) and (45). Theorem 4.3,
Corollaries 5.3 and 6.3 and Lemmas 8.3 and 9.1 now give the result. [

Remark 11.3. For any n > 1 the Heisenberg group H,, is a Carnot group of step 2, its homogeneous
dimension is d = 2n+2, and this is also its Hausdorff dimension. The essential self-adjointness of the natural
sub-Laplacian on C2°(H; \ {0}) had been shown in [1, Theorem 1.7]. The above Theorem 11.2 complements
this result, it applies for any n > 1 and any closed set X~ C H,,.

12. RCD*(K,N) spaces

This section contains uniqueness results for Laplacians on RCD*(K, N) spaces after the removal of a set
X.

Let (M, o, 1) be a complete separable geodesic metric space with a locally finite Borel regular measure
w1 having full support and satisfying u(B(xg,7)) < ¢ eC’TQ, r > 0, for some point o € M and with positive
constants ¢, ¢’ independent of r.

Let Lip(M) denote the space of Lipschitz functions on M, and given f € Lip(M) and x € M, consider
its local Lipschitz constant, defined by

e ) = S@)
Ibfl) ._1y%p o(y,z)
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if x is not an isolated point and by |Df|(z) := 0 if x is an isolated point. Given f € L?(M), its Cheeger
energy [7,26], is defined as

Ch(f) = ;mf hmlnf/ IDfnl?dp : fn € Lip(M) N L*(M), lim/ \fn — fldp = O}.
nJm
We write W(M) == {f € L?(M) : Ch(f) < co}. One can show that

Ch(f) =5 [ IVldn f WD),

where |V f|, is the (unique) minimal weak upper gradient of f, see [7,86]. If M is a Riemannian manifold,
then

|Vul,, = |Vu| p-a.e. (68)
and the space W'(M) has the same meaning as in Section 10.1.

The space (M, p, ) is said to be infinitesimally Hilbertian if Ch is a quadratic form. In this case
(Ch, W(M)) is a local Dirichlet form, [19]; we write (£, D(L)) for its generator, (P;);~o for the associated
symmetric Markov semigroup and I'(f) = |V f \12”, f € WY(M), for the carré du champ.

Let K € Rand 1 < N < +o0o. Following [37, Theorem 7], the triple (M, g, u) may be called an
RCD*(K, N) space if

(i) each f € W1(M) with I'(f) < 1 has a continuous version, and
(i) for each f € WY(M) and t > 0 we have the Bakry-Ledoux gradient estimate

4Kt?
N(e2Kt — 1)

with the convention that for K = 0 the fraction K/(e?X* — 1) is replaced by its limit 1/(2t) for K — 0.

Let (M, o, 1) be an RCD*(K, N)-space. Then it is locally compact, and the Dirichlet form (Ch, W(M))
is regular and strongly local in the sense of [40]. The semigroup (P;):~o is strongly Feller, [6, Theorem 7.1],
and moreover, for any f € L (M) and any ¢ > 0 the function P.f is Lipschitz, see [6, Theorem 7.3]. See
also [8, Theorems 6.1 and 6.8]. We write p:(z,y) to denote the heat kernel of (P;);~o. For any € > 0 there
are positive constants cg and cig such that

1 o(z,y)? cs o(z,y)*
_ exp(— _ exp( + clot) (69)
cspu(B(y, V1)) (4—e)t 1(B(y, V1)) (4d+e)t

for all t > 0 and z,y € M; in the case K > 0 the bounds remain true with 0 in place of cjg. See [59,

Theorems 1.1 and 1.2]. Moreover, for any € > 0 there are positive constants ¢;; and ¢15 such that

I(P.f)+ ILPf|> < e ?KIP(I(f)) pae.

- clot) <pi(z,y) <

Tl ) < ot o~ fﬁyé +erat) (70)

for all t > 0 and p-a.a. z,y € M; again we may replace c12 by 0 if K > 0. See [59, Corollaries 1.1 and 1.2].
Moreover, 1 satisfies the local doubling condition: For any R > 0 there is a constant cp r > 0 such that

w(B(z,2r)) <cp rp(B(z,r)), zeM, 0<r<R, (LD)

see [93, Theorem 2.3]. In the case that K > 0 the global doubling condition (D) is known to hold. The
preceding gives the following variant of (LG').

Corollary 12.1. Let (M, o, ) be an RCD* (K, N)-space with K € R and1 < N < +o00. For any sufficiently
smalle >0 and any 0 < T < 400 we can find 1 < o < 2 and positive constants ¢1 and ca such that

. cot
F(pt(x7 ))(y) S ci e 2 (LG{I‘)
pozt(xa y) \/i
for all0 <t < T and p-a.a. x,y € M. If (D) holds, then this remains true for T = +o0, i.e. (LG') holds.
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Proof. The right-hand side in (70) rewrites

C11 Q(x7y)2

Viu(B(y, V1)) exp(— (4 —e)at

with o :== %5, and the claim follows using (LD) and the left-hand side in (69). O

— cloat> exp((cloa + clg)t)

Remark 12.2. Proceeding as in Proposition 6.4 we see that (LG/.) implies a ‘local’ variant of (LG), valid
forall 0 <t <T.

Suppose that 1 < a < 2 and T > 0 as in (LG’,) are fixed and choose

1
coV =V Cp2.

)\>)\0::2f04 T

We consider the truncated kernels
T
g (z,y) = / e Mpy(x,y)dt, w,y€ M,
0

and write G{ for the corresponding truncated resolvent operators. Using Remark 12.2 and following the
proof of Theorem 6.1 but with integration restricted to (0,7 (cf. Theorem 10.6), we obtain the following.

Theorem 12.3. Let (M, o, 1) be an RCD*(K, N)-space with K € R and 1 < N < 4o0. Let F € C?*(R,)
be a function satisfying (22). Then for 1 < p < +oo, T and A as above and any nonnegative f € LP(M) we
have F o GL f € D(L®)) and |F o G§f||D(L(p)) < es|[fllppary with cs > 0 independent of f. If (D) holds,
then the statements remain valid with G in place of G .

In the case of metric measure spaces the choice of a suitable operator core is less obvious than in the
manifold case. We consider the space

A= {feCM)nDL)NDELY): I'(f) € L*(M) and Lf € L™(M)}. (71)

It is a generator core, it satisfies the other abstract conditions, and it contains all G f, f € C.(M). Related
spaces had been used in [84].

Proposition 12.4. Let (M, g, 1) be an RCD*(K, N) space with K € R and 1 < N < +o00. Then A satisfies
conditions (L>°) and (B) and for any 1 < p < +o0 also (C,). It satisfies condition (F) with G% in place of
Gx. If (D) holds, then also (I,) is satisfied and (F) holds in its original form.

Proof. Given f,g € A, we have fg € A: Clearly fg € Cy(M), and by the discussion in Section 2 also
in D(LM) N L>*(M). Since both L) f and £V g are members of L>°(X, 1) and by the Cauchy-Schwarz
inequality also I'(f,g) € L>(M), we have LM (fg) € L'(M) N L*(M) c L*>(M) by (8) and consequently
fg € D(L) by (4). Clearly also I'(fg) € L (M) by the product rule. This shows the initial claim and (L°°).

Given K C M compact, let f € C.(M) be nonnegative and positive at some point. Integrating the lower
bound in (69) we see that gI (x,y) > 0 for all z,y € M, and consequently G% f(z) > 0 for all z € M. By
continuity G f then must be bounded away from zero on K, and we may assume that G1 f > 1 on K.
Let F be a C%-truncation and set v := F o G% f; then v = 1 on K. The chain rules (5) and (35) show that
I'(v) € L®(M), v € D(LM), and together with (70) and the estimates in the proof of Proposition 6.4 also
Lv € L*>®(M). Theorem 12.3 gives v € D(L), so that v is seen to be in A. This proves (B) and (F).
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We claim that A is dense in any LP(M). By resolvent approximation the set
Ao ={Grf: feC.(M), >N}

is dense in LP(M), so it suffices to show that Ay C A. Let f € C.(M) and A > )\g, we may assume that f
is nonzero. Clearly Gy f € Cy(M) ND(L) ND(LW) and LG\f = NG\ f — f € L>(M). Similarly as in the
proof of Proposition 7.1 we obtain

VIGH@ < [ VITN@a < [~ [ V@Dl @)

and if supp f has diameter less than /T, we can use (70) and (LG/) to bound the preceding uniformly in
x by

T
c1 ||fHL°°(M)/O T2 C2)tdt+(STpf) ||f||L1(M)/ t71/2em el < oo,

A uniform bound for \/I'(Gyf) with general f € C. ( ) follows using a finite cover of supp f by open balls
Bi,..., By and applying the preceding to le j= , k in place of f. This shows that I'(G\ f) € L (M)
and conbequently Gyf € A.

Now observe that for any t > 0 we have P;(A) C A: Given f € A it is clear that P,f € Cp(M) N
D(L) N D(LDW). We have LP,f = P,Lf € L®(M) by L®-contractivity and I'(P,f) < Lip(P,f)? < +oo
by Lipschitz regularization; here Lip(-) denotes the global Lipschitz constant. Now condition (C,,) follows
from [38, Chapter 1, Proposition 3.3].

Under (D) we have (LG’) by Corollary 12.1, and combining with (72) we obtain

) oo
H \% F(GAf)HLp(M) S A e_)\tH V F(Ptf)HLp(M)dt S CI/O e_()\_02)tt_1/2dt ||f||LP(M) )

and this implies (I7,) by density. O
12.1. LP-Uniqueness and capacities

Using Theorem 4.3, Corollary 5.3 and Theorem 12.3 plus a slight variation of Corollary 6.3 we obtain a
characterization of uniqueness in terms of capacities. It uses the fact that by [43, Lemma A.2] condition (A)
is satisfied for A as defined in (71). We write Cap{z for the capacity defined as in (19) with G} in place of
G and as before, given a closed subset X, M:=M \ 2.

Theorem 12.5. Let (M, o, 1) be an RCD*(K, N) space with K € R and 1 < N < +o0.
(i) If ¥ € M is a closed set, n(X) = 0 and AH'.A(M) is essentially self-adjoint, then caps'y(X) = 0 and
CapQ?Q(E) =0.
(ii) If ¥ C M s a closed set and capéQ(Z’) =0, then p(X) = 0 and Ayl 4, (xp) is essentially self-adjoint.
This happens in particular if CapQT)Q(E) =0 for some T > 0.

If (D) holds, then Capg,2 in (i) may be replaced by Cap, 5 and analogous statements hold for LP-uniqueness,
1 <p<4o00.

12.2. FEssential self-adjointness and Hausdorff measures

In the special case that the volume p equals the N-dimensional Hausdorff measure HV, one has the
following metric characterization.
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Theorem 12.6. Let (M, o, 1) be an RCD*(K, N) space with K € R and 4 < N < +oo and suppose that
w=HN. Let ¥ C M be a closed set.

D)IfN >4, u(X) =0 and A -\ is essentially self-adjoint, then HN=4+(X) = 0 for all ¢ > 0.
RIA(M)
If N = 4, M is bounded, u(X) = 0 and AH|A(JC1) is essentially self-adjoint, then H"(X) = 0 for all
Hausdorff functions h satisfying (47).
i) If N >4 and HN=%(X) < 400 or N = 4 and H"2(X) < +o00, then A - 1s essentially self-adjoint.
ml AT

The statements remain valid with A.(M) in place of A(M).

Proof. By Lemma 4.4 and [43, Lemma A.2] we can make full use of Theorem 12.5. By the arguments used
in the proof of Theorem 10.12 we may assume that X is compact. Writing 7" := diam(X)? + 1, integrating
the upper bound in (69) and using (73), we see that

T 2 e8]
gr(z,y) < c/ e M N/2 exp(f%)dt + cT*N/z/ e~ A—eltgr < ¢ o(z,y)*~ N
0 T
for all  and y from a neighborhood of X note that for such z and y we have o(z,y) < VT and therefore
can adjust the constants. Since Capy 5(¥) = 0 by Theorem 12.5(i) we can now follow the arguments in the
proof of Lemma 9.1 to conclude (i). To see (ii) note that integrating the lower bound in (69) from 0 to T', we
obtain g{ (z,y) > c o(z,y)?> " for all z,y € M. A slight variation of Lemma 8.3 shows that Capgg(ﬂ) =0,
and this implies (ii) by Theorem 12.5(ii). O

Remark 12.7. The assumption that g = HY is less restrictive than it appears. In the context of
RCD*(K, N) spaces the (Ahlfors) N-regularity condition

1
N < p(B(x,r) <erN, zeM, 0<r<diam(M), (73)
c
where ¢ > 1 is a fixed constant, already implies that
w=aH¥ (74)

with a multiplicative constant a > 0. A combination of results from [23,42,63,76] shows that an RCD* (K, N)
space (M, o, ) is rectifiable as a metric measure space with a unique dimension. More precisely, there is an
integer number 0 < k < N such that one can cover M, up to a set of measure zero, with Borel sets U;,
each one being bi-Lipschitz equivalent to a Borel subset of R¥, and the restriction of y to U; is absolutely
continuous with respect to the k-dimensional Hausdorff measure H*. See for instance [56, Theorem 2.4] and
the comments following it. Therefore yu itself is absolutely continuous with respect to H*. Condition (73)
implies that K = N, so that u is seen to be absolutely continuous with respect to H™V. Now [56, Corollary
1.3] (compact case) and [20, Theorem 1.3] (general case) give (74). This remark was kindly pointed out to
us by one of the anonymous referees.

12.8. Essential self-adjointness on CAT spaces

For CAT(0) spaces the explicit assumption (73) of N-regularity can be omitted. Given a geodesic
triangle 7 = 7(x0,x1,22) in M, its comparison triangle is the unique (up to isometry) geodesic triangle
7 = 7(Zo, Z1, T2) in R? such that ||Z; — Z;||g2 = o(z4, ;) for all 4, j. Let [z;, ;] denote the geodesic (’side of
7’) in M connecting z; and z;, and let [Z;, Z;] denote the line segment in R? connecting Z; and z;. Given
a point p € [z;,x;], a point p € [Z;,Z;] is called a comparison point for p if o(z;,p) = ||Z; — p||gz. The
geodesic triangle 7 C M is said to have the CAT(0) property if for any two points p, ¢ on different sides of
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7 and corresponding comparison points p,q € 7 we have o(p,q) < ||p — q||g2- The space M is said to be a
CAT(0) space (or Hadamard space) if all its geodesic triangles have the CAT(0) property. We say that M is
an RCD*(K, N) N CAT(0) space if it is both an RCD*(K, N) and a CAT(0) space.

Theorem 12.8. Let (M, o, ) be an RCD*(K, N) N CAT(0) space with K € R and 4 < N < +00.

)IfN >4, w(X) =0 and A -\ is essentially self-adjoint, then HN=4+(5) = 0 for all ¢ > 0.
BIA(M)
If N = 4, M is bounded, u(X) = 0 and AM|A(M) is essentially self-adjoint, then H"(X) = 0 for all
Hausdorff functions h satisfying (47).
ii) If N > 4 and HVN=4(X) < +00 or N =4 and H"2 (%) < 400, then A -\ 1s essentially self-adjoint.
wl A(NT)

The statements remain valid with A.(M) in place of A(M).

Proof. One can follow the proof of Theorem 10.12: Every metric ball in CAT(0) is geodesically convex,
see [22, Prop. 2.2]. It follows that every closed ball B C M, equipped with the restrictions to B of the metric
and the measure, is a compact RCD*(K, N) space, see for instance [92, Prop. 1.4] and [8, Thm. 4.19]. By
volume comparison the measure on B is N-regular. Now Corollary 12.1 and the arguments preceding it give
estimates (61)—(63) on B. One can then pass from closed balls B to all of M by a variant of the localization
argument in Theorem 10.12, under the present assumptions the existence of suitable cut-off functions is
ensured by [10, Prop. 6.9]: For any closed ball B and any compact subset K of its interior B, we can find a
cutoff function ¢ € D(L) with 0 < ¢ < 1, suppy C B, ¢ =1 on K and such that both Ly and I'(p) are in
L>°(M). This also allows the construction of suitable partitions of unity by the usual procedure. O

12.4. Limit spaces of non-collapsed manifolds

We observe consequences of Theorem 12.6(ii) for limits of non-collapsed manifolds. Suppose that 1 < d <
+00, v > 0 and that ((M;, g;,p;)): is a sequence of pointed d-dimensional Riemannian manifolds (M;, g;, p;)
having bounded Ricci curvature

Ricar,| < d -1, (75)

and satisfying the non-collapsing condition
,uMi (B(p27 1)) > v > Ov (76)

where pip7, denotes the Riemannian volume on M;. Suppose that (M, o, i, p) is the limit of this sequence with
respect to pointed measured Gromov—Hausdorff convergence. The RCD* conditions are stable under pointed
measured Gromov—Hausdorff convergence, see [41,66,92] and [9, Remark 10.7]. Therefore also (M, g, i, p) is
an RCD*(d — 1, d)-space, and by the Cheeger—Colding volume convergence theorem, [27, Theorem 5.9], the
measure /i is the d-dimensional Hausdorff measure on M, u = H?. By [28, p.11 and Corollary 5.8] there
is a closed set S C M, called the singular set, such that R := M \ S is a smooth manifold with a C1:®
Riemannian metric and dimg(S) < d — 4. By [60, Theorem 7.1] we have H?~4(S) < +oo0.

On R we can consider the classical Laplacian A u|Cé’°( M) with respect to =, note that the C'-regularity
of the Riemannian metric is sufficient to introduce it, cf. [47, Section 3.6]. The following observation tells
that from the point of view of self-adjoint extensions the singular set S ’can be neglected’.

Theorem 12.9. Letd > 4 and let (M, o, i, p) be the pointed measured Gromov—Hausdorff limit of a sequence
((M;, gi,pi))i of pointed d-dimensional Riemannian manifolds satisfying (75) and (76) and let S C M denote
the singular set.
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(i) We have CF(R) C A:(R), and the operator L| 4 (r) is an extension of the classical Laplace operator
Aulese(ry on the Riemannian manifold R.
(ii) The operator L|a.r) is essentially self-adjoint on L*(M), and its unique self-adjoint extension is
(£,D(£)).
(iii) The space C*(R) is dense in A(R) with respect to || - [|p(z). The operator A,|lce(r) is essentially
self-adjoint on L*(M), and its unique self-adjoint extension is (L, D(L)).

Given A > 0 we write
Cha(u, v) = Ch(u,v) + Aw,v) 205y, v E Wt (M), (77)

as usual. By
D(u,v) ;:/ (VI V) rrdu, uveWHR),
R

we denote the classical Dirichlet integral on the Riemannian manifold R, and we use the notation D) with
analogous meaning as in (77).

Proof. Any u € C2°(R) is also in C.(M) N Lip(M) and therefore in W!(M). By (68) we have
Ch(u,v) = D(u,v), u€ CX(R), wveC.(M)NWHM). (78)

Given u € C°(R) we write f = (A — A, )u. Since f € C.(M) by locality, we have G f € A by the proof of
Proposition 12.4. Using (78) it follows that

Ch)\(uav) = DA(U7’U) = <f7U>L2(R) = <f7U>L2(M) = Ch)\(kaa U)

for any v € C.(M) N WY(M), and the density of such functions in W1(M) implies that u = G,f.
Consequently C°(R) C A(R). If u € C°(R), then

/ (Lu)v dp = —Ch(u,v) = —D(u,v) = / (A u)vdp
M R
for all v € C.(M) N W'(M) and therefore Lu = A,u. This shows (i). Statement (ii) is immediate from
Theorem 12.6(ii). To see (iii) let W1(R), W} (R) and WZ(R) be as in Section 10.1 and let (L7, WZ(R))
be the Dirichlet Laplacian on R. By (68) we have A.(R) € WYR) N C.(R). On the other hand
WYHR)NC(R) C WE(R): If u € WHR)NC.(R), p € C°(R) is a bump function equal to one on suppu
and (PR);~¢ is the Dirichlet heat semigroup on L?(R) generated by (L7, WZ(R)), then o PRu € C*(R)
for each t > 0 and

thi% oPRu=u (79)
in WL(R). Given u € A.(R) C W}(R), we have D(u,v) = Ch(u,v) for all v € W} (R) and as a consequence,
|D(u,v)| < [[Lull 2y 10]l 12(%)- This implies that u € W¢(R) and LRu = Lu. Proceeding similarly as in
(57), we obtain (79) in WZ(R), endowed with the graph norm for £®, and therefore in D(£). This shows
the claimed density, which implies that also the closure of A, |coo(r) on L*(M) equals (£,D(£)). O
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