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ABSTRACT: The antenna subtraction method has been successfully applied to a wide range
of processes relevant for the Large Hadron Collider at next-to-next-to-leading order in ay
(NNLO). We propose an algorithm for building antenna functions for any number of real
emissions from an identified pair of hard radiator partons directly from a specified list
of unresolved limits. We use the algorithm to explicitly build all single- and double-real
QCD antenna functions and compare them to the previous antenna functions, which were
extracted from matrix elements. The improved antenna functions should be more easily
applicable to NNLO subtraction terms. Finally, we match the integration of the antenna
functions over the final-final unresolved phase space to the previous incarnation, serving as
an independent check on our results.
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1 Introduction

As experimental precision increases, phenomenological tools need to be refined to improve

bounds on fundamental parameters and to detect potential deviations from theory. For

many observables, percent-level accuracy cannot be reached without improvements in

fixed-order calculations, parton distribution functions, parton showers and modelling of

non-perturbative effects. Improvements are being made in all these areas. In the field of

perturbative QCD, this typically requires fixed-order calculations to at least next-to-next-

to-leading order (NNLO) in the strong-coupling expansion. Such higher-order calculations



require particular attention due to the intricate interplay between real and virtual corrections
across different multiplicity phase spaces [2, 3]. Implicit infrared divergences are present
because real emissions are unresolved (soft or collinear). These can only cancel against
explicit poles in the dimensional regulator ¢ (where d = 4 — 2¢), that come from virtual
graphs, after integration over the relevant unresolved phase space. Subtraction schemes are
currently considered the most elegant solution to overcome these subtleties.

At NLO, fully-differential calculations have been automated thanks to two general
subtraction schemes known as Catani-Seymour dipole subtraction [4] and FKS subtrac-
tion [5]. The generality of these subtraction schemes has facilitated two fully-differential
NLO matching schemes, known as MC@QNLO [6] and POWHEG [7, 8] which systematically
combine NLO fixed-order calculations with all-order parton-shower resummation. These
form the backbone of state-of-the-art multi-purpose event generators [9-13], see ref. [14]
for a recent summary. The situation is inherently different for NNLO calculations, where
subtraction and slicing schemes are much less automated, although a variety of methods
have been developed [1, 15-23], see ref. [24] for a review. These methods are generally
implemented differently for each process due to the larger complexity at NNLO and do not
scale straightforwardly to higher multiplicities. Similarly, fully-differential NNLO matching
techniques are so far still in their infancy, as they require higher-order corrections to be
exponentiated in the shower algorithm [25]. Progress on including such corrections in parton
showers has been reported in [26-34]. At N3LO, inclusive [35-45] as well as more differential
calculations have started to emerge [46-57], the latter mainly for 2 — 1 processes via the
use of the Projection-to-Born method [19] or kp-slicing techniques [15] to promote known
NNLO subtraction schemes to N3LO. Calculations for higher multiplicities are currently
hindered by the lack of process-independent N3LO subtraction schemes.

The antenna-subtraction scheme is one of the most successful methods for fully-
differential NNLO calculations in QCD. It was first proposed for perturbative QCD
calculations with massless partons in electron-positron annihilation in refs. [1, 58, 59]. It
allowed the calculation of the NNLO corrections to 3-jet production and related event-shape
observables in electron-positron annihilation [60-62]. The extension of the scheme to the
treatment of initial-state radiation relevant to processes with initial-state hadrons was
established at NLO in [63] and extended to NNLO in refs. [64-67]. A cornerstone of the
antenna-subtraction framework is that all of the integrals relevant for processes at NNLO
with massless quarks are known analytically [64—67]. The extension of antenna subtraction
for the production of heavy particles at hadron colliders has been studied in refs. [68-75].
Besides its application in fixed-order calculations, the antenna framework has been utilised
in antenna-shower algorithms [76-81], where it enabled proof-of-concept frameworks for
higher-order corrections [29] and fully-differential NNLO matching [25].

This paper’s focus is on improvements to the antenna-subtraction scheme at NNLO.
In particular, we describe an algorithm to re-build antenna functions directly from the
divergences we want them to contain. We note that some of the techniques employed
in this paper have been used in other NNLO subtraction schemes such as [16, 21, 22].
While the antenna-subtraction formalism successfully enabled the calculation of many
processes at NNLO and even at N3LO, the complexity of the subtraction terms becomes



increasingly difficult with growing particle multiplicity. This is mainly due to two reasons.
Firstly, double-real radiation antenna functions derived from matrix elements do not always
identify which particles are the hard radiators. This is particularly the case for gluons. To
get round this, so-called sub-antenna functions are introduced. The construction of sub-
antenna functions at NNLO is extremely cumbersome and typically introduces unphysical
denominators that make analytic integration difficult. Often analytic integrals are known
only for the full antenna functions. This means that antenna-subtraction terms have to be
assembled in such a way that sub-antenna functions recombine to full antenna functions
before integration. Secondly, NNLO antenna functions can contain spurious singularities
that have to be removed by explicit counter terms, which in turn can introduce further
spurious singularities. In general, this can trigger an intricate chain of cross-dependent
subtraction terms that have no relation to the actual singularity structure of the process
at hand.

As a first step towards a refined antenna-subtraction scheme at NNLO, we construct a
full set of improved single-real and double-real antenna functions. Instead of building these
from physical matrix elements, as done originally [1, 58, 59], we build antenna functions
directly from the relevant limits properly accounting for the overlap between different
limits. The universal factorisation properties of multiparticle amplitudes when one or more
particles are unresolved have been well studied in the literature and serve as an input to the
algorithm. The single-unresolved limits of tree amplitudes, where either one particle is soft,
or two are collinear, are used to construct NLO antennae, while the double-unresolved limits
of tree amplitudes, with up to two soft particles, or three collinear particles [82-85] are
needed for the NNLO antennae. We note that the triple-unresolved limits of tree amplitudes
are available for the construction of real radiation N3*LO antennae [86-90).

The paper is structured as follows. We outline the design principles for ideal real-
radiation antenna functions in section 2 before discussing the general construction algorithm
in section 3. To illustrate the algorithm, we explicitly construct a full set of single-real and
double-real antenna functions for use in NLO and NNLO antenna subtraction in sections 4
and 5, respectively. We conclude and give an outlook on further work in section 6.

2 Design principles

Within the antenna framework, subtraction terms are constructed from antenna functions
which describe all unresolved partonic radiation (soft and collinear) between a hard pair of
radiator partons. In general, an antenna-subtraction term requires:

e antennae X, composed of two hard radiators that accurately reflect the infrared
singularities of the n unresolved partons radiated “between” them;

e an on-shell momentum mapping Fjpi2-2, clustering n 4+ 2 particles into 2, while
preserving the invariant mass of the radiators, used to define the “reduced” matrix
element; and

e a process- and antenna-dependent colour factor.



The calculation of colour factors strictly follows the non-abelian structure of QCD and,
while in principle cumbersome, can be automated to all orders [91-94]. A general on-shell
momentum mapping for multi-particle emissions in the antenna language has been derived in
ref. [85] for massless particles. In the antenna framework, kinematic mappings are agnostic
to the roles of the parent radiator partons and the transverse recoil of any additional
emission is shared between them. Note that this is different to dipole-like kinematics, in
which one of the parents is identified as the emitter and the other as the recoiler, whose
role is solely to absorb the transverse recoil.
Antenna functions are used to subtract specific sets of unresolved singularities

. . . . 2
X,y i) (MO I 1| (2.1)

where X 4o represents an (-loop, (n + 2)-particle antenna, i" and i represent the hard
radiators, and i3 to i,+2 denote the unresolved particles. Particle i carries a four-momentum
p'. As the hard radiators may either be in the initial or in the final state, final-final (FF),
initial-final (IF'), and initial-initial (II) configurations need to be considered in general. M
is the reduced matrix element, with n fewer particles and where I} and I} represent the
particles obtained through an appropriate mapping,

{pippigv"'apiz} = {p[lvplz}- (22)

Depending on the perturbative order of the calculation, antenna functions may contain
a number of loops ¢ in addition to n unresolved particles, so that a generic antenna function
can be denoted by Xf; 19- At NLO, the number of loops £ is equal to 0 and the number of
unresolved particles is equal to 1; these are the usual X{ antenna functions. At NNLO
there are two additional cases; X corresponding to £ = 0 and n = 2 with two unresolved
particles, and X1 corresponding to £ = 1 and n = 1 with one unresolved particle.

Historically, antenna functions have been constructed directly from matrix elements
which have the desired singularities. However, we note that these “natural” antenna
functions do not share the same design principles we are describing — for example many
natural antenna functions do not have two identified hard radiators. This is the case for
quark-antiquark antennae, but not for quark-gluon or gluon-gluon antennae because the
matrix elements they are derived from will inevitably have a divergent limit when one of the
gluonic radiators becomes soft. This makes the construction of the subtraction terms more
complex, and correspondingly less automatable. Additionally, antenna momentum mappings
require a clear identification of two hard radiators so that the mapping is appropriate for
the limits the antenna is intended to describe. In order to counter these issues, so-called
sub-antenna functions have been created by complicated use of supersymmetry relations,
other antenna functions, and partial fractioning [60, 95]. The momentum mapping is
then different for each sub-antenna. These sub-antenna functions are in general difficult
to integrate but combine in certain processes such that only the full antenna requires
integration. In some cases, sub-antennae map onto different types of matrix elements
and multiple subtraction terms cannot be combined easily. This means that a direct
integration of the sub-antenna functions is required, which is not feasible. In these cases,
intricate process-dependent combinations of other antennae have to be used to correct for
over-subtraction of spurious limits.



We aim to design antenna functions directly from their desired properties, with a
uniform template, in a way that simplifies the construction of subtraction terms in general,
while being straightforwardly integrable. Specifically, we impose the following requirements
on the new antenna functions:

I. each antenna function has exactly two hard particles (“radiators”) which cannot
become unresolved;

II. each antenna function captures all single- and double-soft limits of its unresolved
particles;

ITII. where appropriate (multi-)collinear and soft-collinear limits are decomposed over
“neighbouring” antennae;

IV. antenna functions do not contain any spurious (unphysical) limits;

V. antenna functions only contain singular factors corresponding to physical propaga-
tors; and

VI. where appropriate, antenna functions obey physical symmetry relations (such as
line reversal).

We wish to emphasise again that the original NNLO antenna functions derived in [1, 58, 59]
do not obey these requirements, as they typically violate (some of) these principles, as
alluded to above. A subtlety is connected to (multi-)collinear and soft-collinear limits. For
example, any gluon can become soft in a multi-gluon matrix element so a prescription has
to be defined according to which the singularities are shared among antennae that identify
each of the gluons as being hard.

In the following sections we will describe a general algorithm to construct real radiation
antenna functions following strictly these design principles and apply it to the case of
single-real and double-real radiation, required for NLO and NNLO calculations.

3 The algorithm

The main goal of the algorithm is to construct (multiple-)real radiation antenna functions
containing singular limits pertaining to exactly two hard radiators plus an, in principle
arbritrary, number of additional particles that are allowed to become unresolved. To this
end, each limit is defined by a “target function”, which in the following we will denote by
L;. In general, there will be N such limits, and we denote the ordered set of limits by {L;}.
The target functions have to capture the behaviour of the colour-ordered matrix element
squared in the given unresolved limit and are taken as input to the algorithm. While the
target functions may include process-dependent azimuthal terms, for the purposes of the
present paper we will limit ourselves to azimuthally-averaged functions.

Antenna functions are defined over the full phase space appropriate to the respective
antenna, whereas each singular limit lives on a restricted part of phase space, with one or
more of the momenta being soft or collinear. We relate the two by a “down-projector” P+
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Figure 1. Visual representation of the down- and up-projectors translating between the full phase
space, on which antenna functions are defined, and the subspaces on which the target functions are
defined. Here X%i_l represents the accumulated antenna function having taken into account the
limits Lq,...L;_1, which is projected into the subspace relevant for limit L; by Pf, subtracted from
L; and the remainder projected back into the full phase space by PZT.

that maps the invariants of the full phase space into the relevant subspace. An associated
“up-projector” PT restores the full phase space. That is, it re-expresses all variables valid
in the sub-space in terms of invariants valid in the full phase space. This is illustrated in
figure 1. It is to be emphasised that down-projectors P+ and up-projectors PT are typically
not inverse to each other, as down-projectors destroy information about less-singular and
finite pieces.

We construct antenna functions using an iterative process, which requires as input the
full set of NV unresolved limits we aim to capture (defined in terms of target functions L;, with
i running from 1 to N.), together with the appropriate set of “down-” and “up-projectors”
pertaining to each of these limits.

The algorithm starts with the contribution corresponding to the deepest pole on the
integrated level, and terminates upon reaching the level of finite corrections, i.e., terms
that integrate to corrections of O (60). In each step of the iteration, we remove the overlap
of the target function with all previously considered limits and accumulate the remainder.
To this end, we subtract the projection of the accumulated antenna function into the
sub-space relevant to the target limit, PfXS;i_l, from the target function. The remainder
(L; — PfXgn-_l) is then restored to the full phase space via the associated up-projector PzT

before adding it to the accumulated antenna function. Schematically, this procedure is
shown in figure 2 for N target functions L; and can be written as

X%, =PlLy,
X’S;Q = Xg;l =+ Pg(LQ - P%Xg,l) )

Xg;N = Xg;Nfl + P}V(LN - P%VXg;Nfl) )

where X0 = Xg. - In particular, restoring the kinematics to the full phase space, in
a judicious way, ensures that the antenna function can be expressed solely in terms of
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Figure 2. Flowchart representing the algorithm to construct a tree-level n-particle antenna X0
using an ordered set of limits {L;} with associated down- and up-projectors. Xg;i represents the
accumulation of the contributions from the first 4 limits. The full antenna is obtained when all N
limits have been satisfied, X2 = X9 .



invariants corresponding to physical propagators. This specifically guarantees that the full
antenna function can be integrated easily over its Lorentz-invariant antenna phase space.

Our algorithm resembles the ones in [16, 21, 22] in spirit, in the sense that singular
limits are considered subsequently, ordered according to the depth of the associated explicit
pole. We wish to point out, however, that there are two important differences to the
algorithms described in [16, 21, 22]. Firstly, we do not use our algorithm to construct
process-dependent subtraction terms (even though the construction of the counter terms
is in principle process independent) but to construct universal antenna functions that
are only assembled to process-dependent subtraction terms in a separate (automatable)
step [1, 96, 97]. Secondly, we always reconstruct the kinematics of the subtraction term to
the full phase space via up-projectors, a step that is not strictly necessary for the sake of
the subtraction but vital to build a function in terms of multi-particle invariants that are
valid in the full phase space.

The set of target functions unambiguously defines the behaviour of the antenna function
in all unresolved limits pertaining to the antenna at hand. In any unresolved limit, the
full antenna function has to approach the target function in order to capture the correct
singular behaviour of the respective squared matrix element. In particular, the antenna
function has to be finite in all limits not described explicitly by a target function. This
ensures that no spurious singularities enter, a feature not shared by antenna functions
constructed directly from physical matrix elements. As alluded to above, an important
aspect to consider in the construction of antenna functions pertains to the presence of certain
multi-collinear and soft-collinear limits, which are shared by “neighbouring” antennae in the
antenna formalism. In these cases, the correct multi-collinear or soft-collinear limit is only
recovered in the sum over multiple antenna functions, each containing one of the involved
partons as a hard radiator. This means that each multi-collinear/soft-collinear splitting
function has to be decomposed over all possibilities to identify one of the partons as the hard
radiator before it can be used as a target function in our algorithm. For simple-collinear
splitting functions, this decomposition is simple and has been identified already in the
original publications [98, 99]. A generalisation for triple-collinear splitting functions has
been derived in ref. [100]. As a byproduct of this procedure, soft-collinear limits do not
have to be entered as explicit inputs into the algorithm at NNLO.

A core part of our algorithm is the definition of down-projectors into singular limits with
corresponding up-projectors into the full phase space. In each step of the construction, down-
projectors are needed to identify the overlap of the so-far constructed antenna function with
the target function of the respective unresolved limit, whereas up-projectors are required to
re-express the subtracted target function in terms of antenna invariants. In this way, the
full (accumulated) antenna function can be expressed solely in terms of n-particle invariants
and is therefore valid in the full phase space. By choosing the up-projectors judiciously, the
antenna function can furthermore be expressed exclusively in terms of physical propagators.
As alluded to above, down-projectors P+ and up-projectors P are not required to be inverse
to each other.

The number of projectors depends directly on the perturbative order. At NLO, only
two types of down-projectors and their up-projectors into the full phase space are needed,

St Ct, and ST, CT, (3.2)

-8 —



Quark-antiquark

994 X9(il, g, k) AS(", 4, k")
Quark-gluon

a99 X3(ig, jg. ky)  DR(", j, k")

QQQ Xg(lf};?]Q?k%) Eg(ihvj7 kh)
Gluon-gluon

999 X9y, dg k) F9(", 4, k")

9QQ X3y, ig ke GI(", 5, k")

Table 1. Identification of X9 antenna according to the particle type. These antennae only contain
singular limits when particle b (or equivalently momentum j5) is unresolved. Antennae are classified
as quark-antiquark, quark-gluon and gluon-gluon according to the particle type of the parents (i.e.
after the antenna mapping).

corresponding to the single-soft and simple-collinear limits. These will be discussed in detail
in section 4. At NNLO, three additional types of down-projectors are needed,

DS, TC',DCY, (3.3)

corresponding to the double-soft, triple-collinear, and double-collinear limits. The up-
projectors into the full phase space are given by

DS", TC', and DCT, (3.4)

respectively. While not relevant to the construction of the antenna functions, for the
sake of validating the correct singular behaviour of the constructed antenna functions,
one can further define a down-projector related to the soft-collinear limit, SC*. Both
down-projectors and up-projectors at NNLO will be discussed in section 5.

Up to NNLO, we have automated our algorithm in a computer code based on MAPLE
and FORM [101, 102]. To make the construction explicit, we work through the construction
of all single-real antenna functions as an example in section 4 before constructing a full set
of improved double-real antenna functions in section 5. The latter constitutes a first step
towards a refined antenna-subtraction formalism at NNLO and beyond.

4 Single-real radiation antennae

At NLO, we want to construct three-particle antenna functions X3 (i?, j,, k), where the
particle types are denoted by a, b, and ¢, which carry four-momenta i, j, and k respectively.
Particles a and ¢ should be hard, and the antenna functions must have the correct limits
when particle b is unresolved. Frequently, we drop explicit reference to the particle labels in
favour of a specific choice of X according to table 1.

We systematically start from the most singular limit, and build the list of target
functions from single-soft and simple-collinear limits. For the particles of X9(i", 5y, k*)



there are three such limits, corresponding to particle b becoming soft or particles a and b
becoming collinear or particles ¢ and b becoming collinear,

Ll(ihaja kh) = Sb(ihajv kh) 9
Lo(iM, ji k) = Pu(i™, 5) (4.1)
Ls(k", jii) = Pap(k", 5) .

The tree-level soft factor S, is given by the eikonal factor for particle b radiated between
two hard radiators,

S, (i, g, k) = S, (i, j,, k) = 82;; (4.2)
Sq(i", dg, K") = Sg(i", g, k") = 0, (4.3)

where we use Lorentz-invariant momentum structures,
Siom=Di+... —i—pn)2. (4.4)

For massless quarks and gluons, s;; = 2p; - pj = 2E;FE;(1 — cos0;5), where E;, E; are the
energies of particles i, j and 6;; is the angle between them. The invariant s;; approaches
zero if either particle is soft or they are collinear to each other. The splitting functions
Py (i", j) are not singular in the limit where the hard radiator a becomes soft and are
related to the usual spin-averaged splitting functions, cf. [98, 99], by,

1

Py, 5) = = Pyy(;) (4.5)
Pyy(i, ) = o,m (4.6)
Puli".§) = 5Pl (4.7)
Pali, ") = ;quu ), (4.8)
Pygli®3) = —PisP(ey) (1.9)
P, (i, j") = Sfpgsgb(l — ;) (4.10)

with j
Py(a)) = (2(1;3%) +(1- e)a:j> (4.11)
Pyala;) = (1 - 2“(1__””2'))%) — P(l—1;) (4.12)
PP (z;) = (2(1:;%) +2;(1 - a:j)> (4.13)

and

PP (w5) + PP (1 — mj) = Pyglay). (4.14)

~10 -



Here, the momentum fraction z; is defined with reference to the third particle in the
antenna, x; = s/ (Sik + Sjk)-
We define the soft down-projector by its action on invariants as

S‘L : {Sij — )\Sij, Sik — )\Sjk, (4‘15)

Sijk 7 Sik,

and keep only the terms proportional to A~2. For the corresponding up-projector SJT we
choose a trivial mapping which leaves all variables unchanged. The collinear projector we
define as,

Sij — )\Sij,
Cy; : (4.16)
ik = (1 —25)(sik + 8jk), Sk = T (Sik + Sjk), Siji > Sik + Sjk-

and keep only terms proportional to A~!, while its corresponding up-projector we define as,

cl . {%‘ = Sik/Sijky (1 — 25) = Sik/sijk (4.17)

Sik t Sjk > Sijk

For convenience, we define a general single-real radiation tree-level antenna function in
terms of the contributions produced by the algorithm in eq. (3.1) as,

X3(i", j, k") = Ssoft(i", j, k") + Scol(i", j; k") + Scol(K", j;i") (4.18)

where the individual pieces are given by

SSOft(ihvja kh) - S;Ll (ihvjv kh) = Ll(ihuj? kh): (419)
Scol(i", j; k") = C; (La(i", j; k") — CSsoft (", j, k")), (4.20)

Scol(k", j; ") = C; (Ls(k", j;i") — C; (Ssoft(i", 5, k") + Seol(", j; k")) ),
= CJ, (La(k",j;i") — CSsoft(i", j, k")), (4.21)

and we have used the fact that the overlap between the two collinear contributions is
contained entirely in the projection of Ssoft(i", j, k") such that

Cy,Scol(i", j; k") = 0. (4.22)

This algorithm guarantees that

SIX(", 4, k") = Ly (i, j, k"), (4.23)
CLXY(i", j, k") = Lo(it, j, k"), (4.24)
CL X9 (", 5. k") = Ly (", 5, k). (4.25)

In the following subsections, we derive the single-real radiation antennae for pairs of
quark-antiquark, quark-gluon and gluon-gluon parents. As a check, we also give the analytic

- 11 -



form of the three-particle antennae integrated over the fully-inclusive d-dimensional antenna
phase space,

X:?(ka) = (87‘(2 (47’(’)_5 66'7) /d (I)Xiijg, (426)
with d = 4 —2e. As in ref. [1], we have included a normalisation factor to account for powers
of the QCD coupling constant.

4.1 Quark-antiquark antennae

Bulding the antenna iteratively according to eq. (3.1) using the list of limits in eq. (4.1),
we find that the three-parton tree-level antenna function with quark-antiquark parents is
given (to all orders in €) by

2sik (L—€)sjp (1 —€)sy;
+ J + .7 .
SijSjk SijkSij SijkSjk

AO( kh)

if g, K (4.27)
Eq. (4.27) differs from A OLD “given in eq. (5.5) of ref. [1] that was derived directly from
the squared matrix element of v* — qgq, at O (¢). We note that in general X can differ
from Xg OLD it 0 (%) as we only require that they have the same unresolved limits. Only
in this specific case is the difference O (e).

Integrating over the final-final antenna phase space, eq. (4.26), yields

€ 2€

675 13372  Tlzt  25(3)\ , 3
+<16— R0 3 40 ()], (4.28)

A3 (sijk) = (siji) [2++4”+< ™ §3> .

which, as expected, differs from the final-final integral of Ag’OLD, in eq. (5.6) of ref. [1],
starting from O (e€). Integrals of the universal soft and collinear-remainder terms in eq. (4.18)
(and in this case eq. (4.27)) are given in appendix B for increased clarity.

4.2 Quark-gluon antennae
Building the antenna iteratively according to eq. (3.1) and using the list of soft and collinear
limits given in eq. (4.1) adapted to the particle content, we find that
251, + (1 —€)sjk . 82@'jsik .
Sij Sjk SijkSij SijkSik

D3y, jgs k) = (4.29)

0,0LD

Note that, owing to its origin in the neutralino-decay process, the Dz’ antenna function

given in eq. (4.3) and (4.9) of ref. [59] contains two antennae, corresponding to the configu-
rations: j, radiated between i, and kg, and k, radiated between i, and j,. In eq. (6.13)

of ref. [1 ] the full Dg’OLD was decomposed into two subantennae, dg’ OLD(ig,jg, k:;‘) and
q )
colhnear limit between the gluons. DY (ig, Jg» k:;l) in eq. (4.29) is therefore to be compared

kg, ]g) each of which contains the soft limit of one of the gluons, and part of the

with do OLD( iy Jgs k:h) given in eq. (6.13) of ref. [1]. Eq. (4.29) is more compact because it
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only contains terms that contribute to the soft and collinear limits. The difference starts at
@) (60) in the dimensional regularisation parameter e. Integrating over the antenna phase
space yields,

€ e 12 12

723 4277%  Tilmt 125(3) , 5
— - — — : 4.
+ ( 6 14 10 9 )¢9 (<) (4:30)

|1 5 61 7x? 121 3572 25
DS (s47%) = (sijr) [2++—+< C3>f

This differs from the final-final integral of dg’ OLD(Z’Z, Jg» k{;), which is a half of eq. (6.9) in
ref. [1], starting at O (€°).
Similarly, for the three-quark antenna, we find
h 1 25ij5ik

EY(i" o, k) = — — 54— L0 4.31
3(Zq7]Q7 Q) Sjk ngks‘]k(l . 6)7 ( )

which is to be compared with Eg’ OLD given in eq. (4.9) of ref. [59] which contains terms
that do not contribute to the quark-antiquark collinear limit starting at O (60). This has

the consequence that the integrated antenna,

| 1 3 15 7r?
o) = o) [_36 KN (‘8 + 36) E
81 7Tm?  25(3\ , X
*(‘Nm*g)”@(e) 7 (432)

differs from the final-final integral of Eg’ OLP given in eq. (6.15) of ref. [1] starting at O (€°).

4.3 Gluon-gluon antennae

Directly constructing the antenna using eq. (3.1) with the list of soft and collinear limits
given in eq. (4.1) adapted to the particle content, we find that

o 28k SikSjk SijSik
F (il g ki) = = 4 S8 4 ST (4.33)
SijSjk  SikSiy SijkSik

The F?? "OLD i ntenna function, obtained from Higgs boson decay (eq. (4.3) of ref. [58]),

has limits when any of the three gluons are soft. For this reason, it was split into three

sub-antenna functions fg? ’ OLD(Z’Z‘, Jg k:g) given by eq. (7.13) of ref. [1] which differ from

eq. (4.33) by terms that do not contribute in any of the unresolved limits. Therefore, the
integrated form,

|1 11 65 7a? 129 7772 25
T3 (sijr) = (sijk) [62+—|——+< <3>6

6e 12 12
771 45572 Tint 275G3) 3
(16_ 144 1440 18 )€ +O(6) ’ (4.34)

~13 -



differs from the integrated form of f0 OLD( g,jg, kg) which is a third of eq. (7.9) in ref. [1],
starting at O (€°).
The ¢gQQ antenna function is given by

Gg(zgajévkél)) = - Pk

—_— 4.35
Sk S%jksjk(l —€) ( )

Note that Gg(ig‘,j@ k:g) is identical to Eg(i];,j(g, k:g) because in both cases, the only limit
that is required is the g — QQ collinear limit which is independent of the particle type of
the other hard radiator. The antenna derived from the Higgs-decay matrix element GO OLD
is given in eq. (7.14) of ref. [1] and contains terms that do not contribute in the collinear

limit. Integrating over the phase space, we find

G3 (sij) = &3 (sijk) (4.36)

o I 2 4.
+<16+16+ 9>e +0 ()], (4.37)
which differs from the integrated form of GO OLD , given in eq. (7.15) of ref. [1], at O (€).

5 Double-real radiation antennae

At NNLO, we want to construct four-particle antenna functions X (i”, jp, ke, lg’), where
the particle types are denoted by a, b, ¢, and d, which carry four-momenta %, j, k, and [
respectively. Particles a and d should be hard, and the antenna functions must have the
correct limits when particles b and ¢ are unresolved. Frequently, we again drop explicit
reference to the particle labels in favour of a specific choice of X according to table 2

For double-real-radiation antenna functions, we have to distinguish between the case
where the two unresolved particles are colour connected (which we denote by X3 (i%, jy, ke, I%))
and the case where they are not (which we denote by X9(i", jy, ke, I")). The list of limits
included in each case is different, due to different possible double- and simple-collinear
limits. Specifically, in X 9 there are no be-collinear limits, but there are ac- and bd-collinear
limits, which are absent in X7.

As at NLO, we systematically start from the most singular limit and build the list
of target functions using double- and single-unresolved limits. The list of limits for the
X{(i", jb, ke, 1) double-real antenna function, from most singular to least singular, is

given by
La (i, 5, k1) = Spe(i® . b, 1)
Lo(i", j, k; 1) = Pupe(i", 5, k)
Ls(i", j, k, 1") = Py (1" K, 7)),
La(iP, §, k1) = P (i, j) Pac (1", k)
Ls(i" 7,k 1) = Sy(i", 7, k) X3 (" Kk, 1),
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Quark-antiquark
9999
g
9QQq
9999
Quark-gluon
q999

9QQg
79QQ
9Q9Q
Gluon-gluon
9999

9QQg
99QQ
9Q9@Q
79QQ

Table 2. Identification of X antenna according to the particle type. These antennae only contain
singular limits when one or both of particles b and ¢ (or equivalently momenta j and k) are unresolved.
Antennae are classified as quark-antiquark, quark-gluon and gluon-gluon according to the particle

)EE(ZZL’JQ’]CQ’ZZ> 42(ih7j7kvlh)
Xﬁ(l)(igaj’wk ?lh) Ag(ih7j7kvlh)
Xé(l](zg7]Q7kQ7lg) Bg(ihajakalh)
XZ(L)(z 7]q7kq7lg) Cé(l](ih7j)kalh)
)fg(lgajgakgalg> Qg(ihajath)
)(g(zg,]g,kg,zg) DY(h, 5, k1)
Xé(l)( 7]Q7kQ7lg) Eé(l)(ihvjakvlh)
X3iy.dy: kg 1o) Ey(i", .k, 1)
4(1)( qa]Q?kgle) Eé[l)(ihvjvkvlh)
)gg(zgajg?k97lg) @g(ih)%k?lh)
XZ(L)(ZZajg’kgﬂlg) Ff(ih,j,th)
Xg(zlgl’]QakQ?lZ) Gg(ihvj’kvlh)
XDy gor igr 1) Gali", 3.k, 1)
X, G kg 1) G, 4, ke, 1)
X9l jgr kg, lyy)  HY (", 5, k, 1)

type of the parents (i.e. after the antenna mapping).

Le(i", j, k, 1"
L (

Lg(i", j, k, 1"
Lo(i", j, k, 1"

where for readability, we have suppressed the labels for the particle types in X3.
L1 contains the double soft contribution, Lo and Lg the triple-collinear contributions, L4
the double-collinear contribution, L5 and Lg the single-soft limits, and L7, Lg and Lg the
simple-collinear limits. The specific choice of X§ in Ls — Lg is fixed by the flavour structure
of the relevant single-unresolved limit. Because the iterative procedure is organised such
that there are no overlaps between contributions of the same level, the ordering of limits of
the same type is not important — e.g. between Lo and Ls. For the )?E(ig,jb, ke, lfj) the list

of limits is given by

)
it gk, 1)
)
)

Se(j, k, 1M X5 (", 5, 17)
(

Poy(i", ) X5((i + 4)" klh>
Poe(j, k) XS(", (5 + k), 1),
Pdc( )XS(Z 7ja(l+k)h)>
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Ls(i", j, k, 1") = Po(i", k) Py (I, 5)
Le(i", 4, k,1") = Sy(ih, §,1") X9(ih, k, 17,
L7(i" 3,k 1) = S.(i" ke, 1) X9(ih, 4,17
Lg(i", j,k, 1) = Pap(i", 1) X3 + 5)", b, 1)
Lo(i", j, b, 1") = Pac(i", k) X3((i + k)", 4, 1),
Lio(i", j, ke, 1M = Py (1", k) X", 4, (1 + k)M,
L (i, 4, k10 = Py (1", XMk, (1+ ). (5.2)

Note that:

o Neither eq. (5.1) nor eq. (5.2) includes an explicit soft-collinear limit. These limits
are present (and are verified after X construction) but arise naturally from the
combination of double-soft and triple-collinear limits.

e Because the antenna functions are built from spin-averaged splitting functions, there
are no azimuthal correlations in the constructed XJ.

The tree-level double-soft factors are given by

QSik 282'1 + 2Sjl 23z‘l

Sgg(ihajv k, lh) =
SijSjk SijkSjkl SklSjk SijkSjkl

25y Tr({ 1§ ) N 2(1 — €) (sijSkt — Sinsjt)”

e . 2 2 2 ) (5.3)
SijSjkSkiSijkSjkl SikSik Skl
. 3 28'[ 28'1
S @4 ke, 1) = —— —— (5.4)
SijSjl SikSkl
2
h .1 ik 285 2 (8ijSki — SikSjl)
Sqq(z 3y k1) = ———— — 555 , (5.5)
SjkSijkSjkl SikSiik S5kl

and zero otherwise. Here we write the two-gluon soft factor in a suggestive manner such
that the first two terms are iterations of the single-soft-gluon eikonal factor and

Te(71§K) = susjx — sijsik + Siksi; - (5.6)

The triple-collinear splitting functions Pyy.(i", j, k), when particle a is hard, are organ-
ised according to the notation of ref. [100]. We exploit the decomposition into strongly-
ordered iterated contributions (which are products of the usual spin-averaged two-particle
splitting functions) and a remainder function Rgp._, p(i, j, k) that is finite when any pair of
{i,j, k} are collinear. Here we write the splitting functions for which the organisation is not
trivial while the others are given in appendix E. The three-gluon splitting function is split
into three functions corresponding to one of the gluons being hard,

Pygg(i, j, k) = ngg( g k) + ngg(iajh, k) + Pygq(i, J, k), (5.7)
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with

b sub Zj sub Ty
ngg(ih,17 k)= Pog (@) Tog (l_mk) 4 o (1= i) Fog (1—951')
Sijk Sij Sijk Sik
1 .
STRg(gg) (7“7.]7 k) ) (58)
ijk
Psub z Psub :fz Psub 2 Psub fk
ngg(i,jh,k) _ 199 ( k) 99 (1 $k> + g9 ( z) 99 (1 ml> 7 (5‘9)
Sijk Sij Sijk Sik
ng!](i’j? kh) = ngg(khv.j: Z) ) (510)

where the momentum fraction is defined with respect to the fourth particle in the antenna,

Skl
Tp=——""—689/—/—0——, 5.11
Sil + Sj1 + Skl ( )
and Rg(gq) (7, J, k) is given in ref. [100] and eq. (E.4) while Pgs;b is defined in (4.13). There
are also two distinct splitting functions representing the clustering of a gluon with a quark-
antiquark pair into a parent gluon. The splitting function for a gluon collinear with a

quark-antiquark pair, when the gluon is colour-connected to the antiquark, is given by

Pyag(iy 3, k) = Paaq(i™, 4, k) + Pogg (i, 3", k) + Pyge(iy 3, k), (5.12)
with

. P (1 — ;) Fog (125 1 -

P (i, j, k) = =% : ( z ) + ——Rggq(i, 4, k) , (5.13)
Sijk Sjk Sijk

Pyggli, " k) = 0, (5.14)

Poo(xp) Pag (125 ) PP (ay) Pog (125
Pyl g ) = Loot2e) o) | P Pals ”1), (5.15)

Sijk Sij Sijk Sik

where Rgygq(i, j, k) is given in ref. [100] and eq. (E.26). Additionally, the projections of the
double-soft factors in the triple-collinear phase space are given in appendix D and they
indicate the overlap between the two limits.

The three-particle antennae appearing in egs. (5.1) and (5.2) are those discussed in
section 4. For example, XJ(i + j, k, 1) denotes the antenna with particle types (ab), ¢ and d
according to table 1 carrying momenta ¢ + j, k and [ respectively. In appendix A, we list in
full the limits for each X?, for convenient reference.

Together with the list of limits, we need to have a procedure for mapping the antenna
into the particular limit subspace, and then returning to the full phase space. We define
the double-soft down-projector for particles j and k soft as

2
Sjk — A Sk,

Sij )\Sij, Sik )\Sik; Sl = )\Sjly Skl )\Skl,

DS, : (5.16)

Sijk = ASijk, Sjkl = ASjki,

Sijl © Sily Sikl v Sil,y Sijkl 7 Sils

and we keep only terms proportional to A™%. As at NLO, for the corresponding up-projector
DS}k we choose a trivial mapping which leaves all variables unchanged.
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We define the triple-collinear down-projector for collinear particles 4, j, and k as

Sij )\Sij, Sik )‘Sikv Sik — >\5jk, Sijk )‘Sijka

Sijkl Fr Sil + Sj1 + Skl

TC%k R e (Sil + 55+ Skl) s Sjkl F> (1 — :El) (Sil + 851+ Skl) , (5.17)
541 — Zj (Sil -+ Sjl + Skl) , Sikl F7 (1 — .%'j) (Sil + Sjl + 5kl> s

Sk T (Si + S50+ Swa)  siji = (1L — 2) (si + 80+ sk) s

with x; +x; + 2, = 1 and we keep only terms proportional to A2, Note that when (1 — ;)
appears in the numerator, expressions are simplified according to (1 — ;) = x; 4+ z, and so
on. The corresponding up-projector we define as

x> S/ (Sit + s+ Ski),

(1 — ;) = sjm/(si + 551+ sw1),

xj = s/ (si + 851+ ski),

TCZTJ-,{J 19 (1 —x5) = Sika/(si + sj1 + Ski)s (5.18)
T = s/ (Sa + 81+ Skl

(1 — k) = siji/ (s + 551+ sw1),

Sit + Sj1 + Ski > Sijki-

The double-collinear down-projector for particles i||j and k||l we choose as

Sij = ASijv Skl > WSkl

si = (1 —x5) (1 — yr)sijis, sjt— (1 — yr)Sijil,
oo

DGy o sik = (1 = 25)yrSijri, Sjk = TjYkSijkl;

Sijk = YkSijkl, Siji = (1 — Yk)Sijrts Sikt = (1 — 25)Sijki, Sjkl = T5Sijki,

Sijkl " Sik + Sjk + Sit + Sji,

(5.19)
in order to count the divergences of both
collinear limits separately. The corresponding up projector is

and we keep only terms proportional to A~!p~!

LYk > Sjk/Sijkls

xj = (8K + 8j1)/Sijkis

DCIj;kz DY Yk (Sik + Sik)/ Sigkls (5.20)
Ly = sijra/sijes 1/ (1 —yr) = sijra/sii,

V/zj = sijr/sjkts 1/(1 = 25) = Sijr1/Siki-

The single-soft down-projector acts on invariants as

Sij > )\Sij, Sjk )\Sjka Sj1 > )\Sjla
1.
ST 1 Sijk = Siks Sijl — Sil, Sjkl — Ski, (5.21)

Sijkl = Sikl,
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and keeps only terms proportional to A=2. For the corresponding up-projector S}, we again
choose a trivial mapping which leaves all variables unchanged, in line with the choice for
the single-soft up-projector in section 4.

The simple-collinear projector we choose as,

Sij —> )\Sij,
sik + (1 —25)Sijh, Sjk = TjSijk,
4o
Cij s (L—x5)si1, s+ xjsiji, (5.22)

Sijk F* Sik T Sjks

Sijl = Sil + Sji;
and keep only terms proportional to A~!, while its corresponding up-projector we define as,

arj(sl-k + Sjk) — Sik, (1 — .CCj)(Sik + Sjk) — Sik
zj(si + sj) = s, (1 —x5)(sa+ s5) v sal

Sik + Sik > Siik
Lo k> (5.23)
Sil + 851 = Siji;

zj(1 = xj) = sjksi/(Sijksiji),

Z; — Sjk:/sijk-

Note that there is an ambiguity on how to write z; and (1 — z;) in terms of invariants. In
particular, we use the following identities,

ZL'JQ =xz; —x;(1 —xj), (5.24)

(1—2)* =1~ — (1 - a3), (5.25)

SikSil SikSil
IEE or (5.26)
SijkSijl SijkSijl

zj(1 = zj) =

to avoid repeated powers of triple invariants. Additional identities are imposed to preserve
the symmetry of the antenna.

Note that even after defining all projectors, some ambiguity remains. For example, if
we consider what happens to a term like s;5;/s;5; in the triple-collinear ijk space, then

1=

. i
Sit + Sj1 + Sij Tik T+ x; —1 T&k 1,
Sijl (1 — :L'k)
while applying the process to the individual terms does not give back unity upon summation
in the full phase space,

s T
s; TCH, g TCl s
il { 7 é il :
Sijl (1 - xk) Sijl
N8 T
sj1 TCi z TCi sji
J g/ J i/ J ,
5ijl (1—zy) Sijl
N T
Sij Tcigk 0 TCx 0
Sijl
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It is clear that the sum of the last three lines is equivalent to unity in the triple-collinear
subspace. Exactly how one returns to the full space can introduce differences there. However,
these differences do not affect the limit in question, but do influence less singular limits.
These are corrected by the iterative process which systematically moves from more singular
to less singular limit and which guarantees that each limit is correctly described. However,
after the iterative construction of the antenna function is complete, there can be differences
in finite terms that do not contribute to any limit.

For antennae where 4, j, k and [ are colour connected to adjacent particles, i.e. ¢ to j to
k to [, we define the general antenna function as

X0, 4, k,1") = Dsoft(i", 7, k, 1"
+ Teol(i", 7, k; 1) + Teol (I, k, j; i)
+ Dcol(i", j; k, 1) (5.27)
+ Ssoft(i", j, k; 1") + Ssoft (1", k, j;i")
+ Scol(i", j; k, 1™) + Scol(j, k; i, 1) + Scol(I*, k; 5,i")

where the individual pieces are given by

Dsoft(i", j, k, I") = 81, Ly (", j, k, 1") = Ly (i", 5, k,1"), (5.28)
Teol(i, j, k; M) = TCZk( 21", j, b, ") = TCL Dsoft(i", .k, 1)) , (5.29)
Teol(i", k, j; i) = TC},, (Lg(ih,j, k1" — TCY, (Dsoft(ih,j, ke, 1) + Teol(i", j, k; zh)))

= TC},, (Lg(z’h,j, k,1") — TC}, Dsoft(i", j, k, zh)) : (5.30)

Deol(i", j; k, ") = DCl, (La(, 5, k,1") = DCL X5, 5k, 1)) (5.31)
Ssoft(i", j, k; 1) = sj( i*, gk, 1) — SEXY4 (i, j, k, zh))) (5.32)
Ssoft(j, k, I"; i) ST( i gk, 1) — S <X4.4(i ,j,k,lh)+Ssoft(ih,j,k;lh)))

sg( i g,k 1) — SEXD (i, 4 K, zh)) (5.33)
Scol(i" ,j7k " =cf, (Ly(z ik, 1) — CEX (i, 4, k, zh)) (5.34)
Scol(j, ks i" Cly (Ls(i", 5, b, 1) = Ch (X960, 5, %, 1) + Seol (i, 5 k,17)) )
= cT (Ls(", g,k 1") = CHXE (" .k, 1) (5.35)
Scol(1", k; j,i") = (Lg(zh,j,k ") - C}, (X46( h 3.k, ") + Scol(i, j; ke, 1)
—i—Scol(j,k;z’h,lh)))
= CJ, (Lo(",j b, 1") = CLX (0", 5 k1)) (5.36)

where we have used

TCy,, Teol(i", j, k; ") = 0,
Sy Ssoft (i, j, k; 1") = 0,
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CScol(i", j; ke, 1)
C}Scol(i", js ki, 1")
Ci,Scol (4, k; it ")

0
0,
0, (5.37)

together with

X95(", 4, k, 1) = Dsoft(i", j, k, I") + Teol(i", j, k; ") + Teol(I", k, j; i") ,
X946, 4,k 1) = X05(6", 4.k, 1) 4 Deol(i", j; k,17), (5.38)
X06(i", 4 k1) = X04(i", 4, K, 1) + Ssoft(i", j, k5 1) + Ssoft(j, k, 1";4") .

An example of this type of antenna would be the leading-colour antenna with a quark and
an antiquark as hard radiators, emitting two gluons. As for the X antennae, the algorithm
ensures that for all limits

PIXO(", j, k1" = Ly, j, k1), (5.39)

In addition, X{(i", j, k, ") has the correct soft-collinear limits.

For subleading-colour antennae, where j and k are each colour connected to the hard
radiators, and not to each other, we define a general antenna function XY as

X9(i", j, k,1") = Dsoft(i", j, k,1")
+ Teol(i", j, k; 1) + Teol(I™, k, j; i)
+ Deol(i", j; k, ") + Deol(i, k; §, ")
+ Ssoft(i", 4, 1" k) + Ssoft(i", k, I"; )
+ Scol(i", j; k, 1) + Scol(i", k; j, 1)
+ Scol(lh,j; k, z'h) + Scol(lh, k; 7, ih)-

(5.40)

where Dsoft, Tcol, Dcol, Ssoft and Scol are defined analogously to eq. (5.28) with a similar
absence of overlaps between terms at the same level as in eq. (5.37). An example of this type
of antenna would be one with quark and antiquark hard radiators, emitting two photons.
Again, the algorithm ensures that X 9 satisfies

PIXO(i", j,k,1") = Ly(i", j, k,1") (5.41)
and has the correct soft-collinear limits.

We also give the analytic form of the four-particle antennae integrated over the fully
inclusive d-dimensional antenna phase space [1, 103],

_ 2
XY (sj00) = (87 (4m) <€) / ddx,, XY, (5.42)

including a normalisation factor to account for powers of the QCD coupling constant.
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5.1 Quark-antiquark antennae

As shown in table 2, there are four tree-level four-parton antennae with quark-antiquark
parents that describe the emission of

(a) two colour-connected gluons (AY),
(b) two photons, or equivalently two gluons that are not colour connected (/12),
(c) the emission of a quark-antiquark pair of different flavour to the radiators (BY),

(d) the emission of a quark-antiquark pair of the same flavour as the radiators (CY).

These antenna functions can straightforwardly be obtained from matrix elements for
~v* — 4 partons [1] and the antenna functions constructed here are directly related to the
antenna functions given in ref. [1] by

AZ(Z'J,ngng?) ~ AO OLD(ZZ kg, q) (5.43)
AQ (Gl Ggy gy 18) ~ AGOEP il Gy, K, 1), (5.44)
BY(ill, jg k. 1) ~ By O (il g, kg, 12), (5.45)
CY(l, jg kg 1) ~ CPOMP (R g kg, 1), (5.46)

in the sense that the new antennae should have the same double unresolved limits as the
original antenna (as indicated by the ~ symbol).

To build the A} antenna using the algorithm described in section 3, we simply identify
the particles in the list of required limits given in eq. (5.1) — b and ¢ are gluons, while a
(d) are the quark (antiquark) hard radiators. In this case, the three-particle antennae are
of type AJ. The resulting expression for A{ is included in the supplementary material. Tt
satisfies the line reversal property,

Ag(ih7j7kylh) = Ag(lhakaj7ih)' (547)

As an example of the numerical behaviour of the new antenna functions, in figure 3 we
show numerical tests of the new A9 against the original Ag’ OLDWe follow ref. [104] and
build trajectories into unresolved limits by scaling the relevant invariants by a fraction z
relative to the antenna invariant mass, s;;.. = xs;jx. Due to the absence of azimuthal terms
in our antenna functions, we combine phase-space points that are correlated by angular
rotations about the collinear direction in every (multi-)collinear and soft-collinear limit.
Each histogram shows the relative agreement of A} and Ag’ OLD ip) digits,
A}

A4’

(5.48)
We wish to point out that due to the explicit line-reversal symmetry of A9, we only show
representative examples for each limit. In all unresolved limits, we find percent-level
agreement already for £ = 1072 and increasing agreement for smaller values of z. Taking
into account the different scaling behaviour of the double- and single-unresolved limits, it is
evident that the antenna function develops quantitatively similar behaviour in approaching
the singularity.
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Integrating over the antenna phase space, we find

Al(siji) = (siji) 7> |+

864 144" T4

3 65 1 (217 13 2) (44087 589 22 71 )
T 3

W tas Talas 127

<1134551 8117 o 1327 373

4
A
5184 327 T 18 BT 1" ) + 0(6)]’ (5.49)

which differs from A} OLD'in eq. (5.31) of ref. [1], starting from the rational part at O (1/e).
This is completely understood and is simply because the A given in eq. (4.27) differs at
O (e) from Ag OLD given in eq. (5.5) of ref. [1]. The choice of A} impacts the algorithm at
the stage of the single-soft limits, L5 g ~ SgAg. Integrating the difference 2Sg(Ag’ OLD _ A9)
over the antenna phase space yields precisely the observed discrepancy of 1/e. Integrated
forms of the four-particle antennae using the original set of three-particle antennae, X. g OLD,
derived directly from the squared matrix elements are listed in appendix F. The pole
structure of eq. (F.1) agrees precisely with eq. (5.31) of ref. [1] and differs only at O (€°).
Integrals of the universal double-unresolved contributions in eq. (5.27) for all X{ are given
in appendix C for increased clarity.

To build the A9 antenna, we identify a (d) as the quark (antiquark) hard radiators and
b and ¢ as photons (or abelianised gluons). The resulting expression for ﬁg is included in
the supplementary material. It is symmetric under both line reversal

THO NS EPHUNNAY (5.50)
and exchange of the two gluons,
QG ke, 1) = AQ(GER K, 4,17, (5.51)

Integrating over the antenna phase space, we find

~ 1 3 1 3 861 9
0 _ —2e 2 2
Ay(sijrt) = (Sijrt) +:4 + 3 + 2 (13 — 57 > + - (16 5T - C3)
7105 39 2 29 4>
+ ( = 5 T —80¢3 + —= 120 + O (e )1 (5.52)

70,0LD .
Ay

which differs from in eq. (5.32) of ref. [1], starting from the rational part at O (1/e).

The integrated form of A using the original set of three-particle antenna functions, X. g OLD

)

is given in eq. (F.2), where the pole structure agrees precisely with .AO OLD 4 eq. (5.32) of
ref. [1] and differs only at O (€°).

To construct B} we identify b and ¢ as a quark-antiquark pair (that is of different
flavour to the hard radiators a and d). The resulting expression for B is included in the
supplementary material. It is symmetric under line reversal,

B4( 7]7k lh) Bg(lh7k7j7ih)7 (553)
and exchange of the quark-antiquark pair,

BY (", j, k1) = BY(i" K, j,1"). (5.54)
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Figure 3. Numerical tests of the new Aj against A, in all relevant singular limits.

different values of the scaling parameter z, the relative disagreement of the ratio R = A /AZ’

shown on a logarithmic axis.
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Integrating over the antenna phase space, we find

o 1 7 1/ 407 11
Bl (sijwt) = (sijwt) " l ( + = 2)

128 182 T\ o6 T 2"
5017 145 , 67

which differs from eq. (5.39) of ref. [1], starting from the rational part of O (€°).

The CY antenna has no double-soft or single-soft limits. It is therefore considerably
simpler than the other quark-antiquark antennae. By construction, the only limit it contains
is when particles b, ¢ and d are collinear — the gqq triple-collinear limit for identical quarks.
The resulting expression for C9 is included in the supplementary material. It is symmetric
under the exchange of the two identical antiquarks in the triple collinear group,

CL(", 4.k, 1) = O™, 1, k, 7). (5.56)

This is as a direct result of the symmetry in the P,g, splitting function (given in appendix E).
Integrating over the antenna phase space, we find

—2¢ 1 13 1 1
CL(sijk1) = (Sijkt) +E 5 T E7T2 B 163
7323, 23 1 4>
( T R T +0(e)], (5.57)

which differs from Co 9™ in eq. (5.44) of ref. [1], starting from O (€°).

5.2 Quark-gluon antennae

The antenna functions for quark-gluon parents have been systematically derived from
an effective Lagrangian describing heavy neutralino decay [59]. There are three different
configurations corresponding to the tree level processes X — gggg (labelled Dg’ OLD) and

X — 9qqg9 (with leading-colour and sub-leading colour antennae labelled ES’OLD and

EE’ OLD respectively). Because these were based on matrix elements, the DZ’ OLD and

Eg’ OLD antennae did not strictly follow the design principles laid out in section 2. In
particular, the antennae did not clearly specify which particles should be hard radiators and
over-included unresolved limits that are not desirable. In ref. [60] work was done to divide
both D{ and EY into sub-antennae with better properties, however yielding functions that
were not analytically integrable. Here we derive antennae that contain specific limits using

the algorithm. As indicated in table 2, there are five antennae in total:

o Two types of antennae describe the gggg system: Dg(ig, Jg: kg, lg) and 52(1’2, Jg: kg, lg).

In DY, the two unresolved gluons are colour-connected, while in 152 they are discon-
nected. In terms of the antennae of ref. [1],

DY O Go kg lg) ~ DM, 4, k1) + DM 1Lk, 5™) + D9GP, 5,1 k") . (5.58)
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. Three~types of antennae describe the ¢QQg system: Eff(ig, jo:kq, lg), Eg(z’g, Jo ko lg)
and Eff(ig, Jo» kg,lg). At leading colour, two configurations are necessary: EY in
which the QQ pair can be soft and the gluon is a hard radiator, and EZ where the
gluon can be soft. The soft-gluon singularities are therefore all contained in EZ,
but the triple-collinear gQ@ singularities are distributed between E{ and E‘i as in
eq. (5.12). At sub-leading colour, only one antenna is needed. These antennae are

related to the antennae of ref. [1] by,

EY O (i, G kg lg) ~ ESG", 4, k07 + ES(" 1k, 57) (5.59)
EY " (ig, jo. k. lg) ~ BY(", 1, k"). (5.60)

To build the antennae using the algorithm, we simply identify the particles in the list of
required limits given in eq. (5.1). For the D{ and D} antennae, a is a quark and b, ¢, and d
are gluons. For D) the double-soft limit is Sgg While for 52 the double-soft limit is S ..
The colour-connected triple-gluon collinear limit is shared between the three antennae in
eq. (5.58) according to the decomposition in eq. (5.7). The three-particle antennae that
appear in the single-unresolved limits can be either of type A9 or type D3.

The resulting expressions for D and 52 are included in the supplementary mate-
rial. DY has no symmetries, while 52 is symmetric under exchange of the unresolved
abelianised gluons,

DY(i", j, k,1") = DY(i" K, j, 1"). (5.61)

Note, in particular, that ﬁg(z’h, 4, k,1") encapsulates the triple-collinear limits qu(ih, J, k)
and P,g,(7,1" k), as given in eq. (E.18) and eq. (5.10) respectively. Integrating over the
antenna phase space, we find

2e +

3 71 1 /118 13 , 1 /11849 35 5 35
i K e N

1t T T2 \g T 127 r

DY (siji) = (Sijwt)~ 216 3

74369 8579 , 5473 9 ,
+ (324 “ a3 T oy Gt g > +0 (6)], (5.62)

- 1 10 172 3 1 /26749 83
DY (sij1) = (sijht) Pe‘* et a ( B W2> +- < — 5% — 3C3)

33 e2\2 2 e \ 432
113227 1045 , 818 19 4

The combination 2D} + DY agrees with the pole structure for DY (given in eq. (6.45)
of ref. [1]), up to the rational part at O (1/€?). This is because the D antenna differs at

O (€Y from the three-particle antenna, dg’ OLD "used in ref. [1]. The integrated forms of DY
and DY using the original set of three-particle antenna, given in appendix F, restore the

agreement with the pole structure of eq. (6.45) of ref. [1] through to O (€°).
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The expressions for EJ and EZ are given in the supplementary material and have no
symmetries. Integrating over the antenna phase space yields

o] 1 5 1/ 1463 1
€9 (sijm) = (sijrr) ™ [1263 The e (864 + 87T2>
38401 o
=Ty 5.64
+< 5184 ' 108 108 ) ] (5.64)
20 _ 1 35 1/ 5537 1
Exlsiju) = (sijm) > l_?)e?’ 24 T e <_864 2" 2)
47345, 35 5 80
T {79% o O (e)]- 5.65
* < 1728 " 167 9 43) + (6)1 (5.65)

The combination & + EZ agrees with the pole structure of 50 OLD" (given in eq. (6.51) of
ref. [1]), up to the rational part at O (1/€*). This is because the EY antenna differs at
O (¢') from the three-particle antenna, Eg’ OLD " iised in ref. [1]. Using the original set
of three-particle antenna functions leads to the integrated four-particle antenna listed in
appendix F, which restores the agreement with the pole structure of 50 OLD 4y eq. (6.51) of
ref. [1] through to O (€°).

The subleading-colour antenna Eg (ig’, Jo kg, l%) only contains singularities associated
with the Qg@Q cluster — namely the triple-collinear limit, the soft-gluon limit, and the
collinear limits Qg and ¢@. These limits are independent of the particle type of the first
hard radiator a. The expression for Eg is included in the supplementary material. Eff is
symmetric under exchange of the quark-antiquark pair,

E(", 4, k,1") = ES(i", 1, k, j"). (5.66)

Integrating over the antenna phase space, we find

5 _ 1 13 1/ 8 1
1 (sijm) = (sijm) ™ [_ BT (_ + 47T2>

6e3 182 € 27
7501 13 o, 40
+ ( e ggg) + 0(6)1. (5.67)

The pole structure for &) agrees with & OLD" (given in eq. (6.52) of ref. [1]), up to the
rational part at O (1/€2). This is because the EY antenna differs at O (¢°) from the three-

particle antenna, Eg OLD

Eg OLD

, used in ref. [1]. Using as input the original three-particle antenna,
, restores the agreement through to O (€°).
5.3 Gluon-gluon antennae

Antenna functions for gluon-gluon parents have been systematically derived from the effective
Lagrangian describing Higgs boson decay into gluons [58]. There are four possibilities,
H — gggg (labelled Ff ’OLD), H — ggQQ (with leading-colour and sub-leading colour
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antennae labelled GZ’ OLD 4nd ég’ OLD respectively) and H — ¢gQQ (labelled HE’OLD).
The Ff LD and GZ’OLD antennae also did not follow the design principles laid out in
section 2, by not clearly specifying which particles should be hard radiators and/or by over-
including unresolved limits that are not desirable. Ref. [95] reorganised the F, 40 *OLD 4 ntenna
into FSl '* and Fal '® sub-antennae that had better properties, but at the cost of introducing

0, 0LD
1 antenna.

composite denominators. Similar work was also carried out for the G
Using our algorithm, we can build gluon-gluon antennae that do satisfy the design
properties. As shown in table 2 there are six antennae in total:

o Two types of antenna describe the gggg system: Ff(ig,jg, kg, l;‘) and ﬁf(i’g‘,jg, kg, lg).

They are related to the antenna of ref. [1] by,

FE’OLD(@]” k1) ~ F2(i", j, k,1") + 3 cyclic permutations
+ FP(i", 5,0 k") + (", ik, 57 (5.68)

In F the two unresolved gluons are colour-connected, while in ﬁ’f they are discon-
nected. This means that the relevant double-soft factors are S,  for F, P and S, for
ﬁf . Each ggg colour-connected triple-collinear limit is shared between three antennae
in eq. (5.68) (two FY and one F)) according to the decomposition in eq. (5.7).

« Three types of antenna describe the gQQg system: Gg(i}g’,jQ, ko lg), ég(i’;,jg, kg, l%)
and ég(ig, Jjo, k'g,l%). At leading colour, two configurations are necessary: G9 in
which QQ pair can be soft and both gluons are hard radiators, and éﬂj where one of the
gluons can be soft (and the other is a hard radiator). The soft-gluon singularities are
therefore all contained in éﬁ, but the triple-collinear gQQ singularities are distributed
between G and éﬁ. They are related to the antenna of ref. [1] by,

Gy iy, jq. kg, lg) ~ GY(", 4, k, 1)
+ Go( i, G K + GGt Lk, ). (5.69)

At sub-leading colour, only one antenna, C:'g (i’;, Jo kg lg), is needed. There are no
double-soft limits and only one triple collinear limit describing the QgQ cluster. ég
is related to the antenna of ref. [1] by,

GO (ig, jgs kg lg) ~ G, 4,1 kM) + G, ki, 5. (5.70)

« Finally, one gluon-gluon antenna is needed to describe the ¢gQQ@ final state, called
Hg(ifl‘,jq, kg, l%), which is directly related to the analogous antenna in ref. [1],

HY O (g, Gg ko, 1) ~ HY (", 5.k, 1) . (5.71)

Note that only different quark flavours need to be considered, since the identical-flavour
contribution to this final state is finite.
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As for the previous antennae, we simply identify the particles in the list of required limits
given in eq. (5.1). For the F) and Ff antennae, all particles are gluons. For F) the
double-soft limit is Sy, while for ﬁ}? the double-soft limit is S, . The assignment of the
triple-gluon splitting function to FY and ﬁ’f exactly parallels the division for D} and f)g
and the triple-gluon collinear limit is shared between the two antennae according to the
decomposition in eq. (5.7). The three-particle antennae that appear in the single-unresolved
limits are all of type FY.

The resulting expressions for F and F ? are included in the supplementary material.
Both F) and ﬁf satisfy the line reversal property,

FP(", 5, k0" = FP(1" K, j,d"), (5.72)
EQ(", j, kM) = EQ (1" k, 5,4") (5.73)

while ﬁf is symmetric under the exchange of the two unresolved gluons,
F(i" 3 k,1") = F(i" k. 4,1 (5.74)

After integration over the final-final antenna phase space, eq. (4.26), we find the following
infrared pole structure,

3 7 1 /511 13 1 /50801 671 69
0(5: 1) = (s30g) "2 | £ -2 22 1siey ] _0r e Y
Falsiw) = (sum) =\ +33 T 353+ 3 < 36 12" ) e < 864 144" 4 3>
415927 9059 , 2819 437
( 728 432" 36 @ 40" > +O(€)l’ (5:75)
~ 1 11 1 /289 3 1 /30347 11 86
Ao e o (30 -32) L (- - 20
1 (8ijr1) = (Sijkt) [+64 teatalis 3™ ) T2 s 5T T3 (3
785743 193 , 916 3 4>
- —7t - — — @] . 5.76
( w0z s 9@ Tgr ) TOE (5.76)
The combination 4F3 + 2]—14? agrees with the pole structure for ]:2 » OLD (given in eq. (7.45)
of ref. [1]), up to the rational part at O (1/€?). This is because the FY antenna differs at
@ (60) from the three-particle antenna, fg ’ OLD, used in ref. [1]. Using as input the original
three-particle antenna, f?? ’ OLD, restores the agreement through to O (60).

The resulting expressions for G9 and ﬁi are included in the supplementary material.
@2 has no symmetries, while G satisfies the line reversal property

Gg(ih7j7kylh) - Gg(lhak?jvih)' (577)
After integration over the antenna phase space, we find
1 4 1 649 7
O T T o=y L2
Gi(sin) = (1) [ 128 92 e < 132 7" )

( 1637 163 ,
_|_ -

13
— g F 5™+ 18<3> + (’)(e)], (5.78)
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e\ 864 27

—0 2¢ 1 109 1 o741 1 ,
Ga(sijrr) = (sijur) [_363 T e T 9

(_ 146651 109 ,
p184 ' 48

+ 85)(3) +0 (6)1 . (5.79)

The combination G} + 2?2 agrees with the pole structure for o' (given in eq. (7.52)
of ref. [1]), up to the rational part at O (1/€?). This is because the GY antenna differs at
@ (60) from the three-particle antenna,Gg’ OLD, used in ref. [1]. Using as input the original
three-particle antenna restores the agreement through to O (€°).

As for the E’g(ig,j@ kg, lg) antenna, the sub-leading colour antenna ég(ig,j@ kg, lg)
only contains singularities associated with the QQ¢(Q) cluster. These are the triple-collinear
limit, the soft-gluon limit, and the collinear limits for Qg and ¢Q. These limits are
independent of the particle type of the first hard radiator a. The expression for (52 is
therefore the same as for Eff and is included in the supplementary material. ég is symmetric
under exchange of the quark-antiquark pair,

G(i", 4,k 1) = GG, 1k, 5. (5.80)

Integrating over the antenna phase space, we find

5 _9¢ 1 13 1 80 1
G3 (sijit) = (sijm) ™~ [ 4= (_ + 7r2)

63 182 e\ 27 ' 4
7501 13 , 40
G P e . 81
(-5m + 1™+ 9¢0-+0(@] (5.81)

The combination 2G? agrees with the pole structure for Gy OLD (given in eq. (7.52) of
ref. [1]), up to the rational part at O (1/€2). This is as expected because the G antenna
differs at O (EO) from the three-particle antenna, Gg’ OLD, used in ref. [1]. Using as input
the original three-particle antenna restores the agreement through to O (eo).

The §¢QQ antenna, H ¢, contains no double-soft, no triple-collinear, and no single-soft
limits. It is composed entirely from the limits where ¢ and ¢ and/or ) and Q are collinear.
HY is symmetric under the exchange of ¢ and g and/or Q and Q, as well as the interchange

of the quark pairs,
H{(i,j,k,1) = HY(j. i, k, 1) = H(i, j, 1 k) = H(j, 1,1, k)
=H{(k,1,i,j) = Hy(k,1,j,0) = H (L k,i, j) = H{(L, k, j, 7). (5.82)
The resulting expression for HY is given by
1 2 (siksjl + Silsjk)
S::8 L. 2 1— 2
ij Skl Sljsk,‘l‘sijkl( 6)

~2((sik + s50) (s + sji) + 288510 + 280u8)
Sz‘jSle?jkl(l —€)

B (Sijkl + Sik + Sjk + si + S51) « (siksji + susjk)

8ij55k1 sijkSiji(1 — €)
 (Sijht + sik + Sjk + su + s50) " (Siksji + siSjk)

H} (ig, jg, ks lQ) =

(5.83)

— 30 —



Integrating over the antenna phase space, we find

1 1 283 17
Ofc. ) — (g..,,) %€ _ 2
Ha(sign) = (sigi) ™™ |+ g + 50+ (162 Tos” ) + 0(6)1. (5.84)
0,0OLD

This agrees with the pole structure for H, (given in eq. (7.59) of ref. [1]), up to the
rational part at O (1/¢). It is instructive to compare the antenna generated by our algorithm,
eq. (5.83), with the result given in ref. [1] derived from matrix elements,

1 [2(siwsj— susie)®  (Sik + s+ 851 + 551)° 2

HO,OLD . B . ikogl 95k ik il 7k 7l

4 (ig:Ja: Kg:1Q) = s? [ siism(l—e¢) SijS - (1-¢
ijkl i Skl ij Skl €

2((sik: + 551) (sit + s5k) + 2855 + 25415j)

_ P . (5.85)

Comparing eq. (5.83) with eq. (5.85), we make the following observations

o The absence of double poles in s;; and sy in eq. (5.83). This is because angular-
averaged splitting functions were used to construct HY, thereby ensuring that az-
imuthal correlations are not present in the antenna.

e The presence of triple invariants in s;j; and sji; in the denominator. This is a
consequence of the CT projector, which defines the momentum fraction with respect
to one of the other two particles in the antenna. For example, for the Csz projector,
xj(1 — x;) — susjk/(Sijksi1). For most antennae, this is a natural choice, and
generates singular structures that are already present in the triple-collinear limit. In
this particular case, there is no triple-collinear limit, and this looks unnatural.

To demonstrate how the constructed antenna is affected by the choice of X3 antenna
in describing the single unresolved limits, eq. (5.86) shows the expression generated by the

Gg’ OLD

algorithm for HY using the original antenna for the single unresolved limits,

1 2 (Siksjl + Silsjk:)
Sij Skl SijSkZS?jkl(l — 6)2
 2((sik + 851) (sit + sjk) + 2808851 + 28uSjk)
$ij k1S3 (1 — €)

B (Sijkl + Sik + Sjk + Sq + Sjl)

o ,OLD
Hﬁ(l)(l%jt;thalQ)[Gg } =

(5.86)

g2
Si5Sijkl
B (Sijkt + sik + Sjk + s + s51)
2
SklSijki

We see that the double unresolved contributions in the first two lines of eq. (5.86) are

exactly the same as the double unresolved contribution in eq. (5.83). The single unresolved

contributions (third and fourth lines) are however different because of the choice of single-real

antenna. In the ¢||j limit, the difference between eq. (5.86) and eq. (5.83) is proportional to
1

;quq(xj) (GOl + 41k, 1) — GS([i + 31, kD) (5.87)
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Figure 4. Numerical tests of the new HY against H 2 »,OLD

represent tests of HY constructed with the new G antennae and dashed lines represent tests with
HY constructed with va OLD " For three different values of the scaling parameter z, the relative

in all relevant singular limits. Solid lines

disagreement of the ratio R = HY/H. 2 *OLD is shown on a logarithmic axis.
with
L _ Sijkl + Sik + Sjk + Si + S5
(GO ([ + ) k1) — Gl + g1, b)) ~ — R F ST Sk sa o) 5 g
Sijkl
and .
P(ay) =1 — 280 = @) Gy (s + susie) (5.89)

(I—e) sijksiji(l —€)
The dependence on the momentum fraction z; in eq. (5.83) is precisely cancelled, leading
to the absence of triple invariants in the denominator of eq. (5.86).

In figure 4, we show numerical tests of HJ against HS’OLD in the relevant double-
unresolved and single-unresolved limits. The procedure is analogous to the one for figure 3
and we show both versions of HY; the one constructed using the new form for GY in eq. (5.83)
and the one using the original Gg’ OLD 4 ntenna function in eq. (5.86).

In the double-collinear limit, both versions of HY agree well with Hff’ OLD
they both describe the double-collinear limit increasingly correctly. We observe that the
version constructed using the new GY antenna produces much sharper peaks at slightly
larger values of log(|1 — R|) compared to that based on the Gg’OLD antenna.

In the single-unresolved limits, we see much bigger differences; for the HY using the
Gg,OLD

; as x decreases

antenna, there is good agreement, while there is very poor agreement for the HY

using the new G antenna. This is as expected! Ifl the single unresolved region, the H, 2 »OLD
antennae function, which is based on H — ¢qQ() matrix elements behaves as,
HY O | Mg, s kg l) 2 ;qu@j)w%([i +ilgr kg 1), (5.90)
while by construction, the new HJ antenna behaves as,
19 s ()Gl + g g o) (591)

v
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X9(1h,2,3,4M) Symmetries

AJ(1",2,3,4M) (1,2,3,4) © (4,3,2,1)
AY(1h,2,3,4m)  (1,2,3,4) <> (4,3,2,1) and (1,2,3,4) < (1,3,2,4)
BY(1",2,3,4")  (1,2,3,4) + (4,3,2,1) and (1,2,3,4) ¢ (1,3,2,4)
Cc9(1h,2,3,4") (1,2,3,4) <> (1,4,3,2)
DY(1",2,3,4"m) None

DY(1h,2,3,4M) (1,2,3,4) < (1,3,2,4)
E{(1h,2,3,4h) None

E(1",2,3,4") None

E9(1h, 2,3, 4M) (1,2,3,4) < (1,4,3,2)
FP(1",2,3,4") (1,2,3,4) <> (4,3,2,1)

EO(1h 2,3,4M)  (1,2,3,4) < (4,3,2,1) and (1,2,3,4) < (1,3,2,4)
G9(1",2,3,4") (1,2,3,4) <> (4,3,2,1)

Gy(1h,2,3, 4h) None

G9(1",2,3, 4M) (1,2,3,4) < (1,4,3,2)
HY(1",2,3,4")  (1,2,3,4) > (2,1,3,4) and (1,2,3,4) < (1,2,3,4)

and (1,2,3,4) < (3,4,1,2)

Table 3. Symmetries present for each X{(1”,2,3,4") antenna.

Since Gy OLD s constructed from the three particle matrix elements, |MY([i + g k@, 15)I1%,
the HY antenna based on Gg’ OLD i guaranteed to have the correct limit. However, the finite
O (V) differences between GY and Gy OLD (see (5.88)) are multiplied by 1/ si; and therefore
lead to a different single unresolved limit for the HY antenna using GY. In fact, although
these differences are sub-leading in the double unresolved region, they are responsible for
the small numerical differences observed there.

Note that we do not require that the X{ antenna correctly describes the single-unresolved
region; their role is to correctly describe the double unresolved limits. The single-unresolved
limits are always correctly described by other subtraction terms and when using an X
antenna, one first has to subtract single-unresolved contributions. This leads to groups of
subtraction terms like,

Provided that the same GY is used for both the construction of HY and in the analogues of

eq. (5.92), the single unresolved limits will be correctly described.

Additionally, we summarise the symmetry properties of the X{ constructed in this
paper in table 3.
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6 Outlook

We have proposed a general algorithm for the construction of real-radiation antenna functions
directly from their desired unresolved limits. The technique makes use of an iterative
procedure to remove overlaps between different singular factors that are subsequently
projected into the full phase space. As the technique produces only denominators that
match physical propagators, all antenna functions can straightforwardly be integrated
analytically, which is a cornerstone of the antenna-subtraction method.

We have implemented our algorithm in an automated framework for the calculation of
antenna functions and explicitly demonstrated that our technique can be used for single-real
and double-real radiation antenna functions relevant to NLO and NNLO calculations,
respectively. In particular, we presented a full set of single-real and double-real tree-level
antenna functions. All of the new antenna functions we have presented here have been
checked both analytically and numerically against the respective singular factors. As another
strong validation, we have confirmed the correctness of their pole structure explicitly on
the integrated level. While the single-real antenna functions differ from previously used
ones only in finite pieces, a residual dependence on the choice of single-real antennae is
left in the construction of double-real antenna functions. This ambiguity is reflected in
a difference in subleading poles starting from 1/€2, while the deeper 1/¢* and 1/€3 poles
correspond to the universal double-soft and triple-collinear behaviour. This is understood
and poses no issues in application to the antenna-subtraction scheme, when used with the
new single-real antenna functions.

Our work marks the first step towards a refined antenna-subtraction framework, as, for
the first time, we have calculated a full set of double-real antenna functions that correspond
to true antennae, meaning that they consist of exactly two hard radiators and contain no
spurious singularities. These features are vital for the subtraction scheme, as they eliminate
the need for auxiliary subtraction terms to remove such spurious singularities.

Another avenue for future work might include the introduction of antenna functions
with azimuthal correlations. Here the main issue is matching the azimuthal correlations
with the process-specific matrix elements under consideration. For this reason, in this paper
we removed the azimuthal correlations from the antennae. In principle the azimuthal terms
can be directly removed from the matrix elements by using pairs (or multiple pairs) of
correlated phase-space points. Mass effects could also be included. The unresolved limits
are well known, however the integration of the antennae over the massive phase space is
more involved.

To build a complete NNLO subtraction scheme, our work needs to be supplemented by
an equivalent construction of one-loop single-real antenna functions that serve the purpose
of real-virtual subtraction terms. This would require additional manipulation of explicit €
poles and hypergeometric functions, alongside the single-real unresolved radiation. We leave
this, as well as the description of a refined antenna-subtraction framework, for future work.

While we have focused on the application to single-real and double-real antenna
functions, we wish to emphasise that the method can, in the future, be applied to build
antenna functions for triple-real radiation as well, given that all singular factors with three
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unresolved particles are known [86-90]. This will form a substantial contribution to enable
fully-differential calculations at N®LO, where triple-real antenna functions can be used to
subtract triple-unresolved singularities.

We believe that our new technique, as well as the antenna functions that we constructed
here, will not only significantly simplify the antenna-subtraction framework, allowing
eventually for a full automation, but also find their application in parton showers and their
matching to NNLO calculations.
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A X9 limits

In this appendix we list, for convenience, the limits of all X constructed using this paper’s
algorithm. If the result of an NNLO down projector is not given for a certain X9, then its
result is 0.

AQ(1h, 2,34, 41):

S33A(1",2,3,4") = 5, (1", 2,3,4") (A1)
TC123A2(1 2»3»4h) = Pygq ( 2,3) (A.2)
234‘42(1 727374h) = qu (4h 3 2) (A?’)
D01234 0(1 2’374h) =F ( 2)qu(4h’3) (A 4)
2
S5A9(1h 2,3, 4" = 8128;23/1%(1,3,4) (A.5)
2
StAY(1h 2,3, 4" = 823‘9:4/15(1,2,4) (A.6)
Ci2A2(1h7 27 37 4h> = qu(lhv Q)Ag([l + 2]7 37 4) (A 7)
CiAQ(1",2,3,4") = Pyy(2,3)A3(1, 2+ 3], 4) (A.8)
Ci,AJ(1",2,3,47) = Pyg(4",3)A3(1,2,[3 + 4]) (A.9)
2
SCy4,A5(1",2,3,4") = Sl;z; Pyg(4h,3) (A.10)
2
SCY,,A9(1",2,3,4") = ﬁﬂ,guh, 2) (A.11)
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Ag(lga 24,34, 43):

S5;A5(1",2,3,4") = S (1", 2,3,4")
TC$23A2(1 ,2,3,4" = P, (1",2,3)
TC§34A2(1 ,2,3,4") = P, (4",3,2)

1234A2(1 27374}1) - qu( )qu(4ha 3)

D01324 0(1 2’3’4h) = ( ;3) Pyg(4°2)
2814
Sy A9(1",2,3,4") = AY(1,3,4
a(1 ) p— 3( )
SEAQ(17,2,3,4h) — 2514 40(1 9 4)
513534

C Ag( 727374h):Pq9( )Ag([1+2]

Cl,A(1",2,3,4") = P,,(1",3) AY([1 + 3], 2

C3,AY(1",2,3,4") = P,y (4",2)AY(1,3,[2 + 4]

Ch,AY(17,2,3,4") = P,y (4",3)A9(1,2,[3 + 4]

~ 2514
SC$;13A2(1h,27374h) = 812824Pq9(1ha3)

~ 2814
SC%;34A2(1h’27374h) = 812824Pq9(4ha3>

~ 2514
SC§;12A2(1h,27374h) = 813834Pq9(1ha 2)

~ 2
SCY.,, AY(1",2,3,4") = 51;24 P,y(4",2)

Bg(lga 2@7 3Q,4;—l):

S33BI(1",2,3,4") = S (1", 2,3,4")
TCiy3B1(1",2,3,4") = P5,(1",2,3)
TCy,BJ(1",2,3,4") = P,o,(4",3,2)

C33BY(1",2,3,4") = Pyg(2,3)A3(1, 2 + 3], 4)

Co(11, 24,34, 40):
1
TCy,,CY(1",2,3,4") = 2quq(2,3,4)
Dg(]"ql’ 29’ 39’ g)
Sy, DY(1",2,3,4")

TC%23D2(1h7 27 37 4h)
TC},,D(1",2,3,4")

S,e(1",2,3,4")
qug(lh? 27 3)
P999(4h’ 3) 2)
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DCl,,, DY(1",2,3,4")

S§DY(1",2,3,4")

::}29(1h72)I29<4ha3)

s§D2(1h,2,3,4’1) -

D3(1%, 24,34, 40):

S§52(1h,2,3,4h)
,DY(1",2,3,4") =
0%31)2(1 ,2,3,4M)
Ch,DY(1",2,3,4M)
ci,DY(1",2,3,4m)

(1 )

SC$.4,DJ(1",2,3, 4"

SCH,,DJ(1",2,3,4") =

SCY.1,Di(1",2,3,4") =

E9(1},25,3q,40):

S$3E2(1h7 27 37 4h) =

2813 0
= DY(1,3,4
512523 3( )

2
24 pY(1,2,4)

523534
= Py,(1",2)D§([1 + 2], 3,4)

}29(273)133(17[2 +'3]74)
= P,,(4",3)D3(1,2,[3 + 4])

25134

P, (4" 3
128234 aa(47,3)

25124
}29(1h72)

3123334

S, (1",2,3,4")
}277(1h7273)

1"2,3,4") = P, (1", 2) P, (4", 2)

2814

DY(1,3,4
512524 3( )

2
et 1)3(17274)
813834

Py < ( 4)
(L +3] 4)
(13,12 +4])
ng<4h 3)DS(1,2,[3+ 4))

h h
Sa(1".2,3,4")

— 37 —

(A.58)



TCl,EY(1",2,3,4") = Poo(1",2,3)
TC$34E4(1h 2,3,4") = quq(4h 3,2)

ChEY(1",2,3,4") = Pyq(2,3)DY(1, [2 + 3], 4)
-0
E,(12,24,35,40):

TChy, E(1",2,3,4") = Pygy(2,3,4")

I)(31234l;4(1h727374h) ::fzq<4hv3)f29(1h72)
2s13

SYE, (1", 2,3,4M) EY(1,3,4)

512523

Cl,E;(1",2,3,4") = Py (1", 2) ES([1 + 2], 3,4)
CL,EY(1",2,3,4") = P,y(3,2)E9(1, 2 + 3], 4)
CL,E(1",2,3,4") = P,;(4",3)DY(1,2,[3 + 4])
2513
S(3234 ( ,2,3, 4h):: ;Iggggf26(4h73)
E(1h, 24,34, 40):

TCyy, EY(1",2,3,4") = Pyeq(4",3,2)

2894

StEJ(1",2,3,4") = 2L EY(1,2,4)

523534
Ch,EY(17,2,3,4") = P,y (2,3)ES(1,[2 + 3], 4)

CLEV(1",2,3,4") = P, (4", 3)EY(1,2,[3 + 4])
FQ(1],24,34,4}):

S5y Fy(1",2,3,4") = S, (1",2,3,4")
12312?(1 2a3a4h):: fzg (1h 2 3)
TCy, FY(1",2,3,4") = Pyyy(4",3,2)
13(312&1 (1 273v4h):: f) ( )f29(4ha3)
2
S\LF4( 27374h) = o1 F3 (17374)
512523
2
SLFP(1",2,3,4") = 24 F9(1,2,4)
523534

CL,F)(1",2,3,4") = Pyy(1",2)F9([1 + 2], 3,4)
Cgst(l ,2,3,4") = P,,(2,3)F2(1,[2 + 3],4)
JFL(10,2,3,4M) = P, (4" 3)F)(1,2,[3 + 4])
2
S(3$34El( 27374h):: o1 }29(4h’3)
5125234
2
SCh,,FO(1h 2,3 4h) = =124 p (1h 9)
’ 5123534
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F)(1h,2,,3,,4"):

Sy (1", 2,3, 4
ch23 FP(1",2,3,4m)
TC3,, FP(17,2,3,4")

)
)
)=

DClZ34F40(1 27374h
DCly, FP(17,2,3,4"

Fy(
SyFY(1",2,3,4"
SLFY(1",2,3,4") =
Cy,F(1",2,3,4") =
ClLF)(1",2,3,4") =
Ch,F)(1",2,3,4") =

C§4ﬁ‘40(1h727 )
SC%;34ﬁ£(1hv ) )
SCi, Y (1",2,3,4") =
SCi,Fy(1",2,3,4") =

SCi15F)(1",2,3,4") =

GY(1},245,3q,40):

—0
G,(1},24,35,44):

TC%3462(1}17 27 37 4h)
13(3%234Zj2(1h72,374h)

SYG(1",2,3,4") =
CLG (1", 2,3,4") =
CL,Gh(1", 2,3, 4")

S, (1",2,3,4")
P,y(2,173)
PQQQ(B 4h )
ng< 12)Pyg(4",3)
Pyg(17,3) Pyg(4",2)
251 FO(1,3,4)

512524

2
U F0(1,2,4)

813834
" 2)FY([1+2],3,4)
Pygl h,3)F§)([1+3] 2,4)
Pyg(4",2)F(1,3,[2 + 4))
Pyg(4",3)F{(1,2,[3 + 4])
25134 h
2934 p 4k 3
S$128234 ag(4,3)
25124

h
$135234 Fog(4%,2)
25124
5345123
25134

ng(lh’ 2)

P, (1" 3
5245123 gg( )

Sq(j(lh7 27 37 4h)
quq(lhv 27 3)
P,5,(4",3,2)
Pyq(2,3)F3(1,[2 + 3],4)

P,54(2,3,4")

= ng(1h7 2)qu(4h’ 3)

2513

GY(1,3,4
512523 3( )

ng(lh )Gg([l + 2]7 374)

= qu(?’v )Gg(l’ [2 + 3]7 4)
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(A.105)

(A.106)
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CLGI(1",2,3,4") = Pa(4" 3)F9(1,2, 3+ 4]) (A.108)
2513

SCY4,Cy(1",2,3,4") = P,;(4"3) (A.109)
512523
G511, 24,34, 4%):
TC,,GY(1",2,3,4") = P,yq(4",3,2) (A.110)
2
S1GY(1h,2,3,4m) = =224 G0(1,2,4) (A.111)
523534
C5GY(17,2,3,47) = Pyy(2,3)G(1, 2+ 3],4) (A.112)
cm( 1",2,3,4") = Pyy(4",3)G3(1,2,[3 + 4)) (A.113)
H)(1%,24,35,43):
DClys, HY(17,2,3,4") = Pa(1",2) Pg(4",3) (A.114)
Cy,HY(1",2,3,4") = Pjy(1",2)G3([1 + 2], 3,4) (A-115)
Cy,HY(1",2,3,4") = Py(4",3)G5([3 + 4, 1,2) (A.116)

B Integrals of single-unresolved contributions

In this appendix we list the integration over the single-unresolved final-final phase space for
the different contributions of the XJ antennae.

The integration of the soft contribution Ssoft is simply the integral of the soft eikonal
S, and is the same for all antennae that contain a soft limit,

1 2 7 25 7
SSOft(ih,jg, kh) = (Szjk) ( + +6— ﬁﬂ- +e€ (18 — EC:J, — 671'2)

7 71
+e (54 - 7@, — 72 144071'4) + O(é”)) :

(B.1)

The integrals of the three different collinear remainders Scol (with the soft contribution
subtracted) are,

Scol(il!, jg; k™) = (sijn) ¢ (—416 - g +e (—?’é + 18 2) (B.2)
+é (—13? 2—5@, + %w ) +O(e3)) :

Scol(iy, jgi k") = (sijh) ™€ <—112€ - 2—74 +e <—1Z + ﬁ 2) (B.3)
+e? <—§3 —Cg + %w ) +(9(e3)> :

Scol(ify, jo3 k") = (siji) ™ (—316 - 2 + ( 185 + 7?:; ) (B.4)

81 7n%  25(3) 3
+<—16+16+9>6 +O(€) .
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Note that in all of the above formulae arguments merely serve the purpose of identifying
the particle content and the hard radiators. There is no dependence on the particle momenta
in the integrated contributions besides the overall normalisation to the invariant mass s;j.

C Integrals of double-unresolved contributions

In this appendix we list the integration over the double-unresolved final-final phase space
for the different contributions to the X antennae. These contributions do not depend on
the form chosen for the single-real antenna functions.

The integrals of the double-soft contribution Dsoft are simply given by the integration
of the double-soft factors S, , S, ., and S g,

_ 3 89 1 /599
Dsoft(i", jgs kg, 1") = (sigt) [+ L8 ( _ w2>

464 2463 36

(1965455 - 21205 2 3321 1+ 50 +000)
Dsoft(i*, 5y, by, 1") = (si300) > +14 +5+ 1(18‘2 ) 1<76 o 751@3)

+(m2—272—&BC4—§24>+0(4 (C2)
1%qﬁ@ﬁjmkmw)=(%ﬂﬂ%_lig;£2*1(ig ;;ﬁﬁ

(St +55@) o0 ©3

The integrals over the nine triple-collinear remainders (with the double-soft contribution
subtracted) are,

1 1 499 1 1 1757 5
-h .1hy —2 2
Twl(297]g>kg,l ) = (Sijkt) ‘ [—4634‘62 ( @_ﬂ ) +E ( 192 —I—T87T —2{3)

40147 | 1363 , 11
- - — 0 C.4
( 10368 5ws 2% 7T>+ (@]’( )
o [ 19 413 |
Twl(zgng7kg§lh) = (Sijkl) 2 [_663 - @ + - <864 + 471'2 — 2C3>
25565 79
+(N%‘Um C_6W>+O&ﬂ’ (C.5)

2¢3 96 24 e\ 576 48 4
LISTL 1685 , 347 T
(— +——mt + 4>+O(ﬂ

B _9¢ 1 1 187 1 1 5185 37 9
T k) = G [+ (5 L) (I8 9

3456 976 24 90
(C.6)
1 43 1 377 3
-h .1hy o \—2e¢ Q2
TCOl(lq,Jw,kml ) = (Sijk1) [263 162 + < <32 + 47T CS)
3003 129 22 34 1 4
) R 20 D
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Teol(if, jg, kg; 1) =

Tcol(z";, Gas kgi 1)

Tcol(ig,jq,kg;lh) =

Teol(il, o, ki ") =

Teol (il jg, kqs 1) =

(511 )—2e[_1_ 35 +1< 217 17T)
ikl 663 362 ' € 4
7967 , 35 5 40
+ (_ 324 24" 9C3) +O(e )]
1 1/ 23 1
_ B —2€ - _ =2 -2
= (sijh) [+7262 te ( 988 T 18" )
15857 23 ,
(—5184 + T +3g3> +O(e)]
o o LT (22 Ly
J 33 82 | ¢ 864 = 2
. (_ 16127 27 2, 80, >+ }
1728 © T
1 31 (395 1, }
oy (22 O (e
(i) ™ |t g e Tl 187 ) T
-2 1<_13 121 )
A e e TR T
32, 23 1
BB B LY o).

(C.10)

(C.11)

(C.12)

The integrals over the nine double-collinear remainders (with the double-soft and

Deol (i q,]g,k' i ) =

9r'q

Deol (il s oy, 10) =
Deol(if), jg; kg, 1) =
Deol(if!, j3; kg, 1) =
Deol(ilt, jgi kg Uty) =
Deol(il!, g kg, 1) =

Dcozu’;,jg;kg,zg) =

Deol (i g,jg,k:Q,lQ)

DCOl(l_,]tIa kQa lQ)

(Sijk:l)

(8ijk1)

(sijut) ¢

—2e

(Sijki)

—2e

(Sijkl)

(sijr) >

(sijt) ¢

(sijr) ~°

—2e

(Sijkl)

—2e

—2e

triple-collinear contributions subtracted) are,

_16352_1261€+(_585+392 )+0( )}
o+ s+ (7 mm) +0)
:+ 7222 fjje * (322559723 B 121% 2) O (6)] ’
et (3 167) T00)
- t00).

_+4§2 %76 + (1?;327 — ;1,;”2> + 0(6)] :
*iae * iate * (a0~ 96™) +O)
_—18162—216+ <_:1))£2)82+1 >+O(6)],
o+ a0 (a1~ 5m) +O0)

(C.13)
(C.14)
(C.15)
(C.16)
(C.17)
(C.18)
(C.19)
(C.20)

(C.21)

The remaining single-unresolved terms, Ssoft and Scol, are not universal, since they

these contributions.

depend on the choice of single-real antenna function. We do not list the integrals of

Note that in all of the above formulae arguments merely serve the purpose of identifying
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D Overlap of double-soft and triple-collinear contributions

The projections into the triple-collinear phase space for each of the three double-soft factors
are given by,

, 2(1 — )Wy Ax;x 212
chjks ( 7]7k7lh) =2 2 1 ’ 2 ’13 3 + . 11 . (Dl)
Sjksijk( — ) siksijh(1 — ;) 5ijSijeTr(1l — x4)
Q.jS _ 81'1' + 2331' + 2xi ’
SjikSijkTk Sjksijk(l - mz) SijSjkTk Sijsjk(l - UCz)
4512 A2 42
TCL, S, (" j k") = — 0y T TR (D.2)
SijSikSijkTjTk  SijSijkTjTk  SikSijkTjTk
2Wip dxixixy
Suq(i" 3.k, 1" i - = D.3
Uk ( J ) jksgjk(l — :L‘i)2 Sjksijk(l — .732‘)3(1 — 6) ( )
21‘1’
Sjksijk(l — .%’z) ’
where
2 T;TiTk
W = (2:8:0 — T:82.)% — Lt D4
] (xZS]k xjslk) (1 — 6) (1 — xk) SijSijk ( )

E Triple-collinear splitting functions

In this appendix, we list the complete set of triple-collinear splitting functions for the
specific case where one of the particles is hard using the decomposition formulae given in
ref. [100].

E.1 Three collinear gluons

For three collinear gluons, the triple-collinear splitting functions with one hard radiator are

given by
P;};b(fﬂk) Pgsgb (1ﬁak) Pgs;b(]- — ;) Pyg (%)
ngg( 7J7k) +
Sijk Sij Sijk Sk
1 .
+ 2 Ry(g9) (1,5, k), (E.1)
ij
Psub x Psub T; Psub ; Psub fk
Pygq (i, j" k) = =2 (@) (1 Ik) + (i) Zos <1 x’), (E.2)
Sijk Sij Sijk Sik
Pogqli, J, k") = Pagg (K", 5,1), (E.3)
where

201 — )W, 4(1 — e)ay, Te(Z K1)
(1 —x;)2s ?k (1—=)? sk
sijkTr(1§Kf)

SijSjk

R (gg)(Z Jak)

+ ao(wi, xj, x) + a(z, x4, r)
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and

aO(xivxjaxk) = (1 - E)BQ(QZ'k,.Z‘i),

_:ckng(xk) _ Pyg(;) X 2 1— 1

a(zi, xj,xp) =

We have also used that

2 TiTjT
(I —€)(1—ag)
Te(7fKf) = xsij — jSik + TiSjk »

2
Wij = (isjk — xjsik)” — SijSijh »

and

E.2 Two gluons with a collinear quark or antiquark

In the case where gluon j is colour-connected to quark ¢ and gluon k, we have,

Zj x4
Py(xy,) Fag (ﬁ) n Py(1— ;) Pog (1—721)
Sijk Sij Sijk Sjk

1 o
+ STngg(%J, k),
ik

qug(ihaj, k) =

qug(iajhak) = 07
qug(i7j7 kh) =0,

where
o 200 —e) Wy 4L — ey, Te(ifRf) | (1—e)? Te({fK/)
Rasa 3 8) = T2 G0 s Qom) sy
+ bo (s, acj,a?k) + b(xi,afj, xk)M ,
Sijsjk
and

bo(zi, zj, xx) = (1 —€) (Bo(wg, x;) — 1+ (1 — €) Ao(ws, 21))
_ 2 Pyg(;) _ 22, Pyg (1) 4
xk(l —a;i) xj(l—a;i) (1 —LL’Z‘)

b(aci, Zj, ka) = - 3(1 — 6) .

Q?j(l — JJZ) T :L'j(l — a:k) B (1 — .’L‘Z)(l — xk) ’

(E.7)

(E.8)

(E.9)

(E.10)

(E.14)

(E.15)

(E.16)

In the case where the gluons are abelianised (§) or two photons are collinear to the

quark, then the splitting function is symmetric under the exchange of the two bosons (7, k).
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We have,

Pyg(zg) Fag (ﬁigck) 4 Pyg(z;) Fag (%)

Pq’w(tha k) =

Siin s Siin Sk
T ) (E.17)
P (i, j" k) =0, " (E.18)
Py (iy 5, k") =0, (E.19)

where
B i) =~ s U, =T -

+l~)0(xi,xj,:€k)+B(xi,xj,xk)W, |
and

bo(wi, zj,x1) = (1= €) (2 — (1 — €) Ao (), 2x) — (1 — €) Ao(xk, 7)) , (E.21)
B, g ap) = —ibao@) _wePog(@e) 4 g g2 (ma)

rp(1—x)  xj(1—x) (1 —x)
E.3 Quark-antiquark pair with a collinear gluon

There are also two distinct splitting functions representing the clustering of a gluon with a
quark-antiquark pair into a parent gluon.
When the gluon is colour-connected to the antiquark, we have,

0 Pub (1 — ;) Pog (125 1 .
PQQCI(Zhajv k) = & ( ) TRQQQ(%]? k) > (E23)
Sijk Sjk ijk
qu_q(ivjhvk) =0, (E24)
Poo(xy) Pao (1255 ) PoYP(ay) Pog (125
Pyl g k) = L8] () |, Pt P (%) , (E.25)
Sijk Sij Sijk Sjk
where
R (i) — 2 Wa (1= TG dm Tk
gt ) L—wi)? s, (I—z) sy (=) sjk (E.26)
T )
+ co(wi, Tj, Tk) + C(Cﬂi,ﬂﬁj,wk)w,
SijSik
and
co(xi, xj, o) = —Bo(xk, x;) + 1 — (1 — €)Ag(xi, xr) , (E.27)
Pyg(w) 2 2(x; — o — 2z5xp)
0T TE) = — 1 - 2z E.28
@iz o) == s Y Ay T T T 0= (28
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The QED-like splitting, where the gluon, quark and antiquark form a photon-like colour
singlet is given by,

P,oa(i" k) = Pog(1 — ay) Fag (ﬁ) + P(1 —x) Pyg (1_7231)
a99q v S Sijk Sij Sijk Sik
1 .
+ 5 Raga(i, 4, k), (E.29)
Sijk
qué(ivjhak) =0, (E30)
P,a(i,j, k") = Pyg(1 — ) Tag (ﬁ> o Paal — i) Fag (ﬁ)
qgq\®> J» Sijk Sij Sijk Sjk
1 .
+ 5 Rqgq(is j, k), (E.31)
Sijk
where
1—¢€) T 1—¢) T
Rygalis k) = =€) Tk | (1= Trlijkh)
(1 - .%'k) Sij (1 — .fz) Sik
Te(1f}/ (E.32)
+ 60(.%'1‘, zj, [Ek) + E(x,“ Zj, ;Uk)w ,
SijSjk
and
Co(@i, x5, x) = =2+ (1 — €)Ao(wi, ) + (1 — €) Ao (g, i) , (E.33)
& Pqé(%‘) qu(xk) 2¢
bl TR = - g E.34
é(x Zj ) z; z; + = e)xj ( )

E.4 Quark-antiquark pair with a collinear quark or antiquark

Finally, we consider the clustering of a quark-antiquark pair (QQ) and a quark ¢ to form a
parent quark with the same flavour as . There are two splitting functions, one where the
quark flavours are different and one where the quarks have the same flavour.

For distinct quarks, we have

b Pyg(1 — x;) ag T .
Poqli", . k) = =2 o gjk ) + - Rygqlis . k), (E-35)
% ij
Poolisi" k) =0, E.36
Poo(i,j, k") =0, (E.37)

where

2 Wi 2w () 2 T(RH)

iR —
Ryqqli: 5 k) (1—2)? 53, (1—w)?  sj (I—z)*  sj (E.38)

+ do(mi, T, :Ck) ,

and
1
do(w, 5, 78) = —5(30(%,%‘) + Bo(wg, i) + 1 +e. (E.39)
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Finally, for identical quarks, we have

Pygq(i", 5, k) = Sgl'qutjq(i,ja k), (E.40)
Pygq(iy " k) = OZ,] (E.41)
Pygq(iy §, k") = Szzlquqq(i,j, k), (E.42)
where ]

Ragyi.1.) = = fl_—;i fi%l) (21<1_ - 3 Tr(iim

(E.43)
o, 20) + Ao g ) B OIRD),

and T
do (i xj, w) = —2(1 = €)(e + Ao (i, zx) + Ao(x, 23)) (E.44)
d(zi, x5, 28) = -a —x?)ﬁ 5t (1—¢) (((11:2':)) + 8:;;)) +2+e> . (E.45)

F Integrals of X antennae derived using the X? of ref. [1]

In this appendix, we list the integrals over the antenna phase space of the X antennae

constructed using the X3 antennae of ref. [1]:

AQ(sijmt) = (sigr) ™™ +4—::4 + % i (21187 - g 2) <42223 - % - 71C3>
(10591488407 _ 84131277T2 _ 1:1327 s+ 1341307T4) o (6)] ’ (F.1)
A (sijrr) = (sijwt) > —|—6l4 + 6% + ;2 (13 - 37‘1’2) + % (81465 - g 2 - C3)
+ <6§g5 - ?’QEW —80¢3 + 122907#*> +0 (e)], (F.2)
B (siji) = (sijt) ¢ [_ 12163 a Kl? * % <_;l(1)f73 * g 2)
CY (sijrt) = (sijut) > "‘1 (_;2 + % 2 i 3)
(BB B L +o<e>], (F.4)
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HE )+o<e>], (F.5)
Di(sijit) = (sijua) +el4 * % 2 (437 N §W2> " % (32223 — 5m? — 89?(3)
(134234251 1}1;9 - %C 1129O 4) Lo (6)1 | F6)
€3 (sijn) = (sijwt) ™ [_ 12163 - %62 * % <_1866?:11 * ;WQ)
(85, 70.00) 0]
2]
<_2182592€? * %”Q + 49043> +0 <6>] ) (F.9)
(5(1)5223 a 953223772 - 22;9@. + 14 43470 4) + O (e )] (F.10)
Fi(sigha) = (sijm) +el4 * 31713 - el2 (31183 - ;WQ) e (31221 - % - C3)
(9§§329 %”2 - %53 + 430 4> +0 (e )] (F.11)
e ) o]
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1 139 1( 8669 1 2)

e\ 864 27

—0 - _ B —2€ -
g4(31]kl) (Sljkl) [ 3e3 72¢2 + €

(_248495 139 ,

80
o 94“3) +0 (e)], (F.13)

~ 1 41 1 1327 1
0 _ —2 2
Gasigw) = (i)™ [_663 B <_ 216 4" )
38291 41 5, 40
<_1296 ﬂﬂ- + 9C3> +0 (6)1 s (F.14)
1 7 1345 1
0 —2¢
H4(5ijkl) = (Sijk’l) +@ + & + (324 - 671'2) + 0O (6)] . (F.15)

In all cases, we find agreement with the analogous integrated antenna given in ref. [1]
through to O (€%).
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