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Stochastic field reconstruction is a crucial technique to improve the accuracy of modern rock
simulation. It allows explicit modelling of field conditions, often employed in uncertainty quan-
tification analysis and upsampling and upscaling procedures. This paper presents a case-study of
a framework for the stochastic reconstruction of rock’s strain field using experimental data. The
proposed framework is applied to a limestone outcrop in which the strain field is measured using
Digital Image Correlation (DIC). Assuming that the strain fields of these rocks are well-represented
by Gaussian random fields, we capitalize on the algorithms used for training Gaussian processes
to estimate the correlation family and the parameters that best represent these fields. Although
the spherical and exponential kernels often correspond to the best fit, our results depict that each
field shall be analyzed separately and no general rule can be defined. We show that the method
is versatile and can be employed in any measurable field reasonably represented by a Gaussian
random field. Therefore, the present work aims to highlight the following topics:

+ A study-case of stochastic strain field reconstruction aims to contribute to uncertainty quan-
tification of rock experimental procedures.

* A stochastic minimization algorithm is presented to solve the maximum likelihood estimation
to define the most suitable hyper-parameter: correlation length.

+ The calculated hyper-parameters of a set correlation functions are presented to best reproduce
the strain fields of a rock sample.

* Related research article The present work applies different methods for the experimental and numerical analysis. However, we may cite the
following reference as the main inspired study: J. Sacks, W.J. Welch, T.J. Mitchell, H.P. Wynn, Design and analysis of computer experiments, Stat.

Sci. 4 (1989) 409-435. [24].
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Resource availability: Experiment can be replicated by following Appendix A. The optimization algorithm
is available on the following Github link.

*Method details
Introduction

Full-field measurements, and non-destructive image techniques, have been widely applied to rock characterization [1-9]. Such
studies evaluate material heterogeneity, fractures, strain field, and stochastic reconstruction. Strain field reconstruction from image
data, in particular, may contribute to investigating rock behavior considering its heterogeneity in pore, strength, cracks, and so on.
Stochastic reconstruction, or Gaussian process, significantly contributes to variable field generation in uncertainty quantification.
Correlation functions, also known as kernels, are mathematical functions used to describe the correlation between variables. Such
functions are fundamental in Gaussian processes and is used in numerical solutions such as metamodeling and geostatistics. Note
that in stochastic processes and strain field reconstruction, [10,11], the squared exponential function is the most commonly used
correlation function. According to Jidling et al. [12] “simple alternatives such as the squared exponential and the Matérn covariance
functions should always be tried first, since they have shown to perform well in many applications.” However, based on experimental
data, a method to identify the best kernel for Gaussian regression is important. The present work proposes a framework to determine
the most suitable kernel and hyperparameters of strain fields for stochastic reconstruction. The present study contributes to the
probabilistic analysis of rock mechanics and geomechanical modeling. Due to the framework’s versatility, it is possible to adjust it
for other variables of interest, such as material properties, rock porosity, permeability, and others.

The method uses non-destructive methods such as Digital Image Correlation (DIC) to measure the strain field of rock samples under
axial compression. Note that the DIC technique, also known as full-field measurement, can determine physical quantities, such as
displacement, strain, and temperature variations [13]. Once strain does not change, it is possible to determine a field pattern variability
through an optimization algorithm that searches for the best function hyperparameters and correlation function. Such parameters
are computed by the Maximum Likelihood Estimation (MLE) method. Herein, the most suitable kernels and hyperparameters for the
strain field of the tested limestone are provided, as well as the convergence of the optimization algorithm.

Materials and methods

Uniaxial compression tests of limestone samples were carried out, while DIC strain measurements were compiled. The strain data
were post-processed using a metamodelling algorithm to evaluate the samples’ behavior and heterogeneity.
The methodology used herein is summarized as follows:

i. Laboratory uniaxial compression test;
ii. Full-field measurement of samples’ surface strain-data: DIC;
iii. Metamodel to determine spatial correlation function and the hyperparameters of strain fields.

The framework depicted in Fig. 1 describes the main steps of the proposed methodology.
Samples

The limestone rock used in the present study corresponds to an Italian travertine block. Limestone is largely composed of calcium
carbonate (CaCO3) which is mostly formed by the activity of seawater organisms, [14]. Cylindrical samples were extracted from the
travertine block and cut into cubic samples. Fig. 2 depicts the block cutting process and the final matrix samples with 4 x 3 objects
with 6 X 6 x 6 cm dimension each. The cubic samples were the ones used in the DIC experiment. Note that sample porosity and
permeability are not considered in this study.

DIC

As a non-contact method, DIC method stands on images recorded of an object that are stored digitally. records images of an object
and stores them in digital form. The technique performs analysis to extract full-field shape, motion, and deformation measurements,
[15]. The DIC method is widely used nowadays for full-field measurements. A software, underpinned by statistical computations,
tracks movements of blocks of pixels to build up full-field deformation fields and resulting strain maps [16].


http://github.com/Labmec-FEC-UNICAMP/Stohastic_Recontruction.git
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switch metamodel_pars. correlation_families{idx_family}
case 'Exponential
K = @(theta, distance_matrix) (exp(-distance_matrix./theta));
case 'Gaussian
K = @(theta, distance_matrix) (exp(-distance_matrix.”2./theta."2));
case ‘Linear
K = @(theta, distance_matrix) (max(@, 1 - distance_matrix./theta));
case 'Spherica
gsi = min(1, thetadistance_matrix);
K = @(theta, distance_matrix) 1 - 1.5.x(min(1, distance_matrix./theta)) 4
case 'Cubic'
jistance_matrix) ;
1 - 3.x(nin(1, distance_matrix./theta)).~2

K = @(theta, distance_natrix)
case 'Mate 32

Gaussian process modelling Data processing Kernel aquisition

Fig. 1. Methodology framework.

The tested specimens were conducted by a stereo DIC system consisting of two 9-megapixel Allied Vision Technology Manta
cameras, containing a 2/300 chip, with LINOS MeVis-C 1.6/35 lenses supplied by Correlated Solutions, Inc. According to Jones and
Iadicola [17], the stereo DIC system corresponds to a 3D coordinate measurement of the surface, which is obtained by a minimum of
two cameras oriented at a stereo-angle to perform 3D photogrammetry.



N.B. Guerra, A.V. Pires, S. Matthews et al. MethodsX 10 (2023) 102141

40cm

Fig. 2. Limestone block sample and cubic geometry after cutting.

The VIC-Snap software for setting up and calibrating the cameras was used, as well as the VIC-3D software for post-processing the
images (Correlated Solutions, Inc. license both programs)
For the DIC process, the following main steps are required:

1. Speckling specimens’ surface;

. Set up the camera system;

. Calibrate the cameras;

. Run the experiment and take images at a set time range;
. Post-process the DIC images.

ga b~ wN

Additional information regarding the limestone DIC experiment is documented in Appendix A. Three samples were used for
calibration: 14, 24, and 34. After calibration and adjustments, the remaining 9 cubic samples of 6 cm edge were tested. Keeping the
material’s response in the linear elastic regime is essential. Thus, to be conservative and avoid plastic deformation, the following
cyclic load was designed for the 9 samples: load until 10 kN, unload until 2 kN, load until 35 kN, unload to 2 kN, load until 35 kN,
unload until 2 kN, load until 35 kN and unload until 0 kN.

Data processing

The engineering strain fields of each sample are obtained from DIC post-processing: transverse (¢,,), shear (exy)s and axial (gy,)
strain fields. By selecting an area on the image taken from a specimen, DIC provides a strain tensor (¢) for each metric coordinate
(x, y) inside the defined region. In order to maximize the covered field, all samples present a post-processing considering the selected
area as presented in the example of Fig. 3.

DIC result files can be large and a data cleaning method is necessary to improve computational cost. Thus, duplicate results and
outliers are removed from data. Fig. 4 depicts the data cleaning for Sample 21, which corresponds to the 14th image of front camera
(System 1) in the experiment set. Parameters selection for the DIC image processing is described in Appendix A. Also, one may note
that a deep study of DIC noise minimization is out of the scope of this work.

Kriging
Historical context

Kriging is an interpolation method initially developed by Krige in the ’50s [18] and mathematically formalized by Matheron in
the ’60s [19], who introduced the concept of variograms [20-23]. In the "80s, Sacks [24] proposed a new formulation for Kriging,
relaxing the need for variograms, ultimately enabling its automation and making the method suitable for computational models.
Currently, such technique is widely employed in the machine learning field under the name of Gaussian process modelling [25]. The
method is more versatile than the original one as well as suitable for many problems with no or minimal modifications and user
interactions. The code implemented for this project is available on GitHub.

Kriging basics

When employing Kriging, it is assumed that a physical quantity (respectively computational model), M(x),s.t., x € D, ¢ R™, can
be represented (respectively replaced) by a Gaussian process, described by Eq. (1).

M) = f(x)" B+ 6> Z(x) M



N.B. Guerra, A.V. Pires, S. Matthews et al. MethodsX 10 (2023) 102141

exx [1] -enar.
8.39999%e-05

7.381249e-05
6.362500e-05
] 5.343749e-05
] 4.325000e-05
[ 3.306250e-05
= 2.28749%e-05
= 1.26874%-05
I 2.499997e-06

| -7.687500e-06

-1.787500e-05

-2.806250e-05

-3.825000e-05

-4.843750e-05

-5.862500e-05

-6.881250e-05

-7.900000e-05

Fig. 3. Selected area for DIC strain field - Transverse strain (¢, ).

where:

tTx) = {fD), ..., fP)(-)} consists of P arbitrary functions, known as regression functions;

B={pY,..., ")} are the P unknown regression coefficients;

o2 represents the constant variance of the Gaussian Random Field (GRF);

Z(x) consists of a GRF with 0 mean, unit-variance, and underlying correlation function R(x,x’;0) that describes the correlation
between two samples points and depends on the vector of hyperparameters, 6.

By definition, Gaussian processes are fully characterized by their mean vector f(x)T 8 and an autocovariance function R(x,x’;6).
Additionally, a corollary of this assumption is that every finite subset of realizations of such a field follows a multivariate Gaussian
distribution. Consequently, denoting as ¥ = {y = MxWD), ...,y = M(x™)} the measured set containing N samples of a quantity
of interest, their joint distribution reads:

Y ~ Ny (FB,s*R) ®)
where:
* F is the so-called design matrix. For the particular case of the so-called ordinary Kriging it reads:

Fy=f(x")=1i=1,...,N;j=0,....P

* R corresponds to the correlation matrix. It reads:

R; = R(x(i),x(j);e),i,j =1,...,N

In realistic scenarios, the parameters used to define the joint distribution Eq. (2) are unknown and must be estimated. Our goal
in this paper is to deploy the methodology for training Kriging models to infer such parameters using the data obtained from DIC
measurements. Once these parameters are known, it is possible to sample new paths of the Gaussian process. They will have similar
properties to the measured data and can be used on the stochastic reconstruction of the quantity of interest. Ultimately, we focus
on obtaining the autocovariance function, often called kernel, as this is the most important and overlooked step when sampling new
paths.

Estimaton of unknown parameters

Adopting a frequentist point of view, the unknown parameters are estimated from a two-level process. First, it is assumed that the
correlation function R(x, x’; 0) is known. Under this assumption, we can compute R and then evaluate § and o2 as shown in [26,27].
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by the third column, for ¢,,, €,,, €,, strain fields.

B=PB®) = (FTRO)'F) ' FRO)Y

o = o%(0) = %(y ~¥B)RO) (Y - FB) &)

The correlation function, however, is rarely known beforehand. For this reason, the second step corresponds to estimating the
kernel and its parameters. Instead of deriving an ad hoc correlation function, in practice, one finds the best 6 for a set of well-known
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Transform data into standard space

Optimization algorithm

The optimization algorithm is divided
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Optimization
algorithm

Start

Make sure that the starting
point is appropriate

Explore

Either increase or decrease the

into four sub-routines

correlation length

This algorithm is performed for
all correlation families

Move

Investigate whether the direction of
change from the previous step
consists of a pattern or not

Assess final B(8), 03(8) and R(8)

Assess LOOCYV error for all families
Rotate

Avoids running the code after a
suitable solution has been found

Select best family

Fig. 5. Algorithm’s main process.

correlation families. Afterwards, the best combination of 6 and correlation family is selected. Hence, the problem becomes similar to
an inference problem.

A common inference technique for computer experiments is the maximum likelihood estimation (MLE). According to this method,
the best set of parameters is the one which maximizes the likelihood function. In practice, however, we minimize the log of the
likelihood function, as described in Eq. (4). Such an optimization problem is not trivial to solve [28]. It is not convex, and its
objective function is expensive to evaluate, as it requires the determinant and the inverse of the correlation matrix. To solve such a
global optimization problem efficiently, the authors implemented the algorithm developed by Lophaven et al. [29], widely applied
in the Kriging methodology [29,30].

0= arg min % [log(det R) + N log (27r<72) + N] (@)
6

As the correlation family is unknown, the authors optimized the parameters for all the correlation families presented in Table 1.
After optimizing the parameters for all families, it was still necessary to rank them, which was done according to their mean squared
error (MSE), estimated via leave-one-out cross-validation (LOOCV) [27]. The rationale of LOOCYV is the following: at each iteration,
one input data is used as a validation set, whereas the remainder data trains the Kriging model. After repeating this process for each
point of the training set, it is possible to estimate the MSE. Finally, Fig. 5 summarizes the framework for inferring the kernel that best
describes the collected data.
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Table 1
Correlation families evaluated at the algorithm.
Family Function Reference
o 2
Gaussian R(x,x';0) = exp —("H” ) [31]
Exponential R(x,x";0) = exp (—('x%/' )) [31]
Spherical RGx,x'10) = 1 — 156 + 058, s.t., &(x, X', 0) = min (1, ‘*T‘) [29]
Matern R(x,x':0,v=1)= (1+@)exp(—@) [25]
Matern RGex'10.v=3)= (1 + Bl oy )exp (— ‘/5‘;‘*") [25]
Table 2
Correlation functions ranking - Sample 21.
Oc, . x Oc. .y NRMSEe, 0Oe,,x Oe,,y NRMSEe,, Oe,,x Oe,,y NRMSEe,,
Exponential 0.025000 0.20000 0.069109 0.057017 0.014785 0.061239 0.024489 0.030433 0.065320
Gaussian 0.050000 0.05000 0.088935 0.050000 0.050000 0.091345 0.050000 0.050000 0.087095
Spherical 0.034306 0.14248 0.060205 0.092498 0.052369 0.058183 0.060010 0.066190 0.061712

Matern (v = 3/2) 0.050000 0.05000 0.077357 0.050000 0.050000 0.067904 0.050000 0.050000 0.068057
Matern (v = 5/2) 0.050000 0.05000 0.080511 0.050000 0.050000 0.074179 0.050000 0.050000 0.071636

Method validation
Rock’s DIC strain correlation function

Taking Sample 21 as a reference, Table B.1 depicts the calculated hyperparameters obtained from the displacement fields measured
by the DIC technique at 10kN. The normalized cross-validation error for each kernel family is also summarized in Fig. 6. The authors
chose to assess the hyperparameters at these peaks because all samples were in the elastic state under this load, as depicted in
Fig. A.7 in Appendix A. The algorithm results for all samples are available in Appendix B.
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One can note that, for this sample, the spherical kernel presents the best convergence rate. Nonetheless, the rates for all families
are quite similar, which leads to no clear better correlation families for the present case. Although this conclusion relies on the
accuracy of the calculated hyper-parameters. Such results allows the usage of different correlation families for Gaussian regression
of strain fields, as long as the hyperparamaters are respected.

Stochastic reconstruction from DIC data and algorithm output

The stochastic reconstruction of the strain field from experiment and DIC data, are characterized by the data marginal distribution
and second moment properties in this study. The covariance measurement is based on the separation distance between each pair of
elements in a numerical analysis, which is also defined by the covariance functions selected by the algorithm.

Figure 7 shows a comparison between the autocorrelation function estimated by the experimental data obtained for Sample 21
and the ones considering the Spherical Exponential covariance functions. Note that because the optimization is performed in a scaled
space, the x-axis is depicted as scaled. Additionally, Fig. 8 depicts the surfaces obtained using the estimated kernels.

Conclusion

The primary contribution of this paper is introducing a method for stochastic image reconstruction of material properties, primarily
based on the methodology for training Gaussian processes. The proposed method is versatile and straightforward, solely relying on the
assumption that a Gaussian random field can accurately represent the quantity of interest. Assuming this premise holds, it is possible
to characterize the kernel that best represents any physical property of the material. For tuning the kernel and its parameters, only
a set of measures of the quantity of interest is needed. Once the kernel is known, it is possible to sample as many Gaussian random
fields as needed to analyze the problem.

We showcase our methodology employing a case study of compressed limestone rocks. Based on the strain data collected with
digital image correlation, we show the steps needed to obtain the kernel that best represents the data. Additionally, we show the fields
that can be obtained with the estimated kernels. Specifically to this case study, we conclude that although spherical and exponential
families often lead to the best results, no clear best representation of the correlation family can be asserted. Indeed, our results show
that the correlation families perform similarly once their parameters are optimized.
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Appendix A
DIC system preparation and results

Speckle pattern

A random speckle pattern needs to be applied to sample’s surface in order to guarantee DIC’s measurements, since the basic
operation of DIC is tracking a pattern in a sequence of images. According to Sutton et al. [15], an ideal surface texture should be
isotropic, with no preferred orientation.

There are different ways to create/apply a speckle pattern into the object surface. For this work, the process described in Fig. A.1
of [32] was used, whereby the speckle diameter was based on the experimental area of interest of the specimen, resulting in a known
pixel per millimeter for the image and allowing optimal speckle sized based on a requirement of 7 pixels per speckle with 50% of the
area covered by speckles. Following this process, the speckle was generated using Correlated Solutions’ SpeckleGen 1.0.5 with the
following parameters:

+ Speckle diameter: 0.111 mm;
+ Density: 70%;
» Variation: 95%.

The pattern was printed in tattoo paper and then, with a damp cotton, the pattern was attached to the specimen’s surface.
Figure A.1 depicts a sample with the pattern on its surface.

10
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Setting Up of Camera system

Once the sample was fixed on the test machine, the cameras and lights were also placed and adjusted. The cameras were positioned
from a distance of 410 mm from samples , making sure the field of view covered the specimen’s entire surface. The tests involved
2D-DIC and Stereo-DIC analysis. The first 3 tests were carried out with 2D-DIC to calibrate the system and define maximum load. The
2D-DIC consists in one camera, and assumes planar test piece, in which any out-of-plane motion cause errors in analysis. Stereo-DIC
in the other hand, has two cameras placed in front of the specimen, which was used in all analysis except for calibration analysis.
The stereo-DIC analysis were carried out on both front (System 1) and back (System 2) surfaces of each sample, as can be seen in
Fig. A.2. The light sources were positioned sideways to prevent reflection by the specimen from saturating the cameras. The VIC-Snap
software, with the cameras images on, presents the regions that are affected by light reflection with a red color, in a way that it is
possible to adjust the light position and intensity until no or little reflection is seen on specimen surface. Figure A.3 presents the light
reflection/adjustment on all 4 cameras of both Systems 1 and 2.

Calibration
For this work, 50 pictures were taken with the calibration board held at various angles and locations, Fig. A.4 presents a few
examples of the calibration board made for the experiments.

Fig. A.1. Speckle pattern over sample surface.

Fig. A.2. Experiment apparatus.

11
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System 1 (front cameras) and System 2 (back cameras).

Fig. A.3. Light adjustment:

® ® % e e 0000

® % s e s e e
L I
LA R T
® * o o o o o‘- o o
® ® e 0 0 000 e e
LA A A O S
® % e e s e e e e
® * 0 e o o c.n o &

L
L R
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Fig. A.7. Samples cyclic loading x time. The highlighted points identifies the picture number of the peaks.

The score at VIC-3D should be below 0.05, ideally, below 0.03, to ensure a calibrated stereo system. For the present work, a score

of 0.006 was acquired.

The software was preset in order to take one picture in each camera in every 6 seconds. Each analysis, besides the one used to

calibrate, has around 200 pictures from each System.

Images post-processing

After collecting images during test using VIC Snap, the following steps should be done for image processing:

A WNH

. In the VIC-3D, open speckle images
. Create polygon in the image. The selected polygon for all images in this work, is a square covering all specimen surface.

. Choose subset size. The software recommends it to be between 49 and 53. Subset of 51 was assumed in this work.

. Choose set size (between 1/4 and 1/3 of the subset size). In the present work, the steps number was firstly 15, but as were

noted some differences in deformation field, the steps of 7 was later adopted and the images were re-processed considering
this step number. (It is in the literature that the steps can be 1/3 of the subset size, which implies that a step number lower
than that would not present difference in the DIC analysis. However, the rock presented a significant change according to steps

number). Thus, the present study considered in all analyzed samples the set size of 7 steps.
5. Create start point and wait until 100%

14
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Fig. A.8. ¢, strain of Sample 21, Images: 14, 48, 101, and 153. System 1 (front cameras).
6. Run

7. Calculate strain, wait for 100%
8. Visualize results and select desired strain.

The filter size choosen in this work was 11.

Loading design

Three samples were used to calibrate the loading system machine. As the rock’s compressive and shear strength were not known,
it was necessary to calibrate at what was the maximum load before specimen failure. Samples 14, 24, and 34, used to calibrate the
load system, have their load x compressive displacement behavior plotted in Fig. A.5.

Sample 34 was the first one to be tested. The goal of this test was applying axial load until rock failure, which was reached in
approximately 43 kN. Once aware of the maximum load, the next step was defining a cyclic load, in a way that it could be possible
to evaluate strains in a same load but multiple times. Sample 24 was tested with 3 cycles: load until 35 kN, unload to 2 kN, load until
35 kN, unload until 2 kN, load until 35 kN and unload until 0 kN.

In order to be conservative and avoid plastic deformation, a new cyclic load was designed with Sample 14. A lower first peak load
was set, and followed the same 3 cycles as Sample 24: load until 10 kN, unload until 2 kN, load until 35 kN, unload to 2 kN, load
until 35 kN, unload until 2 kN, load until 35 kN and unload until 0 kN.

All samples cyclic loading x displacement are depicted in Fig. A.6. For all those tests were assumed a first peak of 10 kN in the
first cycle, as previously described in teh calibration with sample 14. Higher dispersion in Samples 11 and 31 may indicate plastic
deformation after first and second cycle. Sample 23 failed during the test under 23 kN load approximately. Sample 22 was accidentally

15
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Fig. A.9. ¢,, strain of Sample 21, Images: 14, 48, 101, and 153. System 1 (front cameras).

broke before experiment, however, it still presented a similar behavior, even with a fracture on front surface. Sample 32 presented
higher displacement when compared to other specimens.

The cameras were set to take one picture every 6 s, starting at the same time as the load machine. Thus, it is useful to track
the image number according to the applied load in a specific moment. Figure A.7 shows the load x time of the tested samples, and
indicates in red star the peaks of each experiment. The blue numbers refer to the DIC image number in each peak.

Strain field by peaks

Following the image number for test peaks, as plotted in Fig. A.7, the engineering strains for Sample 21, which presented a regular
behavior, is presented in Figs. A.8, A.9 and A.10. One can note that even though images 48, 101 and 153 have the same load, the
field strains are different. This observation may represent plastic deformation on sample, or not enough time for the specimen to
return to its initial state after unloading.

Sample 23, the one that failed during the test, had also its strains plotted in Figs. A.11, A.12 and A.13. The fracture initiation can
be clearly seen from image 75, at the moment the sample fails. However, exy strain presents some tendency behavior from image 45
in advance, with 10 kN peak.

Sample 22 was already fractured before test, its strains peaks are depicted in Figs. A.14, A.15 and A.16. As expected, fracture is
observed since the first peak in image 24, for all strains.

16
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Fig. A.10. ¢, strain of Sample 21, Images: 14, 48, 101, and 153. System 1 (front cameras).
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Fig. A.14. ¢, strain of Sample 22, Images: 24, 61, 116, 171. System 1 (front cameras).
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Fig. A.16. ¢, strain of Sample 22, Images: 24, 61, 116, 171. System 1 (front cameras).
Appendix B
Tables B.1-B.9 present the algorithm results for all samples evaluated in the present study.
Table B.1
Algorithm results - Sample 11.
Os, . x Oc,.y NRMSEe O, x Oe,,y NRMSEe,,, Oe,x O,y NRMSEe,
Exponential 0.025000 0.200000 0.058212 0.080463 0.010000 0.054139 0.026067 0.022840 0.087256
Gaussian 0.050000 0.050000 0.062807 0.050000 0.050000 0.064686 0.050000 0.050000 0.116640
Spherical 0.033994 0.094345 0.054454 0.094217 0.042965 0.053718 0.058108 0.059622 0.080574
Matern (v = 3/2) 0.050000 0.050000 0.058979 0.050000 0.050000 0.059204 0.050000 0.050000 0.094598
Matern (v =5/2) 0.050000 0.050000 0.059286 0.050000 0.050000 0.060563 0.050000 0.050000 0.101670
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Table B.2
Algorithm results - Sample 12.

Oe,. x Oc,..y NRMSEe Oe,,x O,y NRMSEe,, O\ x Oe,,y NRMSEe,,
Exponential 0.025000 0.200000 0.058212 0.080463 0.010000 0.054139 0.026067 0.022840 0.087256
Gaussian 0.050000 0.050000 0.062807 0.050000 0.050000 0.064686 0.050000 0.050000 0.116640
Spherical 0.033994 0.094345 0.054454 0.094217 0.042965 0.053718 0.058108 0.059622 0.080574
Matern (v = 3/2) 0.050000 0.050000 0.058979 0.050000 0.050000 0.059204 0.050000 0.050000 0.094598
Matern (v = 5/2) 0.050000 0.050000 0.059286 0.050000 0.050000 0.060563 0.050000 0.050000 0.101670

Table B.3
Algorithm results - Sample 13.

Oe . x Oc..y NRMSEe [ Oc,,y NRMSEe,, Oe,,x O,y NRMSEe,,
Exponential 0.025000 0.200000 0.038197 0.200000 0.010000 0.058195 0.046934 0.024890 0.065460
Gaussian 0.050000 0.050000 0.041770 0.050000 0.050000 0.061847 0.050000 0.05000 0.069206
Spherical 0.100000 0.200000 0.042714 0.100000 0.200000 0.064990 0.077950 0.06356 0.058844
Matern (v = 3/2) 0.050000 0.050000 0.037504 0.050000 0.050000 0.059040 0.050000 0.05000 0.060777
Matern (v = 5/2) 0.050000 0.050000 0.037594 0.050000 0.050000 0.060428 0.050000 0.05000 0.062175

Table B.4
Correlation functions ranking - Sample 21.

Oe, . x Oe, .y NRMSEe 0Oe,,x Oe,,y NRMSEe e\ x O,y NRMSEe,,
Exponential 0.025000 0.20000 0.069109 0.057017 0.014785 0.061239 0.024489 0.030433 0.065320
Gaussian 0.050000 0.05000 0.088935 0.050000 0.050000 0.091345 0.050000 0.050000 0.087095
Spherical 0.034306 0.14248 0.060205 0.092498 0.052369 0.058183 0.060010 0.066190 0.061712
Matern (v = 3/2) 0.050000 0.05000 0.077357 0.050000 0.050000 0.067904 0.050000 0.050000 0.068057
Matern (v =5/2) 0.050000 0.05000 0.080511 0.050000 0.050000 0.074179 0.050000 0.050000 0.071636
Table B.5
Correlation functions ranking - Sample 22.
Oe,. x Oc,..y NRMSEe Oe,,x O,y NRMSEe,, O\ x Oe,,y NRMSEe,,
Exponential 0.025000 0.200000 0.027136 0.089675 0.032531 0.030694 0.070711 0.100000 0.034930
Gaussian 0.050000 0.050000 0.019539 0.050000 0.050000 0.025319 0.050000 0.050000 0.030105
Spherical 0.100000 0.200000 0.032513 0.100000 0.200000 0.030760 0.100000 0.200000 0.035440
Matern (v = 3/2) 0.050000 0.050000 0.022545 0.050000 0.050000 0.026112 0.050000 0.050000 0.028381
Matern (v =5/2) 0.050000 0.050000 0.019941 0.050000 0.050000 0.025610 0.050000 0.050000 0.028176
Table B.6
Correlation functions ranking - Sample 23.
Oe . x (Y NRMSEe O, x Oe,,y NRMSEe,,, Oe,,x Oe,,y NRMSEe,,
Exponential 0.025000 0.20000 0.030714 0.068302 0.028224 0.050303 0.038192 0.063453 0.038518
Gaussian 0.050000 0.05000 0.027816 0.050000 0.050000 0.056603 0.050000 0.050000 0.043199
Spherical 0.038555 0.41771 0.031087 0.097990 0.068265 0.047713 0.075458 0.123180 0.038287
Matern (v = 3/2) 0.050000 0.05000 0.028393 0.050000 0.050000 0.051008 0.050000 0.050000 0.038579
Matern (v =5/2) 0.050000 0.05000 0.027849 0.050000 0.050000 0.052161 0.050000 0.050000 0.039593
Table B.7
Correlation functions ranking - Sample 31.
Oc . .x Oc, .y NRMSEe [ O,y NRMSEe,, Oe,,x O,y NRMSEe,,
Exponential 0.025000 0.200000 0.019014 0.070711 0.100000 0.018084 0.025000 0.200000 0.020885
Gaussian 0.050000 0.050000 0.012125 0.050000 0.050000 0.016753 0.050000 0.050000 0.019610
Spherical 0.100000 0.200000 0.019364 0.100000 0.200000 0.018071 0.100000 0.200000 0.019591
Matern (v =3/2) 0.050000 0.050000 0.014518 0.050000 0.050000 0.016471 0.050000 0.050000 0.017113
Matern (v =5/2) 0.050000 0.050000 0.012415 0.050000 0.050000 0.017766 0.050000 0.050000 0.017610
Table B.8
Correlation functions ranking - Sample 32.
Oc . x Oc,. .y NRMSEe O, x Oe,,y NRMSEe,, O, x Oe .,y NRMSEe,,
Exponential 0.010000 0.057009 0.052121 0.2000 0.010000 0.057011 0.030858 0.023618 0.051444
Gaussian 0.050000 0.050000 0.055088 0.0500 0.050000 0.051421 0.050000 0.050000 0.057104
Spherical 0.036424 0.082288 0.048601 0.1099 0.050034 0.051750 0.065459 0.059219 0.046153
Matern (v = 3/2) 0.050000 0.050000 0.052904 0.0500 0.050000 0.052287 0.050000 0.050000 0.049999
Matern (v =5/2) 0.050000 0.050000 0.052998 0.0500 0.050000 0.051603 0.050000 0.050000 0.052623
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Table B.9
Correlation functions ranking - Sample 33.
Oe . x Oc, .y NRMSEe e, x O,y NRMSEe,, O\ x Oe,,y NRMSEe,,

Exponential 0.025000 0.200000 0.058212 0.080463 0.010000 0.054139 0.026067 0.022840 0.087256
Gaussian 0.050000 0.050000 0.062807 0.050000 0.050000 0.064686 0.050000 0.050000 0.116640
Spherical 0.033994 0.094345 0.054454 0.094217 0.042965 0.053718 0.058108 0.059622 0.080574
Matern (v = 3/2) 0.050000 0.050000 0.058979 0.050000 0.050000 0.059204 0.050000 0.050000 0.094598
Matern (v =5/2) 0.050000 0.050000 0.059286 0.050000 0.050000 0.060563 0.050000 0.050000 0.101670
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