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ABSTRACT. Let X4 be a closed surface of genus g > 2 and I'y denote the
fundamental group of ¥,. We establish a generalization of Voiculescu’s
theorem on the asymptotic *-freeness of Haar unitary matrices from
free groups to I'y. We prove that for a random representation of I'y into
SU(n), with law given by the volume form arising from the Atiyah-Bott-
Goldman symplectic form on moduli space, the expected value of the
trace of a fixed non-identity element of I'y is bounded as n — oco. The
proof involves an interplay between Dehn’s work on the word problem
in I'y and classical invariant theory.
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1. INTRODUCTION

In a foundational series of papers [Voi85, Voi86, Voi87, Voi90, Voi9dl],
Voiculescu developed a robust theory of non-commuting random variables
that became known as free probability. One of the initial landmarks of this
theory is the following result. Let F, denote the non-commutative free
group of rank r. Let U(n) denote the group of n x n complex unitary
matrices. For any w € F, we obtain a word map w : U(n)" — U(n) by

substituting matrices for generators of F,.. Let MIJ?,%T denote the probability

Haar measure on U(n)" and Tr : U(n) — C the standard trace. Any integral
over a compact group will be done with respect to the probability Haar
measure, denoted by d.

A simplified version of Voiculescu’s result [Voi91, Thm. 3.8] can be for-
mulated as follows!:

Theorem 1.1 (Voiculescu). For any non-identity w € F,., as n — 0o
/ Tr(w(x))du(z) = 0y(n). (1.1)
U(n)"

We describe the interpretation of Theorem 1.1 as convergence of non-
commutative random variables momentarily. Before this, we explain the
main result of the current paper.

Another way to think about the integral (1.1), that invites generalization,
is to identify U(n)" with Hom(F,,U(n)) and Haar measure as a natural
probability measure on this representation variety. Now it is natural to ask
whether there are other infinite discrete groups rather than F, such that
Hom(F,,U(n)) has a natural measure, and whether similar phenomena as
in Theorem 1.1 may hold. The main point of this paper is to establish the
analog of Theorem 1.1 when F,. is replaced by the fundamental group of a
compact surface of genus at least 2.

We now explain this generalization of Theorem 1.1; for technical reasons
it superficially looks slightly different as follows.

(1) The integral (1.1) is equal to 0 if w ¢ [F,,F,], the commutator
subgroup of F, [MP15, Claim 3.1], and if w € [F,,F,], the value
of (1.1) is for n > ng(w) the same as the corresponding integral
over SU(n)" < U(n)", where SU(n) is the subgroup of determinant

Woiculescu’s result in [Voi91, Thm. 3.8] is more general than what we state here, also
involving a deterministic sequence of unitary matrices.
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one matrices [Mag21, Prop. 3.1]. So in all cases of interest we can
replace U(n) by SU(n) in (1.1).

(2) Since Tr o w is invariant under the diagonal conjugation action of
SU(n) on Hom(F,,SU(n)) = SU(n)", the integral
fSU(n)T Tr(w(x))dp(z) can be written as an integral over
Hom(F,,SU(n))/PSU(n). Here PSU(n) is SU(n) modulo its center.

For g > 2 let X, denote a closed topological surface of genus g. We let I
denote the fundamental group of ¥, with explicit presentation

Fg = <a1,b1, v ,ag,bg ’ [al,bl] s [ag,bg] )

The most natural measure on Hom(I'y, SU(n))/PSU(n) to replace the mea-
sure induced by Haar measure on Hom(F,,SU(n))/PSU(n) is called the
Atiyah—Bott—Goldman measure. The definition of this measure involves re-
moving singular parts of Hom(I'y, SU(n))/PSU(n). Indeed, let

Hom(I';, SU(n))™ denote the collection of homomorphisms that are irre-
ducible as linear representations. Then

My ® Hom(T',, SU(n))™ /PSU(n)

is a smooth manifold [Gol84]. Moreover there is a symplectic form wy,
on My, called the Atiyah-Bott-Goldman form after [AB83, Gol84]. This
symplectic form gives, in the usual way, a volume form on M, , denoted by
Volpy,,,. For many more details see Goldman [Gol84] or the prequel paper
[Mag21, §§2.7].

For any v € I', we obtain a function Tr, : Hom(I'y,SU(n)) — C defined
by

def

Try(¢) = Tr(¢(7))-

This function descends to a function Tr,, : M, , — C. We are interested in
the expected value

dof fMW Tr, dVol .,
Egvn[Tr'V] - j‘ dVol
Mg.n Mg,n

The main theorem of this paper is the following.

Theorem 1.2. Let g > 2. If v € T'y is not the identity, then Eg,[Tr,]| =
O4(1) as n — oc.

The non-commutative probabilistic consequences of Theorem 1.2 will be
discussed in the next section.

1.1. Non-commutative probability. We follow the book [VDN92]. A
non-commutative probability space is a pair (B,7) where B is a complex
unital algebra and 7 is a linear functional on B such that 7(1) = 1. Let
C(x1,...,z,) denote the free non-commutative unital algebra in indeter-
minates x1,...,2,. A random variable in (B,7) is an element of B. If
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(X1,...,X,) € B" are random variables in (B, 7), their joint distribution is
defined to be the linear functional
7:C(x1,...,2,) = C

def

defined by 7(z) = 7(®(z)) where ® : C(x1,...,z,) — B is the linear map
defined by ®(z;) = X;. For a linear functional 7 : C(z1,...,2z,) — C with

Too(1) = 1, we say that a sequence of random variables (XYI), . ,Xﬁn)) €
(B, ) converge in distribution as n — 00 to T if 7, convergences point-
wise to Too on C(z1, ..., 2;).

A very concrete example of this phenomenon is as follows. The function
| Ttwla)du
U(n)"

extends to a linear functional 7,, on the algebra C[F,| with 7,(id) = 1. From
this point of view, Theorem 1.1 implies the following statement.

Theorem 1.3 (Voiculescu). Let r > 0 and Xi,...,X, denote fized gen-
erators of F,., and X1,....X, denote their inverses, i.e. X; = X;l. The
random variables X1, ..., X, X1,....X, in the non-commutative probability
spaces (C[F,],7,) converge as n — oo to a limiting distribution

def 1

T Fr = C, 7,(w) -

Too : CT1, .y Tpy T1y .o, ZTp) = C

that is completely determined by (1.1). Indeed, if w is any monomial in
Tlyeooy TpyT1y.., Ty, then Too(w) = 1 if and only if after identifying T;
with 7', w reduces to the identity in F, = (x1,...,2,), and Fo(w) = 0
otherwise.

In the language of [Voi91], in the limiting non-commutative probability
space (C{x1,...,Tp,T1,...,%r),Too), the subalgebras
A ¥ Cla, 1), A € Clay, 7y)
are a free family of subalgebras: if a; € A;; for j € [q], i1 # 2 # -+ # g,
and Too(aj) = 0 for j € [¢] then

Too(@ias - - - aq) = 0.

Accordingly, it is said [Voi91, Thm. 3.8] that if {u;(n) : 1 < j < r} are
independent Haar-random elements of U(n), the family {{u;(n),u}(n)} :
1 < j <r} of sets of random variables are asymptotically free.

Because I'y is not free, asymptotic freeness does not correctly capture the
asymptotic behavior of the expected values E, ,,[Tr,], however, an analog of
Theorem 1.3 is implied by Theorem 1.2. For v € Iy let

def 1

Tg,n('V)

Corollary 1.4. Let g > 2, a1,b1,...,ay4,by denote the previously fived gen-
erators of I'y, and ay,b1,...,a4,by denote their inverses. The random vari-

ables a1,b1,...,aq,bg, G1,b1,...,04,by in the non-commutative probability
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spaces (C[I'g], Tgn) converge in distribution as n — oo to a limiting distri-
bution

7~_g,oo : C(xl,...,xg,yl,...,yg,:il,...,:i'g,gjl,...,gjg> —)C,

where xz; (resp. yi,Z;,Yi) corresponds to a; (resp. b, a;,b;). This can be
described explicitly as follows. If w is any monomial in x1,...,2g,Y1,-.-,Yqg,
Z1,...,Zg,Y1s---Yg, then Ty oo(w) =1 if and only if w maps to the identity
under the map

C<.T1,...,Ig,yl,...,yg,.i‘l,...,i’g,gl,...,§g> *)C[Fg]

obtained by identifying x;,y;, T;, y; with the corresponding elements of I'y. If
w does not map to the identity under this map, then Tgoo(w) = 0.

Notice that the estimate given in Theorem 1.2 is stronger than needed to
establish Corollary 1.4.

1.2. Related works and further questions. The most closely related
existing result to Theorem 1.2 is a theorem of the author and Puder [MP20,
Thm. 1.2] that establishes Theorem 1.2 when the family of groups SU(n) is
replaced by the family of symmetric groups Sy, and Tr is replaced by the
character fix given by the number of fixed points of a permutation. In this
case, the result is phrased in terms of integrating over Hom(I'y, S,) with
respect to the uniform probability measure. The corresponding result for
Hom(F,, S,,) was proved much longer ago by Nica in [Nic94].

The problem of integrating geometric functions like Tr,, over M, , is also
connected to the work of Mirzakhani since, as Goldman explains in [Gol84,
§2], the Atiyah-Bott—Goldman symplectic form generalizes the Weil-Petersson
symplectic form on the Teichmiiller space of genus g Riemann surfaces. In
[Mir07], Mirzakhani developed a method for integrating geometric functions
on moduli spaces of Riemann surfaces with respect to the Weil-Petersson
volume form. Although there is certainly a similarity between (ibid.) and
the current work, here the emphasis is on n — oo, whereas (ibid.) caters
to the regime g — oo; the target group playing the role of SU(n) is always
PSL(2,R).

We now take the opportunity to mention some questions that Theorem
1.2 leads to. In the paper [Voi91], Voiculescu is able to boost Theorem
1.1 from a convergence in distribution result to a result on convergence in
probability, that is, for any € > 0, and fixed w € F,, the Haar measure of
the set

{6 € Hom(F,, U(n)) : |Tr(6(w))] < en}
tends to one as n — oo [Voi91, Thm. 3.9]. To do this, Voiculescu uses
that the family of measure spaces (Hom(F,,U(n)),n) form a Levy family
in the sense of Gromov and Milman [GMS83]. This latter fact relies on an
estimate for the first non-zero eigenvalue of the Laplacian on Hom(F,, U(n)).
It is interesting to ask whether a similar phenomenon holds for the family

of measure spaces (Mg,n,uag(}) where H?EG is the probability measure
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corresponding to Volpg, . The fact that M, is non-compact seems to
be a significant complication in answering this question using isoperimetric
inequalities.

On the other hand, as pointed out to us by a referee, the results of this
paper can very likely be extended to give bounds on the variance

Egn[/Try[?]

that can be used to improve Theorem 1.2 to the result that for v # id, the
normalized traces % converge in probability to zero as n — oco. To avoid
adding complications to this paper, this will be pursued elsewhere.

In the prequel to this paper [Mag21] it was proved that for any fixed v €
I'y, there is an infinite sequence of rational numbers a_1 (), ao(7y), a1(7), ... €
Q such that for any M € N,

Egn[Try] = a_1(y)n+ao(y) + alfj) 4ot w + Oy M (n%‘/[> (1.2)

as n — 00. Theorem 1.2 implies that a_1(y) = 0 if v # id. It is also
interesting to understand the other coefficients of this series. This has been
accomplished when I'y is replaced by F, by the author and Puder in [MP19]
where in fact it is proved that

Ep.o[Tru] € [ Tr(w(z))du(x)
U(n)"
is given by a rational function of n and in particular can be expanded as in
(1.2). The corresponding coefficients of the Laurent series of Eg, ,,[Tr,,] are
explained in terms of Euler characteristics of subgroups of mapping class

groups. One corollary is that as n — oo

1

where cl(w) is the the commutator length of w: the minimal number of
commutators that w can be written as a product of, or oo if w ¢ [F,, F,]. We
guess that an estimate like (1.3) should hold for E, ,,[Ttr] where commutator
length in F, is replaced by commutator length in I'y.

Another strengthening of Theorem 1.1 is the strong asymptotic freeness
of Haar unitaries. This states that for any complex linear combination

Z ayw € C[F,],

almost surely w.r.t. Haar random ¢ € Hom(F,,U(n)) as n — oo, we have

[ ewst] | o

where the left hand side is the operator norm on C™ with standard Hermitian
inner product and the norm on the right hand side is the operator norm in
the regular representation of F,.. This result was proved by Collins and Male
in [CM14]. It is probably very hard to extend this result to I'y; the proof

‘Op(f2 (Fr))
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of Collins and Male relies on seminal work of Haagerup and Thorbjgrnsen
[HTO05] in a way that does not obviously extend to I'y.

We finally mention that the expected values Eg ,[Tr,] arise as a limiting
form of expected values of Wilson loops in 2D Yang-Mills theory, when the
coupling constant is set to zero. This will not be discussed in detail here,
we refer the reader instead to the introduction of [Mag21]. Here we just
mention recent works of Lemoine [Lem22]and Dahlqvist—Lemoine [DL22]
that make progress on related problems in the Yang-Mills setting.

1.3. Overview of paper. Here we explain the structure of the paper.

In §§2.1-§82.5 we give some general background to the paper not depend-
ing on the prequel [Mag21]. In §§2.6 we import results that we proved in
the prequel and that are needed here.

At the beginning of §3 we state the key result (Theorem 3.1) of the re-
mainder of the paper. To motivate things, §33.1 contains a discussion of
why the most straightforward approach does not work, and also a discus-
sion of what will follow instead. In the remainder of §3 we explain how to
augment the Weingarten calculus to arrive to a formula for the key quan-
tity Jn(w, p,v) (defined in Proposition 2.9) in combinatorial terms that are
‘good’ for the next part of the argument.

Indeed in §84.1 we explain how each combinatorial datum we encountered
in our formula for 7, (w, u, ) can be used to build a decorated surface. In
Corollary 4.5 we obtain a bound on J,(w, t, ) in terms of the Euler char-
acteristics of some of the surfaces that previously arose. We may restrict
to certain surfaces of simplified form by performing two surgery arguments
explained in §§4.2. Given that now we have reduced estimating 7, (w, i, v)
to estimating Euler characteristics of certain surfaces, in §54.3 we formu-
late a topological result (Proposition 4.8) which suffices to prove Theorem
3.1. Proposition 4.8 is proved in §84.5 using arguments related to Dehn’s
algorithm and the work of Birman—Series. The necessary additional back-
ground for this proof is given in §§4.4.

In §5 we show how Theorem 3.1 in conjunction with the results of the
prequel [Mag21] prove Theorem 1.2.

1.4. Notation. We write N for the natural numbers {1,2,3,...} and Ny dof

N U {0}. We write [n] dof {1,...,n} for n € N and [k, /] def {k,k+1,...,0}

for k,¢ € N. If A and B are two sets we write A\B for the elements of A

not in B. If H is a group and hy, he € H we write [hy, hs] def hlhghl_lhgl.

We let id denote the identity element of a group. We let [H, H] be the
subgroup of H generated by elements of the form [hy, hs]; this is called the
commutator subgroup of H. If V is a complex vector space, for ¢ € Ng we

let

V®qd§fV®V®...®V'

q
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We use Vinogradov notation as follows. If f and A are functions of n € N,
we write f < h to mean that there are constants ng > 0 and Cy > 0 such
that for n > ng, |f(n)] < Coh(n). We write f = O(h) to mean f < h.
We write f < h to mean both f < h and h < f. If in any of these
statements the implied constants depend on additional parameters we add
these parameters as subscript to <, O, or <. Throughout the paper we view
the genus ¢ as fixed and so any implied constant may depend on g.

In this paper, Tr denotes the standard (unnormalized) trace on square
complex matrices.

Acknowledgments. We thank Benoit Collins, Doron Puder, Sanjaye Ram-
goolam, Calum Shearer, and Henry Wilton for valuable discussions about
this work. This project has received funding from the European Research
Council (ERC) under the European Union’s Horizon 2020 research and in-
novation programme (grant agreement No 949143).

2. BACKGROUND

2.1. Representation theory of symmetric groups. Let S; denote the

symmetric group of permutations of [k] dof {1,...,k}, and C[S] denote its

group algebra. The group Sy is by definition the group with one element.

If we refer to Sy, < S, with ¢ < k we always view Sy as the subgroup of

permutations that fix every element of [¢ + 1, k] e {{+1,...,k}. We write

S/ < S for the subgroup of permutations that fix every element of [k — r].
As a consequence we obtain fixed inclusions C[Sy] C C[Sk] for ¢ and k as
above. When we write Sy x Si_p < S, the first factor is Sy and the second
factor is S},_,.

A Young diagram X is a left-aligned contiguous collection of identical
square boxes in the plane, such that the number of boxes in each row is
non-increasing from top to bottom. We write \; for the number of boxes
in the i*h row of A\ and say A - k if A has k boxes. We write £()\) for the
number of rows of A\. For each A F k there is a Young subgroup

S)\ dgf S)q X S)\Q X oo X S)\Z(M < Sk
where the factors are subgroups in the obvious way, according to the in-
creasing order of [k].

The equivalence classes of irreducible representations of Sy are in one-to-
one correspondence with Young diagrams A F k. Given A, the construction
of the corresponding irreducible representation V* can be done for example
using Young symmetrizers as in [FH91, Lec. 4]. We write y, for the char-

acter of ), associated to V* and d def xa(id) = dim VA, Given A & k, the
element

def d
pr = k%' Zs: xXa(o)o € C[Sk]
oESE

is a central idempotent in C[Sy].
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If G is a compact group, (p, W) is an irreducible representation of G,
and (7, V) is any finite-dimensional representation of G, the (p, W)-isotypic
subspace of (m, V) is the invariant subspace of V' spanned by all irreducible
direct summands of (7, V) that are isomorphic to (p, W). When p and 7
can be inferred from W and V we call this simply the W -isotypic subspace
of V. If H < G is a subgroup, and (p, W) is an irreducible representation
of H, then the W-isotypic subspace of V for H is the W-isotypic subspace
of the restriction of (m,V) to H.

If (7, V) is any finite-dimensional unitary representation of Si, and A - k,
then V is also a module for C[Si] by linear extension of 7 and m(py) is the
orthogonal projection onto the V*-isotypic subspace of V.

For any compact group G we write (trivg, C) for the trivial representa-
tion of G. The following lemma can be deduced for example by combining
Young’s rule [FH91, Cor. 4.39] with Frobenius reciprocity.

Lemma 2.1. Let k € N, and A - k. The space of vectors in V> fized by
Sy is one-dimensional.

2.2. Representation theory of U(n) and SU(n). Every irreducible rep-
resentation of U(n) restricts to an irreducible representation of SU(n), and
all equivalence classes of irreducible representations of SU(n) arise in this
way. The equivalence classes of irreducible representations of U(n) are pa-
rameterized by dominant weights, that can be thought of as non-increasing
sequences
A= (Ay,...,A\y) € Z",

also known as signatures. We write W2 for the irreducible representation
of U(n) corresponding to the signature A. Two irreducible representa-
tions of U(n) restrict to the same one of SU(n) if and only if their sig-
natures differ by a constant vector. Let T(n) denote the maximal torus
of U(n) consisting of diagonal matrices. Any matrix of T(n) has the form
diag(exp(ib1),...,exp(if,)) where all #; € R. Associated to the signature
A is the character {5 of T(n) given by

¢ (diag(exp(ify), ..., exp(iby,))) e exp | i Z Ajb;
j=1

The highest weight theory says among other things that the &£x-isotypic
subspace of WA for T(n) is one-dimensional. Any vector in this subspace is
called a highest weight vector of WA,

Given k, ¢ € Ny and fixed Young diagrams u - k, v - £, we define a family
of representations of U(n) as follows. For n > ¢(u) + ¢(v) define

def
A/L,V(n) = (/‘Llnu% <o () 0,...,0, Vo), —Ve(w)—1s5- -+ _Vl)-
n—t(2)—(v)
We let (pr?”, WS*") denote the irreducible representation of U(n) correspond-
ing to Ay, (n) when n > () + £(v). We let Dy, (n) " dim W/ and
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suu(9) aef Tr(ph”(g)) for g € U(n). If u+ k and v + £ then as n — oo

D, (n) < nFtt (2.1)

by [Mag21, Cor. 2.3] (alternatively [EI16, Lem. 3.5]).

We now present a version of Schur-Weyl duality for mixed tensors due
to Koike [Ko0i89]. The very definition of U(n) makes C™" into a unitary
representation of U(n) for the standard Hermitian inner product. We let
{e1,...,en} denote the standard basis of C™. If (p, W) is any finite dimen-
sional representation of U(n) we write (p¥, W") for the dual representation

where WV is the space of complex linear functionals on W. The vector space
def

(C™)Y has a dual basis {é1,...,é,} given by é;(v) = (v,e;). Throughout
the paper we frequently use certain canonical isomorphisms e.g.

(€M)’ = ((C™)")*, End(W)=W oW

to change points of view on representations; if we use non-canonical isomor-
phisms we point them out.

Let Tr* ek ((C™)Y) ®¢, with the convention that (C")®° e,
With the natural inner product induced by that on C™, this is a unitary rep-
resentation of U(n) under the diagonal action and also a unitary representa-
tion of Sy x Sy where S, acts by permuting the indices of (C™)®* and Sy acts
by permuting the indices of ((C")") ®’. We write 7t U(n) — End[T,7]
and pht C[Sr x S¢] — End] nk’g] for these representations. The ac-
tions of U(n) and Sy x Sy on 7;” commute. We use the notation, for
I = (i1,...,ix) € 0¥ and J = (j1,...,Je) € [n]°

def . def _ .
er S e ®--@e, € (CF, 6, S ¢, 0 ®¢, € (CMY)
def .
6{ = e ey e Ek’e.
We write I U J for the concatenation (i, ..., ik, j1,---,Jj¢)-
For k,0 > 1 let ’Rk’z denote the intersection of the kernels of the mixed

contractions ¢ : by Th=LE=1 e (K], g € [] given by
cpq(eil - Qe ®eéjy ®"'®éjz)

def
= 5iquei1 K- Q Cip_1 ® Cipt1 Q- & Ciy, (22)

®éj1®”‘®é].q71®éjq+1®.”®éj£7

where 6iqu is the Kronecker delta. If K = 1 or £ = 1 then the definition
is extended in the natural way, interpreting an empty tensor of e; or ¢&; as
1. If either £k = 0 or £ = 0 then ﬁk’e = nk’e by convention. The space
744 is an invariant subspace under U(n) x Sk x Sy and hence a unitary
subrepresentation of %k’e. On ’72“ there is an analog of Schur—-Weyl duality

due to Koike.
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Theorem 2.2. [Koi89, Thm. 1.1] There is an isomorphism of unitary rep-
resentations of U(n) x Sk x Sy

e @ wrreviev (2.3)
ukkv-e
Uu)+(v)<n

Next we explain how to construct U(n)-subrepresentations of 74 isomor-

phic to W}, Suppose that £ € ’7';5’[ is a non-zero vector such that under
the isomorphism (2.3),

E=Zw®v (2.4)

for w € W and v € V# @ V¥. Then U(n) - £ linearly spans a U(n)-
subrepresentation of ’7;” isomorphic to W/"”. The following argument to

construct such a vector £, given u - k,v - ¢, appears implicitly in [Koi89]
and is elaborated in [BCH'94]. For n > £(u) + £(v) let

o, e e @ 62%(#) D (En)™" @+ @ (Engy1) . (25)

This vector is in the &, ,-isotypic subspace of ﬁk’e for the maximal torus
T(n) of U(n) where £, ,, is the character of T(n) corresponding to the highest
weight in W/"".

Let p, € C[Sk], p, € C[S¢] be the projections defined in §§2.1. Let
ok . S, — End( nk’g) denote the representation of Sy described above and

pr S, — End(’ﬁf’g) that of Sy. Clearly these two representations commute.
Now let

def o ~ H
0, = PP (PO, € T (2.6)
Now this is in the same isotypic subspace for T(n) as before since S x Sy

commutes with U(n). Moreover it is in the subspace of Tt corresponding
to Wi"Y @ V# @ V¥ under the isomorphism (2.3). The intersection of the

two subspaces of Tt just discussed corresponds via (2.3) to Cw @ VF @ V¥
where w is a highest weight vector in W}"” and hence 0., takes the form of
(2.4) as we desired.

Of course we also want to know 67, # 0.

Lemma 2.3. Suppose that k,£ € No, pt k,v £, and 0}, , is as in (2.6)
form > 4(u) + ¢(v). We have

dyd,
[Sk = Su)[Se : Su]

167, 11° =
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Proof. Recall the definition of Young subgroups S, S, from §§2.1. Letting
0 =0y, (asin (2.5)) and 6 = 0}, , we have

AT A R D D I A R AL ACAL

o=(01,02)ESE XSy

- d];;f;/ Z Z Xu(0171) Z Xv(0272) pZ(Ul)ﬁi(ag)é.

" [01]€Sk/S, \T1ES ToESY
[o2]€Se/Su

The second equality used that 6 is invariant under Sy x Sy.
By Lemma 2.1, there is a one dimensional subspace of invariant vectors
for S, in V#. If v, € V¥ is a unit vector in this space then

Z Xu(o1m1) = [Sul{o1v, vy). (2.7)

T1 ESH

Since the vectors pk(oq)pt(09)0 for [o1] € Si/S, and [02] € Si/S, are
orthogonal unit vectors, this gives

2 2
d,d,\ >
o= (%5) 2 |2 wen)] | X e
e [01]€Sk/S, \T1ESu T9€S,
[02]€S¢/ Sy
@7) ((dud,\?
= <]:|€,> |Su|2‘5u\2 Z |<U1vu,vu>\2\(azvy,vy>\2
o [01]€5k /Sy
[o2]€Se/ Sy
A ) - d.d,
_<k!€!> SullSul D, orv, vl Howvw vl = g ire—ar.
Ulegk
02€9y¢

The last inequality used the orthogonality relations for matrix coefficients.
O

Recall that we write o : U(n) — End(%k’é) for the diagonal represen-
tation of U(n) on 744 Lemma 2.3 implies that 0}, is a non-zero vector.
By the remarks following (2.6) it is of the pure tensor form w ® v under the
Schur-Weyl isomorphism (2.3), with w € W/"”, and hence we obtain the

following corollary.

Corollary 2.4. Suppose n > ¢(u) + £(v). The subspace

Wa(0),) def Span{wﬁ’z(u)gzﬂj cueUn)} C ﬁk’ﬁ

is, under Wﬁ’g, a U(n)-subrepresentation of ’Ek’e isomorphic to W™ .
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2.3. The Weingarten calculus. The Weingarten calculus is a method
based on Schur—Weyl duality that allows one to calculate integrals of prod-
ucts of matrix coefficients in the defining representation of U(n) in terms of
sums over permutations. It was discovered initially by Weingarten [Wei78],
and developed further in works of Xu, Collins, and CollinSfSniady in [Xu97,
Col03, CS06].

We present two formulations of the Weingarten calculus. Given k € N,
n € N, the Weingarten function with parameters n, k is the following ele-
ment? of C[S}] [CS06, eq. (9)]

def 1 di
We, € o Y 2N (o) 2.8
K (k')2 = DA(TZ) = ( ) ( )
L(AN)<n

We write Wg,, (o) for the coefficient of o in (2.8). The following theorem
was proved by Collins and Sniady [CSOG, Cor. 2.4].

Theorem 2.5. For k € N and for i1,3}, ji, jp, - - - ks U Jk» J € (1]
/ Wiyjy == Wiy gy Ut g1+~ Ui gy dpa(w) (2.9)
uelU(n)
_ -1
= Z Oyit + Ot Ot )" 5jkj’T<k)Wgn7k(TU )s
o,7ESE

where 6,q is the Kronecker delta function.

It is sometimes more flexible to reformulate Theorem 2.5 in terms of pro-
jections. Here u € U(n) acts on A € End((C™)®*%) by A+ k(u)Ank(u=1),
7% . U(n) — End((C")®¥) the diagonal action. Write P, ;. for the orthogonal
projection in End((C™)®*) onto the U(n)-invariant vectors. The following
proposition is due to Collins and Sniady [CSOG, Prop. 2.3].

Proposition 2.6 (Collins-Sniady). Letn,k € N. Suppose A € End((C")®F).
Then

Poi[A] = pl; (®[A] - We,, )
where

oA E S (A (07 Y))o

og€ESy,

Later we will need the following bound for the Weingarten function due
to Collins and Sniady [CS06, Prop. 2.6]. For a permutation o let |o| denote
the minimum number of transpositions that o can be written as a product
of.

Proposition 2.7. For any fived o € Sy, Wg,, (o) <x n=k=lol s n — oo.

2Although not relevant here, classically the Weingarten function arises as the multi-

plicative inverse of }_ o n#eveles(@) 5 in C[Sy],whenever n > k.
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2.4. Free groups and surface groups. Let Fy, def (a1,b1,...,a4,bg) be

the free group on 2g generators ag, b1, ..., a4, by and R, def la1,b1] - [ag,by] €
Fy,. There is a quotient map Foy — I'y given by reduction modulo R,. We
say that w € Fao4 represents the conjugacy class of v € I'y if the projection
of w to I'y is in the conjugacy class of v in I'.

Given w € Fyy, we view w as a combinatorial word in
ai, al_l, by, bl_l, el ag,agl, by, bg_1 by writing it in reduced (shortest) form;
i.e., a; does not follow afl etc. We say that w is cyclically reduced if the
first letter of its reduced word is not the inverse of the last letter. The length
|w| of w € Fg, is the length of its reduced form word. We say w € Fy is a
shortest element representing the conjugacy class of v € Iy if it has minimal
length among all elements representing the conjugacy class of v. If w is a
shortest element representing some conjugacy class in I'y then w is cyclically
reduced.

For any group H, the commutator subgroup [H, H| < H is the subgroup

generated by all elements of the form [hq, hs] def hlhghl_lhz_l with hi,he €
H. If v € [y, T,], and w represents the conjugacy class of 7, then w €

[Faog, Fog] (see [Mag2l, §2.6]).

2.5. Witten zeta functions. Witten zeta functions appeared first in Wit-
ten’s work [Wit91] and were named by Zagier in [Zag94]. The Witten zeta
function of SU(n) is defined, for s in a half-plane of convergence, by

def 1
C(s;n) = Z/-\ W (2.10)

(p, W) € SU(n)
where S/U\(n) denotes the equivalence classes of irreducible representations
of SU(n). Indeed, the series (2.10) converges for Re(s) > 2 by a result of
Larsen and Lubotzky [LLO8, Thm. 5.1] (see also [HS19, §2]). Also relevant
to this work is a result of Guralnick, Larsen, and Manack [GLM12, Thm 2.,
also eq. (7)] that states for fixed s > 0

lim ((s;n) = 1. (2.11)

n—00

2.6. Results of the prequel paper. By [Mag21, Prop. 1.5],ifvy ¢ [I'y,I'y],
then Eg,[Try] = 0 for n > ng(y). This proves Theorem 1.2 in this case.
Hence in the rest of the paper we need only consider v € [I'g,I'g] and hence
w € [Fog, Foyl if w € Fyoy represents the conjugacy class of .

For each w € Faq, we have a word map w : U(n)* — U(n) obtained by
substituting matrices for the generators of Fag. For example, if
UL, V1, ..., Ug, Vg € U(n) then Rg(uy,vi,. .. ug,vg) = [u1,v1] - - [ug,vg]. We
begin with the following result from the prequel paper [Mag21, Cor. 1.8].
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Proposition 2.8. Suppose that g > 2, v € I'y, and w € Fy4 represents the
conjugacy class of v. For any B € N we have as n — 00

Eyn[Try] = ¢(29 — 2;n) 7! > D,u(n) T (w, p,v) (2.12)
w,v Young diagrams
o), L(v) < B, p1,v1 < B2

+OBuw,yg (n‘w‘n*mogB) )

where

To(w, ) / Tr(w(2))sp Ry @N)dul).  (2.13)
SU(n)29

Notice that for n > 2B the right hand side of (2.12) makes sense, i.e.
D, v, 5, are well-defined. We also have the following proposition that fol-
lows from [Mag21, Prop. 3.1] together with 5, = s, .

Proposition 2.9. Let w € [Foy,Foy]. Then for any fized p,v and n >
((p) +£(v)

L. p.0) = Tl < [ o T By @) (a),

This is convenient as it will allow us to use the Weingarten calculus di-
rectly as it is presented in §§2.3 for U(n) rather than SU(n). By using
Proposition 2.9, taking a representative w € Fo4 of the conjugacy class of v
and taking B such that |w| —2log B < —1 in Proposition 2.8 we obtain the
following result from which we begin the new arguments of this paper.

Corollary 2.10. Let v € [I'y,I'g| and w € [Fog, Foy] be a representative of
the conjugacy class of v € I'. Then there exists a finite set 0 of pairs (u,v)
of Young diagrams such that

1
BanlTor] = 60— 207 Y D) + 0y (1.
(1, v) €2

As we know lim,_,+ ((29 — 2,n) = 1 by (2.11), we have now reduced
the proof of Theorem 1.2 to establishing suitable bounds for the integrals
TIn(w, p, v) where we can view pu, v as fized Young diagrams since €2 is finite.

3. COMBINATORIAL INTEGRATION

3.1. Setup and motivation. The main result of the rest of the paper is
the following.

Theorem 3.1. Let v € I'y with v # id. Let w € Faq be a shortest element
representing the conjugacy class of ~v. For each k,¢ € Nq there is a constant
C(w,k,l) >0 such that for any ptk, v 4£

|D“,l,(n)jn(w, pv)| < Clw, k, £)
for alln € N.
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Accordingly, since we know the large n behavior of D, ,(n) from (2.1), in
this section we wish to estimate

Tnlw, ) = / Tr(w()) s (R (2))dia ()

U(n)29
for fixed p -k, v F L.

What doesn’t work. We begin by discussing why the most straightforward
approach to this problem leads to serious complications. It is possible to
approach the problem by writing s, (h) as a fixed finite linear combinations
of functions

puf(h)pl,/(h_l)
where p,/(h) (resp. p,/(h™1)) is a power sum symmetric polynomial of the
eigenvalues of h (resp. h~! or h). See for example [Mag21, §§3.3] for one
way to do this. The coefficients of this expansion are fixed, but not trans-
parent, since they involve Littlewood—Richardson coefficients. In any case,

this approach leads to writing J,(w, i, v) as a finite linear combination of
integrals of the form

/U(n)2g Tr(w(x))Tr (Rg(x)kl) .o Tr (Rg(x)kp> (3.1)

Tr (Rg(:v)_€1> - Tr (Rg(z:)_fq> du(x)

where ) k; = |p| and Y ¢; = |v|.

The work of the author and Puder in [MP19] gives a full asymptotic
expansion for (3.1) as n — oco. However these estimates are not sufficient
for the current paper and to motivate the rest of this §3 we explain briefly
the issues involved. However, this discussion is not needed to understand
the arguments that we will make to prove Theorem 3.1.

The main result of [MP19] gives a full ‘genus’ expansion of (3.1) in terms of
surfaces and maps on surfaces dictated by w € Fa,. Roughly speaking, every
term in this expansion comes from a homotopy class of map f from an ori-
entable surface ¥ to \/fi . S to contribute to (3.1) the surface X ¢ has one
boundary component that maps to w at the level of the fundamental groups,
p boundary components that map respectively to R];l, ey Rl;p at the level
of fundamental groups, and ¢ boundary components that map respectively
to Rg_gl, ey Rg_gq at the level of fundamental groups. The contribution of
the pair (f,X) to (3.1) is of the form c(f, ¥ )nX(¥1); the coefficient c(f, %)
is an Euler characteristic of a symmetry group of (f, ) and is not easy to
calculate in general. However, one could still hope to get decay of (3.1) by
controlling the possible x(X¢) that could appear.

There are two issues with this. The first one is that if w is not the shortest
element representing the conjugacy class of v then we get bounds that are
not helpful. For a very simple example, let w = Ré, v =1idr,, and consider
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the potential contribution from p = 0,q = 1,41 = £. Then for any v with
|v| = £ there is contribution to J,(w,d,v) that is a multiple of

Jyo ™ (@) o (Rt) ) i),

Here, in the theory of [MP19] there is a (X¢, f) that is an annulus, one
boundary component corresponding to w = Rg and one corresponding to
R;é, so we can only bound the corresponding contribution to
Dy, (n)Tn(w,0,v) by using [MP19] on the order of Dy,(n) < n. On
the other hand, any approach that works to establish Theorem 3.1 (for
v # id) should extend to show when v = id, Dy, (n)Jn(w,0,v) < n as
Eg,n[Trid] =n

Indeed, this phenomenon extends to words of the form woRé and more
generally to words that are not shortest representatives of some conjugacy
class in I'y. It means that even if we use something similar in spirit to
[MP19], to prove Theorem 3.1 we must incorporate the theory of shortest
representative words. This indeed takes place in §§4.3-§§4.5; the topological
result proved there hinges on this theory.

The second issue is a little more subtle and only appears for ‘mixed’
representations, i.e., both u,v # (). In this case, suppose w is a shortest
element representing some conjugacy class in I'y and w € [Fy4, Fo4]. This
means that there is a pair (fo, Xf,) where X has one boundary component
that maps to w at the level of the fundamental groups. Let us take p,v =
(k), (k), i.e each Young diagram has one row of k boxes. This means we get
a potential contribution to Dy, ,(n)J,(w, u, v) that is a constant multiple of

Do [ )T (Ry@)) 7 (R@) ) ante) 32

Now, for every k € N, there is (f, X ) contributing to (3.2) with one compo-
nent that is (fo, ¥ f,) and the other is an annulus with boundary components
corresponding to Rk R_k Since the annulus has Euler characteristic 0, and
D),x) < n°¥, the order of this contribution to D), (x)(n)Tn(w, (k), (k)) is

potentially > nanX(Efo). For large enough k the exponent here is arbitrar-
ily large, which is clearly catastrophic. In reality, this contribution must
cancel with some other contribution but we do not know how to see these
cancellations.

This ends the discussion of the difficulties of the most straightforward
approach to the problems of this paper.

What does work. To bypass the previous issues we produce a refined version
of the Weingarten calculus that leads to a restricted set of surfaces, for
instance, not including the ones causing the problem above as well as all
generalizations of this issue.

The basic approach is the following. Instead of trying to deal with a com-
plicated formula for s, , (R2(x)) (as above) we instead use the copy W, (0, )
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of W in 7,7 that we found in Corollary 2.4. In §§3.3 we compute the or-
thogonal projection qq from T, (note; not 7}“) onto Wy, (07, ,) (Proposition
3.2). In the formula we obtain, we give bounds on the coefficients appearing
therein (Lemma 3.3). In addition, we also remember that ¢g € End(77);
this fact is not obvious from our formula but turns out to be vital going
forward.

The calculation of gy is extra to, but in the same spirit as, the vanilla
Weingarten calculus, which is why we claim to have refined the Weingarten
calculus here.

In the expression for J,,(w, u,v) we now write

Spw(R2(7)) = Trxe(AggBapA~ qp B 1 q9CqpDapC ' qeD ' qp)

k0
Tn

where A, B,C, D are the images of the generators of I'y under x. Then the
entire integral of Tr(w(x))s,,,(R2(x)) is done using the usual Weingarten

calculus. The fact that gg € End(ﬂk’e) intervenes at a critical point to show
that certain contributions from the classical Weingarten calculus cancel and
lead to restrictions on the non-zero contributions. Precisely, the restric-
tion we obtain is summarized in the forbidden matching property below
(883.4) and property P4 (§84.3).

3.2. Proof of Theorem 3.1 when k = ¢ = 0. Here we give a proof of
Theorem 3.1 when £k = ¢ = 0. This will allow us to bypass the slightly
confusing issue of using the Weingarten function Wg,, ;. , when k+¢ =0 in
§83.3.

If kK = ¢ = 0 then the only possible p F k, v I ¢ are empty Young diagrams
w=v=1_{0,and W29 is the trivial representation of U(n), so Dy g(n) = 1 for
all n > 1 and sy g(h) =1 for all h € U(n). We then have

Dy (1) Tn(w,0,0) = Tn(w,d,0) = /U( . Tr(w(x))du(z). (3.3)
n)<9
If w € Foq is a cyclically shortest word representing the conjugacy class
of v € I'y with v # id, then w # id. It then follows from (1.1) that
Dy g(n) Tn(w,0,0) = ow(n) as n — oo, but in fact, (3.3) is given by a
rational function of n for n > ng(w) by a straightforward application of the
Weingarten calculus [MP19]. This implies Dy g(n)Jn(w,0,0) = Oy(1) as
n — oo, as required.
This proves Theorem 3.1 when k =€ = 0. Hence in the rest of this §3 we
can assume k + £ > 0.

3.3. A projection formula. Here we develop an integral calculus that is
more powerful than the usual Weingarten calculus and allows us to directly
tackle Jp,(w, p,v) without writing it in terms of integrals as in (3.1). The
key point is that our method leads to the forbidden matchings property
of §§3.4 and property P4 of §§4.3.
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We now view k, ¢, u b k, v £ as fixed, assume k+£¢ > 0, n > {(u) +£4(v),
and write 6 = ¢, , as in (2.6), suppressing the dependence on n. Let Wy, (0)
be defined as in Corollary 2.4. Thus W,,(0) is an irreducible summand of
T+ isomorphic to W/ for the group U(n).

In the remainder of the paper we drop the dependence of our notation on
n whenever it adds clarity.

Our first task is to compute the orthogonal projection qg onto W (). Let
Py denote the orthogonal projection in ’ELW onto #. We also view Py as an
clement of End(7,7") by restriction.

) . v
Under the canonical isomorphism End('ﬂk’g) ~ 'Ek’g ® ('ﬁlk’é) we have

Py = ﬁ%ﬁ: and also from (2.6)

Pu = st 0 ()0 01,10 5,00 () o

here the inner square bracket is interpreted as an element of End(ﬁk’ﬁ). By

Schur’s lemma we have
4 = Dy (n) / 7 (h) Py (h~)dpu(h) (3.5)
heU(n)

since the right hand side is an element of End(W (6)) C End(7,) that
commutes with 7%¢(U(n)), so it is a multiple of qg, and it has the correct
trace.

. v

On the other hand, we can view ’7}“ ® (’ﬁf’e) > nkH’kH by the canon-

ical isomorphism
. v v v
Ek,f ® (Ek,é) ~ (Cn)®k ® ((Cn)®€) ® ((Cn)®k> ® (Cn)®€
followed by the following fixed isomorphism
p: €{®é{; ey QErg. (3.6)

Finally, there is a canonical isomorphism T,°%** =~ End((C™)®++¢). So
combining these we fix isomorphisms

End(TH) =~ Th g <7';Lk,£>v %} TR & g ((C™) @R ). (3.7)

We view the outer two isomorphisms as fixed identifications. These iso-
morphisms are of unitary representations of U(n) when everything is given
its natural inner product. Moreover for o = (01,02) € Sk x Sp and 7 =

(11,72) € Sk, x S; we have for A € End(T,*"%)

plo"(01)p (02)Ap" (1) (12)] = p" (01,75 Vel Al (1,05 1), (3.8
recalling that pF*¢ : C[Siy¢] — End((C™)®*+¢) is the representation by
permuting coordinates.

We now return to the calculation of qg in (3.5). We have

Jo = Du,u(n)@_l[Pn,k+€[90(P0)H (39)
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where P, ;1 is the projection onto the U(n)-invariant vectors (by conjuga-
tion) in End((C™)®*+¢). This can now be done using the classical Wein-
garten calculus. By Proposition 2.6 we have

Prerele(Py)] = p" (@[o(Po)] - We 1) (3.10)

where
le(Pp)l = Y Tr(p(Py)p* (e h))o.

UESk+[

By (3.8) and (3.4), and since e.g. x,(g) = xu(97") we obtain

PUPs) = e (10 (00) B © 51,10 0,00 0

1 ~ ~
= ka+€(p/t®u)$0 e,u,u ® 9,1\1{71/ pk-i—ﬂ(pM@V)
161

where

def d du
Puew = 2 > Xulo)xw(o2)o € ClSkrd].

O'=(O'1,0'2)€Sk XSy

Now using that ® is a C[Sk.¢]-bimodule morphism [CSOG, Prop. 2.3 (1)] we
obtain

$lo(P) = Trsbues® [ (B ©1,) ] s

:Heluﬁp‘@” S T (0 (G ©00) P (07 0 | pus

U€5k+g

Now, Tr(p <éu,v ® é;\t/u) Pt (o71)) is equal to 1 if and only if o is in Sy X
S, < Sk x Sp, and is 0 otherwise. So we obtain

1
Dlp(Py)] = WPM®V Z o | Pucvs
o€Su xSy

hence from (3.10)
P jerelp(Pp)] = o+ (29)
where

def def 1
29 = Z 29(r)T = 7”9“2;3“@1, Z o | PuerWep sre € ClSktel.

TESk+e O'ESMXSV

(3.11)
Therefore we obtain the following proposition.

Proposition 3.2. We have
A = Dy (n) ™ [0F (20)].
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We can use the bound for the coefficients of Wg,, ;. ., from Proposition 2.7
to infer a bound on the coefficients z¢(7) . For o € Skyy, let ||o||x¢ denote
the minimum m for which

o = ogtite -ty
where 09 € S; x Sy and ty,...,t,, are transpositions in Sj¢.

Lemma 3.3. For all 7 € Sgyy and 0 = 0,, as above,
20(7) = O o(nFlTlke) as n — oo

Proof. Referring to (3.11), as n — oo, [|0]|72 = Og¢(1) by Lemma 2.3 and
the coefficients of
Do Zaes,bxsy 0 ) pusw are clearly Oy (1), so zg has the form

> A0)r | Wi

ocESE XSy
where each A(c) is Oy (1). This means
z(7) = > A(0)We,, jy4(0").

0€SE xSy, 0'€ESKyp:00'=T

The order of any of the finitely many summands above is pk—t=lo’] by
Proposition 2.7, and the minimum possible value of |o”| is ||7 ||k O

Before moving on, it is useful to explain the operator ¢~ ![p**+¢(x)] for

7 € Skre. For I = (i1,...,ixre) let I'(I;7) def in(1)s- - ixry and J'(I;7) def
In(kt1)s - In(krr)- As an element of (CM)Ek+E @ ((Cm)Y) Bk+E phte(r) s
given by

Z e (Iug;m)ud’ (1uJ;r) @ €ruJ,

I=(i150sik) s J=(Jht 150 Tk 4-0)
so from (3.6)

- J(Tudsm
oo ()] = > ehiugm @& 00 (3.12)
I=(i1,50sik) s J= (Gt 15Tk 4-0)

3.4. A combinatorial integration formula. In this rest of this §3 we
assume g = 2. All proofs extend to g > 3. We write {a,b,c,d} for the

generators of Fy and R e [a,b][c,d]. Assume both v and w are not the
identity and w € [F4,Fy4] according to the remarks at the beginning of
§62.6. We write w in reduced form:

w=ff L f e € {£1}, fu € {a,b, ¢, d}, (3.13)

wl

where if f, = fut1, then e, = eyq1. For f € {a,b,c,d} let py denote the
number of occurrences of f*1 in (3.13). The expression (3.13) implies that
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for b Y (hy, hy, he, ha) € U(n)?,

Tr(w(h)) = Z(h?l)um(h;z)wm ’ (h?‘zll)ﬂw\il' (3.14)

i;€[n]

Working with this expression will be cumbersome so we explain a dia-
grammatic way to think about (3.14). This will be the starting point for
how we eventually understand 7, (w, i, v) in terms of decorated surfaces.
We begin with a collection of intervals as follows.

w-intervals and the w-loop

Firstly, for every j € [w], with f; = f as in (3.13) and €; = 1 we take a
copy of [0, 1] and direct it from 0 to 1.

In our constructions, every interval will have two directions: the intrinsic
direction (which is the direction from 0 to 1) and the assigned direction. In
the case just discussed, these agree, but in general they will not.

We write [0, 1] ., for such an interval and ij for the collection of these
intervals.

For every j € [w], with f; = f asin (3.13) and ¢; = —1 we take a copy of
[0,1] and direct this interval from 1 to 0. We write [0, 1] ;-1 ;,, for such an
interval and J T for the collection of these intervals.

All the intervals described above are called w-intervals. There are |w| of
these intervals in total.
w-intermediate-intervals.

Between each [0, 1] . 5o 20d [0, 1] ji1 we add a new interval con-
f J,w J+1 J+1w
necting 1 ,¢; i to Of i1 w’ where the indices j run mod |w|. These
i dw 1)

intervals added are called w- mtermediate-intervals. Note that these inter-
vals together with the w-intervals now form a closed cycle that is paved by
2|w| intervals alternating between w-intervals and w-intermediate-intervals.
Starting at [0, 1]f1e1 1w reading the directions and f-labels of the w-intervals
so that every w-interval is traversed from 0 to 1 spells out the word w. The
resulting circle is called the w-loop and the previously defined orientation of
this loop is now fixed. See Figure 3.1 for an illustration of the w-loop in a
particular example.
We now view the indices i; as an assignment

a : {end-points of w-intervals} — [n],

a(Of,j,w) = z'j,a(lﬁjm,) = ij+1, a(0f717j7w) = ij, a(1f717j7w) = ’ij+1.

The condition that a comes from a single collection of i; is precisely that
if two end points of w-intervals are connected by a w-intermediate-interval,
they are assigned the same value by a. Let A(w) denote the collection of
such a. If I is any copy of [0, 1] we write 07 for the copy of 0 and 1; for the
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j—f—

a,w

FIGURE 3.1. Illustration of the w-loop for w = a?ba=2b71.
The solid intervals are w-intervals and the dashed intervals
are w-intermediate-intervals. We also label each interval by
the set e.g. JF,, to which they belong.

copy of 1 in I. We can now write

Tr(wh) = > ]I [T 7a©)ay IT Pa@)ao)

acA(w) fe{abed} \iedt €37,
Now let v, be an orthonormal basis for W, (#). We have

SM,V(Rg(haa hb’ hca hd)) = Z<havp2a Up1><hbvp3’ Up2> (h(:lvm ) UP3><hI;1”p5 ) UP4>

pi
<thp67 ”p5> <hd”p7v Up6> <hc_1vp8, Up7> <hglvp1 ) Ups>-

Here we have written e.g. hqvp, for 7r£’i’£(ha)vp2 to make things easier to

. def
read. Next we write each v, = ZI,J 5]3]16‘1]7 where BE)]I = (vp, e7). We then
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have

(haVpy s Vpy ) (M Upg, Up2><hglvp47 Upg) <hb_1Up57 Upy)
X <hcvp6 ) Ups ) <hdvp77 UP6> <hilvp8’ UP?) (h_lvm ) Ups>

= Z szsaﬁ 1raﬁp55b6p2rb p4aRa’8 BpstBme

vy, Ry Vyve Upug,sy,Sy

/BPGSCB 51‘c5 7Sd5 6T pscRcﬂ B 1Rdﬁpssd

<h e;tlla’ ><hb€:bb’eUb><h 1e§aa eS ><hb leﬁbb eSb>
(heeye,ele) (hg ezld,eUd)(h 161‘§f,esc><hdle§dd eg?)- (3.15)

We calculate

1. u v
<hf€sf ’erf ><hf Rff esj;>

=(hyres;, ex;)(hpev,,eu,)(hres,,er,)(hrev,, eu,)

:<hf65fuvlra6rfl_luf><hf€SqufaeRquf>' (316)

We now want a diagrammatic interpretation of (3.15) similarly to before.
We make the following constructions.

R-intervals.

For each j € [k] and f € {a,b,c,d}, we make a copy of [0, 1] direct it
from 0 to 1, label it by f, and also number it by j. We write J p for the
collection Of these intervals. These correspond to occurrences of f in R.

For each j € [k] and f € {a,b,c,d}, we make a copy of [0, 1], direct it
from 1 to 0, label it by f, and also number it by j. We write 3]77 p for the
collection of these intervals. These correspond to occurrences of f~! in R.

(These two constructions of k intervals correspond to the presence of f
and f~! each exactly once in R.)

These intervals are called R-intervals. There are 8k R-intervals in total
(for general g, there are 4gk of these intervals).

R~ '-intervals.

For each j € [k + 1,k +¢] and f € {a,b,c,d}, we make a copy of [0, 1],
direct it from 0 to 1, label it by f, and also number it by j. We write J}r
for the collection of these intervals. These correspond to occurrences of f in
R

For each j € [k + 1,k + (] and f € {a,b,c,d}, we make a copy of [O 1],
direct it from 1 to 0, label it by f, and also number it by j. We write J It
for the collection of these intervals. These correspond to occurrences of 1
in R7L.

These intervals are called R™!-intervals. There are 8¢ R™! intervals in
total (for general g, there are 4g¢ of these intervals). See Figure 3.2 for an
illustration of the R and R~! intervals.
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1 V, !
Sq I‘\,\&b b/ U, Va
1 1 0
. b v, \0

YZR( S u
¢ % ¢
k times o'g R S. 0 Itimes 1 v R vl

a a
15 RJL JK v

1 0' W d, 0
d > Ta S, Vi Ud/d
S, v Rl/ 0 1 \u v 1
i~ b PO,
o 0

b 0 _u%c/o
1

FIGURE 3.2. Here is shown the R-intervals (left) and the
R~ lintervals (right). We have indicated their assigned di-
rection and label (which f they correspond to). We have
also, for each endpoint of an interval, indicated which index
function, e.g. r,, has this endpoint in its domain.

We now view (by identifying endpoints of intervals with the given numbers
of intervals in [k + /])

rp:{0i:i€Tipt—=[n], Ry:{li:i€T;z}—[n],
Sf:{li:le’J rt — (1], Sf3{0i3i€j;R}_>[n}
Uf:{li:1leR1}—>[n], uy: {0;: 1€J+R 1} = [nl,
Vf:{OizerfR 1} = [n], Vfi{li:ieJ}r’Rfl}_)[n]'

We obtain from (3.16)

<h e\Za 6Ua><hb€¥b)egb><h 1611:1{? ,€S ><hb lei:l(bb 6Sb>

(heede el >(hde¥d,egd><h 16& e )(hdlellf{dd es)

I I 10 1

firerf piter; pit e:ifR 1JTET]

h

f,R™1

(0057 (L) P (03 v, (40O PR (1,0)8 0 0, (1,0 v (0, )-
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With this formalism we obtain

jn(wa ﬂ? V)
Pi I‘f,Rf Vf Vf,Uf,Uf Sf, Sf aeA(w)
v uy v
/8p25a5p11"a6 3Sb'8102rb p4aRa P;SaBpESRbeéLSb
\4 uqy Qvq
/Bpﬁscﬂp5rcﬂp7sd5p6rd pgcRc P;Sc’Bledﬁpszd

II

fe{ab,e,d}

/heU(n) H H H H H H (3.17)

. —+ . —
LSAMS Sy 1+leR1 eﬂfRﬁefifR 1J7€T, pa

B (08 (1) P (0,3 v (1) PR (1,008 (0 o0, (1,0 )V 40,y BB

For each f, the integral in (3.17) can be done using the Weingarten cal-
culus (Theorem 2.5). To do this, fix bijections for each f € {a,b, ¢, d}

ot gt ot

FR- VU3, = [k + L+ py)

3 =0 pUT g VTG, = [k +L+py]
such that

j}:w%[/ﬂ—l—ﬁ—%l,k—l—@—i-pf],jzw%[k+g+17k+g+pf]

k+1,k+14, k+1,k+4 (3.18)

j}rRl—[ le—[

+ -
f7R717 fR 1-

Hence if o, 7f € Skio4p, We view of, 7y : j}r — 3; by the above fixed
bijections. For each f € {a,b,c,d} we say (a,ry,ur, Ry, Uy) — oy if for all

ie 3;[, e Iy with oy (i) = i/, we have

correspond to the original numberings of j}r > ’JJ? m J

[rrUuyUal(0) = [RrUUpUa|(1y);

here we wrote e.g. [ry Lluy Ll a] for the function that a,r¢,uy induce on
{0; : i€ j}r} Similarly we say (a,sf, vy, Sy, Vy) — 7p if for all i € 3f NS
J; with 7¢(i) =i’ we have

[spUvyUal(li) =[Sy VyUa](0).
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Theorem 2.5 translates to

Jo T IL T I TT I

+
63 Jejfw1+€Jfo eijJ efffR 1 J EﬁfR 1

e (04057 (1) P (0, v (1) PR (1,008 0, o (1, v 40, AR
= Z W ktt4p; (Ufo_l)
0f,TfE€Sktetpy
x 1{(a,rs,up,Rs, Us) = oy, (a,s7, vy, Sy, Vi) = 77},
so putting this into (3.17) gives

Tn(w, p,v) = Z H Wgn,k+£+pf (Ufo_l)

of ,TfGSk+g+pf fe{a,b,c,d}

2 2.

pi aG.A(’LU),I'f,Rf,Vf,Vf,Uf,Uf,Sf,Sf
(a,rf,uf,Rf,Uf)ﬁo'f
(a Sf,Vf, Sf Vf)*)Tf

v, u, )
5p25aﬁplra'3 SSbﬁpﬂb p4aRa paasaﬁpstﬁmsb

uc Ve u v
5?656ﬁp5rcﬁp7sdﬁp6rd psRe p7scﬂp1de6P;Sd'
Here we make our main improvement over the classical Weingarten calculus.
We introduce the following beneficial property that the o t, Ty possibly have.
Forbidden matchings property: For every f € {a,b,c,d} the following
hold: neither oy nor 7 map any element of 3; p to an element of
J;R_l, or map an element of Tr’R_l to an element of j;,R'
We have the following key lemma.
Lemma 3.4. If for some f € {a,b,c,d}, o5 and 75 do not have the forbid-
den matchings property, then for any choice of p1,...,ps

> (3.19)

aeA(w),l‘f,Rf,Vf,Vf,Uf,Uf,Sf,Sf
(a,rf,uf,Rf,Uf)HJf
(a Sf,Vr, Sf Vf)*}Tf

6p2sa6p1ra5 3Sb6p2rb p4aRa/8 Bpstﬁmsb

ﬁpescﬁmrcﬁ 7Sd/BP6rd pgcRc ;;Scﬁzldeﬂz‘?’gde
=0.
Proof. Indeed suppose o, matches an element i € J7F WR with j € T aR-15
04(i) = j. With our given fixed bijections (3.18), i corresponds to an ele-
ment of [k] and j corresponds to an element of [k + 1,k + ¢]. Without loss
of generality in the argument suppose that 0; corresponds to 1 and 0; corre-
sponds to k+1. The condition o, (i) = j and (a,r,, us, Ry, Ug) — 0 means
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that as functions on [k] and [k + 1,k + ], ro(1) = Ugy(k + 1). There are no
other constraints on these values.

Then for all variables in (3.19) fixed apart from r, and U,, and all values
of ry, U, fixed other than r,(1) and U, (k + 1) the ensuing sum over r,, U,

is
Z BpQI'a

ra(1)=Uq(k+1)

But recalling the contraction operators from (2.2), this sum is the coordinate
of ey, (2)® - Cr, (k) DU, (k+2) D" DU, (ko) I 1,1 (Vp, ). But e11(vp,) =0
because vy, € Tt O

We henceforth write ng 7 o mean the sum is restricted to oy, Ty satis-

fying the forbidden matchings property. Lemma 3.4 now implies

*

Tn(w, p,v) = Z H W ktt4p, (UfTJ:l)

Uf 77—f€Sk+Z+Pf fe{avbvcvd}

2. D

pi aGA(”LU),I'f,Rf,Vf,Vf,Uf,Uf,Sf,Sf
(arsup,Ry,Us)—oy
(a Sf,Vf, Sf7Vf)—>’7'f

u RV u, AV
B P2Sa Plra’B D3Sp PQrb’B 4aRa6 3asaﬁ BRbﬁ 4Sp

Bpﬁscﬁp5l'c/6p7sd16p6rd5pscRc/B 7505 le5PSSd (320)

Moreover, we can significantly tidy up (3.20). For everything in (3.20) fixed
except for e.g. po, the ensuing sum over po is

18] A" 19) A%
Z’BPQSaB ory Z(@rbb,?}p2><’l)p2, €saa> = <q9€rbb7 €s a)
p2 P2

Therefore executing the sums over p; in (3.20) we replace the sum over p;
and the product over -terms by

(Goer,?s ex) (aoest es) (doeg! ext ) (aoer., ex, ) X (3.21)
(qoexyt, en)(apess, edd) (does?, e ) (aoen, ex)-
By Proposition 3.2 we have e.g.
(a0, e¥e) = Dyy(n) 3 zo(m) o [k (m]elr, )
7€ St
Now recall from (3.12) that

k44 J(Iud;w
o [kt ()] = 3 el ansm @& 0O,
I=(i1,. ik ), =k 15Tk +0)
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This means that (o~ ![pr+ (7 )]egb,e;"I) is either equal to 0 or 1 and

(o7 Pk (m)en?, e¥a) = 1 if and only if, letting (3.18) induce identifica-
tions

{Liied gy 2R {Licied, p 0} 2 k+1Lk+1
{0i:ie T gy = [k, {0i: i€ 3@,3—1} ~k+1,k+4,
via their given indexing of intervals, we have [s, U Uy om = [r, U'V,], where

e.g. s, U Uy is the function either on endpoints of intervals or on [k + /]
induced by the union of s, and Uy. Hence, repeating this argument,

8
(321) = Dp,(n)® > (Hmm)

1,8 €Sk e \i=1
1{[s, UUp| o = [rp U V], [sp U vy] 0 ma =[S, UV,
R, Uvp| oms =[Sy U, [Ry UU.] oy = [re Uy,
[sc UUgloms = [rqU V], [sqUve] oms = [S. U V],
[RcUvg]omr =[SqUuc], [RgUUg] oms = [rq Uugl}.
Putting all these arguments together gives

jn(wvljﬂ V)

* 8
Dot Y Y T Wenken o (Hza )

OfsTfEp sttt Ty T8 €Sk e \ fE€{ab,c,d}

2 D

Dpi aEA(w),l‘f,Rf,Vf,Vf,Uf,Uf,Sf,Sf
(a,rf,Uf,Rf,Uf)—nrf
(a,s¢,v§,8¢,Vy)—7s

1{[sq U Up] o1 = [rp U V], [sp L V] 0 ma =[Sy LUV,

R, U v omg =[Sy Uug], [Ry U U] omy = [r.Uuy,

[se UUgloms = [rg UV],[sqUve]ome =[S UV,

[R.Uvg]omr = [SqUuc], [RgUU,] omg = [rg Uugl}.

This formula says that we can calculate J,(w, p,v) by summing over
some combinatorial data of matchings (the oy, 7, 7;) a quantity that we
can understand well times a count of the number of indices that satisfy the

prescribed matchings. To formalize this point of view we make the following
definition.

Definition 3.5. A matching datum of the triple (w, k,£) is a pair (o¢,7¢) €

Sk+t+p; X Sk+e+p, as above, satisfying the forbidden matchings property

for each f € {a,b,c,d}, together with (7y,...,78) € (Skyr)®. We write
MATCH(w, k, £)

for the finite collection of all matching data for (w, k, ¢).
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Given a matching datum {oy,7s,m}, we write N ({of,7¢,m}) for the
number of choices of a € A(w),rs, Ry, Vi, vy, Up,uyr,sf, Sy such that

(a, I‘f,Uf,Rf,Uf) — 0y, (a, Sf, Vg, Sf,Vf) — Tf,
[sq WU oy = [rp L Vig|,[sp L vg] 0 o =[Sy U V],
R, U v omg = [Sp Uug],[Ry U Ug| oy = [re Uuy),
[sc UUgloms = [rg U V], [sqUve] omg =[S U Vg,
[R.Uvg]omr = [SqUu],[RgUU,| omg = [rg Uug). (3.22)

With this notation, we have proved the following theorem.

Theorem 3.6. Fork+ (>0, utk andvF ¢, w € [Fq,Fy4], we have

8
In(w, ,v) =D,y (n)® Z (H Z@(Wi))

{of,77,mi YEMATCH(w,k,£) \i=1

I Wenpsesp, (o577 ) | NHoprom}).  (3.23)
fe{a,b,e,d}

We conclude this section by bounding the terms zgp(m;) and
Wgn7k+g+pf(0'f7'f_1) using Proposition 2.7 and Lemma 3.3, recalling also

(2.1). Note that > rcr,pcay Pf = % This yields

Corollary 3.7. Fork+/¢ >0, utk and v {, w € [Fy,Fy4], we have

Jw|
In (w? 22 V) <<k,€,wn_4k_4€_ 2 Z (324)
{of,77mi }EMATCH(w,k,¢)

—1|_<=8
n= 2ot = ||7ri||k,£j\/‘({o.f’ 75, 7i}).

We will proceed in the next section to understand all the quantities in
(3.24) in topological terms by constructing a surface from each {oy, ¢, m;}.

4. TOPOLOGY

4.1. Construction of surfaces from matching data. We now show how
a datum in MATCH(w, k, ) can be used to construct a surface such that the
terms appearing in (3.23) can be bounded by topological features of the
surface. This construction is similar to the constructions of [MP19, MP15],
but with the presence of additional 7; adding a new aspect. We continue to
assume g = 2 for simplicity. We can still assume that v € [['g, I'2] and hence
w e [F4, F4}.
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Construction of the 1-skeleton. m-intervals. The identifications of the pre-
vious section mean that we view

Wl:{Oi:iejl':RUJ;R_l}%{ly:i’EJ UJle}

mo: {0 : iGJ;RUJ;R,l}—){ly : i/EJbRUJ+R,1 s
7r3:{01:163'bRU Rl}—){ly:lEjaRUjle},
774:{01:16.1 U3+R_1}—>{11/:1€JbRU3_R_1},

775:{Oi:i€3 uj Rl}—>{11/:i'63 Ude}

76 {0 : iGJ;RUJdR_I}%{li/ : i’E’JdRU3+R_1},
77 {0 : ieJ;Ru3+R,1}—>{1U Y EJCRUJ dR
7T8:{011163+RU3+R 1}—){11/:1€JdRU Rl} (4.1)

We add an arc between any two interval endpoints that are mapped to one
another by some ;. All the intervals added here are called w-intervals. The
purpose of this construction is that the conditions concerning m; in (3.22)
correspond to the fact that two end-points of intervals connected by a m-
interval are assigned the same value in [n] by the relevant functions out of
r, Ry, Vi, vy, U up,s¢, Sy (at most one of these functions has any given
interval endpoint in its domain).

The m-intervals together with the R-intervals and R~! intervals form a
collection of loops that we call R*-7-loops.

o-arcs and T-arcs. Recall from the previous sections that we view

Of,Tf: 3}' — 3;.

We add an arc between each 0; and 1y with o¢(i) =i’ and between each 1;
and Oy with 7¢(i) = i’. These arcs are called of-arcs and 7¢-arcs respectively.
Any og-arc (resp. Ty-arc) is also called a o-arc (resp. 7-arc). Notice even
though an arc is formally the same as an interval, we distinguish these types
of objects. The only arcs that exist are o-arcs and 7-arcs. The purpose
of this construction is that the conditions pertaining to o, 7 in (3.22) are
equivalent to the fact that two end-points of intervals connected by a o-arc
or T-arc are assigned the same value in [n] by the relevant functions out of
a, I'f,Rf,Vf,Vf,Uf,llf,Sf, Sf.

After adding these arcs, every endpoint of an interval has exactly one arc
emanating from it. We have therefore now constructed a trivalent graph

G({Gﬂ Tf, mi})-

Each vertex of the graph is an endpoint of two intervals and one arc. The
number of vertices of this graph is twice the total number of w-intervals,
R-intervals, and R~ !-intervals which is 2(|w| 4+ 8(k + ¢)). Therefore we have

X(G{oy,7p,mit) = =(|w| + 8(k + £)). (4.2)
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(For general g, we have x(G({of,7¢,m})) = —(Jw| + 49(k + ¢)).) More-
over, the conditions in (3.22) are now interpreted purely in terms of the
combinatorics of this graph.

Gluing in discs. There are two types of cycles in G({o, 7, m;}) that we
wish to consider:

e Cycles that alternate between following either a w-intermediate in-
terval or a m-interval and then either a o-arc or a 7-arc. These cycles
are disjoint from one another, and every ¢ or 7-arc is contained in
exactly one such cycle. We call these cycles type-I cycles. For every
type-I cycle, we glue a disc to G({os, 7, m;}) along its boundary,
following the cycle. These discs will be called type-I discs. (These
are analogous to the o-discs of [MP19].)

e Cycles that alternate between following either a w-interval, an R-
interval, or an R~ !-interval and then either a o-arc or a 7-arc. Again,
these cycles are disjoint, and every ¢ or 7-arc is contained in exactly
one such cycle. We call these cycles type-II cycles. For every type-
IT cycle, we glue a disc to G({of, 7, m;}) identifying the boundary
of the disc with the cycle. These discs will be called type-II discs.
(These are similar to the z-discs of [MP19].)

Because every interior of an interval meets exactly one of the glued-in discs,
and every arc has two boundary segments of discs glued to it, the object
resulting from gluing in these discs is a decorated topological surface that
we denote by

Y({og,7smi})-

An example of this construction is depicted in Figure 4.1.

The boundary components of X({o ¢, 7¢,m;}) consist of the w-loop and the
R*-m-loops. It is not hard to check that Y({of,7f,m}) is orientable with
an orientation compatible with the fixed orientations of the boundary loops
corresponding to traversing every w-interval or R*!-interval from 0 to 1.

We view the given CW-complex structure, and the assigned labelings
and directions of the intervals that now pave 0% as part of the data of
Y({oy, 7, m}). The number of discs of X({o, 7, m}) is connected to the
quantities appearing in Proposition 3.6 as follows.

Lemma 4.1. N({oy, 1, m;}) = n#ltupe-l dises of S({oy, 7y, mih)},

Proof. The constraints on the functions a,ry, Rs, V¢, vy, Ur,ur,s¢, Sy in
(3.22) now correspond to the fact that altogether, they assign the same
value in [n] to every interval end-point in the same type-I-cycle, and there
are no other constraints between them. ([

The quantities |Jf7]71| in (3.24) can also be related to X({o¢,7¢,7;}) as
follows.
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Ficure 4.1. This is a depiction of an example
S({of,7f,m}) for w = ab~'a7'b. The o, 7, and some
of the m-arcs are labeled along with the numbers (0 or
1) of the points being matched in the w-intervals. Each
w-interval is also labeled with its corresponding letter. Here
k = ¢ = 1; wg is a transposition and all other m; are the
identity. There is one resulting R*-m-loop. In this example,
for each f € {a,b,c,d}, oy = 74. This means that all type II
discs are rectangles.

Lemma 4.2. We have

H n—\afrf_1| _ n—4(k+£)—|;—"n#{type—ﬂ discs of X({oy, 75, m})}

fe{ab,c,d}

Proof. Recalling the definition of ]Jfo_l\ from Proposition 2.7, we can also
write

\afo_l] =k+{+ py — #{cycles of afo_l}.
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The cycles of {afol : f €{a,b,c,d}} are in 1:1 correspondence with the
type-II cycles of X({o,7f,m;}) and hence also the type-II discs. Therefore
H n*‘Ufo_1| _ n*4(k+‘€)n2f€{a,b,c,d}(7pf+#{0ydes of af-rf—l})
fe{a,b,e,d}

_ n74(k+2)f%n#{type—ﬂ discs of S({of, 7y, m 1)}

We are now able to prove the following.
Theorem 4.3. Fork+ (>0, utk and vk ¢, w € [Fq,Fy4], we have
T (W, 1, V) Koo ot Z i Il ey x(E{og,mpmi}))
{of,75,7 JEMATCH (w,k,£)

Proof. Combining Lemmas 4.1 and 4.2 with Corollary 3.7 gives

jn (’UJ, , V) <<w,k,€n78k78£7‘w‘

x Z et il #{dises of ({og,rpmi})}
{04,777 }EMATCH(w,k,¢)
Then from (4.2) we obtain
Tn(w, p, V) et >
{04,757 }EMATCH (w,k,£)
n~ S Imillke gy X(G{og,mp.mi})+# {discs of S({oy,7pmi})}

= > n it Imillie p x(S({op7p.m})
{of,75,m }EMATCH(w,k,£)
O

4.2. Two simplifying surgeries. Theorem 4.3 suggests that we now bound

8
X(E{os,7pmi) = Y llmillke
=1

for all {o¢, 74,1} € MATCH(w, k,¢). To do this, we make some observations
that simplify the task. If C' is a simple closed curve in a surface S, then
compressing S along C means that we cut S along C and then glue discs to
cap off any new boundary components created by the cut.

Suppose that we are given {o¢, 7, m;} € MATCH(w, k,¢). Then {of,0¢,7;}
is also in MATCH(w, k, ¢) (the forbidden matching property continues to
hold). It is not hard to see that

X(E{og, 05, mi})) 2 x(E({oy, 75, 7i}))-
Indeed, the 7; arcs can be replaced by oj-parallel arcs inside the type-
IT discs of X({of,7¢,m}). The resulting surface’s arcs may not cut the
surface into discs, but this can be fixed by (possibly repeatedly) compressing
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the surface along simple closed curves disjoint from the arcs, leaving the
combinatorial data of the arcs unchanged but only potentially increasing
the Euler characteristic.

It remains to deal with the sum Z?Zl 1703 || k-

Suppose again that an arbitrary {of,7¢,m} € MATCH(w, k, /) is given.
For each ¢ € [8] write

T = T, 0;
where 7} € Sy, X Sy, 07 = (1) 717 € Skye, and |0y = ||millke. Let Xo o
S({oy.7p.m}).

Take X({of,7¢,m}) and add to it all the 7}-intervals that would have
been added if m; was replaced by w} for each i € [8] in its construction. The
resulting object X is the decorated surface Xy together with a collection
of 7}-intervals with endpoints in the boundary of Xy, and interiors disjoint
from Xg. This adds 8(k + ¢) edges to Xy and hence

x(X1) = x(E({og, 75, m})) — 8(k + £).

Now we consider all cycles that for any fixed i € [8], alternate between ;-
intervals and = -intervals. The number of these cycles is the total number
of cycles of the permutations { (7})~'m; : i € [8] }. On the other hand, the
number of cycles of (7})~!m; is

k40— |(m) | =k + 4 —|oi| =k + ¢ — |

k.0

So in total there are 8(k + £) — >, ||mi||x,¢ of these cycles. For every such
cycle, we glue a disc along its boundary to the cycle. The resulting object
is denoted Xo. Now, X is a topological surface, and we added 8(k + ¢) —
> i lImillk,e discs to X to form X, so

X(X2) = x(X1) +8(k +£) — Z [7illke = x(E({op, 7, mi})) — Z 7l e-

Now ‘forget’ all the original m;-intervals from X5 to form X3. The surface X3
is a decorated surface in the same sense as X, except the connected compo-
nents of X3 — {arcs} may not be discs. Similarly to before, by sequentially
compressing X3 along non-nullhomotopic simple closed curves disjoint from
arcs, if they exist, we obtain a new decorated surface Xy. See Figure 4.2 for
an illustration of this surgery taking place. Moreover, and this is the main
point, Xy is the same as X({of,7¢,7;}) in the sense that they are related
by a decoration-respecting cellular homeomorphism. Compression can only
increase the Euler characteristic, so we obtain

X(E({og, 7,1 1) 2 x(Xs) = x(X2) = x(E({of, 77, mi}) — Z 17l k.-

Combining these two arguments proves the following proposition.
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FIGURE 4.2. This is a local illustration of the second type
of simplifying surgery, precisely in the context of Figure 4.1.
The dashed simple closed curve in X3 is disjoint from any
arcs, and cutting along this curve and gluing in two discs
yields X4. Going back to Figure 4.1 again, the net effect of
this surgery is to cut the left half from the right half.

Proposition 4.4. For any given {o¢,7f,m;}, there exist w} € Sy x Sy for
i € [8] such that

8
X(E{op,05.m) = D lInf ke = X(E({oy, 0, 77}))
i=1

8
> x(E(op 7 m}) =D Imillke
i=1
This has the following immediate corollary when combined with Theorem
4.3. Let
MATCH* (w, k, ¢)

denote the subset of MATCH(w, k, £) consisting of {o¢,0¢,m} (ie. of =7f
for each f € {a,b,c,d}) with m; € Sy, x Sy for each i € [8].

Corollary 4.5. Fork+/¢ >0, utk and v £, w € [Fy,Fy], we have

MaX (s oo m;}EMATCH* (w,k,0) X(Z({o7,07,mi}))

TIn(w, 1, V) L g 1
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The benefit to having m; € S x Sy for ¢ € [8] is the following. Suppose
now that {o¢,0¢,m;} € MATCH*(w, k, £). Recall that the boundary loops of
Y({of,0¢,m}) consist of one w-loop and some number of R*-7-loops. The
condition that each m; € S, x Sp, means that no m-interval ever connects
an endpoint of a R-interval with an endpoint of an R~ !-interval. So every
boundary component of X({c¢,of,7;}) that is not the w-loop contains ei-
ther only R-intervals or only R~ !-intervals, and in fact, when following the
boundary component and reading the directions and labels of the intervals
according to traversing each from 0 to 1, reads out a positive power of R
(in the former case of only R-intervals) or a negative power of R~! (in the
latter case of only R~ !-intervals). The sum of the positive powers of R in
boundary loops is k, and the sum of the negative powers of R is —¢. Know-
ing this boundary structure is extremely important for the arguments in the
next sections.

4.3. A topological result that proves Theorem 3.1. Here, in the spirit
of Culler [Cul81], we explain another way to think about the surfaces
Y{oy,0¢,m}) for {of,07,m} € MATCH*(w, k,¢) that is easier to work
with than the construction we gave. At this point we also show how things
work for general ¢ > 2. An arc in a surface X is a properly embedded
interval in ¥ with endpoints in the boundary 9.

Definition 4.6. For w € Fy,, we define surfaces(w, k, ¢) to be the set of all
decorated surfaces ¥* as follows. A decorated surface ¥* € surfaces(w, k, )
is an oriented surface with boundary, with compatibly oriented boundary
components, together with a collection of disjoint embedded arcs that cut
>* into topological discs. One boundary component is assigned to be a w-
loop, and every other boundary component is assigned to be either a R-loop
or an R~ !-loop. Each arc is assigned a transverse direction and a label in
{a1,b1,...,a4,bs}. Every arc-endpoint in OX* inherits a transverse direction
and label from the assigned direction and label of its arc. We require that
>* satisfy the following properties.

P1: When one follows the w-loop according to its assigned orientation, and
reads f when an f-labeled arc-endpoint is traversed in its given direc-
tion, and f~! when an f-labeled arc-endpoint is traversed counter
to its given direction, one reads a cyclic rotation of w in reduced
form, depending on where one begins to read.

P2: When one follows any R-loop according to its assigned orientation in
the same way as before, one reads (a cyclic rotation) of some positive
power of I74 in reduced form. The sum of these positive powers over
all R-loops is k.

P3: When one follows any R~ '-loop according to its assigned orientation
in the same way as before, one reads (a cyclic rotation) of some
negative power of R, in reduced form. The sum of these negative
powers over all R~ !-loops is —/.

P4: No arc connects an R-loop to an R™'-loop.
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Given a surface X({oy,0¢,m;}) with {of,0¢,m} € MATCH"(w, k, ), all
the type-II discs of the surface are rectangles. Hence, by collapsing each w-
interval, R-interval, and R~!-interval to a point, and collapsing every type-II
rectangle to an arc, we obtain a CW-complex that is a surface with boundary;,
cut into discs by arcs. Every arc inherits a transverse direction and label
from the compatible assigned directions and labels of the intervals in the
boundary of its originating type-II rectangle. We call this modified surface
¥* =3*({os,m}). It clearly satisfies P1-P3 and P4 follows from the for-
bidden matchings property. (Of course, when g = 2, we identify {a, b, ¢, d}
with {a1,b1,a2,b2}.) We also have x(X({of,07,7m})) = x(E*({oy,m})).
With Definition 4.6 and the remarks proceeding it, we can now state a fur-
ther consequence of Corollary 4.5 as it extends to general g > 2.

Corollary 4.7. Fork+(>0, ptFk, v £, w € [Faog,Foyl, as n — 00
jn(W, 1, I/) ey nmax{ Xx(Z*) : *esurfaces(w,k,0) }

In order for Corollary 4.7 to give us strong enough results it needs to be
combined with the following non-trivial topological bound.

Proposition 4.8. If w € [Faq, Fo,] is a shortest element representing the
conjugacy class of v € I'y, w # id, and X* € surfaces(w, k,¢) then x(X*) <
—(k+2).

Remark 4.9. Proposition 4.8 is by no means a trivial statement and one has
to use that w is a shortest element representing the conjugacy class of some
element of I'y. For example, if w = Ry, then w represents the conjugacy
class of idp,, but for k¥ = 0 and £ = 1 there is an ‘obvious’ annulus in
surfaces(w,0,1). This has x = 0 > —(k + ¢) = —1. Proposition 4.8 also
requires w # id; if w = id then for K = 0 and ¢ = 1 one can take a disc with
no arcs as a valid element of surfaces(id, 0,0). This has x =1 > —(k+¥) = 0.
In fact this disc is ultimately responsible for E, ,[Triq] = n.

The proof of Proposition 4.8 is self-contained and given in §§4.5. Before
doing this, we prove Theorem 3.1.

Proof of Theorem 3.1 given Proposition 4.8. Since Theorem 3.1 was proved
when k = £ = 0 in §§3.2, we can assume k+¢ > 0. Then combining Corollary
4.7 and Proposition 4.8 gives

jn(w7 22 V) <<w,k,f ni(k+€)'

On the other hand, D,,(n) = O (n*™) from (2.1).  Therefore
DN,V(n)jn(wnu’a V) <<’w,k,f 1. i

4.4. Work of Dehn and Birman-Series. As we mentioned in §§3.1, to
prove Proposition 4.8 we have to use the fact that w € [Fag, Fo4] is a shortest
element representing the conjugacy class of v € I';. We use a combinatorial
characterization of such words that stems from Dehn’s algorithm [Deh12]
for solving the problem of whether a given word represents the identity in



RANDOM UNITARY REPRESENTATIONS OF SURFACE GROUPS II 39

I'y. The ideas of Dehn’s algorithm were refined by Birman and Series in
[BS87]. In [MP20], the author and Puder used Birman and Series’ results
(alongside other methods) to obtain the analog of Theorem 1.2 when the
family of groups SU(n) is replaced by the family of symmetric groups S,.
Similar consequences of the work of Dehn, Birman, and Series that we used
in (ibid.) will be used here.

We now follow the language of [MP20] to state the results we need in
this paper. These results are simple and direct consequences of the work of
Birman and Series.

We view the universal cover of ¥, as a disc tiled by 4g-gons that we call U.
We assume every edge of this tiling is directed and labeled by some element
of {a1,b1,...,a4,bs} such that when we read counter-clockwise along the
boundary of any octagon we read the reduced cyclic word [a1,b1] - - - [ag, bg].
By fixing a basepoint u € U we obtain a free cellular action of I'y on U that
respects the labels and directions of edges and identifies the quotient I'j\U
with X4; this gives a description of ¥, as a 4g-gon with glued sides as is
typical.

Now suppose that v € I' is not the identity. The quotient A, def (M\U of
U by the cyclic group generated by v is an open annulus tiled by infinitely
many 4g-gons. The edges of A, inherit directions and labels from those of
the edges of U. The point u € U maps to some point denoted by zg € A,.

Now let w € Fg4 be an element that represents «, and identify w with
a combinatorial word by writing w in reduced form. Beginning at zy, and
following the path spelled out by w beginning at xg, we obtain an ori-
ented closed loop L,, in the one-skeleton of A,. If w is a shortest element
representing the conjugacy class of v, then this loop L,, must not have self-
intersections. In this case, that we from now assume, L, is therefore a
topologically embedded circle in the annulus A, that is non-nullhomotopic
and cuts A, into two annuli A$.

Every vertex of A, has 4g incident half-edges each of which has an ori-
entation and direction given by the edge they are in. Going clockwise, the
cyclic order of the half-edges incident at any vertex is

‘ai-outgoing, bi-incoming, ai-incoming, bi-outgoing, ... , ag-outgoing,
bg-incoming, az-incoming, by-outgoing’.

We define Ly, to be the loop L,, with all incident half edges in A, attached.
We call the new half-edges added hanging half-edges.

Moreover, we thicken up Ly, by viewing each edge of L., as a rectangle,
each hanging half-edge as a half-rectangle, and each vertex replaced by a
disc. In other words, we take a small neighborhood of Ly in A,. We now
think of L,, as the thickened version. This is a topological annulus, where
the hanging half-edges have become stubs hanging off. A piece of Ly, is a
contiguous collection of hanging half-rectangles and rectangle sides following
edges of Ly, in the boundary of L,. Such a piece is in either Aﬁ; or AZ.

Given a piece P of L, we write ¢(P) for the number of rectangle sides



RANDOM UNITARY REPRESENTATIONS OF SURFACE GROUPS II 40

F1GURE 4.3. Illustration of a piece P of L, in the case when
the reduced form of w contains agaflbg I as a subword. The
edges of L,, are in bold. The piece is indicated by the dotted
lines. This piece P has ¢(P) = 2, he(P) =7, and x(P) = 1.
Note that a piece may also run along the other side of L.

following edges of L, and he(P) for the number of hanging-half edges in
P. We say that a piece P has Euler characteristic x(P) = 0 if it follows an
entire boundary component of L., and X(P) = 1 otherwise as we view it
as an interval running along the rectangle sides and around the sides of the
hanging half-rectangles. See Figure 4.3 for an illustration of a piece of L.

Birman and Series prove in [BS87, Thm. 2.12(a)] that if w is a shortest
element representing the conjugacy class of v € I'y then there are strong
restrictions on the pieces of Ly, that can appear. This has the following
consequence which is given by® [MP20, Proof of Lem. 5.18].

Lemma 4.10. If w is a shortest element representing the conjugacy class
of v € I'y, and both v and hence w are non-identity, then for any piece P of
Ly, we have

¢(P) < (29 — 1)be(P) + 2gx(P).

Proof. Since w is a shortest element representing some non-identity conju-
gacy class in I'g, in the language of [MP20], L,, is a boundary reduced tiled
surface. Then the proof of [MP20, Lem. 5.18] contains the result stated in
the lemma. The basic idea of the proof is not complicated and goes back to

3We stress that Lemma 4.10 is a straightforward consequence of Birman and Series’
work, so even though we cite [MP20], this paper does not depend on [MP20] in any
significant way.
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Dehn [Deh12]: if there are too many edges (i.e. ¢(P) is large) then one can
find a string of letters in the reduced word of w (e.g. aba™'b~'c) that can
be shortened using the relator R (e.g. aba~'b~'c = ded™1). O

This inequality plays a crucial role in the next section.

4.5. Proof of Proposition 4.8. Suppose that g > 2 and w € [Fo4, Fo,] is
a non-identity shortest element representing the conjugacy class of v € I'y.
In particular, w is cyclically reduced. We let R = R,. Now fix k, ¢ € Ng and
suppose X* € surfaces(w, k, £). The arcs of ¥* are of three different types:

WR: An arc with one endpoint in the w-loop and one endpoint in an R or
R~ -loop.

RR: An arc with both endpoints in R or R~! loops. By property P4, the
endpoints of such an arc are both in R-loops or both in R~!-loops.

WW: An arc with both endpoints in the w-loop.

The boundary of any disc of ¥* alternates between segments of 0¥* and
arcs. A disc is a pre-piece disc if its boundary contains exactly one segment
of the w-loop. A disc is called a junction disc if it is not a pre-piece disc.
We say that a junction disc is piece-adjacent if it meets a WR-arc-side.

To be precise, we view all discs as open discs, and hence not containing
any arcs. A disc meets certain arc-sides along its boundary; it is possible for
a disc to meet both sides of the same arc and we view this scenario as the
disc meeting two separate arc-sides. We say an arc-side has the same type
WR/RR/WW as its corresponding arc.

Note that any pre-piece disc cannot meet any WW-arc-side: if it did, the
disc could only meet this one arc-side together with one segment of the w-
loop and this would contradict the fact that w is cyclically reduced since the
arc matches a letter f with a cyclically adjacent letter f~! of w. It is also
clear that any pre-piece disc meets exactly 2 WR-arc-sides: the ones that
emanate from the sole segment of the w-loop. So in light of P4 a pre-piece
disc takes one of the forms shown in Figure 4.4.

We define a piece of X* to be a connected component of

{pre-piece discs} U {WR-arcs}.

A piece of ¥* is therefore either a contiguous collection of pre-piece discs
that meet only along WR-arcs, or a single WR~arc. If P is a piece of X%,
either x(P) =1, or x(P) = 0, in which case P meets the entire w-loop and
is the unique piece.

We now have two definitions of pieces; pieces of Ly, and pieces of X*.
These are, as the names suggest, closely related, and this is the key obser-
vation in the proof of Proposition 4.8. Indeed, the reader should carefully
consider Figure 4.5 that leads to the following lemma. In analogy to pieces
of Ly, if P is any piece of £*, we write ¢(P) for the number of WR-arcs in
P, and he(P) for the number of RR-arc sides that meet P (this is zero if P
is a single WR-arc).
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R-loop R-loop R-loop R-loop

VARVARRVARY

WR WR

WR RR RR RR RR WR

WANWAVVANAN

R'loop Rlloop R'loop R*'-loop

FIGURE 4.4. Possible forms of pre-piece discs. The number
of R-loop segments or R~'-loop segments is at least 1 and
bounded given k and ¢. The arrows denote the orientations
of the boundary loops.

Lemma 4.11. If w is a shortest element representing the conjugacy class
of v €'y, k,€ € Ny, and ¥* € surfaces(w, k,¥) then for any piece P of ¥*,
we have

¢(P) < (29 — 1)be(P) + 2gx(P).

Proof. Given any piece P of ¥*, it contains a consecutive (possibly cyclic)
series of WR-~arcs that correspond to a contiguous collection of edges in
the loop L,,. The discs of P correspond to certain vertices of L,,; each of
these vertices has two emanating half-edges belonging to the edges defined
by WR-arcs of P. The piece P can either meet only R-loops or meet only
R~ 1-loops.

We define a piece P’ of Ly, corresponding to P as follows. If P meets R-
loops, then P’ consists of rectangle sides along the edges of L, corresponding
to the WR-arcs of P together with all hanging half-edges at vertices cor-
responding to discs of P that are on the left of L,, as it is traversed in
its assigned orientation (corresponding to reading w along L,). If P’ meets
R~ 1-loops, then P’ is defined similarly with the modification that we include
instead hanging half-edges on the right of L,,. Figure 4.5 together with its
captioned discussion now shows that

be(P') < be(P),

and e(P) = ¢(P’) by construction. We also have x(P') = x(P). Therefore
Lemma 4.10 applied to P’ implies

¢(P) =e(P') < (29 — 1)be(P') +2g9x(P') < (29 — 1)be(P) + 29X (P).
O
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R-loop R-loop R-loop R-loop
o 00
A
bl b]
&y b, ag b, o T a
w-loop
N
................................................................................ b,
w-loop ..
a, b a, ¢
b,
Rlloop Rl-loop R-loop R'loop R'l-loop

FIGURE 4.5. Given a segment of the w-loop corresponding to
a juncture between letters al_lb; Lin w, if this segment is part
of a pre-piece disc then some possible forms of that disc are
shown above. This juncture between letters of w corresponds
to a vertex in L,. The right hand illustration shows the
neighborhood of this vertex in the annulus A,, where the
bold lines correspond to half-edges of L,,. The right hand
picture actually almost determines the left hand pictures.
Indeed, given the a1 arc on the top-left, the next arc has to
be a b, arc with the given direction, since only b;l cyclically
precedes a; in R, or any power of R;,. Then the next arc
ag with its direction is determined since only a, cyclically
precedes by in I74. This continues until an arc labeled by by
and with an incoming direction is reached, as in the right
arc of the top-left picture. At this point, the boundary of
the disc may close up. (This is analogous to what happens
in the bottom picture, where an analogous pattern occurs.)
The only indeterminacy is that after reaching a by arc with
an incoming direction for the first time, the entire pattern
shown in the right hand picture may repeat any number of
times, as long as k and ¢ allow it. The upshot of this is that
any pre-piece disc has at least as many incident RR-arc-sides
as there are hanging half-edges on the corresponding side of
L,,, at the corresponding vertex.

Let Ngrgr be the number of RR-arcs, Ny r the number of WR-arcs, and
Nww the number of WW-arcs in X*. In the following we refer to discs of
¥* simply as discs. Since there are 4g(k + ¢) incidences between arcs and
R-loops or R~! loops we have

2Nrr + Nwr = 4g(k + 1). (4.3)
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Let X7 be the surface formed by cutting ¥* along all RR-arcs. We have
d'(D)
=¥ (1-7)
discs D

where d'(D) is the number of arc-sides meeting D that are not of type RR.
This formula holds because d'(D) is the degree of the disc D in the dual graph
G1 of ¥4, the right hand side is easily seen to be x(G1) = V(G1) — E(G1),
and since Y deformation retracts to an obvious embedded copy of Gi,
X(G1) = x(21). We partition the sum above according to

X(El) =Sy + 51+ So,

s ¥ (1220,

pre-piece discs D

S 3 (1 -

d'(D)
2 b
piece-adjacent junction discs D
d'(D)

Sy 3 (1 5 >

not piece-adjacent junction discs D

Note first that a pre-piece disc has d'(D) = 2 (cf. Fig 4.4). Hence Sy = 0.
We deal with S7 next. For a disc D of ¥*, let dyr(D) denote the number
of WR-arc-sides meeting . Note that a piece-adjacent junction disc D has
dwr(D) > 0 by definition. We rewrite Sp as

o= 2 (1 - d/(2D)> dW;(D)

piece-adjacent junction discs D

> 1

incidences between D and WR-arc-sides

= > > QD) (4.4)

pieces P incidences between P and some junction disc D along WR-arc

where for a piece-adjacent junction disc D

def 1 B d' (D)
Q) = dwr(D) (1 2 )

Suppose that D is a piece-adjacent junction disc. By parity considera-
tions, dwr(D) is even. We estimate Q(D) by splitting into two cases. If
dwr(D) = 2 then d'(D) > 3 since otherwise, D would meet only 2 WR
arc-sides and other RR arc-sides, hence be a pre-piece disc and not be a
junction disc. In this case

a3 o= 52) (-3
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Otherwise, dw (D) > 4 and since d'(D) > dwr(D), we have

1

~dwr(D) 2

1 1 1
QD) < 1 327

~ dwr(D) (1 2 =

dWR(D)> 1 1

So we have proved that for all piece-adjacent junction discs D, Q(D) < —%.
Putting this into (4.4) gives

si<-; 2 >

pieces P incidences between P and some junction disc D along WR-arc

:—i Z 2x(P):—% Z x(P). (4.5)

pieces P pieces P

—_

We now turn to So. Here is the key moment where w # id is used®. Since
w # id, any disc must meet an arc. Indeed, the only other possibility is that
the boundary of the disc is an entire boundary loop that has no emanating
arcs. This hypothetical boundary loop cannot be an R or R~ !-loop, so it
has to be the w-loop. But this would entail w = id.

Hence any disc contributing to S meets no WR-arc-side, but meets some
arc-side. Therefore it meets only WW-arcs or only RR-arcs. Every disc D
contributing to S meeting only WW-arcs gives a non-positive contribution
since w is cyclically reduced hence d'(D) > 2. Every disc D contributing to
Sy meeting only RR-arcs, which we will call an RR-disc, has d'(D) = 0 and
hence contributes 1 to Ss.

This shows

Sy < #{RR-discs}. (4.6)
In total combining Sy = 0 with (4.5) and (4.6) we get
) 1
X(31) < #{RR-discs} — o | > x(@).
pieces P of ¥*

To obtain ¥* from ¥; we have to glue all cut RR-arcs, of which there are
Ngrgr. Each gluing decreases x by 1 so

X() < #{RRediscs) ~ Nan— 5 S x(P)

pieces P of ¥*

4A1though technically, w # id was used to define L,, and pieces etc, if w is the identity
the proof of Proposition 4.8 could, a priori, circumvent these definitions.
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Using Lemma 4.11 with the above gives

X(5) <SH{RR-discs) ~ New— 3 >0 x(P)

pieces P of ¥*

1

<#{RR-discs} — Npg — I Y e(P)
pieces P of ¥*

(29 -1)
T > be(P) (4.7)

pieces P of ¥*

—#{RR-discs} — Npr — AZ;R + (294; D S be(P). (4.8)

pieces P of ¥*

Let he'(X*) denote the total number of RR-arc-sides meeting RR-discs.
Every RR-disc has to meet at least 4¢g arc-sides; this observation is similar
to the reasoning in Figure 4.5. Therefore

he'(X*) > 4g#{RR-discs}. (4.9)

Every RR-arc-side either meets a piece P and contributes to he(P) or a disc
meeting only RR-arc-sides and contributes to he’(3X*). Hence

be'(S)+ D> bhe(P) =2Ngg. (4.10)
pieces P of ¥*

Combining (4.3), (4.9), and (4.10) with (4.8) gives

(4.9) pe'(T* N 2g —1
g g g pieces P of ¥*
. "(x* N, 2g — 1)N, 2g —1
(4.10) be'(X7) o NwR (29 —)Nrr (29 )he’(E*)
4g 4g 29 4g
1 29 -2 / *
= —— (2N, N — by
19 (2NrRr + Nwr) 19 he'(X%)
1 @.3) 4dg(k+10)
< —— (2N N = -2 = —(k+Y).
< 49( rrR + Nwr) 17 (k+ )

This completes the proof of Proposition 4.8. [J

5. PROOF OF MAIN THEOREM

5.1. Proof of Theorem 1.2.

Proof of Theorem 1.2. Assume « € [I'y,T'g] is not the identity and that w €
[Fag, Fo4] is a shortest element representing the conjugacy class of +, hence
also not the identity. By Corollary 2.10 we have

Eyn[Tr,] = ¢(29 — 2;n) " Z D,y (n)Tn(w, v, 1) + Oy g <1> ,

; n
(b, v) €02
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where Q is a finite collection of pairs of Young diagrams. We know

lim, ,00¢(2g — 2;n) = 1 from (2.11) and for each fixed (u,v),

D, (n)TIn(w,v, 1) = Dy y(n) In(w, v, t) = Oy (1) by Theorem 3.1. Hence

Egn[Try] = O4(1) as n — oo as required. O
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