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Abstract

Kitazawa (2013, 2016) showed that the common parameters in the panel logit AR(1)
model with strictly exogenous covariates and fixed effects are estimable at the root-n rate
using the Generalized Method of Moments. Honoré and Weidner (2020) extended his
results in various directions: they found additional moment conditions for the logit AR(1)
model and also considered estimation of logit AR(p) models with p > 1. In this note we
prove a conjecture in their paper and show that for given values of the initial condition,
the covariates and the common parameters 27 — 27 of their moment functions for the
logit AR(1) model are linearly independent and span the set of valid moment functions,
which is a 27 — 27 -dimensional linear subspace of the 27-dimensional vector space of
real valued functions over the outcomes y € {0,1}7. We also prove that when p = 2 and
T € {3,4,5}, there are, respectively, 27 —4(T — 1) and 2T — (3T —2) linearly independent

moment functions for the panel logit AR(2) models with and without covariates.



1 Proofofaconjecture in Honoré and Weidner (2020)

We adopt the notation of Honoré and Weidner (2020). In p.16 of their paper they define
for triples of time periods t,s,r € {1,2,...,T} with t < s < r the moment functions

mye "y, 2, 8,9). Let zo(yo, y. @, B,7) = (2 — 25)'B + ¥(yr-1 — ys—1). Then
( eXp[zt,s<y07y7x7ﬁ77)] (ytvysvyr) = <07170)7
expl2t(¥0,Y, 7, 5,7)] lf (Ye, s, yr) = (0,1, 1),
m@E (g x B,) = § —1 if (yr,ys) = (1,0),
exp[zrvs(yo,y,x, B, ’7)] -1 if (yta Ys, yr) = (17 L, 0)7
(0 otherwise,
([ explesr(yo, v, 2, 8,7 = 1 if (ys,ys, yr) = (0,0,1),
-1 if (ytays) = ( 71)7
mP 5 (g, 8,7) = S explzni(Yo, v, 4, 5,7)] if (ye, ys-n) = (1,0,0),
exp[zs,t(yo,y,x,ﬂ,v)] if (ytaysayr) = (17071)7
0 otherwise.

\

In p.17 of their paper they conjecture that for v, # 0 (and arbitrary yo, = and f; index
i is omitted) any moment function my,(y, z, 8,7) = W(y1, ..., yi— 1)m§%/b)(t’s’r (y,z,8,7)
for the panel logit AR(1) model with strictly exogenous regressors and 7 > 3, where

Wy s Y1y s Y1) {0,131 = R, can be written as

T—2 T—
My, (Y, %, B,7) Z Z Wi (5, Y1, ooy Yo, 1, B, 7m0 (y, 2, B,)
t=1 s=t+

(b (t,s,T) (

)< S, Y1y - Y1, T, B 7) yaxwﬁufy)]

(/)(

with weights w t, S, Y1, s Yi—1, T, 8,7) € R that are uniquely determined by the func-

tion my, (., z, 5,7).

We will prove this conjecture by showing for given values of yo, =, f and v (i)
that the set of valid moment functions is a linear subspace of the 27-dimensional vec-
tor space of real valued functions over the outcomes y € {0,1}7 that has a dimen-
sion of at most 27 — 27T, and (ii) that the 27 — 27" moment functions of the form

a/b)(t,s, T _
wyl,---,yt—1<y17 ey Y- 1>m3(10/ % )<y7 xZ, 67 7)7 where wyl,---,yt—1<yla ceey ytfl) : {07 1}t ! — {07 1}

are 27! linearly independent indicator functions and 1 < ¢t < s < T, are linearly inde-
pendent and span this subspace.

Proof: Recall that Pr(Y; = yi|Yio = yio, Xi = zi, Ai = ;) =



1
+ exp[(1 — 2y ) (2,80 + Yi—170 + )] .

pyio(yiaxi7507707&i) = H 1

t=1

We drop the index i. A valid moment function my, (y, z, 5,7) satisfies
Elmy, (Y, X, Bo,vo)[Yo =0, X =2, A=a]=0foralla € R
or equivalently

Z Pyo (Y, T, By, Vo, )My, (Y, 2, By, 7o) = 0 for all a € R.
ye{0,1}7

Let T > 2 and a; < ay < ... < ayr. Define the 27 x 27 matrix P with P,;, =

Py (Y, T, By, Yo, g) for g,h = 1,2,...,27 with h = 1+ 2%; + 2'ys + ... + 27 'yp. Next
5 5 -1

let Py, = exp(x;f + ) and define the 27 x 27 matrix P with Py, = P} [T (Py.(1 +
=1

Pyoi1)/(1+ Pyeyre®)) for g, h = 1,2,...,27 with h = 1 + 20y, + 2y + ... + 2T 1yp.
Finally, let D = D(z, 85,70, @) and D = D(v,) be nonsingular diagonal matrices with

Dyg = ((1+ Pyue™)/(1+ Pya))™ f[l(l + Pyy) and Dy = f[l exp(—oYs-1:) for g,h =
1,2,..., 27 with h = 1+2%,; 4+ 2%, +7 + 27 yp. Then it is ea;ily verified that P = DPD.
Hence rk(P) = rk(P). We also define 3% = Zthl y; for later use.

We now show (i). If the model does not contain covariates, i.e., if 8, = 0, then P
does not depend on z and there exist 27 — Tk(f)) linearly independent moment functions,
which will not depend on x. Furthermore, the number of linearly independent moment
functions available for the model without covariates is at least as large as the number of
linearly independent moment functions available for the model that does include them,
i.e., that allows 3, # 0. In the appendix we show that rk:(p) > 27T irrespective of whether
By = 0 or B, # 0, that is, we prove Lemma 1, which states that the 27" columns of P
corresponding to vectors y with either the first £ or the last k elements equal to 1 and
the remaining elements (if any) equal to 0 for £ = 0,1,2,...T are linearly independent.

Recall that rk(P) = rk(P). It follows that claim (i) is correct. We now show (ii):

It is easily seen that for any ¢; and s; with ¢; < s; < T, the 2!* moment functions

!More generally, any 27" columns of P will be linearly independent if they correspond to
the following 2T y-vectors: the two y-vectors that satisfy y° = 0 or y® = T and for each k €
{1,2,...,T — 1} two y-vectors that satisfy y° = k, one with y7 = 0 and the other with yr = 1.



Wy, e, —1 (Y1 ...,ytl_l)m%/b)(tl’sl’n are linearly independent because the 2/1~! indicator
functions wy, .y, _, (Y1, .., Y, —1) are linearly independent and m{ D) g )T

are linearly independent. Furthermore, any nontrivial linear combination of the moment
functions wy, .y, _, (Y1, oY) MO T () 0 B ) with £, < s; < T is linearly inde-
pendent of wy, ., ,(y1, ..., yt_l)méao/b)(t’s’T) (y,x,B,v) with t < s < T and (t,s) # (t1, $1)
because only the former depends on exp(+zs, s (vo,y, z, 5,7)], where z;, 5, (yo, y, x, 8,7) =
(w4, —2s,)' B+ (Yt;—1 —Ysy—1). This is still true when 8 = 0. Hence the 27 — 2T functions
Wyy ey (Y15 05 g )P EST) () 0 3 ~) are linearly independent. They are also valid
moment functions, see Honoré and Weidner (2020). It follows that they span a 27 — 27T -
dimensional linear subspace of the 27-dimensional vector space of real valued functions
over the outcomes y € {0,1}7 that contains the valid moment functions.
Remark 1: The analysis above is also valid when there are no covariates, i.e., 3, = 0.
Remark 2: When f, # 0, then P depends on x and part (i) of the proof implies that
rk(P) > 2T. However, part (i) of the proof shows that there exist at least 27 — 27T linearly
independent moment functions, which in turn implies that Tk(f)) < 2T. We conclude
that rk(P) = 2T. When S, = 0, the proof of the conjecture still implies that rk(P) = 2T
Remark 3: It follows from the result under (i) that there are no valid moment functions
when T' = 2. In other words, GMM estimation of the panel logit AR(1) model with fixed
effects and possibly strictly exogenous covariates is not possible for 7" = 2. Our proof is
more general than that of Honoré and Weidner (2020) for this claim because we also cover
the case where the values of o can only be finite. In their proof, Honoré and Weidner
(2020) chose two of the four different values of a equal to +c0, which leads to probabilities
that are equal to 1 for the events where all elements of y are either zero or one. This
unnecessarily restricts the moment functions a priori. In contrast, we also allow all the
probabilities of observing a y-vector with only zeros or only ones to be less than 1.
Remark 4: The analysis above can also be extended to panel logit AR(p) models with
fixed effects and p > 1.

Remark 5: The analysis above can also be used for the static panel logit model, i.e.,

when v, = 0. In that case 1597h = ]Z[ P} When also , = 0, P is equal to a matrix with
columns from a Vandermonde matt:rix of rank 7"+ 1. It follows that when 7, = 0, the set
of valid moment functions is a linear subspace of the 27-dimensional vector space of real
valued functions over the outcomes y € {0,1}7 that has at most dimension 27 — (T + 1)

and in particular that when T" = 2, there exists at most one valid moment condition.



2 Some results for the panel logit AR(2) model

When p = 2, we have

P’f’(Y% = yz‘|Yz‘o = yz‘07Yz,4 = Yi,—1, X, =z, Ay = Oéz') =

T
p © (Yis Zis Bos Yo, i) H exp(x), By + X1y Yit—1V10 + Qi)
(0) iy Ly 0y /0 7 — :
Y, i—1 1 + el‘p(l‘étﬁo + Zle yi7t—l’}/l70 + al)

where 1” = (10, yi—1)" and vy = (Y19, 720)"- We drop the index 7. Let us redefine P
as a 27 x 2T matrix with Py, = p,o (Y, 2, By, 70, o) for g,h = 1,2,...,27 with h =
1+ 2%, + 2y, + ... + 27 Yy, and let us redefine P as a 27 x 2T matrix with 1597h =

T-1 _
P Il (P ( (1+Py,¢)(1+ Py e+1) )L-ve-2( L+Py.t yu-2 vt «
9,7 P gt=1\ (14 Py 1e71)(1+ Py t11€72) 1+ P, e71772

Yr-1
(Pg,Tfl<%)l_yT72<$)yT72) for g,h = 1,2,....,27 with h = 1 + 2%, +
2lys + ... + 2T 1y Note that with these new definitions of P and P, we still have

P = DPD for some nonsingular diagonal matrices D = D(z, 8, 7o, ) and D = D(7,).

The formula for Pg,h suggests that a second conjecture of Honoré and Weidner (2020),
henceforth H&W, namely that the number of linearly independent moment functions
for the general panel logit AR(p) models with covariates is given by [ = 27 — (T —
p + 1)2P, is plausible: when p increases by one, the number of possible values for a p-
tuple (Ye—ps Yt—p+1, - - -, Yt—1), namely 27, doubles, while the number of different sets of p
consecutive elements of {y1,ys, ..., yr_1} that appear in the products of powers in 1597h
decreases by one (this number equals 7" — 2 when p = 2) and the factors in Pg,h whose
power depends on either yr or yo account for 27 more possibilities, which explains the
(T'— p + 1) part of the formula. To prove H&W’s second conjecture for p > 1, one
can in principle follow a similar proof strategy as for the case where p = 1. However,
when p > 1, things are a bit more complicated. As H&W demonstrate, when p > 1, the
number of linearly independent moment functions for the general panel logit AR (p) model
is smaller than the number of linearly independent moment functions for the panel logit
AR(p) model without covariates (i.e., with 8, = 0). One can relatively easily establish
the latter number for different values of T by using a proof strategy similar to that for
the case p = 1. The difference between the two numbers of moment functions is equal
to the number of linearly independent ”special” moment functions that are only valid

for "special” versions of the model, e.g. the model with 3, = 0, but not for the general



model. Thus by subtracting the number of these special moment functions from the total
number of linearly independent moment functions for the model with 3, = 0, one obtains
the number of linearly independent moment functions for the general model.

H&W claim that they have found all moment functions for the general model when
T < 5. However, their claim is premature as they have not shown that there cannot be
more than [ moment functions for the general model when T' < S.H We have shown this
above for p =1 (and any T') and we will show this in the appendix for p = 2 and T' < 5.

For the panel logit AR(2) model without covariates (i.e., with 5, = 0), one can
show that rk(P) = 4(T — 1) — (T — 2) = 3T — 2, so that there are 27 — (3T — 2)
linearly independent moment functions available for this model.H One can easily obtain
these by solving the system Pgr_oMsr_o = 0, where Pigr_o) = Psp_g (€710, €720) is a
(3T — 2) x 2T matrix that consists of (any) 37 — 2 rows of the matrix P, each evaluated
at/corresponding to different values for the ay, and Mar o is a 27 x (27 — (3T — 2))
matrix with rk(Msp_o) = 27 — (3T — 2). The 2T — (3T — 2) columns of M3r_, span the
nullspace of P, which is the space of valid moment functions for the panel logit AR(2)

model without covariates.
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A Appendix

Lemma 1 The 2T columns off3 corresponding to vectors y with either the first k or the
last k elements equal to 1 and the remaining elements (if any) equal to 0 fork =0,1,2,..T

are linearly independent a.s. (almost surely) for any T > 2:

Proof: We will prove this Lemma by showing that the square matrix Pyr (sometimes
denoted by P for short for some value of T) that contains the first 27" rows of these 2T
columns of P has full rank for any 17" > 2. We will omit the subscript 0 from 3, and ~,.

We will first consider the special (and most challenging) case where 3 = 0.

We define the elements of the matrix ﬁgT as follows:

Ify=(1,...,1,0,...,0) with the first k£ entries equal to 1 and 0 < k< T —1:

Pyr g (or simply P, , for some value of T) = (e 1522:17)’“ for any g € {1,2,...,2T}
and for h = 2k + 1;

if y=1(0,...,0,1,...,1) with the last k + 1 entries equal to 1l and 0 < k < T —1:

Porgn = (Pyp =) €% (e% 1};5:%)’“ for any g € {1,2,...,27} and for h = 2(k + 1).

Let Doy = diag(1l 4 e, 1+ et . 1+ e*277). Note that det(Dqr) # 0.

We will prove the Lemma by induction. When 7" = 2, we consider the 4 x 4 matrix

1+em™ (14 eMt7) e (1+4e™) e21(1 4 e™)
=~ 14 et ef2(14e2t) e®2(14 e™2) e22(1 + e™?) D .
DyPy = 14 €07 oo (1 4 @H7)  03(1 4 93) 203(1 4 03 | 7 and it is easily verified
14 et e (1 + ™) (1 + ) 2%(1 4 e*)

that rank(DyP;) = 4 a.s. (Recall that v # 0, note that any linear combination of the first
two columns of D4154 depends on v and conclude that the k-th column of D4ﬁ4 cannot
be written as a linear combination of the k-1 columns on its LHS for £k = 2,...,4). As
det(Dy) # 0, it follows that rank(P;) = 4 a.s.

Assuming that the Lemma is correct for T'= S + 2 for some S € N, we will now prove
that it is also correct for T'= S+ 3 :

The 2(S + 3) x 2(S + 3) matrix P = ]32(5+3) contains the 2(S + 2) x 2(S + 2) matrix

]52( s+2) (in the north-west corner) and two more rows and columns:

v v

_ _ P2(S+2) [Pg,25+2]1§g§2(5+2) [Pg,25+3]1§g§2(5+2)
Pys4s) = [132S+5,h]1§h§2(s+2) Py 508+ Pyg 508+ , where P is a
[P25+6,h]1§h§2(s+2) P25+6725+2 P2S+6,23+3

2(S +3) x 2(S + 3) matrix.
Gy =
i Paste) B
C F

~ ~ D
We can partition Dg(igi?’)P = D‘;(Eig)Pz(SJrg) as [

6



Let M = Dg(gimé(g”) — BF~IC. Then it follows from a standard result regarding

the determinants of partitioned matrices that det(D‘;(”;i?))ﬁ) = det(F') det(M).

It is easily checked that F' has full rank, i.e., rank(F') = 2:
P (6025+5(1 + eazs+5))5+2 6a25+5(6a2s+5(1 + 6a25+5))5+2
- (ea2s+6<1 + €a2s+6))5+2 2546 (ea2s+6(1 + ea2s+s))5+2

cause e¥25+6 — @25+5 £ (),

so det(F) # 0 be-

It is also easily shown that M = Dzs(giz)lgz( s+2)—BF~'C is invertible because it follows
from Leibniz’s formula for determinants (or from Laplace’s expansion of the determinant,
which uses cofactors and minors) that det(M) is equal to a polynomial in the elements
of M, because this polynomial can be rewritten as a sum of terms that includes the term

det(Df(EiQ)JBQ(SH)), because det(Df(EiQ)ISQ(SH)) # 0 a.s., and because (the sum of) all

the other terms in this sum is/are a.s. incapable of canceling out det(DQS(EiQ)ISQ( S+2)):

Let Q = BF~'C = Q/ det(F). Then Q,), = B, F~'C.j, = Qgu/ det(F) with Q,, =
e925+6 (ea2s+6<1 + €a2s+6))5+2 —eQ25+5 (ea2s+5(1 + ea2s+5))5+2

_(6042S+6<1 + 6042S+6))S+2 (eazs+5 (1 + ea25+5))5+2 X

g

(1+6a9+7)s+2 [pg725‘+2 p 725‘+3i| [
Posis (1 + eo2s+5)5+2
Pagyn(1 4 e25+0)5+2

e425+6 (ea2s+6 (1 + €a2s+6))5+2 —e925+5 (€a2s+5 (1 + g925+5 ))S+2
_(ea2s+e<1 + ea25+6))s+2 (€a2s+5(1 + eazs+5))5+2 }

[ (e0290)" (e2290 R ) F(1 4 easio) 992

(€23 v0)? (eoosro LETETias ) (L eesne) 542

§ € {0,1}. Omitting the factor (€% (1 + €% )(1 4 e¥2s+5)(1 4 e¥25+6))5+2

] = (o (L4 €))% eos(emn(1 + €0))5+] x

X

] for some k € {0,1,...,5 + 1} and some

02546 (ea23+6>5’+2 —p™25+5 (€a23+5 )S+2:| [(6a25+5 )5(6a25+5 w)k]

~ @ +v
ngh (8 |:1 eagj| _(€a25+6)s+2 (€a23+5)s+2 (ea25+6)6<eo¢23+6 lii:’e»e?xi;i(; )k;

14e®25+617

ea25+6
eda2s+6 (eage(5+2)042s+5 _ ea25+56(5+2)a2s+5)

k
(6a25+6+1)) _

evtazs+e 1
€a25+5

65a23+5 (eage(5+2)042s+6 _ ea2s+66(5+2)0¢2s+6)
eYtozs+s | 1

k
(6a23+5+1)) —

€a25+6 k
65a2s+66(5+2)a2s+5 (eag _ 6a2s+5) (6042S+6 + 1) _

eYtazs+e | 1
ea25+5

65a25+56(5+2)a2s+6 (eag _ 60425+6)
evtazs+s | ]

k
(6a25+5+1)) .

Note that the expression for Qvg,h cannot be rewritten as an expression that is divisible

by the expression e®25+6 — ¢*25+5 and hence that the expressions for all elements of () are



ratios with the factor e*25+6 —e®25+5 in the denominator. We conclude that det(M) can be
written as the sum of det(DQ( 5 +2)P2( s+2)) and one other term, (which itself is the result of

summing almost all terms that appear in the aforementioned expansion of det(M) except

for det (D5,

oS +2)P2( s+2)), and) which is an expression that is given by a ratio with the factor

e25+6 — 2545 rajsed to some positive power appearing in the denominator (as a common
factor) and with the same factor also appearing in the numerator but raised to lower
positive powers than its power in the denominator so that its presence in the numerator
does not completely cancel out this factor in the denominator.[ However, none of the

elements of D3 )P2(5+2) depend on e®25+5 or e®25+6_ [t follows that det(M) # 0 a.s.

2(S+2
and that P = EDQ(SJrg) is invertible a.s. (as we have already seen that det(F') # 0), i.e
rank(]sg(5+3)) = 2(5+3) a.s. Another way of seeing this is that det(M) can be expressed
as a ratio with a numerator that is a polynomial in e® for g = 1,2,...,2(S + 2), in €”
and, unless the second term (”the other term”) in the aforementioned sum of two terms
is zero (in which case det(M) = det(DQS(JgH)PQ(SH)) # 0 a.s.), also in e*25+5 and e®25+6,
Hence det(M) = 0 if and only if this numerator equals zero. Given values of e* for
g=1,2,...,2(S + 2) and €, the numerator is a polynomial in e*25+5 and e*25+¢ with
a finite number of roots. As the values of o, g = 1,2,...,2(S + 3), and v # 0 can
be assumed to be randomly drawn from some continuous distribution(s), the probability
that the values of e®25+5 and e“25+6 coincide with these roots is negligible. It follows that
Pr(det(M) # 0) = 1 and hence that Pr(det(ﬁg(SJrg)) #0)=1.

The arguments generalize to the case where 5 # 0.

Q.E.D.

An alternative proof of the claim that rk(P) = 2T for the panel logit AR(1) model
without covariates (i.e., with 5, =0):

Consider the 27 x 27 matrix P with typical element P,, = (1 + Pg,leV)T_lpgix
-1

[T ((A+P,1)/(14P,1€7))¥ for g, h = 1,2, ..., 2T with h = 14+2%;+2'yo+...4+27 "yp. Note

=1
that P = DP for some nonsingular diagonal matrix D = E(yo, a) and that the columns

of P correspond to different polynomials in P, 1 up to order 27" — 1 with all intermediate

powers occuring somewhere inside P. It follows that rk(P) = rk(P) is equal to the rank

4We have not investigated whether this second term (expression) in the sum is zero. If the
latter were the case, we would have det(M) = det(Dég(JgH)Pz st+2)) # 0 as., ie., det(M) # 0
a.s., which is what we want to show.



of a matrix that consists of linear combinations of the columns of a Vandermonde matrix

that is based on powers of P,; and has rank 27" Hence rk(P) = rk(P) < 2T. To prove

that rk(P) = rk(P) = 2T, it suffices to show that rk(P) > 27. This can be done by
selecting the same 27 columns of P as those of P that underlie the definition of the

matrix P that is used in the proof of Lemma 1. Of course, it follows from Lemma 1,

rk(D) = 27 and P = DP that rk(P) > 2T.

Analysis for the panel logit AR(2) model:

Proof strateqy for the claim that rk(P) = 3T — 2 for the panel logit AR(2) model
without covariates (i.e., with B, =0):

When 3o = 1, we consider P with typical element Pg,h = (1 + P, en)05T=DI(1 4

S Yyr—1
¥5)10.5(T—2)] Y1+72\T—1 pY 1+Pg1 \1—yr_o 1+Pg1 Yr—2
Pgae7?) (1+ Poaen™2) Py ( (555, f257) (R, eh7n) X

T-1

(1+Pg,1)2 1-yi—2 1+Pg 1 Yt—2 vt D _ P
Il <<(1+Pq,16”1)(1+3q,1e”2)) <1+Pg’leﬁﬂ2) . Note that P = DP for some non-

singular diagonal matrix D = b(%, a) and that the columns of P correspond to different

polynomials in P,; up to order 3(7° — 1) with all intermediate powers occuring some-

where inside P. It follows that rk(P) = rk(P) is equal to the rank of a matrix that

consists of linear combinations of the columns of a Vandermonde matrix that is based

on powers of P,; and has rank 3T — 2. Hence rk(P) = rk(P) < 3T — 2. To prove that

rk(P) = rk(P) = 3T — 2, it suffices to show that rk(P) > 37 — 2. This can be done by
selecting 37 — 2 suitable columns of P and showing that they are linearly independent
similarly to the proof of Lemma 1.

When gy, = 0, we consider P with typical element P,), = (1 + P,,e7)05T)(1 +

S Yyr—1
7¥2)(0.5(T—1) ] Y1472\ T—2 pY 4+Py1 \1—yr_o 14+Pg1 yr—2
Py1e2) (1+ Pyaen™2)7 2P, (1+Pg,1e71 ) (1+Pg,1e71+72) X

T-1 Yt— . U
I1 <<( L )1_%72(%)y“2> " Note that P = DP for some non-

1+P971671)(1+Pg,1e"/2) 1+Pg’1671+72

singular diagonal matrix D = D(fyo, «) and that the columns of P correspond to different

polynomials in P,; up to order 3(7" — 1) with all intermediate powers occuring some-

where inside P. Tt follows that 7k(P) = rk(P) is equal to the rank of a matrix that

consists of linear combinations of the columns of a Vandermonde matrix that is based

on powers of P,; and has rank 3T — 2. Hence rk(P) = rk(P) < 3T — 2. To prove that

rk(P) = rk(P) = 3T — 2, it suffices to show that rk(P) > 37 — 2. This can be done by
selecting 37 — 2 suitable columns of P and showing that they are linearly independent

similarly to the proof of Lemma 1.



Proof of the second conjecture of HEEW (2020) for p =2 and T € {3,4,5}:

We have followed the proof strategy discussed above to show that when p = 2 and

By =0, then rk(P) = 3T — 2 for all T € {3,4,5} and any ¥, € {0,1}. In particular, we
have used Mathematica to verify that when p = 2 and 3, = 0, then rk(P) = 3T — 2 for
all T € {3,4,5} and any y, € {0,1}. We note that when p = 2, T'= 3 and x5 = z3, there
is (at least) one extra moment function relative to the number of linearly independent
moment functions for the general model (given the value of y(©), c¢f. H&W (2020) who
found one extra moment function for this case; by analogy, when p = 2, T' = 4 and
To = T3 = 14, there will be (at least) two extra moment functions relative to the number
of linearly independent moment functions for the general model (given the value of y(©);
and when p = 2, T =5 and xy = x3 = x4 = x5, there will be (at least) three extra
moment functions relative to the number of linearly independent moment functions for
the general model (given the value of y(©). H&W (2020) also found I = 27 — 4(T — 1)
linearly independent moment functions for the general model (given the value of y(©)
when p = 2 and T € {3,4,5}, so there are at least | of them in these cases. Hence
the number of linearly independent ”general” and ”special” moment functions is at least
2T —4(T — 1)+ (T —2) = 27 — (3T — 2). However, this number cannot be larger than the
number of linearly independent moment functions for the model without covariates (i.e.,
with 8, = 0), which is 27 — (3T — 2). We conclude that when p = 2 and T € {3,4, 5},
there are 27 — (3T — 2) — (T — 2) = 27 — 4(T — 1) = [ linearly independent moment
functions for the general model (given the value of y(©)).
Q.E.D.
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