Three-Dimensional N’ = 4 Gauge Theories in Omega
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ABSTRACT. We review the description of three-dimensional gauge theories
with A/ = 4 supersymmetry in the presence of an omega background as an
N = 4 supersymmetric quantum mechanics. We will focus throughout on a
simple abelian example. The Hilbert space of supersymmetric ground states is
populated by generalized vortex configurations, while half-BPS monopole oper-
ators act on the Hilbert space by creating and annihilating vortices, furnishing
it with the structure of a Verma module for the quantized Coulomb branch
chiral ring. Furthermore, by introducing two-dimensional N' = (2, 2) boundary
conditions, we find a finite version of the AGT correspondence between vortex
partition functions and overlaps of Whittaker vectors for quantized Coulomb
branch chiral rings.

1. Introduction

We review the description of three-dimensional gauge theories with N' = 4
supersymmetry in the presence of an omega background in the z'2-plane as an N =
4 supersymmetric quantum mechanics on the x3-axis, summarizing and illustrating
results from the author’s joint paper [7]. We focus exclusively on a simple abelian
example, which is sufficient to illustrate the main points and will hopefully provide
a foundation for the richer non-abelian examples treated in [7]. The setup is shown
schematically in Figure [f}
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FIGURE 1. We will describe a three-dimensional gauge theory with
N = 4 supersymmetry with an omega background in the 2'2-plane
as an N = 4 supersymmetric quantum mechanics on the z-axis.
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We will provide an explicit description of the AV = 4 supersymmetric quantum
mechanics on the z3-axis, which is summarized as follows:

e The supersymmetric ground states are vortex configurations localized at
the origin of the z'2-plane.

e Monopole operators on the x3-axis become half-BPS operators in the su-
persymmetric quantum mechanics that create and destroy vortices.

The monopole operators on the z3-axis generate a non-commutative algebra that
quantizes the Coulomb branch in a given complex structure. The space of super-
symmetric ground states transforms as a Verma module for this non-commutative
algebra. Sending the omega background parameter ¢ — 0, we recover the exact
Coulomb branch chiral ring. This provides a derivation of the proposed structure
of 1-loop and non-perturbative quantum corrections to the Coulomb branch chiral
ring developed in [5], and provides a complementary approach to the mathematical
work of [4, 13].
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F1GURE 2. We will enrich the setup by introducing boundary con-
ditions in the x!2-plane preserving N' = (2, 2) supersymmetry.

We will also enrich this setup by including boundary conditions that preserve
a two-dimensional A/ = (2,2) supersymmetry in the z1:2-plane [6]. Such boundary
conditions define a boundary state in the Hilbert space of the N' = 4 supersym-
metric quantum mechanics. We show that ‘Neumann’ boundary conditions lead to
coherent states of vortices, or generalized Whittaker vectors. Furthermore, by eval-
uating partition functions on an interval with N' = (2,2) boundary conditions at
each end, we provide a vast generalization and physical explanation for the ‘finite’
AGT correspondence introduced in [3].

2. Setup

2.1. 3d N = 4 Supersymmetry. We work in flat euclidean R3 with co-
ordinates !, 2%, 2% and spinor indices a, 3 for the SU(2)g isometry group. The
R-symmetry is SU(2)z x SU(2)¢ and we introduce indices A, B, and A, B for the
spinor representations of SU(2)y and SU(2)¢ respectively. We use uniform con-
ventions for all SU(2) indices: (0;)g are the standard Pauli matrices, while spinor
indices are raised and lowered as 1, = ea,@wﬁ, P = e“ﬂz/),g with €12 = eg; = 1.

The supersymmetry generators are denoted by Q(‘?A with

(1) {Q£A7Q§B :_2€AB6ABPaﬂ+2€aﬁ(€ABZAA+€ABZAB>

where P, is the momentum generator and ZAB 7 AB are central charges in the
adjoint representation of SU(2)m, SU(2)c.

We are primarily concerned with supersymmetric gauge theories, in which
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e scalars Qf‘ in hypermultiplets transform in the fundamental of SU(2)x,
e scalars P in vectormultiplets transform in the adjoint of SU(2)c.

In particular, SU(2) g rotates the complex structure on the Higgs branch M g while
SU(2)¢ rotates the complex structure on the Coulomb branch M. The central
charges have the following form:

e Z4B is a linear combination conserved charges for Coulomb branch flavor
symmetries, with coefficients given by FI parameters tAB.

e ZAB is a linear combination of conserved charges for gauge and Higgs

branch flavor symmetries, with coefficients given by vectormultiplet scalars

AB AB

" and mass parameters m~" respectively.

It is often convenient to decompose fields and parameters according their charges
under a fixed maximal torus U(1)g x U(1)¢ of the R-symmetry. We will make the

standard choice such that the supercharges };4, ng‘ have U(1)g charge —|—%, —%,

while the supercharges Qg‘i, Qgg have U(1)c charge +3, —3.

2.2. Example. Throughout this note, we will focus on a simple example:
G = U(1l) with N > 1 hypermultiplets in the fundamental representation. We
decompose the bosonic fields according to their charge under the U(1)g x U(1)¢:

e Hypermultiplet scalars Q;‘ with j = 1,..., N decompose into complex
components (X;,Y;) transforming with charge +1 under G = U(1) and
charge (+3,—3) under U(1)p.

e Vectormultiplet scalars ¢4P decompose into real and complex components
(0, ¢, @) transforming with charge (0,41, —1) under U(1)c.

There is a Gy = PSU(N) flavor symmetry transforming the hypermultiplets.
We can turn on mass parameters m“? corresponding to this symmetry by coupling
to a background vectormultiplet and turning on a vacuum expectation value for
the scalars in the Lie algebra of the maximal torus Ty C Gpg. Here, we will
turn on only complex masses m'' ~ m¢ = (mq,...,my) with >, m; = 0. This
spontaneously breaks the U(1)c R-symmetry. The complex masses contribute to
the central charges

(2) AL Ziiwap—&—mc.

To simplify notation we omit the symmetry generators: ¢ + mg¢ stands for an
infinitesimal complex gauge transformation with parameter ¢ and Ty flavor trans-
formation with parameter mc.

In addition, there is a topological symmetry Go = U(1); and corresponding
FI parameters t42. Here we only turn on a real FI parameter t'2 ~ tg < 0. This
preserves the U(1)y R-symmetry and contributes to the central charge

(3) 7Y~y

This contribution vanishes on the elementary fields but acts non-trivially on mono-
pole operators, which are charged under the U(1); topological symmetry.

2.3. Supersymmetric Vacua. Supersymmetric vacua are determined clas-
sically by minimizing the potential and preserve all of the supercharges Q44. With
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generic complex masses m¢ = (myq,...,my) and real FI parameter tg < 0, this
requires that

uc =20 pr +1tr =0
(4) (<p+mj)Xj =0 cX; =0
(cp-m)¥;=0 0¥ =0

modulo U(1) gauge transformations, where

N

N
(5) pe=> X;Y;  pr=> |X;|*— |V
Jj=1 j=1

are the complex and real moment maps for the action of G = U(1) on the hy-
permultiplets (X;,Y;). In the language of N' = 2 supersymmetry, they arise from
F-term and D-term contributions to the lagrangian respectively.

Setting the complex masses to vanish, (mi,...,my) = 0, there is a moduli
space of supersymmetric vacua known as the Higgs branch M g. This is protected
from quantum corrections by supersymmetry and the classical description in terms
of equations is exact. In particular, (o,¢) = 0 and My is the hyper-Kéhler
quotient,

N N
(6) Mu = { Y X% =0, I - Y = ~t= J/UQ).
j=1 Jj=1

In the complex structure where X;,Y; are holomorphic, this is T*CPY ! with
compact base parameterized by X; and Kéahler parameter —tg. A complex algebraic
description is found by replacing the real moment map equation by the stability
condition X # 0 and dividing by complex gauge transformations,

(7) MH:{ zN:XijZOa Xj#o}/(C*~
j=1

The coordinate ring of My in this complex structure is then generated by the
hypermultiplet bilinears XY} subject to the complex moment map constraint puc =
0. In physical language, this is the chiral ring generated by gauge invariant local
operators annihilated by half of the supercharge Q1A.

On the other hand, for generic complex masses (my, ..., my) but vanishing FI
parameter tg = 0, there is a moduli space of supersymmetric vacua known as the
Coulomb branch M. Equations (4) require X; = Y; = 0 and the Coulomb branch
is parametrized by the expectation values of (p,0) and the periodic dual photon
v ~ v427. However, the classical geometry R? x S! is modified by 1-loop quantum
corrections to an N-centered Taub-NUT metric describing an S* fibration over R?
with singular fibers at (¢, o) = (—m;,0) forall j =1,..., N. The U(1); topological
symmetry acts by rotating the S! fibers.

In the complex structure where ¢ is a holomorphic coordinate, the coordinate
ring of the Coulomb branch coincides with the chiral ring generated by operators
annihilated by another half of the supercharges Q4!. The chiral operators are
generated by ¢ and monopole operators u® of charge +1 under G¢ = U(1);. The
monopole operators can be defined classically by u® ~ e+ However, the
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classical relations uTu~ = 1 are modified by 1-loop quantum corrections to
N
(8) uwtu™ = H(ap +m;).
j=1

This identifies the Coulomb branch in a given complex structure with C?/Zy with
deformation parameters (mq,...,my). We will reproduce this quantum corrected
chiral ring relation by localization to a supersymmetric quantum mechanics in the
following sections.

Finally, turning on both generic complex masses (mq,...,my) and real FI
parameter tg < 0, there are IV isolated massive supersymmetric vacua,
(9) v; . Xj:\/ftRcSij Y;ZO @Y = —m; oc=0.

The massive vacua can be identified with fixed points of the Ty-action on My
generated by (mq,...,mg): they are the coordinate hyperplanes in the cpV-L.
Equivalently, since the topological symmetry rotates the S' fibers of Mg, the
massive vacua can be identified with fixed points of the Gg-action on M. This
illustrates an important theme: turning on mass parameters localizes the system
to fixed points of the corresponding symmetry.

2.4. N =4 Quantum Mechanics. We will now identify a subalgebra of the
3d N = 4 supersymmetry algebra corresponding to an A/ = 4 supersymmetric
quantum mechanics on the z3-axis. It is then convenient to introduce a complex
coordinate z = z! + iz? in the x'2-plane. We will require that the system sits in a
supersymmetric massive vacuum v; defined in @D as |z| = .

First of all, let us denote by U(1)g C SU(2)g the subgroup of rotations around

the z3-axis under which the supercharges Q‘l‘m, QQAA have charge —%, —|—% respec-

tively. We now restrict attention to generators commuting with the diagonal sub-
group

(10) Ul cUMpxU1)g-
The commuting supersymmetry generators are
(11) QY= QM=
with
{Q*.Q% =0
(12) {Q4,QP) = 2B H + 2248
{Q.Q% =o.

where we define H = P3 + Z'2. This is the supersymmetry algebra of an N' =
4 quantum mechanics on the z3-axis with R-symmetry U(1)g x SU(2)c and a
distinguished flavor symmetry U(1).. This type of supersymmetry algebra can also
be obtained by dimensional reduction of 2d N' = (2,2) supersymmetry.

It is straightforward to formally describe a 3d N' = 4 gauge theory as an
infinite dimensional N' = 4 supersymmetric quantum mechanics on the z3-axis
with supersymmetry algebra (12). Borrowing the supermultiplet terminology from
2d N = (2,2) supersymmery, we have

e Chiral multiplets with complex scalar components X;,Y; and Ds.
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e A vectormultiplet for the gauge group G of maps from the z':2-plane into
G that are constant at |z| — oo, with scalar components o, ¢ and Ds.
e A superpotential

(13) W~ Z/|dz|2XjD5Yj.
J

It also also important to note that the vectormultiplet fields can be organized into
a twisted chiral multiplet with bottom component give by the complex scalar .

The complex masses (mq,...,my) are incorporated by coupling to a back-
ground vectormultiplet for the Gx symmetry and giving a vacuum expectation
value to the bottom component of the twisted chiral multiplet in Tpy. As above,
this contributes a non-vanishing central charge Z'! proportional to ¢ +m¢ breaking
the U(1)c R-symmetry. Finally, the real FI parameter is incorporated by adding a
twisted superpotential

(14) th]g/|dz|2go.

which contributes a non-vanishing central charge Z'2 proportional to tg, which
preserves U(1)y R-symmetry.

2.5. N = 2 Quantum Mechanics. For many purposes, it is convenient to
describe the A/ = 4 quantum mechanics in the language of N' = 2 quantum me-
chanics. There are two types of N/ = 2 supersymmetric quantum mechanics that
can be obtained from the dimensional reduction of N'= (2,0) supersymmetry and
N = (1,1) supersymmetry in two dimensions. Given a choice of complex structure
on M, we can define both an N = (2,0) quantum mechanics and an S* family of
N = (1,1) quantum mechanics as follows.

First, we note that a complex structure on Mc¢ is specified by a spinor £, =
(&3, &) modulo complex rescalings, forming the homogeneous coordinates of a point
on the twistor sphere CP! over the Coulomb branch. It is convenient to fix the
normalization &&= [&]? + |&|* = 1 where fi-x = (=&,&;) and so describe
the twistor sphere as a quotient of S along the fibers of the Hopf fibration. It is
important to note that U(1)¢ rotates the twistor sphere with fixed points £ ; = (1,0)
and (0,1).

Now, given a choice of complex structure {; on Mc, let us define
15) Qe =£,Q" Q¢ = £,;Q"

Qe = £LQ* Qe = £LQ*
Then we have
e An N = (2,0) quantum mechanics generated by the supercharges Q¢ and
écf with algebra

(16) {Qe, Qer} = 2(H + €41, 277).
This supersymmetric quantum mechanics has R-symmetry U(1)y and
inherits the U(1), flavor symmetry.
e An S! family of N' = (1,1) supersymmetric quantum mechanics labelled
by a phase {. This is generated by supercharges

(17) Qe =(CY2Qe +CM2Qc Q= CM2Qer — ¢V?Qer
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with
(18) {9, Qct=-2H  {Q¢,Qct =27  {Q¢, Qct =2Z¢

where Z¢ = £ ,652 AB_ This family of supersymmetric quantum mechan-
ics inherits the U(1), flavor symmetry but U(1)y transformations rotate
the S family by ¢ — e®.

It is straightforward to decompose our N' = 4 supersymmetric quantum me-
chanics further in either of these two cases. For the purpose of this note, it will
be convenient to phrase our computations in terms of the S* family of N' = (1,1)
supersymmetric quantum mechanics. Furthermore, we will fix a complex structure
&4 = (1,0) on the Coulomb branch. This is left invariant by U(1)¢ and is therefore
‘adapted’ to this choice of maximal torus in SU(2)¢. In particular,

(19) Q}=7"~ g+ me,

showing that ()¢ behaves as an equivariant differential for G gauge and Ty flavor
transformations, a fact that will become important later.

With this choice, the supersymmetric quantum mechanics can be conveniently
described in terms of A/ = (1, 1) real supermultiplets with bottom components o,
A1, A and the real and imaginary parts of X, Y; together with the real superpo-
tential

(20) he = h+ Re(W/()

where

(21) h:/|dz\2cr(uR+tR+2ing) W=2/|dz|2xjpgyj.
J

The supersymmetric ground states of the N' = 4 quantum mechanics are configura-
tions solving the BPS equations for all of the supercharges Q*, @A. This means they
are supersymmetric ground states for every member of the St family of A" = (1,1)
quantum mechanics and therefore critical points of the real superpotential i for
all |¢| = 1.

In Section [3] we will demonstrate that the critical points of the real superpoten-
tial h¢ for all || = 1 modulo gauge transformations are generalized vortices in the
xb2-plane. In the absence of the complex mass parameters, there is a moduli space
of solutions M, for each vortex number n € Zs(, which is a finite-dimensional
non-compact Kéahler manifold. Turning on complex mass parameters, the system
is restricted to fixed points of the complex Ty transformation on M, generated by
(m1,...,my). The supercharge Q¢ descends to the Ty-equivariant differential on
M, and supersymmetric grounds states should be identified with the cohomology
of Qc.

This statement is quite subtle because the moduli spaces M, and the fixed
points of the complex Ty transformation generated by m¢ = (mq,...,my) are
non-compact. Standard physical considerations from supersymmetric quantum me-
chanics suggest one should use L? harmonic forms on M,,. However, as we explain
in the next section, such subtleties can be avoided by turning on a mass parameter
for the U(1), flavor symmetry.
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2.6. Omega Background. Recall that the supersymmetric quantum me-
chanics has flavor symmetry U (1), X Ty but so far we have only turned on complex
mass parameters (my,...,my) for Ty. From the point of view of supersymmetric
quantum mechanics, there is no reason not to turn on a complex mass € for the
U(1), flavor symmetry. From a three-dimensional perspective, this is known as an
-deformation in the z!2-plane.

The virtue of this deformation is that the combined Ty x U(1), action on M,,
generated by (mq,...,my) then has only isolated fixed points on M,,, so that the
supersymmetric quantum mechanics has only isolated massive vacua. The mass
parameter € makes an additional contribution to the central charge Z'! so that the
supersymmetry algebra is modified to

(22) QF ~ ¢+ me+e.

The Hilbert space of the supersymmetric quantum mechanics is then identified
with the the standard Ty x U(1), equivariant cohomology of M,,, summed over all
vortex numbers n > 0, with the equivariant differential given by Q..

We note that the Q-background was introduced in the context of 4d N = 2
supersymmetry on R* with coordinates z', 22, 23, z* and deformation parameters e
and € corresponding to rotations in the z-2-plane and x>*-planes respectively [14].
Our construction can be obtained by sending € — 0, compactifying z* ~ 2% + 27 R

and sending R — 0.

3. Hilbert space

3.1. Half-BPS Equations. The supersymmetric ground states of the A" = 4
supersymmetric quantum mechanics are configurations preserving all of the super-
charges Q4, Q4. Such configurations are supersymmetric ground states for every
member of the St family of A" = (1,1) quantum mechanics and are therefore criti-
cal points of the real superpotential i given in equation for all || = 1. This
requires that

(23) dh=0 dW =0.

Expanding these equations and grouping them into real and complex equations, we
find the following half-BPS equations in the three-dimensional gauge theory for the
supercharges Q4, Q4,

(26) 0X;=0 —oY;=0.

Note that these equations are independent of the coordinate 3. We require that
solutions tend to a supersymmetric vacuum v; from equation @D and divide by
gauge transformations in the z-2-plane that tend to a constant value at |z| — oc.

In the absence of the complex masses (mq,...,my,¢€), the critical point equa-
tions are further supplemented by
(27) pX;=0  —¢¥;=0.

As analyzed in more detail below, the solutions of these equations are labelled by a
vortex number n € Zxq, which is the flux through the x2-plane. For each n € Z>g
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there is a corresponding non-compact Kéhler moduli space Mj, of solutions of
complex dimension nN.

Turning on complex masses (my, ..., my,¢€) for the Ty xU(1), flavor symmetry
deforms the supplementary equations (27) to

(28) (0+my;+§+eD.)X; =0 (mp—mj+ 5 +ezD.)Y; =0.

This now requires that solutions are invariant under the combined complex gauge
and flavor transformation generated by ¢ and (ms, ..., my,€). This corresponds to
the fixed points of the corresponding T x U(1), transformation on the moduli space
M,,. In our example there is a single fixed point for each vortex number n € Z>,
which will contribute a single state |n) to the Hilbert space of supersymmetric
ground states.

Mathematically, the Hilbert space of supersymmetric ground states H,, with
supersymmetric vacuum v; at infinity is identified with the Ty x U(1)c-equivariant
cohomology of the moduli space of generalized vortices,

(29) H,, = @H}HW(I)E(M;,C),

n>0

with the equivariant differential realized by any of the supercharges Q. with |¢| = 1.
In order to compute the equivariant cohomology, we will employ a complex algebraic
description of the moduli spaces M} . There is a natural basis [n), n € Z> for the
equivariant cohomology in 1-1 correspondence with fixed points of M, .

3.2. General structure. We begin by studying solutions to the half-BPS
equations in the absence of complex mass parameters (mq,...,my,€). In this case,
¢ = 0 = 0 everywhere. We then find a moduli space of solutions to the remaining
equations,

DgX] :DgY] = 0
(30) My, = pe=0 X, 12 a o Y g,

—2iF,; = MR + tr

where G is the infinite-dimensional group of gauge transformations in the z':2-

plane that are constant at infinity and G - v; denotes the G = U(1) orbit of the
supersymmetric vacuum v; on the hypermultiplet scalars.
The moduli space splits into disconnected components

(31) M, =M,
n
labelled by a vortex number n € m;(G) = Z or flux through the z!-2-plane,
1
32 = —
( ) " 2 R2

With our choice tg < 0, only the components with n > 0 are non-empty. They are
Kaéhler manifolds of complex dimension n/N. In order to perform explicit computa-
tions in equivariant cohomology, it is convenient to introduce a complex algebraic
description of the moduli spaces M} .
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3.3. Algebraic description. The complex algebraic description is obtained
by dropping the real moment-map equation and instead dividing by complex gauge
transformations G¢ = C*,

M,,Z.ﬁ |X]Y] — GC'Vz' /g(c
pec =0

Usually, a stability condition must be imposed in the algebraic quotient. However,
any solution that tends to a supersymmetric vacuum v; at infinity is automatically
stable, so no further conditions are necessary in the algebraic quotient . The
equivalence between the descriptions and is a version of the Hitchin-
Kobayashi correspondence for the generalized vortex equations.

From the complex algebraic point of view, the vortex number n € Z determines
a complex Ge-bundle O(n) on the compactification CP' of the '2-plane. A point
in the moduli space M}, is then specified by holomorphic sections X;,Y; of the as-
sociated bundle O(n)Y @ O(—n)" that satisfy the complex moment map constraint
uce = 0 and lie in the complex orbit G¢ - v; at infinity.

Using a complex gauge transformation, we can pass to a holomorphic frame in
which the sections are described concretely as polynomials X;(z),Y;(z) of degree
at most n, —n in the affine coordinate z. We then have the following description of
the moduli space My :

(33)

e If n > 0 then only the X;(z) are nonzero. Hitting the supersymmetric
vacuum v; at infinity requires the leading coefficient of X;(z) with j # i to
vanish while the leading coefficient of X;(z) is nonvanishing. A constant
complex gauge transformation sets the leading coefficient of X;(z) to 1,
such that

n—1
(34) X](Z) = 51‘3'2’“ + ijJZl .
=0

The coeflicients x; ; are unconstrained and parameterize /\/lgj ~ CNm,

e If n =0, both X; and Y; are nonzero constants. However, the requirement
that they hit the vacuum v; at infinity sets them equal to their vacuum
values. Thus MY is a point.

e If n < 0 then only the Y;(z) can be nonzero. This is incompatible with
the vacuum v;, so Mj. is empty.

The complex algebraic description of the moduli space is familiar in the physics
literature from the work of Morrison and Plesser [12] and the moduli matrix con-
struction of vortices [10} [9]. Mathematically, we are describing based holomorphic
maps CP' — [Mp] into the Higgs branch stack [My] = [uz"'(0)/Gc], sending the
point at infinity to the complex orbit G¢ - v;.

3.4. Fixed points and the Hilbert space. Turning on complex masses
(my,...,my, €) makes the supersymmetric quantum mechanics completely massive.
Equations force the system to the T x U (1), fixed points on M,,,. The Hilbert
space of supersymmetric ground states is identified with the Ty x U (1), equivariant
cohomology of M,,, with a natural basis labelled by the equivariant fixed points of
M,,.

The equivariant fixed points are straightforward to identify using the algebraic
description of the moduli spaces M, . Let us consider an infinitesimal combined
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gauge and Ty x U(1), flavor transformation generated by (¢, m1,...,mp,€). This
sends

€
(35) X;(z) = (p+m; + 3 +¢€20,)X,(2).

For n > 0, there is a unique fixed point X;(z) = 0;;2" with
(36) o=-m; —(n+ ).

which is simply origin of ./\/ll'}j = CN". Denoting the corresponding state in the
quantum mechanics as |n), we find that

(37) H=ECn).

n>0

The Hilbert space has a natural inner product from the supersymmetric quan-
tum mechanics: (n’|n) is given by computing the path integral of the supersym-
metric quantum mechanics with |n) at > — —co and (0’| at 3 — oo. The path
integral is zero unless n = n’, in which case it is given by the equivariant integral
S of the product of equivarint cohomology classes representing (w'| and |n).

“At this stage, there is a slight ambiguity in the normalization of the states |n).
A natural choice is that |n) is the Poincaré dual of the fundamental class of the
fixed point of M} = C™V | in other words an equivariant §-function supported at
the origin. In this case, we would find

(38) (n'|n) = 0/ wi

where wy, is the equivariant weight of the tangent space to M}, = C™V at the origin.
Alternatively, we could normalize |n) by the equivariant weight of the tangent space
at the fixed point, so that

(39) () = o
n
From a physical perspective, neither normalization is especially preferred. Here we
choose the latter normalization .
The only remaining task is to compute the equivariant weight of the tangent
space to the origin in M} = C™V. This is parameterized by the subleading coeffi-
cients x;; in the expansion , which transform as

zi = (e+my+ (+ 3)e)zs

40
o) = (my = mi+ (L= W)
where we evaluate ¢ = —m; — (n+ 1)e at the origin in M2 = C*N. Therefore, the
inner product on the Hilbert space is given by
N n—-1 1
41 In) = 6y .
(41) {n'fn) n’nggmj—mi+(l—n)e

It is often convenient to introduce a characteristic polynomial for the Higgs branch
flavor symmetry, P(z) = vazl(a: + m,;), and write the inner product as

n—1

ey s 1
42) () = O g) P(=m; + (I—n)e)
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4. Monopole operators

4.1. Monopole Operators. We now consider half-BPS operators in the N =
4 supersymmetric quantum mechanics preserving the supercharges Q!, Q. Such
operators arise from Coulomb branch chiral ring operators in the original three-
dimensional theory annihilated by Q4.

In an abelian theory, one such operator is the complex scalar ¢ which acts on
the vortex state |n) by evaluation at the corresponding fixed point

(43) ¢ln) = (=mi — (n+ 3)e) ).

However, there are also monopole operators v4 labelled by an integer magnetic
charge A, which are defined by removing a small Sg around a point p and imposing
singular boundary conditions in the path integral,

A
(44) F=AsinfddNdp+--- Uz—g-l----

where (1,6, ¢) are spherical coordinates around the point p [2]. In this section,
we explain how these monopole operators can be understood from our N' = 4
supersymmetric quantum mechanics and how they act on the Hilbert space of
supersymmetric ground states of the quantum mechanics.
As a preliminary observation, we note that the monopole operator v creates
A units of flux on a small sphere SZQ) surrounding the point p where it is inserted,
1

45 — F=AcZ.
( ) 2T S2 <

Therefore, by topological considerations alone, we must have

canln+A) ifn+A>0
46 n)= ’ .
(46) vafm) {0 ifn+A<0

In other words, monopole operators create and annihilate vortices. Our task is
therefore reduced to computing explicitly the coefficients c4,,. Since the vortex
states |n) are orthogonal, this is equivalent to computing the non-zero correlation
functions (n + Alva|n).

4.2. Quarter BPS Equations. As noted above, the monopole operators pre-
serve the supercharges Q!, Q' of the N' = 4 supersymmetric quantum mechanics.
This is equivalent to preserving the supercharge ¢ for all phases (. They should
therefore correspond to singular solutions of the instanton equations for every mem-
ber of the S! family of A" = (1,1) quantum mechanics.

The instanton equations for the supercharge Q¢ are gradient flow equations for
the real superpotential hc,

dh¢
47 D3® =———
(a7) o= 2
Imposing the instanton equations for all |(| =1 we find
W oh

where @ stands for the scalar components of real N' = (1, 1) supermultiplets, namely
o, A1, Ay and the real and imaginary parts of X;, Y;. Expanding and grouping
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into real and complex equations, we find the following quarter-BPS equations in
the three-dimensional gauge theory for the supercharges Q!, Q*!,

(49) —2tF,; — D3o = ugp + tr F3, —iD,0 =0 F3: +iDs0=0
(50) pe=0 D.X;=0 D.Y;=0
(51) (DngO')X:O (Dg*O’)Y:U.

These equations are again supplemented by
(52) (o+mj+§+exD,)X; =0 (—p—mj+ 5 +eD.)Y; =0.

Note that z3-independent solutions of these equations reduce in axial gauge Az = 0
to supersymmetric ground states preserving all of the supercharges of the N/ = 4
quantum mechanics.

In principle, a correlation function (n4+ A|v4|n) in the supersymmetric quantum
mechanics localizes to an equivariant integral over the moduli space of solutions
to — that tend to vortex solutions as x> — £oo with n and n + A units
of flux in the z"2-plane, with a monopole singularity generating A units of flux
at some point on the z3-axis. Instead we will compute the action of monopole
operators v4|n) directly using a complex algebraic description of the solutions to

equations —.

4.3. Algebraic Approach. Let us recall from section the complex algebraic
description of the moduli space MJ,. of solutions to the 23-independent half-BPS
equations for Q4, Q4 with vacuum v; at |z| = co. A point in M, is specified by
the following ‘holomorphic data’:

e A complex line bundle E = O(n).
e Holomorphic sections (X;,Y;) of the associated bundle O(n)Y & O(—n)V
obeying >, X;Y; = 0 and lying in the complex orbit Gc - v; at |z| — oc.
This description was sufficient to build an explicit description of the Hilbert space
of supersymmetric ground states H,, as the U(1), x Ty-equivariant cohomology of
M, with equivariant parameters (my,...,my,€).
Let us now assume that at some point 2 = sy we have solution specified by
a point in M7 . We will now ask how the holomorphic data evolves as a function
of 23 > s by solving the quarter-BPS equations for Q*, Q1. Choosing axial gauge
Az = 0, it follows from the quarter-BPS equations - that

(53) O34z = —iDzo 03X = —0X 03Y = —oY .

This shows that evolution in the z3-direction is a complex gauge transformation
with parameter io. Therefore provided ¢ is smooth, the holomorphic type of the
bundle F ~ O(n) cannot change. Together with D:X = 0, D;Y =0 and puc = 0,
this ensures that the holomorphic data are constant in the x3-direction. More pre-
cisely, the holomorphic data at nearby s and s’ are related by a globally invertible,
holomorphic gauge transformation g(z; s, s').

However, at a collection of points {s;} the holomorphic data can jump due to
the presence of a monopole operator on the z3-axis with a singularity for o. The
holomorphic data at 22 < s; and 2% > s; are then related by a ‘singular’ complex
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gauge transformation g(z) that is only invertible in the complement of the origin
z = 0. In our example, we consider the singular gauge transformations,

(54) g(z)~24 Aez,

corresponding to the insertion of a monopole operator v4 at 23 = s; and z = 0.
This is known as a ‘Hecke modification’ of the holomorphic data. Such modifications
were analyzed by Kapustin and Witten [I1] in a four-dimensional lift of our current
setup.

4.4. Action on Hilbert Space. The action of the singular gauge transfor-
mation g(z) = 2 on the holomorphic data is summarized as follows:

e If A >0, the gauge transformation sends X;(z) ~ 2 X;(2). This creates
A vortices at the origin of the z-plane.

e If A < 0, the transformation sends X;(z) — z7141X;(2). Regularity of
this modification requires that X;(z) have a zero of order A at z = 0. In
other words, there must exist A vortices at the origin of the z-plane to be
destroyed by the monopole operator.

To determine the coefficients c4 , in equation , we examine the action of
the singular gauge transformation in a neighborhood of the fixed points of M}, and
MSj‘A. Note that if A > 0, the singular gauge transformation z4 is a composition
of A singular gauge transformations z. In terms of monopole operators, we therefore
write v4 = (vy)?. Similarly, if A < 0 we write va = (v_)I4l. Thus it suffices to
determine the action of v and v_.

Let us therefore consider the action of the monopole operator v; on the state
In—1). A vortex configuration in a neighborhood of the origin of MJ~! has the
general form

n—2

(55) X](Z) = z“_1§ij + ij,H»lzl .
=0

This is mapped by the singular gauge transformation g(z) = z to

n—1

(56) 9(2)X;(z) = 2" + Z zj2
=1

Thus the image of g(z) is the subspace of M} = C™V with ;0 = 0 for all j =

1,...,N. This means that |n—1) is mapped to |n), times an equivariant §-function
imposing the constraints ;9 = 0. We therefore multiply by the equivariant weights
of the coordinates ;o for j =1,..., N. The result is

(57) vin—1) = P(—m; —ne)|n) ,

where P(u) = vazl(u +m;).

On the other hand, to compute the action of the monopole operator v_ on the
vortex state |n) we consider the singular gauge transformation g(z) = z=1. This
time the subspace of Mj, defined by z; ¢ = 0 maps isomorphically onto M‘;l_l We
therefore have v_|n) = [n — 1) for n > 0, and v_|0) = 0. An alternative perspective
on this computation in terms of correspondences can be found in [7].
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We can therefore summarize the action of Coulomb branch chiral ring operators
on the Hilbert space of supersymmetric ground states H,, by

) = (=mi = (n+ 3)e)[n)
(58) viln) =P+ 3e)n+1)
v_|n) =mn-—1).
A short computation shows that the monopole operators obey the algebra
0 viv = Plp+1e)  vovs = Pl —Le)
[@a ’Uj:] = Fevt.
This is a non-commutative deformation of the Coulomb branch chiral ring . Itisa
deformation quantization of the Coulomb branch with holomorphic symplectic form
dpAdlogu™. The complex masses (my, ..., my) are the period of the quantization.

4.5. Some Representation Theory. The deformation quantization isa
spherical rational Cherednik algebra in the mathematical literature. It is graded by
the topological symmetry G¢ =~ U(1); under which ¢, u™, u~ have charge 0, —1, +1.
For generic complex masses (mq,...,my), every vortex state |n) € H,, can be
obtained by acting on |0) with the monopole operators v, of negative grading. The
Hilbert spaces of supersymmetric ground states H,, transform as in equation
as highest-weight Verma modules of the spherical rational Cherednik algebra with
respect to this grading.

In the special case N = 2, the deformation quantization is isomorphic to a cen-
tral quotient of the universal enveloping algebra U (sls), with the quadratic Casimir

element fixed by the complex masses (mq,...,my). In particular, defining the
generators
(60) h=2¢ e=—v_ f=uvy
we find
(61) [h, €] = 2ee, [h, f] = —2¢f, le, f] = eh,
and
L. 1 2 2
(62) 02:§h —&—ef—&—fe:i((ml—mg) —€).

The enveloping algebra U(sly) at a generic value of the central charge admits two
irreducible Verma modules, which can be identified with the Hilbert spaces of su-
persymmetric ground states H,,, H,, associated to the two isolated massive vacua.

5. Boundary conditions and overlaps

In this section, we enrich the setup considered previously by adding boundary
conditions B that preserve a 2d N’ = (2,2) supersymmetry algebra in the z1:2-plane
with vector R-symmetry U(1)y. Large families of boundary conditions of this type
were introduced in [6]. Such boundary conditions preserve the supercharges Q1, Q1
of the /' = 4 supersymmetric quantum mechanics. Correlation functions involving
such boundary conditions can then be performed by localization to the appropriate
solutions of the quarter-BPS equations —.

Boundary condition of this type that are compatible with a real FI parameter
tgr < 0 and generic complex masses (mq,...,my) will define a state in the Hilbert
space H,, of supersymmetric ground states. In section we will construct this
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boundary state for a class of Neumann boundary conditions in our abelian example.
In this case, the boundary state is a coherent state of vortices, or equivalently a
generalized eigenvector of the monopole operators u*. Mathematically, it defines
a generalized Whittaker vector in H,,.

Compactifying the three-dimensional theory on an interval with such boundary
conditions at either end leads to a 2d N' = (2,2) gauge theory. In section we
show that the vortex partition function of this 2d N' = (2, 2) theory in Q-background
is an inner product of the corresponding boundary states in #,,. This can be viewed
as a finite version of the AGT correspondence, vastly extending and providing the
correct physical setup for the beautiful mathematical work [3].

5.1. Neumann Boundary Conditions. We will focus here on boundary
conditions that involve Neumann boundary conditions for the gauge field and there-
fore preserve the gauge symmetry at the boundary. The boundary conditions for a
G = U(1) vectormultiplet are [6]

(63) F3j|:O 8330‘:0 U+i’y|:TQd

where v is the dual photon and 794 = tog + 1624 is a combination of a boundary
FI parameter and theta angle. The exponential £ = e™2¢ transforms as the bottom
component of a 2d N = (2,2) twisted chiral multiplet.

The remaining boundary conditions for the N hypermultiplets are labelled by
a sign vector € = (1,...,ex) with

g =+ DSXj|:0 YVJ|:0

64
(64) gj=— : DJY;|=0 X;|=0.

We therefore label Neumann boundary conditions by N ¢.
Recall that monopole operators are given semi-classically by

(65) Vg ~ et (o+iv)

and one might therefore expcect that vy| ~ ¢* for a monopole operator brought
to the Neumann boundary condition. However, 1-loop quantum corrections modify
this relation so that the boundary Ward identity for the action of bulk monopole
operators vy on the boundary state is given by [6]

v N =¢ [ (e+mi+5) NG,
(66) i_s.ltA g =+
v N =671 [T (e —mi+ ) ING).

is.t. e; = —

Note that the factors appearing on the right are the equivariant weights of the
chiral fields with Neumann boundary conditions: X; if ; = + and Y} if g; = —.
It is easy to check that this is compatible with the algebra . The states [N ¢)
are known as generalized Whittaker vectors.

One way to derive equation directly would be to compute the overlaps
(n|Nz¢) from the path integral with Neumann boundary condition at z* — —oo
and the vortex configuration corresponding to the fixed point X;(z) = ;2" at
23 — 4o00. This would reduce to an equivariant integral over solutions to the

quarter BPS equations for @i, Qi with these boundary conditions.
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Let us examine in more detail the Neumann boundary condition with ¢ =
(+,...,+) where X, all have Neumann boundary conditions and Y; all have Dirich-
let boundary conditions. In this case, the boundary state obeys

viNeg) = EP(p+ 5)INee)

67
(67) v_Neg) = €M) -

with solution

(68) Nitine) = €73 In).

n>0

This state can be characterized as a coherent state of vortices: it is an eigenvector
of the annihilation operator v_ and has non-vanishing overlap with all vortex states
[n), n > 0. This to be expected as this Neumann boundary condition is compatible
with all vortex configurations for tg < 0.

In the opposite case, ¢ = (—,...,—), there is no non-trivial solution of the
boundary Ward identities in H,, and therefore [N ¢) = 0. This is compatible
with the observation that this Neumann boundary condition is incompatible with
solutions of the vortex equations for tg < 0 so that (n|NV;¢) =0 for all n > 0. The
intermediate cases are discussed in [6].

5.2. Overlaps. With the above results, we can now compute the partition
function of our theory on an interval with Neumann boundary condition N; ¢ and
N ¢ at either end - see figure. Let us denote the partition function of this system
by Z,,(q) where we define ¢ = £/¢&’. This partition function can be computed in
two ways:

1) In the N = 4 supersymmetric quantum mechanics, the Neumann bound-
ary conditions defines states |N; ¢) and [N ¢) in H,, and the partition
function Z,, is the overlap (Mo ¢/[Nzg) .

2) Since the partition function is independent of the length of the interval,
we can send this length to zero to obtain a 2d N' = (2,2) theory Tzq.
The partition function Z,,(q) is then identified with the vortex partition
function of Ta4.

The equivalence of these computations can be viewed as a finite analogue of the
AGT correspondence, providing a vast generalization and the correct physical setup
of the beautiful mathematical work [3].

We consider the case of Neumann boundary conditions with e = ¢’ = (+, ..., +).
The overlap of boundary states is

m

7, = Ns Ns )= 1 1
(69) (g) = (N e[ Nz e0) Z TP+ (L= n)e)

J_1_
z—n

This is exactly vortex partition function of the 2d N = (2,2) theory T34 with
gauge group U(1) and N chiral multiplets X; of charge +1 and an exponentiated
complexified FI parameter ¢ = £/¢’. [I, [8]. Mathematically, it is the equivariant
J-function of CPN 1,

5.3. Differential equations. The vortex partition functions are gener-
alized hypergeometric functions, which satisfy an N-th order differential equation
in the parameter ¢q. This differential equation can be explicitly derived from the
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relation Z,,(q) = (Ner ¢/|Ne¢) and the defining properties of the boundary states.
As above, we focus in the case e =&’ = (+,...,+).
Our starting point is the differential equation

d
(70) efdfglf\/;,ﬁ =@ Nee),

which follows immediately from equation (68). Recalling that viv_ = P(p+ ) we
now have

a €
Peag, +35)2u(0) = WeelPlo+ 5)INCe)
= Meglopv-|Nee)
=q'2,(),
which is the N-th order generalized hypergeometric equation satisfied by . Note
that the derivation did not depend on the choice of vacuum v;: the N different
choices of vacuum produce a basis linearly independent solutions.

(71)

6. Vortex quantum mechanics

In sections[2]and[3] we argued that a 3d A = 4 gauge theory in an 2-background
in the z!2-plane localizes to an N = 4 supersymmetric quantum mechanics on the

x3-axis. The space of supersymmetric vacua decomposed as a direct sum

(72) Hy = @Hg )

n>0

where each summand H}, is given by the equivariant cohomology of a moduli space
of vortices M}, with vortex number n.

An alternative approach is to describe each summand in isolation as a massive
gauged supersymmetric quantum mechanics Q(v,n), whose Higgs branch is the
moduli space of vortices M}, and whose space of supersymmetric vacua is H,,. The
matter content of each quantum mechanics is known from the brane construction
of M} . The monopole operators v4 are realized as a family of half-BPS interfaces
between quantum mechanics Q(v,n) and Q(v,n+ A). This approach is explored in
section 6 of reference [7] and shown to reproduce the results that we have presented
here.
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