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ABSTRACT: Cone Penetration Tests (CPTs) can be used to determine in-situ soil properties and represent a practical choice 

for site investigation offshore, especially for linear infrastructure, such as offshore wind export cables.  Information gained from 

CPTs is key for predicting soil-structure interaction behaviour, for example when predicting the tow forces involved in seabed 

ploughing, as the CPT provides an analogue to the process. The numerical modelling of CPTs is challenging due to the significant 

distortion in the soil displaced by the penetrating cone. This means that solving this sort of problem using finite elements, alt-

hough not impossible, is numerically tiresome in terms of remeshing and mapping of state variables.  Therefore, in this paper 

we adopt the Material Point Method (MPM) to develop a CPT prediction tool in layered soils. This MPM is combined with a 

novel non-matching mesh frictional boundary to represent the penetrometer. The developed tool will be used to understand the 

response of layered soils commonly found offshore as a step towards predicting the interaction of ploughs and anchors with the 

seabed. 
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1 INTRODUCTION 

Cone penetration tests (CPTs) are used to predict in-situ 

material properties, necessary for engineers designing 

foundations for wind turbines both on- and offshore 

(Robinson et al., 2021) . The advantage of CPTs is that 

they are a relatively simple test to perform, and can map 

the layering often found in the UK of different density 

sands and clays, (Mellet et al., 2015). Numerical mod-

elling of a CPT might be required to validate the mate-

rial parameter values used in a more complex numerical 

model of a geotechnical problem, however numerical 

simulation of a CPT is complex since it combines the 

non-linearities of finite strain theory, elastoplastic mate-

rial behaviour, contact and friction. The combination of 

these non-linearities makes the CPT inherently difficult 

to model requiring traditional numerical schemes, such 

as finite elements, to be extended to Arbitrary Lagran-

gian Eulerian (ALE) formulations (Tolooiyan and 

Gavin, 2011).  

 

The material point method (MPM) is a natural alterna-

tive to finite elements for numerical CPT simulations 

since it is well suited to large deformation problems. The 

solid mechanics problem is still solved on a background 

grid (or mesh) of finite elements, however the data for 

the problem is stored at material points (MPs) which 

move as a function of the grid deformation (Coombs and 

Augarde, 2020a). As the solution proceeds, the material 

points convect through the background grid carrying 

their material and stress states whilst the grid remains 

unchanged. For large deformation problems this avoids 

solving with highly skewed elements, or requiring treat-

ment in the form of remeshing and mapping of variables.  

The MPM has been used in recent years for a range of 

geotechnical problems such as slope stability (Wang et 

al., 2016), landslide runout (Llano-Serna et al., 2016), 

and modelling of viscoelastic material in the Earth’s 

mantle (Moresi, 2007).  Focussing on modelling of 

CPTs, Martinelli and Vahi (2021) used the MPM to 

model both the global force-displacement response in a 

CPT and provide a numerical framework for characteri-

zation of soils where limited data exists. How the CPT 

cone interacts with the soil, within an MP setting, is an 

active area of research (Gao et al., 2022; Lei et al., 2022; 

Nakamura et al., 2021)because the material domain is 

represented with points, with an associated volume, and 

hence the boundary of the soil is undefined; although 

methods do exist to model the boundary (Bing et al., 

2019). Interaction between the rigid cone and the soil is 

tackled using contact mechanics approaches. Numerous 

contact methods have recently been proposed for the 

MPM, for example: MP-to-MP contact where the rigid 

body is represented as a stiff set of material points and 

contact occurs at the MP level (Gao et al., 2022), and 

MP to rigid body contact (Nakamura et al., 2021), where 
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the MP has a radius, associated with its representative 

material volume which interacts with a rigid body which 

does not conform to the background grid. When the in-

teraction occurs, normal and tangential contact forces 

are then mapped to the background mesh nodes corre-

sponding to the material point. This is similar to MPM 

contact algorithms presented in the computer graphics 

research community (Hu et al., 2018), where arbitrary 

complex shapes in 3D are considered and realistic look-

ing results achieved. Another choice is to represent the 

cone as part of the grid boundary, using an unstructured 

background grid. However, remeshing is potentially re-

quired as the cone moves and, like finite elements, it is 

possible to create highly skewed elements, (Martinelli 

and Vahi, 2021). 

In this paper a quasi-static implicit MP approach suited 

for modelling CPTs is presented. The approach involves 

non-linear penalty enforced contact with a rigid body. 

The advantage of a quasi-static implicit analysis is that 

facilitates larger time (or load) increments compared to 

explicit approaches. This is of particular importance for 

numerical CPTs due to the requirement of a fine mesh 

around the cone, and the long simulated time for the 

slow penetration.  It also negates the requirement of 

damping to reach a steady state solution (and the associ-

ated parameter tuning). 

2 CONTACT WITH THE MATERIAL POINT 

METHOD 

2.1 Material point method 

Initially the MPM was developed from an earlier ex-

plicit method for fluids (Sulsky et al., 1994) and was 

later extended to its implicit form for quasi-static solid 

mechanics problems by Guilkey and Weiss, (2003). The 

MPM operates by the MPs carrying all material and 

state information corresponding to their location and 

subsequently convecting as the problem evolves. The 

problem itself is solved incrementally on a background 

finite element grid by mapping the MP data for the prob-

lem to the grid using a finite element basis. Once an in-

crement has been solved the updated state information 

is stored at the MP, in its new location, and the back-

ground mesh is reset to its original configuration. In this 

work, the Generalised Interpolation Material Point 

Method (GIMPM) is used, an extension of the MPM, to 

remove grid crossing errors and to improve convergence 

with refinement (Charlton et al., 2017).  

 

The system of equations for solving the updated Lagran-

gian GIMPM are summarised here with matrix [⋅] and 

vector {⋅} notation. This is necessary so that in the next 

section the interaction of the rigid body with the MPs 

can be described within the same framework. A fully de-

tailed description, with corresponding open-source 

code, can be found in Coombs and Augarde, (2020a). 

The shape function matrix that maps material point data 

to its corresponding grid nodes is [𝑆𝑣𝑝] , where 𝑝 is the 

material point number and 𝑣 is the node (or vertex) of 

the background grid, and its corresponding derivative is 

[∇𝑆𝑣𝑝] . The mapping of body forces that act on the 

material point {𝑏𝑝} to the grid nodes is expressed as  

 

{𝐹𝑒𝑥𝑡} = ∑ [𝑆𝑣𝑝]
𝑇

{𝑏𝑝}𝑉𝑝𝑝∈𝑀𝑃 , (1) 

 

where {𝐹𝑒𝑥𝑡} is the external force vector for all the nodes 

in the problem, ∑ is the usual finite element assembly 

operator, 𝑀𝑃 is the set of all material points and 𝑉𝑝 is 

the volume of the material point 𝑝. The internal stress is 

similarly mapped to the nodes using the shape function 

derivative,  

 

{𝐹𝑖𝑛𝑡} = ∑ [∇𝑆𝑣𝑝]
𝑇

{𝜎𝑝}𝑉𝑝𝑝∈𝑀𝑃  (2) 

 

where {𝐹𝑖𝑛𝑡} is the internal force vector and {𝜎𝑝} is the 

internal Cauchy stress at the MP. With these two equa-

tions the residual for the problem can be written as 
{𝐹𝑅} = {𝐹𝑖𝑛𝑡} − {𝐹𝑒𝑥𝑡}. Here the Newton-Raphson so-

lution scheme is used to solve the non-linear problem,  

 

{𝛿𝑢𝑖} = −[𝐾𝑅]−1{𝑓𝑅,𝑖−1} (3) 

 

where {𝛿𝑢} is the incremental nodal vector of displace-

ments of the background grid, 𝑖 is the iteration step 

within the load increment. [𝐾𝑅] is the tangent stiffness 

matrix, formed by finding the direction derivative of 
{𝐹𝑅} in the direction {δ𝑢𝑖} at {𝑢𝑖}, and lastly the total 

displacement over the load increment is Δ𝑢 = ∑ 𝛿𝑢𝑖𝑖 . 

See Section 6.3 of Coombs et al. (2020b) for more de-

tails.  

2.2 Rigid body description 

Now that the framework of the GIMPM has been out-

lined, the interaction between the rigid body and the 

MPs can be described.  

 

 
Figure 1. The discretisation of the rigid body domain Ω into 
𝑄 and its corresponding local coordinate (b). 
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The current load step is defined as 𝑚 and the geometry 

of the rigid body is defined as Ω, see Figure 1, with a 

boundary 𝜕Ω that is divided into a contiguous set of line 

elements 𝑄 ∈ 𝜕Ω, each with their own normal 𝑛𝑄, and 

two vertices 𝑣𝑗
𝑄(𝑥); 𝑗 ∈ [1,2], 𝑥 is  the vertex position 

in the problem domain and 𝜉(𝑣1
𝑄

, 𝑣2
𝑄

) ∈ [−1,1] is a lo-

cal coordinate that varies linearly between the two ver-

tices of the element 𝑄.  

 

2.3 Normal penalty contact 

Due to its numerical simplicity, a non-linear normal 

penalty method is used to weakly enforce contact be-

tween the MP 𝑝 and the position of the rigid body at the 

current load step, Ω𝑚. It is a weak contact condition 

since an allowable small overlap exists between the MP 

and rigid body. The normal penalty force 𝑓𝑝 is the force 

normal to Ω𝑚 that acts in the direction 𝑛𝑄. It is a func-

tion of the overlap 𝐷 of the MP volume with the element 

𝑄, where 𝑄 is found through a closest point projection 

(Wriggers, 2006). To improve the convergence of the 

Newton-Raphson scheme, and to generally improve the 

contact behaviour of MPs and the rigid body, the penalty 

force is smoothed, similar to the method proposed by 

Ma et al. (2014). This is achieved by defining a function 

that makes the contact force variation 𝐶1  between the 

states of no-contact and contact; this achieved by con-

sidering a domain around the MP, as in Figure 2.   

 

 
Figure 2. Penetration of the MP with the rigid body domain. 

 

The material has an effective radius 𝑟 = (𝑉𝑝
𝑚−1)

1

2, 

where 𝑉𝑝
𝑚−1 is the volume associated with the material 

point at the end of previous load step. As Figure 2 

shows, the penetration, 𝐷, is defined in terms of the 

overlap of the MP boundary with 𝑄. Compared with us-

ing the MP centre, the material associated with the MP 

overlapping the rigid body  

is minimised and with a penetration function can pro-

vide a softer transition between no contact and contact 

states. The penetration function is defined as 𝑓𝐷(𝐷), 

with the variables described in Figure 2, where 

 

𝑓𝐷(𝐷) = {
𝑐𝐷𝐷2

𝑟
             if  0 ≤ 𝐷 ≤ 𝑟

𝑐𝐷(2𝐷 − 𝑟)     𝐷 > 𝑟          
 (4) 

 

where 𝑐𝐷 is the penalty constant for normal penetration. 

This penalty contact force is a point force acting on the 

background grid element at the MP position, it is there-

fore projected onto the background grid with 

 

{𝐹𝐷} = ∑ [𝑆𝑣𝑝]
𝑇

{𝑛}𝑓𝐷
𝑝

𝑝∈𝑀𝑃  , (5) 

 

where {𝐹𝐷} is the nodal normal contact force for all 

nodes in the grid.  

2.4 Coulomb friction with material points 

The stick-slip Coulomb friction law is used here to 

model the frictional interface between MPs and the rigid 

body. The total sliding of a point along a body is the 

summation of the total stick and slip sliding that has oc-

curred 

 

𝑔𝑚 = 𝑔𝑙
𝑚 + 𝑔𝑡

𝑚 , (6) 

 

where 𝑔 is a scalar for the slip that has occurred in the 

tangential direction; set as positive for movement along 

the rigid body in the anticlockwise direction for 2D sim-

ulations. The subscripts 𝑙 and 𝑡 correspond to the sliding 

in the slip and stick modes respectively. For algorithmic 

simplicity and regularisation of the Coulomb law, a pen-

alty stick-slip formulation is used, whilst noting its vio-

lation of the KKT conditions. Considering the analogy 

for plasticity, the Coulomb friction for stick-slip criteria 

is presented as a yield surface 

 

𝜆 = |𝑡𝑚| − 𝜇𝑐𝐷𝐷𝑚 ≤ 0. (7) 

 

Sticking modes exist inside the surface and slipping 

modes on the surface, and 𝑡𝑚 is the frictional traction 

load for the current load step.  To determine the friction 

state and the traction load, a trial traction is used, 

 

𝑡𝑚
𝑡𝑟 = −𝑐𝑡(𝑔𝑚 − 𝑔𝑙

𝑚−1) = 𝑡𝑚−1 − 𝑐𝑡Δ𝑔, (8) 

 

where Δ𝑔 = 𝑔𝑚 − 𝑔𝑚−1 is the relatively incremental 

movement of the MP along the rigid body. This is cal-

culated using a closest point projection (CPP) of the 

converged state of the MP onto 𝜕Ω for increment 𝑚 −
1, and a CPP of the MP onto 𝜕Ω for the current state 𝑚. 

If Equation (7) is true for the trial traction, then the point 

is sticking and 𝑡𝑚 = 𝑡𝑚
𝑡𝑟. Otherwise, the material is slip-

ping, and the trial traction is mapped back onto the slid-

ing yield surface, which for a constant 𝜇 is  

 

𝑡𝑚 = 𝜇𝑐𝐷𝐷𝑚(𝑡𝑚
𝑡𝑟/|𝑡𝑚

𝑡𝑟| ). (9) 
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The benefit of using (8) with the previous traction load, 

𝑡𝑚−1, and Δ𝑔, is that minimal geometric information is 

stored. Only the previous location of the MP projected 

onto 𝜕𝛺𝑚−1 is required. Finally, the tangential compo-

nent of the traction is projected on the background mesh 

as 

 

{𝐹𝑇} = ∑ [𝑆𝑣𝑝]
𝑇

{𝑛||}𝑡𝑚
𝑝

𝑝∈𝑀𝑃 . (10) 

 

2.5 Contact tangent stiffness matrices 

Since the contact problem is solved implicitly the con-

tact forces, and their respective linearisation with re-

spect to the grid displacements, need to be added to 

Equation (3) so that the problem can be solved using the 

Newton-Raphson method. The linearisation of the dis-

crete form of the normal force takes the form  

 

[𝐾𝐷] = ∑ [𝑆𝑣𝑝]
𝑇

{𝑛}{𝑛}⊤[𝑆𝑣𝑝]𝑝∈𝑀𝑃 (
𝜕𝑓𝐷

𝜕𝐷
).            (11) 

 

For the tangential force, Equation (8), the linearisation 

for stick is 

 

 [𝐾𝑇] = − ∑ 𝑐𝑁[𝑆𝑣𝑝]
𝑇

{𝑛||} {𝑛||}
⊤

[𝑆𝑣𝑝]𝑝∈𝑀𝑃             (12) 

 

and slip, from Equation (9), is 

 

[𝐾𝑇] = − ∑ [𝑆𝑣𝑝]
𝑇

{𝑛||}{𝑛}⊤[𝑆𝑣𝑝]𝜇𝑐𝑛 (
𝜕𝑓𝐷

𝜕𝐷
).   𝑝∈𝑀𝑃 (13) 

 

Including Equations (11), (12) and (13) into Equation 

(3) gives the complete system of linearised equations to 

be solved, 

 

{𝛿𝑢𝑖} = −[𝐾]−1{𝑓𝑅 + 𝐹𝐷 + 𝐹𝑇}, (14) 

 

where [𝐾] is the summation of the stiffness components 

from the MPs and the boundary interaction terms.   

3 NUMERICAL CPT 

Two experiments are shown here, first a validation to 

demonstrate that the friction contact model produces ac-

curate results with experimental data, followed by an 

analysis of a CPT in a layered sand sample. 

3.1 Validation setup 

 

To validate the implementation the results are compared 

to the CPT data obtained by Davidson et al. (2022) in 

which the CPT was performed in a centrifuge where the 

top of sample experienced 40𝑔 whilst the bottom of the 

sample experienced 50𝑔. A centrifuge increases the 

“gravitational” load the test sample experiences and 

hence increases the stress that would otherwise be expe-

rienced from gravitational load, thus a greater effective 

depth, larger than the true depth, can be experimented 

upon. The effective depth is determined for this experi-

ment  

 

ℎ = (
10

0.4
) 𝑧2 + 40z (15) 

 

where z is the penetration depth into the experimental 

sample. The geometry of the material sample and the 

CPT, for both the experiment and its corresponding scal-

ing are provided in Table 1. 

 
Table 1. Geometry data for the material sample and CPT. 

Dimension Experiment Scaled 

Sample depth 434 mm  20 m 

Sample radius 200 mm 12.5 m 

Penetration 

depth 

200 mm  10 m 

Cone radius 8 mm 0.4 m 

 

The model domain and boundary conditions are shown 

in Figure 3a with the corresponding representation of 

the mesh in Figure 3b. Figure 3a shows a 2D axisym-

metric domain, with the left most edge of the domain as 

the axis of rotational symmetry. On the bottom and ex-

terior edge roller boundary conditions are enforced and 

the Ghost Penalty method (Coombs, 2022) is used to sta-

bilise the system of equations. The iGIMP formulation 

is used (Charlton et al., 2017), with the corner point up-

date of the GIMP domains to avoid very high aspect ra-

tios of the representative volumes (Coombs et al., 

2020b).    

 

 
 
Figure 3. Validation: (a) shows the boundary conditions to 

the domain with a not-to-scale background mesh shown in (b). 

 

For clarity a not-to-scale mesh sketch is shown in Figure 

3b. The elements shaded in dark grey are square with 

side length 0.1m, all elements were initialised with  4 (2-

by-2) MPs. The mesh was created using a power law to 
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the size of the square light grey element, in the bottom 

right, with side length 3.25 m. 

 

A linear elastic-perfectly plastic constitutive model with 

a Drucker-Prager yield surface is used to represent the 

sand. The material properties are determined from 

Brinkgreve et al. (2010) for a dry sand with a relative 

density of 38% and 82%, as presented in Table 2. A co-

efficient of friction of 0.33 was measured between the 

surface of the cone tip/sleeve and the material sample. 

  
Table 2. Material data for dry sand of relative density 38% 

and 82%. 

Material property 38% 82% 

E50 Young’s modulus (kPa)  22,800 38,000  

Density (kN/m3) 16.5 18.2 

Poisson’s ratio 0.3 0.3 

Friction angle (o) 32.8 38.3 

Dilation angle (o) 2.8 8.3  

Apparent cohesion (kPa) 0.3 0.3 

Pressure coefficient 𝑲𝟎 0.41 0.38 

Stiffness exponent 𝒎𝑬 0.56 0.44 

 

A non-linear variation of the elastic parameters is ap-

proximated by setting the Young‘s modulus as a func-

tion of initial minimum principal stress, which is a func-

tion of the weight of material above it, 𝐾0 and 𝑚𝐸. 

Following the work of Brinkgreve et al. (2010) the 

Young‘s modulus is determined as 

 

𝐸 = 𝐸50 (
𝜎𝑣𝐾0

𝑝𝑟𝑒𝑓
)

𝑚𝐸

. (16) 

 

The Young’s modulus for a MP is set at the start of the 

analysis and then held constant. 

3.2 Validation results 

Tip pressure, 𝑞𝑐, against tip penetration depth is pre-

sented in Figure 4 and shows good agreement. 

 

 
Figure 4. Comparison of numerical CPT against experi-

mental CPT  results. 
 

Between 0-0.75 metres the numerical result is more 

compliant suggesting an underestimation of the initial 

Young‘s modulus at the surface, however beyond the in-

itial layer the estimation of the elastic properties and the 

relatively simple plasticity model are sufficient to 

achieve accurate results. 

 

There are oscillations in the load-depth curve in Figure 

4, this is caused by the interaction of the contact occur-

ring at the MP level. An upward oscillation is caused by 

new MPs coming into contact with the rigid body, whilst 

a downward oscillation is caused by MPs sliding from 

the cone tip to the cone sleeve.  

3.3 CPT with layered media 

The capability of the method to model a layered sand, 

and the subsequent results, is investigated in this section. 

The geometry and the grid for the simulations was set 

up as in Figure 3 with the sand composed of the two 

densities from Table 2. The sand was distributed such 

that the first 5 metres at the top of the sample had a dif-

ferent density to the sand below it. Unlike the validation, 

here the cone penetrates 10 m, and the results are pre-

sented in terms of the ratio of the tip position with tip 

radius, see Figure 5, rather than absolute position; the 

change in sand densities occurs at the ratio 12.4. 

 

The results in Figure 5 show how the tip pressure varies 

with relative depth for a range of homogeneous and lay-

ered sands. For both the layered sands, the variation of 

𝑞𝑐 with penetration ratio asymptotes towards the homo-

geneous result for the deeper sand.  This asymptotic be-

haviour begins earlier than the sand interface at 12.4; 

this inflection before the interface is also shown experi-

mentally (Xiao, 2023). 

 

 
Figure 5. Layered media, the variation of the tip pressure with 

relative depth for a range of homogeneous and layered sands. 

4 CONCLUSION 

This paper presents an implicit contact algorithm for the 

MPM with a rigid body with Coulomb stick-slip fric-

tion. The algorithm was validated, and agreed well, with 

experimental data for homogeneous dry sands ranging 

in relative density. The algorithm was subsequently ap-

plied directly to two-layered sands and provides a useful 
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tool for the analysis of large deformation geotechnical 

problems involving soil-structure interaction, not just 

CPTs. 
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